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Decomposition of complete bipartite graphs into cycles and stars with

four edges

M. llayaraja and A. Muthusamy

Department of Mathematics, Periyar University, Salem, Tamil Nadu, India

ABSTRACT

Let Gy Sk denote a cycle, star with k edges and let K,,,, denotes a complete bipartite graph with
m and n vertices in the parts. In this paper, we obtain necessary and sufficient conditions for the
existence of a decomposition of complete bipartite graphs into cycles and stars with four edges.

1. Introduction

All graphs considered here are finite. For the standard
graph-theoretic terminology the reader is referred to [4]. Let
Ck Sk denote a cycle, star with k edges and let K,,,,, denotes
a complete bipartite graph with m and n vertices in the

parts. Also we denote the cycle C; with vertices
X0, X1, -+ > Xk—1 and edges xoxi,X1X2, - -+, Xk—2Xk—1, Xk—1X0 aS
(xo,xl, ~~~,xk_1,x0) and a star S consists of a centre vertex

xo of degree k (ie, d(xg) =k) and k end vertices
X1,X2, -+, Xk as (xg;Xp, +-+,xk). If there are t stars with
same end vertices xi,Xy, ---,Xx; and different centres
Y1, Y2, ¥, We denote it by (y1,y2, -, Y5 X1, X2, 0, X))
Note that Sk is isomorphic to Kj . By a decomposition of G,
we mean a list of edge-disjoint subgraphs of G whose union
is G (ignoring isolated vertices). For the graph G, if E(G)
can be partitioned into Ej, ---,Ex such that the subgraph
induced by E; is H;, for all 4, 1 <i <k, then we say that
Hj, ---,Hy decompose G and we write G = H; & - - - & Hy.
For 1 <i <k, if H; = H, we say that G has a H-decompos-
ition and it is denoted by H|G. If G can be decomposed into
p copies of H; and g copies of H,, then we say that G has
a {pHi,qH,}-decomposition or (Hy, H,)-multidecomposition.
If such a decomposition exits for all p and g satisfying triv-
ial necessary conditions, then we say that G has a
{Hl,Hz}{p,q}—decomposition or complete {H,, H,}-decompos-

ition. We denote the number of edges of G by e(G).

Cycle decomposition of graphs and star decomposition of
graphs are popular topic of research in graph theory; see [3,
12-14]. The study of (K,H) -multidecomposition has been
introduced by Atif Abueida and M. Daven [1]. Moreover,
Atif Abueida and Theresa O’Neil [2] have settled the existence
of (K, H)-multidecomposition of K, (1) when (K,H) =
(K1, n-1,Cy,) for n = 3,4,5. Priyadharsini and Muthusamy [9]
established necessary and sufficient condition for the existence
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of (G,, H,)-multidecomposition of AK, where G,,H, € {C,,
P, 1, Su—1}. Lee [7], gave necessary and sufficient condition for
the multidecomposition of K,,, into at least one copy of
Cr and Sk. Lee and J.J. Lin [8], have obtained necessary and suf-
ficient condition for the decomposition of complete bipartite
graph minus a one factor into cycles and stars. Shyu [10] consid-
ered the existence of a decomposition of K,,,, into paths and
stars with k edges, giving a necessary and sufficient condition for
k = 3. Jeevadoss and Muthusamy [5] have obtained some neces-
sary and sufficient condition for the existence of a decomposition
of complete bipartite graphs into paths and cycles. Recently, Lee
[6] established necessary and sufficient conditions for the exist-
ence of a decomposition of complete bipartite multigraph into
cycles and stars with at least one copy of each. In this paper, we
study about the existence of a decomposition of complete bipart-
ite graphs into p copies of C, and g copies of S4 for all possible
values of p and ¢q. We abbreviate the notation for such a
decomposition as {pCs, 9S4 }-decomposition. In fact, we estab-
lish necessary and sufficient conditions for the existence of
{pCis, qS4 }-decomposition of K,,, .
To prove our main results, we state the following:

Theorem 1.1. [11] Let m,n and | € Z,. There exists an
Cy-decomposition of K,,, if and only if m and n are
even, myn >1>2 and mn =0 (mod 2I).

Theorem 1.2. [14] Let k,m and n € Z, with m < n. There
exists an Si-decomposition of K, , if and only if one of the
following holds:

(i) k< mand mn=0 (mod k);
(i) m<k<mnand n=0 (mod k).

Remarks.
1. If G; and G, have a {pCy,qS;}-decomposition, then
G; ® G, has a such decomposition.
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2. Let X+Y={(x+ynx2+y) | (x1,%) €X,(y1,)2) €
Y} and X is the sum of r copies of X.

2. Necessary conditions

The following Lemmas gives necessary conditions for the
existence of a {pCy, qS4}-decomposition of K,,, .

Lemma 2.1. Let p,q >0 and even n>2. If K, , has a
{pCs, qS4}-decomposition, then q must be even.

Proof. Let D be an arbitrary {pCy, qS,}-decomposition of
Ky, Then 4(p+q) =e(Ky,). Let V(Ky,) = (X1,X3),
where X1 = {x11,x12} and X, = {x1, -+, %00} Since
x11 and x;, must be a centre vertex of each S;’s in D and
each C,’s in D must contains both x;; and x;,. Therefore
the number of copies of Sy centered in both x;; and xi, are
the same. 0

Lemma 2.2. Let p,q >0 and even n>4. If Ky, has a
{pCy, qS4}-decomposition, then p,q # 1.

Proof. Let D be an arbitrary {pCy,qS,}-decomposition of
Kne Then 4(p + q) = e(Ky,n). On the contrary, suppose
that g = 1. Let S} denote the only star in D. It follows that
each end vertex of S} has odd degree in Ky ,\E(S}), which
cannot have a cycle decomposition and hence a contradic-
tion. On the other hand, let V(K ,) = (X;,X3), where X; =
{x11, -+, x14} and X = {x21, - -+, %2, }. Assume that there
exist a (4;1,n — 1)-decomposition of K,,. Without loss of
generality, let Cj = (x11,%21,X12,X22,X%11) be the only
Cy in D. Then by assumption Ky,\E(C}) =G has an
Ss-decomposition. In G, the vertices x;; and x; have
exactly degree 2. So it could not be a centre vertex of any
stars in D. Therefore we have two stars S} and S7 whose
centre vertex is x;3 and xj4 respectively, which consist of
xy; and x;, as  end That is, §;=
(%135 X215 X225 X2i» X2j) and $2 = (X143 X215 X22, X271, X277 ) for some
i#jand i #j € Z,. We define D ={S €
D | Centre vertex of Sy is xy4}; |D/|=r, where re
Zy and let X);={yeX, |y is an end vertex of S, €
D'}. Then clearly S € D' and |X,| = 4r. Every vertex in
X,\X, must be centre vertex of some stars in D\D'.
Otherwise use the edges between x4 €
X; and X,\X), in any star in D, whose centre vertex is
not xy4.

Now we collect all the stars whose centre in X,\X), and
denote it D”. That is, D" ={S;€ D | Centre vertex
of S in X;\X,}. Then the new graph G =
Ky n\{E(C}) UE(D') UE(D") UE(S})} = K3, 4r—2\{x13%2:} U
{xi3x5}.  Let  V(Ks4—2) = (Y1,Y2), where Y, =X\
{x14} and Y, = X5\ (X\X}, U {x21,%2,}). By our assumption
G has an S;-decomposition. In G, d(x;) = d(xp) =
4r — 2 and d(x;3) = 4r — 4 also d(xy) = d(x,) = 2 and
d(xar) = 3, where Xy # X2, %37 and xp € X5. It follows
that no vertex of Y, can be a centre vertex of any stars, so
the centre vertices of stars must be in Y. Since d(x;;) =
d(x;;) = 4r —2 # 0 (mod 4), by Theorem 1.2, the

vertices.

we cannot

graph G’ cannot have S;-decomposition, which is contradic-
tion to our assumption. O

Lemma 2.3. Let p,q > 0 and even m,n > 6 with m < n. If
Ko has a {pCy, qS4}-decomposition, then q # 1.

Proof. Let D be an arbitrary {pCy, qS,}-decomposition of
K,.». On the contrary, suppose ¢ = 1, we obtain a contra-
diction as in Lemma 2.2. |

Lemma 2.4. Let p,q be nonnegative integers, m is odd
(resp., n is odd) and n =0 (mod 4)(resp.,m =0 (mod 4))
such that m <n. If K, has a {pCy,qSs}-decomposition,
then q >4 (resp., q>17%).

Proof. Let D be an arbitrary {pCy, qS,}-decomposition of
K. Let the g copies of stars be S, €D, 1<i<
g and G =K, ,\E(>.L,S}). By hypothesis, G has a
C4-decomposition. It follows that every vertex of G must be
of even degree. Note that when n is even (resp., m), each
vertex of X, (resp., X;) must be either an end vertex or the
centre of some S, 1< i< gq. It implies that 4 > n (resp.,
4q > m). O

3. Sufficient conditions

The following sequence of lemmas we show that the above
necessary conditions are also sufficient.

Lemma 3.1. If m,n € 2Z, with 2 <m < n <8, then there
exists a {pCa, qS4}-decomposition of K, .

Proof. Case 1. For m =2 and n = 2, trivially one C4. For
n=4, let V(K,4) = (X1,X;), where X; = {x11,x12} and
X, = {x21, - - -, x4 }. Then the required {pCy, gS4}-decompo-
sitions are as given below:

1. p=2andg=0.

By Theorem 1.1, we get the required 2C,’s.
2. p=0and g=2.

By Theorem 1.2, we get the required 2S,’s.

For n=6, let V(Kys) = (X1,X;), where X; = {x15,x1,}
and X, = {xa1, - -+, %6}. Then the required {pCy,gSs}-
decompositions are as given below:

1. p=3andg=0.
By Theorem 1.1, we get the required 3Cy’s.
2. p=1landg=2.
(X11,X21,x12)x22,x11) and (xu,xlz;Xzs,xz4,x25,x26)-

For n=8, we can write, K § = Ky 4 ® K;,4. Then the graph
K, 4 has a {pCy,qSs}-decomposition, by the starting of the
proof. Hence, by the remark, the graph K, s has a desired
decomposition.

Case 2. For m=4 and n=4, let V(K 4) = (X;,X;), where
X; ={x11, --,xa} and X, = {x51, ---,x4}. Then the
required {pCy, gS4}-decompositions are as given below:



1. p=4and g=0.
(xu, X215 X125 X225 xu), (X11) X235 X125 X245 xu), (X13, X215 X14>
X225 Xls) and (X13) X235 X14> X245 X13)-

2. p=2and g=2.
The first two Cy’s in (1) and the 2S4’s (x13, X145 %21,
X22, %23, %24) gives the required decomposition.

3. p=0and g=4.
By Theorem 1.2, we get the required 4Sy’s.

For m =4 and n =6, let V(Kys) = (X;,X;), where X; =
{x11, -+, x14} and X, = {x31, - -+, x26}. Then the required
{pCs, gS4}-decompositions are as given below:

1. p=6and q=0.
(xu,x21,x12,x22,x11), (xu,x23,x12,x24,x11),
xzs,xu), (x13,x21,xl4>x22>x13),
(x13,x23,x14,x24,x13) and (x13,x25,x14>x26,x13)-

2. p=4and g=2.
The first four C,’s in (1) and the 2Sss (x13,%14;
X3, X24, X25, X26) gives the required decomposition.

3. p=3andg=3.
The first three C,’s in (1) and the 3Sys (x11; %21,
xzz,x23,x24), (X12§X21ax22>x25,x26), (x13;x23,x24,x25,xzé)
gives the required decomposition.

4. p=2and q=4
The 2Cy4’s (xn,x21,x12,x22,x11),(x13,x21,x14,x22,x13) and
the 484’8 (xn,xu,x13,x14;x23,x24,x25,x26) gives the
required decomposition.

5. p=0and g=6.
By Theorem 1.2, we get the required 6S,’s.

(xll,xzs>x12>

For n=28, we can write, Kyg= Ky6©@ Ky,,. Both the
graphs K¢ and Ky, have a {pCy,qSs}-decomposition.
Hence, by the remark, the graph K,g has a desired
decomposition.

Case 3. For m=6and n=6, let V(Kss) = (X1,Xz),
where X; = {x11, --+,x16} and X5 = {x51, - -+, %2}. Then
the required {pCy, qS4} -decompositions are as given below:

1. p=9and g=0.
(Xll,xszlzyxzz,xn),(xn,x23’x12,xz4,xu)> (Xll,xzs,xu,
Xzs,xu)» (x13,x21,x14,x22,x13), (x13,x23,x14,x24,x13),
(xla,x25>x14)9€26,x13), (Xls,le,xls)xzz,xls), (XIS)x23,x16>
x24,x15), (xIS)xZSax16)x26’x15)-

2. p=7and g=2.

The first four and last three Cjs in (1) and the
284’s (%13, X145 %23, X24, X25, X26)  gives the required
decomposition.

3. p=6and g=3.

The first three and last three C’s in (1) and the 3S,’s
(xu;x21,x22,x23,x24), (Xlz;xznxzz,xzs,xze), (xls;x23>x24,
X5, X26) gives the required decomposition.

4. p=>5and q=4

The last three C4’s in (1) along with (x5, %,
x12>x22,x11), (x13,x21,x14,x22,x13) and the 4S4’s
(%11, X125 X13, X145 X23, X24, X25, X26) ~ gives the required

decomposition.
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5. p=4and qg=>5.
The 4Cy4’s (xllaXZS;xl.’anéxxll)) (X12,x23,xl4,xz4,9€12),
(x13,x21,x14,x22,x13), (x15)x21)x16ax227x15) and the 5S4’s
(X11>x12;x21>x22,x25,x26), (x13,x15)x16;x233x24>x25)x26)
gives the required decomposition.

6. p=3and gq=6.

The 3Cy’s (Xu,xszlz,xzz,xll),(x13>x21,x14,x22,x13),
(Xls,x21>x16,xzz,xls) and the 6S84s (X11,X12,x13,
X14> X15> X16} X23, X245 X25, X26 ) gives the required

decomposition.

7. p=2and g=7.
The 2Cy’s (x“,xﬂ,xlz,xzz,xu),(xu,x23,x12,x24,x11) and
the 784’ (X13;x21,x22,x23>x26), (x14;x21,x22,x23,x26),
(x15;x21,x22,x23,x24), (X16§X21>x22>x23,x24), (X24§X11,
Xlz,x13>x14)> (x25;x13ax14ax15>x16>) (x26;x11ax12)x15)x16)
gives the required decomposition.

8 p=1and g=38.
(xll;x21>x12>x22axll) and the 8S,’s (x15ax16;x23’x24>
X25,X26), (Xz],Xzz,X23,X24,X25,X26;X11,X12,X13,X14) gives
the required decomposition.

9. p=0and g=09.
By Theorem 1.2, we get the required 9S4’s.

For n=8, we can write, Kggs = Kg4® Kg,4. Then we
obtained (p,q) € {(12,0),(10,2), ---,(2,10),(0,12)}. The
case (1,11) can be obtain by taking, Ks s = Kg,» ® Ke,6, We
have (1,11) = (1,2) + (0,9), by the Cases 1 and 3 above

procedure. Hence, the graph Kgg has a desired
decomposition.
Case 4. For m=8 and n =38, we can write, Kgg =

2Ky 6 ® 2K, 4. By Case 1 above, we obtained (p,q) €
{(16,0),(14,2), ---,(2,14),(0,16)}. The case (1,15) can be
obtain by taking, Kgg = Kg s ® 2K, 4, we have (1,15) =
(1,11) 4+ (0,4), by the Case 1 and 3 above procedure.
Hence, the graph Ky s has a desired decomposition. O

Lemma 3.2. If m,n € 2Z; with 2 <m <8 and n > 10,
then there exists a {pCiy, qS4}-decomposition of Ky, .

Proof. Case 1. For m = 2, we distinguish two subcases.
Subcase 1. n=2 (mod 4), we have n=4x+2,
where x > 2.

For x =2 we have, K19 =K,3® K;,2. Then the graph
K3, 10 has a (4;p, q)-decomposition, by Lemma 3.1. For x >
3, we can write, K 442 = Ky, 10 @ (x — 2)K3,4. By the above
procedure and Lemma 3.1, both the graphs Kj ;o and K; 4
have a {pCj, gS4}-decomposition. Hence, by the remark, the
graph Kj 4x1> has a desired decomposition.

Subcase 2. n =0 (mod 4), we have n = 4x, where x > 3.
We can write, K3 4x = xK; 4. Hence, the graph K; 4, has a
{pCs, gS4}-decomposition, by Lemma 3.1.

For m=4,6 and n =10, we can write, K, 10 = Ky 6@
Ky, 4. Hence, the graph K,, 1o has a {pCy, gSs}-decompos-
ition, by Lemma 3.1.

Let n>10, we have n=4x+y,
Z, and y =0,2. We can write, K, , =

where 3<x¢
m, 4x+y-

Case 2. For m=4, we can write, Ky = Kg10®

(

4’62” —S)KM. By the above procedure and Lemma 3.1,
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both the graphs Ky 19 and Ky, have a {pCy, gSs}-decompos-
ition. Hence, by the remark, the graph Kj 4., has the
desired decomposition.

Case 3. For m = 6. We distinguish two subcases.

Subcase 1. n =2 (mod 4), we have n = 4x + 2, where 3 <
X € Zy, we can write, Kg4vi2 = (x — 1)Kg 4 D Kg,6. Hence,
the graph Kgario has a {pCy,qSs}-decomposition, by
Lemma 3.1.

Subcase 2. n =0 (mod 4), we have n = 4x, where 3 <x €
Z., we can write, Kg4r = (x — 1)Kq 4 @ Ks,4. Hence, the
graph Kg 4, has a {pCy, qS4 }-decomposition, by Lemma 3.1.
Case 4. For m = 8 and n = 2x, where x > 5, we can write,
Kg)zx = Kg,g D (x — 4)K3,2. Note that Kg)z = Kz)g. Hence,
the graph Kjg », has a {pCy, qSs}-decomposition, by Lemma
3.1. O

Lemma 3.3. If m € 2Z, with m =0 (mod 4) > 12, then
there exists a {pCy, qS4}-decomposition of Ku, ., where q # 1.

Proof. We distinguish two cases.

Case 1. m =12 and q # 1.

We can write, K¢ 15 = Kg 6 @ Kg,6. By Lemma 3.1, the graph
Ki,6 has a {pCy, qS4}-decomposition. Hence, the graph Kg 12
has the desired decomposition

Case 2. m > 12 and q # 1. We can write,

m—12
4

Ka, ;= Ko, 12 ® Ke,m—12 ® ( )(Kz,u © Ky m-12)-

By the Case 1 above and Lemma 3.2, the graphs
Ks 12, Kz, 12 and Ky ;12 have a {pCy, gS4}-decomposition.
Hence, by the remark, the graph Ku, has the desired
decomposition. 0
Lemma 3.4. If m € 2Z, with m =0 (mod 4) > 12, then
there exists a {pCy, qS4}-decomposition of K.y, ,, where q # 1.

Proof. For m > 12 and g # 1. We can write,

m—12 m—4 m—4
Kin,m = Kg 3 ® < I >K4,4@ @Ku ® @sz,]’ ,
i j

where i=0 (mod 4) >4 and j=0 (mod 4) > 8. Note
that K;4 =~ Ky;. By Lemmas 3.1 and 3.2, the graphs
K44,Ks 3, Ki 4 and Ky ; have a {pCi,qSs}-decomposition.
Hence, by the remark, the graph K, ,, has the desired
decomposition. 0

Lemma 3.5. If m € 2Z, with m =2 (mod 4) > 10, then
there exists a {pCy, qS4}-decomposition of Ky, ,, where q # 1.

Proof. We can write,

m-—=6 _ -
Kin,m = Ke,6 & (T>K4,4 @ {@]"Kyi} © {8]' K4},

where i,j=2 (mod 4) >6. Note that Kj,=Ky;. By
Lemmas 3.1 and 3.2, the graphs K} 4, K¢ 6, K4,; and Kj 4 have
a {pCs,qSs}-decomposition. Hence, by the remark, the
graph K, ,» has the desired decomposition. O

Lemma 3.6. If m,ne2Z, with n>m > 12 and m,
n=0 (mod 4), then there exists a {pCy,qSs}-decomposition
of Ky, where q # 1.

Proof. We can write,

n—m
Km,n = Km,m © 4 Km,4-

Note that K, 4 =2 Ky . By Lemmas 3.2 and 3.4, the graphs
K4 and K, ,, have a {pCy, gS4}-decomposition. Hence, by
the remark, the graph K,,, has the desired decompos-
ition. O

Lemma 3.7. If mnée€2Z, withn>m2>12; m=
0 (mod 4) and n =2 (mod 4), then there exists a {pCy,
qS4}-decomposition of K, ,, where q # 1.

Proof. Let m=4xand n=4y+2, where x,y€
Zy and y > x > 3. Hence Ky, = Kyx,4y12. We can write,
Kax,ay12 = Ky a(y—1) © Kay 412 Since the graph Ky, 4,—1) can
be viewed as (y — 1) copies of Ky 4. Note that Ky, ¢ =2 K 4x-
By Lemma 3.2, both the graphs Ky, 4 and Ki¢ have a
{pCs, 9S4}-decomposition. Hence, by the remark, the graph
K., has the desired decomposition. O

Lemma 3.8. If m,n € 2Z, with n > m > 10; m =2 (mod
4) and n =0 (mod 4), then there exists a {pCs,qSs}-
decomposition of K, ., where q # 1.

Proof. By the similar argument as in Lemma 3.7, we get a
required decomposition. O
Lemma 3.9. If mne2Z, with n>m>10; mn=
2 (mod 4), then there exists a {pCiy,qSs}-decomposition of
K., where q # 1.

Proof. We can write,

n—m
Km,n = Km,m © 4 Km,4-

Note that Ky, 4 & Ky . By Lemma 3.2 and 3.5, the graphs
K,a and K, have a {pCy, qSs}-decomposition. Hence, by
the remark, the graph K,,, has the desired decompos-
ition. O

Lemma 3.10. If m € {3,5,7} and n = 4, then there exists a
{pCs, 484} -decomposition of K, ,.

Proof. We distinguish three cases.

Case 1. For m=3 and n=4. Let V(Ks4) = (X1,X,),
where  X; = {x11,x12,x13} and X, = {x1, - -, x24}. Then
the required {pCy, gS4}-decompositions are as given below:

l.p=0 and g = 3.
(xu,xlz,xla;x21,x22>x23,x24)-



2.p=2and g=1
(xll,le,x12,9€22>x11),(Xu,xz3,x1z,x24,x11) and (x13;x21,x22,

X235 x24) .

Case 2. For m=5and n=4. We can write, K54 =
K44 @ Ky, 4. Note that K5 4 = Ky 5. By Lemma 3.1, the graph
Ky 4 has a {pCy, qS,}-decomposition and trivially the graph
Ki 4 is S4. Hence, the graph Ks, has the desired
decomposition.

Case 3. For m=7 and n=4. We can write, K;4=
Ke4a®Ky4s. By Lemma 3.1 the graph Kgs4 has a
{pCs, gS4}-decomposition and trivially the graph Kj 4 is S4.
Hence, the graph K7 4 has the desired decomposition. O

Lemma 3.11. If m =3 and n € 2Z, with n =0 (mod
4) > 8, then there exists a {pCa, qSs}-decomposition of K, .,
where q > %

Proof. We distinguish two cases.

Case 1. For m=3and n=38, let V(Kss) = V(Xy,
X,), where X; = {x11, x12, 13}, X2 = {x21, - -+, x28} and
E(Ks3) = {x1ixj| i = 1,2,3 and j = 1, - - -, 8}. Then the
required {pCy, gS4}-decompositions are as given below:

1. p=4and g=2.
The 4C,’s (xu,x21,x12,x22,x11),(xu,x23,x12,x24,x11),
(xu»xzs,Xlz,xze,xn),(x11,X27,X12,x28>x11) and the 2S,’s
(x13;x21,x22,x23,x24), (x13;X25>X26,x27,X28) gives the
required decomposition.

2. p=3and g=3.
The 3C,’s (xn,x21,x23,x22,x11),(xu,x24,x13,x25,x11),
(x12>x26’x13:x28)x12) and the 38, (xn;xzz»xzs,
X27,X28)> (xlz;xzz,xz4,x25>x27)) (x13;x21,x22,x23,x27)
gives the required decomposition.

3. p=2andqg=4.
The 2Cy4’s (xn,xszlz,xzzaxn), (xn,x23,x12,x24,x11) and
the 4S4’s (x13;x21,x22,x23,x24),(x11,xlz,x13;x25,x26,xz7,X28)
gives the required decomposition.

4. p=0and g =6.
The 6S4’s (xu)xlz,xls;le,x22>xz3,x24),(X11>x12,x13;x25,x26>
X27,x28)-

Case 2. For m =3,n > 8 and q > 7. We can write,

n—38
K3,n :K3,8@ —4 K3)4.

By Lemma 3.10 and the Case 1 above, the graphs Kj 4 and
K3 have a {pCi, gSs}-decomposition. Hence, by the
remark, the graph Kj , has the desired decomposition. |

Lemma 3.12. Let m be an odd integer and n € 27, with
2<m<n and n=0 (mod 4) > 4. Then there exists a
{PC4, qS4}-decomposition of K, ., where ¢ > 4.

Proof. Let m =4x+s and n =4y, where x,y € Z; with
y>x>1and s=1, 3. We can write, K, , = Kin—1,n ® Ki,n,
we have Kycygay = Kgeys—1,49 D Ky 4y, Since Kyeys 1,4y can
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be viewed as x copies of Ky 1,4y. Then the graph Ky s 14,
has a {pCy, qS4}-decomposition, by Lemma 3.2 and trivially
the graph Kj 4, has an S4-decomposition. Hence, the graph
Kiyx1s,4y has the desired decomposition. O

Lemma 3.13. Let n be an odd integer and m=0
(mod 4),n > m > 4. Then there exists a {pCy,qSs}-decom-
position of Ky, ., where q > 7%

Proof. By the similar argument as in Lemma 3.12, we get a
required decomposition. O

4. Conclusion

As a consequence of Lemmas 2.1-2.4 and 3.1-3.13, our
main result immediately follows.

Theorem 4.1. Let p and q be nonnegative integers, and let m
and n be positive integers such that m < n. Then there exists
a {pCa, qSs}-decomposition of Ky, , if and only if one of the
following holds:

1. qis even, when m = 2 and even n > 2;

2. p,qF# 1, when m = 4 and even n > 4;

3. q# 1 when even m,n > 6;

4. q>17 (resp., q > 75), when m (resp., n) is an odd integer
and n =0 (mod 4)(resp., m =0 (mod 4).
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