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ABSTRACT

SEMI-PARAMETRIC LIKELIHOOD FUNCTIONS FOR,
BIVARIATE SURVIVAL DATA

S. H. Sathish Indika
Old Dominion University, 2010

Director: Dr. Norou Diawara

Because of the numerous applications, characterization of multivariate survival dis-
tributions is still a growing area of research. The aim of this thesis is to investigate
a joint probability distribution that can be derived for modeling nonnegative related
random variables. We restrict the marginals to a specified lifetime distribution, while
proposing a linear relationship between them with an unknown {error) random vari-
able that we completely characterize. The distributions are all of positive supports,
but one class has a positive probability of simultaneous occurrence. In that sense, we
capture the absolutely continucus case, and the Marshall-Olkin type with a positive
probability of simultancous event on a set of measure zero. In particular, the form of
the joint distribution when the marginals are of gamma distributions are provided,
combining in a simple parametric form the dependence between the two random
variables and a nonparametric likelihood function for the unknown random variable.
Associated properties are studied and investigated and applications with simulated

and real data are given.
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CHAPTER 1

INTRODUCTION

1.1 PROBLEM DESCRIPTION

It is in the nature of many processes that are linked that a number of predictors
must be considered simultaneously in modeling. Assumptions madc in the structural
analysis also effect the quality of the procedure and outcome result. The exponential
family of distributions is very useful and is often used for modeling phenomena in
life testing, reliability, and other types of engineering applications. Bivariale expo-
nential distributions, with exponential marginal densities have been known in the
literature for some time. However, the majority of these models have been theo-
retically motivated rather than emphasizing applicability. A notable exception was
the “fatal shock model” of Marshall and Olkin [32], where the model links two non
negative random variables (rv’'s) with an unobservable latent random variable (rv)
via the proportional hazard model. It is also important to note that the modeling
and analysis based on the classical bivariate normal distribution is well established
and widely used. However, the bivariate normal theory is inadequate for modeling
positive support distributions. Hougaard [19] discusses the theoretical advantages of
normal distribution theory as well as the situations where positive support distribu-
tions are of relevance. Therefore, many bivariate distributions such as exponential,
Weibull and gamma, have been proposed in the literature to study many diseases or
behavioral problems, with associated non negative rv’s. Traditionally, the two vari-
ables in a system or model have been assumed to be independent therefore ignoring
the dependence between these variables. This is termed as the “working indepen-
dence” assumption in Lawless [29]. We will show, using Mean Square Errors, Bias,
aud other objective criteria, that the independence assumption comes at a greater
cost than the proposed procedure in estimation of the parameters and in the model

validity as the estimates lose asymptotic properties.

The problem that describes the association in disease occurrences has been dif-
ficult to explain. Many discases and events are linked, and interrelated in their
action/reaction. If one considers pairs of organs, there are analytic difficulties in

describing the joint distribution of the two disease events. One reason is that the



distribution has a discrete and continuous part. The discrete part is motivated by the
fact that the two diseases can occur cxactly at the same time, (i.e. simultaneous) or
proportional to each other. The continuous part described the association between
the two rv’s with positive continuous common dependence on an unobserved rv. The
analysis of bivariate data then presents difficulties when one has to incorporate the
discrete and continuous parts, and find estimates. Various models of associations be-
tween occurrence of events are motivated (Iyer and Manjunath [22]). In the medical
field, such phenomena is known as co-morbidity condition, where many discases can
occur together. For example, diabetes, that affects millions of people in the world,
can lead to blindness, kidney failure, stroke, amputations and an increased risk of
cardiovascular disease. It occurs when the body does not produce enough insulin or
cannct properly utilize it, This makes it difficult for blood sugar to enter the body
cells, and it is the seventh leading causc of death in the United States. Other fa-
mous example is that ol asthma and HIV/AIDS which can occur together with other
diseases. Recent studies have confirmed that asthma-related mortality is increasing.
Patients with asthma rcpresent a considerahle challenge for physicians because of
high risks of asthma related morbidity and mortality as reported in Holgate et al.
[17], and in Crane et al. [9] for examples. It is then of interest to develop a model dis-
tribution that can be used to study the growth and interrelationships between many
diseases and phenomena. In that sense, such analysis has also potential applications
in HIV/AIDS and other diseases as well. Attention Deficit Hyperactivity Disorder
(ADHD) is another example of disease that does not travel alone, Usually depression,
anxiety, unconducive behavior, are other conditions found during or after diagnosis
of ADHD. Our methods will have applications in this field also. In the past, anal-
ysis of co-morbidity has been done using the multivariate normal distribution, and
assuming independence between the simultaneous occurring events. Hach of those
events can be described in terms of lifetime distributicn. However, because in such
problems, the response variables and the error models have only positive support
and non-normal behavior (such as asymmetry), the multivariate normal theory fails.
Hougaard [19] discusses the cases where the multivariate normal model is not ap-
propriate. The approximation to normal theory is also not reliable since there is no
primarily large data. Optimal parameters need to be developed, and the diabetes ex-
ample is one case that shows the importance of detailed description, characterization

of the inter-relationship between events. Data transformation to better approximate



with normal distribution is not appropriate if a more suitable theoretical modecl can
be [ound, and/or the sample sizes arc not large enough. Accordingly, our goal is
to establislh a large and flexible class of hivariate gamma distribution models that
contain both absolutely continuous and discontinucus distributions on the positive
hypercube. We consider the class of bivariate distribution functions for two observed
dependent. events, linked through an unobserved rv. A linear relationship is con-
sidered between the two events first, with a nonzero probability of simultaneous or
proporticnal occurrence. The discontinuous part provides a great advantage as there
are situations where two events occur at the same time or where one event is propor-
tionally related to the other event. All these models will have applications in survival
and reliability analysis, and they will allow us to study the growth and the relation-
ship between diseases. The study of intcrrelationship between various diseases will
involve developing a linear model among positive 1v's with a random effect. The es-
timation of the parameters associated with the rv's will be given. The estimation is
computationally intensive, and we propose to develop computational methods using
algorithm to handle this preblem. Thus, developed bivariate probability models and
innovative computing tools will enable us to understand the growth and interrela-
tionships between events that can occur simulteneously or linearly. Through these
models and their analysis, we will be able to compute more accurately the probability

of survival of an individual when suffering from related disease events.

1.2 LITERATURE REVIEW

Many authors have considered the univariate exponential distribution in model-
ing phenomena in life testing, reliability, and other types of engineering applications.
The exponential rv is nonnegative and has desirable properties such as memoryless-
ness and constant hazard function. The need for bivariate/multivariate models arise,
whenever there is the nead to model two or more variables in a system. But in many
analysis, these variables were assumed to be independent. For example in gueueing
theory applications the inter arrival times and the service times were traditionally
assumed to be independent. This is not a realistic assumption particularly in packet
communication networks. Also in reliability analysis, the failure of one component

in a multi component system influences the lifetime of the other component(s).

Marshall and Olkin [32] introduced their classical bivariate exponential model,



with exponential marginal densities, in which they considered the case where one
component, of a two component systern [ails after receiving a fatal shock. They termed
this as the “fatal shock model”. It is assumed that the occurrence of shocks to these
two components are governed by three independent Poisson processes. The Poisson
processes Z1(t; A1), Za{t; y) and Z12(t; A2} governs the shocks to the first compo-
nent, shocks to the second component and the simultaneous shocks te both compo-
nents. Subsequently, many authors have developed bivariate/multivariate modcls to
account the dependencies in a system model. Steel and Roux [46] have considered
the lifetimes of the two components € and C; operating in a system. These two
components ; and €y are subjected to shocks and it is assumed that € fails after
receiving h shocks and C fails after receiving { shocks. The occurrence of the shocks
in the two components, (71 and (%, are governed by a Poisson process with parame-
ters 1/ and 1/am, respectively, If C) fails in the first instance, then it is assumed
that the occurrence of the subsequent shocks in % is governed hy a Poisson process
with parameters Ay/aon, whereas, if C) fails in the first instance, then it is assumed
that the occurrence of the shocks in €} is governed by a Poisson process with pa-
rameters A;/c;. Mathai and Moschopoulos [35] discussed two cases of applications
of their multivariate gamma. The first case is where a k-variate system (Z1, ..., Z¢)
is subjected to disturbances such that the new system is (Z; +1, ..., Zx+&x), where
Z;'s and ¢;’s are mutually independent gamma rvs. The second case is where the
tv’s (71,. .., Zg) represent the runcffs to a dam from k different streams and the new
random components, {Z; + & X, ..., Zr + 6 X}, where §;’s are constants and X is
a new gamma rv which is independent of (Z;,...,Z;) and represents the variation
in the dam from rainfall from the catchment areas. Mathai and Moschopoulos {36]
also introduced a new form of multivariate gamma that can be applied in reliabil-
ity and stochastic processes where partial sums of independent positive rv’s are of
importance. Csorgo and Welsh [10] reiterated the need of bivariate distributions
that can be used to model the failure of paired components such as aircraft engines,
paired organs such as eyes, kidneys while developing a test for the Marshal-Olkin

distribution.

1.3 SOLUTION METHODOLOGY

Using likelihood methods, our aim is to develop multivariate probability mod-

els and find tools to quantify the interrelationships between various events that can



occur simultanecusly in human beings during development or across the span of a
related diseases and events process. Through these models and the related statistical
analysis, more accurate computation of the probability of survival of an individual
will be given when suffering from many interrelated diseases or developing significant
events in individuvals. The model parameters will be estimated and their improve-
ment from the working independence models will be assessed. Old approach based
on the working independence leads to unreliable estimates, which may have particu-
larly grave consequences in the case of agsessing co-morbidity. The alternative is to
adopt a general class of distributions which is flexible and analytically tractable in
describing the related types of events. The new approach we propose offers consid-
erable insight in understanding the relationship between these related events. The
interaction between related events is taken into account, hence including the stochas-
tic processes highly non-Gaussian and computationally challenging. Another focus
is on getting efficient estimation in model parameters with an emphasis on non-
and semi-parametric regression models, on bivariate models with partial knowledge
about the marginals. In that sense, fully imputed estimators will be studied. We
show that our methodology suggests that the joint estimatior procedure is typically
hetter than the available estimator which only assumes independent events. We also
show that fully implemented model related estimators will be more efficient than the
proposed ones from independence assumption. The work on bivariate models will
deal with fine-tuning results for known and equal marginals obtained so far, and on
extending such results to more general models including those in which the marginal

distributions are linked through a parameter.

[.4 ORGANIZATION OF THE DISSERTATION

In this dissertation we consider two rv's X, and X, which have specified marginal
distributions. A linear relationship is defined between them with the aide of an
unknown latent rv, Z. We next investigate the bivariate density with a non-zero

probability of simultaneous occurrence. More precisely, we set
Xy = aXy + Z, where ¢ > 0, is a fixed constant. (1)

In that sense, there is a non zero probability of simultaneous or proportional oc-
currence on a set of measure zero. Carpenter and Diawara [6] described the forms of

the parameters associated with X and X; when these latter are of the exponential



type distributions. In this dissertation, we extend the result for the gamma type

distributions.

In Chapter II1, the mean of Z 15 obtained by taking the difference of X; and
aX, The sum of independent distribution is used to describe the hivariate model.
To that end, Chapter IV describes such sums including the case where distributions
are discrete and continuous. Properties of the random sum are presenied and will be
relevant in subsequent chapters. Chapter V describes the bivariate model when the
marginal distributions are gamma, Weibull and exponential. Having a direct known
density allows one tc develop simulated results where parameters can be verified.

Applications with simulated and real data are then presented.



CHAPTER 11

BACKGROUND AND PRELIMINARIES

In this chapter, we review the mathematical concepts and the notations that
will be used in the rest of the thesis. We review the univariate gamma and Weibull
distributions {Sec Johnson and Kotz [23] and Casclla and Berger {7] , the multivariate
extensions of those distributions, the notion of Laplace transforms (See Feller [14]).
Also the application of the Dirac delta function in Statistics (See Au and Tam [3],
and Khuri [26]) is reviewed.

I1.1 UNIVARIATE GAMMA AND WEIBULL DISTRIBUTIONS

Positive skewed distributions with nonnegative support occur quite often in prac-
tical applications such as in reliability and survival analysis. The gamma family of
distributions is one such with a heavy right tail. It is flexible and widely used in
reliability and survival analysis. The univariate three parameter gamma distribution
denoted here as Ga(y, A, ), also known as Type I1I of distributions in the Pearson’s
system of distributions. It’s probability density function (pdf) is defined as:

e}

A
fX(x; Hy /\: 05) - @(m - ”)u_le_l\(m“p}I;#;'DO}(:I:): (2)

where

e peR A >0,and o > 0 are the location, scale and shape parameters,

respectively.

e T(a)= / t*~1e~'di is called the gamma function.
0

when a =1 and p = 0, the gamma reduces to the simple exponential dis-

tribution with parameter A.

when « is an integer value, the gamma distribution is also called the Erlang

distribution. Barlow and Proschan [4] present interesting applications of the

Erlang distributions.

Sometimes (2) is parameterized as a function of 1/A instead of A. In this disserta-

tion, we will use the parametrization Ga{p, A, @). In the next section, the properties



of this distribution will be described. Johnson and Kotz [23] gives & comprehensive
account of this distribution, including its characterization and estimation of its pa-
rameters. The two-parameter gamma distribution with location parameter, p = 0,

scale parameter A and shape paramecter «, is a particular form of (2}. Here also we
denote this as Ga(), ). It’s pdf is defined as:

[*3

fxlz:ha) = F(Q)IG_IE_AII[D’OO)(:C)T A>0 and a > 0. (3)
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FI1G. 1: The graph of the gamma pdf with g = 0: diamond A = 0.5, & = 0.5; asterisk:
A=105 a=1.5line. A=025 a=20

The shape parameter « explains when the hazard function is increasing (o~ 1 >

(), decreasing (e = 1), or constant (@ = 1). The £ moment of (2) is

E(X%) = / =[x (x; p, A, o) dz,
N
= A /m:ck(:r—;1)“_18_)““_”)613:.
NG




By change of variables, we get

k 1 = AN
E(X®) = I‘—(aj_/ (,u-%;) o e d
0
1

k k o0
= A i tk-l—u—-i—l —t 4t
i 2 (o) O [

In particular, the first and the second moments are:

E(X) = %Jr,u and

ala+1 240
{ )+u+

BXC) = = A

The &** moment of (2) can also be written as:

k

E(X% = F/\(fr-'(-;;) + Ak;(a) Z (T) (M) Tk + a—i).

f=1

Therefore, when p = 0,

Ik +a)

E(X%) Wa)

Therefore, the expected value and the variance of the three parameter gamma dis-
tribution in (2) are:

o

o
—+p, and Var(X)= 2

E{(X)=
(x) =5
respectively.

The cumulative distribution function (cdf} and the survival function are as follows:

Yo, Mz — w))
/f Ddb="re

Fx(I)
Sx(z} = 1- Fx(x),

T

where y(a,2) = / t*"le*dt is the incomplete gamma function as in Casella and
0
Berger [7].

With respect to the model defined in (1), equating the moment of Z as the
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difference of the moments of X5 and aX; will illuminate the unknown parameters of
Z.

The gamma pdf is closed under convolution provided the scale parameter A is
common to each of the independent gamma rvs. It is also closed under scalar mul-
tiplication. Specifically, if X ~ Ga{, A, a), then Y = ¢X ~ Ga(cy, 2, a), for all
¢ > 0. In particular, consider the rv X with p =0and o = 1. It’s pdf is:

Fxlai A) = A::;e")‘xf[gm)(:r). (4)

The pdf in (4} is called the exponential pdf. Now consider the transformation
Y = X%, 8>0.Y is called Weibull rv and its pdf is:

Friw A B) =27 Pt = a8 7 ey >0, (5)

The Weibull distribution is also another example of a commonly used lifetime
distribution. A rv is called stable (Feller [14]) if it can be written as a sum of
independent copies of that same family distribution. Figure 2 describes the Weibull

pdt for different paramcter values.

density

FIG. 2: The graph of the Weibull pdf diamond A; = 1.25, 8 = 1.5; asterisk: Ay = 1.5,
G2 = 0.5; line: A3 = 1.75, 33 =0.5.
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The k** moment of (4) is:
BE(Y%) = / v fr(y; A B) dy,

0
1]

By change of variables we get

1 20
ky o E/A+1-1 -t
E(Y") = AW/O (hIA Yot gy

1 k

In particular, the first and the second moments are:

] 1 1

1 2
E(YYH = Wr(l + E)'

Therefore expected value and the variance of the two parameter Weibull distribution

in (5) are:
E(Y)= Al—lmf‘(l + %) and
2
Var(Y) = T}E [F(l + %) - {T‘(l + %)} ],
respectively.

11.2 THE MULTIVARIATE GAMMA

The random vector components corresponding to a multivariate lifetime distri-
bution have positive support distributions. There is a difficulty in generalizing the
univariate gamma distributions to the multivariate case. There should be a mecha-
nism to derive a distribution that can be categorized as multivariate gamma. In other
words, the dependence structure of the rv’s have to be specifically defined. Different

approaches and models have been suggested for developing bivariate/multivariate
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gamma distributions. Kotz et al. [27] have extended the standard gamma distribu-
tion to the multivariate case. In their construction, they have considered (m + 1)
mutually independent standard gamma rv's, X;,7 = 0,...,m and considered the
linear relationship ¥; = Xo + X, 5 = 1,...,m. The joint distribution of ¥3,..., ¥

is defined to be multivariate gamma. Its joint pdf for m = 2 is:

e~ (vntyz) Yoy g1 fa—1 T
famlynie) = Wﬁfg 7' (o — w0) " (e = )™ o,

where § = man(yy, y2).

The multivartate gamma distribution of Krishnaiah and Rao [28] is defined as
the joint distribution of the diagonal elements of a Wishart matrix. They have
defined it as the multivariate chi-square distribution. They first considered a p-
variate normally distributed random vector, X,, = (X, ..., Xpu) o u = 1,...,n, with

mean vector zero and variance-covariance matrix M, where M = (o). Defining

rameter 20; and shape parameter n/2. Moran [40] utilized the three parameter
gamma distribution in discussing the need for multivariate models in rainmaking
experiments. Steel and Roux [46] have introduced bivariate gamma models in relia-
bility analysis, where the components of cperating systems are subjected to shocks.
They considered X and Xy to be the lifetimes of the two components € and 5 op-
erating in a system. These two components € and € are subjected to shocks and it
is assumed that C fails after receiving A shocks and C; fails after receiving [ shocks.
The occurrence of the shocks in the two components, C; and Cy, are governed by a
Poisson process with parameters 1/cqq and 1/ap respectively. If Cy fails in the first
instance, then it is assumed that the occurrence of the subsequent shocks in Cy is
governed by a Poisson process with parameters Ay/as, whereas, if Cs fails in the first
instance, then it is assumed that the occurrence of the shocks in € is governed by a

Poisson process with parameters A /a;. The joint pdf of X, and X is:

h-1 -1 )3 1 3 by
Az (Az(m;;-m:)-:-xl) e[_(°_1+5_£)xl_ﬂ_2m]
f (55‘ I‘) — rRIT et o
X1 Xaibl, L2 Mz Mg () —we)ag)h ! [—%m—(a—ll-i-‘;—?—%)xz]
T(WT{Hefal !

if 0 < oy < xg;

0 < 0 < 2.
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In their multivariate gamma model Mathai and Moschopoulos [35] considered a.
linear combination of independent gamma rvs. In their model, they defined V; ~
Galv, Bi,a;),1 = 0,...,k, to be mutually independent and considered the linear
relationship Z; = ﬁ—éVg + Vi, = 1,..., & The random vector {Z;,...,Z;) is then
defined to be the m\OJltivariate gamma distribution. They have discussed two cases
that can be used to model their multivariate gamma. The first case is where a &-
variate system (Zy,...,Z;) is subjected to disturbances such that the new system
is (Z1 4+ €1,..., 2y + &&), where Z;'s and ¢;'s are mutually independent gamma rvs.
The second case is where the rv's (Zy, ..., Z;} represent the runoffs to a dam from &
different streams and the new random components, (Z; + 6, X, ..., Z; + 6:.X), where
§;’s are constants and X is & new gamma rv which is independent of (71, ..., Z;) and
represents the variation in the dam from rainfall from the catchment areas. Mathai
and Moschopoulos [36] also introduced a new form of multivariate gamma that can
be applied in reliability and stochastic processes where partial sums of independent
positive rv’s are of importance. Here also they considered V; ~ Gal(v, 3, o), 1 =
1,..., %, to be mutually independent and considered their partial sums, Z; = Z;..1 +
Vi,i=1,..., kwith Z; = 0, to construct the multivariate gamma distribution. Their
joint pdf for & = 2 is:

(z1 =) o — 21 — 72}“2_19_ (= +12)

BeateaD{on)I (o)

fz1‘Zg (zla 22)

By considering a Negative Binomial randomizing procedure, Gaver [16] construc-
tively generated a bivariate gamma with gamma marginal distributions. He con-
sidered the rv's X; and X, with the following relationship: X; = Xy, + X1,
Xo = Xon+Xop, where Xy, X1g, Xon, Xo are mutually independent gamma rv’s with
shape parameters n,k, n, &k and unit scale parameters. The joint Laplace-Stieltjes

transform (JLST) of this bivariate gamma density is:

l(l + o)(1 +sl)c;1 +5;—2) — 1]’c

l;r)k(sl, Sg) s Yk > 0,

where

Gilz) = ibn(!c)z“ - [—-5"—r Vi > 0.

= l+w—=z

is the generating function of the Negative Binomial pdf.
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II.3 THE MULTIVARIATE WEIBULL

By utilizing the positive stable distribution as a mixture on the hazard func-
tion of a Weibull distribution with shape parameter v, Hougaard [18] derived a
univariate Weibull distribution with a smaller shpae parameter. Hougaard [19] de-
rived his multivariate Weibull using this same approach. specifically, he defined
Y; = Z"”’*Wj’ j=1,...,p, where Z is distributed as s positive stable distribution
and W1, ..., W, is iid Weibull with shape v. The joint survival function for p = 2 is:

_ e—iiffh yp +zyg |* )

S{y1,y2) =

[1.4 THE EXPONENTIAL FAMILY TYPE

We consider the class of exponential family type probability distributions on the
real line from McCullagh and Nelder {38]. The class is defined by the family of

densitics G with respect to the Lebesgue measure as follows

o7 (x) — b(0)

) ©)

P
where

s fE§.

e 15 a constant scale parameter typically called nuisance parameter.

e & is a location parameter.

a(p) and ¢z, ) are specific functions of the scale parameter.

b(6) and T(x) are functions of the location parameter and variable z, respec-

tively,

In fact, this exponential family density in (6) is a reformulation of the form given
in McCullagh and Nelder [38] as they simplify T(z) in (6) to simply z. Also, the
expression (6) generalizes the exponential family type of distributions as described
in Terbeche et al. [47] in the sense that:

o if ¢ is known, then (6} is the linear exponential family with canonical parameter
0.
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» if ¢ is unknown, then (6) may be used as a 2-parameter exponential family
Lyvpe.
As described in McCullagh and Nelder [38], this [amily includes the normal,
exponential, gamma, Poisson types of distributions. In this setting,

_ Olog L{6,x) Of(x,8)/00
B o6  f(z,8)

U=U(#) {7)

is the score function. Note that:
e B(U)=0

s Var(U) = E(U?) = —E{(0U/88) = I(#) also known as Fisher's information.

In the exponential family case as in (6),

6, 0,2) = log L{6,p,x) = @—"“")@ﬂ T oo ),
L T()~ ab8)/o0
86 a() ’
and E(U)=0= E(T(z)) = %(j) = i {8).

1II.s LAPLACE TRANSFORM

The Laplace transform (the equivalent concept of moment generating function}
provides a great deal of insight about the nature of a distribution. We first recall the

definition.

Definition IL5.1. If X is a r.v. defined on Ry with edf Fx, satisfying P(X = 0) <
1, then tts Laplace-Stieltjes transform (LST) is the function valued in R defined in
Abramowitz and Stegun [1] as:

X1
Lx(s) = Ee % 2/ e P dFx(z). (8)
¢
Here are some properties associated with the LST:

e Existence: the integral in (8) is with respect to the Lebesgue-Stieltjes integra-
tion in discrete and continuous case. In our cases of positive support distribu-

tions, (8) always exists. In fact 0 < Ly(s} < 1.
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X (5) exist for all n.
ds"

e Lx(s) is infinitely differentiable, and

For rn € N, the m* moment of X is given by EX™ = (—l}ng”)(U).

Additivity: the LST of the sum of independent rv’s is obtained by taking the

product of the LST of the individual r.v. For Xi,..., X, independent rv’s,
then X = 3"" | X; has LST:

Ly(s) = Be™X = Eﬁ e = ﬁ BeX = ﬁ Lx.(5).
i=1 i=1 i=1

e Uniqueness: if X and X, are two rv’s such that Ly, (s) = Ly, (s) then

fx, (z) = fx,(x}, for all z except on a set. of measure 0.

e The LST completely characterizes the distribution.

These transforms help in the computations and in the linear combinations of rv's

associated with some distributions.

Example I1.5.1.

For a gamma distribution X ~ Ga(y, A, o) with pdf (2), its LST is given as:
Ix(s) = g [ e am e e as,
I{a) J,

A% ® L~ {At+s)(z—p}
o a=1_~{At+s)(z—pn} ;.
o) é (v —u)y* e d.

-5
""(i'u

By change of variables we get

xe =
Lx(s) — et / ta—le—()t+s}tdt,
o

T(a)

_ /\cr oa (/\ + _S)or 4
_ sm o1 = (k) gy
¢ (A+s)ﬂ/; oy & ¢ %

A 5
= s
(52)

The gamma distribution, shifted at the origin, with unit mean has LST

Lx(t)= e"’”(} vy ) — e et — gm DL a5 0 00,
43
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Example 11.5.2.

Let Xy, Xs,---,Xn, n > 1, be independent rv's distributed as Galp;, A, a;) for
1 <4 < n. Then, using LST, it is easy to show that X = X;+ X3+ - X, has density

of Ga.(z i, A, Z a;}. The result can also be found in Dudewicz and Mishra [13]

i=1 =1
page 277, and in Billingsley [5]. Notice that the simplicity of the result is due to the

fact that the scale parameter is the same for all these gamma distributions.

In the remaining cases, we consider situations where the scale parameters are
different. When two or more of the distributions have the same parameter A, we can
add them first to obtain another gamma distribution with the same parameter A.
Notice that the distribution of the sum of mutually independent gamma rv’s with
different scale parameters, is not gamma, even if they arc mutually independent.
Rather, it is described as a mixed gamma with mixing shape parameter. See Mathai

and Moschopoulos [35] and Mathai and Saxena [37] for more details.

Example I1.5.3.

Suppose X and Y are independent discrete and positive support continuous dis-
tributions with probability mass function (pmf) and pdf p(x) and f(y)}, respectively.
Then

Lxy(s) EesXY = /:j D e f(y)p()dy

= ([ emiow e
= ZLy(sm)p(m).

We later use Example I1.5.3 in the case when X is a Bernoulli rv with probability

p, and Y is a positive support distribution. In that case, we have that:

Lxy(s)=p+ (I —p)Ly(s}.

The sum of rv's will be of interest specially to verify the answers we will provide.
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For two rv's X7 ~ fi and X5 ~ fy, their sum, X = X; 4+ X5, has density obtained

/ / 35'1,3,"2 dT]d.T,-Z

The convolution of two functions f,g: R — R is the function

from the joint pdf as:

oo = [ Fonta— o

If the rv's are independent, the density of their sum is the convolution of their

densities, and can he represented as below.

Theorem I1.5.4. Assume that Xy and Xo are independent rv’s defined on Ry with
pmf/pdf fi and fa, respectively. Then X = X, + X, has density

Ix(x) = (fi* fo)(z) = /szl(f)fz(i" —t)dt

Proof: Proved in Hunter and Nachtergaele [20]. O

However, a lot of work can be alleviated as the LST of X in Theorem 11.5.4 is

given by:  Lx(t) = Lx,(t)Lx,(t), and is recognized in some distributional form.
Example 11.5.5.

Consider X to be the sum of two independent and identically distributed(iid)
*
exponential type rv's with same scale parameter A. Then fx{x) = Hlt) folx —
0
t)dt = / Ae~MAe~ Mgt = 22272 which is a Ga(0, A, 2).
Jo
Theorem IL.5.6. For X; ~ Ga{, M, a1} and Xz ~ Galuz, A, ag), the v, X =
X1+ X» has a gamma distribution Galu, A\, )  ff A= A
ATTAGE
(/\1 + 8)0‘1 ()\2 + 5)ag )

Proof: The LST of X is given by Ly(s) = e~ (e+ua)s
If Ay # Ag, then the LST is not representative of a gamma, distribution.

Considering the case where Ay = Ay = A, then the LST and the density of the
sum X = X, + X, become:
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A [#3
Ly(s) = e
x(s)=e (A+s)

A® n—1_—X{r—p)

Ix(z) = fm(iﬂ — ) e

where @ = a; + ag and g = pg + . O

For X; ~ Ga{py, A, o;) for 1 = 0,1,--- ,p, based on the LST given in (8) and

using the binomial theorem, we have the following:

dm L. (3) L Im dk()\%- +5)—(1 ko= pis
i — )&
ds™ Z (k) { ds*® dgm—k !

k=0

forme N,

Setting s = 0, we have that

b m _
By =3 (7 Moo,

k=0

where () = ala+1)- - (a+k-1).

In particular, Cov(X;, X5} = a;e;Var(Xy), 1,7 =1,2,...,p, where
Xi=a;Xo+ Z;, 1=1,2,...,p, as in model in equation (1).

The LST has many helpful properties as discussed earlier, In particular, we use
it for many of the derivations of the distributions of the latent variables. Other
important concepts that will be helpful are the concept of infinitely divisibility and
complete monotonicity. They have many applications in the theory of limit distribu-
tions for the sum of independent rv’s. In general it 1s difficult to determine whether
a given distribution is infinite divisible or not. We would like to consider what con-

ditions are required for the pdf of the gamma distributions to be infinitely divisible.

We first give a notation and some definitions drawing from Feller [14] or Billingsley

[5). Let the symbol £ denote “equality in distribution”.

Definition I1.5.2. Coensider a random vector X . Its distribution is said to be in-
finitely divisible if for every n € N there exist iid random vectors Xp1, Xz, -, Xnn
with > Xok 2L X. In other words, an infinstely divisible r.v. X has pdf f(z) that can
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be represented as the sum of an arbitrary number of 1id rv's Xy, Xa, - -, X,., with edf
F, , that is:

XEX + X0+ -+ X,
hence the term infinitely divisible. Borrowing from Billingsley /5] pp. 383-884, the
distribution F' of X is the n-fold convolution F,, x F, = ---« F where F,, is the dis-
tribution function of X;, 1 <i < n.

Two simple examples of infinitely divisible distributions are the Poisson distribu-
tion and the negative Binomial distribution. The Poisson r.v. X which takes only

nonnegative integer valucs with density function expressed as:

flay=e¢e"*"—, ©=0,1,2,---, ,A>0.

Here the parameter A, is the mean value of X. One may express f(z) as:

flz) = Z C_Agé‘(l' ~n).

re=(t

Its Laplace transform is then given by: Lx(s) = eMe™o -1}

Definition IL5.3. : A function ¢ on the interval I = [0,00) s completely mono-
tone if il possesses derivatives ¢ at all orders which alternate in sign, i.e. if
(=17 (s) > 0, for all s in the interior of I, andn =0,1,2, ...

Theorem I1.5.7. ¢ is completely monotone iff ¢ is the Laplace transform of some

measure.

Proof: See Feller [14]. O

For two real valued functions ¢; and ¢, that are completely monotone, so is

their product and their compositions, when appropriately chosen.

It is important to note that any completely monotone probability density func-
tion is infinitely divisible. See Feller [14]. Moreover, if ¢ is completely monotone on

[0,00) and ¢{c) = 0 for some c > 0, then ¢ must be identically zero on [0, o).
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1I.6 THE DIRAC DELTA FUNCTION

The Dirac delta function at the point ¢ € R, is a point mass distribution denoted
dc- As in Abramowitz and Stegun [1], a r.v. X has point mass . distribution at c if

its probability mass function (pmf) is given by:
flzle)=08(z)=0x—¢)=0 if z#¢c, and / flzleydz =1.  (9)

There have been several references on this function. The expressions in (9) can
he thought as Lebesgue-Stieltjes integral and they have been studied by a number of
authors such as Folland [15] and Rudin [44]. Such integrals are well developed topic

in analysis, with applications in probability. For example, consider a real valued r.v.
oo

X with F as its cdf. Then, its expectation is: E{g{X)) = / gz} F'(z)dzx.
However, if F has discontinuities, or it is not differentiable at certain points,

the above integral may not be valid. One way to avoid that situation is to consider
+oa

the Sticltjes integral expression F(g(X)} = ] g{x)dF{x)dz, which always holds

as long as F is a proper cdf.

Despite its name, the Dirac’s delta function is not a functien in the classical
sense. One reason for this is that because the function f(z} = é(z), and g(z) = 0,
are equal almost everywhere, yet their (Lebesgue) integrals are different. Another
reason is that it is too singular. Instead, it is said to be a distribution. It is a
generalized idea of functions, and can be used inside integrals. The well known
mathematician Laurent Schwartz gave it in 1947 a rigorous mathematical definition
as a linear functional on the space of test functions D, the set of all real valued
infinitely differentiable functions with compact support on (—oc, oc) such that for a
given f(z) € D, the value of the functional is given by formula (2} in Khuri [26],
Kallenberg [25], or Hunter and Nachtergaele [20]. Such linear functionals are called
generalized functions or distributions. For this reason, the delta function is more
appropriately called Dirac’s delta distribution. Thus the value of the Dirac delta
function §; is defined by its action of a function f({z) € D when used in integral as
in formula (2) in Khuri [26]. Thus one should (never) not consider its value at 2,
i.e. the domain of 6 is D and its values are given by formula (2) in Khuri [26]. As

such, the theory of distributions in mathematics has been highly developed, and as



22

a result, the Dirae delta function is well established and accepted in mathematics as
a gencralized function or distribution. Note also that it has been modified from the

original version defined by Dirac in 1902.

So the Dirac delta function should be regarded as a distribution. As distribu-
tion, the Heaviside step function is an antiderivative of the Dirac distribution. The
Heaviside step function, also called unit step function, see for example Abromowitz

and Stegun [1], is a discontinuous function defined as

: 0. ife <0:
Hiz) :/ sydr =4 & HT <G (10)
_ 1, ifz>0.

1

The value of the Heaviside function at 0 is sometimes taken to be 0, or 5 (most

popular for symmetry purposes) or 1. Here, we will take it to be 0.

Both Dirac and Heaviside functions have been used in a variety of fields of science
and engineering. Their use in statistics is relatively new. Pazman and Pronzato [43]
used such function in their nonlinear settings. The Dirac delta function is a very use-
ful tool in approximating tall narrow spike lunctions (also called impulse functions),

and the following integral:

/ T f)dt)dr = 617] = £(0)

for any (test) function f(x), is more a notation for convenience, and not a true inte-
gral. It can be regarded as an “operator” or a linear functional on the space of test
functions which gives the value of the function at 0, as in Rudin [44]. It is important

to see that the integral is simply a notational convenience, and not a true integral.

We should not confuse this above with the Dirac as a measure defined based on
a fixed element s of the space of interest, say . More precisely, the Dirac measure

J is given for any measurable set E € B(R) by

. | 1 el
§(E) = *
0 ,s¢FE

and then / Flx)dé(x) = f(s) for all continuons function f.
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Here, differently from the Lebesgue measure which is translation invariant, it
is not true that two intervals with the same endpoints necessarily have the same
measure. 5([0,1]) = 1 whereas 0((0, 1)) = 0. This is becausc ¢ is not absolutely con-
tinuocus with respect to the Lebesgue measure. More details are given in Kallenberg

[25], Williamson [48] or Shilov and Gurevich {45] to mention a few,

So as a distribution, the Dirac delta function §{x — s) is a pdf with mean median

and mode s, cdf H{x — s), variance and skewness 0 satisfying the following:

. /_m Sax)ds = [ﬂ s = L va o,

% w ol laf

o S(ax) = %, Yo # 0.

1
e—x2,"62

A/

as limit of a normal distribu-

e d(z) = (lli_lg[l)ﬁa(a:) where d,(z) =

tion.

To end this review, we note the following results: H(x —a) =1 - H{—x+a} =
1—H{a—z) and H{zx —a)dz = (x — «)H(x — a). The Dirac delta distribution
can be thought as the limit case of a distribution whose density must be concentrated
at the origin point. More details and applications of the d-function can be found in
An and Tam [3]. So for a rv X with Dirac density §(z — ¢), ¢ > 0, the LST is given
by Lx(t) = e~ .

The moments for the Dirac delta function é, are given by: EX* = ¢, Var(X) =
0 and its characteristic function is given by ¢{¢) = €*°. The Dirac function provides
a very helpful tool in mathematical statistics as it provided a unifying approach in
the treatment of discrete and continuous distributions. We review two examples in

each case helow.
Example I1.6.1.
Let X; ~ Ga(2,a}, Xz ~ Ga{2,8) and X;, X, are independent. Find the joint

X
pdf of (Y, Z), where Y = nXlTng and Z = X; + X3 (Khuri [26}).
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Let f(z),a,) be the joint pdf of (X1, Xz}. Then joint pdf of (V, Z} is:

Ty, z) = /_C’O /j’" f(;cl,:r,g)(S[ o y} o{zy + o — 2} dridas

Ty -+ X2
- W /Doo /nm R e aal. Ll jj: o y] 8y — (2 — ©3)] dardas
= W /Go" x5! da /U'm a"ff_le_mf?Ll?I? — y} 8z, — (2 ~ 22} dxy
= W ‘/:0 25z — 25)* 76 [z — y} e”% dzy

- r_(c‘lﬁ(;—%mj]. Iﬁ_l(z - 3;2)0’_15[3?2 — (2 _ ZU)] d-il,'g
1 z
- Wyanl(l - y)'ﬁ_lzaﬁs_le—:

Example 11.6.2.
Let X ~ x%(m), ¥ ~ x*(n) and X,Y are independent. Find the pdf of Z, where

X
Z = :L—Y- (Au and Tam [3]).

Let f{x,y) be the joint pdf of (X,Y). Then joint pdf of (X,V) is:
]. m 1 fl l I E

Jlay) = —og————x? y2 e 2¢ ?
2 o

Then the pdf of Z is:

1 = = T " k3 y nx
g(z) = T—/ 2 lyz e 1e724 [— — z} dxdy
27 I(F)0(5) Jo Jo my
_ 1 oo rr;yy%_le_%dy/mx%_lc_§6|: _ myz] dx
PFIENE) b 7 0 n
1 s MY o_q .y muz (myz) -1
= preprivey —y 2 e 26‘_ 2n dq
2-2*-1“(%)1“(%)/ n? n ’
By change of variables
m m+r
]. ? T 2 2 = L kil
9(z) = o i -1 n / wWIF et gy
272 I“[%)I‘(’—;) n n -+ mz 0
mtn ’;‘ 1
A G R
INCIING) {(n+mz)"z
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CHAPTER III
SUM OF IID RANDOM VARIABLES

Sum of independently normally distributed models are of interest in many set-
tings and are described by many authors such as Dudewick and Mishra [13], and
Casella and Berger [7]. Normal distributions are very valuable, but they have lim-
itations, specially if the sample sizes are small, and/or the data do not take values
in the negative range. As suggested by Hougaard [19], transformations to achieve
normality should not be used unless other alternatives have been explored. For pos-
itive support data, other lifetime distributions, such as the Binomial, the gamma,
the Weibull, have been suggested. The finite sum of non-normal independent distri-
butions has been studied by many authors such as Moschopoulos (41, Mathai and
Saxena [37] and Nadarajah and Kotz {42]. Applications for such distributional sum
can be found in many areas. Mathai [34] gives example in storage capabilities. It
is well recognized that the sum of independent gamma type distributions, the scale
parameter being same for the individual distributions, again has a gamma distribu-
tion. Approximations are also suggested as the exact distribution of the sum is not
always possible to get in a closed form, as suggested in Luke [31] or in Krisnaiah
and Rao [28]. In such cases,the nonparametric approach is clearly preferred because
of the difficulty in estimation of associated parameters. Recently, the product of
Bernoulli and exponential distributions have received great attention. In fact, Iyer
and Manjunath [22] considered such preduct in a reliability system. Marshall and
Olkin [32] and Marshall and Olkin [33] used such a distribution for the modeling of
events that can occur simultaneously. The idea of simultanecus cceurrence of events
has been shown to be very useful in many areas of science and it is famously known
as the Marshall and Olkin property as in Carpenter et al. [6]. However, the sum
of such independent distributions has not been fully described and in many cases,
estimations and tests depend on the true distributional form of the data. In this
chapter, we address the sum of independent products of Bernoulli and exponential
distributions as a mixture of two types of distribution funections: the Dirac delta and
gamma types. In the next section, we describe the product of Bernoulli and expo-
nential type of distributions. Section 2 presents the exact distribution of the sum of
independent such products. In section 3, we present the properties associated with

the sum, and in section 4 we summarize the results in this chapter.



26

II1.1 PRODUCT OF BERNOULLI AND EXPONENTIAL DISTRIBU-
TIONS

In this section, we give the definition of the product of Bernoulli and exponential
distributions. We show the relationship between these distributions through a latent
rv (rv} YV whose cdf and pdf is represented in Figure 3 and which is independent
to the independent variable. More precisely, let Xy and X3 be two expouential rv's
with parameters Ay and A;, respectively, and under a linear relationship defined as:

Xy = aXy 4+ Y, where a is a fixed positive constant. That means that:

X0 = aXi, with some probability p,
] ax,+Y, with probability 1 — p,

where Y has pdf and cdf described based on the LST as in example 11.5.3.

0.7 o4
.6 .94
0.5+ D&
0.4 074
187} p
F) g o
0.3 :
0.5
0.2
0.4
014
1 0.3
0-I T T T T L} L} T T 1 T
o 2 4 6 g 10 0 2 2 6 8 0
¥ ¥
{a) The Probability Density Function. (b} The Cumulative Distribution Function.

FIG. 3: Graphs of pdf and cdf of ¥ when a =1, A; =4, and Ay = 1.

This model gives independent coordinates when ¢ = (), and does not permit
negative association as described in Iyer et al. [21]. The idea for such distribution
is not new. The characterization described in which the marginal distributions are
exponential was introduced by Marshall and Olkin [32], and has been studied by
many authors such as Johnson et al. [24]. In that setting, the rv Y is a product of a

Bernoulli rv with parameter p and an exponential rv with parameter Ay. Its pdf and
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cdf are given by:

Fly) =pd(y} + (1 — p)fx, (y)I(y > 0), (11)
Fly} = pH{y) + {1 — p) Fx, (y}I(y > 0}. (12)
where
op = P(X; =0Xy) = PY =10) = G,)\_/\g] ary < Ay is the probability of
1

proportional occurrence between X, and Xo.

» 4(t) refers to the Dirac delta function, i.e.
o

t)=0,if £ #£ 0, and / o{t)ydt = 1.

—oh

i
- fX2 (t) = }\ze_AQt,t > 0, and F){Q(y) = ]0 f;(2 (t) dt.

e H{y) is the Heaviside function, the generalized anti-derivative of &(y), ie.
dH(y) ‘

3y) = d—u
As described in Marshall and Olkin [32], the rv’s X and X, could represent the
times to failures of two components in a parallel system. Instead of simultaneous
failures, we adopt the case of proportional failures. A medical application is the
analysis of two related types of diseases whose oceurrence could be suggested to be
simultaneous or proportional to each other, or the first and second period responses

to a treatment order in the different clusters. The mean and the variance of (11) are
1- 1-p)(1+
given by: P and (1-p)(1+p)

, respectively. In fact:

+20
EY) = /U yf(y)dy,

+oc “+o0 s 1-_13
= p[ yﬁ(y)d’er(l—p)/\zf ye " dy = W
Q 0 2
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E(Y?) = /O ) dy,

+oa 4o 2(1 —
[ i+ —p [ ey =20,
0 J0

A
V(Y) = E(Y*)-[EY)P,

1— 1
= d=p)l+p) p/)\(z +p),and
2
Ly(s) = L)\ )‘i 3 1-p)+ p] is its Laplace Stieltjes Transform(LST), (13}
2
A
My(t) = [/\ 2 t(l —p)+ 'p] is its Moment generating function(MGF). (14)
. —

We next derive the form of the distribution of the finite sum of such models.

I11.2 EXACT DENSITY OF THE SUM

The sum of independent rv’s is described by discrete or n-fold convolution. It is
possible to calculate the density of the sum in certain cases. Sum of independent
Binomial with same probability of success is again a Binomial rv. Similar conclusion
are available for Uniform, Poisson, and exponential distributions. The convolution of
geometric distributions with same probability of success is a negative binomial distri-

bution. We look at the combinations of the Bernoulli and exponential distributions.

As stated earlier, the sum of independent and identically distributed products
of Bernoulli and exponential models are of interest in many settings. We present

such sums, and present a practical way to estimate its parameters,

Theorem II1.2.1. Let Yi,. .., Y, be independent and identically distributed rvs with
the pdf as in (11). Define 5, =Y, + ...+ Y,. Then the distribution of S, can be

written as a mizture of gamma and Dirac delta distributions with Binomial weights,

(N3
=3 (" -, v2o (15)
=0
where fo,(t) = 8(1), and f, (t) = %g—le—azttt >0, for1<j<n.

Proof. The result is shown by induction. When n =1, then 57 = Y}, and the result
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is obvious. Consider two 1id products of Bernoulli and exponential, ¥ and ¥5:

Yi~fuly) = po(y)+ (1 —p)fx,(y}(y > 0) and
Yo~ fiu(y) = po(y) +(1 - p)fx,(y){(y > 0}

+oa
Then S2 = Y7 + Yo, has its pdf given by: fg,(y) = / v (W) fry (y — w} dw, with
' )

fri(w) = pd(w) + (1 = p)[x, (w)(w > 0),

Sy —w) = pdly — w) + {1 — p)fx,{y —w)i(y —w > 0).
That is, Sy is the convolution of fy, and fy,, and

mwifnly—w) = pPé(w)d(y — w)+ p(1 — p)o(w) fx,(y — wil(y — w > 0)
+p(1 = p)6(y — w) fx, () (y > 0)
+{1 = ) fx (w}fx, (y — w) {w > 0} (y — w > 0).

Then,
fal) = 8 8wty wdw+p(1 =) [ )y =)l — > 0)dw
] 0
+oxo
+p(1-p) ]0 5y — w) fxa(w)(w > 0) duw
+(1 = p)Q/; Cx}fxz(w)f;ﬁ(y —wil{w >0} (y —w > 0)dw
= A] —+ /12 4 Ag + ./114, where
+oa
4 = P / S(w)d(y — w)dw = p*8(y),
Ay = p(l—1p) /n+°° ) fx,(y —uw)(y—w > 0) dw
= p(1—p) /O Py — w)a(w) dw = p(1 — p) fr(v),
4 = o0-7) | " 8y — w) fs () T(w > 0) dw
+2a
= p(l—-p) A S (w)o(y — w) dw = p(1 — p) fx, (y) = Az,
A, = (1-pp /0 " Fra() fxa (g — w) (10 > 0){y — w > 0) duo

v
= {1 —p)z)\ge"\"’y/ dw = (1 — p)*Adye™ V.
0
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Hence,

sz(y) = p25(y) + 2}0(1 - p)fX2 (y) + (1 . p)‘Zl\gye—kz?}
= p3(y) +2p(1 — p)hae™ ¥ + (1 — p)*2iye ¥

Al Y I
= 2001 — )% 92 (] = ) 2 gl le=day 2221 _ 32 2 2-1 —hay
P (1 = p)ialy) +2p” (1 - p) "“r(1)y ¢ 4+ p 1 - p) T2 e

= P -p) S (w) + 20" (1 = p) fou (w) + 7721~ )P fou ()
2
2 s .
- (2 )P
- - 1
=0
Therefore the result is true for n = 2. Assume the result is true for some n € N. We
prove the result is valid for n + 1. Let S,41 = Sy + Vaqa, where: Yoo ~ fy,, () =
po(y) +(1— P)fx, (y){(y > 0). Then,
va1+1 (y) = j fSn, (.w)fyn-{—l(y - w) dw! a‘nd
a ] .
fs (w) = Z?:o (ntj)pn_J(l — Py Jo, (w).
Since fy, . (y —w) =pd(y —w) + (1 — p}fx,(y — w)i(y — w > 0), we have that
7t

.)pﬂﬂ-f(l — Py, ()b (y — w)

fSﬂ(w)fYﬂ+l(y —w) = Z (n —

i=0
Tt

+ Z (n ?_ j) PP = pY P o (w) fx, (y — w) (y — w > 0),

=0

it fon) = (7 e [ s - v

=0
hr3

#3(,0 e [t - wdo

=0 NPT
= Partl + Part2,

with

Pt = 3 (" N -y [ gy it —w) du

a

- ( j)pﬂﬂ-j(l—p)ijj(y),and
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D ) (R U By AT TR
=N
i) )\3-1-1 ""AQ"U .
= ( )p JHi_/ w' ™! dw
o N L) 0
_ s ( ’ )pﬂ J J+1/\J+1 —A2y yJ
S \n = i) J
n +1
— Z( )p J-‘rl )\i J+1—le—/\2'y
i \n—j TG+ 1)
. n ) j+].
= p f'?_;+l( )
So,
. _ . n nt+l- (] i
o) = 2 (" -
3=0

v Z (," ) -
= p"fu(y) + Z (n " j) P (L =Y £, (y)

+Z(ﬂ_ e A AR R (R T ARG

Using change of variables in the third term of above equation, we get:

k)

foun®) = " ely) + Z(nij)p““"j(l—p)-’ﬁﬁ(y)

=1

+ Z (n Jj B a) pP L~ Py () + (1 — Y fo i ()

= () + an+] {1~ p) f, (w) {(nij) &l (n-j’+ 1)]
+ (11— )"+1fgn+1(y)

= ) + X (T A0 + 00
j=1

n+1
n+l At+1-j j
- ¥ 1= pVY [,
=0 (” +1- j)p (L= p)y fo,(y)

Therefore the result is true for n + 1. O
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The pdf of the sum can be thought of as a hyper gamma rv. Figure 4 gives a
graphical display of the hyper gamma for A; =4, A, =1, a2 =1, and n = 10.

This finite sum result s a simple and explicit expression not using infinite sumns or

012

010+

0.08

density

.06

0,044+

0.02

FIG. 4: The pdf of 5.

hypergeometric functions or approximations, as proposed by many authors such as
Mathai and Saxena [37]. Since there are other characterizations of distribution, our

result can be confirmed in other ways (such as the Laplace transform).

I111.3 PROPERTIES OF THE RANDOM SUM
Lemma ITL.3.1. Suppose S, is distributed as in (15). Then P(S, = 0) = p".

Proof.
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We next give the general form and properties associated with its moments and
the survival function, the LST and the MGF.

Lemma I11.3.2, Suppose S, is distribuled as in (15). The cdf of S, can be expressed
as:

T

Fs,(y)=)_ (ﬂ fj)p"‘j(l - p)jﬁ,qj(y) y > 0. (16)

=0

Proof. From the theory of Heaviside functions in {10}, we have that

an (y) Sﬂ < y)

- /fsn 1) dt

- pn/u 5(t)dt—|—”p”i (T: _)M/yﬁj(é)da

= / 5(t) dt + p" Z (ﬂ - 3) a ;py F)EJ) /y Hle ™ty
P*H() +p" Z ( . j) - ;;”)j Fy, ()

- : (n . j)p"“j(l - 7)Y Iy, (9)

)

where

e Fo(y) = H(y) is the Heaviside function, the generalized anti-derivative of

s(u)ie. 8ty) = 0

o Ay [ SR e )
. ng(y) '-/0 fgg(t) dt = F(_-_j') = li]- g—"ﬁ ] .

O

Lemma XI1.3.3. Suppose S, is distributed as in (15). The survival function of S,

cen be erpressed as:

P(Snzy)=2( - ) A-p jzem dav) -p"I{y) y>0. (17

n —
7=1 J
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Proof. The result follows from the result in (16}. Indeed,

Fg.{y) = p"H(y) + Z (n :i j)pn--j(l _ p)jM}

= I'(7)
= i+ 3 (1) ll X (”)]

n . j—1 —Azy(/\ i
i) s : e 21;‘)
n _ It K L
prH{(y) +1 (n j)p (1—p) E .

7!
j=1 i=0)

Hence,

P(Snzy) = 1-Fs,(v)

i-1

= 31 -y T )
=1 i=0 ’

Lemma II1.3.4. The m'™ moment of the above mizture 3s:

my _ LG +m)
E[S7] = AmE ;( ) (1 - p) 5 (18)
Proof. We can see that;

+ oo
E[ST] = / ¥ fs. (y) dy
0

=pn/n+wyma(y)dy+/ﬂ Z}( ) P fyy ) dy

j=t

_ P~ n YA -pP TG +m)
- i%“;(n—j) P T

Result 1:
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Proof. Take using (18) with m = 1.

Then,
ki3 ; .
p" n \0-plI{F+1)
ESn = e ( ) : . 1)
(5] Az 3; n=j P! I'(7)

_ Efnj( n )U—pV

20\ p
_ n_p”i:(n—l)(l—p)f

p 5 \i-y P
T T

np” n— 1) ; _nplr (n 1) ityne
= — ™= r 1 J)

/\231(1—1 )\2; 7 —1
_ np™ n-1
8}
_ n(l1—p)

Ay ]
with r = 1_—_}) O
P
Resuit 2:

3

Proof. Take the result in (18) with m = 2. Then,

B[S = Pni( n ) (A-pPTG+2)

Y ‘—\n-j) P I'(5)
PP n : 1-p
= = G+ 1), where 7= -—>
3 ; (n - J)J( ! 2
nPp" em 12— 1) _ -
= -5 , 7+ 1y,
X o (:r ~1)ury
n{n — 1)p" -~ ('n, 2) i np" (n, 1)
= 5 Ll s e Z 1,
A = ji—2 Aj p 7—1
n(n — 1)p"r? (n - 2) s | 2np"r (n - 1) i1
= 2\, o) 2 :
1\2 =2 ¥ 2 A =1 3 1
n{n — )p*r?
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psy - L Fa-n,
and V[S,] = E[Y?] - E[Y]%
n(l —p)(1+p)

V(s =

Lemma 111.8.5. The MGF is:

Mo )= [0 ) (19)

M) = [ sty
= o [T espar [ ﬂyz(ﬂ_j) - PP E, ) dy,
- p’wz( -y [T %w-le—w-”wy,
=ty Z(ni ) lf'py( ;Et)j’
-7 Z( e

- [(/\:it) p)“’r’

Lemma I11.3.6. The LST is:

Leo) = [ -p+p] (20
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Lo.(t) — /D v () dy,

+oo s +oo . n 7 o )
= p“[o e ”5(y)dy+/0 € 1”Z(n_j)p (1 —pF fo,(y) dy.

F=1
J

i n . ) “+ o0 A, )
_ pn + ( _)pn—_?(l —p J / 2‘ yj-—le-(,\g—t}y dy}
; o ) o I'{F)
T ! - n (1 B p)J /\%
= p"+ )= .
pe ; (7’1 - J’) P (Ao t+s)

) pz e e e L

]

The result in (19) and (20) confirm the expression of the product of n identical
distributions from (14) and (13).

1II1.4 SUMMARY

Relationships among distributions have long fascinated many authors. Leemis
and McQueston [30] describe many univariate disiributions and state that their sum
is asymptotically normal. However normality assumption has limitations and non
asymptotic results can take a long time to approach. We have proposed the sum of
a particular type of survival distribution, and we have given its exact density and

properties.
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CHAPTER IV

BIVARIATE MODELS

Bivariate models are the natural extension of the univariate models. They can
later be generalized to higher level multivariate models. Applications using mul-
tivariate gamma can be found in Kotz et al. {27]. In this chapter, we introduce
several bivariate models. If X, X5 are Erlang, then (X3, X2) is called the bivariate
Erlang-Erlang model. Since two distributions will be of specified marginals, we will
use the name of the marginal distributions to denote such bivariate models. We
define the Erlang-Frlang bivariate model to be a model where the marginal densi-
ties are Erlang distributed and the two rv's are linearly related as in (1). First, the
Erlang-Erlang bivariate model is introduced. Second, we introduce the Exponential-
Exponential bivariate model, its estimated parameters and the application of this
model to simulated and real-life data. Starting with exponential rv’s and with the
aide of transformation technique, we derive the univariate Weibull and use the uni-
variate Weibull to derive our Weibull-Weibull bivariate model. Next we discuss the
Erlang-Gamma bivariate model. We also introduce the Gamma-Gamma model. The
result in Theorem II1.2.1 will be critical in explaining all the forms of subsequent
densities. { X, Xg) is called the bivariate model.

IV.1 ERLANG-ERLANG MODEL

Theorem IV.1.1. Let fi and f> represent the marginal densities of two rv's X,
and X, from (3) with the same scale parameter « with o € N. More specifically,
let X1 ~ Erlang(A,a) and Xa ~ Erlang(Xq, a) Then the joint probability density
function of (X1, Xa) ts given by:

e}

stna) =3 (% )= 0P ey - ) 1)

=0

where

o the rv's X| and X, are related as Xo = aX1 4+ Z, with a o nonnegative fixed

constant called the coefficient of linear relationship, and Z an unknown rendom



variable independent of X,

. pZP(XgZG,Xl)Zm.

Ap

j -
b fgj(ﬁ) = %tjqc_ht,t - 0? fO?" 1 S jl S n.
. fg?(t) = §{t) refers to the Dirac delta function, i.e. §(t) = Cf t # 0, end

/_ma(t)dt _1

Proof: First we consider the Laplace transform of X,
Lx,(s) = Bl
_ E[e—s(axl—i—Z)]
= Ele™***E[e~*%] Using the independence of X; and Z,
So LXZ(S) = Lxl(aS)Lz(S).

Since we know the Laplace transforms of X; and X5, we can now obtain the

Laplace transform of Z. Therefore:

LXQ(S)
LZ(S) LXI (as):\
_ _)_.ﬁ AL +as|®
N /\] }\2 + 5 !
_ )\2 ¢ . tl)ng
= [(1 p)/\2+s+p] where p = o

Since the Laplace transform uniquely determines the pdf of a rv (Feller [14],
the unknown rv Z, is the sum of a independent rv’s, each being the product of
two independent rvs: a Bernoulli rv with mean (1 — p} and an exponential rv with

parameter Ay, where, p = % The probability density function of Z is:

o

fz(2) = Z (a Ci j)pa_j(l —pY fy,(z), z>0, by Theorem II1.2.1

J=0
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Using the independence of X7 and Z, we have:

Filz1) fz(2)
P filzi}o(z)

O 3 ) BB AR

le,Z(Il: z)

2z, 2)0(az1 + z — x2) dz

Il
2

Then g{z1, €2}
= f p*hi(z1)d(z)0(az: + 2 — w2} dz +

[;00 g (a {i j) P* (1 - p) fi(z) fo, (2)0(azs + 2 — 22} dz

Partl + Part2,

with

+oa
Partl = ] p* filz)6(2)8(azy + 2 — z3) dz

v)

+oa
Pafl(’if'l)/ d(z)(ax) + z — z9) dz

P fi{z1)8{xy — axy), and

Part2 = /_ h (a “ j) P (L = p) filz1)fo (2)8(azs + 2 — 2) dz

g £51
- J 4] . ) +oc
- (0-’ = j)paﬂ(l =Y filw) fo(2)0(ax; + 2 — a2} d2
i=1 s
- Z (o: C_t j') P71~ p)jfl(xl)fgkﬁfz — ar).
=1

Putting together Partl and Part 2, we obtain,

o

stonan) =30 ()0 0P i)y ).

3=0

O

The commeoen shape parameter assumption is quite common in applications for
practice Figure 5 describes the joint pdfin (21) for Ay =4, A =1, a =1, and @ = 2.
The line of discontinuity can be seen and it describes the proportional occurrence

case.
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FIG. 5: The pdf of (X],XQ).

Theorem IV.1.2. Let the two rv's Xy and X, be jointly distributed as (21). Then
the JLST of Xy and X, is given by:

_ At il A i
Lx, x,(51,52) = [m} [(1 p))\2+5+p] .

Proof: The JL.ST of X, and X, is,

Ly, x,(s1,50) = Flem1¥170%]
= E[8_51X1_32(0X1+Z)]

—  PEle~(tas2Xi] ple=52Z] Using the independence of X; and Z,

A “ A T’
= |—2— |1 +p| .
[)\1+31+QSJ [( p))\z+s P

]

X
Based on (21), the random vector X = Xl ) is said to have a Erlang-Erlang
2

bivariate distribution. Its pdf g(xz | 6} is given as in (21). Let & = (&, A1, Az} be
the unkonown parameter vector. The variables X, and X, originate from Erlang

distributions with the same shape parameter «, and scale parameters Ay, and Ay
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respectively.  Such pdf can be viewed as a finite mixture of (@ 4 1} component

densities. It can also be written as:
9(z 1 0) = g{z1, 22| 8) = Y wyg;(z | 6). (22)
3=0

where

. Wy = ((xc:j)pa_j(l —p)J’ and Z?:D w; = 1’
o gi{w|0)=g;(wy, 20| 0) = fi(z1) fo, (w2 — 0y}, j=0,... e
® go(z | 8) = go(a1, %2 | 0} = fi(ix1)}d (w2 — axy).

Consider a random sample of size N € N, bivariate vectors as in (2), x =

(z1,...,25)7, where z; = (xa,7:2)7. The probability density function of X; =
Xa : .
( ) t=1,..., N is given by:
X
g(x: | 6) = glza,z2|8)
o - N ) ‘
- Z( .)pﬂ S(1— pY (@) foy iz — azn) , i=1,..., .
— \a — ]
=0
Therefore the likelihood function is given by:
N a
L %) = [T w;" gt | ), (23)
i=1 j=o

1, if z; comes from population j,
%ij = .
0, otherwise.

Taking the logarithm of (23) gives the following expression:

N
061 x) =D zijloglwig(z: | 6)). (24)
i=1l j=o
First set

N o

QU™ = B [1(0 1 )] = D ausloglugy (s | 6], (25)

t=1 j=o
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where

Wi (ﬂfz' | 9(t})
> gwygs(x: | 60

ay = af) = 0y, (1Y) =

The estimate of a;; = fj) = a,;(#%) is given by

Changing the order of summation in {25), the goal is to maximize the following

eXPpression:
N
> (6 loglg; (2 | 6(t))], (26)
=1
for each fixed j = 0,...,a, and get the new set of estimates of the parameters for
gle+1)

Let LL; = SOV oy loglg;{z; | 6(t))]. The estimates are obiained by dividing
the above expression into two components, for y = 0 and for 7 > 1.
When j =0,

N
Ly, = Zﬂf@nlog [90(331 | 9(t))]

i=1
}\7

_ IogH [go(Ii I ﬁ(t))]mn

=1
L& 1]
0’0—1 _/\10:3‘1:|

= logH[ m)
= Zalolog[ ! _"mz“}

= aologhs Z o — logl'(ag) Z o0+ (ag — 1) Z agplogea — Ao Z X041 -

i=1

Taking the derivative of LLy with respect to o gives

N N N
8LL|) Z Ff(ag) Z: Z
(90-'0 - lOgALO i=1 0~ ]-—‘(QO) i=1 0 i i=1 aic'logxil‘
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Setting this equal to zero, we have:

F’(Oﬁo) - ZLI anlogzi
I'(a) PRSI

Similarly taking the derivative of LLg with respect to Ay gives

]Og/\lu -

8[;[40 ¥p i N
= T P 2051 -

Setting this egual to zero, we have:
N
M Zg-:l x0Tt
= &=
A]O Z'}l:l £211]
When 7 > 0,

N
LL; = ) ailog [gi(zi | 69)]

N
= log [ [ lgs(z: | 6*)]™

i=1
= lo Hl “3 a;. —1 AT ’\gf( o — _)j—l —/\Qj(x‘;g—am)] "
* O A
- Zaz;log [ a JAJ( 3 oy (2 - aﬁil)j_le_(’\lf_hi“}xﬂ‘*23"“‘2]
N N
= q;logh; ZO‘U + jloghg Zau Togl (o) ZO“J’ 5 —1) Z aylogzi
i=1 =1 i=1 i=1

N N
--(/\lj - /\Qj(l) Zmilaij - )\2_;; Z 3352(11;}' + K:
[EN i=1

where K represents a constant independent of a;, Ay;, and Ay;, whose value may

change at each occurrence.

Taking the derivative of LL; with respect to a; gives

N M N
8LL, I(a;)
Fa. = log/\-lj E Gy — 1_‘(0{ ) o + E aijlog:rﬂ.

7 =l 2=t i=1
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Setting this equal to zero, we have

N
loghy; — ["{cr;) - — D iy @ilogwi
Y Tay) Sy

Taking the derivative of LL; with respect to A;; gives

N N

BLLJ O.‘j
- = — X5 — E 5T4) .
O Mj S i=1
Setting this equal to zero, we have
N
@y 2=t Xy Til
= N
A1 Dimy Qg

Taking the derivative of LL; with respect to Ag; gives

ALL PR al al
3

= = g+ @ Gt Ly — QT2
Setting this equal to zero, we have

N
J D i1 O

N N :
21—=1 QT — @ Zizl Q35141

/\Qj ==

IvV.2 EXPONENTIAL-EXPONENTIAL CASE

When o = 1, the mixture distribution in (21) reduces to a mixture with weights p
and (1-p). More specifically, when X, ~ exponential(A} and X3 ~ exponential(Aa),
the joint probability density function of (X, X2) is given by:

glz1,x2) = p)\le')““é(zg —am)+ (1— p))\lf\ge_hx?.eﬁ(’“'“)‘2)"“ I{zy > axy) (27}

where the rv’s X; and X, are related as in X; = aX; + Z.

Let r index of proportional occurrence between the two events.

1, ifaxy—ax, =0

T:I(xz—a:cl)z{

0, if 2z — ez > 0.
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Then the bivariate exponential density in (27) can be written as:
glz1,m2) = [plae ™21 — p)Adge™imgm hmednin]ior, (28)

Figure 6 describes the joint pdf in (27} for Ay =4, a4 =1, and A, = L.

FIG. 6: The joint pdf of {X;,X>).

IVv.3 WEIBULL-WEIBULL MODEL

Consider two rv's Y1, Y5 from (5) with the same 8 and A, A2. Let these two rvs be
related as Yy = oY + Z,, with ¢ a nonnegative fixed constant called the coefficient
of linear relationship, and Z; is independent of ¥;. Then the joint density function

of (Y1, Ya) is given as (Carpenter et al. []):

_ _ 3 .
W) = phaByl e M8y, 1) (29)
(1 — p) Aoyl e g el Iy o)

where

- 1
b 0('3;’1:?}2) = 5(92 - U"ﬂyl)a
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1
o Ty, ) = I{ya > aZy).

Figure 7 describes the joint pdf in (29) for Ay =4, Ao =1, a=1,and =3

FIG. 7: The joint pdf of (¥},Y2).

Notation

Let r denote the index of proportional occurrence between the two events.

1
1, ifys —ady =0
r:.f(yg—aéyljz _ 2 Lyl
0, ifye—aPy; > 0.

Then the joint probability density function of (Y3, ¥2) can be written as:

Ry, 52) = [pBy e T [(1 — p)aag Byl e it -Gl (30

Theorem IV.3.1. Suppose (Y, Ya:), i = 1,...,n is a randomn sample of size n. from
(30). Then the joint mazimum likelihood estimators (X;, /fg, [?) of (A1, A2, B) are given

by,



X:l = —a1= n_:js!
Y, nY,
o~ 1
AQ = ==
Y,
and ﬁ is the solution to
.n n _.n - - 9
MY Yilog i+ 0p Y (1= r)[Ye log Yo, — a¥{ log Y] = %
i=1 i=1

—Z—é— + 3 rlog Vi + 3 (1 - n) log(Va¥a,

j=1 i=1

where

n a8
& . .
. V= Siavl

— . 4
. Y; = i Yu
n
T
. k: Z’!‘:]Tt'

Proof: The log-likelihood function is:

(A1, 22, 8) = log H A(yri, yoi)

i=1

= Z logfh(yu:, y2:)]
i=1

= log(adeB) D i+ (8- 1) rilogVyi — M Y Y]

i=1 =1 i=1
[

+ log(Ah —ade) Y (1 —7s) +log(Ae8%) D> (1 — 1)

i=1 =1

+HB-1)Y (1= r)log(Vii¥a)) = do (1 - )VE
f=] i=1

(M —ed) Y (1 -r)VE

i=1
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Taking the partial derivative of I{ A}, A2, 3) with respect to A, gives

ag(/\] /\2;-8) Zn B
3/\1 (/\1 — (}.)\Q Z L

Taking the partial derivative of (A1, As, 3) with respect to Ao gives

ag(/\lz /\2“8) — Z:‘;l i a Zn —7; + Z:I:l(l — T'i)
8)\2 /\2 ()\1 had (1/\2) /\2
—Z (1-r Y§+aZ(1 — YL
i=1 i=1

Taking the partial derivative of {(Aq, Az, 5} with respect to 3 gives
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81)

(32)

Ol M, A2, 8 T e =
( 1862 ) L2 Bl + ;n log Yi; — A ;:nylf log Y3
230 (1—1)
+% + Z(l — 'T'-;') 1Og(}/1¢Y21')
i=1
—a 2(1 Vi log Yo, — (M — ade) Y (1 — r)Y{ log Yis.
i=1
Setting M equal to zero, we have
$28)
Xl — a:ig = ——":L(l _;i).
>im1 Yis
Setting O, A, B) equal to zero, we have
OAn
n 3 = 5
5 th ZﬁYg’erﬁz;?‘sYif-
Setting &E(AB—;%‘F}) equal to zero, we have

A Z Y2 log Yy + A Z(l — 1)V og Yo, — a¥YPlog vy =
i=1 =1
2?? n : T n
i Z‘E‘ B3 T nlog Vi + 3 (1 - 1) log(YiiYai).
=1 i=1
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Solving for Xz in (32), we have

1 P Yza 1 B i
— = &= 2 . i Yy — aV
o " n;T( 5 = aYy;),
- 1k
AZ = = — _l}

Y2

B 1
Y,

where

o k= En T’z‘(Yf - ayl?) =0

i=1
Solving for A; in (31), and substituting the above value for Ao gives

a n—=k

v

>
|
|

b3+

iIv.4a GAMMA-ERLANG MODEL

Theorem IV.4.1. Let X| ~ Ga(A;,q1) and Xa ~ Ga{do, ag) with oy € Nyaz € R
Ay A2 € Riag,as,A,A 2 0 and ado € M,oq £ ag and Xy, Xo are related as
Xy = X1+ Z, with a a nonnegative fized constant called the cocfficient of finear
relationship, and Z an unknown random vartable independent of Xi. Then the pdf
of Z 1s:

A_E—f-ag oy

oy
- a1 ar—j i j+ag-as ,=Ahoz

7lz) = : ! - - z e Lz >0, 34
=3 (00 )it == (34)



a)\z
™ = )\—1
Proof: From the Laplace transforms we obtain,
Lx,(s)
Lals) = Lx (as)’
[ XA ][ +es]™
- ‘)\g + S | [ )\1 :|
o0 e M At es) ]
T e+ [3\: {Ag + 5) }
i Toz—ar e
= _A:\—::- | [(1 —p) /\2):3_ - -+ p} , where p = a)\—)f,

Therefore, Z is the sum of two independent types of rv's:

o The first one is the sumn of &) independent rv’s, each being the product of two
independent rv’s: a Bernoulli rv with mean (1 — p) and an exponential rv with

parameter Ay, where, p = 5‘%2,
¢ and the second one is a gamma rv with scale Ay and shape a; — 0.

Let Z = D+ G, where:

oy
hp(w) = Z ( @ ) p™1(1 —p)ijj {w), w>0, by Theorem II1.2.1,

im0\ 7
holg) = wob_gmemiea g s,
MNag — ay) '

Therefore:

fz(2) = /000 hp(w)hs(z — w) dw,
= [Tomstnete-wyaws [T30 (% )0 p s wikete - w v,
= Partl + Part2, ~

with

Partl = p‘”/ d{w)ha{z —w) dw.
0



By change of variables,

Partl = / u — zYhg(u) du

Part2 = Z( “1 ) B3] —p / fo; t.-,:)hc; (z — w)dw,

o1\ 7

e —ox _
Pty 1 e A2z

= S e i

] —
F=1 1 Y

— )

oo
/ w! ™ (z — )l dyy,
Jo

R s T hats] —haz
3 2 1 e Aoz

= i (alai j)ﬁ’a"j“ O T Tag =)

=1
©o i-1 op—oe—1
e w w
P A — 1-— dw.
0 Z pd

By change of variables,

/\J’-i-cm - g hez

Part?2 = Z( .0"1 ‘)pﬂl—j(l -.p)j 21"(3-') o=

a.—
j=l T

1
zuz—0:1+3—1/ uj_l(l - u)az—cn—l du,
0
)\J+ﬂ2—0:1

ol

_ a L] J ay—on+ji—1 —Asz

= p 1-p ——~=~———z e .
2(01—3) ( ) (3 +az — o)

i=1

Putting together PPartl and Part2, we obtain,
fz(z) = p“lhg(z) +

431 a A_;'+crg—aq N
=7 ] orp=cr =1 _—hoz
N e e —— e
; (al—J) (7 + a2z — ay)
= pol __/\.21125*2_&1_16—1\22 +
F(Q’z - 0-’1)
1 jhaz—m
( an )pm. -7 1 - p),? /\ chz—ou+j—lc—.\22
=1 \ELT I'(j+ a2 — o)
e 93
_ N -
o (a] _j.) T (1 _p) fgj+cx2 oy (Z),
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wherc
/\23'4-&2—&1 " 1 et
()= ———— i m At - ) forl <7< .
Agz—m

—a1—1_—X
. f_@'ag—al (t) = I‘w(a2 — al)tcm & le 2t!t > U

a
Figure 8 describes the joint pdfin (34) for A; =4, A =1,a=1,a; =2 and ay = 3.

0.15
density 1

0.1

0.057

Q-
[
.
=
o
=

z

FIG. 8: The pdf of Z.

Theorem IV.4.2. Let X1 ~ Gal(l, ) and Xo ~ Galhy, az) with oy € Nya; € R
/\],/\2 = R,Q’l,ag,/\l,/\z 2 0 and CL)\Q S /\1,(11 S kg and Xl,Xz are related as
Xy = aX) + Z, with a o nonnegative fixed constant called the coefficient of linear

relatzonship, and Z an unknown random variable independent of X, . Then the joint
pdf of (X1, X3) is:

oy o B ‘

T, xe (T, T2) = (oz; ij)P“‘ =PV fx (B1)foyras-a, (B2 — 021}, T2 —az; 2 0,
i=0

(35)



where

* 5= P(XQZG.X]_): %.

/\23'-‘1-(12—041 it .
RO s A LA
{\C\fg—ﬂl
]
» _](XL(TI) = 1_1(;1)1—»?1—13_)\11:1,331 > 0.

The probability density function of Z is:

oy — 7

fz(z) = Z ( “ )p"‘f—j(l - ;,rJ)J’ng.Jra?_mI (2}, z 2 0, {by theorem IV.4.1).

1=

Using the independence of X, and Z, we have:
Ix z(z1,2) = fi{z)fz(z),

o1 o » .

= 2 () D)

: ay — 7

3=0
+o

Then 7x, x,(%1,%2) = fxyz(x1,2)0(ax1 + 2 — 22} dz,

_ i (alai j) P (1 - pY fx,(21)

F=0
+o0
f§j+02—al (2)d[z — (22 — ax1)] dz,

—eQ

L2 3]
431 oy ] .
= (Ch - j)?’ 1 —p¥F fx, (1) fg1 10,0, (T2 ~ az1).
=0

O

Figure 9 describes the joint pdf in (35) for Ay =4, Ao =1, ¢ = 1, @y = 2 and

a2:3.



FIG. 9: The joint pdf of (X;,Xs)..

IV.4.1 Gamma-Gamma Model

Theorem 1V.4.3. Let X ~ Ga{l,a1) and X3 ~ Ga(dg, o) with oy, a3, M1, s € R
{1'1,(1’2,/\1,/\2 2 0, a/\2 S /\1,0.‘1 S Xy, [Ofl + 1] =N § [0} and Xl,Xg are related as
Xs = aX1 + Z, with a a nonnegotive fized constant called the coefficient of linear

relationship, and Z an unknoum random varieble independent of Xi1. Then the pdf
of Z 1s:

by = 3 (5 e () e

pr S
S
L0102 + j)

z
- 21 —(Ag=2L
*/ w82+j l(z__w)ﬁl 1(;’ (A2 a}w d'w,
0

where
s N = [O.’} + 1]
L f}l =N — k.

e lh=0a—N.
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Proof: From the Laplace trans{orms we obtain,

LX (6)
L . 2
Z(S) L-xl(as)
Ao 1T A +as o
h Ap + 5]
/\2 T az— [CI:1+1] )\1+ﬂ..5' —[rer +1] A (Al"i-ﬂ.s) [q +1]
- sl B Ll—uﬁs)]
)\2 qaz-N AL 6 N
= B (1- «
[)\2+5_ [Aal—i—s ;D 3+p '
where
o N =[a +1]
o0, =N—ay
- 92 = (g - N.
*p= “—;‘f

Therefore, Z is the sum of three types of independent 1v’s

s N independent rv’'s, each being the product of two independent rv's: a Bernoulli

rv with mean (1 — p) and an exponential rv with parameter ).

o Ga(As, ) .

A
] GG(—lgl)
a

Let Z = D+ G4 + (G2, where:

N

N . .

hp(w) = E (N B j)pN'J(l —p) fo,(w}), w >0, by Theorem II1.2.1,
=0

pYc
he,(g) = ng)

/a1 A
hG2(’UJ = (*a—) m e ,’U)U

9”7 te™™9 g > 0,
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Now let £, = [+ &, and consider the convolution of the rv’s I and G,.

Therefore:

e

Jz(2) = / hp(whe, (z — w) dw
0
N

= /: Vo {w)he, (2 — w) dw + /: Z (NN j)pN‘?(l — pY fo, (whhg, (z — w) dw

=1 -
= Partl 4 Part2,
with

Partl — oV e Z(s( (2 — w)P e al) gy
= p RS wilz —w e .

By change of variables,

)\92 z
Partl = pN._Q_)/ 5(-&_‘ z)uﬁ'z—ic—)\gu du
0

T(6,
— pN /\gz 62—16—)\22 and
['(6,)
Part2 = i\{: N Na(1 — )ji)‘?ﬂze_hz zwj"l( —w)?  dw
e N—j)" PTG b VT

i=1
N 6,
N ) _/\3+92 —Xzz
= Z( ')pN_j(l—p)jiz =2
AN~ T(7)T(62)

§=1 -1
'w) (1 - E) dw.
z

FHa—2

ﬁ
P
&

By change of variables,

Part2

I
(1=
/-_'l\
=
=
N
S
3
=
|
o
s
p—_
[
P--.::‘l\:}
)
i
=
pa—s
L
+
N
|

j+b2

N
N\ ey Y oy
= 1 J JHia—1 Azz'
Z(N—j)p e TR AL
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Putting together Partl and Part2, we obtain,
N ; +6
e N N ) /\_’H‘ 2 )
= E —if1 — F_2 g+l —dez

=0

Finally let. Z = Z, + (75, and consider the convolution of the rvs Z; and G5, where:

T N l'\'r g . /\J—H}z -
Jz(w) = Z (N - j)PA (1~ p)Jl‘_(jg—i—Tg)warle_Mw’w >0, and
=
_ )kl n 1 61 —1 My
ha,(v) = (?) I‘(Gl)’b e =¥ v 0.
Therefore:

f2(z) = lmfﬂﬁxwmm&—wwdw

N
g N\ e, pt ‘ .
— E ) H1 = p¥ : ,u;,j-i-ﬁg—le—,\zw
/0 : (N - J)p (1=7) I'(j +62)

AT Ay ) wte -z —w 8i-lo=0ha= 210w oy
ETeTa (z—w)



IV.5 ESTIMATION

IV.5.1 Estimation in the exponential case

Let (X1, Xo;),7 = 1..n represent a random sample from (28), the joint maximum

likelihcod estimators of (Ar, A;) are given by (Carpenter et al. [6]):

J(Ala ?\2) = 108Hf(ir1i,i"2@)

i=1

— Ziog[f(iiu,ﬂ?zi)]
i=1

= Zlog{[p)\le'}‘lz"]“
i=1

[(1 _ p))\l)\ge—)\zyi6—()&1"&)\2)%‘]1—Tx}j

T

k)

f(}\l} )\3) = log(a)\g) Z T — /\1 Z Tsl1s + lf}g()\l — (L/\g))\g Z(l — 'J"i)
i=1

i=1
13 T
—Al Z(l - T‘i)-"fla' - )\22 2i;
i=1 i=1
- —k
and A = — + :
] nI;
s 1
)"2 = T
Tz
where
o k=Y " Iz —ax; =0)
L4 _’fl = E?ZT: 1
® Ty = —‘-—1—2“'_;1 12‘.

The variance covariance matrix of Ay and A, is:

o 1 { M(d — ads) +a?X2
n ars

i=1

(36)

(37)

aXs
. 38
) e
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The traditional estimates are:

The main computational cost is incurred by the estimate of the parameter Ap,
whose value depends on the that has been made on the mean of each sample data.

The following example shows that

e Ignoring the dependence comes at the cost of the parameter estimation for A,

as its mean square error {MSE} increases.

¢ The proposed model estimation evidences their performance in simulated and
real data.

Example 1V .5.1.

Here the above mentioned cstimators in the Exponential-Exponential case a simula-
tion study is assessed. The data were generated from a BVE with Ay = 4, = 1
and @ = 1. The sample size of n = 25 was considered. Using the simulated data the
parameters are estimated. The estimated parameters and the estimated variance-

covariance matrix is given below.

" 41615 . 0.5992 0.0471
A= and X = .
1.0410 0.0471 0.0472
As we can see, there is a close correspondence with its original parameters. Now a

real data is considered.
Example IV.5.2.

In order to compare the Mean Squared Errors (MSEs) of }; and A}, we have
conducted a simulation study. The data were generated from a Bivariate Exponential
(BVE) with A; = 1,A3 = 1 and ¢ = 1. The random sample size was n = 25. In
this setting the correlation coefficient coefficient p is same as a. We defined the %

improvement in the MSE (%-imp) as

MSE(X) — MSE(X) 10

. 0
MSE(X)

% —imp =
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TABLE 1; MSEs and the Percentage Improvement

2 | MSE(N) | MSE(X) %-imp
0.01 | 0.048481 0.048604 | 0.8588
0.05 | 0.045787 0.047861 | 4.3334
0.10 | 0.045554 0.049456 | 7.8898
0.20 | 0.045554 0.049456 | 7.8898
0.30 | 0.039644 0.019456 | 19.8399
0.40 | 0.038226 0.049456 | 22.7071
0.50 | 0.036344 0.049456 | 26.5125
0.60 | 0.036344 0.049456 | 26.5125
0.70 | 0.038701 0.049456 | 21.7466
0.80 | 0.041663 0050368 | 17.2828
0.90 | 0.041663 0.050368 | 17.2828
0.99 | 0.048457 0.048796 | 0.6947

Table 1 shows that the perecent improvement increases up to ¢ = 0.6 and then
decreases. So ignoring the correlation of the data in the analysis has disadvantages
when that correlation is between 0.10 and 0.90. When the correlation is close to G
we can ignore the new technique as X: and X,; are then independent. When the

correlation is close to 1 we can also assume X; = X7 and then Z can be ignored.
Example IV.5.3.

We fit exponential-exponential bivariate model to the American Football League
{AFL) data published by Csergoe and Welsh [10}. The joint MLE’s, and the esti-
mated asymptotic variance/covarince matrix of the MLE’s (from 36, 37 and 38} are

as follows:

. 0.1217 . 27x107* 1.3x107*
A= and X = .
0.0744 1.3 x107% 1.3x10™*
The log-likelihood of the data is given in Figure 10.

Example IV.5.4.

We used data from a mammary cancer chemoprevention study (Carpenter et al.

[6]) that was carried out to determine if a red wine extract suppresses the incidence
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lag likelihood a.08

lambda2

latmbdat

0.006 -500

0005

FIG. 10: The log-likelihood.

of dimethylbenzo(a)anthracene induced tumors in transgenic mice. In that study,
the mice were randomly assigned two groups: the control group and the treated
group. For each group, the number of tumors and the time to appearance of the
tumors were recorded. This data is from an Exponential-Exponential bivariate model
that was described in (28). Assuming the data follows an Exponential-Exponential
bivariate model, we demonstrate that the joint MLE’s, and the estimated asymptotic
variance/covarince matrix of the MLE’s (from 36, 37 and 38) are as follows:

Control group:
. 0. . 1.4 x 107! 1.7 x10~°
5 0739 and £ — x , 7x10 .
0.0227 1.7 % 107% 1.7 x107°
Treated group:
. 0.0379 - 38x107° 3.1x10°¢
A= and &= . . _
0.0095 31x107% 3.1x10°¢

The log-likelihood of the data is given in Figure 11. Notice that the log-likelihcod
of the treated group is below the log-likelihood of the control group. Such a difference
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would not be easily seen if our proposed methodology was not used. In the next

example, the methods as applicd to another real data from kidney patients.

LOIN 650 s g0

—— R
.

-

(a) The log-likclihood for (b) The log-likelihood for the
the control group. treated group.

FIG. 11: Graphs of the log-likelihood functions

Example [V.5.5.

Here we consider the complete data from McGilchrist and Aisbett [39], assuming
there is no censoring. The data set describes the recurrence times to infection at
point of insertion of the catheter for kidney patients who are using portable dialysis
equipment. We consider that the random sample data from bivariate Exponential-
Exponential distribution. Our suggested model is fitted and the specifications for
the coefficient of linear relationship is chosen to be 1 and no censored data. Here we
fit an Exponential-Exponential bivariate model that was described in (28). The joint
MLE’s, and the estimated asymptotic variance/covarince matrix of the MLE s(from
36, 37 and 38) are as follows:

- ( 0.0139)&][ld G ( 39 x 1076 6.4 % 1077 )
0.0048 64x 1077 64x 1077
The log-likelihood of the data is given in Figure 12.
Typically, an analysis of disease types can lead to debate of the differences be-
tween associated mortalities, estimates of disease risks and variations. The data was
further aggregated into disease types. To address such issues related to MeGilchrist

and Aisbett [39] kidney data, our model that allows estimates of risk parameters

associated with the four types of diseasces has been fitted. The four disease types are



FIG. 12: The log-likelihood.
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0 =GN, 1= AN, 2 = PKD, and 3 = other. Using our construction, each disease

type model was fitted separately. The results are presented below. We observed

conjugate property that shows differences between those diseases.

For disease type 0, the estimates and the variance-covariance are respectively:
- 0.0143 . 1.7x107° 34 x107°
A= 0 and ¥ = . x .
0.0055 3.4x107% 34x10°
For disease type 1, the estimates and the variance-covariance are respectively:
: 0.0283 - 5.4 x 107% 4. —6
- and £ o 54 % 10 42 x 10 .
0.0071 42x107% 42x 10°¢
For disease tvpe 2, the estimates and the variance-covariance are respectively:
< 0.0145 . 4.2x107% 36 x 10°¢
A= and 5 = . 0> 10773
0.0038 3.6 x107% 36x 1075

For disease type 3, the estimates and the variance-covariance are respectively:

. 0.0095 . 53x107% 1.1x 107
A= and X = .
0.0038 1.1 x107% 1.1 x107%
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{a} The log-likelihood for the disease type (b} The log-likelihood for the disease
0. type L.
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{e) The log-likelihood for the disease type {d} The log-likelihood for the disease
2, type 3.

FIG. 13: Graphs of the log-likelihood functions
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The log-likelihoods for the different disease types are given in Figure 13. Such
figures along with the parameter cstimates show that going from disease type 0 1o 3,
the likelihcod becomes flattened. The estimated variance from our suggested model
are smaller than the one proposed by McGilchrist and Aisbett [39]. Without use
of prior distribution, the relationship between recurrence time to infection at point
of insertion shows that there is substantial differences found and since maximum
likelihood estimation was used variance is stable, Indeed, the disease type 0 is casler

to cure among them and disease type 4 has no clear remedy.

I1V.5.2 Estimation in the Weibull-Weibull case

The weibull model is another very useful case to consider and is a natural exten-
sion of the exponential distribution. Let (Y;,Ys), ¢ =1,...,n is a random sample
of size n from (30). Then the joint maximum likelihood estimators ()’\1,5\\2,5\) of

(A1, A2, 8) are given by,

-~ a n—k
Al = =t =,
Y, nY,
-~ 1
)‘2 = %
Y,
and E 1s the solution to
- T - - T - — 2
At Z }ﬁf log Yii + Ag Z(l - -"e)[Yzf log Ya; — GY{C: log Y| = 1—2?
i=1 i=1

n n n
B 2%1 A Z i log Y1, + Z(l — ri)log(¥1:.Y2),

=1 i=1

where

= n Y§
. YI — z::ﬂl 1i

byt ™ Yg.
_ =1"23
L YQ = - Py s



o k=31 1.
The Hessian
An Az A
H(/\I;)\z; .3) = Agy Azp Agg )
Agy Az Az

where

_ —ergl-ry
o Au = —F=nE

a¥ - fl-r;
Ayp = % = Ay,

o A=~ 0, YfilogVu = A,

—a? T (1) 23
Az = {hi—adg)* - Xg’

L] ;‘123 = — Z?:l(]' - T.&-)Yzf IOg }/21', 4+ a Z?:]_(l - T})Yﬁ“ IOg }/11; = A32:

L] A33 = - é;l T )\1 z;l:l T‘ngf(log Y']'x',)2 - 2—-1-5-"—2‘::;1_“)

= S (1= )Y (log Yai )2 — (M — ade) Y0 (1 — ) YY) (log Yis)2.

Fisher's information

Bi Bz By
I0.2,8)=| By By Ba |,
Bz B Ba
where
* Bu= Al(Alﬂ—axz)*
L Bl2 = )\1(,\_111‘2_,\2} = BZh
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—__na® 4 om
¢ By = % —ana) T

_ ha{l-p)rloy—log Ay endi(1-plrl—y—logh | __
. B23 - 52 [ A% ] - 3 [ A:]E ] - 832:

_ —nakg ; nAE{1-p) c1+6{log Az )% +ep log As n)t%___-:m)\y\z(l—p} e1+6(log A )2 49 log My
* B3 SV + 632 [ A2 ]—I"[F RYE: ][ Y ]-.

where
— ¢ =12 +69% — 12,

— 2 =12(y - 1).
Example IV.5.6.

In order to assess the the above mentioned estimators in the Weibull-Weibull
case a simulation study was performed. The data were generated from a Bivariate
Weibull (BVW) with Ay =4, A, = 1,5 = 3 and a = 1. The sample size of n = 25 was
considered. The estimated parameters and the estimated variance-covariance matrix
is given below.

MLE's and the estimated variance/covariance matrix.

3.9485 0.1191 0.0098  0.0090
A=1 11642 {and S =| 00098 00099 —0.0001
3.0838 0.0090 —0.0001 0.0114

The estimated parameters and their variance/covariance imply that the imple-
mented algorithm is very promising. So the likelihood based method is found to give
substantial results compared to the independence assumption, reducing biased and

applying to the model of interest.
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CHAPTER V

SEQUENTIAL ESTIMATION

In section 114, the exponential family type distribution is discussed and the es-
timation of the mcan difference based on the lincar model is provided. A sequential
estimation procedure is adopted.

Consider some index set , we now consider two classes of exponential families of rv’s

called X = (X;)icr and Y = (Y});c; with densities

fz;8) = expl0T(w:) — b(6) + S(x4)], (39)
and
£ (35 0) = explT () — 5(0) + Syl (40)
in the classes Gx and Gy with the following linear relationship:
Yi=aX; 4+ Z,, (41}

where 7 € I, a is a fixed positive constant, and Z;’s are unknown rv’s whose means

are of interest.

The set [ is an index countable set that could be finite or infinite. The linear
relation described in (41) of association of rv’s is not new, but is still a challenging
problem. In fact, many authors such as Carpenter et al. [6], Iyver et al. [21], Iyer and

Manjunath [22] have suggested its use and importance in applications.

Qur goal is to estimaie the parameter

A= BT(Y)] ~ al|T(X)] (42)

with squared error loss. When ¢ = 1, Equation (42} reduces to the difference between
two dependent exponential family of distributions. The dependence concept is the
innovation here as in many cases independence is assumed, even if it is known that

there is great cost associated with that independence assumption.

V.1 SEQUENTIAL ANALYSIS

We use the sequential estimation procedure to cstimate the mean of the differ-

ence of two exponential families distributions with conjugate priors of the gamma or
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Bernoulli or Poisson types. This procedure helps address the problem in the small
sample size case, maintaining a high power . The approach we use is Bayesian and

we assume that 7,(8) and m,(#) are the conjugate priors given by:
m(8) ox explt(1n0 — 5(6))], and  ma(8) x exp[s{u:8 — B(O))].

This is not a new idea as Diaconis and Ylvisaker [11} adopted this altcrnative to
the maximum likelihood estimation regarding the parameter @ as a rv with prior dis-
tribution, and the inference was based on the posterior distribution. They used this

setting in the exponential family with conjugate prior distribution of the parameter

¢ given as:
_exp{i(pf — $(0))}
0= et = o(0)) 10 ¥
where
e d€ 0O

e t can be thought as prior sample size.
o 4 1s the mean parameter (See also Annis [2]).
In that regard, we obtain that p; = £, [0'(6)] and jup = E,[F(8)] are prior

estimators of Ey[T(X)] and E4T(Y)], respectively.

Hence following the idea by Terbeche et al. [47], the Bayes estimate of X, based
onars ofsizenof X1, Xs5,...,X, of X, and 1,Ys,--- ¥, of Y is given by:

>
It

S(XJY):X(Xl'!"':Xn:Yh"'!Yn)
= EPIX, ..., X Yi,. ., Y]
= EF@)V,...,Y] - aEWONX, ..., Xuls

where

E[F )Xy, ., Xu] = 2 T H1 (44)



and v
~ M, T+ Spg
EF@I, .., o] = T2,
- L+ T(X, - T(Y ...+ TV,
with TE:T(X”*TLJ“ Xo) gna gy = T 4 T
Hence,

nTY + spig nTX + tpy
-a .

N = .
7+ 5 n+t

The asymptotic cstimate for the parameter as n — 0o is

o —

A=TY - oTX.

it

A criteria for stopping the estimation of X is developed.,
When ¢ = s,

(T — alTX) + t(pz — ap)
n+4t
k1

= (T —elh+

>}
|

When t = 5 = n,

(TY — aTX) + (2 — ap)

X =
2

t
S t(,U—z - ﬂ,ul)-
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(45)

(46)

(47)

(50)

In the sequential analysis, the sample size is not predetermined. Hence, a natural

question is to ask is when is the sample size large enough to make conclusions.

V.2 STOPPING RULES

The Bayes risk of the estimate A of A with respect to the prior #(8) in (43) is

given by:
r(6,A) = E[R(8,))], where

R(6.3) = E[L(6,%)] and L(8.3) = (A —X)? is the loss function.

In this setting, the Bayes risk is given by:
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r(m,m) = T(X(X:_Y))

= Bocy| By (X(X}Y) - ’\) T
— Bxw :Var (/\|(X,Y))}
= Exvy) :Va-r (};’(5) - Gb’(9)|(XaY))]

= Boxw|Var(8®)) + @var(v10)) —Qap-\/ Var (’5’@)-\/ var(v0)) |

and the upper bound is achieved using idea of Equation (4) in Terbeche et al. [47].

It is given by

r(m, w) = Ey[EleiLfg]+a.2EX[Eg|x[ii_(2|}, (51)

with equality achieved in (51) when p = corr(§/(6),5(8)) = corr(X,Y) is minimized.

Considering the loss function
LA = (A= X2 +en, (52)

where ¢ can be looked at as the cost of sampling and the decision rule A = (7,6)
where 7 = 7,,(x, ¥} is the stopping rule and 4 = é,(x,y} is the decision rule, we have
that the Bayes risk to minimize from a suitable sample size n cbtained sequentially,

is given by:

U’u V‘n e
r(7,m,m) = Ex,y [n g + nts 2apy/ Var(H(0})v/Var(¥(9)) + Cn]

Uﬂ a Vn
E(Y’T) [m] + h(x‘r) [n + 5]

+Ex v.r) [ — 2apy/ Var(g’(a)) Var(F(8)) + Cn] ,

where U, = FEy.[07(6)] and V, = Ex,[t"(6)).

Il

Using ideas in Terbeche et al. [47] to achieve the upper bound in (51), the

stopping rule criteria can be expressed as follows:
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It U, < efn+t)? orif V, < ¢(n + s)%, then take another pair of observations.
Otherwise, stop the collcction process. That is the estimation of the difference of the
two exponential family can be evaluated from the available informative sample. In

other words, the stopping variable is defined by the quantity

V
no> 'rr.*,'m{ﬂ%—t,qlf—ﬂ—s}. (53)
c e

In order to study the optimized stopping rulc in (53) and its efficiency, a numerical
simulation technique is provided in the next section. We consider two exponentially

related distributions with gamma priors.

V.3 SIMULATION

We have described a methodology to compare the mean difference between two
exponential distributions that are linearly related. In this section, we show an ex-
ample of a simulation data of the related bivariate exponential distribution with the

different values of the correlations p.

blaz
0.37
9.0 +++++++1—+
] + +
+
-0.11 +
3 +
3
1 +
-0.2
1 +
0.3 +
-0.4 +
=-0.57
+
-0.6
T T T T T T T T T 3
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 9.4 2.9 1.0

FIG. 14: Graph of the bias from rho for c= 0.

Since we consider two dependent rv’s, we create one exponential rv, and create
the other one with the desired correlation p. We generate sample data of size 50.
We assume a coefficient of linear relationship a = 1 of simultaneous occurrence as
described in Marshall and Olkin [32], and ¢ = 0 and ¢ = 0.25 in (52) over 5000 runs.
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The simulation was carried out, using SAS®,

g ® @ @ 8 & ©

-0.2
0.3 -]
-0.4 w

0.5

FIG. 15: Graph of the bias from p for ¢= 0.25.

The results of the two figures show that data does not need to be large to achieve
convergence. The pattern is the same regardless of the number of runs. Figures 14
and 15 give the bias of the mean difference for ¢ = 0 and ¢ = 0.25, respectively. The
convergence is justified by the maximal error allowed to reach based on the stopping
rule. The algorithm performs very well even when the sample size is small, showing

great robusiness.

The resulting plot of the bias is very helpful in explaining the effectiveness of the
estimator. When the correlation is present, this new estimator should be considered.
Furthermore, the choice of the cost of re-sampling « does not affect significantly in the
error estimation. Setling ¢ = 0.25 as in Figure 15 shows the same trend as for Figure

14. The risk is then minimized considerably when the correlation is significant.

V.4 SUMMARY

The proposed sequential paramnetric procedure in the cstimation of the difference
of two exponential distributions is quite useful and relevant. This sequential esti-
mation for the bivariate distributions of the exponential type families is used to get

estimate of the mean difference. It is more efficient in tcrms of bias.



CHAPTER VI
CONCLUSION

In this dissertation, we have developed methods for the linearly related type events
that have simultaneous/proportional occurrence. To this purpose, we have applied a
family of methods known as the Marshall and Olkin procedure which was originally
proposed by Marshall and Olkin [32] for tracking systems that can evolve simulta-
neously in a lnear relation. We demonstrate the usefulness of these methods for
occurrence of events using a non-zero probability of simultaneous occurrence. Since
the event dynamics are identical to other phenomena such as in action/reaction, we
have applied these methods to McGilchrist and Aisbett [39) epidemiology case and
found results that were not apparent in previously proposed models. Our resulls
support the use of linear relationship in describing related events, duc to its relative

simplicity and comparative ease of implementation.

Also the subject of this dissertation is to describe the dependencies. Depen-
dencies which are then described in terms of mixing coeflicients. We show that there
exists a finite mixing sequence quantifying the (rclationship) dependence between the
two rv's. We investigate the nature of the algorithm and use such result to suggest a
robust version for classification. We have proposed new results on fitting a bivariate
gamma distribution that is easy to work with because of its analytic form and the
one to one correspondence between its parameters, To assess significant risk effects
in disease/event associations studies have used models with limited capabilities and
no real justification in their usage. Consequently, those results are problematic. The
use of joint density function in the linear form after including & latent rv may be a
remedy. We then present a robust alternative that avoids multiple testing on model
Parameter estimates based on the proposed bivariate model. Such distributions are

useful. Qur analysis will result in better decisions for various related events.

There is scope for extension of the methods described in this dissertation for
the sum independent such distributions. One choice is to consider the case where
the probability of proportional occurrence is not the same or to derive the limiting
distribution of the sum. Our approach is semi parametric, and is based on known in-

dividual related distributions with an unknown component. The field of applications



76

of such models is wider than the failure time described in the introduction. This
approach is also valuable in investigating the relation from bivariate to multivariate
models. O
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