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Predicting the deposition spot radius and the nanoparticle concentration
distribution in an electrostatic precipitator

Calle Pregera, Niels C. Overgaardb, Maria E. Messinga, and Martin H. Magnussona

aNanoLund and Solid State Physics, Lund University, Lund, Sweden; bCentre for Mathematical Sciences, Lund University,
Lund, Sweden

ABSTRACT
Deposition of aerosol nanoparticles using an electrostatic precipitator is widely used in the
aerosol community. Despite this, basic knowledge regarding what governs the deposition
has been missing. This concerns the prediction of the size of the particle collection zone,
but also, perhaps more importantly, prediction of the nanoparticle concentration distribu-
tion on the substrate, both of which are necessary to achieve faster and more precise
deposition. In this article, we have used COMSOL Multiphysics simulations, experimental
depositions, and two analytical models to describe the deposition. Based on that, we pro-
pose a simple equation that can be used to predict the size of the deposition spot as well
as the particle concentration on the substrate. The equation we derive concludes that the
size of the deposition spot only depends on the gas flow rate into the precipitator, and on
the constant drift velocity of a particle in an electric field. The equation also displays that
the deposited particle concentration is independent of the gas flow rate. Our general math-
ematical analysis has great applicability, as it can be used to model different geometries
and different types of deposition methods than the one described in this article. We can
therefore also propose that the drift velocity in this model easily could be replaced by
another velocity acting on the particles at other deposition conditions, for instance, the
thermophoretic velocity during thermophoretic deposition. This would result in the same
dependence as presented in this article. Finally, we demonstrate analytically and through
experiment that the particle distribution inside the spot will be homogenous and follows a
top hat profile.
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Introduction

In order to perform detailed characterization of engi-
neered aerosol nanoparticles, or to investigate the
ultra-fine particles that surround us in the atmos-
phere, it is preferable to first collect such particles
onto a substrate for ex situ characterization. Even
though in situ and in-flight characterization techni-
ques of aerosols have improved greatly in the last
years (McKibbin et al. 2019; Ouf et al. 2016), ex situ
characterization, using electron microscopy or x-ray
methods on already collected particles are still the
standard way to characterize aerosol nanoparticles.
The deposition and collection of aerosol nanoparticles
can be achieved in several different ways. Due to their
low inertia, it is usually necessary to expose these par-
ticles to an external force, such as thermophoretic, or

electric, in order to capture them. Thermophoretic
deposition has the advantage of not being charge
dependent, but has the disadvantage of it being chal-
lenging to achieve a homogeneous field and depos-
ition. On the other hand, deposition using electric
forces, using a so-called electrostatic precipitator
(ESP), has the advantage of being simple and straight-
forward. An electric potential is applied to a surface,
and the particles are collected on that surface.
However, for this to work, the particles must carry a
charge upon deposition, but this can be achieved, if
the particles are not already charged, by simply adding
a particle charger before deposition. ESPs can, for
instance, be used in portable samplers (Fierz, Kaegi,
and Burtscher 2007) or incorporated into closed sys-
tems for collection of generated engineered
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nanoparticles (Messing et al. 2009). ESPs can also be
used as filters, in order to clean a gas from harmful
particles (Pavlish et al. 2003).

There are several different types of ESPs.
Traditionally, the parallel plate (Liu, Whitby, and Yu
1967), and the point-to-plate setup (Cheng, Yeh, and
Kanapilly 1981) have been used frequently, however
both these have the drawback of low particle collec-
tion efficiency. Twenty years ago, in this journal,
Dixkens and Fissan (1999), described a new concept
for an ESP, where charged nanoparticles could be
deposited with 100% sampling efficiency. In their pro-
posed setup, the aerosol flows vertically downward
until it reaches a plate exposed to a high constant
electrical potential. The gas flow expands radially and
the particles that carry the opposite charge with
respect to the plate are deposited. In their publication,
they were able to demonstrate experimentally that the
charged particles were collected in a circular zone, or
a spot, and that the particle concentration in this col-
lection spot was approximately uniform. They were
also able to show that the size of this spot depended
on the gas flow rate and the electrical mobility of the
particles. This has been shown again experimentally,
when the spot radius of an ESP was studied when
alternating the particle diameter and applied potential
(Kala et al. 2012). It was also shown experimentally by
Fierz, Kaegi, and Burtscher (2007), where the sam-
pling efficiency was affected by electrical mobility of
the particles and that smaller particles were focused
more toward the center. Nevertheless, the exact rela-
tion between the size of this deposition spot and the
deposition parameters has, until now, been unknown
and was generally assumed to depend on the design
of the individual ESP, requiring calibration.

Few studies have aimed to describe the macro-
scopic aspects of the particle deposition in an ESP.
Instead, plenty of research have been dedicated to
understanding the microscopic aspects of the depos-
ition in an electric field, studying the particle–particle
interaction and particle–substrate interaction close to
the substrate (You and Choi 2007; Krinke et al. 2002;
Zhuang et al. 2000). These studies have used numer-
ical simulations in combination with experimental val-
idation to study and control the deposition, and from
this being able to refine the deposition to make ele-
gant nanostructures with high precision (Kim et al.
2006; Choi et al. 2015; You and Choi 2007; Krinke
et al. 2001). Although these studies have been essential
for generation of fine nanostructures, studying the
macroscopic aspects is still crucial for optimization of
the aerosol nanoparticle deposition by, for instance,

determining what governs the particle deposition dis-
tribution and the collection zone.

In this study, we have used experiments, numerical
simulation, and mathematical models to study the
macroscopic aspects of aerosol deposition in an ESP
similar to the one described by Dixkens and Fissan
(1999). From this, we were able to determine the par-
ticle distribution, concentration, as well as the exact
relation between the deposition parameters and the size
of the deposition spot size. COMSOL Multiphysics has
been used to perform numerical experiments, by using
a model of the ESP similar to that used in our lab. From
these results, we observed a homogenous particle con-
centration within the spot, when depositing monodis-
perse singly charged nanoparticles, and obtained a
semi-empirical equation that describes the relation
between the deposition spot size and the deposition
parameters. This equation shows great agreement with
experimental results from real depositions, when meas-
uring the deposited particle concentration by scanning
electron microscopy (SEM). Furthermore, this semi-
empirical equation, as well as the particle distribution,
has been confirmed by analytical analysis in a simplified
geometry, in excellent agreement with the experimental
results. Lastly, we describe the deposition in more gen-
eral terms, showing that the same equation can be used
for different geometries and situations.

The proposed equation is remarkably simple and will
be valuable when performing deposition of nanoparticles.
This equation can be used to predict the nanoparticle
concentration on the substrate. This is of large import-
ance when studying the magnetic or catalytic properties
of engineered nanoparticles, or when forming semicon-
ducting nanostructures (Preger et al. 2019; Messing et al.
2010; Magnusson et al. 2014). Also, by varying the applied
electrical potential, it is possible to tune the spot size to
match the desired substrate, in order to minimize the
deposition time and avoid waste of particles. By under-
standing the basic variables that will affect the deposition,
new better designs can be made to increase the collection
efficiency. Finally, this study also demonstrates the possi-
bilities to use COMSOL Multiphysics to simulate the
macroscopic trajectories of a collection of aerosol nano-
particles, with results that agree with the real experiment.
This knowledge will be practical when designing new
aerosol systems or evaluating existing ones.

Method

Comsol simulations

A 2D replica of the ESP chamber used in our lab was
constructed within the COMSOL Multiphysics 5.3
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software, and a schematic of such an ESP can be seen in
Figure 1. The simulations were performed in two steps:
first the surrounding physics was determined, i.e., the
gas flow profile and the electric field, and then the par-
ticle trajectories were simulated. During the second
simulation step, between 500 and 1000 monodisperse,
singly negatively charged particles, with identical elec-
trical mobility, were released. Their trajectories were
solved within the software, by using Newton’s second
law to calculate the change in particle momentum,

mp
dvp
dt

¼ FD þ FE þ FB þ FM þ Fthð Þ (1)

where FD is the drag force, FE is the electrostatic force,
and FB is the Brownian force. If necessary, Equation (1)
can be extended with other forces, e.g., magnetic FM or
thermophoretic Fth: However, in this case, we decided
to only evaluate the first three mentioned forces.

Brownian displacement during flight and particle–
particle interaction close to the surface will naturally
affect the final position of a single particle (Krinke et al.
2002). Despite this, we argue that they can both be
ignored in this study. The particles are, typically, inside
the ESP less than 1 s before reaching the plate, and the
Brownian displacement for nanoparticles during 1 s is
in the order of 0.01–0.1mm (Hinds 1999). This dis-
placement is much smaller than the radius of the depos-
ition spot, which ranges from a few mm to tens of mm.
Since we are looking at the collective behavior of a large
number of particles and not the exact position of a sin-
gle particle, this displacement can, potentially, be
ignored. The ineffectiveness of Brownian displacement
on the macroscopic deposition was verified by compar-
ing simulations with and without Brownian force, see
Figure S1 in the online supplementary information (SI).

Crucially, by including Brownian force in the simula-
tion, the computational time became more than 200
times longer, and since the effect on the deposition spot
was minor, the Brownian force was neglected in the fol-
lowing simulations. The particle–particle interactions
were also regarded as negligible: the concentration of
particles in the gas flow during real experiments was <
106 cm�3, meaning that the particle–particle distance is
on average > 100mm and this will not affect the par-
ticles. The electrostatic force and the drag force are thus
the dominant forces that will govern the size of the
deposition spot.

Experimental depositions

The nanoparticles were generated by spark ablation
(Schwyn, Garwin, and Schmidt-Ott 1988; Pfeiffer, Feng,
and Schmidt-Ott 2014; Meuller et al. 2012) by using pure
metal electrodes as the seed material in a nitrogen gas
flow (99.9999%) controlled by mass flow controllers.
After the spark, the formed agglomerates are charged in a
bipolar diffusion charger (Wiedensohler 1988), then size
selected with a first differential mobility analyzer (DMA)
(TSI 3081 Long). Next, the agglomerates are reshaped to
compacted particles when heated above the compaction
temperature (Karlsson et al. 2005; Hallberg et al. 2017) in
a tube furnace (Lenton LTF). The compacted particles
are size selected again with a second DMA (a custom
built Vienna type (Knutson and Whitby 1975)) before
being deposited onto a Si substrate. All the deposited par-
ticles will therefore have the same electrical mobility and
the particle concentration is continuously measured with
an electrometer (TSI 3086B). In between depositions, the
deposition chamber is isolated from the aerosol flow, and
during deposition, the electric field is applied a few sec-
onds after the pressure in the system has been stabilized
after letting the gas pass through. All depositions were at
least 5min long to ensure that small variations in the
beginning of the deposition would not have an impact on
the deposited particle concentration. To analyze the dep-
ositions, multiple images were acquired using a SEM
(Hitachi SU8010), and the particle concentration on the
substrates was determined using ImageJ (Schneider,
Rasband, and Eliceiri 2012). Example images showing a
selection of the deposited particles can be found in SI
Figure S2.

Results

COMSOL simulations and experimental results

Dixkens and Fissan (1999) reported that the concen-
tration profile of the deposited nanoparticles follows a

Figure 1. Schematic of the ESP used for the experimental
results and as the model for the COMSOL simulations. The
aerosol enters the ESP with the gas and flows vertically down-
wards toward the deposition plate. The deposition plate has
an applied electrical potential, which creates an electric field
strong enough to deposit the particles.
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so called top hat profile, with constant concentration
within the deposition spot and a sharp, distinct con-
centration drop to zero at the edge. They also demon-
strated that the shape of this spot is close to a perfect
circle. The COMSOL simulations in this work were
performed using a 2D model of the ESP, hence the
concentration profile is measured along a line, and
not a circle. For each simulation, 500 particles were
released and deposited. The concentration profiles
obtained from the COMSOL simulations displayed the
same characteristic top hat profile as has been
reported earlier, with constant concentration in the
center, and with sharp, distinct edges where the con-
centration of particles drops down to zero, see histo-
gram in Figure 2. These profiles were compared to
experimental concentration profiles using the same
deposition parameters (6 kV as the applied electric
potential, 1.68 slm (2.8�10�5 m3 s�1) as the gas flow
rate, and 13.4mm as the distance between the inlet
and deposition plate) for three different particle diam-
eters (50, 30 and 10 nm), see red squares in Figure 2.
As demonstrated in Figure 2, the experimental results
are in good agreement with simulations regardless of
nanoparticle size, and the characteristic top hat pro-
files with distinct edges can be observed in all three
cases. From the experimental data points we can
observe small tails at the edges, which might be due
to the size distribution not being completely monodis-
perse when size selecting with a DMA.

To determine the exact relation between the size of
the spot radius and the different deposition variables,
simulations to investigate each variable were per-
formed. From this, it was concluded that only four
variables had a considerable impact on the spot
radius; the gas flow rate (Q), the distance between the

inlet and the deposition plate (h), the applied elec-
trical potential to the plate (u), and the electrical
mobility of the nanoparticles (Z). Each of these four
variables was systematically studied to obtain their
exact relation to the spot radius (rspot), see Figure 3.
For each studied variable, all other variables were kept
fixed, and the results were fitted to find the specific
relation, tabulated values can be found in Table S1.
All four variables had an almost perfect square root
or inverse square root dependence, and were com-
bined into the following semi-empirical equation,

rspot ¼ j

ffiffiffiffiffiffiffi
Qh
uZ

s
(2)

where the constant j in Equation (2) is dimensionless
when the other variables are given in SI units.

Apart from the above-mentioned variables, several
other parameters were investigated using COMSOL
Multiphysics. The gas velocity at the inlet did not
have a large impact on the spot radius; this was
studied by keeping the gas flow fixed and changing
the radius of the inlet. A deviation from Equation (2)
was observed only for extremely large and small inlet
radii. When the inlet diameter became much larger
than the distance to the plate, the spot radius
increased slightly. Whether this was due to the low
gas velocity or disturbance in the electric field is not
certain. For small inlet radii, when the gas velocity
became much larger than the 2m s�1 used in the
experimental results, impaction started to influence
the deposition significantly. Although the spot radius
was almost unaffected, the particle concentration pro-
file changed with an increased concentration in the
center region, especially for the larger particles. The

Figure 2. Simulated and experimentally measured surface particle concentration, plotted against the distance from the center
point for three different particle sizes (a) 50 nm, (b) 30 nm, and (c) 10 nm. In all cases, the applied electric field was 6 kV, the gas
flow rate 1.68 slm (2.8�10�5 m3 s�1) and distance between the inlet and deposition plate 13.4mm. The radius of the deposition
spot is given by half the width of the top hat profile. All three sizes showed good agreement between the experiments and the
simulations. The heights of the histograms have been rescaled to match the experimental data points.
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effect of impaction is therefore important to be aware
of and should be studied further since it will affect
the deposition profile when the gas flow is high or
inlet radius small. However, in this article, we study
the system when it is the regime where impaction is
negligible. The composition of the particles, i.e., the
mass density, had no effect on the spot radius or the
concentration profile when varying the density from
1000 kg m�3 to 19 300 kg m�3. Furthermore, varia-
tions in the diameter of the cylindrical housing and of
the collection plate, the location of the gas outlet, and
the width of the inlet nozzle were all also investigated.
A minor deviation from Equation (2) was in those
cases observed only when the collection plate was of a
similar size as the deposition spot. Although the spe-
cific geometry had no effect on the deposition spot,
the size of ESP in the following simulations was, for
simplicity, based on the actual one used during
experiments.

To validate Equation (2), as well as the simulated
data points, experimental depositions were performed
with different values of the deposition variables to
obtain a variety of differently sized deposition spots,
with radii ranging from 3mm to 25mm. The

depositions were performed using size selected Cu or
Bi nanoparticles of different sizes (15–45 nm), applied
electrical potentials (2000–8000V), distances between
inlet and plate (13.4–30.2mm), and gas flow Q con-
stantly set to 1.68 slm (2.8�10�5 m3 s�1). The spot
radius was calculated using the following relation,

pr2spot ¼
Qtcgas
cspot

(3)

where the total number of deposited particles is div-
ided by the particle concentration in the spot cspot,
assuming no particle losses and the spot being shaped
as a perfect circle. The assumption of homogenous
concentration inside the spot is based on the results
presented in Figure 2, and the approximation of a
perfect circle is motivated by the results presented by
Dixkens and Fissan (1999) as well as from our own
observations. Details describing each deposition can
be found tabulated in SI Table S2. These calculated
experimental spot radii are plotted against Equation
(2), see red squares in Figure 4, together with the
simulated data points (blue crosses) showing excellent
agreement. The data points follow a straight line

Figure 3. Data points extracted from the COMSOL simulations. The spot radius plotted against (a) the gas flow rate, (b) the dis-
tance between the inlet and the plate, (c) the applied electrical potential, and (d) the electrical mobility of the particles. For each
variable, the other variables were kept constant. Each graph is plotted together with a fitted square root or inverse square root
dependence (black dashed line).
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(black dashed line) and from this, the dimensionless
constant j in Equation (2) was determined to 0.55.

A first analytical model

To understand Equation (2) analytically, it is much eas-
ier if we first rewrite it. The ratio h=u can be replaced
with 1=E, where E is the electric field, approximated as
infinite parallel plates. Since EZ ¼ vd, which is the con-
stant drift velocity of a charged particle in the presence
of an electric field, Equation (2) can be rewritten as,

rspot ¼ j

ffiffiffiffiffi
Q
vd

r
: (4)

The spot radius will therefore depend only on the gas
flow and the particle drift velocity. Let us now con-
sider a simplified gas geometry. Due to the axial sym-
metry of the ESP, it is natural to describe the system
in cylindrical coordinates. We let the z-axis originate
from the deposition plate and point up toward the
center of the circular inlet. The r-axis will then simply
follow along the deposition plate, see Figure 5. In ana-
logy with the real ESP, we let the gas initially flow in
negative z-direction, perpendicular to the plate, but as
it reaches the obstacle, the deposition plate, it turns
and expands along the r-direction, as a cylinder with
constant height. This behavior is similar to what we
have observed in the COMSOL simulations, see col-
ored profile in Figure 5a. The growth of this disc-like
gas flow will result in a radial gas velocity that is pro-
portional to 1=r: We further assume that the gas flow-
ing parallel to the substrate behaves as if it would

flow between two parallel plates with some flow
profile f ðzÞ, drawn as roughly parabolic function in
Figure 5b. The flow profile f zð Þ is an arbitrary,
positive, continuous function for 0 < z < h, with the
no-slip boundary conditions, f 0ð Þ ¼ 0 and f hð Þ ¼ 0:
The mass conservation for the gas then implies the
condition,

Q ¼ 2pr
ðh
0
f zð Þ=r dz, (5)

which states that the gas flow rate Q in the ESP must
be equal to the flow of the velocity field through any
cylindrical surface inside the precipitator. If we also
assume that the incoming gas flow is narrow com-
pared to the spot size, then the radial flow can be
modeled as a line source along the z-axis. The charged
nanoparticles will travel with this gas flow in the
r-direction with the velocity vr ¼ f ðzÞ=r, and due to
the electric field, with a perpendicular drift vel-
ocity, vz ¼ �vd ¼ �ZE:

We want to determine the trajectory of a nanopar-
ticle that enters the convective flow at the point
ðr0, z0Þ at time t ¼ 0: If we denote this trajectory
ðr tð Þ, zðtÞÞ and use the description for the velocities,
then we can rewrite it as a system of first order differ-
ential equations,

r0 tð Þ ¼ f z tð Þð Þ 1
rðtÞ

z0 tð Þ ¼ �vd

8><
>: (6)

with the initial condition r 0ð Þ, z 0ð Þð Þ ¼ ðr0, z0Þ: The
solution to this initial value problem is then seen to
be

z tð Þ ¼ z0 � vdt

vdpr tð Þ2 � vdpr20 ¼ q z0ð Þ � q zðtÞð Þ

(
(7)

where q zð Þ ¼ 2p
Ð z
0 f sð Þds is the primitive function of

2pf ðzÞ: The function q zð Þ can be interpreted as the
partial gas flow, and equals the amount of gas injected
into to ESP per unit time of a line source lying
between 0 and z: Since q 0ð Þ ¼ 0, it follows from
Equation (5) that, q hð Þ ¼ Q: From Equation (7), the
particle trajectories can be described as the curves in
the r, zð Þ-plane which satisfy equations of the form

vdpr
2 þ q zð Þ ¼ C, (8)

where C is a nonnegative constant which may be
determined from the initial conditions. Different con-
stants correspond to different particle trajectories, and
since the ESP operates in steady state, time can be
eliminated from our description.

Figure 4. Simulated data points (blue crosses) plotted
together with the experimentally determined spot radii (red
squares) against Equation (2). From the linear fit (black dashed
line) the dimensionless constant j was determined to 0.55.
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Next, we let r0, z0ð Þ ¼ 0, fð Þ, where 0 � f � h is a
point on the z-axis inside the ESP. As long as f fð Þ is
positive, a particle trajectory will emanate from this
point, and according to Equations (7) and (8), this
trajectory will then consist of the points (r, zÞ which
satisfy the equation

vdpr
2 þ q zð Þ ¼ q fð Þ: (9)

This trajectory will intersect the deposition plate at
some point r, zð Þ ¼ ðr fð Þ, 0Þ, and from Equation (9),
we get the following, important, relation between the
z-coordinate f of the injection point and the distance
rðfÞ from the deposition point to the z-axis,

vdprðfÞ2 ¼ q fð Þ (10)

The function q is monotonically increasing, and there-
fore the function r fð Þ also has to increase monotonic-
ally with f as long as f fð Þ > 0, which is the condition
for a trajectory emanating from the point ð0, fÞ: The
maximum value of rðfÞ will therefore be the same as
the deposition spot radius, rspot: If we let f� denote
the smallest number, such that f zð Þ ¼ 0 for all z > f�,
then rspot ¼ rðf�Þ: Since we also have q f�ð Þ ¼ q hð Þ ¼
Q, then it follows from Equation (10) that vdpr2spot ¼
Q: In other words, we get an analytical expression for
the radius of the deposition spot:

rspot ¼
ffiffiffiffiffiffiffi
Q
pvd

r
, (11)

which would make the factor j in Equation (4) beffiffiffiffiffiffiffiffiffiffi
1=p

p ¼ 0:56, in excellent agreement with both
experiment and simulation. Also, by combining
Equation (3) and Equation (11),

cspot ¼ cgasvdt (12)

we notice that the deposited particle concentration
inside the spot is independent of the gas flow rate.
This implies that perfect control of the gas flow rate
will not be necessary to predict the deposited particle
concentration on the substrate. Knowing the exact gas
flow rate will only be necessary when predicting the
size of the deposition spot. This shows, in theory, that
it would be possible to split the gas into multiple parts
and run several ESPs in parallel and still obtain the
same concentration on each substrate as one would by
running a single ESP.

Lastly, we can use the relation in Equation (10)
to demonstrate the top hat property of the depos-
ition. We let N rð Þ denote the number of particles
deposited per unit time onto an arbitrary disc on
the deposition plate with the radius r and the origin
at its center. If r is less than rspot, then the point
ðr, 0Þ is reached by a particle trajectory emanating
at some point ð0, fÞ on the z-axis, thus r ¼ rðfÞ is a
function of f: Since every point on the disc is
reached by a particle trajectory emanating from
some point on the segment 0 < z < f on the z-axis,
it follows that

N r fð Þð Þ ¼ cgasq fð Þ, (13)

where qðfÞ is the rate of flow of the gas from the
part of the line source which lies below the level f:
If r is larger than rspot then no further trajectory
reaches the disc and one simply has N rð Þ ¼ N rspotð Þ:
By combining this with the relation found in
Equation (10), then the following expression for N
emerges

Figure 5. (a) COMSOL simulations of the gas speed (colored) and the particle trajectories (black lines and orange spheres) indicat-
ing our model predictions. (b) The particle will, in this model, have a velocity in both the r- and z-direction. The velocity in the z-
direction is governed by the constant drift velocity (vd) and the velocity in the r-direction is governed by the gas flow. The gas
flow profile f(z) will have both a z- and an r-dependence, where the velocity is proportional to 1/r.
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N rð Þ ¼ cgasudpr2 for r � rspot,
cgasudpr2spot for r � rspot:

(
(14)

This shows that N rð Þ is directly proportional to the
area of the disc whenever the radius r is less than
rspot, which proves that the particle concentration
inside the deposition spot is homogeneous. It also
shows that N rð Þ is constant if r is greater than rspot,
hence the particle concentration outside the spot is
zero, which describes the desired top hat profile.

A second, complementary, and more
general model

In this final section, we perform a second, slightly
more advanced, derivation of the equation describing
the spot radius and the top hat distribution. This
approach is based on an analysis of the partial differ-
ential equation (PDE) governing the concentration of
the nanoparticles inside the ESP, instead of the veloc-
ities as in the previous section. This new model is
more general than the first one and has greater applic-
ability. In particular, it avoids the specific simplifying
assumption on the gas flow, which played such a cen-
tral part in the explicit calculations of the first model.

As mentioned in the earlier sections, the ESP oper-
ates at steady state, hence the concentration of the
particles will be independent of time. Instead, it will
be a function of the position x inside the ESP: u ¼
uðxÞ: The same holds for the convective field w ¼
wðxÞ, which is the sum of the steady velocity field
v ¼ vðxÞ of the gas flow and the drift induced by the
electrostatic field ZEðxÞ: If diffusion effects are
ignored, as they have been throughout this article, the
nanoparticle concentration will be governed by the
transport PDE,

@u
@t

¼ �r � uwð Þ, (15)

where @u=@t ¼ 0 at steady state. In fact, the vector
J ¼ uw corresponds to the flux of particles in the
ESP, so the above PDE follows by application of the
equation of continuity (or conservation law) @u=@t ¼
�r � J to this flux, see, e.g., Logan (1994). The par-
ticle concentration on the top plate of the ESP is
denoted u0, and this concentration is assumed to be
known in advance. Our task will be to solve the PDE
and compute the flux J ¼ uw of the nanoparticles on
the bottom plate, since the normal component of this
vector corresponds to the deposition rate of par-
ticles there.

The inside of the ESP is modeled as the open set
X, consisting of the points between two parallel,
infinite, planes separated by a distance h

X ¼ �
x ¼ x, y, zð Þ 2 R3 : 0 < z < h

�
, (16)

see Figure 6. The boundary of X consists of two dis-
joint parts, the bottom deposition plate CB ¼
x : z ¼ 0f g and the top inlet plate CT ¼
x : z ¼ hf g: The aerosol inlet itself is a part I of the

top plate which is bounded and open when consid-
ered as a subset of CT: Our model requires us to solve
the following so-called Cauchy problem for the steady
state transport PDE:

�r � uwð Þ ¼ 0 in X

u ¼ u0 on CT:

(
(17)

The deposition rate on the bottom plate will then
be given by uw � nðxÞ on CB where nðxÞ is the out-
ward unit normal to X at x 2 CB, which equals
ð0, 0, � 1Þ in our simplified geometry. The equations
in (17) can be simplified by adding the fact that the
convective field w in the ESP is approximately diver-
gence free. In fact, the velocity field v of the gas is
practically divergence free for flow speeds well below
the speed of sound. Also, at particle concentrations
and electric field strengths relevant for many aerosol
applications, the particle–particle force will be about
106 times weaker than the force exerted by the field.
Therefore, r � E ¼ q=e0 � 0, and in summary, we let
r � w ¼ 0 and rewrite Equation (17) to the following,

w � ru ¼ 0 in X

u ¼ u0 on CT:

(
(18)

We solve this Cauchy problem by the method of char-
acteristics, see John (1982). This consists in following
the flow line of a particle upstream, in reverse time,
from a point x inside the ESP, until it reaches the top

Figure 6. Illustration of the region X, corresponding to the
inside of the ESP. From each point on the boundary CB, there
exists a trajectory emanating from the boundary CT. We solve
this by following such trajectory X(t) upstream until it reaches
CT. If this trajectory originates from the region I, the particle
concentration along this trajectory will be cgas; else it will
be zero.
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plate at some point x, see Figure 6. The concentration
u0ðxÞ, which is prescribed in advance, is then used to
infer u xð Þ itself, as we shall see below, and the PDE
is solved.

In order to carry out this analysis analytically, we
let x 2 X be an arbitrary point inside the ESP and let
the particle trajectory, denoted as X ¼ X tð Þ, pass
through this point at time t ¼ 0: The curve XðtÞ is
called the characteristic of the PDE in Equation (18)
and is the solution of the following system of ordinary
differential equations,

_X tð Þ ¼ �wðX tð ÞÞ
X 0ð Þ ¼ x:

(
(19)

Suppose u ¼ u xð Þ is a solution to the transport PDE
in Equation (18). Then the particle concentration will
be constant along any characteristic curves. In fact, if
we compute the derivative of u along such a trajectory
XðtÞ we get,

d
dt

u X tð Þð Þ ¼ �ru X tð Þð Þ � _X tð Þ
¼ �ru X tð Þð Þ � w X tð Þð Þ
¼ 0

(20)

which by Equation (19), proves the claim. It follows
that the concentration u xð Þ equals u0 at the point
where the characteristic curves through x intersects
the top plate.

Assuming that the vertical component of w is every-
where bounded away from zero and that the magnitude
of w is everywhere bounded above, it can be shown that
there exists a finite positive time t ¼ tðxÞ such that the
trajectory through x reaches the top plate at this time,
that is X t xð Þð Þ 2 CT: We let a mapping U : X ! CT

be defined by setting, U xð Þ ¼ X t xð Þð Þ, where X tð Þ is
the solution of Equation (19) for x 2 X: The domain of
definition for U can be extended, in a natural way, to
include points on the top- and bottom plate, in particu-
lar U xð Þ ¼ x for all points x 2 CT: In view of
Equation (20) the solution to the Cauchy problem in
Equation (18) can now be written down as

u xð Þ ¼ u0ðU xð ÞÞ (21)

Having obtained the solution of the Cauchy problem
in Equation (18) in Equation (21), it is now possible
to draw conclusions about the particle deposition on
the bottom plate. Notice that, in our practical applica-
tion, the boundary concentration on the top plate is
given by the piecewise constant function

u0 xð Þ ¼ cgas for x 2 I � CT

0 otherwise,

(
(22)

where the cgas is the constant particle concentration at
inlet I: It follows from Equation (21) and Equation
(22) that, for x 2 CB, the concentration uðxÞ is
either zero or constant cgas, depending on whether U
maps x to the inlet I or its complement. The particle
concentration on the bottom plate is, therefore, found
to be piecewise constant.

As mentioned earlier, the deposition rate at some
point on the bottom plate equals the normal compo-
nent of the flux of particles at that point, i.e., equals
to u xð Þw xð Þ � n xð Þ 2 CB: Since the velocity field of the
gas flow is zero at the bottom plate (the no-slip condi-
tion) the only contribution to w in this point is the
electrostatic drift ZEðxÞ, which is already normal to
the bottom plate. It then follows, that the deposition
flux rate is given by,

Jdep ¼ u xð ÞZE xð Þ for x 2 CB (23)

where E xð Þ denotes the magnitude of the electric field
EðxÞ: If, as in the application considered here, the
electric field is practically homogeneous, E xð Þ ¼ E at
the bottom plate, then we reach the conclusion that
the deposition rate at a certain point is either zero or
equal to cgasZE: Furthermore, if the inlet I is assumed
to be circular with its center on the z-axis, and the
gas flow is axially symmetric about this axis, then the
deposition spot will be a circle, with an area Aspot: At
steady state, the rate at which the particles enter the
ESP at the inlet must be equal to the rate at which the
particles are being deposited on the bottom plate.
This particle rate at the inlet is simply given by cgasQ
and the deposition rate is the pointwise deposition
rate times the entire deposition area, cgasZEAspot:

Since these two are equal we now find the relation,

Q ¼ ZEAspot: (24)

When Aspot is a perfect circle, as it is in the axially
symmetric case, then the above formula implies,

rspot ¼
ffiffiffiffiffiffiffiffiffi
Q
pZE

r
, (25)

which agrees perfectly with the formula from the pre-
vious sections, if we recall that ZE ¼ vd: Thus, our
model predicts, again, a top hat distribution for the
monodisperse, singly charged particle concentration

inside a circular spot with a radius
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q=pZE

p
, in

excellent agreement with the experiments, simulations,
as well as with the simplified analytic model. This
model also predicts that the deposited particle concen-
tration on the plate cspot ¼ cgasZEt, in agreement with
Equation (12) in the previous section. We should
remember that formation of a top hat deposition
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profile assumes that all particles have the same elec-
trical mobility. In cases where the aerosol has a wide
distribution of electrical mobilities, and if this is
known, it should be possible to predict the particle
concentration profile on the substrate. The electrical
mobility distribution first has to be divided into
smaller bins and then for each bin calculate the size
of the spot and particle concentration and then add
all bins together. This new concentration profile
would not be shaped as a top hat, but rather several
top hat concentration profiles combined. Note also
that this result holds for any axially symmetric shape
of the inlet surface, as long as the electric field on the
deposition plate is homogeneous. This means that the
deposition spot can in extreme cases be smaller than
the aerosol inlet diameter. Simulations show that this
is actually a possibility, see Figure S3, and the reason
for this is the axial force coming from the nonzero
electric field in the inlet pipe. This effect is likely also
the reason why the simplified analytic model works so
well despite assuming an infinitely thin inlet flow.

The results in the last section demonstrate that the
deposition of particles is only governed by the depos-
ition flux of particles at the plate, being the constant
drift velocity. As long as this velocity is constant and
normal to the plate, and the convective field is diver-
gence free, then this model could be extended to other
types of particle deposition. In cases where the con-
vective field is not divergence free, this model could
still be a valid approximation, provided that the diver-
gence does not affect the deposition significantly.
Holunga, Brunelli, and Flagan (2013), demonstrated a
tool, similar to the ESP in this work, for homogeneous
deposition of nanoparticles using thermophoretic
deposition. The particles were, in that case, exposed to
a constant thermophoretic velocity, to compare with
the constant drift velocity vd used in this work. By
replacing the drift velocity in Equation (11) with the
thermophoretic velocity presented in their work, our
equation accurate predicts the spot radii reported in
their work. We can thus use our simplified expression
to calculate the spot radius for this tool, despite that
the thermal field is not considered as divergence free.
The overall impact on the deposition due to the diver-
gence is in this case small, however, and can therefore
be neglected.

Conclusions

To summarize, we have used experiment, simulation
and mathematical analysis to determine the exact rela-
tion between the deposition spot and the deposition

parameters in an ESP. COMSOL Multiphysics has
here proven to be a useful way to simulate the macro-
scopic trajectories of a collection of nanoparticles in a
gas flow, combined with an electric field and could
most likely be used for other aerosol applications. The
analytical models demonstrate why the ESP process is
very robust, with uniform particle distribution and
well-defined spot size. Based on these results we pro-
posed a simple formula for the deposition spot radius
and deposited particle concentration based on only a
few key variables. This can be used to predict the par-
ticle concentration on the substrate as well as tuning
the deposition spot size to the same size as the sub-
strate in order to avoid particle waste and minimize
deposition time. Finally, it has not escaped our atten-
tion that the mathematical approach used in this art-
icle may prove useful in other particle deposition
studies, and may also be extended to more complex
deposition geometries or deposition mechanisms.
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