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ABSTRACT ARTICLE HISTORY
Using a suitable stochastic version of the compactness argument of [Zhikov Received 7 December 2017
V. On an extension of the method of two-scale convergence and its Accepted 27 June 2018
applications. Sb Math. 2000;191(7-8):973-1014], we develop a probabilis-
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We show that an appropriately defined multiscale limit of the field in the
original medium satisfies a system of equations corresponding to the cou- ~ KEYWORDS
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pled ‘macroscopic’ and ‘microscopic’ components of the field, giving rise to
an analogue of the ‘Zhikov function’, which represents the effective disper-
sion of the medium. We demonstrate that, under some lenient conditions
within the new framework, the spectra of the original problems converge MATHEMATICS SUBJECT

to the spectrum of their homogenisation limit. CLASSIFICATION (2010)
74Q15; 35B40; 47A10

1. Introduction

Asymptotic analysis of differential equations with rapidly oscillating coefficients has featured
prominently among the interests of the applied analysis community during the last half a century.
The problem of understanding and quantifying the overall behaviour of heterogeneous media has
emerged as a natural step within the general progress of material science, wave propagation and
mathematical physics. In this period several frameworks have been developed for the analysis of
families of differential operators, functionals and random processes describing multiscale media, all
of which have benefitted from the invariably deep insight and mathematical elegance of the work of
V. V. Zhikov. In the present paper, we touch upon two subjects in which his contributions have inspired
generations of followers: the stochastic approach to homogenisation, in particular through his col-
laboration with S. M. Kozlov during the 1980s, and the analysis of differential operators describing
periodic composites with high contrast, which started with his fundamental contribution [1].

Our present interest in the context of stochastic homogenisation of high-contrast composites
stems from the relationships that have recently been indicated between media with negative mate-
rial properties (‘metamaterials’), and more generally time-dispersive media, and ‘degenerate’ families
of differential operators, where e.g. loss of uniform ellipticity of the symbol is known to lead to non-
classical dispersion relations in the limit of vanishing ratio ¢ of the microscopic (I) and macroscopic
(L) lengths: ¢ = I/L — 0. The work [1] has provided an example, in the periodic context, of what one
should expect in the limit as ¢ — 0 in terms of the two-scale structure of the solution as well as the
spectrum of the related differential operator, in the case when the metamaterial is modelled by dis-
joint ‘soft’ inclusions with low, order O(&2) values of the material parameters (say, elastic constants in
the context of linearised elasticity), embedded in a connected ‘stiff material with material constants
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of order O(1). In mathematical terms, the coefficients of the corresponding differential expression
alternate between values of different orders in ¢, where the contrast increases as ¢ gets smaller.

In the present article, we introduce a stochastic framework for the analysis of homogenisation
problems with soft inclusions and explore the question on what version of the results of [1] can be
achieved in this new framework. In particular, we are interested in the equations that describe the
stochastic two-scale limit, in an appropriate sense, of the sequence of solutions to the probabilistic
version of a Dirichlet problem in a bounded domain of R”. Furthermore, we show that the spectra
of such problems converge, in the Hausdorft sense, to the spectrum of the limit problem, which we
analyse in a setting that models distributions of soft inclusions whose shapes are taken from a certain
finite set and whose sizes vary over an interval. To our knowledge, the present manuscript is the
first work containing an analysis of random heterogeneous media with high contrast that results in
a ‘complete’ Hausdorff-type convergence statement for the spectra of the corresponding differential
operators. Various aspects of multiscale analysis of high-contrast media in the stochastic context have
been looked at in a handful of papers, e.g. [2-4].

While in the periodic context norm-resolvent convergence results been obtained for high-contrast
media, see [5,6], the stochastic case remains open to developments of a similar nature. It is antici-
pated that the operator-theoretic approach to problems of the kind we discuss in the present article
will provide a general description of the types of spectral behaviour that can occur in the real-world
applications where it is difficult to enforce periodicity of the microstructure. On the other hand, as
we show in the present work, new wave phenomena should be expected in the stochastic setting
(e.g. a non-trivial continuous component of the spectral measure of the homogenised operator for a
bounded-domain problem), which makes the related future developments even more exciting.

Next, we outline the structure of the paper. In Section 2 we recall the notion of stochastic two-
scale convergence, which we use, in Sections 3 and 4, to pass to the limit, as ¢ — 0, in a family of
homogenisation problems with random soft inclusions. In Section 3 we give a formulation of the
high-contrast problem we study and provide some auxiliary statements. In Section 4 we describe
the limit problem and prove the strong resolvent convergence of the e-dependent family to the limit
system of equations. In Section 5 we provide a link between the spectra of the Laplacian operator
on realisations of the inclusions and of the corresponding stochastic Laplacian. In Section 6 we prove
that sequences of normalised eigenfunctions of the e-dependent problems are compact in the sense of
strong stochastic two-scale convergence. Finally, in Section 7 we discuss two examples of the general
stochastic setting and describe the structure of the corresponding limit spectrum.

In conclusion of this section, we introduce some notation used throughout the paper. For a Banach
space X and its dual X*, we denote by x(, -) x» the corresponding duality. For a Hilbert space H the
inner product of a, b € H is also denoted by (a, b)y and, if H = R", by a - b. For a set O we denote
by xo its characteristic function, which takes value one on the set O and zero on the complement to
O in the appropriate ambient space. For D C R” we denote by D its closure and by |D| its Lebesgue
measure. Further, we use the notation B, (0) for the ball in R” of radius r with the centre at the origin;
Y denotes the cube [0,1)" with torus topology, where the opposite faces are identified; and Né =
{0,...,1}. For an operator .4 on some Hilbert space, we denote by Sp.A its spectrum. Finally, for a
Lipschitz open set D C R", we denote by —Ap the (positive) Laplace operator with the Dirichlet
boundary condition on dD. For x € R”, we denote by [x] the element of Z" which satisfies [x] < x <
[x] +(1,...,1).Fork =1,...,n, by ex we denote the kth coordinate vectors.

2. Stochastic two-scale convergence
2.1. Probability framework

Let (2, F, P) be a complete probability space. We assume that F is countably generated, which implies
that the spaces LP(Q), p € [1, 00), are separable. For a function u € L!(Q2), we will sometimes write
(u) for [o u.
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Definition 2.1: A family (T)xer» of measurable bijective mappings T : 2 — €2 on a probability
space (2, F, P) is called a dynamical system on €2 with respect to P if:

(@) Txo Ty = lx+ty szy e R%

(b) P(I\F)=P(F)VxeR"FelF;

() T:R"xQ2— Q, (x,0) > Ty(w) is measurable (for the standard o -algebra on the product
space, where on R"” we take the Lebesgue o -algebra).

We next define the notion of ergodicity for dynamical systems introduced above.

Definition 2.2: A dynamical system is called ergodic if one of the following equivalent conditions is
fulfilled:

(a) f measurable, f(w) = f(Tyw) Vx € R",ae.0w € @ = f(w)isconstant P — a.e.w € Q.
(b) P(TxBUB)\(TxBNB)) =0Vx € R" = P(B) € {0,1}.

Henceforth we assume that the dynamical system Ty is ergodic.

Remark 2.1: Note that for the condition (b) the implication P(B) € {0, 1} has to hold, if the symmet-
ric difference between TB and B is a null set. It can be shown (see, e.g. [7]) that ergodicity is also
equivalent to an a priori weaker implication

T,B=B VxeR"' = P(B) € {0,1)}.

For f € LP(2), we write f(x, ) := f(Txw), defining the realisation f € I’ (R",IP(R)). There is

loc
a natural unitary action on L2(£2) associated with Ty :

Ux)f=foTy  feLl*RQ). (1)

It can be shown that the conditions of Definition 2.1 imply that this is a strongly continuous group
(see [8]). It is often necessary that the set of full measure be invariant in the sense that together with
the point w it contains the whole ‘trajectory’ {Txw, x € R™}. This requirement can always be met on
the basis of the following simple lemma (see [8, Lemma 7.1]).

Lemma 2.1: Let Q2 be a set of full measure in Q2. Then there exists a set of full measure Q1 such that
Q1 C Qo, and for a given w € Q21 we have Txw € Q for almost all x € R™.

For each j = 1,2,...n, we define the infinitesimal generator D; of the unitary group {U(x)}ecrn

by the formula
Tyw) —
Dif (@) = limow, Fel’Q), )
xj—> i

where the limit is taken in L?(2). Notice that iDj, j = 1,...,n, are commuting, self-adjoint, closed
and densely defined linear operators on the separable Hilbert space L*(Q2). The domain Dj(R2) of
such an operator is given by the set of L?(2)-functions for which the limit (2) exists. We consider the
set

Wh(Q) = ﬂ Di(Q) 3)
j=1

and similarly

Wh2(Q) := {f € L3(Q) : D' ... D%f € IX(Q), a1 + -+ an = k),



94 M. CHERDANTSEV ET AL.

W(Q) = () WH(Q).
keN

It is shown by the standard semigroup property that W2(Q) is dense in L2(£2). We also define the
space

Co¥(Q) == {f € WXQ) : Y(y,...,ay) € Nj DY ... D¥f € L°(Q)}.
By the smoothening procedure discussed in [8, p.232] (see also the text before Lemma 3.1 below), it
is shown that C*°(Q2) is dense in LP(R2) for all p € [1, 00) as well as in Wk2(Q) for all k. Furthermore,

it is shown that W"2(Q) is separable. Notice that, due to the infinitesimal generator being closed, D;f
can be equivalently defined as the function that satisfies the property

/Djfgz—/ijg Vg e C™(Q). (4)
Q Q

If f € WH2(Q), we may also define Dif (x, ) := Djf (Txw) for all x € R". It can be shown that the
following identity holds (see [9]):

W1,2(Q) ={f e Wllo’z(R”,L2 Q) fx+y,w) =f(x, Tyw) ¥ x,y, a.e.w} 5)
={f € C'R", L*(Q)) : f(x + y,») = f(x, Tyw) ¥ x,y, a.e.w}.

Moreover, for a.e. w € 2 the function D;f (-, ) is the distributional derivative of f(-,®) : a proof of
this fact can be found in [9, Lemma A.7].
Following [10], we denote by || - ||# x> the seminorm on C*°(2) given by

2 2
i, = D ID"ullsg,.

aeN”, |a|=k

By WHE2(Q) we denote the completion of C*°(2) with respect to the seminorm || - ||4 2. The gradient
operator V,, := (Dy, ..., D,) and the operator div , := V,,- are extended uniquely by continuity to
mappings from W'2(Q) to L>(22,R") and from W"2(Q,R") to L?(R2), respectively. Finally, by a
density argument, it is easily seen that W?(Q) is also the completion of W'?(2) with respect to
- N2

2.2. Definition and basic properties

The key property of ergodic systems is the following theorem, due to Birkhoft (for a more general
approach, see [11]).

Theorem 2.1 (‘Ergodic Theorem’): Let (2, F, P) be a probability space with an ergodic dynamical
system (Ty)xerr on Q. Let f € LY(Q), and let B C R" be a bounded open set. Then for P-a.e. w € Q
one has

limo/f(Tx/,sa))dxz |B|/f(a))dP(w). (6)
E—> B Q

Furthermore, for all f € LP(2),1 < p < 00, and a.e. w € Q, the function f(x,w) = f(Txw) satisfies
f(,w) e Lfoc(R"). Forp < coonehasf(-/e,w) = f(T.js) — fodP weakly in LfOC(R”) ase — 0.

The elements w such that (6) holds for every f € L!(2) and bounded open B C R" are refereed
to as typical elements, while the corresponding sets (Txw), gy are called typical trajectories. Note
that the separability of L' () implies that almost every @ € € is typical, and in what follows we only
work with such w.
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For vector spaces Vi, V3, we denote by by V1 ® V) their usual tensor product. We define the fol-
lowing notion of stochastic two-scale convergence, which is a slight variation of the definition given
in [12]. In [13], the authors average over the probability space and do not use the Birkhoft Ergodic
Theorem. As a consequence, they do not obtain convergence almost everywhere but only in mean,
which results in a weaker notion of stochastic two-scale convergence than the one introduced in [12].
In the context of calculus of variations, the first results are obtained in [14,15]. The authors of these
papers do not use stochastic two-scale convergence at all, as this was introduced later on, but rely on
a formula for non-periodic homogenisation for a.e. w € € as well as on the ergodic theorem. We shall
stay in the Hilbert setting (p =2), as it suffices for our analysis. Finally, we denote by S a bounded
open Llpschitz set in R”.

Definition 2.3: Let (Txw)xer» be a typical trajectory and (u®) a bounded sequence in L2(S). We say

that (u°) weakly stochastically two-scale converges to u € L*(S x ) and write u® 2 u, if
liirol / U (0)g(x, Tyjew) dx = / /u(x, w)g(x, ) dxdP(w) YV g € C3°(S) ® C*°(Q). (7)
€ S QJS

If additionally [|u®||;2¢s) — llull2(sx)> We say that (u®) strongly stochastically two-scale con-

. 2
verges to u and write u® — u.

Remark 2.2: The convergence of (1) is defined along a fixed typical trajectory and a priori the limit
depends on this trajectory. In applications, such as the analysis of the PDE family in Section 4, it often
turns out that the limit does not depend on the trajectory chosen. For this reason, and to simplify
notation, in what follows we often do not indicate this dependence explicitly.

Note also that, by density, the set of admissible test functions g in (7) can be extended to L*(S) ®
L2().

In the next proposition, we collect the properties of stochastic two-scale convergence that we use
in the present work.

Proposition 2.1: The following properties of stochastic two-scale convergence hold.

(a) Let (uf) be a bounded sequence in L*(S). Then there exists a subsequence (not relabelled) and
2
u € L2(S x Q) such that u® = u.
2 .
(b) Ifu® — uthen |ullp2sxo) < liminfe—o [u®ll12(s).

(o) If(u®) < L*(S) is a bounded sequence with u® — u in L*(S) for some u € L*(S), then u® 3o
(d) If(v®) C L%°(S) is uniformly bounded and v¢ — v strongly in L (S) for some v € L°°(S), and (uf)

is bounded in L*(S) with u® 2 u for some u € L*(S x Q), then v¥u® 2 v
(e) Let (uf) be a bounded sequence in W %(S). Then on a subsequence (not relabelled) u® — u
WL2(S), and there exists u' € L2(S, WY2()) such that

O .
in
2
Vit = Vi + V,ul (-, w).

(f) Let (u®) be a bounded sequence in L*(S) such that eVu® is bounded in L*(S, R"). Then there exists
u € L2(S, Wh2(Q)) such that on a subsequence

2 2
u® = u, eVu® = Vyu(,w). (8)
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Proof: In view of analogies with the periodic case, we just give a sketch of the proof. A proof of (a)
can be found in [12, Lemma 5.1]. For the proof of (b), we take an arbitrary ¢ € C5°(S) ® C*°(£2) and
calculate

lim igf/ [u® (x) — g(x, Tx/‘ga))|2 dx = lim i(1)1f (/ |u® (%)) dx
S £—

E—>

—Z/us(x)g(x, Ty/ew) dx+/|g(x, Tx/sa))|2dx>
S N

= lim inf (/ |uf (x)|% dx — 2/ u(x, w)g(x, w) dx dP(w) + /
e—0 SxQ S

We obtain the claim by approximating u € L?(S x Q) with functions g € CeP(S) ® C*°(R2). The
proof of (¢c), (d) is straightforward. The proof of (e) goes in the same way as in the periodic case,
by the duality argument.

First, one proves that if f € L?(, R") is such that

lg(x, w) |2 dx dP(w)) .
Q

X

/f~g=0 Vg e {geC®(Q,R") :div, g =0},
Q

then there exists ¥ € W?(Q) such that f = V,¥. One then proceeds in the same way as in the
2
periodic case (see [16]). In order to show the claim (f), take the subsequence such that #® — u, where

ueL*(S x Q) and eVuf 2 z, where z € L2(S x €, R"). We choose the test functions of the form
¢°(x) = a(x)b(Tx/cw), wherea € Ci°(S) and b € C*°(£2), and using integration by parts we conclude

lim/SVus(x)ws(x)z —// u(x, w)a(x)V,b(w) dx dP(w) =// z(x)a(x)b(w) dx dP(w),
e—=>0 /g s/o s/o

from which the claim follows by a density argument, in view of the property (4). [

3. Problem formulation and auxiliary statements
Let S € R” be a bounded open Lipschitz set. We take O C € such that 0 < P(O) < 1 and for each
€ Q2 consider its ‘realisation’

O, ={xeR": Tywe O}

We assume that the following conditions are satisfied.

Assumption 3.1: For a.e. ® € 2 one has
oo
Ou=|_J Ok, )
k=1
where:

(1) O, k € N, are open connected sets with Lipschitz boundary;

(2) Onehas O, = U,‘(’il(’)ig;

(3) There exist ¢, ¢, > 0 such that ¢; < diam O(’f) <oVkeN;

(4) There exists a sequence of disjoint bounded domains BX such that Ok € BX k € N,and C,, > 0

such that for all k € N the following extension property holds: for all u € W'2(BX \(9_’(5)) there
exists % € W1?(BF) satisfying

W=u on BN\OK, / IViI)? < Cw/
B,

|Vul?, AH=0 on OF
BE\OK

[}
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It is easily seen that Assumption 3.1 holds for the examples given in Section 7.1. Denote by A the
set of typical elements w € 2 satisfying the conditions listed in Assumption 3.1, and for all w € A,
& > 0 define S(w) as the union of all components eOF that are subsets of S and stay sufficiently far
from its boundary, in the sense that there exists C = C(w) > 0 such that

Sh() = | £0%, K :={keN: 0} C8, dist(c0%,3S) > Ce}. (10)
keKg

We denote the complement of the set S5 (w) by 87 (w) := S\ % and the corresponding set indicator
functions by x( () and x; (w).

For each w € A, we consider the following Dirichlet problem in S: for A < 0 and ¢ € L*(S), find
ut e Wé’z (S) such that

/AS(-,w)VuS.vU—A/uf v= /ffu Vo e Wyk(S), (11)
S

S S
where
A (L) = x{ (WA + 82)(5(0))1, w € A,

with a symmetric and positive-definite matrix A;.
Forallw € A wealso define the Dirichlet operator A® (w) in L?(S) corresponding to the differential
expression —div A® (-, w) Vu, e.g. by considering the bilinear form

/As(-,w)Vu Vo, u,ve WyA(S).
N

It is well known that the spectrum of .A® (w) is discrete. The following subspace of W'2(2) will
play an essential role in our analysis:

Wy (0) = {v e WH(Q) : v(Tww) = 0onR"\O,, Y w € A}.
Notice that as a consequence of Ergodic Theorem (Theorem 2.1) one has
Wy?(0) = {v e WH(Q) : xov = v},
ie. Wé’z (O) consists of W2-functions that vanish on Q\O. Henceforth we assume that w € A
without mentioning it explicitly.
The next two lemmas use a standard smoothening (or ‘mollification’) procedure, which we now
describe. We take g € L*(2) and (cf. [8, p.232]) choose a nonnegative even function p € C° (R™) with

fR,, p = 1,supp p C B;(0) and write ps(x) = 8 "p(x/3) forall § > 0. For each § > 0, we define the
mollification Rs[g] of g by

Rslgl(w) = /R ) ps(Yg(Tyw) dy,= /R ) ps(NE(T—_yw) dy, w € Q.
Notice that
Rs(gl(Thw) = /R Ps NE(Tx—yw) dy = /R Ps (x —»)g(Tyw) dy = /R ps (y — 0g(Tyw) dy, (12)
from which we infer that

DiRs[gl(w) = —/ ips(Ng(Tyw)dy, we R, j=12,...,n
Rn
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Arguing by induction, we show that Rs[g] € W*%(Q), and if g € L>(Q) then Rs[g] € C®(R).
Before we state and prove the lemmas, we introduce additional notation. We define the space

C5o(0) :=={v e C*(Q2) : v =00nQ\O},
as well as the sets
pDhm .= {x e OF : dist(x,00%) > %} , k,meN.
Also, for all m € N we define the set
B" ={lweQ:0 EDﬁ;mforsomek e N} C Q.

By using the density of Q" in R" it can be seen that for all m € N the set B” is measurable. Notice
that for each fixed w, k, m, where m is large enough, there exist constants C;, C; > 0 such that

Cr ok K\ ok G2k
—|OF | < |QE\D*" < —=|0% . 13
m|w|_|w\w|_m|w| (13)

In the next lemma we assume that a relaxed version of the right inequality in (13) holds uniformly in
w.

Lemma 3.1: Suppose that for a.e. w € Q there exists a sequence of positive values C,, converging to
zero, such that

OK\DE™| < CulOE] VkeN.
Then the set C§° (O) is dense in L*(O).

Proof: Using Ergodic Theorem and the assumption of the lemma, it can be shown that P(O\B™) —
0asm — 00. To prove the density, it suffices to approximate g := xpnf, where f € L>°(O) by a func-
tion from C§°(0), for which we use the above mollification procedure. Notice that for § > 0 small
enough, one has R5[g] € C§°(O). It remains to check Rs[g] — gas 8 — 0, but this follows from the
strong continuity of the group U(x), see (1):

g — Rslglllze) < / 2OV — gllz dy = 0,
Rn
as required. |

Notice that, by the standard Poincaré inequality, for each D5™ there exists C > 0 such that
/ u?dx < qoﬁg\D’;;"wz/ IVul>dx  Yue W2 (OF). (14)
Ok\D™ Ok\Dl™

In the following lemma we impose this condition uniformly.

Lemma 3.2: Assume that for a.e. w € S there exists a constant C > 0 such that
k\ k< 1ok
10,\D5" 1 < —10,] Yk m, (15)

and that (14) is satisfied for all k and large enough m. Then the set C§°(O) is dense in Wé’z (0).



APPLICABLE ANALYSIS (&) 99

Proof: We take f € Wé’z (0) and define fu; := x|fj<mf + X|f|=mM. Notice that as a consequence
of (5), fm € Wé’z((’)) and Dify = x|f|<mDjf. It is easily seen that foy — f in Wh2(Q) as M —
oo. Thus we can assume, without loss of generality, that f € L>(£2) N Wé’z((’)). We define h,, =
Ri/2mxpmf]. It can be seen from the proof of Lemma 3.1 that h,, — f in L*(O) as m — oo. Notice
that for a.e. v € B/*"/31 we have, fori = 1,...,n,

Dilt(@) = R o[ Dif } (@) = /R 1 OIDf (Tye) dy,

and therefore
1 Djhm — Dif lp2(grams31y < IR1/2m[Dif I — Dif ll12(y — 0.

Notice also that for a.e. w € Q there exist C;, C; > 0 such that for all k,m € N, where m is
sufficiently large, we have

. X 2 2 2 2
||8]hm( ’a))”LZ(O(If)\DIZ)"—sz]) =< Clm ”f”LZ(OL‘)\Dﬁ;rm/z]) =< C2|V||W1)2(O£\Dgrm/z1)>

where we have used (12), (14), (15) and Young’s inequality. Using the Ergodic Theorem we conclude
that there exists C > 0 such that

2 2
||Djhm||L2(O\B|'2m/3]) =< C”f”wl,Z(O\Bl'm/z])x

from which the claim follows. [ |

4. Limit equations and two-scale resolvent convergence

We define the quadratic form

Alme g = inf / A1(E + Voup) - (€ + Vop), & eR"
peWL(Q) Jo\0O

and denote by DW?(Q\O) the completion of
DW"(Q) == {Vup : 9 € WH(Q)}

with respect to the seminorm [|Vy@ll12(0\0)> ¢ € WL2(Q). The proof of the following lemma is
straightforward.

Lemma 4.1: For each & € R" there exists ps € DWL2(Q\O) such that
AlomE £ = / A1(§ +pg) - (6 +pe)s
Q\0
or, equivalently,
/ AE+pe) Vg =0 Vg e ¥R, (16)
\0

In particular, one has AB™ < A,
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Remark 4.1: It follows from the observations in [12, p.265-266] that if the following extension prop-
erty is satisfied for a.e. w € Q: forall u € C§°(B;(0)) there exists 82) > 0 and a sequence of functions
(1) such that

U, =u in B;(0) U 8(95) fore < 82), / |Viig| < Cw/ |Vul|?,
et B1(0) B1(0)\Uken 0%

where C,, is a constant independent of u and &, then the matrix A"™ is positive definite.

Notice that under Assumption 3.1, the extension property in Remark 4.1 is satisfied. We define the
space

H:=L*S) + {u e L*(S x Q) : ulsx@0) = 0},

which is clearly a direct sum, naturally embedded in L?(S x Q). Before stating the next theorem we
prove a simple lemma that implies that gives norm bounds for each component of H by the norm in
L*(S x Q).

Lemma4.2: Letfy € L*(S) and fi € L*(S x Q) such that f; = 0 on Q\O. Then there exists a constant
C > 0 such that

Ifollzzes) + 1ll2sxe) < Clifo + fillzsxa)

where we use the natural embedding L*(S) — L*(S x Q).

Proof: By Cauchy-Schwartz inequality we have

2 QLfo(x)I[fl(x,w)ldde(w)=2/Slfo(X)|/O[f1(x,')|dex

Sx

2
< ”fOHiZ(S) + P(O)ILfIHiZ(SXQ)’
L2(S)

< ”fO“iZ(S) + H/(:)fl

and hence

o +AllZ2 sy = WollT2 sy — 2 /  Vollfil dxdP+ il sq) = (1 = PODIAIT 55
Sx

(17)
It remains to bound |[|foll12(sx ) bY Ifo + fill12(sx)> which is done by the triangle inequality:
22 - P(0))
”fO”iZ(S) S 2(||f0 +f1||i2(s) + ”-fl”iz(SXQ)) S 1——P((9)||f0 +f1||i2(5><9)-
[

By P : L*(S x Q) — H we denote the orthogonal projection. For f € L*(S x ) we have

7’f(x,w)=/ f(x,-)dP + xo(w) (f(x,w)—/ f(x,~)dP).
&\0 Q\0
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Theorem 4.1: Under Assumption 3.1, let A < 0 and suppose that (f¢) is a bounded sequence in L*(S)
2
such that f¢ = f € L*(S x Q). For each & > 0, consider the solution u® to (11). Then for a.e. w € Q
2
one has u® — ug + u; (-, w), where ugy € Wé’z(S), uy € L3S, Wé’z((’))) satisfy

/ ATy Vg — A / (o + (1) )0 = / Navo Yo e W), (18)
S S S

/ Vour(x,-) - Vuer —)»/ (o (x) + ur(x, )1 = / fx )1 Yo € Wyt (O). (19)
(@] O O
Remark 4.2: The system (18) and (19) is understood in the weak sense:

/A}lmmvuo Voo + / Vot - Vopr — )~/ (1o + u1) (9o + ¢1)
s SxQ SxQ

= /S Qf(</)o+<ﬂ1) Vo € Wo(9), g1 € L*(S, Wy (O)). (20)

Noting that Wé’z((?) is a closed subspace of W!?(£2) and bearing in mind Lemma 4.2, it follows by
the Lax-Milgram lemma that for all f € L(S x ), x € S the problem (20) has a unique solution in
Wé’z (O). Tts solutions for the right-hand sides f € L*(S x ) and Pf coincide. The solution of the
Equation (19) has the form

U1 (x, ) = ux, w) + ug(x)w(w), (21)

where u € L2(S, Wé’z((’))) is the solution of (19) obtained by setting ugp = 0 and w € Wé’z((’)) is
the solution of (19) obtained by setting 1y = 1 and f = 0. Substituting (21) into (18), we obtain an
equation on u.

Proof: The proof follows a standard argument. First, by (11), there exists a constant C > 0 such that
VU llz2se) + el VUl + 1wtz < C. (22)

For each ¢ > 0 we extend u[g;, using Assumption 3.1, to a sequence %°, which is bounded in

W12(S). From Proposition 2.1 we infer that there exist ug € WH2(S), uy € L*(S, WH2(Q)), u, €
L*(S, W%(R)) such that on a subsequence we have

~ . ) ) 2
U — ug strongly in L2(S), Vi = Vug+ Veus, uf —% = uy, eV —0°) = Vyu.
(23)

To obtain the Equation (18), we take test functions of the form g (x) + ea(x)¢(Ty/cw) in (11), where
@0 € Wé’z (S),p € W(Q)anda e Cé (). In the limit as & — 0 we obtain

L A0t Vo) (Fen + Vo) dPdx =4 [+ (m)adgo = [ (ag. 24
sJ\0 S S
Setting @9 = 0, it follows that
/ A1(Vug(x) + Vyouy) - Ve dP =0 ae.x €S,
Q\0
and the characterisation (16) yields V,,us (x, ®) = pvu,x) (w) a.e.x € S,w € Q. Taking arbitrary ¢g €

Wé’Z(S) in (24), we obtain the ‘macroscopic’ part (18) of the limit problem. The ‘microscopic’ part
(19) is obtained by taking test functions of the form a(x)¢(Ty/.w) in (11), where a € C(l)(S), @€
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Wé’z((?). The convergence of the whole sequence can be deduced by uniqueness of the solution of
the system (18)-(19). [ |

Remark 4.3: The following observation was made in [1] in the periodic setting. The formulation (20)
can be interpreted from the operator-theoretic point of view. Namely, we define a positive-definite
operator A on a dense linear subset of V = Wé’z (S) + LS, Wé’z (O)) (which is a dense subset of
H under the condition of Lemma 3.1), as follows. One takes A < 0 and defines the domain dom(.A)
as the set of solutions of (20) obtained for varying f € H. To see that dom(.A) is dense in H, take
the solutions uy + u1, wo + wy € V for f,g € H, respectively. Setting @9 = up, ¢1 = u; as the test
function in the equation for (wg, w;) and ¢y = wp, ¢1 = w; as the test function in the equation for
(uo, uy) yields

f(W0+W1)=/ g(uo + ).

Sx Q2 SxQ

Thus, if g L up+ u; then necessarily wyp + w; = 0, which implies g=0. The operator A:
dom(A) — H defined by A(ug + u1) = f + A(up + u;1) is a bounded linear mapping between
Hilbert spaces, where the norm on dom(.A) is given by

lluo + 11 I 3omcay = Ao + w7 + luo + w7

We shall need the following statement for the convergence of spectra of the operators associated
with (11). It is proved in the same way as the previous theorem, and we omit the proof.

Proposition 4.1: Under Assumption 3.1, let A < 0 and suppose that (f®) is a bounded sequence in
2
LZ(S(S)) such that x{f* — f € L?(S x Q). Foreach e > 0, let z° € WS’Z(S‘B) be the solution of

82/ VZS~VU—X/ ZFo= [ ffv Yue WASH. (25)
8 8 S

Then for a.e. w € 2 one has z° 2 z(-, w), where z € L(S, Wé’z((’))) is the solution of the problem
/ Voz(x,-) - Vi — x/ 2(x, v = / fx v Yve WyAO). (26)
O O o

Remark 4.4: Theorem 4.1 and Proposition 4.1 are still valid if, instead of a fixed A < 0, we take a
sequence (A¥) € R such that ., — A € R and liminf,_,¢ dist(A%, Sp.A®) > 0, for Theorem 4.1, i.e.
lim inf, ¢ dist(A*, Sp7T®) > 0 for Proposition 4.1, where 7¢ := —g2A s¢- Notice that Sp7* splits into
the spectra of scaled Laplace operators on each inclusion contained in S :

sp7¢ = | J Sp(—App), (27)
keKg,

where K¢ is defined in (10). Notice that there exists C > 0 such that for all 2 € R the solution u*
of (11) satisfies

VU llr2se) + el VUl i) + 1wl 2 < Cdist(h, SPA) T+ A+ DI ll2sy,  (28)
and similarly the solution of (25) satisfies

8||VZ€||L2(58) + ||Ze||L2(S(E)) < C(dlSt()\,, SpTg)_l + A+ I)Hfg”LZ(S) (29)
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In what follows we denote by — A, the operator generated by the bilinear form
/O Vou-Vyu, u,v € Wé’Z(O). (30)

As a consequence of Proposition 4.1 and Remark 4.4, we have the following statement.

Corollary 4.1: Assume that Assumption 3.1 holds. Then

Sp(—Ay) € U Sp(—Apk) aewe Q.
keN

Proof: Take 1. ¢ Uy SP(—Apx) and f € I2(0), and define f*(x,0) := x§f(T/ew) > f. As a
consequence of Remark 4.4, the sequence of solutions of (25) converges weakly two-scale to the solu-
tion of (26), which is a resolvent equation. Moreover, (27) and (29) imply the existence of C > 0 such
that

e
lurllz2sxq) = hlgi)lgf 12°Ml22(s) =< Cllfllz2 (o)

and therefore A ¢ Sp(—A,). |

5. Spectral completeness for inclusions
Next we prove that

U Sp(—Apk) S Sp(—A,) ae e Q.
keN

We shall use the assumptions of Lemma 3.2 as well as assume that for each 19 > 0 there exists M;, > 0
such that for a.e. v € Q the following implication holds:

—Au=X\u, uc Wé’z(OC]f)),for some k€ N,A < Ag = IIMIILOO(O(;B) < MA0||u||Lz(@5)). (31)

Notice that, by regularity theory, the above condition is satisfied for a fixed w € 2 and k € N,
whenever the boundary 8(’)5} is sufficiently regular. In what follows we use a sequence (T Y ken C
Ce([0, 2 + 1]™) that is dense in Wé’z([O, ¢ + 1]), where the constant ¢; is defined in Assump-
tion 3.1.

We will now define a sequence of random variables that is invariant for all w € O whose realisation
is such that the shape that contains the origin is the same. For ¢ = (q1,...,qx) € Q" define the set

Oy == {w € O: thereexists ko € Nsuch that g € Of)o}.
Lemma 5.1: For every g € Q", Oy C Q2 is measurable.

Proof: Notice that

w € Oy <= There exists a polygonal line that connects 0 and g and
consists of a finite set of straight segments with rational endpoints (32)
such that for all/ € Q" on this line one has Tjw € O.

Since for each fixed g € Q" there is a countable set of lines satisfying the property (32), the set O, is
measurable. [
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We define the random variables
Fi(w) = inf{qj: we0y, we, j=1,...,n

Notice that Fj = 400 whenever w ¢ O, and also, due to the assumption, —c; < Fi<0 forae.w € O.
We denote by F the random vector

Fi=—Fp,....F)+ G, .. (33)

For a.e. w € O, m € N we define the set

w

1
F" .= {x € R" : there exists kg € N such that x € (’)L’f)o and dist(x, 8(’)2‘)0) > —} .
m

Furthermore, we introduce the set U,, C [0, ¢, + 1]", which is a translation of the set (’)L]f)o containing
the origin:

Uy :={x€[0,a+1]":x—F¢€ C’)uk)o for ko € Nsuch that 0 € (95)0}.

Finally, we define a characteristic function of the translation of the set F} and a measurable function
of w taking values in Wé’z([O, o + 11"

X" @) == xpr(x — F), @ (x,0) = p1jam * (X (x, )3 (x)). (34)

Notice that for a.e. @ € O one has supp g5 (-, ) C U,,.

Lemma 5.2: For every k,m € N, the function w OFM (-, ) taking values in Wé’z([O, o+ 11" is
measurable with respect to the Borel o -algebra on Wé’z([O, o+ 1]™).

Proof: Firstly notice that
© = 1" )F0), (35)

is a measurable mapping taking values in the set L2([0, ¢ + 1]™), with Borel o -algebra. To check this
notice that for each g € Q" the set

Ly={weQ:qeF)},

is measurable: the related proof is similar to that of Lemma 5.1. Further, for ¢ € C5°(R") the norm
v — x™gk| [2(Rn) 1s written as a limit of Riemann sums, and each Riemann sum can be written
in terms of a finite number of XL, and values of function @*(-). Thus w > ||y — X’”(Z"HLz(Rn) is
measurable. Since the topology in L?(R") is generated by the balls of the form B(y/, r), where ¥ €
Co°(R™) and r € Q we have that the mapping given by (35) is measurable. The claim follows by using
the fact that the convolution is a continuous (and thus measurable) operator from L? to W2, [ |
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Notice that by construction {Fm (., ®)}men C C3°(Uy) is a dense subset of Wé’z(Uw) for a.e.
€ Q2 (see also the proof of Lemma 3.2). For 0 < a < b we introduce the following subset of O :

Ep ={weO: —AOZZO has an eigenvalue in [g, b] for ko € Nsuch that 0 € Off}. (36)
For0 <a < banda.e. w € E,}, we also define S, ,, C Wé’z(Uw) as follows:
Sapew =1V € Wé’Z(Uw) : ¥ is an eigenfunction of — Ay, whose eigenvalue is in [a, b]}.
Finally, for every r € Rand k, m € N we define the random variable

— APR™ (- w) — 1R (- w) | w1,
l e°"( k) "G o) lw-12u,) if O () 0) # 0,
XkM(w) == lo*om (-, @)l2u,,) (37)

+00 otherwise.

Lemma 5.3: For everyr € Rand k,m € N, the function X¥™ is measurable.

Proof: We use Lemma 5.2 and the fact that —A is a continuous map from W2 to W~12 and
| - llw-12(v,) is a measurable function, since

W—I,Z(Um) <W(, CO), (pk’m(" a))>Wé’2(Uw) .

Welwzwn = S8 157 Gl P20
|
Lemma 5.4: For 0 < a < b, the set E,, is measurable.
Proof: The claim follows by observing that
E.p = {w €0: k,mEN,lrréQﬂ[a,b] XEm(w) = 0} .
|

Now we are going to define a measurable mapping from O to the subspace S, . We set it to
be an L%-projection onto S, of a specially chosen function of x and @. We need the following
measurability lemma.

Lemma 5.5: Assume that o — ¢ (-, ®) is a measurable function taking values in L2(Uy) fora.e w e
E,p. Then the L*-distance w +> dist;2 () (@ (-, 0), Sapw)s @ € Eqp, is a measurable map.

Proof: The claim follows from the formula

dist;2(y, ) (@ (-, ®), S pw) = limsup

. k,m
inf M w) — oo :
m su k’meN{H(ﬂ o) =G o)llw,)

1
Xf’m(a)) < —forsomer € QN [a, b]} .
n
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For0 < a < band w € E, ) we define a measurable map o — ¢, (-, ) as follows:
Gab(>0) = OO (),
where
ko(w) i= minfk  disti2u, (@ (,0), Saba) # 165" )20,
3 < 1¢*" @)z, < 1or somem € N, (38)

and mo(w) is the minimal value of m in (38) Notice that in this way for a.e. w € E; the L2-
projection of ¢, (-, w) on S, 4, is not zero. We also define the random variable R : 2 — [0, +00)
in the following way:

dist(0, 3(95,0) if0 e O(]f,o for some ko € N,
R(w) :=
0 otherwise.

By invoking the measurability of Oy, g € Q", see Lemma 5.1, it is easily seen that R is indeed
measurable. Next, for 0 < a < b, [ > 0 we define the random variable ¥, : 2 — Rby

hni)sup FoDmin(ir@)) ghi@mmi@n (. g) if Rw) > 0, € Eqp,
Yapi(@) =43 "7
0 otherwise,

where, for all n € N,

1
ki (w,n) := min {k : Xf’m < — for somer € QN [a,b],
keN n

. 1
1657 (@) = @ap )12,y < distrz(,) (@ab(®), Sabew) + - for some m € N} >

m (w) is the corresponding minimal value! of m, and B(D, min{l, R(w)}) is the ball with the centre
at D and radius min{l, R(w)}, see (5.1). We also define

Yap = limsup Vap).
I-1eN, -0

Notice that in this way v, is the value at the origin (taking into account for @ € O the relative
position of the origin with respect to the shape) of the (unique) L?-projection of ¢, onto Sy .. As
a consequence of (31), we have |, ;| < Mj. Notice that by construction ¥, # 0if P(E,; ;) > 0. We
are ready for the proof of main statement.

Theorem 5.1: Under Assumption 3.1, the assumption of Lemma 3.2 and (31), one has

U Sp(—Apk) € Sp(—A,) aeweQ.
keN

Proof: We take [ > 0. There are two possibilities:

(a) There exists ¢ > 0 such that Ej_, ;. has zero probability. In this case we denote

eo(D) = supfe : P(El_g1e) = O).

>0
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(b) Forall & > 0 the set Ej_; ;1. has positive probability.

In the case (a), by the continuity of probability, we conclude that P(E?ieo (e (l)) = 0, where

(cf- (36))
Eg)b ={weO: —Aoko has an eigenvalue in (a, b) for ko € Nsuch that 0 € Ofuo}.

By Lemma 2.1 and Corollary 4.1 we infer that

(I —eo(D), 1+ 20()) € C \ |JSp(—Apr) SC\Sp(—A,) ae.weQ.
keN

In particular, we conclude that [ ¢ Sp(—A,,).
In the case (b) we construct a Weyl sequence showing that [ € Sp(—A,,). To this end, we define

Un = IWieymiei/nl oy Vieymisime - 1 €N

Then, by the above construction and using Ergodic Theorem, one has

—

I — ApYn — ll/’n”LZ(O) <-, neN

n
It follows from the above that Sp(—A,,) consists of exactly those I € R that satisfy the property (b).
The set Sp(—A,,) is closed, hence its complement is a countable union of open disjoint intervals.

Every element of such an interval (d;,d,) satisfies the property (a) with [ = (d; + d2)/2, go(l) =
(d, — d1)/2, and therefore P(Egl],dz) = 0. Using Lemma 2.1, we obtain

(di,dy) € C U Sp(—Apr)  ae.we Q.
keN

The claim follows since there is only countable number of such intervals. |

6. Convergence of spectrum

In our analysis we keep in mind the examples set in Section 7, for which it is shown that Sp(—A,,) <
Sp(A). In the present section we assume that this holds, as well as the conclusion of Theorem 5.1, i.e.

Sp(—A.) = J Sp(—Ap)- (39)
keN

We are interested in approximating the spectra Sp.A®(w) of the operators A° (w) (see Section 3) by
the spectrum Sp.A of the limit operator. We claim that Sp.4° (w) — Sp.A for a.e. w € Q, where the
convergence is understood in the Hausdorft sense:

(a) Forall & € Sp.A there are A° € Sp.A®(w) such that A* — A.
(b) IfA° € SpA*(w) and A* — A, then A € SpA.

We prove this claim by adapting the argument of [17]. First, we introduce the notion of strong
resolvent convergence.
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Definition 6.1: Let A°(w) and A be the operators acting on L?(S) and on H C L*(S x Q), respec-

tively. We say that A® (@) strongly two-scale resolvent converge to A and write .4° 2 Aif
fe i’f’ felPExQ) = A +D7'f 2 (A+D7If forae we Q.

It can be shown that the property (a) is satisfied if we have strong two-scale resolvent convergence
(see the proof of [17, Proposition 2.2]). Theorem 4.1 shows that the following implication holds:

f if, fel’Sx Q) = (Af(w) +D7'f* 2 (A+D7Y.

It can be shown that this is equivalent to strong two-scale resolvent convergence (see [17, Proposition
2.8]) and thus the property (a) is satisfied.

In order to prove (b), we start from the eigenvalue problem for the operator A® () (it has a compact
resolvent and its spectrum is discrete), i.e.

Af () uf = s°uf, / Wf)? = 1. (40)
S

If we have thats, — sand u® 2 u, then we would also have Au = su. However, the problem would be
if u=0, because then s ¢ Sp.A. The nextlemma tells usif s ¢ Sp(—A,,) then necessarily the sequence
of eigenvalues is compact with respect to the strong two-scale convergence and thus s belongs to the
point spectrum of the operator A4, since then necessarily u # 0.

Theorem 6.1: Suppose that (39) holds and that for each & > 0, (s°,u®) satisfy (40). If s° — s ¢
Sp(—Ay), then for a.e. w € Q2 the sequence (u°) is compact in the sense of strong two-scale convergence.

Proof: u° € Wé’Z(S) satisfies
/ A1Vu® - Vo +82/ Vuf - Vv = sg/usv Yv e Wé’z(S).
S5 S5 S

We use Assumption 3.1 and for each ¢ extend u°| s> denoting the extensions by %°. Notice that there
exists C > 0 such that

||ﬁ8||wl,2(s) f C (41)
The difference z° := u® — u® satisfies:
Zf e Wé’z(Sg), 82/ Vz® - Vv — ss/ Zfv = sg/ v VYve Wé’z(Sg). (42)
S5 S5 S5

From the estimate (41) we see that (#°) is weakly compact in Wé’Z(S) and thus there exists

~ ~, ~ . . . . . ~ 2~
ue Wé’z (S) such that z°* — 7, which immediately implies s, x;u® — sty (). Furthermore, as a
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consequence of (27), (29) and (39), the following estimate holds for some C > 0 :

eIVl + 12° M 2sp) < C.

2
Therefore, from Proposition 4.1 and Remark 4.4 we conclude that z¥ — z € L%(S, Wé’z (0)), where
the limit z satisfies

/ Voz(x,:) - Vyv — s/ z(x, )v = s/ Ux)v Yve Wé’Z(O). (43)
O O (@]

We also consider the problem

mt e Wp(S), & /S

Vmg-Vv—ss/
5 S

&
0

mév = ss/ Zv Yve WS’Z(SS). (44)
S

&
0
In the same way as before we conclude that for some C > 0:

ellVm®ll2ese) + Im®llp2s) < C.
2
Analogously, we conclude that m® = m € L2(S, W&’z((’))) which satisfies

/ Vem(x,-) - Vyv — s/ m(x, v = s/ z(x,)v Yv e Wé’z(O). (45)
@ @] @
By testing (42) with m® and (44) with z° we conclude

lim [ (%)% =1lim [ %m’ = um.
e—0 S(a) e—0 S(E) SxQ

Finally, by testing (43) with m(x, -) and (45) with z(x, -) and integrating over S we conclude

which completes the proof. [

7. Spectrum of the limit operator: examples

This section is devoted to the description of the spectrum of the limit operator. Since it crucially
depends on the intrinsic properties of the microscopic part of the operator and the properties of the
probability space, it does not seem feasible (at least at the current stage of research in this area) to
provide a characterisation of the spectrum in a general setting. We shall consider several interest-
ing, from the point of view of applications, examples of probability spaces and configurations of soft
inclusions. The general example of a finite number of shapes of randomly varying size is described in
Section 7.1. Then we consider the case of a single shape of fixed size in Section 7.2, and the case of a
single shape of randomly varying size in Section 7.3, for which we provide the full description of the
spectrum of the limit operator with the proofs. The characterisation of the spectrum in the general
case of Section 7.1 is analogous to the case of a single shape considered in Section 7.3.
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7.1. The setting of finite number of shapes of varying size

Let (@))jezn be a sequence of independent and identically distributed random vectors taking val-
ues in Nf) X [r1,1r], where 0 < r; <1, <1 and (?2,.7? ,P) is an appropriate probability space. We
also assume that we have a finite number of shapes Y, C Y :=[0,1)", k € No> that represent the
inclusions, where the first and the second components of w; = (k;, rj) model the shape and the size,

respectively. We also set Yy = . On Q there is a natural shift TZ (a)]) = (wj_z) which is ergodic. We
next state the discrete analogue of Lemma 2.1.

Lemma 7.1: Assume that Qg C Q is a set of full measure. Then there exists a subset Q1 C Qo of full
measure such that for each @ € Ql, z € 7" we have Tza) € Qo

We treat Y as a probability space with Lebesgue measure dy and the standard algebra £ of Lebesgue
measurable sets, and define

Q=QxY, F=FxL P=Px dy.

On Q we define a dynamical system Ty(®,y) = (T[xﬂ,@,x +y — [x+ y]). We consider the set
O={(wy): @& € Nf) X [r,12], y € roYg,} € Q. It is easily seen that O is measurable. For a fixed
w = (&,)), the realisation O, consists of the inclusions r;Yy, +j — y, j € Z". Next, we describe
the generators Dj, j = 1,2,.. ., n, in the present example Takmg f e Wb (Q) and d using the above

lemma, note that there exists a subset of full measure 1 C € such that forall & € Ql andz € Z" we
havef(TZa), ) € WH2(Y). It is clear that for x € Y + z — y one has

fxo) =f(Tw) = f(T.8,x — (z - y)).
Using this fact and the statement following (5), we infer that

Wh(Q) = {f e X x Y): forae &€ L, f(@,) € W), f(Tore,@ ) iypmo)
= f(T.@, per) VZ € 2" k € {1,...,n}}.

and

(Dif)(@,y) = dyf(@,y), j=1,2...,n (46)

7.2. Simple example

In this section we set ] = 0,7, = r, = 1, so that Né x [r1,72] = {0,1}, and, by a standard procedure,
see e.g. [18], identify the elements of the probability space Q2 with sequences @ = (&;) ez whose
components @, take values in the two-element set {0, 1}. Let Y; be an open subset of Y whose closure
is contained in Y (‘soft inclusion’). The value 0 or 1 of @,,z € Z", corresponds to the absence or the
presence of the inclusion in the ‘shifted cell’ Y + z, respectively. We also set

O:{w:(&,y):&ozl,yen}gﬁ.

Then, for a given w = (@, y) € 2, the realisation O, = {x : Ty(®,y) € O} is the union of the sets
(‘inclusions’) Y7 +z — y over all z € Z" such that w, = 1. For this example the space Wé’z((’))
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consists of all functions of the form
v3(), (@,y) € O, wherevg € Wé’z(Yl),

v(w) = v(w,y) = (47)
0 otherwise.

It is also important to understand how one applies the stochastic gradient. For a function v(w) €
Wy (O) C L*(£2) we have (see (46))

Vuz (), (@,y) € O, wherevg € Wé’z(Yl),
Vv = (48)
0 otherwise.

Consider formally the spectral problem for the limit operator:

/Akfomvuo Voo = K/(uo +(u)eo VYoo € Wé’z(s), (49)
Ny S

/O Vott1 (5, ) Vapr = A /(9 (o) + w1 (%, g1 Vo € WHO). (50)

We write the solution to the ‘microscopic’ Equation (50) in the form u; (x, w) = Lug(x)v(w), where
(recall Remark 4.2)

ve WA 0), —Aypv=hv+1 (51)
In other words, v is given by (47) with vz (y) satisfying
—Avg(y) = z(y) +1, yeY, (52)

whenever @ such that @y = 1 and vz = 0 otherwise.
We label the eigenvalues of the operator in (52) in the increasing order, where we repeat multiple
eigenvalues, so that vj,j € N, and v]f ,j € N, are, respectively, the eigenvalues whose eigenfunctions ¢;

have non-zero integral over Y; and the eigenvalues whose eigenfunctions (p]f have zero integral over
Y. Following [1], we write the solution to (52) via the spectral decomposition

Vi = Z(Vj —n! (/ %‘) Pj (53)
j=1 N

and thereby
00 2
(o) = P(@: 3 =11) | vy = PUG iy = 1) 305 =) </Y goj) RN
1 j:1 1

Substituting the obtained representation for u; into the ‘macroscopic’ equation (49) yields

— divAR™ Vg = BV, up € WEA(S), (55)
where
00 2
BOY = 11+ 1{(v)g) = 2+ 2P(@: o= 1D Yy — 1) " (/Y <p,-> (56)
j=1 !

is a stochastic version of the ‘Zhikov function’ B in [1]. Assume for the moment that S = R". Then
the intervals where B(1) > 0 are the ‘spectral bands’ of A, and additionally a Bloch-type spectrum
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is given by {v]f :j € N}. Theset {A : B(X) < 0} \ {vj/ : j € N} corresponds to the gaps in the spectrum
of A.

In the setting of this paper, namely, for a bounded domain S C R”, instead of each spectral band
B(A) = 0 lying to the left of v; we have a ‘band’ of discrete spectrum: a countable set of eigenvalues

Rk 1 vim1 < Ajk < v B(hjk) = mih (57)
with the accumulation point at the right end v; of each band, where i are the eigenvalues of the

operator —div A}I“’mV defined by the form

/A*;Omw Vo, uve Wyk(S). (58)
S

The Bloch-type spectrum of A consists of eigenvalues va of infinite multiplicity with eigenfunctions
of the form f(x) v]f (w) with f € L*(S) and

9; (), (@) €0,

vi(w) = vi(@,y) = . (59)
0 otherwise.
Summarising, the spectrum of A is given by
o(A) = [ | Jv), v} | Uihjk jk e N} (60)
i

7.3. More advanced example

Here we allow the inclusions to randomly change size, so that / = 0, 0 < < r; < 1. By analogy
with the previous section, we assume that 2 consists of sequences @ = (@;),cz» such that w, € {0} U
[r1, 2], z € Z"". We also assume that the restriction to to [r;, r2] of the probability measure on Q is
absolutely continuous with respect to Lebesgue measure. As before, consider Y; C Y, and denote
by Y1, := (Y1 — ¥°) + »°, where y© is the centre of Y, the ‘scaled inclusion’, requiring that Y7, C
Y, in order for the extension property in Assumption 3.1 to hold. The values 0 or r € [r1, 2] of @,
correspond to the absence of an inclusion or the presence of the inclusion Y7, in the cell Y + z,
respectively. Furthermore, define O := {w = (&,y) : y € Y13,} € Q. Then a realisation O, = {x :
Ty (@, y) € O} is the union of the inclusions Y, 5, + z — y for all z € Z", where in the case &, = 0 we
set Y15, = #. The space Wé’z(O) consists of functions of the form

~ (), (@,y) € O, where vz € Wy*(Y1.5,),
v(w) =v(w,y) = (61)
0, otherwise.

Consider the spectral problem for u;, namely

/O Votty (%, ) Vg = 2 /O (o) +u1(x e Vo € WEQ),

and separate the variables, as in Section 7.2: u; (x, w) = Aug(x)v(w), where the function v satisfies

/vwv.vw<p=/(1+xv)¢ Vo e Wy (Q). (62)
O O
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The stochastic gradient is given by

Vuz(y), (@,y) € O, where vy € Wé’z(Yl,go),

ol =
0, otherwise,

and therefore the problem (62) is equivalent to

/ / V,uV,pdydP(@) = / / (14 Av)p dydP(w). (63)
{@oelrr]} J Yia, {506[71,1’2]}Y 8
Lag

For each r € [ry, 2], the eigenvalues v, v]f’, and (orthonormal) eigenfunctions ¢; ,, <P]{,, of the oper-
ator —A, acting in Wé’Z(Yl,r) are obtained by scaling the eigenvalues and eigenfunctions of —A,,
acting in Wé’z(Yl), in particular, v;, = r_zvj, va’r = r_zvjf . Therefore, the formula (53) with vj, ¢;
replaced by vj», ¢j - gives the solution to

— Ay, =14 2vy, v € WP (Y. (64)

If0 < r; < ryandtheset{v;, :j € N, r € [r1,r2]} hasgaps,thenforA € R\ {vj, :j € N, r € [r1,72]}
the solution to (63) is given by (61), where the functions vz (y) solve (64) with r = &y. Substituting it
into the spectral problem for (49) yields the problem (55) with the Zhikov-type function g given by
(f. (56))

o0 2
B :=A(+A{v)g) =1+ )»2/ Z(Uj@o -7t (/ (pj@()) dP(®). (65)
{@o€lr1,ra]) =1 1,3

The integral in (65) is well defined for A € R\ {v;, : j € N, r € [r1, 2]}, and the description of the
spectrum on the intervals where (1) > 0 follows Section 7.2.

Theorem 7.1: Under the assumptions of the current subsection, the spectrum of A is given by

o= U e} |UikkikeN

jeEN, re[r1,ra]

where for each k, the values J; . are solutionsto B(Ajx) = ik, see (57). The point spectrum of the operator
A'is given by {Aj : j, k € N}.

It is clear that if the set UjeN, relrr) (Vi vj’,r} has gaps, then o (A) also has gaps. We are going to
prove the theorem in several steps formulated in the following lemmas. We begin by studying the
spectrum of the ‘microscopic’ part of the limit operator.

Lemma 7.2: The spectrum of the operator —A,, (see (30)) is given by

oA = |J v

JEN, re[r,r]

and does not contain eigenvalues of —A,.

Proof: Let A = vj, ;, for somejo € N, 7y € [r1, 2], and assume that v € Wé’z((’)) is an eigenfunction

corresponding to A, i.e. —A,v = Av. (For A = ”fo,ro argument is similar.) Then v is of the form (61),
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where —Avg = Avg in Y} 5,, whenever @y € [ry,r2]. But A is only an eigenvalue of the operator —A
acting in Wé’z(Yl)ao) if wy = ry, hence

(p]'Oa”O (y)’ 50 = o, )’ € Yl,roa

. (66)
0 otherwise.

v(w) = v(@,y) =

It remains to observe that {@y = rg, y € Y1, } is a set of measure zero in €2 and hence || vllr2(@) = 0.
The second claim of the lemma follows.

Now we show that A € o0(—A,,) by constructing a Weyl sequence. Without loss of generality we
can assume that rg € (r1, 2). For small enough § > 0 we choose an L2?-function ws = ws(r) such that
suppws < (r0 — 8,70 + &) and [[wsll12(ry—s,r,+5) = 1 €.8. We can choose w; to be equal to a constant

1/2

proportional to §7/< on (rg — 8,19 + 8). Consider the sequence

~ w3 (@0)@jo.a, (1), (@,) € O,
vs(@) = vs(@,y) =
otherwise.

We have vs € Wé’z(O), llvsll2(q) = 1and

—vaa(w,)’) = _W(S(CNI)O)A(pjo,(T)o ()’) = Ujo,g)OWS (50)(pj0,50(y))

hence
= Bots = 2usllaoy = [ (i = o s @) ) dy dF@) — 0
{woelri,r2]} / Y13,
§ — 0.

It follows that vs is a Weyl sequence for A = vj .
It remains to prove that A is in the resolvent set whenever A ¢ (J;en refr, ) {Vir vj/,r}. Assume the

contrary and let f € L?(0O), then the resolvent equation —A,v — Av = f has a unique solution given
by (61) with vg solving —Avg(y) — Avg(y) = f(@,y), ¥ € Y13,. Moreover, since

d .= dist | A, U {Virs v]f’,} > 0,

JEN, re[ry,r2]

we have [[vzll2y, ) < d*1||f(c~o,~)||Lz(Y150), and it follows immediately that [[v]20) < a1
If I .2(0)> which concludes the proof. [

Next, we focus on the spectrum of A.
Lemma 7.3: The inclusion o (—A,) C o (A) holds.

Proof: The proof of the inclusion { v]f’r :j €N, r € [r,n]} Co(A) repeats the related part of the

proof of the Lemma 7.2. Namely, for A = v}o)m, jo € N, rg € (r1,12), we define a Weyl sequence u; :=

ug + u‘f € V,where ug = 0and u‘f is given by u‘i (%, w) = f(x)vs(w), with an arbitrary fixed f € L2(S)
and v defined as in Lemma 7.2. In order to show that {v;, : j € N, r € [r1,r2]} C 0(A), suppose
that A = vj ,, for some jo € Nand rg € (r1,72). Assume, to the contrary, that there exists a bounded
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resolvent (A — 1)1, i.e. the system (18)-(19) has a unique solution for all f € L*(S x Q). For f =
f(x) € L*(S) the second equation reads

/ / (=Ayuy — Aup)gy dy dP(@) = (f + Aug) / ¢, dy dP(@).
{@oelrrl} 7 Yia, {@oelrnl} 7 Yia,

Then u; must necessary be of the form u; = (f + Aug)v, where v is of the form (61) and —A,vg =
Avg + Lin Yy 5, ie.
o
v = (g, — 27! < / (/)j,50> 0i0- (67)
-

j:l ()

which clearly blows up as @y — ro. We show that the corresponding v is not an element of L?(0),
leading to a contradiction. Indeed, using the identity

2 2

~ _ 2~ ~ ~
Vio,@o — Vjoro = @ "Vjo — Ty Vjo =T @y (ro — wo) (ro + a)o)\)jo,

one has

o]

2
/ | wiraara = [ >t =) 2 [ via) 2@
{@oelriral} J Y13, {@o€([r1.ra]} =1 Y13
2
2 /~ (])j,a() - Uj(),r())_z / (Pj,u~)0 dp(a)
{@o€lri,r2l} Y13,

sCf Gl ar@)

{@oe[r1,r2])

where the last integral diverges. [
Lemma 7.4: If B(X) = uy for some k € N then A is an eigenvalue of A.

Proof: Let B(\) = ug, and denote by Yy € WS’Z(S) be the corresponding eigenfunction of
—div Ah°™V_ Since A ¢ {vjr : jsr € N}, the problem

v E Wé’z((’)), —Apv = Av+1,

has a solution given by (61), (67). Therefore u = ;. + A v is the eigenfunction of A corresponding
to A. n

Lemma 7.5: A point A belongs to the resolvent set of Aif A ¢ o (—A,) and B(L) ¢ a(—diVA}f"mV),
ie. (L) <0orB(A) > 0and B(A) # ur, k € N.
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Proof: We claim that the problem (18) and (19) has bounded resolvent. Indeed, suppose that f €
L?(S x ) and write (19) in the form

—ApuUl — AU = A +f

Since A is not in the spectrum of —A,,, the latter has a bounded resolvent at A and u; = Augv + g,
where v = (—A, — 1) ! isasin (61) andg = g(x,w) = (—A, — A)_lf(x, ), x € S.In particular,

Ivllz20) < distG 0 (=Au) " Il20) 1866 )20y < disth, 0 (=Au) THIF () l12(0)-
Substituting the expression for #; in (18) we obtain
—div AP Vuy — B(Wuy = (f + Ag).
For B(A) ¢ o (—div A}fomV) the operator —diVA}l“)mV — B(A) is invertible and

lluollz2(s) < dist(B(), o (—=div AF™ V) HI(f + Al 2¢s)
< dist(B(1), o (—div AP V) " (IIf I 25wy + IX1gll2(5x0))s

from which the claim follows. |
Proposition 7.1: The set o (—Ay) \ {Ajk : j,k € N} does not contain eigenvalues of the operator A.

Proof: Assume that A = vj ,,, for some jo € Nandrg € [r1, 7], is an eigenvalue of A, i.e. there exists
u = ug + u; € V such that

—div A} Vug = Ao + (u1)0)s

(68)
—Apu1(x,-) = Aug(x) + ur(x,-)).
Suppose that uy(x) # 0 for some x € S, then u; (x,-) = Aug(x)v(-), where v solves
—Apv=2rv+ 1. (69)

Arguing as for the second inclusion of Lemma 7.3, we see that (69) has no L?-solution for the given
A. It follows that 1y = 0 and therefore u; (x, -) is an eigenfunction of —A,,, which cannot be true by
Lemma 7.2.

Now we assume that A = vfo,r . Arguing as above, for ug(x) # 0 we have u;(x, ) = Aug(x)v(-),
where v solves (69). The solution exists and is given by (61), (67). Substituting u; into (68) we see that
up must satisfy —div A}l“’mVuo = B(M)ugp, which cannot be true since S(1) ¢ o (—div A}fomV).

Finally, if up = 0, then we argue as above for the case 1 = vj, 5, again arriving at a contradiction.

|

This completes the proof of Theorem 7.1.

Notes

1. The function ¢ (-, ) is an ‘approximate eigenfunction’ for —Ay,, see (37).
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