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a b s t r a c t 

Background and Objective: The self-repair capability of articular cartilage is limited because of non- 

vascularization and low turnover of its extracellular matrix. Regenerating hyaline cartilage remains a 

significant clinical challenge as most non-surgical and surgical treatments provide only mid-term re- 

lief. Eventually, further pain and mobility loss occur for many patients in the long run due to further 

joint deterioration. Repair of articular cartilage tissue using electroactive scaffolds and biophysical stimuli 

like electrical and osmotic stimulation may have the potential to heal cartilage defects occurring due to 

trauma, osteoarthritis, or sport-related injuries. Therefore, the focus of the current study is to present a 

computational model of electroactive hydrogels for the cartilage-tissue repair as a first step towards an 

optimized experimental design. 

Methods: The multiphysics transport model that mainly includes the Poisson–Nernst–Planck equations 

and the mechanical equation is used to find the electrical stimulation response of the polyelectrolyte 

hydrogels. Based upon this, a numerical model on electromechanics of electroactive hydrogels seeded 

with chondrocytes is presented employing the open-source software FEniCS, which is a Python library 

for finite-element analysis. 

Results: We analyzed the ionic concentrations and electric potential in a hydrogel sample and the cell 

culture medium, the osmotic pressure created due to ionic concentration variations and the resulting 

hydrogel displacement. The proposed mathematical model was validated with examples from literature. 

Conclusions: The presented model for the electrical and osmotic stimulation of a hydrogel sample can 

serve as a useful tool for the development and analysis of a cartilaginous scaffold employing electrical 

stimulation. By analyzing various parameters, we pave the way for future research on a finer scale using 

open-source software. 

© 2020 The Author(s). Published by Elsevier B.V. 

This is an open access article under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 
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. Introduction 

Hyaline cartilage is an avascular, inhomogenous, and multipha-

ic tissue that is found in articular joints of the body such as

he knee and hip [1] . Usually, about 80% of the cartilage tissue is

omposed of aqueous electrolyte and the remaining ~20% is the

olid organic matrix of collagen, chondrocyte cells, proteoglycans,

nd glycoproteins [2–4] . Based upon shape and alignment of the

hondrocytes, and orientation of collagen fibrils, articular hyaline
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artilage comprises four zones, namely, calcified, middle, superfi-

ial, and transitional [5,6] . The native composition and structure

f articular cartilage changes due to osteoarthritis or trauma [7] .

ome successes have been made for the regeneration of articu-

ar cartilage; however, the complex signal transduction pathways

nd molecular mechanisms involved in progression of disease and

egeneration of the tissue have not been fully understood, which

akes it difficult to establish precise proliferation and differentia-

ion methods for chondrogenesis [8,9] . 

The application of external electric fields is a promising ther-

peutic approach for healing and regeneration of the biological

issues [10] . The methods to deliver electrical stimulation can be
under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 

https://doi.org/10.1016/j.cmpb.2020.105739
http://www.ScienceDirect.com
http://www.elsevier.com/locate/cmpb
http://crossmark.crossref.org/dialog/?doi=10.1016/j.cmpb.2020.105739&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:abdul.farooqi@uni-rostock.de
https://doi.org/10.1016/j.cmpb.2020.105739
http://creativecommons.org/licenses/by/4.0/


2 A.R. Farooqi, J. Zimmermann and R. Bader et al. / Computer Methods and Programs in Biomedicine 197 (2020) 105739 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

o  

e  

i  

o  

t  

b  

i  

o  

n  

d  

p  

a  

l

 

s  

a  

m  

t  

a  

c  

m  

p  

p  

p  

e  

e  

o  

o

2

 

t  

t  

o  

s  

c  

f  

c  

t

 

s  

c  

c  

d  

l  

s  

t  

T  

c  

d  

l  

i  

t  

s  

i  

t  

l  

e  

b  

u  

a  

e  

p  
mainly divided into three main types namely: direct coupling, ca-

pacitive coupling, and inductive coupling [11] . In the direct cou-

pling, the electrodes are in contact with the sample, while the

other two coupling schemes use electrodes not in direct contact

of the sample [12] . Direct coupling can be used either with a

direct-current or alternating-current signal, while indirect coupling

always works with time-varying, alternating-current signals [13] .

Direct methods are widely used because of easy operation [13] .

Yet, these methods have certain drawbacks like insufficient bio-

compatibility of the electrodes, contact to the medium resulting

in temperature rise, change in pH, and formation of harmful by-

products stemming from redox reactions occurring at the elec-

trodes [14] . On the other hand, capacitive and inductive coupling

are biologically more safe as the tissue or sample is not in direct

contact with the electrodes [15] . However, this method has the

drawback of high voltage requirement to induce an optimal field

strength and longer times of operation as compared to the direct

coupling [15,16] . 

Hydrogels have gained much attention for biomedical appli-

cations as they possess excellent biocompatibility and biodegrad-

ability [17] . They are versatile materials that can encapsulate the

seeded cells mimicking the natural structure of the cartilage [18] .

In addition, they can be designed in any form, shape, composition,

and size and can reversibly swell or deswell upon small biophysi-

cal changes in the environment [19] . 

Polyelectrolyte hydrogels can be tailored to mimic the native

cartilage tissue [20] . These hydrogels can either be used as acellu-

lar scaffolds f or the replacement of injured tissue or as cell-seeded

constituents to encourage regeneration and formation of the car-

tilage tissue [18,21] . Cartilage-tissue repair approaches discussed

here involve the cell-seeded hydrogel scaffolds with appropriate

biophysical stimuli, like electrical and osmotic stimulation, to cre-

ate a relatively mature cartilage before its implantation to the de-

fect site in vivo [22] . 

Different biophysical stimuli like mechanical (compression,

shear, hydrostatic, osmotic, etc.) [23,24] , electrical [25,26] , and

pulsed electromagnetic fields [27] have been reported to have an

effect on the regeneration of articular cartilage. Among these, elec-

trical stimulation (both direct and indirect) has been found to be

beneficial for cell-seeded hydrogels in general and cartilage in par-

ticular [28] . These studies have mostly been performed with an-

imal and human samples and with living animals, while only a

few in silico studies are available [29] . Thus, there is a need for

in silico investigations using electrical stimulation for a complete

understanding of the transduction pathways and interaction mech-

anisms for designing an optimized electrical-stimulation protocol

for cartilage-tissue repair [30] . Eventually, successful and validated

in silico studies will make it possible to perform less biological

testings for trying different protocols. Moreover, specialized cues

can be designed, i.e., progressing from a trial-and-error approach

to well-controlled experiment planning. 

Computational or mathematical modeling plays a key role in

the improvement of tissue-repair approaches [31] . The develop-

ment of in silico strategies proved to be very helpful in gaining

a better understanding of complex biological processes and could

thus be used to improve in vitro or in vivo experiments. Certain

hypotheses can be tested in silico , although physical implementa-

tion would be unacceptable for ethical, technical and safety rea-

sons [32] . Even the study of a simplified mathematical model that

ignores many details of biological processes can still be very useful

to improve the design of experiments [33,34] . Against this back-

ground, we have created in silico models as support for the setup

of corresponding in vitro experiments in order to be able to sys-

tematically and theoretically investigate the electrical stimulation

of chondrocytes in hydrogel scaffolds over a wide range of param-

eters. 
i
The application of biophysical stimuli results in the difference

f ionic concentrations between the extracellular matrix and the

lectrolyte solution which creates osmotic pressure and swelling

n the cartilage [35] . The electrical stimulation and the resulting

smotic pressure play a significant role in the exchange of essen-

ial nutrients and waste products which are ultimately responsi-

le for cartilage growth, stability, and flexibility [24,25] . Variation

n calcium ion concentration is the first and fundamental response

f the chondrocytes to different biophysical cues (electrical, mag-

etic, and osmotic etc.), although each type of stimulation has a

ifferent mechanism of working [36–38] . Moreover, multiple bio-

hysical cues similar to those experienced by the native cartilage

re crucial for tissue-engineering of functional and viable neocarti-

age [25,26] . 

The current numerical study focuses on mesoscale, here the

cale of the hydrogel scaffold and the surrounding medium. By an-

lyzing the ion distributions, the electrical potential and the os-

otic pressure causing the mechanical deformation, we are paving

he way for future multiscale studies involving the microscale

s well. Moreover, we study the coupling of the electrochemi-

al model to the mechanical model. By this, we eventually esti-

ate the mechanical displacement of the scaffold due to the ap-

lied electric stimulus. In Section 2 , the tissue engineering ap-

roach for cartilage utilizing electrical stimulation has been ex-

lained. In Section 3 , the mathematical background of the finite-

lement model for designing electrical-stimulation experiments of

lectroactive scaffolds has been described. The validated solutions

f the numerical model are given in Section 4 while the discussion

f results is presented in Section 5 . 

. Electroactive scaffolds for cartilage-tissue repair 

The electroactive biomaterials are a class of smart materials

hat allow direct delivery of electrical signals by applying the elec-

ric potential. These materials have the advantage of simultane-

usly providing the stimulus as well as triggering the release of es-

ential therapeutics [39] . Such electroactive hydrogel materials fa-

ilitate the researchers in developing new therapeutic approaches

or the repair and regeneration of the tissue. The chemical, electri-

al, and physical properties of these electroactive materials can be

ailored for the specific needs of a particular application [40] . 

Several surgical techniques like microfracture, bone marrow

timulation, osteochondral autograft, and allograft transfer pro-

edures, and some tissue-engineering approaches like autologous

hondrocyte implantation and matrix-induced autologous chon-

rocyte implantation are used for the repair of articular carti-

age [41] . Autologous chondrocyte implantation is a two-step tis-

ue engineering procedure, first the chondrocytes from the pa-

ient own knee are harvested from a less weight-bearing surface.

hese cells are then expanded in in vitro cultures to increase the

ell yield. After a suitable duration, the second surgical proce-

ure is done and the cells are re-implanted at the site of carti-

age defect. Matrix-induced autologous chondrocyte implantation

s an improved version of the autologous chondrocyte implanta-

ion technique which provides the chondrocytes with a supportive

caffold material for the matrix formation and mechanical stabil-

ty [42] . The main shortcoming of ex vivo expansion and cultiva-

ion is the de-differentiation of chondrocytes, which makes them

ose their chondrogenic phenotype. In order to improve the tissue-

ngineering approaches for the treatment of articular cartilage,

iophysical stimuli like electrical and osmotic stimulation can be

sed before implantation into the defect site [43] . Eventually, the

pplication of biophysical stimuli results in increased cell prolif-

ration and matrix synthesis while maintaining the chondrogenic

henotype. The complete tissue-engineering approach is illustrated

n Fig. 1 . 
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Fig. 1. Different steps involved in the cartilage-tissue repair employing electrical stimulation by transplanting chondrocyte-seeded hydrogel at the defect site. The electric 

potential stimulates the activity of the Ca +2 - calmodulin pathway, followed by the activation of calcineurin and dephosphorylation of a nuclear factor of activated cells 

(NF-AT). Subsequently, it leads to the expression of genes that are responsible for the growth factors such as transforming growth factor- β (TGF- β) and bone morphogenetic 

proteins (BMPs). These growth factors are responsible for the repair and regeneration of cartilage. (The figure was adapted from [44] .) 
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Polyelectrolyte hydrogels having fixed anionic groups attached

o their polymer chains similar to the native cartilage are suit-

ble for the repair and regeneration of the articular cartilage [45] .

everal electroactive hydrogels used for the cartilage tissue repair

ave been discussed in literature [46–48] . The exact mechanism

y which the electrical stimulation affects the tissue growth is still

ot fully understood. It is hypothesized that as the electrical sig-

al reaches the cell membrane, it changes the transmembrane po-

ential, which leads to the opening of voltage-gated calcium chan-

els [49] . Eventually, the intracellular calcium level increases and

hus chondrogenic differentiation of the cell is promoted. The in-

reased intracellular calcium concentration results in activation of

almodulin, followed by the activation of calcineurin, and subse-

uently dephosphorylation of a nuclear factor of activated cells

NF-AT). Finally, it leads to the expression of genes that are respon-

ible for the growth factors such as transforming growth factor- β
TGF- β) and bone morphogenetic proteins (BMPs) [44,50] . These

rowth factors are responsible for the repair and regeneration of

artilage [49] . Similarly, the osmotic pressure created due to the

pplied electric potential activates the transient receptor potential

anilloid (TRPV) channels such as TRPV4. These channels further

nitiate the transitions of Ca +2 [36] . 

The seeded cells directly experience the electric potential as

ell as the osmotic pressure generated on either side of the hy-

rogel scaffold. Thus, the cells are provided with an environment

here they are exposed to multiple biophysical stimuli which

re required for the tissue-engineering of functional neocartilage

25,26] . As computational models can be used to simulate the var-

ous surgical conditions without damaging the specimen, as a first

tep we have discussed a model for simulation of electroactive hy-

rogels at the mesoscale which can be extended to study the in-

eractions at the microscale. 

. Mathematical model 

As experimental analysis alone cannot fulfill the requirements

or novel and complex applications, progress has been made for

heoretical modeling of electroactive hydrogels immersed in the

lectrolyte solution exposed to external electrical stimulation. For

xample, Doi et al. [51] , and Shiga et al. [52,53] investigated the

ehavior of electrically stimulated hydrogels incorporating the sta-
istical treatment proposed by Flory and Rehner [54–56] and Don-

an’s equilibrium theory [57] . Similarly, Grimshaw et al. [58,59] us-

ng Nernst-Planck and Donnan equations, highlighted the electri-

ally induced swelling in the polyelectrolyte hydrogels. However,

hese models are not suited for accurately describing the behavior

f hydrogels under electrical stimulation. 

The biphasic theory was first communicated by Mow et al.

60] for modeling the electromechanical behavior of articular car-

ilage. Later, this theory was extended to include the ionic phase

o give the triphasic [61] , quadphasic [62] , and then being gener-

lized to a multiphasic theory [63] . Based upon these continuum

heories, Gu et al. [64,65] investigated the cartilage tissue under

he electro-osmosis phenomenon. But all these theories were more

uited for the mechanical stimulation response of the cartilage tis-

ue. The multiphasic theory was used by Zhou et al. [66] and Hon

t al. [67] for the modeling of hydrogels immersed in the solu-

ion bath. However, this approach had limited applicability since

he computational domain was restricted to the hydrogel sample. 

Li et al. [68,69] composed a comprehensive multiphasic model

ased upon mixture theories and added the Poisson–Nernst–Planck

quations to study the deformation behavior of hydrogels under

he effect of electrical stimulation. The multiphasic model is supe-

ior to others since it describes the solvent phase together with the

onic diffusion and deformation of the hydrogel. But it has more

nknown independent variables as compared to any other model. 

The transport model was first proposed by Grimshaw et al.

58] and later improved by Wallmersperger et al. [70,71] for in-

estigating the polyelectrolyte hydrogel behavior under electrical

timulation. The transport model only describes the ionic con-

entrations and the hydrogel deformation due to local variations

f ion concentrations but neglects water flow. In place of the

uid pressure, the osmotic pressure, arising due to local ionic

oncentration differences, is considered. Knowing the distribu-

ion of ions, the osmotic pressure inside the hydrogel can bebrk

alculated. 

Both multiphasic and the transport models rely on the nonlin-

ar Poisson–Nernst–Planck equations for describing the ionic con-

entrations and electrical potential. However, the difference is in

he way they couple to the mechanical equilibrium equation and

he electrochemical response. The transport model has the advan-

age of less number of unknowns. Hence, we have used the trans-
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Fig. 2. (a) Sketch of a hydrogel in an electrolyte solution exposed to an external 

electric field. (b) Further possibilities of deforming the originally square hydrogel 

depending on the type of hydrogel (anionic or cationic) and the polarity of the ap- 

plied potential. 
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port model presented by Wallmersperger et al. [71] for the finite-

element simulations and comparison of results. 

The electrical stimulation part of the tissue-engineering strat-

egy and the resulting osmotic pressure are of interest here because

of their role in the cartilage-tissue repair. The two-dimensional ge-

ometry comprising of a square hydrogel sample immersed in solu-

tion bath is considered for the finite-element simulations as shown

in Fig. 2 (a): 

� = [ 0 . 0 m , 0 . 015 m ] × [ 0 . 0 m , 0 . 015 m ] ⊂ R 

2 (1)

where � represents the computational domain. The representa-

tive discretization of the computational domain is shown in Fig. 3 .

The mesh comprises 3,462,585 elements and 10,387,755 degrees

of freedom. Note that it was refined locally such that the maxi-

mal edge length was 0.0 0 02 m on either side of the interface. The

mesh was refined at both sides of the hydrogel-solution interface,

as accuracy is paramount here due to the re-distribution of ionic
Fig. 3. Discretization of the computational domain with the centrally located hydrogel 

electrolyte. In the following analyses we often consider a specific point of interest that w

interface to the electrolyte. On both sides of the interface the mesh was refined such that

refined at both sides of the hydrogel-solution interface, as accuracy is paramount here du
oncentrations on either side of the interface. This refinement was

sed for all the simulations to obtain good convergence of the so-

ution. 

The cells occupy a very small volume (1 - 5%) [5] , so they

ave been ignored for the current mesoscale simulations. In the

uture, the model can be augmented to study effects on the cel-

ular level as well. The electromechanical behavior of the hydro-

el is dictated by the chemical, electrical, and mechanical fields.

wo nonlinear, coupled partial differential equations, namely Pois-

on and Nernst-Planck equations are employed for describing the

lectrical and chemical fields, respectively, while the momentum

quation is used to describe the mechanical field. These equations

re described below. 

.1. Poisson equation 

The electrical potential is described by the Poisson equation 

 

2 ψ + 

F 

ε r ε o 

( 

n ∑ 

k =1 

z k c k + z f c f 

) 

= 0 (2)

here ψ is the electric potential, F is Faraday’s constant, εo is the

ielectric constant, εr is the relative permittivity of the cell culture

edium, c k,f are the ionic concentrations with valence z k,f . Note

hat c f corresponds to fixed (immobile) ions, while c k corresponds

o mobile ions. 

The homogeneous Neumann boundary conditions are consid-

red at the top and bottom surface, whereas non-homogeneous

irichlet boundary conditions are assumed at the left and right

ide of the bath solution. Then, Poisson’s equation in weak form of

he finite element formulation for the two-dimensional case reads

72] 
 

�
∇ ψ · ∇ v ψ 

d A = 

F 

ε r ε o 

∫ 
�

(
z + c + + z −c − + z f c f 

)
v ψ 

d A (3)

here dA represents the two-dimensional differential element for

ntegration over the domain �, v ψ 

is the test function, whereas

wo ionic species, i.e., cations ‘+’ and anions ‘–’, have been con-

idered. The test function is considered to vanish, where boundary

onditions are imposed. 

.2. Nernst-Planck equation 

The total ionic flux J k of ion k consists of three components: dif-

usion flux ( J k ) diff due to the chemical potential gradient of ions,
block and local mesh refinement at the interface between the hydrogel and the 

e chose at x = 0 . 0051 m and y = 0 . 0075 m, i.e. inside the hydrogel but close to its 

 all edges of the finite elements had a maximal length of 0.0 0 02 m. The mesh was 

e to the re-distribution of ionic concentrations on either side of the interface. 
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lectric transference ( J k ) elect due to the electrical potential gradi-

nt, and transfer ( J k ) conv due to the convection, written as [73] , 

( J k ) diff = −D 

k c k ∇ μk , (4)

( J k ) elect = −z k μk c k ∇ψ, (5)

( J k ) conv = c k ν (6) 

here ν is the area-averaged fluid velocity, D 

k is the diffusivity

f the k th ionic species, and μk is the ionic mobility. The ionic

iffusivity is related to the mobility through the Nernst-Einstein

elationship [74] as, 

k = 

D 

k F 

RT 
, (7) 

ith T the absolute temperature, and R is the universal gas con-

tant. If the effect of the activity coefficient f k is explicitly taken

nto account, the diffusion flux becomes, 

( J k ) diff = −D 

k 
(∇ c k + c k ∇ ln f k 

)
. (8) 

The total flux J k of the Nernst-Planck equation now reads, 

 

k = −
(
D 

k ∇c k + D 

k c k ∇ ln f k + z k μk c k ∇ψ 

)
+ c k ν. (9) 

The continuity equation for the ionic flux through the hydrogel

caffold and the cell culture medium is given by, 

∂c k 

∂t 
+ ∇ · J k = 0 . (10)

Under the assumption that neither chemical reactions nor con-

ection occur, the continuity Eq. (10) for the stationary solution

ecomes [75–77] , 

 ·
(
D 

k ∇ c k + z k μk c k ∇ψ 

)
= 0 . (11) 

Using the value of μk , Eq. (11) becomes, 

 ·
(

D 

k ∇ c k + 

z k F 

RT 
D 

k c k ∇ψ 

)
= 0 . (12) 

By multiplication with a test function v k and integrating over

he domain �, the weak formulation of Eq. (12) is obtained, 

 

k 

∫ 
�

∇ c k · ∇ v k dA + D 

k z 
k F 

RT 

∫ 
�

c k ∇ψ · ∇ v k dA = 0 . (13)

In the first step, the Poisson–Nernst–Planck equations are

olved numerically using a mixed-function space [78] . This func-

ion space consists of second-order Lagrange elements to describe

he three scalar functions for anion as well as cation distribution,

nd the electric potential [79,80] . The given nonlinear problem was

olved using the ‘NonLinearVariationalSolver’ of FEniCS [81] based

n Newton’s method with the associated solver ‘MUMPS’ (MUlti-

rontal Massively Parallel sparse direct Solver) [82] . MUMPS is a

irect solver used for the solution of the linear system occurring

ithin Newton’s iterations [81] . In the next step, this solution of

he Poisson–Nernst–Planck equations is used to find the osmotic

ressure and displacement. 

.3. Osmotic pressure and momentum equations 

The equation of motion to find the displacement for small de-

ormations is given by [83,84] , 

∂ 2 u 

∂ t 2 
+ f 

∂ u 

∂t 
= ∇ · σ + ρb (14)

here u is the displacement vector, ρ is the effective density of

he gel, f represents the viscous damping between the electrolyte

nd the polymer fibers, σ is the stress tensor, and b is the body
orce. The friction can be neglected due to the absence of body

orces and Eq. (14) reduces to, 

∂ 2 u 

∂ t 2 
= ∇ · σ. (15) 

Since the redistribution processes of the ionic charges happen

t a much lower rate compared to the hydrogel deformation, a

uasi-static state can be considered and Eq. (15) becomes, 

 · σ = 0 . (16) 

Further, due to the application of a low potential difference, the

lectrostatic stress is neglected and Eq. (16) becomes, 

 · (−p osm 

I + λs tr ( S ) I + 2 μs S ) = 0 (17)

here λs and μs are the Lamé constants, I is the identity tensor, S

s the strain tensor, tr ( S ) is the trace of the strain tensor, and p osm 

s the osmotic pressure. 

The osmotic pressure which depends on the ion concentrations

an be calculated from the expression [85] , 

p osm 

= RT 
∑ 

k =+ , −

(
c k gel − c k sol 

)
(18) 

here c k 
gel 

and c k 
sol 

are the concentrations of the k th ion species in

he hydrogel and in the solution next to the hydrogel, respectively.

or the steady state one-dimensional simulations, Eq. (17) be-

omes, 

(3 λs + 2 μs ) 
∂ 2 u 

∂x 2 
− ∂ p osm 

∂x 
= 0 . (19)

The linear elastic equation at equilibrium that governs the

ne-dimensional steady state mechanical deformation of hydrogels

86] is, 

(3 λs + 2 μs ) 
∂ 2 u 

∂x 2 
− RT 

∂ 

∂x 

( ∑ 

k =+ , −

(
c k gel − c k sol 

)) 

= 0 . (20)

The weak form of Eq. (20) is, 

(3 λs + 2 μs ) 

(∫ 
∂�

∂u 

∂n 

v u ds −
∫ 
�

∂u 

∂x 
· ∂ v u 

∂x 
dx 

)

−RT 

( ∫ 
�

∂ 

∂x 

( ∑ 

k =+ , −

(
c k gel − c k sol 

)) 

v u dx 

) 

= 0 (21) 

here v u is the test function for the displacement and dx denotes

he one-dimensional differential element for integration. Applying

omogeneous Neumann boundary conditions, Eq. (21) reduces to,

(3 λs + 2 μs ) 

∫ 
�

∂u 

∂x 
· ∂ v u 

∂x 
dx = RT 

( ∫ 
�

∂ 

∂x 

( ∑ 

k =+ , −

(
c k gel − c k sol 

)) 

v u dx 

) 

. 

(22) 

The complete simulation scheme is shown in Fig. 4 . 

. Results 

In order to validate the proposed simulation scheme, Eqs. (3) ,

13) , and (22) were solved numerically by means of the simulation

cheme described in Fig. 4 . The initial concentration of fixed nega-

ive ions c f was maintained at 8 mM. The other quantities for the

imulation are described in Table 1 . The displacement of the hy-

rogel obtained as the last step of the model was compared with

he displacement result of multiphasic theory from the study re-

orted by Li et al. [87] . It is evident from Fig. 5 that both results

re in good agreement which verifies our modeling approach using

he open-source software. In the following, the model is explained

n detail making comparisons to the examples from literature. 
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Fig. 4. Simulation flow chart of the model. 

Table 1 

Quantities used for simulations in accordance with [88] . 

Parameter Value 

Ionic mobility μk 3.9607 × 10 −6 m 

2 s −1 V −1 

Ionic diffusion coefficient D k 1.0 × 10 −7 m 

2 s −1 

Gas constant R 8.3143 J mol −1 K −1 

Temperature T 298.0 K 

Relative permittivity εr 80.0 

Vacuum permittivity εo 8.854 × 10 −12 A sV −1 m 

−1 

Faraday constant F 9.6487 C mol −1 

Ionic valence z k ± 1.0 

Fixed charge valence z f - 1.0 

Lamé coefficient 3 λ + 2 μ 1.2 × 10 5 Pa 

External electric potential ψ ± 100 mV 

Hydrogel dimensions 0.005 × 0.005 m 

2 

Solution bath dimensions 0.015 × 0.015 m 

2 

Fig. 5. Comparison of values of horizontal displacement as a function of the co- 

ordinate x gel within the hydrogel. The blue dash-point line shows the values cal- 

culated by Li et al. [87] with the multiphase theory and taken from this publica- 

tion. The black solid line shows the results from our simulation model according 

to Fig. 4 (last step of the simulation procedure). Although these are two differ- 

ent mathematical approaches, the agreement of the results can be regarded as very 

good. 

4

 

t  

c  

2  

m  

n  

b  

o  

e  

t  

t  

c  

s

 

r

c  

 

r

�  

 

a  

m  

b  

t  

u  

F

4

 

e  

d  

fi  

c  

t  
.1. Chemical stimulation 

The behavior of the hydrogel sample under chemical stimula-

ion is considered in this section. The hydrogel sample with initial

oncentration of fixed negative charges c f = 2 mM = 2 mmol/l =
 mol/m 

3 was placed in between the electrodes in a cell culture

edium with concentration of 1 mM as shown in Fig. 2 (a). For the

umerical simulation, a concentration of 1 mM was assumed for

oth anions and cations as a boundary condition at the boundaries

f that part of the computational area which is assigned to the

lectrolyte solution. The difference of ionic concentrations between

he solution and the hydrogel compels the mobile ions to redis-

ribute in the whole region for maintaining the electroneutrality

ondition. The ionic concentration difference results in a negative

tep in the electric potential, as displayed in Fig. 6 (f). 

The concentration of ions in the hydrogel at Donnan equilib-

ium can be evaluated using [62,89] 

 

±
gel 

= 

1 

2 

(
∓c f + 

√ 

[ c f ] 2 + 4[ c ±
sol 

] 2 
)
. (23)

The corresponding Donnan potential can be found by using the

elation [90–92] , 

φ = 

RT 

z k F 
ln 

( 

c k 
gel 

c k 
sol 

) 

. (24)

Using Eqs. (23) and (24) , the concentration of anions, cations,

nd the Donnan potential were found to be 0.4142 mM, 2.4142

M, and -22.2522 mV, respectively. Similar results were obtained

y numerically solving the Eqs. (3) and (13) which also agree to

he results reported by Wallmersperger et al. [71] . The parameters

sed are listed in Table 1 and the simulation results are shown in

ig. 6 . 

.2. Electrical stimulation 

The chemo-electrical behavior of the hydrogel sample under

lectrical stimulation is considered in this section. For the two-

imensional numerical simulation, the concentration of negative

xed charges for the hydrogel was set to c f = 2 mM. For the con-

entration of free Na + and Cl − ions in the solution, the concen-

rations at the electrodes were set to c + = c − = 1 mM using the
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Fig. 6. Ionic concentrations and electric potential distributions for the hydrogel sample immersed in the solution bath. Cation distribution: (a) under two-dimensional 

electrical stimulation, (b) Comparison under chemical and electrical stimulation. Anion distribution: (c) under two-dimensional electrical stimulation, (d) Comparison under 

chemical and electrical stimulation. Electric potential distribution: (e) under two-dimensional electrical stimulation, (f) Comparison under chemical stimulation and electrical 

stimulation. One-dimensional values of the quantities are plotted at y = 0 . 0075 m versus the x -direction. 
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irichlet boundary conditions. A constant electric potential of -100

V was prescribed directly at the cathode and + +100 mV at the

node. As initial conditions for numerical simulation, the results

f the chemical stimulation, i.e., without applied external electric

eld were used. Other quantities used for the numerical solution

ere identical to those for the chemical stimulation, as given in

able 1 . The presented numerical results for the chemical and elec-

rical stimulation are in accordance to the numerical simulation

esults reported by Wallmersperger et al. [71] except that here the

alue of applied electric potential is ± 100 mV instead of ± 50 mV.

he presented results also agree qualitatively to the experimental

esults reported by Gülch et al. [93] . 

The computation time for the two-dimensional Poisson–

ernst–Planck equations under electrical stimulation was ~ 10

in with 10,387,755 degrees of freedom. The appropriate num-

er of degrees of freedom was chosen upon convergence analy-
 E
is ( Section 4.4 ). Concentrations as well as electric potential were

ound to have a relative error less than 0.1% ( Fig. 10 ). Large num-

er of the degrees of freedom is necessary as the coupled Poisson–

ernst–Planck equations are nonlinear, and the solution tends to

ecome unstable at the hydrogel-solution interface by the occur-

ence of nonphysical negative ionic concentrations. The simulations

ere performed on a computer with Intel(R) Xeon(R) E5-2687W

4 CPU @ 3.00 GHz with 256 GB RAM without using paralleliza-

ion. The Python scripts related to the current study can be ac-

essed through an online repository ( https://github.com/arfarooqi/

lectromechanics _ hydrogels ). 

The electric field distribution for the hydrogel sample immersed

n the solution bath can be found using, 

 = −∇ψ. (25) 

https://github.com/arfarooqi/Electromechanics_hydrogels
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Fig. 7. Distribution of the electric field strength in the hydrogel and its surrounding 

solution. The color coding shows the local distribution of the electric field strength 

taking values of 8 - 15 V/m. The increase of the field at the sharp corners of the 

square hydrogel is clearly visible. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 8. Values of electrical conductivity for the hydrogel sample immersed in the 

electrolyte solution, calculated using the Nernst-Einstein relationship from Eq. (7) . 

The color coding refers to the conductivity values of 0.33 - 1.75 S/m. 
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The electric field inside the hydrogel is mostly homogeneous as

shown in Fig. 7 . There are inhomogeneities at the sharp corners of

the hydrogel sample due to the well-known edge effect of the elec-

tric field at sharp tips and corners. From Eq. (2) , the electric field

depends on ionic concentrations, fixed charge density, and the per-

mittivity of the medium. The field distribution can further be opti-

mized by varying these parameters as per requirement. The chosen

value for the electrical potential was used to investigate the suit-

ability and validation of our proposed simulation model for carti-

lage tissue repair in implementation in the open source software

FEniCS as shown in Fig. 4 . It is straightforward to perform the sim-

ulations for other potential values. Our future studies using this

model will aim to use experimental data as they become available.

In any case, the resulting electric field strengths in the range of a

few V/m correspond to the values usually applied in experiments

[94,95] . 

The electrical conductivity κ of the experimental setup is not

constant but can be correlated to the concentration of ions and

their respective diffusivities by using the Nernst-Einstein relation

of Eq. (7) as, 

κ = 

F 2 

RT 

( 

n ∑ 

k =1 

(z k ) 2 D 

k c k 

) 

. (26)

The electrical conductivity is plotted in Fig. 8 . The conductiv-

ity of the hydrogel depends upon its fixed ionic groups, the con-

centration of the solution in which it is immersed, and diffusivity

of the ionic species. The Poisson–Nernst–Planck system of equa-

tions yields a more accurate description of the electrical stimula-

tion than the electrostatic equation, where the conductivity would

enter as a fixed, homogeneous value for each domain. By taking

into account the ion motion, the Poisson–Nernst–Planck system al-

lows for local changes of the conductivity. 

4.3. Osmotic stimulation and displacement 

This osmotic pressure created due to the difference of ionic

concentrations compels the hydrogel to take up solvent, resulting

in hydrogel swelling. The osmotic pressure can be associated with

a strain imposed on the mechanical field Eq. (17) . The method

reported by Wallmersperger et al. [96] was used to find the os-

motic pressure difference. As evident from Fig. 9 (a), the osmotic
ressure varies in the entire hydrogel sample and should be deter-

ined locally. To attain this, information about the non-local val-

es of the corresponding ionic concentrations in the nearby solu-

ion is required. Thus, two artificial degrees of freedom are intro-

uced which interpolate the ionic concentrations of mobile ions

t the hydrogel-solution interface into the hydrogel. These degrees

f freedom are represented by ˜ c + (x ) and ˜ c −(x ) for cations and

nions, respectively. More specifically, the local value of the one-

imensional osmotic pressure difference as function of x can be

alculated using Eq. (18) as 

p osm 

= RT 
[
c + 

gel 
(x ) − ˜ c + (x ) + c −

gel 
(x ) − ˜ c −(x ) 

]
. (27)

The osmotic pressure evaluated for the hydrogel is illustrated in

ig. 9 (b) which serves as input for the mechanical field Eq. (20) . 

It is not reasonable to start the solution of the system from the

omplete dry condition. Thus, an initial osmotic pressure is intro-

uced into the mechanical equation. This initial value can be found

sing the osmotic pressure created due to the chemical stimulation

s 

p ini = RT 
(
c + 

gel 
− c + + c −

gel 
− c −

)
. (28)

For the current one-dimensional case, the initial osmotic pres-

ure using Eq. (18) is found to be 2.052 kPa and Eq. (20) can be

ritten as 

(3 λs + 2 μs ) 
∂ 2 u 

∂x 2 
− ∂ 

∂x 
( p osm 

− p ini ) = 0 , (29)

here p osm 

is determined by the Eq. (27) . The weak form of

q. (29) is, 

(3 λs + 2 μs ) 

∫ 
�

∂u 

∂x 
· ∂ v u 

∂x 
dx = RT 

(∫ 
�

∂ p osm 

∂x 
v u dx −

∫ 
�

∂ p ini 

∂x 
v u dx 

)
. 

(30)

Solving Eq. (30) numerically gives the hydrogel displacement

s illustrated in Fig. 9 (c) which is in agreement to the numeri-

al result reported by Li et al. [88] . The displacement u was mea-

ured at the edge point n of the one-dimensional computational

omain between the edge points m and n in the direction of hy-

rogel thickness along symmetric x -axis as depicted in Fig. 2 (a).

n Fig. 5 , our modeling approach using the open-source software

as initially validated while in Fig. 9 the model has been further

xplained in detail making comparisons to the examples from lit-

rature. 
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Fig. 9. (a) Ion concentration in the hydrogel and its surrounding electrolyte solution as a function of x at y = 0 . 0075 m to evaluate the osmotic pressure difference as 

obtained for the chemo-electric coupling scheme under electrical stimulation. Shown are the functional curves for cations (blue dashed line), anions (solid black line) and 

the corresponding artificial degrees of freedom (red dotted line and green dash-point line), which interpolate the concentration of mobile ions at the hydrogel-electrolyte 

interface. All curves differ only in the hydrogel. (b) Osmotic pressure as a function the coordinate x gel within the hydrogel due to the variation in ion concentration shown 

in (a). Note the different abscissas in (a) and (b). (c) Comparison of values of horizontal displacement as a function of the coordinate x gel within the hydrogel. The blue 

dash-point line shows the values reported by Li et al. [88] with the multiphase theory and taken from this publication. The black solid line shows the results from our 

simulation model according to Fig. 4 using Eq. (30) . Although these are two different mathematical approaches, the agreement of the results can be regarded as very good. 
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.4. Convergence analysis 

In order to demonstrate convergence of our finite element sim-

lations, the relative error was evaluated for the ionic concen-

rations and the electric potential at a representative point ( x =
 . 0051 m, y = 0 . 0075 m) just inside the hydrogel, while refining

he mesh. A local mesh refinement of 0.0 0 02 m was used on both

ides of the interface as shown in Fig. 3 because it is the region

here the solution tends to become unstable. The convergence

tudy was initiated from one refinement cycle in a distance of

.0 0 02 m on either side of the interface and ended at the sixth

ycle while keeping the mesh in the remaining solution domain

onstant in each refinement cycle. The relative error is found using

he relation 

elative error := 

‖ u i − u i −1 ‖ 

‖ u i ‖ 

(31) 

here u i and u i −1 are the current and previous values, respec-

ively. The relative error in the ionic concentrations of anions,

ations, and electric potential distribution at a representative point

 x = 0 . 0051 m, y = 0 . 0075 m) is plotted against the degrees of free-

om as given in Fig. 10 . Expectedly the relative error reduces as
he degrees of freedom increase. This happens in two stages: after

 first, steeper descend with the order of approx. 4, the descend

educes to the order of approx. 1 while approaching zero. Clearly,

he relative error for anions, cations and electric potential tends to

ero if the mesh consists of more than 10 million degrees of free-

om. The global convergence was checked as well by computing

he L 2 error using the relation 

 

2 error = ‖ u i − u i −1 ‖ = 

√ ∫ 
�

( u i − u i −1 ) 
2 dA . (32) 

A steadily converging solution is observed as it is evident from

ig. 11 . The global error for the ionic concentrations of anions,

ations, and electric potential distribution converges with approxi-

ately O 

(
n −1 / 3 

)
for the adaptive refinement scheme. 

. Discussion 

Applying electrical stimulation to the hydrogel sample im-

ersed in the solution bath causes the ions to redistribute in the

ydrogel and solution. It is because of a higher potential difference

reated on one side of the hydrogel and a lower on the other side.
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Fig. 10. Relative error according to Eq. (31) computed at the point of interest shown in Fig. 3 : (a) Cation concentration, (b) Anion concentration, (c) Electric potential. Up 

to one million degrees of freedom, the relative error decreases significantly in each case. After that the convergence rate decreases. At 10 million degrees of freedom a 

sufficiently small relative error is reached. 
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Due to the fixed charges attached to the polymers of the hydro-

gel, the diffusion process causes ionic concentration differences be-

tween the exterior solution and the interior hydrogel. So, we get an

increased swelling on one side whereas a reduced swelling takes

place on the other side. Accordingly, the ionic concentration differ-

ence results in an osmotic pressure which causes the shrinking or

swelling of the hydrogel. The deformation of the hydrogel induces

reorganization of the diffused ions and bound anionic charges re-

sulting in modified ionic concentration differences and the hydro-

gel bends. This mechanism continues till the increase in mechani-

cal energy equalizes the decrease in free energy of the system. 

The bending direction depends on the type of hydrogel (an-

ionic or cationic fixed charge groups) and the polarity of the ap-

plied electrical stimulation. With anionic hydrogels, there is an in-

crease in the potential difference or an additional swelling on the

side facing the anode and a decrease in the potential difference

or shrinkage on the opposite side. This leads to a bend in the di-

rection of the cathode as shown in Fig. 2 (a). For cationic hydro-

gels, however, the reverse effect occurs, i.e., they bend towards the

anode. Various possible scenarios depending upon the type of hy-

drogel used and polarity of the applied potential are schematically

illustrated in Fig. 2 (b). 

Various approaches for cartilage-tissue repair were exper-

imentally performed using electrical [47,97–100] and osmotic

[24,101,102] stimulation but appropriate computational models
ave still not been presented. Keeping this in mind, we have pro-

osed a mathematical model to comprehend the experimental pro-

edures for the engineering of cartilage tissue using electrical and

smotic stimulation. The proposed model was then solved numer-

cally using the open-source platform FEniCS. A similar setup was

lso experimentally studied by Lim et al. [103] using human mes-

nchymal stem cells under electric stimulation for cell viability,

roliferation, and chondrogenic differentiation. These experimental

nvestigations can be enhanced by numerical simulations to study

he chondrocyte-hydrogel interactions and transduction pathways

t the microscale. 

.1. Limitations 

The numerical model presented here has following limitations.

irst, the cells have not been included explicitly. Nevertheless,

he model has the capability to include the cellular inclusions as

ell. Second, there is an abrupt change in values at the hydrogel-

olution interface which is not realistic. This could be addressed

y using the model proposed by Li et al. [68] but it is charac-

erized by a higher number of unknowns. Third, the current nu-

erical method is computationally rather expensive due to high

umber of degrees of freedom. The numerical method can be fur-

her optimized for example by using the physics-based refinement

104] instead of the currently used local mesh refinement. 
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Fig. 11. Global convergence by evaluating L 2 error according to Eq. (32) computed at the interest shown in Fig. 3 : (a) Cation concentration, (b) Anion concentration, (c) 

Electric potential. In each case the global error for the ionic concentrations of anions, cations, and electric potential distribution converges with approximately O 

(
n −1 / 3 

)
for 

the adaptive refinement scheme. 
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. Conclusions 

The establishment of robust and reproducible computer simu-

ations takes on a pivotal role in complementing novel experimen-

al techniques to understand the state of health and progress of

iseases and thus aid in their diagnosis and treatment. Computa-

ional models can be used to simulate therapeutic outcomes, so

hat fewer in vitro and in vivo studies are required [105,106] . In our

urrent study, the open-source software FEniCS has been used for

he finite-element simulations of electroactive hydrogel samples in

 bath solution under electrical and osmotic stimulation. However,

odeling the behavior of such hydrogel samples under biophysical

timulation is challenging due to nonlinear coupled equations in-

olving the chemical, electrical, and mechanical multiphysics. Such

odels have been numerically simulated using custom programs

eveloped in individual workgroups that are usually not available

ublicly. Thus, we have performed the simulations of electroactive

ydrogels [107,108] using FEniCS in the context of the cartilage-

issue repair. The proposed model was validated by comparison

ith data from the literature. Furthermore, its application as a

odel for the tissue engineering using biophysical stimulation is

xplained in detail. 

The proposed model has the capability to include other stimuli

ike pH, mechanical stress, oxygen, and glucose, or a combination

f two or more stimuli. In addition, it can also be used to study

rug delivery mechanisms. Moreover, the cellular interactions of

c

hondrocytes with porous hydrogel scaffolds can be modeled at

he microscale by the addition of appropriate equations. Thus, the

roposed model is a step forward in establishing comprehensive

imulation models for the engineering of optimized cartilage scaf-

olds. 
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