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Note on inverse sum indeg index of graphs

Harishchandra S. Ramane, Kartik S. Pise, and Daneshwari Patil

Department of Mathematics, Karnatak University, Dharwad, India

ABSTRACT

The inverse sum indeg index of a connected graph G is defined as the sum of the ratio dGðuÞdGðvÞ
dGðuÞþdGðvÞ

for all edges uv in the edge set of G, where dGðuÞ denotes the degree of a point u. Recently,
Pattabiraman [7] has obtained bounds for the inverse sum indeg index of graphs. The upper and
lower bounds obtained in terms of harmonic index and second Zagreb index are prone to some
error. In this note we correct these errors by establishing the proper bounds in terms of harmonic
index and second Zagreb index.

KEYWORDS
Degree of a point; inverse
sum indeg index; harmonic
index; Zagreb index

1. Introduction

All graphs considered here are simple and connected. A
graph G consists of a finite non-empty set V(G) of points
together with a prescribed set E(G) of unordered pairs of
distinct points of V(G). Each pair e ¼ ðu, vÞ of points of
V(G) is an edge of G. The degree of a point u in a graph G,
denoted by dGðuÞ, is the number of edges incident with u.
The minimum degree among the points of G is denoted by
dðGÞ while DðGÞ is the largest such number. If dðGÞ ¼
DðGÞ ¼ r, then all points have the same degree and G is
called regular graph of degree r. For other graph theoretic
terminology, one can refer [1, 5]. The first Zagreb index
M1ðGÞ, second Zagreb index M2ðGÞ [4], harmonic index
H(G) [3] and inverse sum indeg index ISI(G) [10] of graphs
are defined as follows:

M1ðGÞ ¼
X

uv2EðGÞ
dGðuÞ þ dGðvÞ½ �,

M2ðGÞ ¼
X

uv2EðGÞ
dGðuÞdGðvÞ,

HðGÞ ¼
X

uv2EðGÞ

2
dGðuÞ þ dGðvÞ

and

ISIðGÞ ¼
X

uv2EðGÞ

dGðuÞdGðvÞ
dGðuÞ þ dGðvÞ :

The work related to inverse sum indeg index is reported
in [2, 9]. Recently, Pattabiraman [7] has obtained several
bounds for the inverse sum indeg index of graphs. Among
these, the bounds obtained in terms of harmonic index and
second Zagreb index are prone to some error. In this note
we correct these errors by establishing the proper bounds

for inverse sum indeg index in terms of harmonic index and
second Zagreb index.

2. Bounds on inverse sum indeg index

Lemma 2.1. [6] Suppose ai and bi, 1 � i � n, are positive
real numbers, then

n
Xn
i¼1

aibi �
Xn
i¼1

ai
Xn
i¼1

bi

�����
����� � aðnÞ A� að Þ B� bð Þ,

where a, b, A and B are constants such that for each i, 1 �
i � n, a � ai � A and b � bi � B. Further

aðnÞ ¼ n
l n
2

m
1� 1

n

l n
2

m� �
:

In [7], the upper bound for ISI(G) has been given in terms
of harmonic index and second Zagreb index as follows.

Theorem 2.2. [7] Let G be a connected graph with n points
and m edges. Then

ISIðGÞ � aðmÞðd� DÞðD2 � d2Þ
2mdD

þHðGÞM2ðGÞ
2m

,

where aðmÞ ¼ mdm2e 1� 1
m dm2e

� �
with equality if and only if

G is regular.

The inequality in Theorem 2.2 fails for the graph G of
Figure 1, because ISIðGÞ ¼ 4:15 and

aðmÞðd� DÞðD2 � d2Þ
2mdD

þHðGÞM2ðGÞ
2m

¼ 1:608:

The correct version of Theorem 2.2 is as follows.
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Theorem 2.3. Let G be a connected graph with n points and
m edges. Then

ISIðGÞ � aðmÞðD� dÞðD2 � d2Þ
2mdD

þHðGÞM2ðGÞ
2m

,

where aðmÞ ¼ mdm2e 1� 1
m dm2e

� �
with equality if and only if

G is regular.

Proof. Choosing ai ¼ 1
dGðuÞþdGðvÞ , bi ¼ dGðuÞdGðvÞ, a ¼ 1

2D ,
A ¼ 1

2d , b ¼ d2,B ¼ D2 in Lemma 2.1, we get

m
X

uv2EðGÞ

dGðuÞdGðvÞ
dGðuÞ þ dGðvÞ

������
�
X

uv2EðGÞ

1
dGðuÞ þ dGðvÞ

X
uv2EðGÞ

dGðuÞdGðvÞ
������

� aðmÞ 1
2d

� 1
2D

� �
D2 � d2ð Þ:

(1)

From the definitions of ISI index, harmonic index and
second Zagreb index, Eq. (1) reduces to

mISIðGÞ � HðGÞM2ðGÞ
2

� aðmÞ D� d
2dD

� �
D2 � d2ð Þ:

Therefore,

ISIðGÞ � aðmÞðD� dÞðD2 � d2Þ
2mdD

þ HðGÞM2ðGÞ
2m

:

The equality holds if and only if d ¼ D, that is, if G is
regular. w

Lemma 2.4. (P�olya-Szego Inequality [8]) Let 0 < m1 � xi �
M1 and 0 < m2 � yi � M2 for all 1 � i � n. Then

Xn
i¼1

x2i
Xn
i¼1

y2i �
1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
M1M2

m1m2

r
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

M1M2

r !2 Xn
i¼1

xiyi

 !2

:

Lemma 2.5. (Cauchy-Schwarz Inequality) Let X ¼ ðx1,
x2, :::, xnÞ and Y ¼ ðy1, y2, :::, ynÞ be sequences of real num-
bers. Then

Xn
i¼1

xiyi

 !2

�
Xn
i¼1

xi

 !2 Xn
i¼1

yi

 !2

,

with equality if and only if the sequence X and Y are propor-
tional. That is, there exists a constant c such that xi ¼ cyi for
all 1 � i � n:

As a special case of Cauchy-Schwarz inequality, when
y1 ¼ y2 ¼ � � � ¼ yn we get the following result.

Corollary 2.6. Let x1, x2, :::, xn be real numbers. Then

Xn
i¼1

xi

 !2

� n
Xn
i¼1

x2i ,

with equality if and only if x1 ¼ x2 ¼ � � � ¼ xn:

In [7], the lower bound for ISI(G) has been given in
terms of harmonic index and second Zagreb index and is
as follows.

Theorem 2.7. [7] Let G be a connected graph on n points
and m edges. Thenffiffiffiffiffiffi

dD
p

mðdþ DÞHðGÞM2ðGÞ � ISIðGÞ,

with equality if and only if G is regular.

The inequality in Theorem 2.7 fails to some class of
graphs, such as wheel graph Wnþ1 on nþ 1 points for all

n � 4, Dutch windmill graph DðqÞ
p for all q � 3 etc. The

graph DðqÞ
p is a graph that can be constructed by coalescence

q copies of the cycle Cp of length p with a common vertex.

The following theorem is the correct version of Theorem 2.7.

Theorem 2.8. Let G be a connected graph on n points and m
edges. Then ffiffiffiffiffiffiffiffiffiffi

d3D3
p

mðd3 þ D3ÞHðGÞM2ðGÞ � ISIðGÞ,

with equality if and only if G is regular.

Proof. Note that, 2d � dGðuÞ þ dGðvÞ � 2D for any edge
uv 2 EðGÞ: Taking, m1 ¼ 1

2D ,m2 ¼ d2,M1 ¼ 1
2d ,M2 ¼ D2,

for all 1 � i � m, xi ¼ 1
dGðuÞþdGðvÞ and yi ¼ dGðuÞdGðvÞ for all

1 � i � m, in Lemma 2.4, we get

X
uv2EðGÞ

1
dGðuÞ þ dGðvÞ
� �2 X

uv2EðGÞ
dGðuÞdGðvÞð Þ2

� 1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2

2d
d2

2D

þ
d2

2D
D2

2d

vuut
0
B@

1
CA

2 X
uv2EðGÞ

dGðuÞdGðvÞ
dGðuÞ þ dGðvÞ
� �2

: (2)

And by Corollary 2.6, we have

X
uv2EðGÞ

1
dGðuÞ þ dGðvÞ
� �2 X

uv2EðGÞ
dGðuÞdGðvÞð Þ2

� 1
m2

X
uv2EðGÞ

1
dGðuÞ þ dGðvÞ

 !2 X
uv2EðGÞ

dGðuÞdGðvÞ
� �2

:

(3)

Combining inequalities (2) and (3), we have

Figure 1. A counter example for the Theorem 2.2.
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1
4m2

HðGÞð Þ2 M2ðGÞð Þ2 � 1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2

2d
d2

2D

þ
d2

2D
D2

2d

vuut
0
B@

1
CA

2

ISIðGÞð Þ2,

which implies, ffiffiffiffiffiffiffiffiffiffi
d3D3

p

m d3 þ D3ð ÞHðGÞM2ðGÞ � ISIðGÞ:

The equality holds if and only if G is regular. w
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