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ABSTRACT

RAY- AND WAVE-THEORETIC APPROACH TO 
ELECTROMAGNETIC SCATTERING FROM RADIALLY 

INHOMOGENEOUS SPHERES AND CYLINDERS

M ichael A. Pohrivchak 
O ld D om in ion University, 2014 
D irector: D r. John A. Adam

W ith  applications in the areas o f chem istry, physics, m icrobiology, meteorology, 

radar, astronomy, and m any other fields, electrom agnetic scattering  is an im po rta n t 

area o f research. M any everyday phenomena th a t we experience are a result o f the 

scattering o f electrom agnetic and acoustic waves. In  th is  d issertation, the scattering 

o f plane electrom agnetic waves from  ra d ia lly  inhomogeneous spheres and cylinders 

using bo th  ray- and wave-theoretic princip les is considered. Chapters 2 and 3 exam

ine the use of the ray approach. The devia tion  undergone by an inc ident ray from  

its orig ina l d irec tion  is related to  the angle th rough which the radius vector turns 

from  the po in t at which the ray enters the sphere to  its  po in t o f ex it. Th is  angle can 

be expressed in  terms o f a com plicated im proper integral. The resu lting  devia tion 

for several d ifferent re fractive index profiles (some being singular) is examined to  in 

vestigate properties o f the refractive index profiles th a t a llow  for d irect transmission 

bows to  exist. In  C hapter 4, the com plem entary approach o f wave-theoretic anal

ysis leads to  the construction  o f exact electrom agnetic solutions for the asym ptotic  

backscattered fie ld produced by an incident plane wave. T h is  has d irect relevance to  

radar applications in  pa rticu la r. The rad ia l eigenfunctions can be evaluated exactly 

(and also asym pto tica lly ) for the transverse electric and transverse m agnetic modes. 

Th is allows a de te rm ina tion  o f the high-frequency backscattered fie ld by means o f a 

m odified W atson transform ation.
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CHAPTER I 

INTRODUCTION

The fo llow ing quote from  a paper by Adam  [1] explains in  p a rt why the ray- and 

wave-theoretic approach to  electrom agnetic scattering is such a fundam enta l topic: 

“ Geom etrical optics and wave (or physical) optics are two very d ifferent b u t 

com plem entary approaches to  describing many op tica l phenomena such as 

the rainbow. However, there is a broad ‘m iddle g round ’ , the ‘se.miclassi.car 

regime. Thus there are essentially three domains w ith in  which scattering 

phenomena may be described: the scattering  o f waves by objects which in 

size are (i) sm all, ( ii)  comparable w ith , and ( iii)  large, compared to  the 

wavelength o f the inc ident (plane wave) rad ia tion . There may be consid

erable overlap o f region ( ii)  w ith  the others, depending on the problem  of 

in terest, b u t basically, the wave-theoretic principles in  region (i) te ll us why 

the sky is blue (amongst m any other th ings). A t the other extreme, the 

‘classical’ dom ain ( i i i)  enables us in pa rticu la r to  be able to  describe the 

basic features o f the ra inbow in  terms o f ray optics. The wave-particle du

a lity  so fundam ental in  quantum  mechanics is relevant to  region ( ii)  because 

the more subtle features exh ib ited  by such phenomena involve bo th  these 

aspects o f description and exp lana tion .”

Solutions o f spherical scattering problems have practica l applications in  chem

istry, physics, m icrobiology, meteorology, radar, astronomy, and o ther fields [10]. 

M any phenomena th a t we experience every day are related to  the scattering o f plane 

electrom agnetic waves. Sound and lig h t waves are scattered around objects th a t en

able us to  hear the sound and be illum ina ted  by the ligh t. The scattering o f plane 

electrom agnetic waves provides an explanation o f why the sky is blue and how a 

ra inbow  is formed. There are several other reasons why i t  is im p o rta n t to  have a 

deep understanding o f e lectrom agnetic scattering by ra d ia lly  inhomogeneous media. 

M ethods th a t are employed in  th is  area can be very useful in exp loring the combus

tio n  o f liq u id  hydrocarbons, the in jec tion  o f sprays in high pressure environments, 

as well as the spraying and d ry in g  techniques u tilized  in  the food, ag ricu ltu ra l, and 

pharm aceutical industries. A no ther example where the scattering o f electrom agnetic
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waves by a ra d ia lly  inhomogeneous sphere is used is in biological studies to  detect 

b lood and bacteria cells. M edical im aging uses the scattering o f plane electromag

netic waves to  id en tify  and diagnose a range o f health-re la ted issues. E lectrom agnetic 

scattering is also u tilized  in  geophysical exp lo ra tion  to  id en tify  a new deposit o f a 

certa in resource. A no ther example o f the im portance o f electrom agnetic scattering  is 

in the area o f nondestructive testing  o f a rtifac ts  w ith o u t causing damage to  the envi

ronm ent or o ther objects. The scattering  o f electrom agnetic plane waves by a rad ia lly  

inhomogeneous sphere is a vast fie ld w ith  m any practica l and research applications.

Th is  d isserta tion is organized as follows. In  Chapter 2, the ray approach to 

electrom agnetic scattering from  a rad ia lly  inhomogeneous sphere for non-singular re

fractive  index profiles is discussed. The refractive index varies as a func tion  o f the 

distance from  the center o f the sphere, r, where the refractive index profile  is defined 

for a ll values o f r. Th is  discussion leads to  the de fin ition  o f a ray path  in tegra l which is 

related to  the devia tion  o f a ray incident from  in f in ity  from  its  orig ina l d irec tion  upon 

the sphere a t angle o f incidence i. The level o f d iff ic u lty  in  evaluating th is  in tegra l 

increases greatly  even for simple profiles such as the linear profile. C hapter 3 presents 

some singular refractive index profiles and evaluates the ray pa th  in tegra l for those 

profiles. The refractive index profiles in  C hapter 2 and Chapter 3 were restricted 

to  be w ith in  the range o f 1 to  4. These bounds were chosen because values less 

than  1 and large positive values are physica lly im practica l for op tica l wavelengths. 

The theoretica l considerations in  th is  w ork do not depend on the upper bound of 

4 or the lower bound o f 1 and the graphs o f the refractive index profiles could be 

easily m odified to  accommodate larger and smaller values. I t  should be noted tha t 

for nanom aterials, m icrowave wavelengths, plasmas, and other m ateria ls, there is no 

lim it  to  the value th a t the re fractive index can take, as large positive values have been 

observed as well as values less than 1. For each profile in Chapter 2 and Chapter 3, 

certa in  conditions are discussed th a t a llow  for a zero-order (or d irect transm ission) 

bow to  exist. A t the tim e o f th is  paper being published, there is no known theorem 

s ta ting  necessary and sufficient conditions on the re fractive index profile  for a zero- 

order (or higher order) bow to exist. I t  is hoped th a t the research found in  Chapter 

2 and C hapter 3 w ill serve as valuable background for such conditions to  be obtained 

in  due course. Some progress in  th is  d irec tion  has been made by Adam  [2]. In  Chap

ter 4, a wave-theoretic approach is used to  s tudy electrom agnetic scattering for a



3

specific re fractive  index profile. On the basis o f th is  analysis, several other im po r

ta n t profiles can be investigated th rough (in  princ ip le) a jud ic ious choice o f variable 

transform ations. A t short wavelengths, the leading term  o f the backscattered fie ld 

o f a plane electrom agnetic wave carmot be determ ined fu lly  by sim ple geometrical 

optics considerations ( illu s tra tin g  the comment made about regime ( ii)  mentioned 

in  the firs t paragraph). Rather, i t  is obtained by u tiliz in g  a m odified W atson trans

fo rm ation  o f the exact solution. T h is  transfo rm ation  was developed for accelerating 

the convergence rate o f in fin ite  series. Th is  technique previously has been u tilized  in 

the field o f radar technology. The wave-theoretic analysis leads to  the construction 

o f exact electrom agnetic solutions for the asym ptotic  backscattered fie ld produced 

by an incident plane wave. The rad ia l eigenfunctions can be evaluated exactly  (and 

also asym pto tica lly ) for the transverse electric (T E ) and transverse m agnetic (T M ) 

modes. Subsequently, a determ ination  o f the high-frequency backscattered fie ld can 

be made. For two o ther profiles based on the hypergeom etric equation, the corre

sponding rad ia l eigenfunctions are derived exactly so th a t the m ethods employed in 

C hapter 4 may be applied to  these profiles in fu tu re  work.



CHAPTER II

RAY APPROACH - NON-SINGULAR PROFILES

II .l INTRO DUCTIO N

In  the fo llow ing work, i w ill refer to  the angle o f incidence for the incom ing ray, r  is 

the rad ia l distance w ith in  a sphere o f radius a, and D ( i )  is the to ta l angle o f devia tion  

undergone by the ray from  its  orig ina l d irection . The subscripts 0 and 1 w ill be used 

to  d is tingu ish between the deviations o f the ex iting  ray for the d irect transm ission 

and the p rim a ry  bow, respectively. The angle o f incidence, z, is measured w ith  respect 

to  the surface norm al, as shown in  F igure 1, and is therefore restric ted  between 0 

and However, i t  w ill be assumed th a t z €  [0.005, | ] .  Th is  lower bound is placed 

on the angle o f incidence in  order to  avoid any po ten tia l num erical s ingu larities of 

the dev ia tion  angle th a t may arise at an angle o f incidence o f 0. Rescaling by the 

radius a, r  G [0,1]. A  well-known result is that, the curvature o f the ray pa th  is 

towards regions o f higher refractive index n which is a consequence o f Snel’s law 

o f re fraction  generalized to  continuously vary ing media. Th is  te lls us th a t w ith in  a 

sphere, i f  =  n '( r )  <  0 an incom ing ray bends towards the orig in ; i f  n'(r ) >  0 , i t  

bends away from  it. From  F igure 1 i t  can be seen th a t in  the case o f n ' ( r ) <  0, the 

re la tionsh ip  between the angle o f incidence and Do(z) is

i +  20(z) +  (z -  |Z)0( i) |)  =  7T.

Thus i t  follows th a t

|D 0(z)| =  2z -  tt +  2 0 (z). ( 1)

In  equation (1), 20(z) is the angle th rough which the radius vector tu rns  from  the

po in t a t which the ray enters the sphere to  its  po in t o f ex it. For one in te rna l reflection, 

which corresponds to  a p rim a ry  bow, the ray undergoes an ex tra  2 0 ( i)  dev ia tion  so 

th a t

|D i(z )| — 2z — 7r +  40(z).

We w ill fo llow  the common approach and drop the absolute value no ta tion . The 

dev ia tion  form ulae can be extended to  higher order bows by adding an add itiona l



\

Fig. 1. The ray path  for d irect transm ission th rough a ra d ia lly  inhomogeneous u n it 
sphere for n'(r )  <  0 (reproduced from  [1] and [2]).

20 ( i )  fo r each subsequent bow. The q u a n tity  0(V) is an im proper defin ite  in tegra l to  

be defined in  th is  section. Except for a few specific n ( r ) profiles, ana ly tic  expressions 

for 0 ( f )  are d ifficu lt to  obta in. In  th is  chapter, wo evaluate 0 ( i )  for four profiles and 

w ill see how for even sim ple profiles (such as the linear profile) the evaluation o f the 

integra l becomes qu ite  challenging.

In  a spherically sym m etric  m edium  w ith  refractive index n(r)  each ray path  sat

isfies the fo llow ing equation [4]

po in t, where we note th a t r  =  |r|. The above expression may be though t o f as 

the op tica l analogue o f the conservation o f angular m om entum  for a partic le  moving 

under the action o f a centra l force. The result, known as Bouguer’s formula (for 

Pierre Bouguer, 1698-1758), im plies th a t a ll the ray paths r(0)  are curves ly ing  in  

planes th rough the o rig in  where 6 is the po lar angle. B y using elem entary d iffe rentia l 

geometry, we can establish th a t

rn ( r )  sin (p =  constant,

where (f is the angle between the radius vector r  and the tangent to  the ray at th a t

sin (f> =
r{0)
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From the equation for sin </>, we can determ ine a form u la  for the angular devia tion  

o f a ray, 0 ( f ) ,  w ith in  the sphere and, as a result, the to ta l angle o f devia tion  D( i )  

th rough which an incom ing ray a t an angle o f incidence i. is ro ta ted may be calculated. 

The form ula  for 0 ( f )  has been found to  be [2], [17]

i
f  dr

0 ( 0  =  s in* /    . 2= ,  (2)
J r  y  r zr r ( r )  — sm 7

r r { i )

where the lower l im it  rc{ i )  is the po in t a t which the integrand is singular anti is 

therefore the so lu tion  of

rc{ i ) n { r c(i))  =  siiw . (3)

The q u a n tity  r c{i) is the rad ia l po in t o f closest approach to  the center o f the sphere 

which is sometimes called the turning point. For a zero-order bow to  exist for some 

c ritica l angle o f incidence ic €  [0.005, f  ] ,  i t  is necessary and sufficient th a t

=  0. (4)

In  the next several sections in  th is  chapter, we w ill evaluate equation (2) for var

ious profiles to  determ ine equation (1). We w ill then em ploy th a t result in  equation

(4), and u tilize  the resu lting  equation to  impose conditions on the refractive index 

th a t allow for a zero-order bow to  exist. T h is  technique w ill be applied on ly to  those 

re fractive index profiles whose derivative o f the devia tion  angle is read ily  obtainable 

algebraically. In  the p lo ts o f the re fractive index profiles in  th is  chapter, we ind icate 

the po rtion  o f the profile  th a t is n a tu ra lly  practica l for optica l wavelengths by a solid 

line and the n a tu ra lly  im prac tica l values by a dashed line.

II.2 PROFILE 1

Consider (as previously discussed in  [23])

2n \ r^~x
n{r)  =  --------- j - ,  //. i =  7/ ( 1). (5)

1 +  r~r

where c is a positive real constant. The re fractive index profile  in  equation (5) is 

singular at r  =  0 for c >  1. The refractive index profile  is also singular a t r  =  0 for 

c <  0. In  order to  avoid th is  s ingularity, i t  w ill be assumed th a t 0 <  c, <  1. We give 

the p lo t o f equation (5) in  Figure 2 w ith  » i =  |  and <■ =  I .

W hen c =  1, the re fractive index profile  in  equation (5) results in  the well-known
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0.5

0.4 0.6 0 8
r

Fig. 2. P lo t o f equation (5) w ith  ??i =  |  and c

M axw e ll’s fish-eye profile. M axw e ll’s fish-eye profile  was studied by James C lerk 

M axw ell in  1854, bu t w ith o u t the spherical m irro r. The reason why i t  is called 

the fish-eye pro file  is because M axw ell though t o f th is  profile  by considering the 

crysta lline  lens in  fish. The fish-eye m irro r makes a perfect lens, bu t i t  is a ra ther 

peculiar lens th a t contains b o th  the ob ject and the image inside the op tica l medium. 

The fish-eye m irro r could transfer embedded images w ith  details s ign ifican tly  smaller 

than the wavelength o f lig h t over distances much larger than  the wavelength, a useful 

feature for nanolithography [3].

We note th a t
2 2, \ 4n‘fr?r  n ( r ) =

(1 +  r< )2

S ub s titu tin g  th is  in to  equation (2) gives

0 ( i)  =  sin 2
sm i

sin i
l + r r

1 r ( 1 +  ’ ' ' ) 2
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Then, le ttin g

sun
a =

2 m  ’

the in tegra l for Q(i)  becomes 

1

0(z) = a <
dr re

rc(i)
" \ j  r e  — a 2 ( 1 +  r ? )2 /  — a2(l +  r ? )

-.dr

rr(i)

dr re
a

rc(i)
r ^ - d 2 ( r - e y  +  ( l - 2 d 2 ) r Ze -  d 2 J  s j  r l  - a 2(l +  r ? )2

dr

M»)

a [h ( r )  +  I 2(r)}. (6 )

Next, we calculate r f (r), which is determ ined from  equation (3). Then we w ill evaluate 

the integrals / i ( r )  and h{r) -

We have from  equation (5) th a t

n{rc( i ))
2nxr[,

1 +  r l

and therefore by m u ltip ly in g  bo th  sides o f th is  equation by rc(i), we ob ta in  tha t

I
2 n i?y

rc( i )n ( rc(i)) 2 • 
1 +  r l

In  order to  determ ine r c(i), we m ust solve the equation

I
2n,\rc

sm i .
1 +  r l

(7)

Accordingly, we find  th a t

r f  sin i

1 +  r l  2n i
I 1

a ( r f  )2 — r f  +  a =  0 .
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Th is  is s im p ly  a quadratic  equation in  term s o f r? which has the solutions

1 1 ±  V I  -  4 a?
r f  =  ----------------------.

2d

Since rc(i) is the rad ia l po in t o f closest approach to the center o f the sphere, we take 

the sm aller o f the two quadra tic  solutions

Hence i t  follows th a t

r f

r c ( l )

i 1 -  V l -  4d2
2d

1 -  V l  -  4d2
2 a (8)

Now we w ill u tilize  equation (8) in  the expressions for / a(/■) and I 2(r)  and solve 

bo th  integrals. F irs t

Mr)
(lr

r \ J d2 +  (1 — 2a2)r< — d2

1 y/ 1 - 4

In  equation (9), make the change o f variables

iq =  r< .

(9)

Then we obta in

and

We note th a t

dv\ — - r r \ l r
c

dr c 2 , cdv\
_  =  _ ( r r ) dv{ =  - -----
r  2 2 iq

iq ( r r ( i) )  =  rq
1 -  V l  -  4a2

2d.
1 -  V l -  4d2 

2d

1 -  2y / l  -  4n2 +  1 -  4d2 

4d2
1 -  2d2 -  V I  -  4d2 

2d2
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and u i ( l )  =  1. Using th is  and the re lationships from  the previous page, equation (9) 

becomes

M « i)
dv i

2 /  vi \ J —a2vj  +  (1 -  2d2)vl -  a2

2 a 2 \ / l  4 n 2
 5̂ 3-------

( 10)

Furtherm ore, using equation (A .5), where r — iq. A =  - d 2, B  =  1 -  2a2, and C  =  

—ii2, equation ( 10) can be evaluated as follows

h {v  i )  =  —  arcsin 
l a

— —  arcsin 
2d

c

2d

c

2d,

c

=  2d
c

2d
c

=  2d

Let

—2a2 +  (1 — 2d2)iq 

v\ \ / { \  — 2d2)2 — 4a'1

(1 — 2d2)r;j — 2d2"1 1

V\ V l  -  4d2 2ri2 -  -4q2

' 1 -  4d2 ' ' ( 1 -- 2d2) 1 -2n2 - Gl 4«2 -  2d2’
< arcsin — arcsin

2a2

v / l  — h r 1 -2«2 \/l -  -la2 v/1 ~ 4d22a2

arcsm \ / l  — 4d2

V l  — 4a2 

|  arcsin [v/1 -  4d2

arcsm

-  arcsm

arcsm

arcsm I

(1 — 2d2)2 — (1 — 2d2) \ / l  -  4d2 — 4d l 

(1 -  2d2) v / l  — 4d2 — (1 — 4d2)

1 -  4d2 -  (1 -  2d2) \ / l  -  4d2 

(1 -  2d2) \ / l  -  4d2 -  (1 -  4d2).

-  { arcsin \ / l  — 4d2 H—  1 . 
a t  L J 2 J ( 11)

o  =  arcsm v / l -  4d2

Then it  follows th a t

cos d  =  2d,

where we take the positive roo t since o G [0. f ] ,  Therefore we discover tha t

d =  — — arcsin (2d)

and hence we ob ta in  the result

h ( r ) =  {rr -  arcsin (2d ) } . ( 12)
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N ext we evaluate I 2(r),  where

h { r )
!'<■

1 -  \ / l - 4 a 2 
2A

s j r *  -  a2 ^1 +  r 2̂

zdr .

In  equation (13), make the change o f variables

Then we find tha t

and

We note tha t

V'2 =  1 +  r~<

j  2dv 2 =  - r<- dr
c

-dv-) =  v " 1 dr.

1 -  v7! -  4a2

2d

1 +
1 -  2d2 i 2 1 -  v/1 -  4d2

(13)

2d2 2d2

and v2( l )  — 2. Using th is  and the above relationships, equation (13) becomes (noting  
2

th a t v2 -  1 =■ r  <■)

12 {V2 )
din

yjv2 -  1 -  n2v?
(14)

1 -  y / l  -4 <i  
2 a 2

Using equation (A .9), where r  =  v2. D  =  - d 2, E  =  1, and F  =  - 1 ,  equation (14) 

can be evaluated as follows (where j  =  v^--1)

2

h  M  !°g

cj
2d'

2 \J a2 (d2r>2 — +  1) -  2d2r>2 +  1

log 2 d \/4 d 2 -  1 -  4d2 +  1

1 I - 4 n 2
—
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-  log 2a\ a2
1 -  ^ 1  - 4 a 2\ 2 / I  -  v/1 - 4 a 2

2a2

( l_- y / l ^ g
2n2

~ r<  log 2 ja \ / l  -  4o2 +  1 -  4o2 
2a

2«2 

+  1

+  1

-  log sj i  -  2v/ T3 4a2 + 1 -  4a2 -  2(1 -  VT^la 2) +  4a2

c j
2a

£J
2a

log

log

+  y/ l  — 4 a2

2 ja V l  — 4a2 +  1 — 4a2 

V i  -  4a2

2jh  - f \ / l  — 4a2 .

Using the form ula

we have th a t

arcsin z =  — j  log + vT

arcsin (2a) =  - j  log 2j h  +  \ / l  — 4a2 

A p p ly in g  th is  to  equation (15), we find  th a t

M r ) =  arcsin (2a ) . 
l a

Therefore, upon using equations (12) and (18) in  equation (6) yie

©(*) 2

Hence, fo r the refractive index in  equation (5) we have the result

Do(i) =  2i -  7r +  2 0 (?)

=  2?' —  7T +  C7T 

=  7r(c — 1) +  2l.

(15)

(16)

(17)

(18) 

(19)

(20)

We note th a t D'a{i) — 2 7̂  0 for any value o f i. Thus, no zero-order bow is possible 

for the pro file  given by equation (5).
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II.3 PROFILE 2

Consider next the refractive index profile

n ( r ) =  n ( 0 ) y i  -  —  =  n ^ l  -  — , (21)

which was considered in  [19]. The refractive index profile  in equation (21) is known 

as the parabolic refractive index profile. A n  app lica tion  of the parabolic refractive 

index profile  is round optica l fibers where the refractive index o f the core o f the fiber

is a quadratic  function  th a t varies w ith  the distance from  the op tica l fiber axis. We

note th a t L 2 is a constant th a t w ill be determ ined. Let n ( l )  =  ;q >  1. Then we find 

th a t

l 2  =  ~ r S -  (22)
” o -  n i

Let K  =  s in r. We firs t calculate r c(i). Using equation (3), we w ant to  solve

r r (n0 -  « l )  -  rcn0 +  f<2 =  0 - (23)

Consequently, we determ ine th a t

,.2 _  no ±  v/no ~ 4(»o -  n?)/\2
2 (n 2 -  n\)  ' ( 4)

For a sphere o f radius 1, the rad ia l po in t o f closest approach is bounded by

0 <  r „  <  1, rc £ R. (25)

Further restric tions are imposed on rc(i) th a t arc dependent on the values o f n() and 

ri\. We w ill analyze two cases here.

Case 1: 1 <  n\ <  no.

T h is  im plies th a t 1 <  n f <  r>l and r>l~ n2} >  0. I f  the expression for r 2 in  equation 

(24) is substitu ted  in to  equation (25), we have th a t

n l ±  yA io -  4(»g -  n p l O  

2(ng -  n?)

-nl

0 <  n0 ±  4(no r i \ ) h -  <  2 (rig — n 2),

<  ± \ J tIq — 4(n.Q — n \ ) K 2 <  n 2 -  2nj ,

nl  >  =F\Jno~  4(ng -  n f ) / \ '2 >  2n2 -  (26)
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We are interested in  determ in ing whether we choose the positive roo t or negative 

roo t in  equation (24). Suppose nl  — 2n\  <  0. I f  th is  is the case, then we m ust take 

the m inus roo t in  equation (24). On the o ther hand, i f  we suppose nl  -  2nf  >  0, 

then rip >  2n2. Then squaring bo th  sides o f equation (26) yields

0 <  h"2 <  n\.  (27)

Since n\  >  1 and K 2 =  sin2 z <  1, equation (27) is always satisfied. As a result, we 

may take the plus or m inus roo t i f  nl  -  2n\  >  0. Since r c(i) is the rad ia l po in t of 

closest approach, we w ill take the m inus roo t in  equation (26). Thus, we take the 

m inus roo t in  equation (24). As a result o f the res tric tion  in the second equation of 

equation (25), we m ust have the constra in t

no >  4 (n „ -  n \ ) K 2. (28)

The largest num ber th a t K 2 can a tta in  is 1 so th a t the strongest requirem ent we can 

have is th a t

n‘o >  ‘K no -  ni)- (29)

Sum m arizing for Case 1, we find  th a t

V 2(775 -  nf)

where equation (29) must be satisfied.

Case 2: 1 <  n0 <  71 j.

T h is  implies th a t 1 <  <  n2 and nl  — n'j <  0. I f  the expression for r 2 in  equation

(24) is substitu ted  in to  equation (25), we have th a t

n ^  »o ±  y /"o  ~  4 (»d ~  n\ ) K i  ,
2 W - » i )  <

0 > 71J ±  >  2(ii2 -  11J). (31)

Since we need the m iddle te rm  in  equation (31) to  be negative, we must take the 

negative root in equation (24). Squaring bo th  sides o f equation (31) yields

0 <  K 2 <  712. (32)

Since n,2 >  1, equation (32) is always satisfied. We note th a t n‘l  -  4(»q — n \ ) K 2 >  0 

since n\  -  n 2 <  0. As a result, the second equation o f equation (25) w ill always be
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satisfied for Case 2. Hence for Case 2 we determ ine th a t

rc
Ini  -  \ /n j j  -  4(n.Q — n2) K 2

(33)
1 2(ng -  n 2)

We have looked at Cases 1 and 2 and have determ ined th a t the expression for 

r c(z) is the same for these two cases. Now we evaluate 0 ( f ) .

S ub s titu tin g  equation (21) in to  equation (2) gives us

0 (0  =  K
dr

rr(i)

dr

r y V 2n 2( r )  -  K 2 J  r ^Jr 2 [n g ( j  _  g ) ]  _  }<2

K
dr

*Y(»)
' \ j UO7’2 _  I 27'"1 ~  k 2

K
rdr

r ^ \ / 7 i ^ r 2 — j % r 4 — A ' 2

(34)

Let x =  r 2. Then dx =  2rdr  and rdr  =  -d x .  We note th a t
2

2 ng -  sjn^ -  A{n2 -  n \ ) K 2
x ( r c{i)) =  rc(i) -

2(no -  nf)

and x ( l )  =  1. Using these relationships, we ob ta in  th a t

0(0 dx

x \J n l x  -  %x<2 _  K 2
(35)

Upon using equation (A .5), where A =  - - r f , B =  ?jg, and C
1 /

•A '2, we find  th a t

0(0
K  1

2 s / K 2
arcsm

- 2  A' 2 +  n2 ■

x \ ! j Tr ( i )



16

nnx 2 K ‘
-  arcsm

arcsm

x V na ~  4(^o -  n \ ) K 2 

7?.q -  2 A' 2 

\A 'o  ~  4(n o -  n2i ) K 2

r%(i)

arcsin

nO -  n0 \ / nO -  4 ( »0 -  n 1
2(ng-~n )̂ 2 A' 2

=  - <  arcsm

"o -v /n o -^ n g -n f)^  / - j  J T ^   2\ / '2
_ 2(ng-„?) V o  4 (n0 n J A

77 a -  2 A"2

%/n o ~  4(no — n 2)A '2

arcsm ni  ~  4 (n o ~  ^ i ) A' 2 ~  no \A p  ~  -  n \ ) K 2

^ W no ~  4(n 2 -  n2)A ' 2 -  {?ig -  4 (u 2 -  n 2)AT2}

arcsm
77q -  2 K 2

- 4 ( no -  nD K2
+

Therefore, for the refractive index in  equation (21), we ob ta in  the result

i) =  2/ — 7r +  2 0 (i)

TV
=  2 i — — +  arcsin

Tin 2 A'2

V 77o “  4( no ~  ” i ) A'2 

D iffe ren tia tin g  equation (37) w ith  respect to  i yields

m  

=  2
4 sin z cos 7

\ f  nt -  4 ( n o --  n \ ) K 2 -  ( n o ~ 2 A' 2)2

COS I  
2 <

f n \ n l  - 2A '2(ng -  n { ) '

(n 2 -  n 2)(n 2 -  2A '2)

71q — 4(«q -  n \ ) K 2

y/n]  -  A'2 I  Wo -  4 (n2 -  n2)A '2

(36)

(37)

Recall th a t a zero-order bow exists i f  I)'a( ic) =  0, where ic e [0.005, | ] .  

satisfied in  equation (38) i f

2(«o

(38) 

Th is  is

cos(tc

\/w )i -  sin2 yc
” i»o 

«o - 4(77-8

cos(ic)

Let

\Jn j  — sin i 

h(ic) =
COS l r

-  n 2) sin2 ic 

7i2) sin2 i r

n2/,2 — 2 sin2 ir 

n „ L 2 -  4 sin2 ?r

772 A2 — 2 sin2 ic

=  1, 

=  1. (39)

nr sin2 7c «oL2 4 sin if
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For a /.ero-order bow to  exist, we must have th a t h(ic) =  1. Since n 2 >  1, then 

n\  -  sin2 ic >  1 -  s in2 ic =  cos2 ic. For th is  reason, we must, have th a t

1 1 1
<

\ f  n 2 — sin2 ic V cos2 ic cos ic

As a consequence, we ob ta in  th a t

ut; \ .  n\ l2  — 2 si n2 ,h{ic) <  2 2 _  g(ic).
tiqI / — 4 sm ic

We note th a t g(ir ) <  1, i f  we have the cond ition

n\  L 2 — 2 sin2 i c 

tiqL2 — 4 sin2 i c

Consider Case 1 where nl  — n2 > 0 .  Since n^L2 — 4 sin2 ic >  0 fo r Case 1, we have 

th a t g{ic)  <  1 if

n21 2 -  2 sin2 i r <  n ^ I 2 -  4 sin2 ic,

2 sin2 v.r <  (n'o -  n2) I 2 =

,2
Accord ing ly, h(ic) <  1 i f  sin ic <  for Case 1. As a result, a zero-order bow cannot

2  2

exist for Case 1 i f  s in2 i,c <  Consequently, i f  ^  >  1, a zero-order bow cannot exist
2

2 V.2V7llS (-,VH lV .m a f , 11 2

fo r Case 1. Therefore, in  order to  guarantee the existence o f a zero-order bow for 

Case 1, we must have th a t i <  1. In  other words, we must have th a t n() <  \ /2  in 

order for a zero-order bow to  exist for Case 1.

In  Figures 3-6, we give the p lots o f equations (21) and (37) for bo th  Case 1 and 

Case 2. For Case 1, D'0(i) =  0 a t approxim ate ly i =  1.28 (or 73.34°) and i =  1.49 

(or 85.52°), and for Case 2, D'0(i) =  0 at approxim ate ly i =  0.22 (or 12.78°).

II.4 PROFILE 3

Consider the profile  (as m entioned in  [8])

n ( r )  =  a -  br2, (40)

where a and b are constants. The refractive index pro file  in  equation (40) has been 

used as an example profile  to  discuss an extension o f the ra inbow  A iry  theory to 

nonun iform  spheres [8]. We are interested in evaluating, where K  =  s in 2,

1

9 ( 0  =  a :  /   <lr. . .......= = .  ( 4 1 )
I  r \ J r 2ri2(r) — A 2

rn(i)
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1.35

1.25

1 05

0 2 0.4 0.6 0.8
r

Fig. 3. Case 1: P lo t o f equation (21) w ith  no =  |  and rq =  1.01.

O
Q

o os0.4 06 ■> 1.614

i

Fig. 4. Case 1: P lo t o f equation (37) w ith  n0 =  |  and rq =  1.01.
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19

1.8

1.7

16

1.5

1.4

1.3
0 0.2 0.4 0.6 0.8

r

F ig. 5. Case 2: P lo t o f equation (21) w ith  no =  |  and n\ =  2.

■
O 1

05

0

0 0.4 0.6 0.8 *>1 1.4 1.6

Fig. 6 . Case 2: P lo t o f equation (37) w ith  n0 =  \  and n\ — 2.
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(43a)
a

b'
(43b)

K

~b‘
(43c)

F irs t, as a consequence o f equation (3), we study the equation

hr3 -  ar  +  K  =  0. (42)

E quation  (42) has three solutions, which we call zq, r 2, and r c where rc is the m in im a l 

distance o f approach o f the lig h t ray from  the center o f the sphere. Using the standard 

results between solutions o f a cubic equation, we have the fo llow ing re lations among 

the solutions o f equation (42):

n  +  r 2 +  r c =  0,

r \ r 2 +  r 2r c +  I'lVr =  ~

r , r 2r r =  -

We w ill use equations (43a)-(43c) to  derive three more re lations between the solutions 

o f equation (42). From equation (43a), we obta in  th a t

( n  +  r  2 +  r r ) ( r j  +  r 2 +  rc) =  0 .

Correspondingly, we discover th a t

t\  +  2r j r 2 +  2r l rc +  r \  -f 2r 2r c +  r 2r =  0 .

Then we have tha t

r i T  r 2 T  r c =  —2( r i 'r 2 +  r \ r c +  r 2r (.)

= -* ( - ; )
=  2 5 . m

where equation (43b) has been used in  the second line. From  equation (43b), we 

determ ine th a t

(ryr2 +  r 2r c +  ? 'irc) ( r i r 2 +  r 2r c +  r i r c)
a2
b2 '

As a result, we find  th a t

a2
r \ r \  +  ‘l r l r 12rc +  2 r \ r 2r c +  r \ r 2 +  2r , r 2r^ +  r 2r 2 =  — , 

r \ rl  +  r 2 rc +  r i r c +  2r i r 2r r ( r 1 +  r 2 +  rc) =
2

i r 2 +  r 2c( r i  +  r 2) =  - ,  (45)
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where we used equation (43a) in  the th ird  line. Squaring bo th  sides o f (43c) yields 

tha t
K 12 2 2 

r xr 2r c =  - # ■ (-16)

Now we rew rite  the integrand in equation (41). We have th a t 

1 1 1

r  \J  r 2n2(r)  — K 2 r  \ / r 2(a — br2)2 — K 2 r \ J r 2{d2 — 2abr2 +  62r 4) — K 2
1 1

r \ f a 2r 2 — 2 abrA +  b2r 6 — K z j r > /  K 2 — a2r 2 +  2abr‘x — b2is
1

M r \ /  ~ f r r 2 +  2 §r'1 -  r (i

j \b \r  y/r'(r%i'2 -  \A A  +  r 2 (r'f +  r | ) ]  r 2 +  [r'\ +  r \  +  r 2]  r 4 -  r e '

(47)

where we have u tilized  equations (44)-(46) (and recall j  =  \ / —I ) .  Focusing on the 

po lynom ia l under the radical, we find  tha t

r i r2A  ~  [ A A  +  rc (A  +  A ) ]  7-2 +  [7'? +  A  +  r f ]  r 4 -  r (l

=  r y  ~  A i A  +  A ) r 2 +  A A A  -  r 6 +  ( A  +  A ) r l ~  A A r 2 

=  A  y  -  [ A  +  A ) r '2 +  A A ]  - r '2 [r ‘l -  (A  +  A )7-2 +  A A ]

= ( A - r * )  y  -  (A + A y  + AA]

=  ( A  -  r 2) ( r 2 -  A )  ( r 2 ~  A )  •

U tiliz in g  equation (48) in  equation (47) yields

1 1

r y / r 2Tt2(r)  -  K 2 j | 6| r x/ ( r (2 -  r 2) ( r2 -  r f)  ( r2 -  rr2) 

E quation (49) may be fu rth e r rew ritten  as

1

(48)

(49)

j \b \ry/(r*  -  r 2) (r2 -  r \ )  (r2 -  j-%)

;j\b\r2 y j r2 -  A  A  A  -  A \ J A  ~ r 2

1
r 2 j r ^  — r 2 j  r 2 - r l
r2 \J r2 _ r 2 \ /  ^2"L"r2

J 1

i

__
_i

lA A .V A  -  A r 2 j r 2 - r 2 j r 2 — r |

_ r 2 y  r \ - r 2 y  r 2 — r |  _
V A  -  A V A  -  r '2_

(50)



We have the fo llow ing relations

2

1 — a 2 sin2 <t> =  (5‘2a)
* C 
,2 2

1 -  p2 s in2 (j) =    r— , (521>)
r l ~  r c

2 r 2 -  r 2
1 — sin <f> =  —

r ‘ -  r-2 

and

d

Upon using equations (52a)-(52d) in  equation (50) gives us

1 j  £  (sin <t>)

r -y /r2n 2( r )  M r'2\ A I  ( l  -  a 2 sin2 cp) » /(1  -  p2 s in2 (p) (1 — sin2 <p)

sin

J d f  f  dt

\b\r2c ^ f ^ 7 { d r  \ J  ( I  -  a 2t2) ^ ( 1  -  p2*2) (1 -  <2) J

J rf; I I  (0 . n 2,p ) , (53)
|6|r2 y /7'2 — r 2 d r

where n  (</>, a 2,p ) is the incom plete e llip tic  in tegra l o f the th ird  k ind , (p is given by 

equation (51a), cv2 is given by equation (51c), and p is given by equation (51b). 

In teg ra ting  (53) in  the in te rva l r  G [rc(«), 1] we ob ta in  tha t

=  |.| 2 /  2 2 FI " 2) ?>) ■ (5<1) 
P l7c V U  -  ' l

Therefore we determ ine th a t
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As can be seen from  equation (55), the ca lcu la tion o f D'0(i) is qu ite  d ifficu lt. In  order 

to  avoid these h igh ly  involved calculations, we w ill on ly provide the graph o f D n(i)  

from  equation (55).

In  Figures 7 and 8, we p lo t equations (40) and (55) for the case n '( r )  >  0, where 

a =  2 and b =  - 5 .  W hen n'(r)  >  0, a zero-order bow exists at an incidence angle of 

approxim ate ly 0.26 (or 14.82°).

II.5 PROFILE 4

Consider the linear profile  (previously mentioned in  [1])

where a and b are constants. The linear refractive index profile  lias been u tilized  

w ith  respect to  absorption measurements o f nonlinear op tica l liqu ids in  the visib le 

and near-infrared spectral region [9].

Using equation (56) in equation (2) gives us

n(r)  =  a +  br. (56)

(57)

where

anti

q =  sin i.

We note th a t
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and

B r 2 +  Ar  -  I \ ( a ~  \/ A 2 +  A B )  r  +  1 ^  (.4 +  v M 2 + 4 f f )  r -  1

Let

A2 ±  j y / ( A 2 +  4B) (4B — A 2) (58)

where we take the positive roo t i f  4B -  A2 >  0 and we take the negative roo t i f  

4B -  A2 <  0. We now give two results th a t relate to  k th a t we use later. We have 

th a t

k -  1
1

4 8  
V A 2 +  4B

A2 +  IB  ±  j y / ( A 2 +  4 B ) ( 4 B  -  A2) 

V A 2 +  4 B ±  j V 1B -  A 2
4 B

Accordingly, we discover th a t 

2 A 2 +  4B
( k - i y

16 B2 
A 2 +  4B

8 B 2

A2 +  4B  -  4 B +  A2 ±  2 j \ J ( / I 2 +  4 / i)  (4/1 -  A2)

A2 ±  j y / ( A 2 +  4 B ) ( 4 B  -  A2)

Also we have th a t

(k + 1 )  — (k — l )2 +  4 k
A2 -  IB  

8 B 2
.42 ±  J y/{A'2 +  4 B)  (4 B -  A2)

(59)

(60)

We w ill now take several steps to  s im p lify  the integrand in  equation (57) in  order 

to  allow us to  perform  the in tegration . Wc find  th a t

'/('■)

^Ai +4B
2y j2B

VA^+AB
2V2B

V A 2+ 4B  
2 ^ 2  B

A2 ±  j ^ ( A 2 +  4B)  (4/4 -  A 2) 

A2 ±  j y / ( A 2 +  4 B)  (4 B -  A2) 

A2 ±  j ^ / { A 2 +  4 B ) ( 4 B  -  A2)

k -  1

j y j A 2 +  4B  y/k

\ p m  k - 1
g(r)

y/2Bk

B(k -  1)

y/A2 +  4B
~2~

j y { r )

We also find  tha t

g(r)  =  - y/2Bk  

B (k  -  1)
y/A2 +  4B .

r y / { B r 2 +  Ar  +  1) ( B r 2 +  Ar  -  1)
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A - f - y W  -t-4 B  
2

V ^ T W i r  
2 J'V2Bk j

B(k  _ 1)1 r y / ( B r 2 +  A r  +  1) ( B r 2 +  Ar  — 1)

A + s / A 2+AB _  I  \  • / AJ P a B  ■
2 1 2 J

r \ J ( B r 2 +  Ar +  1) ( B r 2 +  A r  -  1)

V W k  f
A + V A 1 + 4 B

2
V A 2+ 4 B  • 

2 2

/ i |  (A; -  1) yJ(Br2 +  Ar  +  1) ( B r 2 +  Ar  — 1)

A W ^ ± m r  _ l ]  JA2+4B J

V w k

B ~

r  { k - l )  y / ( B r 2 +  A r + l ) { B r 2 +  A r - l )

^ a W ^ T J b^  / / ( r )  _  v/_42 +  4 f lP ( r )

where

/ / ( r )
Va7+ab ■

2 J
(A; -  1) \ J { B r 2 +  /!?■ +  1)

\ / [ - i  ( / I  -  V ^ l2 +  4/A) r  +  1] [ I  (,4 +  V ^ T T B )  r  -  l ]

and

P(r )

A + s / A ’i + A B r  _  ^

r \J  A2 +  4B
H ( r ) .

Once we determ ine B ( r )  and P(r ) ,  we w ill he able to  evaluate Q(i) .  We now give 

some results th a t w 'ill he used to  evaluate H ( r )  and P(r) .

(A  +  v M 2 +  4 / i )  (.4 -  y / W T l B j  =  - 4 B.

A +  , / A 2 +  4B _  1/ i

A ~  V A 2 +  4B  ( 4  _  v M 2 +  4 f i ) 2 ’

and

2 B 
(A 2 ~ 4 B )

,42 ±  j y / ( A 2 +  4 B ) ( 4 B -  A2)

2 B
A 2 ±  j \ f [ A 2 4- 4 / i)  ( 4 / i -  A2)

+ d!
B

A2 ±  j ^ { A 2 +  4 / i)  ( 4 / i  -  A2)

(61a)

(61b)
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-4 B  (A: +  l ) 2 -  AA2k =  - A B  (k2 +  2k +  l )  -  4 / t2A: 

-4B [k2 +  l )  - 2 k ( A B  +  2 A 2) . (61c)

U tiliz in g  equation (61c), we are able to  derive another useful result th a t w ill be used 

in  the ca lcu la tion  o f / / ( r ) .

AB2(k, -  \  f r 2 +  AAB(k -  l ) 2r +  AB(k -  l ) 2 

=  AB2{k -  1 )V +  AAB(k  -  l ) 2r  -  AB{k2 +  1) -  2k{AB +  2A2)

AB2 +  AB2k2 -  2k(AB2) +  r AAB +  AABk2 -  2k(AAB)

AB +  ABk2 +  2k{AB +  2A2)

- 2 k AB2r 2 +  AABr +  AB +  2 A 2

=  - k  I A -  'J A2 +  AB
)'[«

+  AB{1 +  k ) ( B r  +  Ar  -  1)

A +  V A 2 +  AB I r  -  1

+  4 /? ( l +  A:2) -  I .4 +  \ / A 2 +  AB j  r  -  1 ^  ( -4 -  V A ‘2 +  AB j  r  +  1

k ^ A  +  y /A ^ T A B
1

A -  y/A2 +  AB r  +  1

-k \  A — \ / A 2 +  AB A +  y j A 1 +  AB r  -  1

^/1 +  y/A2 +  A ^ 4  -  v M 2 +  AB^j 

-  ^ / t  +  yjA2 +  AB^j r  -  1 -  -

A;2 ^ 4  +  y/A2 +  A B SJ  ^.4 -  y/'A2 +  AB^j

A -  yj A2 +  AB r  +  1

1
A +  v M 2 +  4 / i  r  -  1

1
— -  I A — \ / A 2 +  AB J r  +  1

k i  A +  yj A2 + A B /I -  yj A2 +  AB j r  +  1
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Thus we ob ta in  the result

AB2(k -  1 )V +  AAB(k -  l ) 2r  +  AB(k -  l ) 2

'1
r  -  1= { - * ( A - -  (A + v'A2 + l/ l)

-  ( a  +  V A 2 +  4B^ - \ ( a -  VA'2 +  AB ĵ r  

x I  (A  -  V A 2 +  AB

+  1

2 +  A B ) r -  1 

1
+  A ;(A  +  \ / A 2 +  4 B )  - -  (A  -  v/ A 2 +  4 0 )  r  +  1 (61d)

We provide two more results th a t w ill be useful in the evaluation o f H ( r )  and P(r ) .  

A -  \ / A 2T 4 S > 2 +  AB) r  -  1

+  ( a  +  V A 2 +  4 / l )  ( a  -  V A 2 +  4 / l )  r  +  1

= - A  +  v M 2 +  4 / i  +  A +  v 'A 2 +  AB =  2 v /A 2 +  4/1

and

f — }—  \J A2 +  AB V A 2 +  AB
r v  A 2 T  4/? =  r ------------------1- r ------------------

=  ^  (A  +  y/A2 +  A b )  r
1 A r  , VA2 +  AB

— 1  h 1 +  r -----------------
2 2

1

2
(A  +  > /A2 +  4 b )  r  -  1 +  

Now we calculate / / ( r ) .  To th is  end, we see tha t 

/ / ( r )

-  ^ A  — y/A 2 +  4 fi) r + 1

VAEEMj  
2 J

y j  B(k  -  l ) 2r 2 +  A (A; -  l ) 2r  +  (k -  l ) 2
1

\
i ( A  -  V A 2 +  1B) r  +  1 k(A +  \JA2 +  AB)r - 1

(61e)

(61f)

y / - B ( k  -  l ) 2r 2 -  A (k -  1 )2r  -  (jfc -  l ) 2



\
(.4 -  k/A2 +  4B ) r  +  1 

1

| ( / l  +  \A 42 +  4 0 ) r -  1

\

A + V A 2+ 4 B  
A - V A 2+ 4B

B(k  — l ) 2r 2 — A(k  -  l ) 2?- — (A- -  l ) 2

V A 2+ 4 B  /  A + \J A 2+ 4B  
2 V  A - V A 2+ 4 B

\
-  \ { A  -  y /A2 + AB)r  +  1

Using equations (G la) and (G11>), we find th a t 

H ( r )

1

\
( A  - S a T + A B ) 2

4B 2{k -  1 )2r 2 +  4AU(A; -  l ) 2r  +  4 B(k  -  l ) 2

V A 2+ 4 B  /  A + s f A 2+4 B 
2 V  A-VAF+4B

\
-  \ { A  -  s / 7 P T W ) t  +  \ ±{A +  y/A2 +  4 B ) r  -  1

Upon using equations (61c) and (61d), we ob ta in  tha t 

/ / (r)
1

\

J -

< - k ( A - s / A 2 + 4 B ) \ ( A + \ / A 2 + 4 B ) r - 1 - ( A  +  J A 2 + 4 B ) - t ( . 4 - v/ .4 2 +  4 /? )r  + 1

(.A - \ / A 2 + 4 B )

\

/
k(A + ̂ T 4 B ) r ^

■

< ( A - \ / A 2+4B) + k ( A + V A 2+4B) - ± ( . 4 - V . U + 4 / ? ) r + 1

( A ~ V A 2~ 4 B )

y/a2 + 4B / a± 7 m ± M
2 V A - V A ' 2+ 4 B

-  \ { A  -  V A 2 +  4 B ) r  +  1 \ { A  +  v/,42 +  4 B )r  -  1
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As a result, we determ ine tha t

H ( r )

- k ( A - V A 2+4B) U A + s / A 2+ 4 B ) r - l ~ ( A + j A ? + 4 B ) - \ ( A ~ s / W + 4 B )  r + 1

\
- k ( A —/ A * + 4 B ) ± ( /4  +  v 'A 2f+ 4 t f ) r -  1

( A - y / A * + 4 B ) ± ( A + - j A i + 4 B ) r ~ l + k ( A + V A 2+4B) - U A - V A 2+ 4 B ) r + l

\
( A - \ / A 2+4B) ± ( a W - 4 2 + 4 f i ) r - l

X  < -

V A 2+ 4 B
2

\ f - k \ j - \  {A -  V A 2 +  AB) r + 1

A + VA2+4B
a - V a 2+-w

\  (A f  V A 2 +  4 B)  r  -  1

Hence, we discover th a t

H ( r )

1 + A + s / A 2+ 4 B ~ { ( A ~ ^ A 2+ 4 B ) r + \
k { A - V A 2+4B) ± ( A + s / A 2+ 4 B ) r - \

1 +

v M 2+ 4 B
2

k ( A + V A 2+4B) - 4 ( a - v / -42+ 4 B ) r + l

A - J A 2+ 4 B  ^ 2 { A + ^ / A 2+ 4 B ) r - l

y J - \  {A -  V A 2 +  4 H ) r  +  l

( / W , 4 2 + 4 / j )
' k{A -  \JA2-r4B)

\  (A +  V A 2 +  4B) r -  1

(62)
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Let

and

sin 0
(A +  y M 2 +  4£Q 

* ( 4  -  y / A ? T 4 B )

- \ { A  -  s/A2 +  4 B ) r  +  1 

± ( / l +  -  1

0 =
(A +  v^ 2 +  4 tf)

k(A -  V W + W )  

Using the de fin ition  o f equation (63) may be w ritte n  as

sin <t> =  y / p \  ~ ~
U A  -  V A 2 +  4 B ) r + i

i (A +  y/A* +  4 B ) r  -  1 

D iffe ren tia ting  equation (64) w ith  respect to  r  yields th a t 

d

dr
sin (j)

VB
4

A -  y /A2 +  4B

l ( A  +  \ / A 2 +  4 B ) r - l \ { A  -  \JA1 +  4 B )r  +  1

+
(A +  \ / A 2 +  4 B) - \ { A  ~  ^ A 2 +  4 B ) r  +  1

U A  +  v /y l2 +  4 B ) r  -  1

( / I  -  V A 2 +  4 B) U A  +  s/A2 +  4 B ) r - l

\ f - U A ~ \JA2 +  4B ) r  A 1 

(A +  s/A2 +  4 B)

+

\ { A  +  s/A2 +  4 B ) r  -  1 

-  \ { A  -  y /A2 +  4 B ) r  +  1

^ - £ ( 4  -  v/ d 2 +  4 S ) r  +  l  

Using equation (61e), we have th a t

d (  . A

i ( / l  +  V d 2 +  4 B) r  -  1

vM2+m

dr
sm <

•|(/1 -  v / / l2 +  4 f i ) r  +  1 i ( / l  +  V A 2 +  4 B ) r - l

s/A^+iR / (a+y/a^+tB)
2 V  *:(/l -v/"/12+4B)

+ 1 \  (A +  y/A2 +  4B) r  -  1

(63)

(64)

(65)



Using equation (63) and equation (65) in  equation (62) gives us th a t

1 d
H ( r )  =

1 — sin2 (f> ) ( 1 -  k2 sin2 (f>

sin 4>

dr
sin (ft

dt

v / ( l  -  t2) ( l  -  k2t2)

dr
(66)

wiiere F(<f>, k) is the incom plete e llip tic  in tegra l o f the firs t k ind , <f> is given by equation 

(63), and k is given by equation (58). We now tu rn  our a tten tion  to  evaluating P(r) .  

To th a t end, we have th a t

P ( r )  =

A + V A 2+ 4B r  -  1

ry j  A2 +  AB

-r — 1

H(r)

r s /A 2 +  AB

U tiliz in g  equation (6 If ) ,  we find  th a t 

P{r )

1 -  sin2 (f) ) ( 1 — k2 s in2 <p
dr

sin 0

+  J A 2 +  A l i ^ r  -  1

\ (^A +  ^ A 2 +  AB^jr -  1 + - % ( a -  y jA2 +  A B ^ j r +  1

1

1 — sin2 0 ) ( 1 — k2 sin2 

1

dr
sin (p

'
±(A+VAi +4B)r 1 + -±(A-V a 2+4B)r+l

i ( a + v / a 2 + 4 B ) r - l  

1 d
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1 +

1
- ± ( A - \ / A 2+ 4 B ) r + l

± lA+Vtt4B)r - l

1

1 -  sin2 0 )  ( 1 -  A;2 sin2 0  

1

dr
sin (j)

1 -
k ( A - V A ‘i +4B) ~ ( A + V A 2+4B) - ± ( A - y / A 2+ 4 B ) r + \

A W A 2+ 4 B k ( A - V A ‘2+4B) ±(A->-VAi + 4 B ) r - l

1
x

1 — sin2 0 ) ( 1 — k2 s in2 i

a

dr
sin 0 I . (67)

Let
A;(.4 -  y/A2 +  \ l i )

A +  0 -4 2 I -Mi 

A pp ly in g  th is  and equation (63) in  equation (67) yields

(68)

P(r]
1

1 -  o-2 sin" <t> I  /  \  /  \  dr
. 2  a  l / l  1.9. a - -2

dr

d
di-

sin 0

1 -  sin 0  j ( 1 -  k2 sin 0 

dt

sin <i>

(1 -  n 2t2) y j ( l  - t 2) { \  - k H 1)

r i ( 0 , a 2, k), (69)

where 11(0, a 2. A;) is the incom plete e llip tic  in tegra l o f the th ird  k ind, 0  is given by 

equation (63), o 2 is given by equation (68), and k is given by equation (58). As a 

consequence o f equations (66) and (69), we ob ta in  the result

V2lih- { (A +  V -42 +  4/ A  d , s r-, d ,  ]
9{ r )  =  I T )  ( ----------- 2----------- j  Ih {(i,' k) ~  v ^ T 4 5 - n ( 0 , a 2,A)

Therefore, in teg ra ting  the above in  the in te rva l r  6 [rr (i). 1] gives us th a t 

i

©(O  =  I  9 ( r )dr

V/ 2M [ ( A + \/A'2 + 4B
=  _ ^ M V  2 ,

FW .1-) -  x / ^  +  . lB n ^ . f y C l )  L  (70)
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As a result, we discover th a t

D n(z) =  2 z - 7 T - 2 ^ | 5 |  ^  +  * ^ 2 +  4 / ^  F((/>, k) — V A 2 +  4CIl(</», a 2, A :)|.

(71)

As can be seen from  equation (71), the ca lcu lation o f D'a(i) is extrem ely difficult,. The 

ca lcu la tion  o f the derivative o f the  devia tion  angle would involve d iffe ren tia ting  the 

incom plete e llip tic  in tegrals o f the firs t and th ird  k ind  since th e ir arguments <f), a 2, 

and k are functions o f the angle o f incidence i. In  order to  avoid these h igh ly  involved 

calculations, we w ill on ly  provide the graph o f Da(i)  from  equation (71).

In  Figures 9 and 10, we p lo t equations (56) and (71) for the case n'(r)  >  0. A 

zero-order bow exists at an angle o f incidence o f approxim ate ly 0.15 (or 8.41°).

In  th is  chapter, we have shown th a t the evaluation o f the ray path  in tegra l 0 ( r )  is 

a lgebraica lly possible for a few refractive index profiles using the geometrical optics 

approach. As a consequence, the devia tion  angle D 0(i) is read ily  determ ined. For 

two o f the refractive index profiles in  th is  chapter, we were able to  discuss certa in 

constra in ts th a t needed to  be satisfied in  order fo r a zero-order bow to  exist. As we 

have seen w ith  the re fractive index profiles in  equations (40) and (56), the form ula  

for the devia tion  angle can become qu ite  com plicated. As a result, the ca lcu lation of 

the derivative o f the devia tion  angle is not readily obta inable algebraically.

In  the next chapter, we w ill extend the geom etrical optics approach to  several 

singular refractive index profiles. We w ill fo llow  the same procedure as we have done 

in  th is  chapter by firs t de te rm in ing  the ray path  in tegra l 0 (?) and then the devia tion  

angle Da(i). For the re fractive index profiles in  the next chapter whose derivative 

o f the devia tion  angle is read ily  obta inable algebraically, we w ill then determ ine 

necessary conditions on the parameters o f the refractive index pro file  th a t a llow  for 

the existence o f a zero-order bow.
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Fig. 9. P lo t o f equation (56) w ith  a =  2 and 6 =  7.
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Fig. 10. P lo t o f equation (71) w ith  a =  2 and b — 7.
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CHAPTER III

RAY APPROACH - SINGULAR PROFILES

III .l INTRODUCTION

In  th is  chapter, we s tudy re fractive index profiles th a t have a t least one singular 

p o in t in  the dom ain r  G [0.1]. For each profile, we evaluate the in tegra l (2) and 

examine the derivative o f ( 1) for those refractive index profiles whose derivative of 

the dev ia tion  angle is read ily  obtainable. W ith  respect to  the refractive index profiles 

discussed in  th is  chapter, the asymptotes and the less practica l portions o f the profile  

(fo r op tica l wavelengths) are ind icated by a dashed line. Geom etrical optics describes 

ligh t propagation by considering how ind iv idu a l rays w ill be m odified as they pass 

th rough a p a rticu la r m edium. T h is  branch o f optics provides guidelines, which may 

re ly  on the wavelength o f the ray, that, allow for the propagation o f rays th rough a 

m edium. A  drawback o f the geom etrical approach is its  in a b ility  to  account for optica l 

phenomena such as d iffrac tion  and interference. For example, as stated in  [14], i t  has 

been shown th a t, in  the op tica l l im it  (as the wavelength approaches 0), geometrical 

optics inco rrec tly  predicts the am p litude  and phase o f the backscattered signal for 

spherically sym m etric lenses w ith  re fractive indices th a t include a p o in t s ingu la rity  

a t the orig in . Consequently, in  th is  case, correction factors to  the geom etrical optics 

approach need to  be obtained by an asym pto tic  analysis o f the exact so lu tion  th a t 

is valid for short wavelengths. W hen rays propagate in  inhomogeneous media, a 

cond ition  th a t is sometimes placed on the a pp lica b ility  o f geom etrical optics is th a t 

the refractive index profile  in  the m edium  must be slow ly vary ing [13]. Plasmas are 

an excellent example o f media, which in  lim it in g  cases, may exh ib it poles, zeros or 

bo th  in  the refractive index. For example, a cy lin d rica lly  confined labo ra to ry  plasma 

may possess a resonance, cutoff, or bo th  at some fin ite  rad ii. I f  the frequency of 

the inc ident wave is much greater than  the collision frequency o f the plasma, as i t  

occurs when the plasma is probed by a laser beam, then the squared re fractive index 

is essentially a real quantity , and i t  is in fin ite  at a resonance and zero at a cu to ff 

(th is  is equivalent to  saying th a t collisions are neglected) [13], [15]. The curren t and
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fu tu re  applications o f plasmas provides reasons why the s tudy o f singular refractive 

index profiles is o f considerable value.

III.2 PROFILE 1

Consider the re fractive index profile  (as previously discussed in [18] and [23])

The profile  given by equation (72) is singular a t r  =  0 i f  one o f the fo llow ing conditions 

is satisfied:

We w ill show th a t in order for a zero-order bow to  exist, we must have b >  2. Con

sequently, the second s ingu la rity  cond ition  h >  1 w ill be m et in  order to  guarantee 

the existence o f a zero-order bow.

W hen b — 1, the refractive index profile  in  equation (72) corresponds to a Luneb- 

urg lens. A  Luneburg lens is a d ie lectric  sphere whose refractive index decreases from  

a large value a t the center o f the sphere to  the index o f the surrounding m edium  at 

its  surface [5] in  such a way th a t, in  the context o f ray theory, an electrom agnetic 

plane wave inc ident on the lens focuses a t the axia l p o in t on the shadowed side o f 

the lens surface [18]. The Luneburg lens focuses lig h t rays or o ther electrom agnetic 

rad ia tion  on po in ts on the surface o f its  sphere th a t lie in  the d irec tion  o f incidence. 

Luneburg lenses are useful in  m icrowave technology, for example for sa te llite  track

ing. A  single Luneburg lens can focus signals from  several satellites on its  surface. 

Movable detectors placed a t the radio images can fo llow  the signal by feedback-they 

track the satellites on the Luneburg sphere [3].

We note th a t

n(r)  =  riir'k l {2 - r * ) ? ,  n , =  n ( l )  >  1. (72)

b <  0

b >  1.

r 2n2(r)  =  n 2r h(2 — r h).

Using th is  in  equation (2) gives us
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L e ttin g

sin i
a

" i

the above equation for f ) ( i )  becomes

*) =  « I  , ^  =  • (73)
r y  - a 2 +  2r* — (r*  )2

We also have th a t

n {rc(i))  =  n \ r c* ~ l (2 -  r j ) *

and

rr ( i ) n ( rc(j)) =  7 1 ^ ( 2  -  r<J )T  

In  order to  determ ine rc(i), we must solve the equation

u iT V  (2 — />'’ =  sin i. (74)

Then we ob ta in  the result

( sin? \ 2 ,
r r k(2 -  rcfc) =  f —— j  = a ,

( r r * ) 2 -  2r c® +  a2 =  0 ,

2 2 ±  -  4a2 y-------- -
— ---------    =  1 ±  v l  — a2.

As a consequence o f the de fin ition  o f r c(i) as a m in im um  value, we m ust have th a t

2
r r h =  1 — \ / l  -  «2,

where we note th a t a1 <  1 so th a t r c E M. As a result o f the defin itions o f a and n lt 

we see th a t a2 <  1 is always satisfied. Thus i t  follows th a t

r c ( l ) 1 -  V l  -  a2 (75)
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S ub s titu tin g  equation (75) in to  equation (73) yields the expression for 0(0  as

0(0 =  «
dr

r \ j —a2 +  2 — ( r * ) 2

(i-vT=H»)^

In  equation (76), make the change o f variables

(76)

u =  r h.

Then we see th a t

and

We note th a t

, 2 2 _ ,  
du =  -?■'> dr 

b

dr b,  2. , , 6 du
—  =  ' < * «  =  o —  •r 2 2 u

1 -  V l  -  a2a(?v(0) = u<

and u ( l )  =  1. Using th is  and the above re lationships, equation (76) becomes

1 -  v T

6 ( 0  =  £
du

i V ~ V 2 +  2 u — u2
(77)

l - v T ^ 3

U tiliz in g  equation (A .5), where r  =  u. A =  — 1. B =  2, and C  =  —a2, equation (77) 

can be evaluated as follows

nb l“ (0  — arcsin 
2 a

- 2 a 2 +  2u 

i V  4 — 4a2 1 — \/\ -a2

arcsin
2

u \ / l  — a2 

1 -  a2
— < arcsm 
2

arcsm

VT (d

Vi

1 - \ / l —a2

— arcsin

-  arcsin

1 — V l  — a2 — a2

(1 — V l  — n2) V l  — a2. 

1 — a2 — V l  — a?

_ V l — a2 — (1 — a2) 

-  a r c s in ( - l )



=  -<  arcsm \ / l  — a2 +

Let

a  =  arcsm \ / l  — a2

Then we have tha t

40

(78)

cos a  =  a,

where we have taken the positive roo t since a € [0, | ] .  Thus we find  th a t

a  =  arcsm vT -  arcsm a.

Using equation (79), equation (78) becomes 

0 (7

As a consequence, we ob ta in  the result

ft f  7T 7T ) b
2 1 2 ~  arcsin n + 2 | 2 <‘ 7r~  arcsm a }.

D o ( i )  =  2 i  -  i t  +  2 0 (f) =  2 i  — 7r +  f m  — ft arcsin
s u n

Therefore we determ ine th a t

D()(i) =  7T(ft — 1) +  2i — ft arcsin
sm ?.

Hi

For a zero-order bow to  exist for some c r itica l angle o f incidence ic £ 

i t  is necessary and sufficient th a t

D'0(ic) =  0.

(79)

(80)

(81)

0.005, -  
2

(82)

D iffe ren tia ting  equation (81) w ith  respect to  i  and setting  the result equal to  zero 

yie lds th a t

2  —  b -
cos ir

rtf -  sin2 if

Then we discover th a t

4 =  ft2
cos2 i

,,2n f -  sm i2 ’

4(n j — 1 +  cos q.) — ft cos i



Accord ing ly, we see th a t

(83)

I f  we res tric t ourselves to  the case 6 >  0. then we m ust have th a t

n ? ~ l  <  1
62 - 4  -  4 ’

4n\  -  4 <  b2 -  4,

b2 >  4np  

b >  2ri] >  2 . (84)

where we drop the m inus sign since r ii >  1 and b >  0. Therefore, we have established 

th a t a zero-order bow can exist for n(r)  in  equation (72) i f  b >  2n\.  We note th a t a

at b =  2. However, the r ig h t hand side o f equation (83) becomes singular at 6 =  2, 

and consequently, D'Q(i) ^  0.

In  Figures 11 and 12, we p lo t equations (72) and (81) w ith  /q =  |  and b =  4. In  

F igure 11, we notice the s ingu la rity  at r  — 0 since b >  1. We note th a t an extrem um  

o f Do(i)  occurs a t an angle o f incidence o f approxim ate ly 1.04 (or 59.39°).

III.3 PROFILE 2

Consider the inversely linear re fractive index profile, previously considered by 

G ould and Burm an [16] and Adam  and Laven [17], which is given by

where a and b are constants. The re fractive index pro file  given by equation (85) 

is singular when r  =  - A  The inversely linear profile  given by equation (85) has 

applications in  atm ospheric and te rres tria l physics [16].

We note th a t

zero-order bow cannot exist i f  ii\ =  1. I f  ii\ — 1, then D'0(i) =  2 - 6  which has a root
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Fig. 11. P lo t o f equation (72) w it l i  r?i =  |  and h =  4.
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Fig. 12. P lo t o f equation (81) w ith  n.\ =  |  and b =  4.
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S ub s titu tin g  th is  in to  equation (2) yields

r v  \ I  {ar +  b)
0 m  =  s im  1 — .— -......................  -...........=dr

r \ / r 2 -  (ar +  b)2 s in2 1

r r ( i )

dr
=  a sm i

( l  — a2 sin2 i)  r 2 — 2abr s in2 i — b2 sin2 i

M*)
1

. . .  dr
+  b sm /

r y / ( l  — a2 s in2 i j  r 2 — 2abr sin2 t — b1 s in2 i

r c(i )

Let ft — a sin i and d =  b sin?'. Then we determ ine th a t

y / { l  -  a 2) r 2 -  2a j r  -  J 2 ' I  r y / { l  -  f t 2 ) r 2 -  2nf lr - 'J f2

r , (  i )  r , . ( i )

=  n i y + t i i 2. (86)

N ext we calculate r c(f). Using equation (3), we want to  solve the fo llow ing equa

tio n  for r c(i):
ry (? )  . .

— rq— r =  sm?-arr{t) +  6

Th is  equation may be rearranged to  obta in

rc(i) =  r c( /) f ls in  i - f 6 s im  

=  n r c(i) +  T

Then we have the result

U (0  =  ■ (87)
I — C\
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We now tu rn  our a tten tion  back to  the integrals I x and /2, appearing in  equation 

(86). The in tegra l for ! x is given as

/ 1
dr

\ / ( l  -  a 2) r 2 — 2ajdr -  /32

U tiliz in g  equation (A .9), w ith  D  =  1 -  a 2, E  =  - 2 a  ft, and F  =  - J 2, we find  th a t

l

/«
1

y r
log

0 “
+  2 (1  — a 2) r  -  2a,3

j
1 - r>

\ / l  -  a 2
log 2 + log V l  — a 2 \ / l  — a 2 -  2nd — / j2 +  1 -  a 2 — a/3

log 2 -  log

+  ( t  — a 2) y
a

1

\ / l  — a 2
log v/ l - a 2 v / l - ( o  +  U )2 +  1 -  a ( a  +  ,3)

~  log 

1

v T
log

f t '
\ / l  -  a 2\ / l  -  (a  +  ,3)2 +  1 -  a  (a  +  ,3)

log

1

\ / l  — a 2 

1

\ / l  — (Y2

v l  — a

log 

log

2 / U 2 +  a/?2 -  2a,32 -  ,32 +  a ,P
1 - a  + f j

\ / l  -  a 2\ / l  -  (a  +  ,3)2 +  1 -  a (a  +  ,3)

\ / l  -  a 2 x/l  -  (a +  ft)2 +  1 — a ( a  +  /3) _

log 13

( 8 8 )
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N ext we evaluate I 2, where

h  =
dr

T\J{  1 — f t2) r 2 -  2aftr  — ft2

Using A =  1 -  a 2, B =  —2a’ft, and C  — —ft2 in  equation (A .5) gives us

i

f  1 •l 2 =  — arcsm
ft

— — arcsm

arcs in

- 2 / r  -  2 af ir

r y / 4 a 2p2 +  4 /i2( l  — a 2)

-2/ i2 — 2f t , i r  

2J r

(ft +  or)

P
I -  a

< arc.4-arcsin [ —(/i +  ft)] — arcsin
1 - a

{arcsin j - ( , i  +  « )] -  arcsin [ - ( 1  — «  +  « ) ] }  

{arcsin [—(, i  +  ft)] -  a r c s in ( - l ) }

(89)

^ |a rc s in  [—(/? +  a )] +  |

= M i ~ arCSil^ a + ^ } '

U tiliz in g  (equations (88) and (89) in  equation (86). we find  th a t

a  f \ / l  — rv2v ^ l ~  («  +  ft)2 +  1 -  f t( f t  +  , i ) l  n .
0 (.) =  ^ — = log --------------* --------------   1--------- 1 +  -  -  arcsm (ft +  ,9).

(90)

We w ill rew rite  the logarithm ic expression in equation (90) in  terms o f the inverse 

cosine function. We firs t note th a t (where j  — \ / —l)

a

v T -  o 2
*  log

\ / l  — a 2 \ J l  -  (a  +  / j )2 +  1 — ft (a  +  3)

j a

y /a2 -  1
log

ft

j \ f a 2~ ^ ~ ly /T -  (ft -I- ft)2 +  1 -  f t ( f t  +  ft)
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Let

Then we see th a t

and

 1 -  n(a  +  p)
~ ~  P  '

2 _  1 -  2a (o  +  p)  +  a 2 (a  +  p )2 
'  =  J2

I -  Z  =
2 p2 -  1 +  2« (a  +  p) -  a 2 (a  +  p)2

Thus, i t  is discovered th a t 

Using the form ula

P 2
(a  +  p )2 +  a 2 — 1 -  a 2 (at +  p )2

P 2 
a 2 — 1 — ( a  + P ) 2 [ a 2 — 1] 

P 2
[o2 — 1][1 ~ (o + P ) 2 ]

P 2

—  _  yja2 -  l y U  -  (a  +  p )2z _  _

art>'<•<•<is 2 =  - j  log[c +  j V  1 -  z‘2] 

and the' re lationships on th is page, 0 ( i)  may he expressed as

1 — rt(ct + P )
0(t)

a
arccos

arccos

y /a2 — 1
Q

yj a 2 — 1

a sin i 

\ f a 2 s in2 i — 1

P

1 - o(a + P )

P

f  — -  arcsin(a +  p)

+  arccos(« - f  p)

arccos
1 — a(a +  b) sin2 i 

b sin >

(91)

+  arccos[(n +  b) sin i ] . (92)

where we u tilized  our defin itions for a  and p.

Using equation (92) in equation ( 1), i t  is obtained th a t

1 — a(a +  b) s in2 /, asm  i 
Do{i) =  2i — 7r +  2{  —   i r arccos

yfca? sin2 i — 1 b sin i
+  arccos[(a +  b) sin /]

(93)

As can be seen from  equation (93), the ca lcu la tion o f D'a(i) is qu ite  d ifficu lt. Once 

the ca lcu la tion  o f the derivative o f equation (93) is made, the requirem ent for the 

existence o f a zero-order bow results in  a s ix th -o rder linear equation th a t is not readily
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solvable algebraically. In  order to  avoid these h igh ly involved calculations, we w ill 

on ly  s tudy  the behavior o f D n(?) from  equation (93). Since we want Do(i) e R, we 

require th a t

As a result o f the dom ain o f the inverse cosine function, we also require th a t

We assume i >  0.005. The cosecant func tion  is decreasing on the in te rva l [0.005, | ] ,  

so th a t in  order to  avoid im aginary numbers, we must have th a t |a| >  esc 0.005.

In  Figures 13 and 14, we p lo t equations (85) and (93) w ith  a =  —205 and b =  

204.5. We have chosen these values o f a and b in  order to  satisfy the constra ints 

in  equations (94), (95a), and (95b). In  F igure 13, we notice the s ingu la rity  at r  =  

— £ ~  0.9976. In  Figure 13, we have focused the view in  the v ic in ity  o f the s ingu la rity  

o f equation (85). We note th a t to  the le ft o f the view, as v approaches zero from  

the righ t, the refractive index approaches | .  A  zero-order bow exists a t an angle of 

incidence o f approxim ate ly 0.07 (or 3.78°).

where a and b are constants. The re fractive index profile  in equation (96) is singular 

a t r  =  0 and r  =  | .  Th is  pro file  is undefined i f  b <  0. Equation (96) is p lo tted  in

and r  =  jr =  | .  The refractive index pro file  in  equation (96) has applications in  radio 

wave propagation [21].

We note th a t

a2 s in2 i >  1. (94)

 ̂ 1 — a(a +  b) s in2 i ^

~~ b sin i ~
(95a)

— 1 <  (a +  6) sin i <  1. (95b)

III.4 PROFILE 3

Consider the refractive index pro file  (as mentioned in  [21])

(96)

Figure 15 w ith  a =  T  an(l 6 =  A  s in gu la rity  is observed in  the figure a t r  — 0

N ext we find  r c(i). Using equation (3), i t  is found th a t

ln (6rr ) =  —
a

sm ?
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Fig. 13. P lo t o f equation (85) w ith  a — -2 0 5  and b — 204.5.

0.5

-0.5

o

0.4 0.6

i

Fig. 14. P lo t o f equation (93) w ith  a =  —205 and 6 =  204.5.
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Fig. 15. P lo t o f equation (96) w ith  a =  T  and 6

L e ttin g  rn =  ^ ~ ,  r c(i)  is given by

rc(i) =  ])em. (97)

T im s, we ob ta in  the result

dr /  dr
W in  =  sm? |  —   - . =  sm?

r  \ J r 2ri2(r)  — sin2 ? /  r  / .... si... _  s;n2 ,v v ’  J
r r ( i )  Tr( i )

1 1

dr I  ln (frr)
—   .  (j r

r ' '  i „ 2 i ( i „ ( f r r ) ) 2 “  1 /  r d r t i 2 — (\n(br)Y
si

s in 2 »(ln ( fr r ) )

r r ( t )  r r ( i )

1

ln (6r )
V '  = dr. (98)

' \Jrri1 — (ln(fcr))2



50

Let u =  ln (6r ) .  Then du =  — . We note th a t u(rc) =  m and u ( l)  =  I n b. As a result,
r

the in tegra l for 0 (z) becomes

In b

0(0 =  f  - j -  "  2du. (99)
J y/rrr -  ul
m

Let v =  m 2 — u2. Then dv =  - 2 udu and udu =  We have th a t v(m)  =  0 and

?;(ln b) =  ni2 — (In b)2 . Now equation (99) becomes

m 2 - ( l n f c ) 2

0 (0 =  J
o

m 2 - ( l n  b) 2

— V2
0

=  — \Jrn2 — (In b)2.

Hence, we determ ine th a t

0 (z) =  — y a 2csc2 / -  (h i 6)2, (190)

and the derivative is given by

, a2 esc2 i cot i
0 (0  -  ■ r = - ..............  • (191)

y  a2 esc2 i -  (In b)2

Therefore, for the re fractive index profile  in  equation (90), a zero-order bow exists i f

a2 esc2 ic cot ic
1 +   * =  0. ( 102)

y  a2 esc2 ic — (In b)2

Since ic is in the firs t quadrant, and the trigonom etric  functions are a ll positive in  

the firs t quadrant, equation (102) cannot be satisfied. Th is te lls us th a t a zero-order 

bow is not possible for the refractive index profile  given by equation (96).
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Fig. 16. P lo t o f equation (103) w ith  a =  5 and 6 = 1 1 .

III.5 PROFILE 4

Consider the re fractive index profile  (which was considered in  [21])

n ( r > = 7 j m -  (W3>

where a and b are constants. The re fractive index profile  in  equation (103) is singular 

a t r  =  0 , r  =  | ,  and undefined for 6 <  0 , as was the ease for the previous profile  in 

equation (96). In  add ition , the re fractive index profile  in  equation (103) is a pure ly 

im aginary num ber in  the dom ain (0, £). In  F igure 16, equation (103) is p lo tted  w ith  

a =  5 and 6 =  11; the s ingu la rity  at /• =  -  =  T- is clearly visible. The refractive 

index profile  in  equation (103) has applications in  rad io  wave propagation [21],

We note th a t

r 2772(;-) =
a2

ln (6r)

Next we find  r c(i). Upon using equation (3), i t  is found th a t

rc(i) =  y / " 2- (104)



Hence, we determ ine th a t

0 ( j)  =  s in «
dr

r y j r 2 n2 (r)  -  s in2 i
sm ?

r  s. / tz ttit -  s ill2 i,

r c( i )

ln(fcr)

r J m 2 \n(br) -  ( ln (6r ) )2
-.dr. (105)

dr
In  order to  evaluate the in tegra l in  (105), le t x =  \n(br). Then dx =  — .W e  have

T

th a t x ( rc) =  m 2 and .7.(1) =  In b. Consequently, equation (105) becomes

In b

0(0 = / X
zdx

rrrx -  x,2

"it
2

In b

9i i /i l\2  n r  ( ^ -----n r  In b — (In b) H— — arccos 1

m ~ m 2
arccos

The form ula

9i i /i i \2 m ~ tm In b — (In b) +  —  arccos 1

m
arccos( —1)

rn
T

arccos 1— y m 2 In b — (In 6)2 +

arccos u =  7r — arccos( — u)

2 In b

m*

can be rearranged so th a t

arccos u — 7r =  — arccos( — u).

( 106)

The last te rm  appearing in  brackets in  equation (106) may therefore be w ritte n  as

arccos ( 1
2 In 6

7r =  — arccos
2 In b
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Tim s, we discover th a t

In 6

[*'
%/ m 2x — x ‘

-dr.

y m 2 In b -  (In b)2 +  —  arccos
/  2 h i 6

\  m 2
-  1

so that, the fina l equation for 0 ( 0  is given by

t2 

2
0(0 =

\ 7 , O2 2 /  2 h i b y
y  a2 esc2 1 In b -  (In b) +  — esc 1 arccos I — — sin ? -  1

VhibVci2 esc2 ? -  In b +  esc2 i arccos
/  2 In 6 

\  a2
sin 2 1 -  1

D iffe ren tia tion  o f (107) yields

©'(0 =  -
\ / ln  b (a2 esc2 7 — In b) 2 ( - a 2 esc2 ? co t 7)

+ y  c s c - i l -
4 In b

1 -  ( ^ s i n 2 , -  !)■
sm t cos 1

-  2 esc2 1 cot 7 arccos

a2 esc2 7 cot 7 \ / l n 6 

y /a2 esc2 7 — In 6

\  «2 

2 esc 7 cos i h i b

f  2  In b
sm 7 -  1

+  a2 esc2 7 cot 7 arccos I

1 - ^
/  2 In b

2l¥  s in2? -  1 )'

sin ? -  1 I .

We note th a t

/  2 In 6

w
sin ? — 1

4 (In b)" . 4 4 In b . ,
sin‘ 1 ------- —  sin ? +  1

4 (In 6)“ . , 4 h i 5 . 2
= --------- :— - Sill ? H —  sm i

4 In b
sin2 ?

In b sin /.

4 In b . 4 . f 2 2 ■ 1 11
— —  sm ? [a esc 1 — 111 oj

Then it  is found that

a2 esc2 ? c o t? \ / ln 6 a2 c,sc2 ? cot ? V ln 6 

\Ja '2 esc2 7 — In b \ f  a2 esc2 ? — In b

(107)

(108)
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2 2 I 2  111 6  . ,
+  a esc i cot i arccos ( — —  sm i -  1

a2

=  a2 esc2 i cot i
2 \ / lnb

\ / a 2 esc2 i — In h
+  arccos

2 In b
sin2 / -  1 (109)

Therefore, fo r the re fractive index profile  in  equation (103). a zero-order bow exists 

i f

1 - f  a esc ir cot ic
2\ / h i~b

\ j a 2 esc2 ic — In b

2 In b . 2 .
- f arccos — —  sm / r -  1 0. ( 110)

The second term  in  equation (110) is positive due to the de fin ition  o f ic. Th is  tells 

us th a t in  order for equation ( 110) to  be satisfied, the- last te rm  m ust be negative. 

In  o ther words, we m ust have th a t the inverse cosine function  is negative. However, 

for the set o f real numbers, the inverse cosine function  is always positive. Therefore, 

a zero-order bow cannot exist fo r the profile  given by equation (103).

III.6 PROFILE 5

Consider the refractive index profile  (as previously discussed in

(111)

where a, b, and c are constants. The refractive index profile  in  equation (111) is 

singular a t r  =  0. The refractive index profile  given by equation (111) has applications 

in  atm ospheric and te rres tria l physics [16]. Le t K  =  s in /. D eterm in ing ry (/) from  

the equation rrn ( rr ) =  K  yields th a t

a +  brc +  cr'l =  A '2,

cr 2 - f brc +  a — K' 0.

Accordingly, we find  tha t

r c(i)
-b ±  \Jl>2 — 4c(a — A’2)

( 112)

We m ust have th a t 0 <  rc(i) <  1 and />(?) G K. In  order to  guarantee th a t the radia l 

po in t o f closest approach to  the center o f the sphere, rr (i).  is a real quantity , i t  is 

required th a t

b2 >  4c(a -  K 2).
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There are numerous cases for th is  profile  where we can s tudy the behavior o f the 

constants th a t would determ ine whether we choose the positive or negative sign in 

equation (112). Since we require th a t n ( r )  € R, we w ill not consider the case where

a ll three constants are negative. Regardless o f whether c >  0 or c <  0 , the firs t

cond ition  above would result in  the fo llow ing inequa lity

a <  K 2 <  a +  b +  c.

In  o ther words, i t  is required th a t a +  b +  c >  1. From the fact th a t 0 <  K 2 <  1, i t

is found th a t

a >  a — K 2 >  a. — 1.

Since a — K 2 <  0, (we w ill see from  the equation for 0(1 ) why we cannot have 

K 2 =  a) th is  inequa lity  is satisfied on ly  i f  a <  1. Using a — K 2 >  a -  1 in  the 

cond ition  b2 >  4c(a — K 2) te lls  us th a t

b2 >  4c(n -  1).

W ith o u t loss o f generality, we assume th a t a <  0,6 >  0, and c >  0. As a result, we 

m ust take the positive roo t in equation (112). We note th a t a and b m ust be small 

and large enough, respectively, so th a t equation ( 111) is real for a ll values o f r  in  our 

dom ain. Thus we ob ta in  the result

i i

0(0 dr
=  K

dr

r  y j r 2 n2 {r) — K 2 J r  \J (a — K 2) +  br +  cr2
r,-(i) r,-(i)

(113)

U tiliz in g  equation (A .5) w ith  A =  c, B =  b. and C — a -  K 2, the in tegra l for 0(1) 

may be evaluated as

l

©(0 =

K

yfl \ 2
arcsin

K

s f K 2
arcsm

2(n -  K 2) +  br 

j \ f b 2 -  4c(a — K 2)

2 (a - K 2) +  b

_sjb2 -  4c:(a -  A '2).

v(0

— arcsm
2(n -  K 2) +  brr 

r cX/b2 -  4c(a -  K 2)_

(114)

We note th a t

2(a -  K 2) +  br,
2(a -  A '2) +

-b2 +byjb2 -  K'2)—

r c\ / b 2 — 4c(rt — A '2) (  - b + y / b 2- 4 r ( a  ~ K 2)
2c. yjb2 -  4c(a -  A '2)
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4 c(a — K 2) +  [—b2 +  b\fb 2 — 4c(n — A’2)] 

— by/b2 — 4c(a -  A 2) +  b2 — 4e(« — A '2)

62 — 4c(a -  A '2) — 6\ / 62 -  4c(a -  A '2) 

b2 — 4c(a — A"2) — b\Jb2 — 4 c(a — A '2)

Hence, i t  follows th a t 

0(0 =  

From  the form ula,

i t  is determ ined tha t

Thus we see th a t

the re la tion

i t  is found tha t

K

s / K 2
arcsm

2(a -  A '2) +  b 

yjb2 -  4c(a -  A '2)
+

7T

arcsin z +  arccos z =
2

7T
arcsm 2 +  — +  arccos z =  n.

arcsm z +  — =  n -  arccos

arccos c =  n -  arccos( — z),

71 , Xarcsm z +  — =  a rc c o s ( - ; j.

Using th is  result in  equation (115) yields

K
6(0

\J A' 2 — a

Because o f th is, we determ ine th a t 

/ ; o(0  — 2? — 7r T  2

arccos

K

V K 2
arccos

2 (a -  K 2) +  b 

y/b2 — 4c(u — A '2).

2 (n -  K 2) +  b

yjb2 -  4c(a -  K 2)

(115)

(116)

(117)

Due to  the com plicated nature o f Da( i ), we w ill on ly provide the graph o f D o(0  from  

equation (117).

In  Figures 17 and 18, we give the p lots o f equations (111) and (117), respectively, 

L p  b =  2, and c =  5. We notice from  F igure 17 th a t equation (111) isw ith  a 1000
singular a t r  — 0. For the values o f a, b, and c given above, D 0 (i) has tw o extrem a 011 

our in te rva l [0.005, | ]  a t angles o f incidence o f approxim ate ly 0.13 and 0.62 (or 7.17° 

and 35.73°, respectively). As a result, tw o zero-order bows occur 011 our in terva l for 

the re fractive index profile  given by equation ( 111).
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III.7 PROFILE 6

Consider the refractive index profile, m entioned in  [10] and [11], which are given

by
n(r)  =  a r v, (118)

where rj is o f e ither sign, 0 <  b <  r  <  a } and a >  0. The profile  in  (118) has 

a s in gu la rity  at r  =  0 i f  rj <  0. In  order for a zero-order how to  exist, i t  w ill be 

shown th a t 7/ <  0. The refractive index pro file  in  equation (118) has been used to  

show th a t m e lting  ice crystals may be strong con tribu to rs  to  the g lo ry  ray. Also, th is  

re fractive index profile  was studied to  provide a more general explanation o f bo th  the 

ra inbow  ray and the g lo ry  ray phenomena by analyzing the scattering processes o f 

inhomogeneous particles [11], Using equation (118) in  equation (2) where K  =  sin?, 

we find  th a t

0 ( 0  =  K  f  dr =  =  f  — .— ........ , (119)J r v A V C + b  _ K 2 J r y / A r P -  1
M b MO

where p =  2(7/ +  1) and A =  jZj >  0. N ext we calculate rr (i). The equation r cn{rc) =  

K  im plies th a t

« r^ +1 =  K.

Consequently, we determ ine th a t

' ^  =  ( + ) ' ■

In  order to  evaluate the integra l in  equation (119), make the change o f variables

v2 =  A r v.

Thus, i t  is obtained th a t
dr 2 du

r  pu

We note th a t

v i r c( 0 )  =  V ^ ( r r( 0 )^  =  ---  =  1-a

w ith  d(1) =  y/A. Using these substitu tions, equation (119) becomes

0(0 = ~ f  — / =  ~ arcsec(i>)li'/^  =  — -—  arcsec ( — r 'i+ip j  v V ^ ~ i  p v ;|1 r / + l  \ R
a

, (120)
'•r(l)
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where we note th a t rj ^  — 1. Therefore, i t  is discovered th a t

6(0
1

r j  +  1 

1

arcsec | j  -  arcsec i ~ ^ rr + l

ev

1

T j +  1
arcsec

  arcsec ,
Tj+  1 V K

-  arcsec.(l) 

( 121)

I f  we have th a t

n(r)  =  rib, 0  <  r  <  b;

^  b <  r  <  a,n r 1

by co n tin u ity  a t r  =  h,

As a resu lt, i t  is found th a t

a  =  ribb n.

n c \  1 I  1>bWf?) =  — —7 arcsec
7 7  +  I Kbn

Therefore, we determ ine th a t

=  2 i — 7r H------------arcsec ( ——
W  // +  1 V Kb*

D iffe re n tia ting  equation ( 121) w ith  respect to  i, we see th a t

( 122)

(123)

(-)'(,:)
1 1

-  a  cot i. esc 1
1 COS I

V +  1 yjn2 ~  K 2

A zero-order bow exists i f  Q'(i)  =  - 1 .  Hence, for the refractive index pro file  in 

equation (118), a zero-order bow exists i f

cos ic

\ / a 2 -  s in2 ic
( ' / + ! ) .

cos2 ic =  (?/ +  1)2(« 2 -  sin2 ir) ,

1 -  sin2 ic =  (?/ +  l ) 2n 2 -  (7/ +  l )2 sin2 ir , 

1 -  (rj +  l ) 2a 2 =  sin2 q .( l -  (rj +  l ) 2),

1 -  (7/ +  l ) 2a 2
sin tc

sm i r

1 -  ( 7/ T  l ) 2 ’

/ 1  — ( r j  +  l ) 2a 2

/  l - ( h + l )2 ’
(124)
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where rj ^  0. From  the ca lcu la tion o f © '(*), we require th a t a 2 — I\ 2 >  0 so th a t 

0 '( i )  €  R. Thus a 2 >  K 2 which im plies th a t a 2 >  1. Because o f th is, we must have 

th a t a  >  1 or a  <  - 1 .  However, due to  the equation o f rc(i) and the assum ption 

th a t ft >  0, we m ust have th a t ft >  0. From the firs t line o f equation (124), since 

ic G [0.005, | ] ,  we m ust have th a t 77 +  1 >  0. So rj >  - 1. There are now two cases to  

consider:

Case 1: —1 <  r; <  0.

Then (rj +  l )2 < 1 and so 1 — (rj +  l )2 >  0. From equation (124), we m ust have 

th a t 1 -  (r/ +  l ) 2o;2 >  0. So we have th a t f t2 <  . Hence <  o <  Also

from  equation (124), we require th a t

1 — (?7 +  l ) 2f t2

i - V i r  £  L  (125)

Since 1 — (77 +  l )2 >  0, equation (125) te lls  us th a t 1 — (77 4- l ) 2f t2 <  1 — (77 +  l ) 2. As 

a result, (7/ +  l ) 2 -  (77 +  l ) 2f t2 <  0. Thus (77 +  1)2[1 -  f t2] <  0. Hence f t2 >  1, which 

results in  e ither « >  1 or a  <  —1. We already know th a t we cannot have a  <  — 1. 

As a result, on ly  cv >  1 is allowed. Sum m arizing, i f  —1 <  77 <  0, we must have th a t

 “ “ t  <  ft <  (126)
77+ I  77+ I

ft >  1. (127)

Case 2: 77 >  0.

Then (77 +  l )2 >  1 and so 1 -  (77 +  l )2 <  0. U tiliz in g  the res tric tion  in  equation 

(125), wc must have th a t 1 — (77 +  l ) 2a 2 >  1 -  (77 +  l ) 2. Hence we require that. 

(77 +  l ) 2[ l  — f t2] >  0. Thus

ft2 <  1,

which results in  the inequa lity

- l < f t < l .  (128)

However, in  order to  avoid im aginary numbers in  the deriva tive  o f 0 (? ) and the 

ca lcu lation o f r c(i),  we require th a t ft >  1. Since equation (128) contrad icts th is 

requirem ent, a zero-order bow cannot exist when 77 >  0. As a result, a zero-order 

bow is possible on ly for Case 1 where we have th a t - 1  <  77 <  0.

We give the p lots o f equations (118) and (123) in  Figures 19 and 20, respectively, 

w ith  ft =  |  and 77 =  The s in gu la rity  a t r  =  0 o f equation (118) in  F igure 19 is 

c learly visible. For the given values o f a  and r j , a zero-order bow exists a t an angle 

o f incidence o f approxim ate ly 0.84 (or 47.87°).



61

4.5

3 5

0.5

0.2 0.4 0.6 OB
T
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Fig. 20. P lo t o f equation (123) w ith  a  =  |  and ?/ =
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CHAPTER IV

WAVE APPROACH

IV .l  INTRODUCTION

In  th is  chapter, the wave approach to  electrom agnetic scattering w ill he con

sidered. In  the previous tw o chapters, we considered the ray approach where ligh t 

is described using ray considerations. W ith  regard to  the wave approach, lig h t is 

described by assuming th a t i t  takes on a wave form . O ur m ain goal in th is  chap

ter w ill be to  determ ine the leading order estim ate o f the far backscattered field 

a t short wavelengths for an electrom agnetic wave for a p a rticu la r re fractive index 

profile. The far backscattered held a t short wavelengths is also known as the high- 

frequency backscattered held. The far backscattered held is given by an in fin ite  

series which converges slow ly a t short wavelengths. The W atson transfo rm ation  w ill 

be employed to  speed up the convergence o f th is  series by converting the series to  

a contour in tegral. Once th is  is done, the rad ia l eigenfunctions w ill be derived for 

helds o f m agnetic- and electric-type. These eigenfunctions are necessary in  order to 

calculate the asym ptotic  expansions for the transverse electric (T E ) and transverse 

m agnetic (T M ) modes. Once these expansions are obtained, the M ie solutions [6], 

[7] w ill be calculated which w ill allow for the de te rm ina tion  o f the high-frequency 

backscattered held. Tw o cases w ill be considered where in  one case the leading order 

estim ate o f the high-frequency backscattered held may be determ ined.

Consider an incident plane electrom agnetic wave propagating in the positive 2 

d irection  w ith  the free space wavenumber A:, whose e lectric vector

has u n it am p litude  and is polarized in  the d irection  o f the constant u n it vector e. 

We note th a t k =  where A is the wavelength.

The inc ident plane wave given by equation (129) produces the far backscattered

E .nr. (129)

fie ld (which corresponds to  a linear com bination o f outgo ing spherical waves) [22]

(130)
71— 1
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where [22]
il>'n(ka)  -  M nrpn(ka) 

Cn(ka) -  MnCn(ka) ’

i>'n{ka) -  AInij)n(ka) 

Q (ka )  -  AInC,n(ka)
(132)

(131)

(134)

i =  \ f —T, and the prim e indicates d iffe ren tia tion  w ith  respect to  the argum ent. The

functions ij>n(ka)  and Q (ka )  are the R iccati-Bessel functions. I t  should be noted th a t

chapter, n w ill represent the separation constant . The refractive index profile  in  th is 

chapter w ill be denoted by the function  R(.r ) .  The functions A /„ and M n are known as 

the transverse electric (T E ) and transverse m agnetic (T M ) modes, respectively. W ith  

respect to  the T E  modes, there is no electric fie ld in  the d irection  o f wave propagation. 

In other words, there is only a m agnetic fie ld in  the d irection  of wave propagation. 

As a result, the; functions Sn(x) appearing in the firs t equation o f equation (134) 

are known as the rad ia l eigenfunctions for fields o f m agnetic-type. On the other 

hand, w ith  regard to  T M  modes, there is no m agnetic field in  the d irection  o f wave 

propagation. T h is  means th a t on ly  an electric field is present in  the d irection  o f wave 

propagation. Because o f th is, the functions Tn(.r) appearing in  the second equation 

o f equation (134) are known as the rad ia l eigenfunctions for fields o f e lectric-type. In  

order for the leading order estim ate o f the far backscattered fie ld to  be calculated for 

short wavelengths, the M ie solutions which are given by equations (131) and (132) 

must be determ ined. Before th is  can be accomplished, the asym pto tic  expansions 

for the T E  and T M  modes must be calculated using equation (134) which requires 

the de term ina tion  o f the rad ia l eigenfunctions for fields o f magnetic- and electric- 

type, respectively. We note th a t x — f  is the rad ia l distance from  the center r  =  0 

o f the sphere, norm alized to  the radius r  =  a o f the boundary o f the sphere. The 

rad ia l eigenfunctions S ^ \ x )  and T ^ ( x )  are those pa rticu la r solutions o f the rad ia l 

d iffe rentia l equations

the n th a t appears in  equations (130)-(134) is not the refractive index profile. In  th is

(135)
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and

" C M  -  T»  +  l l ^ R I ’ O]2 -  =  O. (136)

where fi.(x) is the refractive index profile  o f the sphere. We note th a t the radia l 

e igenfunctions are fin ite  over the in te rva l 0 <  x <  1 for the refractive index profiles 

we w ill consider.

IV.2 PROFILE 1

Consider the wavenumber (from  [21])

m (r) =  T T ^ '  (137)

where

m (r )  =  k n ( r ),

k: is the free space wavenumber, and h(r )  is the refractive index in  term s o f r. Let

. t  =  t  ( 138)

and

b0 =  d~a (139)

so th a t we can w rite  equation (137) in  term s o f x:

r - 1 <1 _ l  - 2 _ 1  a _ ia0 [xa\ 2 a0a 2 x  2
m i x ) =  ---------------  = ------------------- .

1 +  xa 1 +  xn

The d iffe rentia l equations from  [21] and [22] must, coincide in  order to  connect the 

analysis from  these two papers. In order for the d iffe rentia l equations from  W estcott 

[21] (which are in  term s o f r )  and Uslenghi and Weston [22] (which are in  term s of 

x ) to  coincide, we must have th a t

a0 =  Cokal ~ i , (140)

where c0 is a constant. We note th a t in  [22] cq =  2. Using equation (140), i t  is 

determ ined th a t

kR(x) = Ĉ xlt = m(x), (141)
where i t  is noted th a t in  [22]

Df \ , 2n i x )  — --------------- and a  — — ,
l  +  .r'* do
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where co =  2 in  [22] and d0 is any positive real constant. In  A ppend ix  D, we show 

how to  relate the d iffe rentia l equations from  [21], which are in terms o f r, to  the ones 

in  equations (135) and (136), which are in  terms o f x. Consider the re fractive index 

profile  given by

R(x)  =  (142)
v ' 1 +  x °  v ’

IV .2.1 Converting the Sum to a Contour Integral

The high-frequency backscattered fie ld th a t is given by equation (130) converges 

extrem ely slow ly in  the lim it  ka ->  oo, in  o ther words, fo r short wavelengths. As a 

result, we w ill u tilize  the W atson transfo rm ation  which replaces a s low ly converging 

series w ith  a contour in tegral. Th is  in tegra l converges a t a much faster rate than  the 

series. Let

do =  ~ .  (143)
o

I f  we consider u — n +  |  as a com plex num ber, then, using equations (143) and 

(151), 7 _ has branch points a t v =  ±  — y/do — 1 and 7+ at u =  ± t — . As
« 0  ( In

a result o f the location  o f the poles o f the integrand, we choose the branch cuts in 

the complex u plane along the real axis between — -  and + - .  A long  the im aginary

axis, we choose the branch cuts between —i ^  and +?' . Now we w ill
do do

replace the sum m ation in  equation (130) w ith  a line integra l taken along the clockwise 

contour C  o f F igure 21, which encloses those poles o f the integrand th a t are located 

at v =  p +  - ,  where p is a positive integer.

B y fo llow ing a transfo rm ation  o f the type o f W atson’s, the line in tegra l along C  

is replaced by the sum of:

•  A  line in tegra l whose contour consists o f a pa th  C’i extending from  the fou rth  

th rough the firs t to the second quadrant, plus the arc o f a circle o f large radius 

w ith  center at v — 0 extending from  the second through the firs t to the fou rth  

quadrant, and

•  A  residue series due to  the poles o f the integrand which lie in  the firs t quadrant. 

The contour C i crosses the real v axis between -  and ^  and the im aginary v axis

above + i — _ avoiding the branch cuts. The result obta ined thus far is s till 
do
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Im v

- 1/2 1/2 3/2 5/2 7/2

j

M = M

Fig. 21. Contours o f in tegra tion  in  the complex n plane, where a description o f C 
and C\  can be found on the previous page and a descrip tion o f ( ' 2 can be found on 
page 93.

exact. Hence, upon using the W atson transform ation , we determ ine th a t the high- 

frequency backscattered field is given by

ni k r  | ^  t

Jd/;, ((/0A;a 1). (144)E b.H. . e f  v (  

2k r  J  cos txv \

In  F igure 21, we show the branch cuts and the contours th a t we w ill use to  evaluate 

equation (144). The qu a n tity  ( a u_ i - 6 „ _ i )  in  equation (144) must now be evaluated

for O (ha) where c is an a rb itra r ily  sm all positive number. Before th is  can 

be accomplished, the rad ia l eigenfunctions for fields o f magnetic- and electric-type 

m ust be calculated. Then, the asym pto tic  expansions for the T E  and T M  modes 

m ust be determ ined. Once th is  is done, the M ie  solutions can be evaluated and, as 

a result, the high-frequency backscattered fie ld can be calculated.
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IV .2.2 Radial Eigenfunctions for Fields of M agnetic-Type

F irs t consider fields o f m agnetic-type. From [21], the rad ia l eigenfunctions for the 

re fractive index profile  H{x)  in  equation (142) are given by

u(r)  =  [6(, r] (<2~ , (1 +  b0 r a) % 2 (a, 6; c; - 6 0r Q),

where 2/q (a ,6 ;c ;z )  is the hypergeom etric function . W rit in g  th is  in  terms o f x and 

renam ing the function  5 ^ ( x ) ,  i t  is found th a t

where [21]

b — 2 c ^  ^  ^  ^  — u -H 6 — c +  1,

and [21]

b =  i - I ( 2 n  +  l ) V 2,

M  =  - a f o V - 2,

N  =  - a f c ' a - 2.

These tw o sets o f equations w ill be used in  order to determ ine the constants a, b, 

and c in  the hypergeom etric function  in  s l^ ( x ) .  U tiliz in g  our values for an and ba in 

the second set o f equations for L, M,  and N, we see th a t

L =  -  -  — ( 2/ i  +  l ) 2o  2,

M  =  —c2)k2o2~ahaa ^ 2 =  ~ (c 0 ka)2a ~2,

and

N  =  - ( c 0 ka)2 a ~ 2.

We now determ ine the constants a, b, and c o f the hypergeom etric function . Solving 

the equation th a t relates L to  c,

c2 -  2c +  4 L =  0,

yields th a t

2 ±  2 > /l - 4 b  .------------------ ,------ --------------------
c =  -------- —----------  =  1 ±  \ / l  -  4L =  1 ±  v/1 -  1 +  (2n +  l ) 2o - 2
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2 K  1 \ 2 . 2

=  1 ± « i { n + 2 )  = 1 +  a " ’ ( H 5 »

where v =  n  +  We are now interested in solving for A since A relates the three 

constants o f the hypergeom etric function  by the equation A =  a +  6 — c + l .  To th a t 

end, solving the equation th a t relates A to  M,

A2 -  2/1 +  4 A/  =  0,

im plies th a t

2 ±  2 \ / l  -  4A/
/ l  =  ----------------------- =  1 ±  y j \  +  A(c^ka)2a  2 =  1 — \ / l  +  (2cokaa 1)2, (T16)

where we have taken the m inus sign in  (146). From  the equation ,4 =  a +  6 — e + 1  

and equation (145), i t  is found th a t

2
b =  A — a +  c. — I — A — a —  u.

a

M u lt ip ly in g  bo th  sides o f the equation N  =  ^c A — ab by 2, using the above equation 

for b, and rearranging terms yields

2
2N  =  cA — 2ab — cA — ‘2a(A — a H— u)

a
2

=  2a2 — 2a(A H— u) +  c.A 
a

=  2g2 -  2a[c -  y / l  +  ( 2 ck)k a a ~ i )2] +  cA.

Then i t  follows th a t

2a2 -  2a[c -  y / l  +  (2coA:aa-1 )2] +  c.A +  2(cokaa~ 1) 2 =  0.

Th is  equation is a quadra tic  equation in  the constant a which is read ily  solvable. As 

a result.

c — y j \  +  (2 cokaa 1 )2

^  yj[c. -  y / l  + (2coknn l )2]2 -  2[cA + 2(r0A:arr *)2] 
±  _  _

— - 1 c — \ / l  +  ( 2 c.nkaa~ 1 ) 2 ±  y/c2 — 2 c +  1 

1
- {  c -  yJ\ +  {2 cQkaa  *)2 ±  \ / ( c -  l ) 2
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=  ^  j c  -  a/1 +  (2cokaa  ‘ )2 +  c -  1 

=  c. -  ^  -  -  \ / l  +  (2c0A;tt«-1)2

= l  + - i / - ^ -  ^ / " l  + (2c0M a - 1)2 
a 2 2

1 -  \ J \  +  (2cokaa  ' ) 2
2

+  - v .  
a

Let

1 — \ / l  +  (2<:0A;dft ' ) 2 

Then the constant a is found to  be

(147)

a =  ,4 H v.
a

A
We note th a t . Thus, we determ ine th a t the constant b is given by

«. „ 2 a A 2  2  A Jb =  A — a H— i/ =  A -  —  H— /; =  — = , !
« 2 a ft 2

I t  is noted th a t

(148)

(149)

1 +  (c -  l)o
1 /  2
-  1 +  - i/o ;
2 \ ft ^ ( l  +  2 0 - ^ + l

Therefore, the rad ia l eigenfunctions for fields o f m agnetic-type are given by

S i l ) (:x) =  x * H ( l  +  .x-“ / 2F .(/i +  — //. d- 1 +  - / ) .
ft- ft

(150)

IV .2.3 Radial Eigenfunctions for Fields of Electric-Type

For fields o f electric-type, the rad ia l eigenfunctions for the re fractive  index profile 

R(x)  in  equation (142) are given by [21]

u{r)  =  [6nu r ] _±V J- ( l  +  bor01) 2" ^ 1 2Fi(n, c -  b; c; - b 0 r n).

W ritin g  in  terms o f x =  ? (and recalling th a t bn =  a ° ) ,  we obta in  th a t

u(x) ■= x 2 (1 +  xn) 2/4 (a, c -  b] c; —x ° )
( r - l ) u f u - l  2 - a  . a  -  h \

=  x 2 (1 +  (1 +  xn) 2 Fl (a, c -  b;c.; - x a )
2  -  a  . ( c  1 ) q  f a  1 , n -  b  -  1

=  x 2 (1 4- xa)x 2 (1 +  .ra ) ~ 2F j(a , c — b;c; —x a)
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=  c0 [R ( x ) ] - 1T W (x ) ,

where

T^l \ x )  =  x 2 ( l  +  x ° )  2 2^1 (a, c -  b; c ; - x n)

and the equations for the constants L, M,  and N  which determ ine the constants a, 

b and c in  the hypergeom etric function  are now given by [21]

L = l- a ~l - \ { 2 n +  l f a ~ 2 
2 4
1 - 1  2 - 2  =  - a  -  v a  .

M

1 - 1  2 - 2  —  a  — v a  
2

and

N  =
1

a(A) a--2

ao^o 1 -  2 ^ a

(('oka) 2 -  2 v2 ft

Let

2 v ft <> 
Then the equation th a t relates L to  c,

c2 -  2 c +  4 /, =  0,

im plies th a t

/----------  /  v2 2 /  2 4
c =  1 ±  \ / 1 — 1L =  1 +  \ /1  +  4 —  =  1 +  i / l ----------1— - vl

V f t 2 f t

=  1 +  27_.

Also, the equation th a t relates A to  M,

,42 -  2/1 +  4 4 / =  0,

im plies th a t

2 4
/ l  =  1 ±  y / l  -  4 4 / =  1 +  W 1 4-------1— - i / 2 =  1 +  27+.

(151)

(152)

(153)
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We have th a t

b =  A — a +  c — 1 =  1 +  2 j + -  a +  2y_ =  1 — a +  2(7+ +  7 - ) .

Then it  is discovered th a t

2N  =  c.A -  2ab =  cA -  2 a [l -  a +  2(7+ +  7 _)] 

=  2a2 -  2a [ l  +  2(7+ +  7_)] +  cA.

Thus, we find  tha t

2a2 -  2a [1 +  2(7+ +  7 , ) ]  +  cA - 2 N  =  Q.

Hence, i t  follows th a t 

_  2[1 +  2(7+ +  7 - ) ]  ±  2 \ / [ l  +  2 (7+ +  7 _ )]2 — 2(cA -  27V)

1 +  2(7^ +  7_) ±  \ J -1  +  4 (7+ +  72 ) -  la  2[2a2 -  (c0A:d)2]

1 +  2(7+ +  7 _) ±  \ l  - 1  +  2 +  — v2 -  — i/ 2 +  ~ ( c ()ka ) 2
a z a* <r

=  7 +  +  7_  +

=  7 +  +  7 _  +

=  i3 +  7_ +  74

1 -  \ / f  +  -^{( 'oka ) 2

1 — +  (2<+)A:da *)2

where we have used equation (147). As a result, i t  is obtained th a t

b =  1 -  3 -  ( 7 _  +  7 + )  +  2 ( 7 _  +  7 + )  =  1 -  ,3 +  7 _  +  7 + .

We note th a t

-  (ca -  1) =  -
2 J 2

K  , , 1-  (a — 6 — 1) =  -
2 v 1 2

a  1
(1 +  27_ ) a  -  1 =  a7_  +  2 “  2 ’

+  7 +  -  1 +  3 -  7 _  -  7 +  -  1

and

(154)

( 155)

c . - b = l  +  2 7 _  -  1 +  / I  -  7 _  -  7 +  =  / I  +  7 _  -  7 + .
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Therefore, the rad ia l eigenfunctions for fields o f e lectric-type are given by 

T ^ ( x )  =  xa-< + ? 4 ( i  +  xa f - l 2 F x(0  +  7 -  +  7 * , 0  +  7 -  -  7+; 1 +  27 - ;  - x ° ) .  (156)

IV .2.4 A sym ptotic Expansions for the TE M odes

We w ill now use the expression for the  rad ia l eigenfunctions for fields of m agnetic- 

type given by equation (150) to  calculate the asym pto tic  expansions for the T E  

modes. To th a t end, we must determ ine M n which is given by the firs t equation of 

equation (134). F irs t, we must ob ta in  an expression for the deriva tive  o f the rad ia l 

eigenfunctions fo r fields o f magnetic-type. D iffe ren tia ting  equation (150) w ith  respect 

to  x yields th a t

s P 'M  =  x - n ( i  +  z Y 2F' {;i +  ° " ; 0 ' \ +
d(-

+ a/hr,* -1xi,+ 5( 1 + x Y ~ ’ + ( v  + \  )xv_3(l + x ")»

x 2 p i ( 0  +  /I; 1 4---- v \ —-r ‘*)cv cv

- x " “ 1.r,y+5 ( l +  x a)/i , , 2 "2^1 (;4 H— v +  1, / i  +  1; 2 H— n; —x")
1 H— v a  a

+  x ' ^ ( l  +  x af 2 F 0 0  +  - u ,  0; 1 +  - v ;  - x ° )
a  a

a 0 xa 1 n +  1 +  _ -
1 +  xa x

Then i t  follows th a t

S n ] (x)

S l l)(x)

a 0 x°  +  (1 +  x a)(v  +  1)

x(l
0 0 ( 0  - f | n ) ^ (>_1 2 F \ ( 0  +  +  1, 0  +  1; 2 +  - x " )

1 +  TV 2 F X(0  +  ~v,0 \  1 +  - v \  - x a )

U tiliz in g  th is  in  the firs t equation o f equation (134), we find  th a t the T E  modes 

are given by

M n =
ka

a 0 +  2{v +  5) oi0(0 +  ^ n )  2 F \ (0  +  +  1, 0 +  1; 2 -f - 1 )

2 1 +  - v  2 FX(0  4- -v ,  0\ 1 +  — 1)

1 +  a 0  +  2 v a 0 ( 0  +  ^v)  2 FX(0 +  U ^  +  1; 2 +  —1)

2 ka ka( l  +  l v )  2 F 0 0 +  %v,0 \ 1 -fi \ v \ - 1)
(157)
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The hypergeoinetric functions in  equation (157) can be expressed in  term s o f gamma 

functions using the fo llow ing form ulae from  the D ig ita l L ib ra ry  o f M athem atica l 

Functions:
, T { a - b +  l ) T U a +  1)

2F 1( a , 6 ; a - 6  +  1; —1) =  - -   , j— t , (158)
1 (a +  1)1 (^n  — o + l )

2 Fl (a,b] c:z) =  (1 -  z Y ^ F ^ a .  c -  6; r; (159)

and

^  1 1, 1 \  2 ^ ( \  1,
■2F, U k ^ a + - b + l - , - j  -  _ r ( !

For 2 z ^  0 , - 1 ,  - 2 , . . . ,

Using equation (161), wc ob ta in  th a t

£
r (~  +  l )

F irs t consider
2 2

2 F,( / j  H //, /j; 1 H— //; - 1 ) .
cv a

Since
2 2

H— v — ,1 +  1 — 1 H— v, 
cv o

from  equation (158), i t  is found th a t

2 2 , F(1 +  * v ) r ( B- &  +  i )
■iFi(ii-\— i/, ,1; 1 H— i'; - 1 )

cv cv

Let

Then i t  is discovered tha t

and

F ( , J + 2 „  +  i ) r ( ^ - ; *  +  ! )

r(i + I ” ) r(| +  i +  l- v )  

F ( l  +  ^ - f ) F ( ^ + l  +  ^ ) '

2

2
1 +  — iv +  ,i  

cv

1 ^ , 1
+  ^  =  +  +  1 +  - " ■ 2 2 cv

(160)

r ( 2c )  =  - ^ 2 2s- 1r ( 2) r ^  +  l ) .  ( ie i )

. x J F 2 x ~ 2 z T ( 2 z )

1 ( - )  =  V r /  , A ■ (162)

(163)
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2 2
Thus for 1 4— u 4- / i  /  0. —1, —2, . . .  (i.e. — v ^  - 1 ,  - 2 ,  - 3 , . . . ,  using (162), we find 

a a
th a t

r d  +  i  +  i r , )  0 F 2  

1+  +  1 +  +
=  \ Z tt2

- p~ 1

i + p ' + 0
2

Therefore i t  is obta ined th a t

(164)

2 , ,  , 2 „  V «  "  = T ( 1  +  ^ )
2 n ( i»  +  1 +  - 1 )  = ------------------------

a a
r < i +  +  - f ) r

1 + -I/+4
(165)

Now consider
2 2

2W H — ^ 4  l j /d +  1; 2 H— rq — 1).
ft o

Using equation (159), we see th a t

2/ q ( / f  4  - u  +  1. 4  1; 2 4  — tq - 1 )
o  ft

2 ‘ 2+1 ( ^  4— ^ 4  1,2 4— t/ -  Ai  -  1;2 +  — n; ^ )
ft

2 1,
/? l(T  _| ,y + 1 , 1 - 1  ;y — d ;  2 4----------- )

ft ft ft 2
(166)

Since

-  f  T 4— t' 4- 1 )̂ 4- ^  (1  4- —v -  l i )  4  1 =  2 4- —i/,
2 \  a  /  2 \  a  /  a

upon using equation (160), equation (166) becomes

2 2 
2/q(/4 4— v 4- 1. ,3 4- 1; 2 4— v\ - 1 )

l i  4— ^ 4 1  — 1 — - v  +  J  Vr r  rv ~  \

1

Lr i ( l 4 ^ - / f ) 4 i

(3 +  ^ + 1 )  +  ^ r

=  2 ■" -1 v/~ r f 2 . 2 n
a

r 1+" 1/+a ' r ( i  4  i ; /  -  f )  r ( i  f  >  +  f ) r /

(167)
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Hence, i t  follows th a t

2 ^ i( / j  +  M  +  1; 2 +  hr ,  - 1 )  

2^1 (P +  1 +  - 1 )

1 r(2 + ^)
V r(i + &)

P/1 i I , i \p  /  l + —
n i  +  ^ - ^ r  - i —

r ( i  +  i "  +  | ) r

(168)

From  the re la tion

it  is found th a t

r ( c  +  1) =  zT{z),

r ( 2 h— ^  f i  +  — ! 2 ^ r f i  +  — i/
( t  )  \  rv /  \  rv

and

r |  l  +  l j / -  1
a  I

r i  i  +  ■!■!/ +  ^
CV I

1 ' A r f 1 tj—v -  — r  —// —
cv 2 /  \  cv 2

1 , ^ \ r f 1 ^— iv H—  T —u H—  
cv 2  \ n  2

(169)

(170)

(171)

Using equations (169)-(171) in  equation (168) yields th a t 

2^1 (3  +  +  1, ,1 +  1; 2 4  y - 1 )  1 +

' iF\{P +  f  3'i 1 +  ■~v, ” 1) 23
l  -

( U  +  | ) r ( U +  l ) r

(172)

Upon u tiliz in g  equation (172) in equation (157) gives us th a t

M.._,  ^ r l T +  « , l  +  2|.  i
"2 2 ka 2  ka 2  ka

i  i » ( > - f ) H ^ - f ) r ( ^  +  ^ )  

2fc« fc« r ( > + | ) r ( i « /  +  ^ )

1 f .  a ( ^ - / i ) r ( I n - f ) r ( i n - f i ^ )

(173)

2k: <
1 +

Let

and

r (^ + f )r (^  + ¥ )

A =  —v — 3 — d.Qis — 3 
a

B =  —v +  3  — do u (31 
cv
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where equation (143) lias been u tilized . Then we see th a t

M  , =  —  +  a"
"■2 2Jfcn|

We have the fo llow ing form ula:

^ ( z  +  q )  ^  a - b  y  Gk(a, b) ^  b 
F(z +  6) ^  zk

where

r 1 f n fo) C l i n c h )Go (a, 6)3 I-------- -—
7 7̂

+ 0 (+

r?o(«- ft) =  1

G ^a .b )  =  ^ (a  -  6)(a +  6 - 1 )

G 2(a.6) =

I t  is noted th a t
/  I  \  /

A: j =  \  k j  22k(2k -  1) 

We also have the fo llow ing formulae:

—n +  k — 1 

k

3(a +  6 — 1) — (a — 6 +  1)

( - 1 ) * » <  0 and A: >  0

and

T r l l ^ - pj =0 v F

Then i t  follows th a t

1

2!2! 16(3) 8

and

F irs t, consider

3

8 '

r ( ^ )  

n f ) '

) , (174)



77

For th is  quotien t o f Gam m a functions, a. =  -  and 6 =  0. Then, using equation (174), 

we ob ta in  th a t

r ( ^ )

r(f)
Z. ) n  + + ----------  V /b \ 5
~2

B
2

/ i v  f  l

1 _ 4B +2

1

w i v - h  
_ . l ' '  8 A  4'
4

1 1
+

4 B 32 B 2
+  o ( / r 3

( f )2

f O ( / r :!)

Thus i t  is discovered th a t

r ( ^ )  

r ( f )

In  a s im ila r fashion, we find th a t

+ 0(/r3)

1 ‘  4^ + 3^  + 0(""3) (175)

J W _
r ( ^ ) 1 +  T A ' d v + 0 { A " } }

(176)

Hence, com bining equations (175) and (176), i t  is found th a t

+  W  32W  -  575 +  ^  +
(177)

Therefore we determ ine th a t

2 2&« I (/q 1 +  i7 i  +  3 2 7 P + 0 ( / '

where
2 2

/I =  v — j'i ~  /I, / I  “  —/ / " , 1  ~  do?/ -f- ( i.
o  o

We note th a t (178) is valid provided th a t

|v4| »  1, |/?| »  1.

(178)

(179)

(180)

As a consequence, the asym pto tic  expansions for the T E  modes are given by

A /„-4  ~  I 1 " "  ■ W i - i K * * ) "

i f  u \  2 — d0 — 4i / , , x _2

+  2 V fca 1 + 16</q
:(Afi)-



IV .2.5 Asym ptotic Expansions for the TM  M odes

Wo w ill now use the expression for the rad ia l eigenfunctions for fields o f electric- 

type given by equation (156) to  calculate the asym pto tic  expansions fo r the T M  

modes. To th a t end, we must determ ine M n which is given by the second equation o f 

equation (134). F irs t, we must ob ta in  an expression for the derivative o f the rad ia l 

eigenfunctions for fields o f e lectric-type. D iffe ren tia ting  equation (156) w ith  respect 

to  x yields th a t

T/Z^x) = Za7- + 5-5( l  + xa)/3_1

x < h F { 3  +  7 -  +  7+: J  +  7 -  -  7+; 1 +  2 7 - ; - : r n) 
d { - x " )

+  a { 3  -  l ) x a- ‘ ( l  +  xa) 0 - 2 xny

O:
( i  +  x ' 7 ' - 1

+  ^ -  +  2 " 2  *

X z W  +  7 -  +  7 + , , l +  7_ -  7+; 1 +  27_; - : r ° )

a { f t  +  7 _  +  7 + ) ( / l  +  7 _  -  7 + ) x '

x 2F i( / j  -F 7_ +  7+ +  1, /I +  7_ - 7+ +  1;2 +  27 _ ; - x " )

' c t ( 3  -  l ) x n  1 « 7 _ +  ?
+  —2— 1 +   1

1 +  xa x

x 2 F i ( 3  +  7_ +  7+, /I +  7 -  -  7+; 1 +  2 7 -; -J-'")

a ( f i  +  7 -  +  7 + ) ( / f  +  7 _  -  7 + ) x a  1 

1 +  27_

X 2F) ( d +  7_ - f 7+ +  1, / i +  7 _ -  7+ +  1; 2 +  27_; - x n) 

a ( , d - l ) x Q +  [a7 - +  f - | ] ( 1  +  x t4) ‘
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Then we see th a t

T,[l)'{x)  =  a ( f f  -  l ) x Q +  [a 7_ +  f  -  1](1 +  xa ) 

Tt[1)(x) ~  x-(l +  x n)

(,i + 7_ + 7 +){)3 + 7_ - 7+).ta

1 +  2  7 _  

X  2^ i ( / l  +  7 -  +  7+  +  1, ,1 +  7_  -  7+  +  1; 2 +  27- ;  

2 ^ 1  ( / ?  +  7_  +  7+ ,  J  +  7_  -  7+ ; 1 +  27_ ;  - z Q )

Using th is  in the second equation o f equation (134), i t  is found th a t the T M  

modes are given by

>  -  1 +  2 7 -  +  1 -  £
Mr, = a<

2 ka

"  P  + 7-)2- 7l]
ka (1 +  27_)

x 2̂ (/j + 7- + 7+ + U/? + 7- - 7+ + U2 + 27̂ ; - 1) 1 
2F i { P  + 7- + 7+,/? + 7- - 7+; 1 + 27-; - 1) J

Let
p  _  2Fi(;j + 7- + 7+ + 1, j  + 7_ — 7+ + 1; 2 + 27_; —1)

2U1 { f t  + 7- + 7+,,l + 7_ - 7+; 1 + 27_; -1)
Then i t  is found th a t

m ,, =  „ ( + i 1 ± + l  +  1 + _ M ± 2 7 + + ! , , l  (182)
( 2 ka 2 ka Am(l +  27_) [ { ’

From  tiie  re la tion

2 F 1 (a, b; c; z) =  (1 -  z) a2 Fl (a. c, -  6; e; 7 7 7 -j-),

i t  is determ ined tha t

2F i( a ,6, ;c; - 1) =  2 a2/q ( r i,c  -  6; c; ^ ) .

Then we discover th a t

2/q ( / l  +  7 _ +  7+ +  1,/? +  7_ -  7+ +  1;2 +  27_; - 1)

= 2- ^ - +^ +,)2F1(,i + 7 -  + 7+ + 1 ,1 - /?  + 7 - + 7+; 2 + 2 7 - ; \ )

and

2 F ] ( / 1  +  7 -  +  7+,/? +  7 -  -  7+; 1 +  27^; - 1 )
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=  2 (/i+7- +7+)2F i(/?  +  7 _ +  7+ , 1 -  3  +  7 -  +  7+; 1 +  27+  ^ ) .

Thus we determ ine th a t

p  =  2 F ( / j  +  7 ,  +  7 +  +  1,1 -  3  +  7 _  +  7+; 2 +  2 7 - ;  | )

2 ■ 2/7 ^ +  7 _ +  7+. 1 -  3  + 7_ + 7+; 1 + 27+  1)

We have the in tegra l representation [20]

h F  Z-00
2F , ( M ; C ; - ) = : - ^ -  /  (184)

2 i ( A j  Jo

which is valid for

Re 2 >  Reh  >  0, Re A >  0. (185)

We w ill app ly  equation (184) to  equation (183). L e ttin g  6 =  /} +  7_ +  7+ +  1, A =

1 -  3  +  7 .. +  7+ . C  =  2 +  27_, h =  1, and 2 =  2 in  the num erator o f equation (183)

gives us th a t

2F i(d  + 7- +7+ + 1,1 - , j  + 7- + 7+; 2 + 27+ ^ )

2 l  --0 + 7 - -t-7f

r ( i  -  / i  +  7 _ +  7+) j  r - ^ +- V 2,1F,(f} + 7_ + 7+ + l;2 + 27-;0d*- (186)

S im ilarly , le ttin g  6 =  3  +  7 -  +  7 + ,  A =  1 — 3  +  7 _  +  7 + ,  C  =  1 +  2 7 _ ,  h =  1, and 

2 =  2 in  the denom inator o f equation (183) gives us the result

2F j (/? +  7 _  +  7 + , 1 -  3  +  7 _  +  7 + ;  1 +  2 7 + ^)

2 1 -0 + 7  + 7 f

r(i -  3 + 7- + 7+)
j  ,7-+7* + V F l ( 3  + 7 _ + 7 + ; l  + 2 7 + i)dt. (187)

0

U tiliz in g  equations (186) and (187) in  equation (183), i t  is obtained th a t

OO

j  p - + 7+ - / j p- 2 ( 3  +  7 . .  +  7 +  +  1 ;  2  +  2 7 _\t)dt

P = ~ -------------------    • (188)
2 ■ J  1 1 - + 'r* ~ l3(J~ 2t \ F i (3  +  7- + 7+i 1 + 27_; /)<■//.

0

iF i (a ]b ;z )  =  M (a ,b ,z ) ,
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which is K um m er’s function. We w ill also use O lve r’s function  which is denoted bv 

M  (a,b,z) .

We have the fo llow ing re lations from  the D L M F :

M (a ,  b, z) =  r(6)M (a, 6, z), (189)

M(a ,b .  z) =  ezM {b  -  a,b, - z ) ,  (190)

and

1 (1 b) ° °

M ( a , b , - z )  =  -  f  c - TTa- ^ J h_x{ 2 ^ ) d T .  (191)
1 («) J

o

C om bin ing equations ( 189)-( 191), i t  is obta ined th a t

M (a ,  6, z) =  ezM (b  -  a, 6 , - z )  =  e T (6 )M (6  -  a. 6 , - z )

r (6-

b)r (6 )

0
O C

j  r - V ^ fc- ,)-“ ./b_,(2N/H7)r/r. (192)
T ( 6  -  a )

o

Consider

1^1 +  7 -  +  7+ +  1; 2 +  2 7 0  =  M ( , j  +  7_ +  7 + +  1. 2 +  27_,/.). (193)

In  equation (193), a =  / I +  7 -  + 7 +  +  1 and b =  2 +  27_. We have th a t b — 1 =  1 +  27_. 

We note th a t

1 ( 1 - 6 )  = - i d +  27. ) ,

6 - o  =  2 +  27_ — If — 7_ — 7+ — 1 =  1 — .3  +  7_ -  7+,

^(6  - 1) - o = ^ (1  + 27_) - fi - 7_ - 7+ - 1 = -/I - 7+ - 

Consequently it  follows tha t

/ 1 °°
i F i ( / 3 + 7 _ + 7 +  +  l ; 2  +  2 7 _ ; t )  =  —  — — ^ \  [  <l T r  ^  7 +  2 4 + 2 7 - ( 2 \ f t r ) d T .

T (1 -  ( i  +  7 _  -  7 + )  7

(194)

Now consider

iF i( /3  +  7 _ +  7+; 1 +  27_; / )  =  4 /( /3  +  7 .  +  7+, 1 +



82

For th is  K um m er function , a =  / j + 7_ +  7+ and b =  l + 27_. We have th a t b - 1 =  27_. 

We note th a t

^ (1  - b )  =  —7 - ,

b -  a =  1 +  27_ -  J  -  7_ -  7+ =  1 -  [3 +  7 -  -  7+ ,

(̂6 - 1) - a = (̂27-) - /? - 7 - “ 7+ = ~ 7+-

Accord ing ly, i t  is determ ined th a t

rfi y 2-7 ) °f
1F1(/3 + 7- + 7+; l + 27_;t) = ———— =— / e"Tr ^ '1+ J27„. (2v/fr)dr. (195)

I (1 -  P +  7 -  ~  7+ ) Jo

The in tegra l representations in equations (194) and (195) are valid i f

fcd-|n|»l. (196)

Therefore we discover th a t

!o o  OO

f  t 1 ~+n ~ ' i e~2tel t ~1 dt  f  e Tr J 2 l _ ( '2y / t r )dT  
0 <)

Using th a t T(2 +  27_) =  (1 +  27_)T(1 +  27_), the above equation for P  becomes

{OC CXD k

f  P ' - f i - h - ' d t  f  c -W " '',' - ^ - 3 , / I+27_(2V/^ ) d r

~ 55  ----------- ^ ----------------------------------—  > ■ (197)
f  P*  - P ( ~ l d l  f  (;-'r T~/'i ~~'+ {2y/Jr)d.T
o o  J

In  equation (197), make the change o f variables

t  =  u2, r -  w2, (198)

where i t  is noted th a t dt =  2udu and dr  =  2wdw. Using these substitu tions, equation 

(197) becomes /  due-u2u ^ +~2li f  dwc~w2 w - 2̂ - 2ltJ i+2lA2u w)

P  =  | \  +  7 -  ) {  ^ ^   } ■ (199)
f  due~u2u2l+~2/3+1 j  dwe~u’2w~2~i+ ~2/’i+1 J27 (2uw) 
b 0
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Now we app ly  Som m erfeld’s in tegra l representation, which is given by

Jtl(2uw) =  i -  J dreltlT~2tuwSinr (200)

E

to  equation (199) where the contour E begins a t r  =  —n+ioo  and ends a t r  =  7r +  /oo. 

T h is  gives us th a t

J  due u «27+ 2)i  f  dwe w  w 27t 2f j  f  dre^1 + 2 l T̂ 2 t u w s m T
+  ^ 5   ■ (201)

'  '  J  dueru2u2̂ +~2'3+1 f  dwe~u’2U!^2̂ ^ 2>3+J f  dre2^ T~2 <««>si»r

o o  E

Consider the fo llow ing change o f variables

u  =  ' / k d £ ,  w  =  \ f k d i r j , (202)

where i t  is seen th a t dv =  \ fkbd£ and dw — \fkdxh], Using these relationships, the 

num erator o f equation (201) may be w ritte n  as
OO OO

J due-U\ l 2̂ ~ 2fi j  dwe-U'2u r 2̂ ~ 2a J rfr c '-(l + 27> - 2iu„,si„r

0 0 £
OO OO

=  ka J d ^ r khe( 2̂  -'2a{ k l i ) ^ - a J d n e - ^ ' r ' ^ - ^ i k d ) - ^ - *

o o

x J  (}Te‘{l + 2l - )t- 2ika£.,isut t

oo oo

=  (kd) l ~2(i j  (i£e- kh(-2+(2'<+-20)Xr‘t. J d j } ? - ^ 2- (2"H+'20) 'nT>

o n

x  j  ^ r f , i ( l + 2 7 _ ) r - 2 i:fc(‘g»/Kin r

=  {ka)1- 20 J drci { l+ 2 r)T j  df}e

£ n
oc

X  j  J p £ ~ fc''C -2tA .-<>{'/s in T +  (2->-t - 2 / } ) ln £

0

(203)

and the denom inator o f equation (201) may be w ritte n  as

E
OO

-fco7j2-(27 t +2/3) In rj

00 00

1  due “ V 7f 2 /m  I  dwe-w\ r 2̂ - 20+l ^  dre2'1 T 2iuw sin r
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OO 00

ka j  d t e - ki* 1Z2' " - 2l)+l(ka) ' '+-0+5 J d r /e ^ ’V 271

x j  dTe2n- T-2lk̂ T  
E

=  { k ' a f - 20 /  d re 2'7 '  /  ^ e- W - ( 2 7 ++2 /3- 1) inr,

OO

/ '
x  J  d£e 

0

-leap-lika r̂) sin t+ (27+ —2/3+1) ln£

(204)

Upon using equations (203) and (204) in  equation (201), i t  is obtained th a t

oo oo

/ ' d r ( + 1+27~ +  f  dr]e~k“T,2~~(2'y++20')luT, j (/£e- fc«U“ 2i*-'«£’7si|>T+(27+ -2tf)in£

P
5 + 7 -

I -  oo ° °
J” d r f i217 r J d//e_fĉ + _i27++2^ “"0 ,n7> J  (l£(’-kat,'2-2ikaf'rismT+{'2~l + -2/3+1) In £
E 0 0

(20,5)

(Aid) We can asymp-The result in  equation (205) is exact and valid fo r |i/| =  O 

to tic a lly  evaluate the integrals in  equation (205) by using the m ethod o f steepest 

descents. I t  is found th a t (where c0 =  2)

5 + 7 -
d n k d

1 - f tan f ( v ) l  +  0 ( —  J +  0
ka (ka)2

+  ( )
ka

(206)

where
r/ \ n 77 - 1 1
j y >  =  J ~  2 0 +  7I’7~ ~  2 arctan 2 '

Hence, the asym pto tic  expansions for the T M  modes are given by

1 ~  y  +  ta n / ( '" ) 1 +  0 1  - -  ) + 0
ka (Ad)2j

+ 0
kt

(207)

(Note: there is a discrepancy between the present deriva tion  o f results (181) and 

(206) and those in  [22], I have made m u ltip le  a ttem pts to  resolve th is, inc lud ing  

ge tting  in  contact w ith  bo th  authors, each o f whom  is now aware o f the discrepancy 

and hopes to  help me resolve it. For the present, however, the analysis w ill proceed 

011 the basis o f th e ir results being the correct ones.)
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IV .2.6 The High-Frequency Backscattered Field

We have calculated the asym pto tic  expansions for the T E  and T M  modes in  the 

previous two sections. We are now in  a position to  determ ine the difference o f the 

M ie solutions, given by an — bn , which appears in the expression o f the high-frequency 

backscattered fie ld given by equation (144). Once th is  is accomplished, we w ill be 

able to  achieve the m ain objective o f th is  chapter and determ ine the leading order 

estim ate o f the high-frequency backscattered fie ld for a specific value o f the positive 

real constant do- The Debye asym pto tic  expansions are used for the Bessel functions 

appearing in

(a „ i -  K - k ) -

In  pa rticu la r, for \u\ =  O

H l 'K k

(ka) +£ , we have tha t

a ~ ^ H 0 i | + 0
Trpka f  \ k a _ (kd ) \

a n d

where

H l iy (ka)
7Tpka

i +  O
v

ka
+  0 ( -  

ka

p =  exp I  ^  r .1 -  vi j 7ti/ H 2k a -------
2 ka

1 r r /  » \ 2i
l  +  O i — i + o

A A:« / .

(208)

(209)

(210)

We now calculate the integrand in  equation (141). F irs t, we note th a t

-(1 +  e -2'* " ) .COS HIS
2 2

The contour in tegra l in  the high-frequency backscattered fie ld is now given by

/  --------- ( « „_ i -  b \ \ dv =  2 /  -— -— -—  ( av_ i -  bv_ i )d i/, (dokd »  1).
J  cos 7r v \  2 " 2 J J J x ’

C l  C l

(211)

We have from  equations (131), (132), and using th a t v =  n +  -

U J, -  M n < l }n ( k a ) )  , tl>'n { k d )  -  M n d>n ( k d )
a,._ i -  o „_ i =  an -  bn =  — , — ■■■■■■■;■------1-------------------- --------------

Q (k a )  -  M n(,n{ka) ^ ( k a )  -  M n( n{ka)

[Mnj ’n ~  < ][C n  ~  ^nQn] +  [4>n ~  ^ W ’nHC ~  MiCn]

[C  -  A/„Cn][C. -  AU « ]
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=  ( M n -  M n)(lPnCn -  VnCn) 

( C  -  M n ( „ ) ( C  -  M n C n )  '

From equation (133), we have th a t

(212)

<j’n(ka) =  \  ^ - f n+ i (kn) , C„(^h)
uka

//<■> (*«)■

D iffe ren tia tion  o f these functions yields the results

and

c

7rA:a ,

n+; +
1 /7T

Thus, i t  is determ ined th a t

4>nC ~  4'nQn
nka

2 V 2

1 fn

(ka) 2 Jn ,

2 n+ 
nka

( i ) nka

2
nka

~ Y
nka

2 n-*- 5 q " n+ 2 ’ ” n+

d . . .  .n+5 n+±

2 n+2 "+2
( 1)

4 ' n+5 “ n+j

4 + i ^ ( i r in+2 n+ i 77.4- = « 4- i

n+J

2i

nka

where W  is the W ronskian. As a result, we find th a t

i ( M n -  M n)
th bn

(C  -  MnCn)(Cn ~  M>Cn) 

From  equations (181) and (207), i t  is discovered th a t

(213)

M n -  M n 1 -
do A  / 3  1 \  „ _i \ ( v

2 /  ^ ( . 4  ~  2^0 /  +  2 (  M

2 -  d0 -  4r 2 i f  i / \ 4 

16<£ ( } 8 \  /

+ 0
(ka)3

+ O

1 ~  ~2 +  ta i ‘ ^

(ka)4

{ 1 + 0 u «

+  0 (ka)~:i

+ o
[ (ka ) * \

+  0

-i -  tan  f ( v ) { l  +  O  7^  ) +  o f  t - t
k a ,

1 +  0 ( & )  +  0 ( ± )

ka 

tan f ( u ) 1 +  0 (  -A  J + t> (
ka j  \  ka
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[ - i  -  tan /(n )]<J 1 + 0 ( (214)

U tiliz in g  equation (214) in  equation (213) yields th a t

1 -  i ta n  J(v)
(xn bn

( C  -  M n ( n ) ( Q  -  M n U ) 1 +  0 l S i ) + 0 U
(215)

We are now interested in  ca lcu la ting  the denom inator in  equation (215). To th a t 

end, i t  is found th a t

C  “  * U n  = ~ n w , +  i . h - i i ' Q - i  a ' " ,
2 "+5 2 V  2 ’ "+5

+ b { ‘ + °

7r kci
M „  I f (i)

" n +  l

nka
+  0

+
1 I n

2 V ^ V ^ { 1 + 0 ( w +0
Inka I 2 f  /  1 \

^ { 1 + ° ( w  +  "

v2

(A-h)3 
,,2

r °

+  0
(A; a

+  0 ( i i )  +  i  +  0

1 +  0 ' +0

(Am)3 

(fca) -2 

,,2

A An

(*«)•’ J

x u - | - ,  +  ( j - + ) (M r 1

I V

2 I  ka

+  0

2 — do — 4i

16rfo
(Ay;.)-j +  ^

V - 1? ■ ■

U *« )3J
+  o

m y  \
+  0 (Am O '5\  /

u n , + 0
+ o f + l  1

\  kaJ  2 Am

1 +  O

Am + -  7~r
2 V Am

_ 1_

2

7 p

i -  1
do

do 1

4̂ 2
(216)



88

and

C  -  Mn  <„ =
°  n 2 2 V  2 V

nka  - rO)- M n i r  x
2 1 " + 5

nka

npka
z + 0 + 0

2 V 2ka V npka

\ l W ^ F a { 1 + 0 { l d } + °

(ka)3 
,,2

d'':i
A/„

i  +  0 +  o ( p )  + 7 - r { l  +  o ( - M  +  0
V A tt / 2A:a I \  A:r/ / ( H ) 3

1 +  01  —  I +  0  
ka (ka)3

do

7^
i

7^

X 1 +  0 |  —  ) +  O 
ka

i ~  I 1 — —  +  tan f ( v )

(ka)2

1 -  y  +  tan / ( i / )

+  0

1 +  i 1 +  / tan  / ( ^ )

Using equations (216) and (217) in  equation (215) gives us th a t

1 — z tan f ( u )
An

2
V~p v+

+  i tan  f ( v )  |

1 +  O ( —r ) +  O ,
ka J \  ka

1 +  M 1 2 J +  O an / ( ty)

(1 -  ? ta n / ( i / ) ) e l^ e - 2,fcae i  +  o ( & )  +  0 ( £ )

2 ^  -  1 +  i 4 2 1 +  ?^1 -  +  i tan  / ( i / )

(217)

(1 -  % t a n / ( i / ) ) e lffl/et f e ' 2,A;ae ' !Fi 1 + 0

I 
l 

&

+  0 (fcd)3

2i 4 - 1  +  j
4 2 1 +  t ^1 — +  i tan  / (a)

(218)
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Hence u tiliz in g  equation (218) in equation (211) i t  follows th a t

x

/

(219)

We w ill on ly consider the case where we have th a t

•  the op tica l rays do not make more than one tu rn  about the center o f the lens 

and

•  at least one ray emerges in the backscattering d irection.

These considerations y ie ld  the fo llow ing bounds on d0:

I f  c/0 <  2, the integrand in  equation (219) has poles a t those po ints of the complex 

v plane for which

1 <  do <  2.

i 1 -  y  +  tan  J(i>) =  - 1

1 -----   +  tan f ( u )  =  i.
2

Thus, i t  is found th a t

f ( v )  =  arctan (220)

Using the form ula

arctan
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i t  is determ ined th a t 

arctan
2 - d n

+  i

2 - t i p  

2

log 1 4"
2 — (in

U tiliz in g  equation (221) in  equation (220) yields th a t

4

Let

We have the form ula

where

I t  is seen th a t

/ ( " )  =  2 loS

■1 +

1 +
2  -  d .

2 —  do 

log zi =  In r  +  ?0

7 =  I i  +  2 7 / 1 .

i ? +  y?, 0  —

1 + ( ^ F  ll,r = 5 ln i  +
16

(2 -  d,,)2J

We also have the form ula 0  =  Argz\ — argzi  +  2nr,  where r  £ Z. Since 

quadrant I I ,  a rc ta n (-p )  =  -  a rc ta n p, and 2 -  do >  0, i t  is discovered th a t

argz\  =  arctan 

Thus, i t  is obta ined th a t

2 —  do
+  7r =  — arctan

4

2  -  d r
+  7T.

0  =  — arctan ( — | f  tt +  2nr. 
2 -  do.

As a result, we determ ine tha t

log -1 =  2 !n 1 +
16

( 2  -  d 0 ) 2
+  i arctan

4

2  -  d.
+  7r +  2 i r r

Therefore, i t  follows th a t

/ ( " )  =  ^ In 1 +
16

(2 -  do )2
1 (  4 +  -  arctan ------- -
2 \ 2 - d o

TXT.

(221)

(222)

i is in
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Since —r e  Z  and le ttin g  — r  =  m  e  Z , we see th a t

16
1 +

( 2 - d o
1 f  4

+  2 a rc ta n ( r ^ ;
+  m7r.

S ub s titu tin g  the function  f(is) in to  equation (223) gives us th a t

1671 n , - * 1 * i— — —dnka +  n7 _  arctan -  =  -  In
4 2 ' 2  2 4

1 +
(2 -  do)2

1 (  4+  -  arctan ------- -
2 \ 2  — do

and

37T 1 1
7T7 _ =  m 7r  — +  —d,{)ka 4- - 1 (  4 arctan — t- arctan ------- -

2 V 2 - d o +  4 h l
1 +

(223)

7r
— — 4- inn

16

( 2  -  d o ) 2

L e ttin g  7 ,  =  R e 7 _ +  i l n i 7 _ and equating real and im aginary parts, i t  is found th a t 

the in tegrand in  equation (219) has poles a t those points o f the com plex n plane for 

which

n  3 do 1Re 7 ^ =  m   ka H------
1 4 2 27r

1 (  4
arctan -  f  arctan  ------—

2  \  2  — d 0
(224)

and

Im  7 _
An

In 1 +
16

(2 d o ) 2
(225)

where m is any integer.

The con tribu tions to  the backscattered fie ld th a t arise from  the poles enclosed 

by C'\ and by the semicircle a t in f in ity  cannot be neglected when compared w ith  

the contour in tegral co n tribu tio n  when do <  2. T h is  te lls  us th a t the dom inant term  

in  the high-frequency backscattered fie ld does not arise from  specular reflection as 

in  the case o f the lens do =  2. Therefore the dom inant term  in  the high-frequency 

backscattered field is not obta inable by evaluating the contour in tegra l by the saddle 

po in t m ethod i f  d0 <  2. Because o f th is, we w ill 110 longer consider the case when 

do <  2.

We w ill now tu rn  our a tte n tio n  to  the evaluation o f the in tegra l in  equation (219) 

when d0 =  2. T h is  w ill a llow  for the dete rm ina tion  o f the leading order estim ate o f 

the high-frequency backscattered field by using equation (144). S ub s titu tin g  do =  2 

in to  equation (219) and using the result in  equation (144) yields th a t
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E b.s
nikr

-2ika
2 ik r

K +  e -2inv
C,

We have th a t

1 — i ta il / ( n )  

1 +  i tan  f ( v )
1 +  0

ka
+  0

ka
(226)

1 -  i tan  j ( u )  (1 -  i tan  / ( i / ) ) ( l  -  i ta il f ( v ) )

1 +  i. tan  } \ v )  1 +  ta n2 f ( v )

_  1 -  ta n2 f ( v )  ta il f ( u )  

sec2 f ( u )  ? sec2 /( i^ )

=  cos2 / ( n )  -  s in2 f { v )  - 2 r s in  j ( v )  cos/ ( v)

=  cos 2 / (n) — i. sin 2 / (n)

_  r ~ 2 i / ( i 9

  ^ - i ^ + 2 n r k a ~ 2 i w y -  + ia r r ta n  ^

  _  • 2 i)rA:a—2 i 7T7 _ + i  arctan 5

Using th is  result in  equation (226) gives us the high-frequency ha.ckscatt.ered fie ld 

when do =  2 as

p i k r
^    i[2ka(7T— l)+-arctan

2 k r

f
dv- ■ 2/7+7-

1 +  c - 2 n r v
l  +  O

ka
O

ka
(227)

Let M  be a positive number, large compared w ith  u n ity  bu t independent o f kd. In  

other words, M  can be described as follows:

M  »  1,
M

Inn —  =  0.
ka-+oo k(l

W hen do =  2, i t  can be shown th a t the line in tegra l along the arc o f the circle 

vanishes as the radius tends to  in fin ity . Also, when do — 2, the con tribu tions  to  the 

backscattered fie ld due to  the poles in the firs t quadrant may be neglected because 

we on ly want the dom inant te rm  o f the high-frequency backscattered fie ld, and th is  

arises from  an asym pto tic  estim ate o f the line in tegra l along the contour C\.  Now, 

we w ill sp lit the contour C\  in to  three parts, by s ing ling ou t the po rtion  near u — 0 

along which \i/\ <  M  (see F igure 21). A long th is centra l portion , we have th a t

1, (M < M )



93

so th a t the corresponding in tegra l is 0 (1 ) ,  whereas the in tegra l along the entire 

contour C\  is 0 (k a ) .  Since we on ly  w ant the leading te rm  in  the asym pto tic  estimate, 

we may neglect the central po rtio n  o f C\.  A long the rem aining p a rt o f the contour, 

i t  is determ ined th a t

7_ ~  v. (|i/| >  M ).

Then i t  follows th a t

dv-
1 +  e

v---------(' fcn '

Ci
h i +  e -2l7T̂

- i r - r  ~ 2 in v(> k a

Ci

We note th a t

h i , -■2 m v 1 +  e ■ £  f  - - l l
e  ' k a  =  /  l / e  1 k a d i s

C i

tkh
-p. 0 ( 1).

As a consequence, i t  is discovered th a t

h i -f c - 2 i n v
1 + 0 ( 1).

Thus we obta in  th a t

h  i +  er
„ i ‘h  ' 2 mu-  p  k a  rs»/

/ " " I

ve kn
- 2 1. n v

+  0 (1 )  (M  >  A /). (228)

C i

Consider
f  v e  ka

/  dv   — .
J  1 +

C i

Since the integrand has no branch cuts, we may connect the two portions o f the 

contour w ith  a line through the o rig in  v =  0. The result o f th is  is an added 0 (1 )  

term . T h a t being so, i t  is found th a t

f  v e ~ l ^h  f  r / f T ' f e
/  dv-   — ~  /  dv-  —  f O ( l ) ,J i +  J i  +  v-h™

C i C i

where the contour O2 in  the uncut v plane consists o f th a t po rtio n  o f C\  along which 

|^| >  M ,  plus the dashed line o f F igure 21. Hence, u tiliz in g  th is  in  equation (228), 

i t  is determ ined tha t

I d v -
1 +  e

f - l h - ^ 1 -

h i
lc 2

ve k,i

+  e— 2 m u
+  0 ( 1)
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S u bs titu ting  th is  in to  equation (227), we find  th a t

, ik r
E b’s - ~  — e -  e f i2 * ;d (7 r - l)+ a rc ta n  | ]

2kr

dv-
ve

1 +  e- 1 + 0|£>)+0U +  0 ( 1 ) } .  (229)

We now focus on the term s conta in ing integrals in  equation (229):

/
dv-

ve

1 +  e— 2ITTU 1 +  0 t k i ) + 0 \ k A

I

ve. *a

1 +  e -2l7TI

f  b  e“ ‘ ts 1 f  ve~1̂
dv +  /  — ------— dv H /  ------------—

J 1 +  e -2” 7" Ao J  1 +  e“ 2i7r"
c2 o2

rfl/

h +  h  +  t t  Ai- 
ka

Consider

A i =
/

iVC fc.i

1 +  e -  2 17T t '
r /n .

Let 2.' — 2i7ri/. Then .r;2 — — 4it2v2. We also note th a t

v — - — x and dv — — dx. 
2 m  2 m

Upon using these substitu tions, equation (231) becomes

- -  ( -  4 tt2 J

i \  r2 TC fir7** ’

1 +  er
-dx.

(230)

(231)

(232)

L e ttin g

47r2A'a’

and using the result found in  [24], we obta in  th a t

m - b j
1 f  x r - Ax 1

47r2 J 1 +  e~x 47T2
c2

1 7r2 7tt4 _

+  « r a +  - ■■

Since 6 ~  0((A:n) ')  and ka 2> 1, i t  is determ ined th a t 

1 /  1 \  1 /  47T2k a \  ikd ka
l\

47r2 \  25 47r2 V —2.1
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Thus, we see th a t

Now consider

h
1

ka

f  u2e l h»

J  1 +  e~2ir
- d v .

(233)

(234)

c 2

Using the same re la tionsh ip  fo r x th a t was previously used, equation (234) becomes 

1 /  I  \  {  I  \  [  X2el
k a  \  47t2 /  \  2 i.

f  x V i ^

J  l  +  r.
Co

-dx

i  \  1 f  X2el 4*'2kaX

^ 47r2A:ri ̂  2n J4.Ti2kd J 2% J 1 +  e~x 
c2

U tiliz in g  the same de fin ition  for 5 as before, i t  is found th a t

S r

dx.

h  =
2tr

(235)

(236)

Since |1 +  e x | >  1, we ob ta in  th a t

x2e~Sx2dx ,

where we have noted th a t the in tegra l is sym m etric in  x. We know th a t fo r a >  0 

and p £  R +
OO

T(p)\ j u 2p 1c au du
Sp

Le ttin g  u  =  x , a  =  8 and p =  - ,  i t  is determ ined th a t

OO

/
2 _ S r 2 r ( | )  s / i r  3

X e dx =  — f -  =  —~8  2.
8i  2

(237)

Using equation (237) in  equation (236), i t  is discovered th a t

1

4y/n

1 /  47r2A:a^ 2 y/ii

4 ^  V

A; a
\ fn (kd )~ ie  *

(238)
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S ub s titu tin g  equations (233) and (238) in to  equation (230), the term s contain ing 

integrals in  the backscattered fie ld reduce to

kaka _ ,■ rr 
_ _ _ e 1 +  0( (kd)~?)  +  0 ( (k a )~  ) l +  0 {{ka)~2 ) (239)

U tiliz in g  equation (239) in  equation (229), when do — 2, the leading order estim ate 

o f the high-frequency backscattered fie ld is found to  be

E 6'* ~  c £ ;ei [fcr+2fca(7r- 1)^ +arota" 5 ] {  1 +  0 [ ( fc a ) -5 ] | . (240)

IV.3 PROFILE 2

We w ill now consider another re fractive index profile  th a t is based on the hvper- 

geometric equation and derive the rad ia l eigenfunctions for fields o f magnetic- and 

electric-type. The hope is th a t the analysis th a t was done in the previous section for 

the re fractive index profile  R(x)  in  equation (142) may be extended to  th is  refractive 

index pro file  in  fu tu re  work. F irs t, consider the wavenumber

rn(r) a o
r ( l  +  b0r '‘ )

Then, w r it in g  (241) in  terms o f x =  U  we have th a t

do

(241)

m(x)
xd{ l  +  x ° ) '

where we have taken bo =  a, a . Taking the refractive index profile  to  be, which we 

call P ro file  2,

.r(l -F ,t°)

we m ust have th a t ao =  coka. Then i t  is seen th a t

co k
m(. c)

x ( l  +  x n)

Let

v =  n +
1

2 ’

go =  coka,

. _  2 do =  —. 
a



IV .3.1 Radial Eigenfunctions for Fields of M agnetic-Type

We are now interested in  ca lcu la ting  the rad ia l eigenfunctions for fields o f 

m agnetic-type for the refractive index profile

From [21], the rad ia l eigenfunctions for fields o f m agnetic-tvpe, in  terms o f r, are 

given by

u(r) =  bfir 2 (1 +  bc,Ta) 2 2F i(a ,6 ;c ; - b nr a).
l + ( r - l ) q

W ritin g  th is  in  terms o f x, i t  is determ ined th a t

S ^ x )  =  (1 +  X" ) i  2F{ (a. 6; c; - x n). (242)

where [21]

M  =  - A  -  - A 2, 
2 4

N  — - c A  — nb,
2

A =  a +  b -  c +  1

and [21]

~~ 4 +  { ( cn^ a)2 “  1/2} n 2 

=  \  +  {<?() -

M  =  a2}a  2 =  (c.()kha 1)2 =  g^n 2 

N  =  2a2cV 2 -  2 ^ o “ 2.

From the fo rm u la  c1 -  2c +  AL =  0, i t  is found th a t

« = ~ "' ^    =  1 ±  v7! -  4L = 1 + ^1 -  1 + 4ft 2[v2 -  =  1 +  ^  \Ju2 -  gl
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S im ila rly , we ob ta in  tha t

A =  1 ±  y/l  -  4 M  =  1 -  y ' l  -  4gf}a  =  1 -  y  1 -  d ^ 2 

=  2/3,

where /3 in  th is  equation is d ifferent from  the one used w ith  Profile  1 in  the previous 

section. We have th a t

b = A  — a +  c. — I =  A — a +  do \Jv2 -  gfi =  2/3 — a +  do \ J v 2

Consequently, i t  follows th a t

2 N  =  cA — 2 ab =  2 c/3 — 2n(2/3 — a +  do\J v2 — gq 

— 2 c/3 +  2 a2 — 2u(2/3 +  do \j~\ 2̂ ~—~go)-

Th is  gives us th a t

do-

2u -  2n(2,3 +  dn y  2/2 — .do) +  2<",3 -  2/V =  0.

Accordingly, i t  is discovered tha t

2(2/3 +  doVV 2 -  y2) ±  2 ^ 4 / i2 +  4,3dov/ ^  -  ^  +  d2^ 2 _  5g) _  2(2c/3 -  2/V)

2/3 +  d0^ i / 2 -  ±  J 4/3 -  d ^  +  4fidoyj v1 -  g2 +  d2(n2 -  95) -  4c/3 +  •1/V

2/3 +  d0^ / v1 -  ^  ±  y  4 /3 (1+  doy^n2 -  <j$) -  d ^  +  d£(i/2 -  r/g) -  4c,3 +  4/V

2,3 +  dv\Jv2 — gl ±  s j4c,3 -  d ^  +  (/(/(A2 -  .95) -  4+3 +  4/V

2/3 +  doyjv2 -  gl ±  \ j d l { u 2 -  gl)  -  d%(fi +  8g^a-2

2/3 +  doyjv2 -  <jg ±  1/ do(i/ 2 -  -  dgf/g +  2dgr/g

/3 +

2,3 +  d o y V ^ d 2 +  dot' 

do
»/ +  y v 2^ - ^

As a result, i t  is found th a t

6 =  2,3 -  /3 v +  y j v 2 -  g l  +  d .Q \J v 2 -  g l
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v -  \ l  v2 -  9a

We note th a t

and

( c - l ) a - f i l  2s jv 2 -  g l +  1 1
+  ' J 1' 2 ~ 9 a

i  =  -3

C om bin ing all o f the above, we obta in  th a t the rad ia l eigenfunctions for fields o f 

m agnetic-type for P rofile  2 are given by

x 2F, /? +  -£ s jv 1 -  g%2 _  „ 2 J 2 - 9 a

1 +  d0 \ l v 2 -  gl\ - / (243)

IV .3.2 Radial Eigenfunctions for Fields of Electric-Type

We now determ ine the rad ia l eigenfunctions for fields o f e lectric-type for P rofile  

2. From  [21], the rad ia l eigenfunctions for fields o f e lectric-type, in  term s o f r, are 

given by

u(r) = bfi r
1 f ( r -  1 ) q

a  b  f  1

( l  +  fco r" )  — c]-b0ra)-
W ritin g  th is  in  terms o f x, and renam ing the resulting function  v(x) ,  we have th a t

1 f  ( r  -• 1 ) o  a  b +  1

v(x)  =  x 2 (1 +  xa) 2 2F 1 (a , c -  b] c; - xa)

=  x3 ^c~1)o,_1Ix 1( l  +  £a) 1( l  +  x <v) a^ l i 2F1(a ,c  -  b] c- - x a)

=  c „[JR2( x ) ] - 1T i1)(x ),

where

and [21]

TW(x) =  x ^ {c- 1)a~l\ l  + i n)st i jF1(a,c -  ft; t:; -j:“)

/, -  -  +  ju-o -  -(2n . +  l ) 2 a  2

1
+  {(cokhf  -  V2} a - 2



We find  th a t

c =  1 ±  y / l  -  M  =  1 +  \ J f a ~ 2{v2 - g l )  =  1 +  ^  s jv2 -  %

=  1 +  dayjv2 -  gl,

A =  1 ±  \J \  — AM  =  1 ±  v / T T d T d ^ T d ^ V  =  1 +  2 \ / l  +  a -1 +  at~2v2

1 +  2 \ f  I  +  — +  -^-v2 =  1 +  2/ i i ,

5  —  y \  —  q  - f -  o  —  1  —  / \  —  ( i  - f "  cL y‘L

2 N  — cA — 2 ab =  cA — 2 a A -  a +  d0)Ji/'2 -  gl

Thus i t  is seen th a t

2a ~  2a A +  dasji/2 a o +  rA -  2/V =  0,

y ie ld ing  th a t

(l =  ^ {  A +  ( k \ J v 2 ~  <7o ±  \ l  [ A +  di)yJ i / 2 -  <jI  ) -  2(cA -  2/V)

=  ^  j ' 4 +  d0 \ j v 2 -  9a ±  Y '4 '2 +  2-4d() \Jv2 -  ^  +  d jfti/2 -  <?•;) -  2 (c /i -  2/V)

=  ^ A  +  d0sjv2 -  g2 ±  \ J A 2 +  2A(c -  1) +  d2(v2 -  g2) -  2cA +  4N

=  \  +  ( k y jv 2 -  flo ±  \ / A ( A ~  2) +  4 /v  +  f/o( " 2 -  V o)}

=  }  j ^ 4 +  do \ f ^ 9 a  ±  ^ ( 1  +  2 / i j ) ( - l  +  2//.j) +  4/V +  dg(i/2 -  < ^ ) j

=  l l A +  4 ^ 2  -  £$ ±  Y^d/z/f +  4/V -  1 +  f^(l/2  -  ^2 )1 .
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We note th a t

4 /tj =  4 +  2do

and

4/V =  - 2  -  2do -  2 d y .

Then, i t  is determ ined th a t

4/ i j  +  4/V -  1 +  dj^ 2 ~  Vn) -  1 _  ^o9o-

Hence, i t  follows th a t

« =  ^ | 4̂ +  do \ j v 2 — <7o ±  y / l  - f /o V o |  =  ^ | / l  +  do^ 2 - f f o  ~  \ / 1 -  dfog 

= /3 + pi + y  \Jv2 -  gl

and

b =  A -  a +  c -  1 =  1 +  2/zi -  ,1 -  / i,  -  y  y jv 2 -  <75 +  d0 yju2 -  gl 

=  1 -  0  + in +  y  yA/ 2 -  ( j l  

We have th a t

(c -  l ) g  -  1 _  2 s j u 2 -  ffo -  1

2 ~ _______ 2 J____

a -  6 -  1 _  ,4 +  //.i +  ^  > /n 2 -  -  1 +  // -  //1 -  ^  _  Vo ~  1_  _  _  .

=  f t ~ h

c - b =  1 +  d0y ^ 2 -  tf2 -  1 +  ,1 -  /x, -  -  <7o

di
d - p i  +  -  Vo-2

Therefore i t  is obtained th a t the rad ia l eigenfunctions for fields o f e lectric-type for 

P rofile  2 are given by

T j ^ i x )   (1 +  P ) ^ 1

X 2F1L  +  /b  +  y \ A 2 “  9O’ 0 ~  P i +  - ^ \ J v2 - 9 o \

1 +  d0 J i ' 2 -  y%; - xa ), (244)



IV.4 PROFILE 3

We w ill now consider one fina l refractive index profile  th a t is based on the livper- 

geometric equation and derive the rad ia l eigenfunctions for fields o f magnetic- and 

electric-type. Like the previous re fractive index profile, i t  is hoped th a t the analysis 

th a t was carried out for the re fractive index profile  R(x)  given by equation (142) 

may be extended to  th is  refractive index pro file  in  fu tu re  work. F irs t, consider the 

wavenurnber

m (r )  =  (M 5 )

Then, w r it in g  (245) in  terms o f x, i t  is seen th a t

«om(x)  =
xhyj  1 +  xn ’

where we have taken b() =  a " . Taking the refractive index profile  to  be, which we 

call P rofile  3,

R 3 ( x )
X \ J \  +  x n ’

we must have th a t ciq =  coka. As a consequence, we determ ine th a t

f <-ok
m(x)  =  — -=====.

X s J \  +  xa

IV.4.1 Radial Eigenfunctions for Fields of M agnetic-Type

From  [21], the rad ia l eigenfunctions for fields o f m agnetic-type for P rofile  3, in 

term s o f r, are given by

i+U- o<>
u r 60" r ( l  +  60r " ) T 2F 1(a ) 6; r; -bar").

W ritin g  th is  in  terms o f x, we obta in  th a t

S (nl){x) =  (1 +  xn)$ 2F l {a.b:c; - x a), (246)

where [21]
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A/ =  0.

N  =  a20a ~ 2 =  g l a - 2.

From the equation c2 -  2c +  4L  =  0, we have th a t

c =  1 ±  s/ l  -  4 L  =  1 +  do y ^ 2 -  do •

Using th a t M  =  0, solving the equation H2 -  2 d  +  4A f =  0 for >1 yields th a t e ither 

A — 0 or A =  2. As a result o f our problem , we must have th a t A =  2. We also have 

th a t 6 =  21 — a +  c — 1 — 2 - a  +  c — l  =  l - a  +  c. Then i t  is determ ined th a t

2N  =  cA -  2ab =  2c -  2 a ( l -  a +  c) =  2o2 -  2a(c +  1) +  2c.

Hence 2a2 — 2a(c +  1) +  2c -  2N  =  0 and as a result a2 -  a(c 4- 1) +  c — N  =  0 . 

Because o f th is, we see th a t

yfr2 +  2c +  1 -  4c +  4/V

2  | c +  1 ^  \A ;2 -  2c + 1 +  <̂p)<7o |  

^ | c+ 1 ± \ / ( c -  l )2 + d§dgj

^ { c + 1 ±

Hence i t  follows th a t

^  +  y j v 2 -  g2

We note th a t

2 2
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and

A
1

Therefore, we ob ta in  th a t the rad ia l eigenfunctions for fields o f m agnetic-type for 

Profile  3 are given by

S<!) (x ) =  xV /^ + 5( l  +  a;" )

x 2 ^ 1  +  y  ( » +  \ j v 2 -  s A l  -  y  ( v  ~ \ J i ' 2 -  Sol 1

1 +  da J  v2 -  gl\ - x a (247)

IV.4.2 Radial Eigenfunctions for Fields o f Electric-Type

From [21], the rad ia l eigenfunctions for fields o f e lectric-type for P rofile  3, in  tra ins 

o f r, are given by

1 + l.r-  D o

?/(r) = 60ftr (1 +  b()r a ) 2 2^1 (a, c -  6; c; - b Qr a ).

W ritin g  th is  in  terms o f x, and renam ing the resu lting  function  w(x),  yields th a t

I f  ( c  -  1 )  r> a  b f  1

w (x) =  x — r —  (1 +  x “ ) —  2 Fy (a, c -  b; c; - x " )

=  (1 +  ,ra)5 (1 +  Xft) ^  2F, (a, c -  6; c; - x ° )

=  cn [ /?;j (x ) ] ~1 (x ) ,

where

and [21]

T^ i x)  = x ^ ~  (1 +  x " ) V " 2F ,(a , c -  6; c; - x " )

L = l  + \ «o -  7 (2«  +  l ) 2 W 2

A/ =  —  (2n +  I )2 a 2  ft 1
4 °

12 - 2  x - 1  
- V  f t  f t

2
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_  IP p V 2 +  d p

4

'V =  { - I - ^ ( 2n +  l ) 2} ^ - I „ - '

=  4 ( 9 0  ~  2 t / 2 )  -  d 0  

4

Since our L fo r e lectric-type fields is the same as th a t for m agnetic-type fields for 

P rofile  3, we have th a t

c =  1 4- dp\Ju2 -  g l .

I t  is found th a t

A =  l ±  V l  -  4 M  =  1 ±  y j l  +  dn +  c t y

=  1 + p 2-

We have th a t

and

b =  A — a +  c — I =  A — a +  dp J  v2 — %

2 N  =  cA — 2ab =  cA — 2a — a +  do\ J 1/2 ~~ 9o 

=  2a2 -  2a ^  +  do\Ju2 -  ^

From  the second equation, we see th a t

2a2 -  2a ^.4 +  d0^ 2 -  +  cA -  2 N  =  0 .

Solving for a, we obta in  th a t

- 1 A +  d0 yj  v2 ~ gl ±  \ j  A 2 +  2Ado\Jv2 -  ^  4- d^ 2 -  g2) -  2 (c/1 -  2 N )

-  j / 1  4- do\Jv2 — gl ±  \ J A 2 +  2A(c -  1) +  d‘l(is2 -  .^ )  -  2cA 4- 4N

^ j /1 +  (k)\Ju2 -  gl ±  y jA{A  -  2) +  4/V +  t/2(i/ 2 -  g2) J  

^  j / 1  +  do'Jv2 -  gl ±  yj{  14- /x2) ( - l  + /x2) 4 -  4/V 4 -  d£(i/ 2 -  </2)

^ l A  +  dasJv2 -  gl ±  \J\>\ 4 -  4 /V -  1 4 -  dg(i/2 -  fl2) j .

a
2 {
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We note th a t

/t2 +  AN -  1 +  dQ(u -  ga)

1 +  do +  d'oV2 +  (gl -  21/ 2) -  d0 -  1 +  d^u2 -  d^gl

=  0.

Consequently, i t  is determ ined th a t

1
a = A +  <kyju2 -  g l |  =  ^  | l  +  ^2 +  d0 \ Jv2 -  g l |  =  ^  1 +  dQSJ v 2 -  g2

Hence i t  follows th a t

+
R>

b =  A — a +  do v2 — gl =  2a — a =  n.

We note th a t

(c — 1)«  — 1

a — b =  0 ,

c - b  =  1 +  d0 J i A  -  gl -  ; 1 +  dn J  //2 -  gl ti l  
2 '

1 +  d0 \Jv'2 -  gl t i l  
2 '

Therefore we obta in  th a t the rad ia l eigenfunctions for fields o f e lectric-type for P rofile  

3 are given by

T ^ ](x)

x - 1 +  doy/rd2 -  ol + 111 I 
2 ’  2

1 +  d0 J  v1 -  gl ti l-  
2 ’

1 +  daJ u 2 -  gl; - x n (248)
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CHAPTER V 

CONCLUSIONS

In  th is  dissertation, we have analyzed aspects o f bo th  ray and wave form ula tions 

o f e lectrom agnetic scattering from  ra d ia lly  inhomogeneous spheres and cylinders. 

The dev ia tion  o f an incident ray from  its  o rig ina l d irec tion  upon the sphere at angle 

o f incidence i is related to  a ray pa th  in tegra l where the integrand is s ingular at 

the lower lim it.  We have evaluated th is  in tegra l for ten re fractive index profiles and 

noted th a t evaluation o f the in tegra l could be extrem ely com plicated for even sim ple 

re fractive index profiles. For example, even a linear profile  leads to a ray pa th  integral 

evaluated in  term s o f incom plete e llip tic  integrals o f the firs t and th ird  kinds. Once 

th is  in tegra l was calculated, we could calculate the devia tion  undergone by a ray th a t 

is d ire c tly  tran sm itte d  th rough the sphere (in  other words, the in te rna l reflection is 

ignored). In  some cases, we were able to  determ ine restric tions on the refractive 

index pro file  parameters th a t a llow  transm ission to  occur.

W ith  respect to  the wave-theoretic fo rm u la tion , the leading term  o f the baekscat- 

t.crod fie ld o f a plane electrom agnetic wave is obtained bv using a m odified W atson 

transfo rm ation  of the exact so lu tion  for a specific refractive index profile. Th is  analy

sis lead to  the construction o f the exact electrom agnetic solutions for the asym ptotic  

backscattered field produced by an inc ident plane wave. The rad ia l eigenfunctions 

were evaluated exactly and asym pto tica lly  for the T E  and T M  modes. Consequently, 

the high-frequency backscattered fie ld could be determ ined. In  the appendices, we 

considered a varie ty o f topics such as evaluating two integrals th a t were necessary 

for the calcu lation o f the ray pa th  in tegra l for several profiles, verifica tion  o f solu

tions th a t were u tilized  in  the wave-theoretic analysis, and coupling two d iffe ren tia l 

equations.

There is much po ten tia l for fu tu re  work associated w ith  the topics addressed 

here. In  order to  determ ine necessary and sufficient conditions on a refractive index 

profile  th a t enable a zero-order bow (or h igher-order bows) to  exist, i t  appears th a t 

a much more general result for the derivative o f the ray pa th  in tegra l is required. 

O b ta in ing  such a result is a challenge due to  the nature o f the im proper in tegra l 

and its  com plicated dependence on the angle o f incidence o f the incom ing ray. I t
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is believed th a t deeper results from  the theory o f in tegra l equations are required 

for such a result. I t  is hoped th a t the analysis presented here w ill be valuable in 

determ in ing the properties o f the refractive index profile  th a t a llow  for the existence 

o f a d irection  transm ission (and higher-order) bows in ra d ia lly  inhomogeneous media. 

I t  is im p o rta n t to  note th a t the wave analysis in  Chapter 4 can readily be extended 

(in  princ ip le  a t least) to  the rad ia l eigenfunctions of the two o ther profiles th a t are 

based on the hypergeom etric equation th a t we considered in  C hapter 4. Furtherm ore, 

th is  analysis may also be applied to  refractive index profiles th a t are based on other 

well-known equations such as Bessel’s equation and W h itta k e r ’s equation.
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APPENDIX A

DERIVATION OF TWO INTEGRALS

We derive form ulae for the evaluation o f two integrals. F irs t, consider

1
Hr)

r s / A r 2 +  B r  +  C

We have th a t

Hr)
r  y / - A C { A r 2 +  B r  +  C)

2yf ^ C ____________ 1___________

r  V - A A C r 2 -  1 B C r  -  AC2

2 y / ^ C __________________ 1__________________

r y / r 2( I P  -  A A C )  -  4 C 2 -  4 B C r  -  B 2r 2 

2 1

r y / r 2( B 2 -  4AC )  -  (2C +  B r ) 2

L ( 2 C + B T ) -  J W  -  4 AC
V  r 2 (B'2 - 4 A C )

1 1

2 C

2 C + B r  
r \ J B 2 -  \ A C

2 v / / l2 -  4A C

2 C
r - 2

In teg ra tion  o f equation ( A . l)  w ith  respect to  r  gives us th a t

I (r ) =  J  f ( r ) d r

2 J B 2 -  4 A(
2C -f-Br

r \ / B 2- 4  AC

Let

v =
2C +  Br

■VB2 - 4AC

(A.l)

(A .2)

(A .3)
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Then i t  follows th a t

dv =
1

V B 2 -  4A C

r ( B )  -  (2C + B r )
dr =

-2 C

r 2V B 2 -  4A C
dr. (A .4)

U tiliz in g  equations (A .3) and (A .4 ), equation (A .2) becomes

dv 1

,{r) = Vz-l 
1

VT V~C

y f = C
arcsin

2C1 +  Br

~VB2 -  4AC_

arcsin v +  C  i

+  C i , (A .5)

where C\  is a constant. 

N ext, consider

We have th a t 

g(r) =  VT)

g(r)

1

1

V D r 2 +  E r  +  f '

2 V O ( D r 2 +  E r  +  F )  +  2 D r  +  E

J._____________________1__________________

VT) 2 V D { D r 2 +  E r  +  F )  +  2D r  +  E

2 D r  +  E  +  2 V O ( D r 2 +  E r  +  F ) '

V  D ( D r 2 +  E r  +  F)  

D ( 2 l ) r +  E)

. V  E ( D r 2 +  E r +  E)
+  2 D

Let

Then we see th a t

w =  2 V  D ( D r 2 +  E r +  F)  +  2 D r  +  E. 

D ( 2 D r  +  E)
dui =

. V  B( D r 2 +  E r +  F)  

U tiliz in g  equations (A .7) and (A .8). we find  th a t

dw 1

VT) J w ~ VT

+ 21) dr.

. (A .6)

(A .7)

(A .8)

J ( r )  =  j  g ir )dr  = ' J - log w +  C2

1

” 7 D

where C2 is a constant.

log 2 V D { D r 2 +  E r +  E)  +  2 D r  +  E +  Co (A .9)
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APPENDIX B

SOLUTION OF A SYSTEM OF NON-LINEAR

EQUATIONS

Consider the fo llow ing nonlinear system:

ax2 +  bxy +  c =  0, (B .la )

ay2 +  bxy +  d =  0. (B . lb )

A p p ly in g  the quadra tic  fo rm ula  to  equation (B . lb )  to  solve for y, we determ ine th a t

-bx ±  \Jb2x2 -  lad
y

2 a
(B.2)

U tiliz in g  equation (B .2) in  equation (B .la )  yields th a t

-bx ±  y/b2x2 — 4ad
ax +  bx

2 a
+  c =  0.

Then i t  follows th a t

2a2x2 -  b2x 2 ±  bxVb2x2 -  4ad +  2cm =  0

±b xVb 2x2 -  4ad =  b2x 2 -  2a2x 2 -  2ac 

b2x2(b2x2 -  4ad) =  {b2x2 -  2a2x2 -  2ac)2 

b4x4 -  4ab2dx2 =  b4x4 -  2a2b2x4 -  2ab2cx2

-  2a2b2x4 +  4a4x4 +  4a3cx2

-  2ab2cx2 +  4ascx2 +  4a2c2

a(b2 — a2)x4 +  (b2c — b2d — 2n2c)x2 — ac2 =  0.

A p p ly in g  the quadratic  form ula to  equation (B .3), i t  is found th a t

(B .3)

- ( b2c — b2d -  2a2c) ±  \J(b2c — b2d — 2a2c)(b2c -  b2d — 2a2c) +  4a2c2(b2 — a2)
2 a ( b 2 — a 2 )

We w ill s im p lify  the expression under the radical in  equation (B .4): 

(62c — b2d -  2a2c)(b2c — b2d — 2a2c) +  4n2c2(62 — a2)

(B.4)
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=  b4c2 -  b4cd -  2a2b2c2 -  b4cd +  b4d2 - f  2a2bi2cd -  2a2I r e 1 

+  2a2b2cd +  4a4c2 +  4a2c2(b2 -  a2)

=  b4c2 -  2b4 cd +  b4d2 +  4a2b2cd 

=  b2(b2c2 -  2b2c,d +  b2d2 +  4a2ed).

Using th is  result in  equation (B .4) gives us th a t

2 — (b2c. — b2d — 2a2c) +  by/4a2cd +  b2c2 -  2b2c.d +  b2d2
x =  --------------------------

2a(b2 -  a2)

2 b2c. — b2d — 2 a2c — by/4a2cd +  b2c2 — 2 b2cd +  b2cP 

x  ' (R 5 )

Therefore, we discover th a t

/  b2c — b2d — 2a2c — b\f  4 n2cd +  b2c2 — 2 b2cd +  b2cP
X =  \ j ---------------------------------------------------------------- ' (B ( i)

where we have taken the positive roo t since x is assumed to  be positive in  our 

problem .

Now we find  y. M u ltip ly in g  equation (B . lb )  by -1 and adding equation (B . la )  to 

the resu lting  equation yields th a t

n (,r2 -  y2) +  r  -  d =  0.

Then i t  is seen th a t
2 2 ^  ~  Cx -  y =  -------- .

a

Thus, we ob ta in  th a t
2 2 d -  c. ,  c -  d /T%

y — x ------------- =  x2 +    . (B .7)
a a

We w ill use equation (B.5) in  equation (B.7). To th a t end, we have th a t

62c -  ti2d -  2a2c +  2(a2 — b2)(c — d) -  b \/4a2cd +  b2c2 -  2b2cd +  b2d2
_  _ _ _ _ _

2 b2c -  b2d -  2a2c +  2a2c -  2b2c -  2a2d +  2b>2d -  b\ /4d2cd +  b2c2 -  2b1 cd +  52rT 
y =  2a(a2 -  62)

2 b2d — bi2c — 2 a2d — by/ 4 a2cd +  b2c2 — 2b2 cd. +  b2d2

V 2a(a2 -  b2) ' ^B '8^

As a result, i t  is determ ined th a t

b2d — b2c — 2n2d — by/4a2cd - f b2c2 -  2b2cd +  b2(P
v = y -----------------------------------------------------------------------2MaCTW)---------------------------------------------------------------------- '  ( B ' 9 )
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where we have taken the positive roo t since y is assumed to  be positive in our problem. 

We note th a t adding equations (B .la )  and (B . lb )  gives us th a t

a(x2 +  y2) +  2bxy +  c +  d =  0.

Consequently, i t  is found th a t

a(x2 +  y2) +  2 bxy =  —(<: +  d). (B.10)
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APPENDIX C

VERIFICATION OF SOLUTIONS FROM WESTCOTT

(1968)

In  a paper by W estcott [21], he provides solutions for several waveiiumbers m (r)  

in  the m edium  to  the d iffe ren tia l equation

d2u f 9 , . n(n  +  1)1 ^  ,
^ 2  +   ^2— } “  =  ° ’

where

m?ef f ( r ) =  m 2(r)  for fields o f m agnetic-type, and (C.2a)

m l f f (r)  =  rn2(r)  -  m ( r ) — — —  1 for fields o f e lectric-type. (C.2b)
JJ drz f  m (r )  J

We note th a t rri(r) =  kn(r) ,  where k is the free space wavenumber and h ( r )  is the 

re fractive  index profile. In  th is  appendix, we w ill ve rify  th a t the solutions given by 

W estcott satisfy equation (C .l) .  Since many o f the second deriva tive  calculations of 

the provided solutions are ra ther long, we w ill only summarize the results for the

second deriva tive  th a t we derived. We w ill denote solutions o f equation (C . l)  for

fields o f e lectric-type by u e {i ) and for fields o f m agnetic-type by u\t{r) .

C .l PROFILE BASED ON BESSEL’S EQUATION

Consider the wavenumber [21]

m (r )  =  arh, (C.3)

where a and b are constants. E quation (C . l)  w ith  equation (C .3) has so lu tion  [21]

u(r)  oc r *Z „ (z ) ,  (C . l)

where Z u denotes any so lution o f Bessel’s equation o f order v and z =  j ^ v b+l. 

D iffe ren tia ting  equation (C . l)  tw ice, we obta in  th a t

1'
?/. ( r )  oc r - 2 (fe+l)2J/2-(fe+l)222 - - u(r) .  (C.5)



The order u is d ifferent for fields o f electric- and m agnetic-type. 

C.1.1 Fields of Electric-Type
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For th is  case, we have th a t [21]

2n +  1

1 + 6 [ 2(1 + 6) 

F irs t, i t  is noted th a t (using equation (C .2b))

r n l „ ( r )  =  a V  -  ^ ± h .  

Using equations (C.5) and (C .6), i t  is found th a t

u"K(r)  oc r - 2 6 ( 6 + l )  +  i ^ i ± i i _ n2r 2(6+ l ) „ i  
4 4

UE{r)

r  2[b(b +  1) +  n(n  +  1) -  n2r 2{-b+^]uE(r).

(C.6)

(C.7)

(C.8)

Using equations (C.7) and (C.8) in  equation (C . l) ,  we discover th a t

U g(r) +  m eff( r )
n(n  +  1)

uE(r)  oc 0,

which verifies th a t the so lu tion  o f equation (C . l)  for the wavenumber in  equation 

(C.3) is given by equation (C.4) where v is defined by equation (C.6) for fields of 

e lectric-type.

C .l.2 Fields of M agnetic-Type

For th is  case, i t  is given th a t [21]

7i +  i
v =  -------- .

6 + 1

Using equations (C.2a) and (C.3). we find  that.

(C.9)

me//(r) = ™'(r) = n r .

Upon using equations (C.5) and (C.9), i t  is determ ined th a t

+ - V  -  a V (b+1) - -
2 4H f ( r ) «  r

- 2

(C.10)

u m {t ) =  r  2[?;.(n +  1) -  a2r 2(b+1)]uM (r).

( C . l l )



U tiliz in g  equations (C.10) and ( C . l l )  in  equation (C . l) ,  we ob ta in  th a t

which verifies th a t the so lu tion  o f equation (C . l)  for the wavenumber in  equation 

(C.3) is given by equation (C.4) where v is defined by equation (C.9) for fields of 

m agnetic-type.

C.2 PROFILES BASED ON W H ITTAK ER’S EQUATION

C.2.1 Profile 1

F irs t, consider the wavenumber [21]

where a and b are constants.

For fields o f electric-type, independent solutions are given by [21]

UF,{r ) ^  r2 W ± rj { ± ( 2 n  +  1) ln f t r } , (C.13)

where c =  —(2n + 1 )  \ d  =• y  |  -  a2, and W ± c>ci(z) is W h itta k e r ’s function . D iffe r

e n tia ting  equation (C.13) tw ice w ith  respect to  r, we find  th a t
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1
-  +  n (n  +  1) >u£ (r) ,

In br (In br)2

where the defin itions fo r c and d from  the previous page have been used. We also 

find th a t
i

r 2(In fer)2 r 2 Infer

Hence, i t  follows th a t

u'E{r) +  < m ej j ( r )
t(n +  1)

u e { t )  oc 0 .

For fields o f m agnetic-type, independent solutions are given by [21] 

uM (r)  oc ( r  In fe r)5Z „ j  ±  ;Y n  +  ^  j  ln fe r l , (C.15)

w ith  u =  y j \  — a2 and i =  D iffe ren tia ting  equation (C.15) tw ice w ith  respect

to  r  yields th a t

u'M {r)  oc ( r  In fe r)' v2 -  -  ) +  n(n +  1)( h ibr)2

1

I t  is seen th a t

( r  Infer) 2yv2 -  +  n(n +  l ) r  2

[—a2( r  In fe r)-2 - f  n(n  +  1 ) r~ 2[» A/( r ) .

rn2f f (r)  =  o.2( r  In fe r)"2.

UM{r) 

Uht(r)

Accordingly, i t  is found th a t

u"M {r) +  m 2j j ( r )  -  - - - - - ^u A/ ( r )  oc 0.

C.2.2 Profile 2

Now, consider the wavenumber [21]

m (r) (C.16)
r \ / ln  br 

where a and b are constants.

For fields o f e lectric-type, the independent solutions o f equation (C .l)  for the 

wavenumber in  equation (C.16) are given by [21]

u e { t )  oc r 2 VF±rjo {± (2 n  +  1) In fer}, (C.17)



121

w ith
a2 -  1

C = ^ 7 T  <C 18>
Using equation (C.14) w ith  c given by equation (C.18) and d =  0, we ob ta in  th a t 

the second derivative o f equation (C.17) is

..-2/ ( i - « 2) i

I t  is noted th a t (from  equation (C .2b))

2  l _  1

eM  r 2 \  Infer 2 Infer 4 (ln fe r)2

As a result, we discover th a t

"f  \ ± I  2 n (n +  ! ) \  / x nuE{r ) +  i  m efj ( r )  ~2 >uE{r)  oc 0.

For fields o f m agnetic-type, the independent solutions o f equation (C . l)  for the 

wavenumber in  equation (C.16) are [21]

uM {r)  oc ?-2 W ± r ^ { ± ( 2 n  +  1) In br},  (C.19)

w ith

c =  s r r i -  <&20)

Upon u tiliz in g  equation (C.14), w ith  c given by equation (C.20) and d =  we find

th a t the second derivative o f equation (C.19) is

uA/( r )  oc r  2 j  -  +  n(n +  1) j « A/(r).

a2
We have th a t

< » « — '‘ W - J I E J ?

Accord ing ly, i t  is obtained tha t

n , \ , f  2 ^  n{n +  l ) \  
u m \ t )  +  \  m e / / ( r ) ------------ ^ --------  ? « A / ( r )  oc 0 .

C.3 PROFILES BASED ON THE HYPERGEOM ETRIC EQUATION

For each o f the three profiles th a t we w ill consider in th is  section, independent 

solutions for equation (C . l)  fo r fields o f electric- and m agnetic-type, respectively, 

may be w ritte n  as (where r  =  — fdra w ith  the constants cv and (3) [21]
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1 !  ( r  - l ) g  g - h + l

uE{r) oc a^r 2 ( l  _  ~) 2 2Fx(n,c -  b\c, z)

+  a2r  *2 } (1 — z) ? 2^ 1(1 +  a — c, 1 — b; 2 -  c; z) (C.21a)

uM ( r ) ( x a i r  ‘ 2 ’ ( I  -  z ) *  2Fi(a,b: c; z)
1 ( r  l ) g

+  a2r  2 (1 -  z) 2 2F i(1  +  a — c, 1 +  b -  c; 2 -  c; z), (C.21b)

where a\ and a2 are constants and 2Fi(n, b; c; z) is Gauss’s hypergeom etric function. 

We note th a t the constants a, b, and c w ill be d iffe rent for each profile. Let

F 1 1 2L =  —c  c ,
2 4 ’

A/ -  \ A  -  \ A ' .

N  =  - c / l  — ab,

A =  a +  b — c + 1 .

(C.22)

The constants a,b, and c in  equations (C.21a) and (C.21b) may be determ ined by 

equation (C.22) and another set o f equations for L, A/, and N  th a t w ill be d ifferent 

for each profile. D iffe ren tia ting  equations (C.21a) and (C.21b) w ith  respect to  r, 

a fter several steps, i t  is obta ined th a t

u"E{r)  oc r  2u /j(r)<
( i  -  z y

( i  -  ~~)2
(C.23a)

and

u'h,{r )  a  r "  uM (r)
[/V -  M ] a 2z2 -  N a 2z 

(1 -  z)2
1-- l )  a * - 1-  
4 / 4

(C.231))

We w ill now consider three profiles and show th a t the solutions o f equation (C .l)  

are given by equations (C.21a) and (C.21b) for fields o f e lectric- and m agnetic-type, 

respectively.
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C.3.1 Profile 1

F irs t, consider the wavenumber [21]

m (r )  =  ° °  ■ (C.24)
w  r ( l  +  ( ira ) v '

where «o is a constant.

For fields o f e lectric-type for the wavenumber in  equation (C.24), we are given 

th a t [21]

2>

2
2

and

A' =  - l ( 2 „ + 1)

Using these defin itions, i t  is found that, (using equation (C.23a))

u/; ( r ) -----2 ri(n  +  1) — o (o  +  l ) ] r  +  [tt(a  -fi 1) +  n(?i +  1)];

-  a2a +  n(n  +  1) 

r ~ 2up(r)  (
~  — ^ )2 " | ~  ao +  n (n  ~  ^2  +  z2] +  a («  +  1) 2(2 -  1)

=  r  2u/.; (r)<j -  ^  “ ° ^ 2 +  n(n  +  1) 

Using equation (C .2b), i t  is also found th a t

a  +  1)2 |

„,2  (r ) -  ao | a (Q +  1) g 
e/A ) r 2(1 _  zy  +  r 2(1 _  . )

Thus, i t  follows th a t

uE(r)  4- I ' m2eff( r ) -  - - - - - - 1 uE(r)  cx 0.

For fields o f m agnetic-type for the wavenumber in  equation (C.24), we are given 

th a t [21]

/ . =  1 +  { o? - 1 ( 2 » + 1 ) 2L - 2,
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M  =  o f c - 2

and

N  =  2 4 a ~ 2.

Using those de fin itions for L, A/, N,  and equation (C .23b), i t  is discovered th a t

C .3.2 Profile 2

N ext, consider the wavenumber [21]

where ao is a constant.

For fields o f e lectric-type for the wavenumber in equation (C.25), we are given 

th a t [21]

From equation (C .2a), i t  is also discovered th a t

Therefore we ob ta in  th a t

M  = -hr1 - -(2,1+
2 4

and

U tiliz in g  these defin itions (and equation (C .23a)), i t  is obtained tha t
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. - 2 ,
// f ■ V ; ( r )  f  

U£{r) a  ( i  -  zy \ a l 3  1 -  2n(n  +  1) -  ^ a 2

+
1 2 1- a  +  - o  +  n(n +  1) 
4 2

^ a  +  n(n  +  1) +  j j a 2

r  2uE{r) (  1 2
( i - z )2 \ r

1 -  2z +  z2 

1

+  tj(u +  1)[1 -  2z +  z2]

+  Oq/I 1 z + -a

-2 / N J 1 2 , at)J lz 2a (z2 ~  ^=  r  ^ ( r ) j - a  +  „ ( „  +  1) +

-2 / 2 , I , i \  i < 1  Z  ̂ 1=  r  « E ( r )  j  - a  +  n(n  - f  1) +  ^

Using equation (C .2h), i t  is also obta ined tliat,

=  j y ^ T )
cilrnr  2 2

-  z)2 1 -
a 2 cv \  o  a 2

-2  J u naf2/ i

( 1 - z ) 2 1

. 1 +  2  2 +  ,i

( 1 - z ) 2 4 2 1

As a result, we see that,

»";(r ) +  j™ f / / ( r ) “  17f./;(r) oc 0.

For fields o f iriagnetic:-type for the wavenumber in  equation (C.25), we are given 

th a t [21]

r  =  t - t ( 2 „  +  i ) 2« - 2.

M  =  - a ^ / r ' f t - 2,

and

N  =  - a l i 3 - l a ~ 2 .
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Upon using these defin itions for L, A/, iV, and equation (C .23b), i t  is found th a t

u m W ° Cr  V v / ( r ) ^  +  n (n +  ] ) }

We also find  tha t

meff (r ) = fl2r J2 -2a n r'T

Hence, i t  is determ ined th a t

n(n  + 1)

C .3.3 Profile 3

F ina lly , consider the wavenumber [21]

m ( r )
n0

(C.26)
r \J  1 +  [3ra ’

where an,o , and /I are constants.

For fields o f e lectric-type for the wavenumber in  equation (C.26), it is given th a t

[21]

L -  <j cil -  - (2 n + l ) 2 j o  2 +

1 2 „ - 2  1 - 1M  =  —~(2n  + 1) cv -  -cv 
4 V ' 2

and

/V = p , “ -  i ( 2 „ +  l ) d a - 2

Using the above defin itions (and equation (C .23a)), we ob ta in  th a t

uE(r) ot r  2uE(r)<
flo — 2n(n + 1) -  ~cv(cv + 1) z + lev2 + n(n + 1) + lev

(1

+

r  2Ue('I ') '

-al  +  n(n  +  1)

(1 -  z)2

+  n{n +  1) +
\ n 2 +  ±rv z2 -  | a ( o  +  l) z

(1 - z)2
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_2 / X j a0 2rt2 Tf»222 -  502;
r  «£(?’)< -    b n(n  +  1) -  ^  h

1 - 2  v ' 1 - 2  ( 1 - z ) 2

Upon using equation (C .2b), i t  is also obtained th a t

| q 222 ^az(a  +  1) ]
' ■ u n  =  r  1 +  ( T 2 1 j5  +  ! _ z }
2 /  \ _____- 2  J " 0

,-2f qg , , l o V  + | a 22 ( l - 2 ) )
( 1 - 2  1 - 2  ( 1 - Z ) 2 J

f n2 ifv- l(v22 - l a 2-2 _ r ~2J 0 q . 2 _|_ 2 4
1 - 2  1 - 2  (1 - 2 ) 

Thus, i t  follows th a t

u"e [t ) +  | m 2eff(r)  -  ^ |» .E(r )  a  0.

For fields o f m agnetic-type for the wavenumber in  equation (C.26), we are given 

th a t [21]

L — -  +  |  a,2 -  - ( 2 n +  l ) 2 2

M  =  0,

and

N  =  a„a 2.

U tiliz in g  these defin itions for L, M , N,  and equation (C.23b), i t  is found th a t

n2(z2
uM (r)  oc r ~ 2uM {r) |  -T-- - — ---̂ 1 -  a2 +  n (n  +  1)

=  r  2wa; ( 7' ) |  ~   ̂ — a o +  n ( n  +  1)

=  »’ " 2u w (r )  j  -  +  n(n +  1)

Using equation (C.2a), we also find  th a t

m2e / f (r)  =  m 2(r)  =
1 .O

Consequently, we discover th a t

«A/(r ) +  ~  ^ } » A / ( 0  «  0.
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APPENDIX D

RELATING WESTCOTT (1968) TO USLENGHI AND 

WESTON (1970)

In  th is  appendix, we show how the set o f d iffe rentia l equations found in  [21] are 

related to  equations (135) and (136) (which are the ones found in  [22]). From [21], 

we have the fo llow ing d iffe rentia l equation

cPu 

dr2

where

= r n  (r ) for fields of magnetic-type and (0.2)

/n2f , =  m 2(r)  -  n i ( r ) - —  {  — —-  1 for fields o f e lectric-type. (0 .3 )
JJ dr2 [ m ( r )  )

The above is in  term s o f r. We want to  show th a t equation (D . l)  w ith  equations 

(D .2) and (D .3) is equivalent to  equations (135) and (136), respectively. I t  is noted 

th a t equations (135) and (136) are in  terms o f x. Recall th a t

r
x =  T- 

a

Then it  follows th a t

and

d d dx 1 d
dr dx dr a dx

( f  1 d2
dr'2 a2 dx2

F irs t, consider fields o f m agnetic-type and denote the so lu tion o f equation (D . l)  

as uM (r).  Using equation (D .2), we have the d iffe ren tia l equation

(Pu m  , f  2/ x n (n +  ! )  ]  / x a 4\-  +  { m 2( r ) ~  ' } u M (r)  =  0. (D .4)
d r 2
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Let

uM {r) =  Sn(x) (D .5)

and

m ( r )  =  k R ( x ) . (D .6)

Using equations (D .5) and (D .6), w r it in g  equation (D .4) in  term s o f x yields th a t

1 d*Sn , [  r,. nt _M2 n(T1 +  n
~2 d x 2 [A:/?(x)J f — 0.(xa)2 J

Hence, we have th a t

S n ( x )  +  j [ f c a f t ( x ) ] 2 -  ' - • • ' y . y  •1  ̂ | s ; , ( x )  =  0 ,

which is equation (135).

N ext consider fields o f e lectric-type and denote the so lu tion  o f equation (D . l)  by 

u/.;(r). We have the fo llow ing d iffe rentia l equation

(D.7)

where m 2j j ( r )  is now given by equation (D .3). Let

uE(r) =  Co{R(x)} lTn(x). (D .8)

Using equations (D .3) and (D .6), w r it in g  rn2j j ( r )  in  term s o f x, i t  is seen th a t

=  m 2( r )  -  m ( r ) -
d2 f  1

d r 2 ( m ( r )

[ 1 1 a? dx2 [k-R(x)

a 2 d x 1

We note th a t

-2{R')2R~3 +  R "R -2}



130

R 1 2 { R ' R - 1)2 -  R "R ~ l

Hence, i t  is found th a t

1
m l } M )  =  ^2 [ * « * ( * ) ] 2 +  R "{x ) {R {x )Y l - 2 ( R l( x ) [ R ( x ) ] - i )2

We have th a t 

(PllE 1 (I2

dr2 a2 dx2 l C° ^ X^  lT n ( x ) | a2 dx

Co d

Co j f /_

a2 dx
Z T 1̂  -  Z?'ZT2Tn cqjL  

a2 dx

Co
R - xl T " - R*R T'n +  { - { R ' ) 2R - 2 +  R"R~ )Tn

cqR-

R, R~2{T'n -  Z?'Z?~]Tn}

T "  -  2 R 'R ~ lT't +  { 2 (R 'R ~ 1)2 -  R” R - l }Tn

S u bs titu ting  equations (D .8)-(D .10) in to  equation (D .7) gives us th a t

c0[/? (x )]“ T'n{x) — 2R'(x) [R(x)}~ T't(x)

+  2 (Z ? '(x ) [« (x ) ]- ')2 -  Z?"(x)[Z?(x)]-‘ Tn (x)

(D .9)

(D.10)

+  |  [A;nZ?(x)]2 +  R"(x)[R(.v)} 1

-  2 (K '( : , : ) [« ( :0 ] - ')2 -  = ^ 1^ k ( « ( * ) r l T „(.r)  =  0

Therefore, i t  is obtained th a t

T"{X) _  2 W )T'n{x) +  { [ * a * ( x ) ] 2  ~  =  ° -

which is equation (136). We have shown how the r-dependent d iffe ren tia l equations 

o f [21] relate to  the x-dependent d iffe rentia l equations o f [22].
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APPENDIX E

COUPLING TWO EQUATIONS FROM SAMADDAR

(1970)

In  a paper by Samaddar [25], he discusses the oblique incidence scattering from  

a ra d ia lly  inhomogeneous cy lind rica l s truc tu re  w ith  cy lind rica l coordinates (p,<f),z). 

He begins w ith  M axw ell's  equations for the electric fie ld E and the m agnetic field 

H . Th is leads to  the inhomogeneous wave equations for E and H . Then he studies 

the z-com ponent for these wave equations, denoted by Ez and I I  z. For an oblique 

incident plane electrom agnetic wave, the fields E z and / / ,  may be p u t in  the form

E z =  eih* E s(p,<f>),

H z =  E h* H z (p,<f>),

where h =  l \ Q sin 9 w ith  Kq =  u>2pq€q. 9 being the angle which the inc ident wave 

vector makes w ith  the norm al to  the ra d ia lly  inhomogeneous cy linder, u j  being the 

angular frequency, c0 being the p e rm itt iv ity  o f free space, pa being the perm eab ility  

o f free space, and t (p) being the inhomogeneous die lectric constant. Using the above 

representations for Ez and / / 2, the coupled equations for E z and I E  inside the source- 

free inhomogeneous cy linder take the fo llow ing form:

(E . l)  

(E.2)

E z =  J 2  e m « R n ( p )

V 7 2  , , 2  f l A p )  dv t +  h 0(\p)  -  ll -  y y -   ......— —-

v ;2 + i < i t ( p )  - h 2 -  K ^ ' { p)  9
(p ) -  h 2 d P

Ez =  

I E  =

where
2 1 d  /  d
1 p  d p  \  d p )  p 1 d A

hufiQt' (p) 311.

(f<a<(p) ~ h2)p dcj) ’ 

hujtQt'(p) 3 E Z 

( K 2A p )  -  h'2)p d4> ’

1 d2

I f  we assume th a t
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and

OC

h , =  Y .
T l= ~ 0 0

equations (E . l)  and (E.2) may be w ritte n  as

1 j _ (  d_\ 2 /
p d p \ Pd p )  71 9 p2 p2(p) dp

l d  ( p 4 - ) + r , 2(P) ^  K l t ' [ p ) d
p d p \  dp J p2 r]2(p) dp

Rn{p)

inhu)pvt'(p)

pv2(p )

S n ( p )

'illhw<X)<'(p)

S n i p ) ,  (E.3)

Rnip), (E.4)
pif (p)  

where

n\ p )  =  K l t ip )  -  h2. (E.5)

In troduc ing  the functions Un(p) — pRn{p) and Vn{p) =  pSn(p), equations (E.3) and 

(E.4) can be expressed as

rr t \ f  * h 2 ( ' ( p )  1 d r r t \ (   ̂/ \ 1 ~ ^ 2( : ' { p )  1 IT , ,
2 ^ n { p )  ~  \  ~  4 Y T Y  |T^hW + 1 7l ~ ( p )  4 72 I f U n i p )I P T i p )  J d p  ( p 2 PP i p )  J

V n i p ) ,  (E.6)

+ t $ w } i K i p ) + + V 1 + 7 m } v" {p)

dp

uiliujpQt'ip)

Prf ip)
1 -  :

=  l̂ f ^ l U p ) .  (E.7)prf ip)

O ur goal in  th is  appendix is to  combine equations (E.6) and (E.7) in to  one d iffe rentia l 

equation for e ither Un{p) or Vnip)- 

From (E .6), we have tha t

V; =  1 py2^
nhujftQ t'(p)

TT„ I 1 , fl ( (P) )  , f  2 ^  , 1 ~  n , k 1 ip) I , ,
n i 4"  2( . f  ^ „ 4 - <  T] ( p ) H   -------1-------- — -  } U n

p  n i p )  J I p  p ' r i p )
, (E.8)

where we note th a t the dependence o f Un and Vn on p has been assumed and the 

prim e denotes d iffe ren tia tion  w ith  respect to  p. D iffe ren tia ting  equation (E.5) w ith  

respect to  p yields th a t

2 r t f  =  ! < ? / .  (E.9)
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D iffe re n tia ting  equation (E.8) w ith  respect to  p  gives us th a t

VI =
nhojp.0

pr]
U" l  +  ^ w / "i  ̂ ( ŷn 

f) I f

L  , V2h2t" -  / iV (2 r ; r / )  ) 

i f  J

+ < ' f  + +
PP

{)'2 f 71

, ; o  / 2 ( 1 - n 2) fn fh 2t " - h 2(.'{2pi)T)' +  r f )
+  1 2P P  1 ^ —  +  ------------------- “ ------------------ }Vnp 2p 4

+
r /(2 p W  +  r f )  ~  W 2f "  

(£')2

P T

„ , 1  h2t' 1 , f  2 1 -  n2 h?t ' \
~^T [ n +  ] P 3  f  r ^n

P>r

Then we see th a t

VI =
nhupi)

prj

t
' it"'  ± J  1)2 ( 2 , 1 / 2 ,  7/2 PV2(" l ,r»~  n + i ~  ~  ~ h  p +  h 0 p +  —  -  - ^ r  H L,02 I "

, , i f  h2pt" , h2K 2p(> , ^  , r,2( l - n 2) , , 2 +  < _  +  _ _  +  _  +  _  +  /l

-  A 'n

f  , r/2e" K l p h h '  _ /(2 + / i V

{ a-,

U'

+  1 ^o P 7/ -

0 pt'  (c')2 ry2

2 2;y2( l  — it2) h2c" h2 K {2c' h2 2 2 rf  P7f t
p 2( r

+ 2 -  -  +  K ip p 2 +  4
i p  p  < { < )

K q( 1 -  ii2) i f {  1 — n2) i f t " (  1 — n 2)

p2c' p(e ')2

K 2 h 2 ( ' h 2 h 2 t n + 11 „ +  -
ip p c

Thus, i t  follows th a t

U n

vr' =------
11 nhupo

P P 2 i j m  i f /  r - 2  l 2 \  P r12 ( " \ , p i
—  Vn +  j ( A 0 ~ h  ) P ~ - J J y Y Jn

2 i f f )

+ \ t '  p c '  0 (£')2J n
nr/2 2 V’H 1 ~  »*2) , 7f  PP**"2 P() ( > ' l ------- —----  +

p V t '  ( e ' ) 2 

/\q (1  — n 2) i f t " ( l  — n2)
Un

P p ( t ') 2

Upon d iffe ren tia tin g  equation (E.10) w ith  respect to p, i t  is found th a t

(E.10)
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V"  =
"  nhuju o

prj
c
]_rj(iv) , j  ('{p{2r]rf) +  r f )  -  p r f t "  1
' n \  ( f )2 ' ’

IS 2 i ,2 \ ,, P V 2 ( ” K u n,+  W - h i )P -
( f f

u"

+

+

, , ,,2 l 2 / (0 2(p(rrV" + 2WV') + i f f 7) -  2C'(t- ) W \  , rr„ +  < h 0 - h   — --------------------------------------------

/ V  , . ) ' ( ! - «2) , , 2  , n‘ S \ „ „
+

P(
-  K  +o 1 t( ! \2 f ~nt/:'

('(4r f i f p  + r f )  -  /V<" , , n 2n 2nv'(><' -  n2{p<" +  '0
 M* + <1- n ) l  T P r -------

( £ ' ) 4  J

+  <|2 K lp q 2
t}2( 1 -  n 2) i f  p r f t "

~ wp2t'
+

+
p( f )IY2 I f

, f oi - ' 2fo ' , 24 n  2  ̂ ( 2W p 2f  -  p2{p2(” + 2pt')
+  | 2 A 0 ( 2 W P + P  ) -  (1 -  7i ---------------^ 7̂ ---------------

47/Ve ' -  * A "  A 'o (l -  » 2)+
(P)2 p2

(e' ) 4

(1 77
2, ( P(f)2(v2f"  +  2W V ' )  -  r f f ' i f l p f f 7 +  ( f ) 2)

p 2 ( f f

Consequently, i t  is cleterinined tha t

2 r »,2 ,v,P,"
„  , +  A v  +

n l l L d f l  0 f  [ £' ( f
VC fnl%r(iv) , I ts2 , 7f  P’f f '  , ,,2 ,2 P’r L" \i jnt

T Un +  j^ O P  +  7  -  -^ 7 j7  +  A oP -  /'■ P -  \Un

ii2 nf" K 2 /
+  <1 A 0  -  h

n 2 n f "  „ , 2 , "  o „ P ( . " \ 22 ,2 71 Pc

\L ) < 
-.4 „ 2 / i  .. „ 2 \

K 2pc" i f f f  2 p i f j f ' f

(<r (<r
p i f  ?/2( l - 7?2) 2 i f f 7

+  “  + -  ACC +
pc

r,4 „ » ,4 , "

u.II
I ' . . . I  '  0 ’ ( ,  7)2 [ " «

, 1 ,1-2 2 . P' PP't" , n  2 \ (  K « PU  ■'+  p A 0/37? +  —  -  — —  +  (1 -  n ) ------------J - J v i -  —
i f/ p)2 v p p (p y  p - f

.,2 4'

+ ^  + AjV 2(c" )2;/2
(P )2 ( 0

'43

+  2 K W - ' t P i P  +  f
p*t {

(L
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P’A "  . „  (I<$  r f> "
(O 2 + (1 " 2) V P PU‘ )2

u:

+  I  2K^t  p +  2K^rj1 +  (1 — n2 2 ■2*" 21?i f t

p2(t ' )2 ' (fit' P2

, W  , * p n W ) 2 w V "
+  2 A 0r? — 7”a9 TTTvs i p f ~

(<-')
2 K 2Pn i f t "  ^ o ( l  — » ) 

i t ' )2

2 ,  , > 2(e")2 , i n

P"
2  J t

I M n25 ( -  ^  , | w  t < y
K M p i t 1)3 p2i t ' ) 2 p i t ' ) 2 pt '

I J n

Therefore, we ob ta in  th a t

V " =  1
n nhuipo

PI
t
£(/<'"> +  { (2 A -2 -  / . > + ' l  -  2- j f f } u 'r

\ 2 p r ? i t " ) 2 t?  p t'"  I< lp t"  p i?  i f i l - n 2)
 .------------- -|-------------  j-------------------------------------------

1 (c ')3 (+ )2 pc
! r  U r

f , f .2 2 2 i f  2p i f t"  2 i t " )2?,2 i f t ' "  K 2t"
+  U h 2prf  +  - i  f2__--------------------- +  2 _ _  4- 0

(<')s

+ 2(1 - n 2)

+   ̂ 2h^t  p +  AK^rf  +  

+  ( l - n 2)

K 2 i f t "

{ t ' f

I]2
(<02 (

p p{t')2 p2t' 
2 pi,4 i t " )2

UL

prft'" 2 i f t "  2 K 2 prf t"

(+ )2 i t ' )2
2r f t"  2 r,2 2 K 2

p2(f /)2 p3(i p2

+
2 r f {2 (  , -H\2 i f t " ’ K 2t"

p i t ' )3 pi t ' )2 pt'
U„ ( E H )

We w ill now calculate the term s on the le ft-hand side o f equation (E.7) using 

equations (E.10) and ( E . l l ) .  We have th a t

- V '  =  — -—
p n nkupo

t L r  +
t '  n

+
r f  r]2i l  — ri2) r f t "

p t' p2t'

. r f t f f _ r f _ _  2 2  

 ̂ i t ' )2 pt' 01

pit ' )2
U'

+ ( l - n a) V2 i f t "
p i t '  p 2 ( f ' ) 2

K 2A o
Un (E.12)



K z('A Of ,/ /v : =
nhuip0

f  A'0y  ^ ( A 02 - h 2)f y ) f / ,,

I  f '

2 ^(>7/
K h '

T

2 _ 2  / ^ ( 1 - n 2) K 0V ' \  ,

 ̂*1
P j  f n

+  < ^  k {) 7) 2A0pe

+  ( l - n 2)
k 2f" K 2 A ' VA o( , _  A o(
p t ' p2 p r f

Un (E.13)

Using equation (E .8), we also have the fo llow ing relations:

V2Vn =
nhupo Pp~ u::~ \ V7 + ^  [ u* + { 7 - +  (1 -  " 2) 17 + ;* V  [  unpt

( l - n 2) i ;  i ( l - n 2)
p2 nhufp)

and

r if>> I v
pt

2 h2
; +  

p*c p

, (E.14) 

2 / r

(E.15)

K 2 ('
0  - V

V T.

pi}2 n 11 hufio
- .2--"  } K$ I < Z h h ' \  , 2 2
h i)Un - {  —  + ----^  j  n  ̂ A nr/ +

/ r  pip

(E.16)

U tiliz in g  equations ( E . l l )  and (E .12)-(E .16) in  the le ft-hand side o f equation (E.7) 

y ie lds th a t

>'2-M r 1 — a2 A ' V
P2 + 2 + - V ^ »

P P T

nhuipo
PV
c
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7f t "  . K 0(> r-2 2 ^ o ( ! - « 2) K 0t'
„ , ( ,)2 „ 2  ^  -

Pit
_ : l  _ /;y p _  ^  ~ 772) _  /j2(1 ~ n2) _ M  _ /x'<>/,2('

2t/ V '  2r/2 2 A”q 2//2( r " )2 //2t

r/ :

+  ( l - n 2)
'"  K h "  1

+ P t P n i / 2  2 , /I 2\
7 7 \2 -------/ ~  2^O rl +  I 1 “  n ){ c y  pt

p 2 ( t ' ) 2  p V  p 2  p ( f ')3 p {( ')2 P( '
a r o o .. -i
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Let
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Then equation (E.17) becomes
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Upon using equation (E.18) in  equation (E.7) gives us th a t
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We see th a t equation (E.19) is a fou rth -o rde r d iffe ren tia l equation fo r the function  

Un(p) which is w hat we wanted to  derive in  th is appendix.
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