Taylor & Francis
Taylor & Francis Group

AKCE AKCE International Journal of Graphs and Combinatorics

AL JOURNAL OF

GRAF COMBINATORICS

ISSN: 0972-8600 (Print) 2543-3474 (Online) Journal homepage: https://www.tandfonline.com/loi/uakc20

Note on inverse sum indeg index of graphs

Harishchandra S. Ramane, Kartik S. Pise & Daneshwari Patil

To cite this article: Harishchandra S. Ramane, Kartik S. Pise & Daneshwari Patil (2020) Note on
inverse sum indeg index of graphs, AKCE International Journal of Graphs and Combinatorics, 17:3,
985-987, DOI: 10.1016/j.akcej.2019.12.002

To link to this article: https://doi.org/10.1016/j.akcej.2019.12.002

© 2020 The Author(s). Published with
license by Taylor & Francis Group, LLC

% Published online: 23 Apr 2020.

\]
[:J/ Submit your article to this journal &

||I| Article views: 365

A
h View related articles &'

@ View Crossmark data &'

CrossMark

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalinformation?journalCode=uakc20


https://www.tandfonline.com/action/journalInformation?journalCode=uakc20
https://www.tandfonline.com/loi/uakc20
https://www.tandfonline.com/action/showCitFormats?doi=10.1016/j.akcej.2019.12.002
https://doi.org/10.1016/j.akcej.2019.12.002
https://www.tandfonline.com/action/authorSubmission?journalCode=uakc20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=uakc20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1016/j.akcej.2019.12.002
https://www.tandfonline.com/doi/mlt/10.1016/j.akcej.2019.12.002
http://crossmark.crossref.org/dialog/?doi=10.1016/j.akcej.2019.12.002&domain=pdf&date_stamp=2020-04-23
http://crossmark.crossref.org/dialog/?doi=10.1016/j.akcej.2019.12.002&domain=pdf&date_stamp=2020-04-23

AKCE INTERNATIONAL JOURNAL OF GRAPHS AND COMBINATORICS
2020, VOL. 17, NO. 3, 985-987
https://doi.org/10.1016/j.akcej.2019.12.002

Taylor & Francis
Taylor &Francis Group

8 OPEN ACCESS ‘ ) Checkforupdates‘

Note on inverse sum indeg index of graphs
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ABSTRACT

The inverse sum indeg index of a connected graph G is defined as the sum of the ratio M
for all edges uv in the edge set of G, where ds(u) denotes the degree of a point u. Recently,
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6(u)+da (v)

Pattabiraman [7] has obtained bounds for the inverse sum indeg index of graphs. The upper and
lower bounds obtained in terms of harmonic index and second Zagreb index are prone to some
error. In this note we correct these errors by establishing the proper bounds in terms of harmonic

index and second Zagreb index.

1. Introduction

All graphs considered here are simple and connected. A
graph G consists of a finite non-empty set V(G) of points
together with a prescribed set E(G) of unordered pairs of
distinct points of V(G). Each pair e = (u,v) of points of
V(G) is an edge of G. The degree of a point u in a graph G,
denoted by dg(u), is the number of edges incident with u.
The minimum degree among the points of G is denoted by
0(G) while A(G) is the largest such number. If §(G) =
A(G) =, then all points have the same degree and G is
called regular graph of degree r. For other graph theoretic
terminology, one can refer [1, 5]. The first Zagreb index
M;(G), second Zagreb index M,(G) [4], harmonic index
H(G) [3] and inverse sum indeg index ISI(G) [10] of graphs
are defined as follows:

M, (G) = Z [dg(u) + dg(v)],

uveE(G)
MG) = Y do(wda(v),
uveE(G)
2
H(G) = WEZE(G) do(u) + da(v)

and

dg(u)dg(v)

IO = 2 Gow) + don)

uveE

The work related to inverse sum indeg index is reported
in [2, 9]. Recently, Pattabiraman [7] has obtained several
bounds for the inverse sum indeg index of graphs. Among
these, the bounds obtained in terms of harmonic index and
second Zagreb index are prone to some error. In this note
we correct these errors by establishing the proper bounds

for inverse sum indeg index in terms of harmonic index and
second Zagreb index.

2. Bounds on inverse sum indeg index

Lemma 2.1. [6] Suppose a; and b, 1 <i < mn, are positive
real numbers, then

n n n
n E a,-bl-— E a; E bi
i=1 i=1 i=1

where a, b, A and B are constants such that for each i, 1 <
i<na<a; <Aandb <b; <B. Further

=313 151)

In [7], the upper bound for ISI(G) has been given in terms
of harmonic index and second Zagreb index as follows.

< a(n)(A —a)(B-b),

Theorem 2.2. [7] Let G be a connected graph with n points

and m edges. Then

a(m) (6 — A)(A” — &)
2moA

where a(m) = m[%2](1 — L [2]) with equality if and only if

G is regular.

H(G)M;(G)
2m

ISI(G) <

>

The inequality in Theorem 2.2 fails for the graph G of
Figure 1, because ISI(G) = 4.15 and

oa(m) (8 — A)(A? — 8%)  H(G)Ma(G)

= 1.608.
2moA 2m

The correct version of Theorem 2.2 is as follows.
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Figure 1. A counter example for the Theorem 2.2.

Theorem 2.3. Let G be a connected graph with n points and
m edges. Then
a(m)(A —9)(A* — &%)  H(G)M:(G)

2moA 2m
where o(m) = m[%](1 — L [%]) with equality if and only if
G is regular.

ISI(G) <

Proof. Choosing a; W b; = dg(u )dG(V)JZ:ﬁ,
A=3,b=6%B=A"in Lemma 2.1, we get

257
dg(u)dg(v)
werc) d6(u) +de(v)
(1)
— dg(u)dg(v
MVE; dG + dG uv;:

< a(m )(%—i)(& - ).

From the definitions of ISI index, harmonic index and
second Zagreb index, Eq. (1) reduces to

H(G)M,(G) (A - 5) 2o
ek Sk Nl Mg - - — &%),
mISI(G) 5 < a(m)| 55 (A= &%)
Therefore,
A—$8) (A -8 H(GM
s1(G) < 2MA =) =) HGM(G)
2mdoA 2m
The equality holds if and only if 6 = A, that is, if G is
regular. O

Lemma 2.4. (Pdlya-Szego Inequality [8]) Let 0 < m; < x; <
My and 0 <my <y; <M, forall 1 <i<n. Then

2 2
" 1 1 ‘MM, mym "
2 2 1M 1M
X 2<— |4/ / vl
; 1 ;yl 4 < mymy * M1M2> (iz_l:xlyl>

Lemma 2.5. (Cauchy-Schwarz Inequality) Let X =
X2, 0 Xy) and Y = (y1,¥2, ..

bers. Then
" 2 , 2/, 2
o) (£ (5
i—1 i=1 i=1

(x1,
»¥n) be sequences of real num-

with equality if and only if the sequence X and Y are propor-
tional. That is, there exists a constant ¢ such that x; = cy; for
all1 <i<n.

As a special case of Cauchy-Schwarz inequality, when
y1 =y =--- =y, we get the following result.

Corollary 2.6. Let x1,x, ...

n 2 n
(Z xi> < aniz,
i=1 i=1

with equality if and only if x;, = x, =

, X, be real numbers. Then

..:xn.

In [7], the lower bound for ISI(G) has been given in
terms of harmonic index and second Zagreb index and is
as follows.

Theorem 2.7. [7] Let G be a connected graph on n points
and m edges. Then

VoA
m(o + A)

with equality if and only if G is regular.

H(G)M,(G) < ISI(G),

The inequality in Theorem 2.7 fails to some class of
graphs, such as wheel graph W, ; on n+1 points for all

n >4, Dutch windmill graph Dl(,q) for all g >3 etc. The

graph D;,q) is a graph that can be constructed by coalescence
g copies of the cycle C, of length p with a common vertex.

The following theorem is the correct version of Theorem 2.7.

Theorem 2.8. Let G be a connected graph on n points and m
edges. Then

VT
m(8® 4+ A?)
with equality if and only if G is regular.

H(G)M,(G) < ISI(G),

Proof. Note that, 20 < dg(u )+dG( ) <2A for any edge
uv € E(G). Taking, my =5k, my =06 M, =%, M, = A,
forall 1 <i<m,x; = W and y; = dg(u)dg(v ) for all

1 <i<m, in Lemma 2.4, we get

Z Z (dc(u)dc(V))z

1 2
uveE(G) (d(;(u) + dG(V)> uveE(G)

2
?:(25 n % do(w)ds(v) \’
)

S 2 2 (7
g_A g_() WeE(G) dc(u) + dc,‘(V

()

]

And by Corollary 2.6, we have

> Y (de(w)ds(v))’

(o sam)
uveE(G) dG(u)+dG(v) uveE(G)

Z%QV;?‘GM () + do(v) ) (20, et ) |

(3)
Combining inequalities (2) and (3), we have



L (HG)2 () <

i (ISI(G))?,

which implies,
VR
m(6® + A%)
The equality holds if and only if G is regular. O

H(G)M,(G) < ISI(G).
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