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ABSTRACT

The n-dimensional augmented cube AQ, is a variation of the hypercube Q,. It is a (2n — 1)-regular
and (2n — 1)-connected graph on 2" vertices. One of the fundamental properties of AQ, is that it
is pancyclic, that is, it contains a cycle of every length from 3 to 2". In this paper, we generalize
this property to k-regular subgraphs for k = 3 and k = 4. We prove that the augmented cube AQ,
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with n > 4 contains a 4-regular, 4-connected and pancyclic subgraph on [ vertices if and only if
8 <1< 2". Also, we establish that for every even integer / from 4 to 2", there exists a 3-regular,

3-connected and pancyclic subgraph of AQ, on [ vertices.

1. Introduction

The interconnection networks play an important role in par-
allel computing and communication systems. The underly-
ing topology of the interconnection network is represented
by a graph. The hypercube is a popular network topology
because of its good properties, such as strong connectivity,
small diameter, symmetry, relatively small degree, bipancy-
clicity and regularity. Choudum and Sunitha [4] proposed a
new variation of the hypercube Q, called augmented cube
AQ), of n-dimension as an improvements over hypercubes.
The augmented cube AQ, is a (2n— 1)-regular and
(2n — 1)-connected graph with 2" vertices and it has diam-
eter [n/2]-diameter. Several results available in literature
shows that the augmented cube is a good candidate for
computer network topology design; see [4-6, 8, 10, 11, 15].

A graph G is pancyclic if it contains a cycle of every
length from 3 to |V(G)|, whereas G is bipancyclic if it con-
tains a cycle of every even length from 4 to |V(G)|.
Moreover, G is nearly pancyclic if it contains a cycle of every
length from 3 to |V(G)| except possibly for one value.
Cycles are fundamental networks for parallel and distributed
computing as they are suitable for designing simple algo-
rithms with low communication cost [7]. Pancyclicity of a
network is an important factor in determining whether the
network topology can simulate cycles of various lengths.
Connectivity is a crucial parameter for interconnection net-
works as it measures the stability of a network. Pancyclicity
and connectivity properties for augmented cubes are studied
in [6, 8, 15].

The augmented cube AQ, is pancyclic. Therefore cycles
of every length from 3 to 2" can be embedded into it. Thus
AQ), contains a 2-regular and 2-connected subgraph on !/
vertices for every integer | with 3 <[ < 2" It is natural to

think of generalizing this fundamental property of the aug-
mented cubes to the existence of k-regular, k-connected and
pancyclic subgraphs. This will be useful to get subgraphs of
AQ),, with less number of vertices which retain the important
properties of AQ,, such as regularity, pancyclicity and high
connectivity. For hypercubes, this problem is studied in [2,
3, 14].

Mane and Waphare [12] investigated for the existence of
a k-regular, k-connected and bipancyclic subgraph of the
hypercube Q, with 2" vertices for given k. Lu et al. [9] con-
sidered the similar problem for the Cartesian product of
cycles. Ramras [14] proved that the hypercube Q, contains a
3-regular subgraph with [ vertices for even integer I from 8
to 2" except 10. Borse and Shaikh [2] improved this result
by proving that for such values of [ there exists a 3-regular
subgraph of Q, with [ vertices which is 3-connected and
bipancyclic too. Similar results for the classes of the
Cartesian product of cycles and the Cartesian product of
paths are obtained in [1] and [13], respectively. For the
existence of 4-regular subgraphs, Borse and Shaikh [3] estab-
lished that there exists a 4-regular, 4-connected and bipan-
cyclic subgraph on [ vertices in the hypercube Q, if and
only if /=16 or [ is an even integer with 24 <[ < 2",

In this paper, we generalize the property of pancyclicity
to the existence of 3-regular subgraphs and 4-regular sub-
graphs in augmented cubes. Since AQ, is simple and the
total degree of a 3-regular graph is even, the number of ver-
tices of every 3-regular subgraph of AQ, is even and at
least 4.

The following are the main results of the paper.

Theorem 1.1. Let n > 2 and | be integers such that | is even
and 4 <1< 2" Then there exists a 3-regular, 3-connected
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(a): AQ:

Figure 1. Augmented cubes.

(b): AQ2

and nearly pancyclic subgraph of the augmented cube AQ,
with [ vertices.

Theorem 1.2. Let n >4 and | be integers. Then the aug-
mented cube AQ, contains a 4-regular, 4-connected and pan-
cyclic subgraph with [ vertices if and only if 8 <1< 2"

The paper is organized as follows. In Section 2, we obtain
some lemmas which are used in the proofs in the subse-
quent sections. Theorem 1.1 is proved in Section 3. The
proof of Theorem 1.2 is divided in two sections, Section 4
deals with the case 27 <[ < 2", whereas the remaining cases
are covered in Section 5. Also, in Section 5, we prove a
result about the non-existence of 4-regular subgraphs with
I < 7 vertices.

2. Preliminaries

In this section, we provide the definition of the augmented
cube AQ,, and obtain some results regarding pancyclicity,
connectivity and the existence of particular types of cycles in
AQ),, which are used in the subsequent sections.

For a graph G, let V(G) and E(G) denote its vertex set
and edge set, respectively. By a k-cycle, we mean a cycle of
length k, denoted by Ci. A path with vertices ay, a, ..., d, in
order is written as (aj,ay, ..., a,) and cycles are also written
similarly. The Cartesian product GLJH of two graphs G and
H is a graph with vertex set V(G) x V(H), where any two
vertices (uy, v1) and (u,, v,) are adjacent if u; = u, and v; is
adjacent to v, in H, or v; = v, and u, is adjacent to u, in
G. The n-dimensional hypercube Q, is the Cartesian product
of n copies of the complete graph K.

An n-dimensional augmented cube, for n > 1, denoted
by AQ,, contains 2" vertices, each labeled by an n-bit binary
string a,a,_; - - - a;. We define AQ, = K;. For n > 2, AQ, is
obtained by taking two copies of the augmented cube
AQ,_;, denoted by AQ?_| and AQ!_,, and adding 2" edges
between the two as follows: Let V(AQ? ,) = {0a,_1---a; :
a;=0or 1} and V(AQ. ,)={1b,_y---by:b; =0 or 1}.
A vertex 0a,_y---a; of AQ‘,L1 is adjoined to a vertex
1b,_1--- by of AQ} , iff for every i, 1 <i<n—1, either

(c): AQ3
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(d): AQq

Type (i) edges are hypercube edges while Type (ii) are
complement edges, and their sets are denoted by E;, and E,,
respectively. Thus, we have AQ, =AQ°  UAQ!  UE,U
E.. Note that E, and E, are perfect matchings between
AQ® | and AQ! , and further, AQ, — E. is isomorphic to
AQ,_;UK,. The augmented cubes of dimension 1, 2, 3 and
4 are illustrated in Figure 1.

We need the following results.

Lemma 2.1. [16] Let H; be an n;-regular and n;-connected
graph  for 1, 2. Then the graph HOH, is
(ny + ny)-regular and (n + n,)-connected.

i =

Lemma 2.2. [8] For n> 2, the augmented cube AQ, is
edge-pancyclic.

Lemma 2.3. [12] If P and Q are non-trivial paths and one of
them has even number of vertices, then PL1Q is bipancyclic.

Corollary 2.4. If C, and C, are two cycles and one of them
has even length, then C,JC, is bipancyclic.

Corollary 2.5. If C is a cycle, then CUK,; is bipancyclic.

We obtain the following two results about pancyclicity of
particular types of graphs.

Lemma 2.6. If C is an odd cycle of length m, then CUK, is
bipancyclic and m-pancyclic.

Proof. Let G = CUK,. Then the graph G contains two ver-
tex-disjoint cycles, say C = (ay,a, ..., ap—1, am,a1) and C' =
(b1, b2, s by—1, by, by) such that g; is adjacent to b; for i =
1,2,...,m (see Figure 2(a)). By Corollary 2.5, G is bipancyclic.
The graph G contains a cycle C of length m. Replacing the
edge (aj,a,) of C by the path (ay, by, by, a2) we get a cycle
Ci+z in G of length m 42 as shown in Figure 2(b). We con-
tinue replacing the edge (a1, az) of the cycle C,,.5i_1) by
the path (a1, bp-1, b2, az) of length three to get a new
cycle Cyiair for i =1,2,...,(m — 1)/2. Thus G contain cycles
of all odd length from m to 2m — 1. Hence G is bipancyclic
and m-pancyclic. O

We prove below that adding a path of length two to adja-
cent vertices of a ladder gives a pancyclic graph.

Lemma 2.7. Let m > 4 be an integer and let C be an m-cycle.
Suppose the graph H is obtained from the ladder CLUK, by



736 A. SHINDE AND Y. M. BORSE

bl 7] 3 i bm bl [72 bm bl b'z bm—l bm
ar a a m—1 Qm (3] m—1 Am
(a): CmDKQ (b) Cm+2 (C): C‘mel
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Figure 3. Odd cycles in H.

identifying the end vertices of a path of length two to a pair of
adjacent vertices of the cycle C. Then H is pancyclic.

Proof. We can write COK, =CUC UM, where C=
(a1,02, .. -1, am,a1) and C' = (b1, by, ..., by—1, by, by) and
M = {{a;,b;) :i=1,2,..,m}. Due to symmetry in CLIK,
we may assume that H = (CLK;) UP, where P is a path
(a1,c,az), (see Figure 3(a)). By Corollary 2.5, CUK; is
bipancyclic. Therefore H contains a cycle of every even
length from 4 to 2m. Clearly, (a;,¢,ay,a;) is a 3-cycle C; in
H. On replacing the edge (a;,a;) of C; by the path
(a1, b1, by, a2), we get a 5-cycle Cs. To get a 7-cycle C, from
Cs, we replace the edge (a,,b,) by a path P of length 3
where P = (ay,as,bs,b,). We continue replacing an edge
(a;, b;) of an odd cycle C, by a path (a;, a;11, biy1, ;) to get a
cycle of length r + 2. This procedure gives cycles in H of all
odd length from 3 to 2m + 1. Hence H is pancyclic. O

The next two results are about the existence of special
types of cycles in AQ,, and they are used in the construc-
tion of 3-regular and 4-regular subgraphs in AQ, in the sub-
sequent sections.

Lemma 2.8. Let n >3 and | be integers such that 7 <1<
2" — 1. Then there exists a cycle C = (uy,uy,...u,uy) in
AQ, and a vertex v € V(AQ,) — V(C) such that

(i)
(ii)

v is adjacent to uy, uy, us, ux for some 4 < k < 1.
(ur,uz) and (uy, uy) are chords of C.

Proof. We prove the result by induction on n. A cycle of
length 7 in AQ; satisfying the properties (i) and (ii) is
shown in Figure 4(a), whereas such a cycle of length 8 in
AQ, is shown in the Figure 4(b). Hence the result holds for
n = 3, and also it holds for /=7 and =8 when n > 4.

Suppose n >4 and [ > 9. Assume that the result holds
for n — 1. Write AQ, = AQ)_, UAQ._, UE, UE,.

If 7<1<2"'—1, then by induction, AQ’ |, and so
AQ),, contains a cycle of length [ as desired. Suppose 2""! <
1<2"—1. Then [ =2""1 — 1 4k for some k with 3 < k <
271 Let C be a cycle on [ = 2""! — 1 vertices satisfying the
properties (i) and (ii), choose an edge f = (a,b) of C such

that a,b & {uy,us,us}. Let f/ = (a’, V') be the correspond-
ing edge in AQ. ,. Then (a,a’) and (b,V') are hypercube
edges of AQ,. Clearly, (C—f)U{f",(a,d),(b,V')} is a cycle
of length 27! + 1 satisfying (i) and (ii). By Lemma 2.2,
AQ)_, contains a cycle Cy of length k containing the edge
f'. Therefore (C—f)U(Cy —f)U{{a,d’),(b,V)} is a cycle
in AQ, of length 2"~! — 1 + k = I satisfying (i) and (ii). (See
Figure 4(c).)

Suppose | = 21 As 1> 9, we have n > 5. By induction,
AQ®_, contains a cycle Z of length [ =2""! — 2 satisfying
(i) and (ii). Choose an edge g = (x,y) of Z such that x,y ¢
{ur,up,us}. If ¢ = (x',y') is the edge in AQ} , correspond-
ing to g then (Z—g)U{d, (x.x),{(»,y)} is a cycle of
length [ satisfying (i) and (ii). This completes the proof. O

Similarly, we get the following result.

Lemma 2.9. Let n and [ be integers such that 4 <1< 2",
Then there exists a cycle C on | vertices in AQ,, with a chord
e that forms a triangle with two edges of C.

Proof. Clearly, n > 2. We proceed by induction on n. The
result obviously holds for n=2 as AQ, = K, contains a
4-cycle with a chord. Suppose n > 3. Since AQ, is a sub-
graph of AQ,, the result holds for [ =4. For I € {5,6}, a
required cycle of length [ in AQ; and so in AQ,, is shown
in Figure 5.

Suppose 7 <1 < 2" — 1. By Lemma 2.8, we get cycle C of
length | with a chord e which forms a triangle with two
edges of C. Suppose [ =2". Let Z be a cycle in AQ% | of
length 2""! containing two adjacent edges e; and e, that
forms a triangle with a chord e of Z. Since n > 3, there is
an edge f = (x,y) of Z different from e, and e,. Let Z' be a
cycle of AQ}_, corresponding to Z and let ' = (x',y') be
the edge of AQ),_, corresponding to f. Then (Z —f) U (Z' —
YU{{x,x), (5,y)} is a cycle of length 2" with a chord e
forming a triangle with two edges of this cycle. Hence the
result holds for I = 2”. This completes the proof. O

The next two results are about connectivity.

Lemma 2.10. Let G; be a k;-connected graph for i=1, 2 with
V(Gl) = {al,az,...,ap} and V(Gz) = {b],bz,...,bp}. Then
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AQY AQ; AQS AQs
(a): [=T7 (b): {=8
Figure 4. Cycles of length /.
AQS AQ} AQS AQ;
(a): =5 (b): 1=6

Figure 5. Cycles of length 5 and 6.

Figure 6. The graph G.

the graph G = Gy U G, UM is (k + 1)-connected, where M =
{{a;, b)) :i=1,2,...,p} and k = min{k;, k, }.

Proof. Since G; is k;-connected, it is k-connected and has at
least k; +1 > k+ 1 vertices. It is sufficient to prove that
deletion of any k vertices from G leaves a connected graph.
Let S C V(G) with |S| = k. We prove that G - S is con-
nected. Suppose S is a subset of V(G;) or V(Gy). If SC
V(G;), then G - S connected as every component of G; — S
has a neighbour in the connected graph G,. Similarly, G - §
is connected if S C V(G,). Suppose S intersects both V(G)
and V(G,). Let S; N V(G;) for i = 1,2. As 1 < [S,],]S:] < k,
both G; — §; and G, — S, are connected and they are joined
to each other by at least p — k > 1 edges of the matching M.
Hence G - S is connected. 0

Lemma 2.11. For m > 7, let H be a 3-regular graph on 2m
vertices consisting of two cycles C = (aj,as,...,am,a1) and
C = (b1, by, ..., by, by) and a perfect matching M = {{(a;, b;) :
i=1,2,...,m}. Let N be a graph obtained from H by adding
a vertex v and four new edges {(v,a1), (v,az), (v,as3), (v,ax) }
for some k with 4 <k <m. Then the graph G= (N —
{(a1,b1), (a2, b2), (a3, b3), (ar, bi) }) U { (b1, b3), (b2, bi) } is 3-
connected. (See Figure 6.)

AQn AQ)
(e):l=2"1+k
bl 2 b3 ¢’ bm, bm
< R
ay as y Am

(b): Subgraph W

(a): Subgraph on 8 vertices

Figure 7. 3-regular subgraphs of AQ,.

Proof. Let S C V(G) with |S| = 2. It suffices to prove that
G — S is connected. There are at least m —4 —2 > 1 edges
between C and C' in G — S. Let G, and G, be the subgraphs
of G induced by V(C) U {v} and V(C'), respectively. Then
G, and G, are 2-connected.

Suppose S intersects both V(G;) and V(G,). Let S| =
SNV(G;) and S; = SN V(G,). Then |S;| = |S;| = 1. Hence
G, — 8 and G, — S, are connected and are joined to each
other by at least one edge, giving G — S connected.

Suppose S C V(G,). If G, — S is connected, then G—§
is connected as G, — S has a neighbour in the connected
graph G;. Suppose G, — S is disconnected. Then it has
two components. Let B = {b;,b,,b;3,br}. Note that the
degree of every member of the set B - S is at least one in
G, — S. Since m > 7, it follows that every component of
G, — S contains a vertex from V(C)— B and so has a
neighbour in G;. This shows that G - S is connected.
Similarly, if § C V(G;), then every component of G; — S
has a neighbour in the connected graph G,. This com-
pletes the proof. O

3. Existence of 3-regular subgraphs in AQ,

In this section, we prove Theorem 1.1.

The total degree of a graph is an even integer, the num-
ber of vertices of a 3-regular graph is always an even integer.
Obviously, a 3-regular subgraph of the simple graph AQ,
has at least 4 vertices.

Since AQ, is a complete graph Kj, it is obviously a 3-
regular, 3-connected and pancyclic subgraph of AQ,, for
n > 2. Clearly, C3UK; is a 3-regular subgraph of AQ; on 6
vertices, where C; is a 3-cycle. This graph is 3-connected by
Lemma 2.1 and pancyclic by Lemma 2.6 and it is also a sub-
graph AQ, for n >3. Moreover, by Lemma 2.1 and
Corollary 2.5, C4L1K; is a 3-regular, 3-connected and bipan-
cyclic subgraph of AQ; on 8 vertices, where C, is a 4-cycle.
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Figure 8. Cycles in W.

We now prove Theorem 1.1 which is restated below for
convenience.

Theorem 3.1. Let n > 2 and | be integers such that | is even
and 4 <1<2". Then there exists a 3-regular, 3-connected
and nearly pancyclic subgraph of the augmented cube AQ,, on
[ vertices.

Proof. As seen above, the result holds for /=4 and [ =6. A
3-regular subgraph of AQ; on 8 vertices is shown in Figure
7(a). Clearly, this graph is pancyclic. Further deletion of any
two edges from it leaves a connected graph. Hence it is 3-
edge connected and so, it is 3-connected. Thus the result
holds for [ = 8.

Suppose 10 <[ <2". Then [ =2m for some integer m
with 5 < m < 2""!. Write AQ, = AQ®_, UAQ} , UE, UE..
By Lemma 2.9, AQ271 contains a cycle C= (a1, ay, ...,
am,ar), on m vertices such that e = (a;, as) is a chord of C.
Let C' = (b1,by,....b, b1) be the corresponding cycle in
AQ!_|. Then g; is adjacent to b; for each i, i = 1,2,...,m. Let
W =CUC UD, where D= {{(ay,b,), {as,bs),{as,bs),...,
(am>bm)}. Then W is a 3-regular subgraph of AQ, on 2m
vertices as shown in Figure 7(b).

Claim 1. W is nearly pancyclic.

We first show that W is bipancyclic. Note that W —
{a1,a2,a3,b1,by,b3} is a ladder on 2m — 6 vertices and
so, by Lemma 2.5, it is bipancyclic. Hence W contains
a cycle of every even length from 4 to 2m — 6. Cycles
Com—1> Cym—z and Gy, in W of lengths 2m — 4,2m — 2
and 2m, respectively are shown in Figure 8(a), (b)
and (c).

We now prove the existence of odd length cycles in
W. The cycles C; of length 3 and C, of length 7 are
shown in Figure 8(d) and 8(e), respectively. Replacing
the edge (a4, bs) of C; by the path (ay,as, bs, by) of length
3 gives a 9-cycle Cy in W. Continuing this process of
replacing an edge of a cycle by a path of length three, we
get cycles of all odd length from 7 to 2m — 1. Note that
W does mnot contain a 5-cycle. Thus W is
nearly pancyclic.

Claim 2. W is 3-connected.

b—1 by, by b3 by by b5 b
> __
*—o J I ==
Q-1 A, ay as a4 Qs A
(C)Z sz
by b3 bys b5 by by by b
A g L *—o —o - — — -
J ) ) o—e - — - — - I
a9 as Q4 as aq a9 as a4 (07%%%
(f) Cy (g) Com-1

Let S C V(W) with |S| = 2 vertices. We prove that W - § is
connected. There are at least m —4 > 1 edges between C
and C' in W —S. Suppose S intersects both V(C) and
V(C'). Let S; = V(C) N S and let S, = V(C') N S. Then both
C—3S8; and C' — S, are connected, giving W - S connected.
Suppose S C V(C'). Let G, be the subgraph of W induced
by V(C'). Suppose G; —S has a component D with no
neighbour in C. Then V(D) C {b;,bs}. The degree of each
of by and b5 is 3 in G;, the minimum degree of D is at least
one as |S| = 2. Hence D consists of only one edge (b, b3).
This shows that S contains the neighbours b,, b, and b, of
b, and b; in G;. Hence |S| >3 as m > 5, a contradiction.
Thus every component of G; — S has a neighbour in the
connected graph C and hence, W - § is connected.
Similarly, W - § is connected if S C V(C). Hence W is 3-
connected. This proves the claim.

Thus W is a 3-regular, 3-connected and nearly pancyclic
subgraph of AQ,, on [ vertices. This completes the proof. O

4, Existence of 4-regular subgraphs of AQ,

In this section, we prove Theorem 1.2 for 28 <1< 2" by
constructing a 4-regular, 4-connected and pancyclic sub-
graphs of AQ,, on [ vertices. We use the following notation
in our proofs.

Notation: We write AQ, = AQ)_, UAQ!_, UE, UE,. Then
write. AQ_, = AQY,UAQY ,UE, UE. and AQ} , =
AQY ,UAQ!' ,UE]/ UE!. For convenience, we denote
AQY, AQY, AQlL, and AQ)L, by AQ, AQ, .,
AQ> , and AQ’_,, respectively. Then AQ’ , =AQ’ ,U
AQ _,UE,UE. and AQ!_,=AQ, ,UAQ, ,UE, UE/.
Note that the subgraph AQ® , UAQ! ,UAQ? ,UAQ’ ,U
E, UE, UE] of AQ, is isomorphic to AQ,_,[1C, where C,
is a cycle of length 4.

We select a copy of a cycle from each of the four copies
of AQ,_, in AQ, and use them to construct a 4-regular sub-
graph (Figure 9).

Proposition 4.1. Let n and | be integers such that n > 5 and
28 <1< 2" Then there exists a 4-regular, 4-connected and
pancyclic subgraph H of AQ,, on [ vertices.



Proof. As 28 <1<2", we have | =4m with 7 <m < 2"72,
or l=4m+1,4m+2 or 4m+3 with 7 <m <2"? —1. In
each of these four cases, we construct a 4-regular subgraph
of AQ,.

Case (i). [ = 4m

As in the above notation, express AQ,, into four copies of
AQ,_,. Then AQ,_,UC, is a spanning subgraph of AQ,,.

As 7<m <22 by Lemma 2.9, there exists a cycle
Z% = (x1, %2, .. Xm>x1) in AQ®_, on m vertices with a chord
(x1,%3). Let Z' = (y1,y2, s Y 1); Z% = (21, 22y or Zm> 21);
7% = (w1, W2, ... W, w;) be the corresponding cycles in
AQ! ,,AQ? , and AQ} ,, respectively. Then (x;,y:), (v, zi)»
(zi, w;) and (w;, x;) are hypercube edges in AQ,,. Let

Hy=2"UZ'UZ?uZ U{{x,y,zis Wi, ;) 1 i = 1,2,...,m}.

Then H, is isomorphic to Z°0C,, where C, is a 4-cycle.
Hence H, is a 4-regular, 4-connected and bipancyclic sub-
graph of AQ,, on 4 m vertices. We modify H, to get a pancy-
clic subgraph H; as follows. Let

Hy, = Hy — {(x1, w1), {x3, w3) } U {(x1, 3), (w1, w3) }.

(See Figure 10(a).) Clearly, H; is a 4-regular subgraph of
AQ, with 4 m vertices.

We now prove that H; is 4-connected. Let L and R be
the subgraphs of H; induced by V(Z° U Z*) and by V(Z'U
Z?), respectively. Since R is isomorphic to Z2JK,, it is 3-
connected. Also, as in proof of Theorem 1.1, L is 3-con-
nected. There is a perfect matching in H; joining L and R.
Hence, by Lemma 2.10, H; is 4-connetced.

Ey,

AQy

B

AQ;

"
Eh

AQy [ 1AQn

Figure 9. AQ,_,0(,.

ZO / 71
&t Y1
YI\ % 3
| e
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o
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‘ILV 0 73
1 T
Z3 \ Z2

Figure 10. 4-regular subgraphs of AQ,,.
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To prove pancyclicity of H;, let P = (Z° — (x,x,)) U
(Z' — (w1, W) U {{xy,dm)} be a path on 2m vertices in L
and let Q be the corresponding path in R. Then W =
PUQUM is a ladder on 4m vertices, where M =
{(xiyi), (wizi) :i=1,2,...,m}. Let C; be the triangle
(1, %2, x3,x1) in Hy. Then, by Lemma 2.7, WU Cs is a pan-
cyclic graph. Since WU C; is a spanning subgraph of Hj,
the graph H, is also pancyclic.

Thus we have constructed a 4-regular, 4-connected and
pancyclic subgraph in Case (i).

Suppose I=4m+1,4m+2 or 4m+3 with 7<m <
2"=2 _ 1. As in Case (i), express AQ, into four copies
AQ° ,, AQ! ,, AQ? , and AQ’ , of AQ,,. Since 7 <
m <2"2—1, by Lemma 2.9, there exists a cycle C° =
(a1, a2, ....am,a1) in AQ%_, of length m which has two
chords (a;,a3) and (a,,ax) for some 4 < k < m and there is
a vertex vy € V(AQ® ,) — V(C") with four neighbours
ay,az,a; and a; on C° Let C' = (by,by,.... by, by), C* =
{c1, €25 esCmrc1) and C* = (dy,ds,...,dm,d1) be the corre-
sponding cycles in AQ! ,,AQ* , and AQ} _,, respectively.
Let v; be the vertex of AQ) , corresponding to v,
fori=1,2.

Let

H = CO U Cl U C2 U C3 U {(ai,bi,ci,di,ai> D= 1,2,...,1’}’1}.

Then H is a 4-regular, 4-connected and bipancyclic sub-
graph of AQ, on 4m vertices. We use this graph to con-

struct 4-regular subgraphs on 4m+1,4m+2 and
4m + 3 vertices.

Case (ii). [=4m + 1

Let M; be the subgraph of AQ, with vertex set

{vo,a1,az,a3,ar}, with 4 <k <m and edge set {(vp,a1),
(vo, az), (vo,as), (vo,ax)}. Define

H, =HUM, — {<611,d1>, <a2,d2>) <a3)d3>) <ak’ dk>}
U{<d1,d3>,<d2,dk>}_

(See Figure 10(b).) Then H, is a 4-regular subgraph of AQ,
on 4m + 1 = [ vertices.

Case (iii). [ = 4m + 2

ay C /b (Yl
1
R bty
: : Ik b,
[} | |
o
o
o
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~4 (
dh 3 ’ 2
c \ ¢
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Figure 11. 4-regular subgraphs of AQ,.

Figure 12. Cycles in H; and H,.

Consider the subgraph H, of Case (ii). Let M, be the
graph with vertex set {v;,b1,bs, b3, b} and edge set
{<V1> b1>> <V1> b2>> <V1a b3>a <V1a bk>} Let

H3 = Hz U M2 — {<b1,C1>, <b2, C2>, <h3,C3>, <bk, Ck>}
U {{c1, ¢3), (e2 k) }-

(See Figure 11(a).) Clearly, H; is a 4-regular subgraph of
AQ,, on 4m + 2 vertices.

Case (iv). [=4m + 3

We construct a graph H, on [ vertices from the graph H; of
Case (iii) and the graph M; whose vertex set {v,,c¢i,ca,
¢35, ¢} and edge set {(vy,c1), (v2,¢2), (v, €3), (va, k) }. Let

H4 = H3 U M3 - {<Cl) C3>) <CZ> Ck>}'
(See Figure 11(b).) Clearly, H, is a 4-regular subgraph of
AQ,, on 4m + 3 vertices.

We now prove that the graphs H,, H; and H, con-
structed above are pancyclic and 4-connected.

Claim 1. The graphs Hy, Hy and Hy are pancyclic.

Let i € {2,3,4}. Since m > 7, there exists a vertex a, of C°
such that a, ¢ {a1,az,a;3,ar}. Hence (a.d,),(b.c:) €
E(H;). The graph H; contains the ladder L=PUQUM,
where

- O() / 1
Wr—1] v
D ok
[ | [
[ | [
[ [
(BRI [
| B P IR
T thre 23T U2
c? U

(b): Hy

P=(C"—{ana,1))U(C = (dndr1)) U{{and)},
Q= (C' = (b, by11)) U (C* = (eracri1)) U {{br i)}
M= {(a,-, bi>,<Ci,d,'> L= 1,2,...,1’1’1}.

Then LU C; is a subgraph of H; on 4m + 1 vertices, where
C; = (a1, vp,a2,a1). By Lemma 2.7, LUC; is pancyclic.
Hence H; contain a cycle of every length from 3 to 4m + 1.
A cycle Cyyy of length 4m + 2 in Hj and so in Hy is shown
in Figure 12(a) while a cycle in Hy of length 4m + 3 is
shown in Figure 12(b). Thus H,, H; and Hj; are pancyclic.

Claim 2. The graphs H,, H; and H, are 4-connected.
For i € {2,3,4}, let

Li=H;N(AQ’ ,UAQ ,UE,) and

R, = H;N(AQ, ,UAQ? ,UE,).

By Lemma 2.11, the graphs L,, L3, L, and R; are 3-connected.
Since R, is isomorphic to C,,[JK,, it is also 3-connected by
Lemma 2.1. Further, as in proof of Lemma 2.11, the graph R,
is 3-connected.

Let S C V(H;) with |S| = 3. We prove that H; — S is con-
nected. In H; — S, there are at least 2m — |S| > 2m — 3 > 10
edges between L; and R;. Suppose S intersects with both
V(Ll) and V(R,) Let Sl =8N V(L,) and Sz =8N V(Rl)
Then both L; — §; and R; — S, are connected and are joined
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Figure 13. Cycles in AQ,.
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to each other and so, H; — S is connected. Suppose S C
V(L;). As the degree of v, in L; is 4, it is not an isolated ver-
tex in L; — S. Therefore, every component of L; — S has a
neighbour in the connected graph R;. Therefore H; — S is
connected. Similarly, every component of R;—S has a
neighbour in the connected graph L; if S C V(R;) and hence,
H; — S is connected. Thus H; is 4-connected. This proves
the claim.

Thus, in each case, we have constructed a 4-regular,
4-connected and pancyclic subgraph of AQ,, on [ vertices.

5. 4-Regular subgraphs of smaller size

We complete the proof of Theorem 1.2 in this section. In
the previous section, we constructed 4-regular subgraphs of
AQ, on [ vertices for 28 <[ < 2". Now in this section, we
construct such subgraphs of AQ, on I vertices for 7 <1<
27. We obtain the following lemmas to construct 4-regular
subgraphs in AQ, and AQs.

Lemma 5.1. Write AQq = AQ}UAQ} UE, UE.. Suppose
m € {4,5,6}. Then there exists an m-cycle C containing a
path (a1, az,a3) in AQY and a vertex v € V(AQ}) — V(C)
such that

(@)
(ii)

v is adjacent to ay, az, as;
v is adjacent to the vertex b; of AQj corresponding
to as.

Proof. In AQ, the vertex set of AQJ is {0000,0001,
0011,0111,0101,0100,0110,0010}. Let v = 0000, a; = 0001,
a, = 0011, a3 =0111, a4 = 0101, as; =0100 and a¢ =
0110. Then (a;,a3,a3) is a path in AQ} and v is adjacent to
ai, az,a3. The vertex v is also adjacent to the vertex b; =
1111 of AQ} corresponding to a;. Observe that
(a1,a2,a3,a4,a1), (a1,a2,a3,as,a4,a1) and (a1, ay, as, dg, as,
as,ar) are cycles in AQ) of length 4, 5 and 6, respectively,
and avoids the vertex v. (See Figures 13(a), (b), (c).) Then C
contains the path (aj,a,,43) and it is a required cycle. This
completes the proof. |

We get a similar result for AQ; and m =3. (See
Figure 13(d).)

Lemma 5.2. Write AQ; = AQ)UAQ) U Ey, UE,. Then there
exists a triangle C= (aj,asas,a1) in AQ) and ve
V(AQY) — V(C) such that

(i)

v is adjacent to ay, az, as;

.
;
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v a1
a as
[
b3 b3
() m=26 (d): m =3

(ii)

v is adjacent to the vertex by of AQj corresponding
to as.

Lemma 5.3. Let | be an integer with 13 < [ < 27. Then there
exists a 4-regular, 4-connected and pancyclic subgraph on |
vertices (i) in AQy if I < 16 (ii) in AQs if [ > 16.

Proof. 1t I is a multiple of 4, then, as in Case (i) of
Proposition 4.1, there exists a 4-regular, 4-connected and
pancyclic subgraph of AQ, with [ vertices. Suppose [ is not a
multiple of 4. Then | =4m + 1, 4m + 2 or 4m + 3 for some
integer m such that 3 < m < 6.

Let n=4 if m=3, and n=5 if 4 <m < 6. As in the
notation of Section 4, write AQ, =AQ%_, UAQ} | UE,U
E. with AQ? , =AQ’ ,UAQ’ ,UE,UE. and AQ. , =
AQ._,UAQ;_,UE]/UE!. By Lemmas 5.1 and 5.2, there
exists a cycle C° of length m in AQ®_, containing a path
(a1,ay,a3) and a vertex vy € V(AQ®_,) — V(C°) such that
vo is adjacent to a;,a,,a; and ds;, where d; is the vertex of
AQ?_, corresponding to a;. Let C!, C* and C’ be the cycles
in AQ! ,, AQ?> , and AQ’ , respectively, corresponding to
C°. Similarly, let b;, c¢;, d; be the vertices of AQ. ,, AQ? ,,
AQ}_,, respectively, corresponding to a; for i = 1,2,3. Also,
let the vertices of AQ. , and AQ?_, corresponding to v, be
vy and v,, respectively. Let

H=C"UC'UC'UC’UE,UE, UE}.

Then H is isomorphic to C°LJC,, where C, is a cycle of
length 4. Hence H is a 4-regular, 4-connected and bipancy-
clic subgraph of AQ,, on 4 m vertices.

Case (i). [ =4m + 1 with 3 <m < 6.

We construct a 4-regular graph H; on 4m + 1 vertices by
adding a vertex to the above graph H. Let M be the sub-
graph of AQ, with vertex set {vo, a1, a,,4a3,d5} and edge set
{<‘V(), a1>, <V0, a2>, <V0, a3>, <Vo, d3>} Let

H, = HUM — {{a1,a,), (as,d3)}.

(See Figure 14(a).) Then H; is a 4-regular subgraph of AQ,
with [ vertices.

Case (ii). | =4m + 2 with 3 <m < 6.

We construct a 4-regular graph by adding a vertex to the
graph H;. Suppose N is the subgraph of AQ,, with vertex set
{Vl) bl) b2$ b3ac3} and edge set {<V1)bl>$ <V1)b2>) <V1)b3>)
(v1,¢3)}. Define
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Figure 14. 4-regular subgraphs of AQs.
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Figure 15. 4-regular subgraphs on / vertices.

H2 = Hl UN — {<b1, b2>, <b3,C3>}.
(See Figure 14(b).) Then the subgraph H, of AQ, is 4-regu-
lar with [ vertices.
Case (iii). | = 4m + 3 with 3 < m < 6.

Let L be the graph with vertex set {v5, ¢, ¢, ¢3} and edge set
{(v2,c1), (v2,2), (v2,¢3) } and let

Hs = (H, ULU{{vi,n)}) — {{(vi,c3) }.

(See Figure 14(c).) Clearly, the subgraph H; of AQ, is 4-
regular with [ vertices.
Claim 1. The graphs H,, H, and H; are pancyclic.
Let i € {1,2,3}. We prove that H; is pancyclic. Let

P=(C°—(a1,a2)) U (C’ = (d1,d)) U {(ar, d1)}
and let

Q= (C" = (c1,62)) U (C* = (b1, b2)) U {{c1, b1) }-

Then P and Q are vertex-disjoint paths in AQ, of length
2m each. The perfect matching between them gives a ladder
L on 4m vertices. Clearly, L contains one edge of the tri-
angle (vy,ay,a3,v) in H;. Hence, by Lemma 2.7, H;
is pancyclic.

Claim 2. The graphs Hy, H, and H; are 4-connected.

For i € {1,2,3}. We prove that the graph H; is 4-connected.
Ly =H;N(AQ)_,UAQ,_,UE,) and
R =H;N(AQ, ,UAQ} ,UE]).

By modifying Lemma 2.11, the graphs L;, L, and L; and
R, are 3-connected. Since R, is isomorphic to C,,[JK;, it is

also 3-connected by Lemma 2.1. Further, as in proof of
Lemma 2.11, the graph Rj; is 3-connected.

As in Claim 2 of Proposition 4.1, the H; is 4-connected.
This proves the claim.

Hence we get 4-regular, 4-connected and pancyclic subgraph
of augmented cube on [ vertices whenever 13 <[ < 27. |

Lemma 5.4. For an integer | with 8 <1< 11, there exists a
4-regular, 4-connected and pancyclic subgraph of AQ4 on
I vertices.

Proof. As in Case (i) of Proposition 4.1, there exists a 4-
regular, 4-connected and pancyclic subgraph of AQ, with [
vertices if / is a multiple of 4. Suppose [ is not multiple of
4. Then I € {9,10,11}. Figure 15(a), (b) and (c) give 4-
regular subgraphs of AQ, on 9, 10 and 11 vertices, respect-
ively. It follows from Lemma 2.7 that these graphs are
pancyclic. Also, it is easy to verify that they are 4-con-
nected. O

We now prove that no augmented cube contains a 4-
regular subgraph with number of vertices less than 7, how-
ever, there is unique 4-regular subgraph of an augmented
cube on 7 vertices.

Proposition 5.5. For any integer I with 1 << 6, there does
not exist a 4-regular subgraph with | vertices in an aug-
mented cube.

Proof. Assume that there is an augmented cube AQ, con-
taining a 4-regular subgraph H with [ vertices. Choose
smallest n such that AQ, contains H. Clearly, n > 3, and
I>5 as H is simple. Now write AQ, =AQ% , UAQ! , U
E, UE,.. Then H is not a subgraph of AQ'_, for i =0,1. Let
H;=HNAQ,_, for i=0,1. Then H; # () and so its min-
imum degree is at least two. Therefore H; contains a cycle



and thus has at least 3 vertices for i = 0,1. This shows that
I=6 and both H, and H; are triangles. Hence each vertex of
H, has two neighbours in H; and vice versa.

Let Hy= (0a,0b,0c,0a). Then (0a,1a), (0b,1b),
(0c, 1¢) € Ej,. Hence Hy = (la,1b, 1¢, 1a). Further, each ver-
tex of H, has one more neighbor in H;. Without loss of
generality, we may assume that (Oa,1b), (0b,1c) and
(0c, 1a) are edges in H. Therefore these three edges belong
to E.. This shows that 0a =1b, Oc=1a and 0b = lc.
Therefore @ = b and b = ¢ giving a = ¢. This is a contradic-
tion. Hence the result holds. O

Lemma 5.6. Every 4-regular subgraph of AQ, with 7 vertices
is isomorphic to the graph shown in Figure 15(d).

Proof. Let n be the smallest integer such that the augmented
cube AQ, contains a 4-regular subgraph H with 7 vertices.
Write AQ, =AQ° ,UAQ. |UE,UE, and let H; =
H ﬂAQLl for i =0,1. Then the minimum degree of H; is
at least two and therefore H; contains a cycle. Hence we
may assume that H; is a triangle and H, contains a 4-
cycle. Consequently, every vertex of H; has two neigh-
bours in Hy. Thus there are exactly six edges between H,
and H,. It follows that H; is a 4-cycle with one chord.
This implies that H is isomorphic to the graph of Figure
15(d). 0

Now, we complete the proof of Theorem 1.2 formally.
We restate this theorem here for convenience.

Theorem 5.7. Let n >4 and | be integers. Then the aug-
mented cube AQ,, contains a 4-regular, 4-connected and pan-
cyclic subgraph with [ vertices if and only if 8 <1< 2"

Proof. Suppose AQ, contains a 4-regular subgraph on I
vertices. Then, by Proposition 5.5, [ > 7. Also, by Lemma
5.6, every 4-regular subgraph of AQ, on 7 vertices is iso-
morphic to the graph shown in Figure 15(d). However,
this graph is pancyclic, 3-connected but not 4-connected.
Hence 8 <1< |V(AQ,)|=2". Converse follows from
Proposition 4.1. 0
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