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ABSTRACT

Differential equations (DEs) model a variety of physical phenomena in science and engineering.
Many physical phenomena involve conservative or dissipative forces, which manifest themselves
as qualitative properties of DEs that govern these phenomena. Since only a few and simplistic
models are known to have exact solutions, approximate solution techniques, such as numerical
integration, are used to reveal important insights about solution behavior and properties of these
models. Numerical integrators generally result in undesirable quantitative and qualitative errors .
Standard numerical integrators aim to reduce quantitative errors, whereas geometric (numerical)
integrators aim to reduce or eliminate qualitative errors, as well, in order to improve the accuracy
of numerical solutions. It is now widely recognized that geometric (or structure-preserving) inte-
grators are advantageous compared to non-geometric integrators for DEs, especially for long time

integration.

Geometric integrators for conservative DEs have been proposed, analyzed, and investigated exten-
sively in the literature. The motif of this thesis is to extend the idea of structure preservation to
linearly damped DEs. More specifically, we develop, analyze, and implement geometric integra-
tors for linearly damped ordinary and partial differential equations (ODEs and PDEs) that possess
conformal invariants, which are qualitative properties that decay exponentially along any solution
of the DE as the system evolves over time. In particular, we derive restrictions on the coefficient
functions of exponential Runge-Kutta (ERK) numerical methods for preservation of certain con-
formal invariants of linearly damped ODEs. An important class of these methods is shown to
preserve the damping rate of solutions of damped linear ODEs. Linearly stability and order of ac-
curacy for some specific cases of ERK methods are investigated. Geometric integrators for PDEs
are designed using structure-preserving ERK methods in space, time, or both. These integrators

for PDEs are also shown to preserve additional structure in certain special cases. Numerical ex-
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periments illustrate higher order accuracy and structure preservation properties of various ERK
based methods, demonstrating clear advantages over non-structure-preserving methods, as well as

usefulness for solving a wide range of DEs.
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CHAPTER 1: INTRODUCTION

Some examples of physical phenomena in science and engineering that are governed by DEs in-
clude rigid body problem , N-body problem, water and sound wave propagation, non-relativistic
quantum mechanics, and superconductivity. From the perspective of structure preservation, DEs
can be classified in two broad categories: conservative and damped DEs. While conservative DEs
have their own importance, damped DEs are also important in applications because of the pres-
ence of resistive or attenuating forces in physical systems governed by the damped DEs. In this
thesis, our focus will be on the later category. Damped DEs are characterized by possession of
qualitative properties that decay along any solution. Those qualitative properties that decay ex-
ponentially along any solution are referred to as conformal invariants and will be defined more
precisely later. Both ordinary and partial differential equations (ODEs and PDEs) that possess

conformal invariants are considered in this exposition.

Since not all DEs are amenable to exact solutions, approximate solution techniques are indispens-
able. Numerical methods are one of the approximate solution techniques used to solve DEs. Finite
difference, finite element, finite volume, and spectral methods are types of numerical methods
used to solve DEs numerically. Finite difference methods are the earliest numerical methods used
among all the numerical methods and their structure-preservation properties for conservative DEs
are well known. In this thesis, our focus will be on establishing structure-preservation properties

of finite difference methods for linearly damped DEs.

In the next section, we define conformal invariants and discuss some motivating examples of DEs
and their conformal invariants. In Section 1.2, we discuss fundamentals of finite difference meth-
ods and properties of finite difference operators that will be used later in this thesis to design

structure-preserving numerical methods. Then we discuss some of the previous work done in the



direction of structure-preservation in Section 1.3. We conclude this chapter with an outline of the

rest of the thesis in Section 1.4.

1.1 Damped differential equations

DEs, whose qualitative properties, such as energy or momentum, remain constant along any so-
lution, are referred to as conservative DEs. In contrast, DEs whose qualitative properties decay
along any solution are referred to as damped differential equations. Other commonly used names
for damped DEs are dissipative DEs or non-conservative DEs. This decay in the solution or quali-
tative properties of a DE is often the result of the presence of resistive forces in the system that is

being modeled by the DE.

Consider the Cauchy problem

() = N(=(1) =v()=(1),  2(0) = 2 (L.D)

where z € R?withd € N, N : R? — R? is a smooth nonlinear function of z, and # denotes the
derivative of z with respect to t. We require that v be scalar, and we allow it to depend on time, i.e.

v(t) : R — R. The DE in eq. (1.1) is a generalization of a more prevalent special case

£(t) = N(2(t) = y0z(t),

where vy is a real constant. The term involving 7, is linear and is often responsible for damping
in the system. In this thesis, we consider the generalization (1.1) of this linearly damped system.
The solution z of (1.1) can be thought of a map taking the initial condition z, to a later point z(t)
after time ¢ along a solution trajectory. To emphasize this dependence of the solution on the initial

condition, one often writes z = z(¢; 2g).



When d is even, the solution z(t) of the system (1.1) can be partitioned into two vector variables
of dimension d/2 x 1. The system thus obtained in terms of these new variables is referred to as a

partitioned system. Now, suppose the partitioned system thus obtained from (1.1) has the form

j F Lt 0
q| _ (@p)| |7 | q(0) | (12)

p G(q,p) Y3 (t)p p(0) Po

where ¢,p € R%? with d even, and the functions F,G : R* — R¥?and +* : R — Rfork = 1,2

are smooth. We have suppressed the dependence of the variables ¢, p on t.

The following definition of a conformal invariant is of fundamental importance to our discussion.

Definition 1.1. A non constant function T : R — R is a conformal invariant of eq. (1.1) if

01(2) = ~1()Z() (13

forall z = z(t, z), all 29 € RY, and all t € R. Similarly, a non constant function Z(t) : R*¢ — R

is a conformal invariant of (1.2) if

ST = () + 20T,

forall g = q(t, g0, o). p = p(t, 40, po), all (qo,po) € R*, and all t € R

Notice that eq. (1.3) is equivalent to

%( f52v<s>dsz(t))=o = I(t) = e h i),

where Z(t) = Z(z(t)). This last equation means that conformal invariants decay exponentially
along all solutions when -y is a constant. If v = 0, then the function Z remains unchanged along all
solutions of eq. (1.1) and is referred to as a first integral, constant of motion, or conserved quantity
of the equation. Similar statements are true for the conformal invariant of the partitioned system.

The next chapter has more details on conformal invariants and their preservation. For now, let

3



us motivate the discussion by giving the following examples of non-conservatively perturbed DEs

and their conformal invariants.

Example 1.2. Consider the following system

0=uw,
(1.4)

W= —~K6 — 2yw.

Notice that this is just the governing equation of a damped oscillator where 6 is the displacement, «
is the frequency, and -y is the damping parameter. Here, overdot denotes the time derivative. Now
defining

H, = $(k*0* + w®) + 7bw
and differentiating with respect to ¢ gives

%HV = % (2(K%0° + w?) + Y0w)
= K200 + Wi + (0w + wh)
= (K20 + w)8 + (w + 70)w
= (K20 4+ yw)w + (w + v0) (=K% — yw)
= —yw? — Yr20% — 2920w
= -2y (3(K*0% + w?) + Ybw)

= —27H,.

Here, we have used system (1.4) to replace time derivatives of ¢ and w. Therefore /., is a conformal
invariant of the system (1.4). With v = 0, eq. (1.4) reduces to a conservative harmonic oscillator
with energy Hy = H,|,—o. Notice that the energy H, of the conservative harmonic oscillator

remains unchanged along all solutions, and, hence, H is a first integral.



Example 1.3. Consider the following equations of motion for an n-body system

1
ogi = — i, (1.5)
m;
Opi = — Z 7ij(¢ — ;) — 27pi (1.6)
J#i
fori =1,2,..., N; where m; is mass of the i particle, ¢;;(||¢; — ¢;||) is the interaction potential

(pair-potential) between particles ¢ and j at the distance ||¢; — ¢;||, and

A )
A PR

Here O, denotes the time derivative. Vectors ¢; € R3 and p; € R? denote position and linear
momentum, respectively, of the i particle. Taking the cross product of (1.5) and (1.6) with p; and

q:» respectively, we have
g X pi = 0,
Ohpi X ¢i = —an(—qj X i) — 29pi X g
j#i

Now, summing the second equation over ¢ gives

Zatpi X i = —Zzﬂj(—% X q;) — 2721% X g;

i g
= —2v sz‘ X gi,

which gives

O (sz X %) = —Q’Vsz‘ X g;-

Similarly summing equation (1.6) over 7 we arrive at

Z Oipi = —27 Zpi, — Zpi(t) =e " sz(o)

Therefore, total angular momentum ) _, p;(¢) X ¢;(t) and total linear momentum ) . p;(¢) are con-



formal invariants for the system of eqs. (1.5) and (1.6). Notice that for v = 0, this simply means
that the total linear and total angular momentum are first integrals of the n-body problem given by

eqs. (1.5) and (1.6) with v = 0.

Example 1.4. Consider the following system of equations

Z.l 0 Zg/]g —22/]2 21 Z1
Zo| = —23/13 0 Zl/Il Zo| — V(t) Zo | > (17)
2"3 ZQ/]Q —21/]1 0 z3 z3

where I}, I5, I3 are nonzero real constants and v(t) = § cos(2t) is a time dependent damping term.
When e = 0, this system defines the motion of a free rigid body with center of mass at the origin,
the solution vector z = (21, 2», 23)" represents the angular momentum, and Iy, I5, I3 are principal
moments of inertia. It is straightforward to show that the system has two conformal invariants, one

for the Casimir

dcC

- = —29(t)C with Casimir C(z) = 22 + 25 + 23,

and one for the energy

dH 1 /22 22 22
— = —2y(t)H ith Hz)=- (2 +2423
dt ’Y( ) w1 energy (Z) 2 (Il + [2 + 13)

Example 1.5. Consider the nonlinear Schrédinger equation

1Py + Yo + V' ([U )Y + 2iy = 0

where ¢ = 1(x,t) is a complex valued wave function of space = and time ¢, the nonnegative real
number v is the damping parameter, and subscripts denote the usual partial derivatives. The equa-
tion models a variety of physical phenomena including propagation of the envelop of modulated

water wave groups. To show that the equation has a conformal invariant, let us multiply the PDE



by 1, the complex conjugate of 1), and integrate to get

i/w@daw/wmidwr/v’(w\?)ywdx+2m/|wdx:o. (1.8)

After integration by parts, the second term of this equation becomes

[ e de = )~ [ 10aP o

where [.] denotes difference of the enclosed function evaluated at the upper and lower limit of
integration. This difference vanishes under appropriate boundary conditions and hence eq. (1.8)

becomes

i / i da— / Wl de + / V()P de + 21y / 2 da = 0 (1.9)

Taking the imaginary part of this equation we get the linear ODE

9 / [ de + 4y / [ dz = 0,

which implies
[1wtepas =t [ oo do

i.e. the norm [ |¢|2dx of the solution decays exponentially along solutions of the PDE, or the norm

is a conformal invariant.

Some of the above and other examples of damped DEs, along with corresponding conformal in-
variants, are given in Table 1.1. Conformal Hamiltonian ODE and its conformal invariant in the
table are discussed in detail in the next chapter. Notice that for all the examples of the table, setting
~v = 0 renders the damped DEs conservative and corresponding conformal invariants become con-
stants of motion i.e. they remain unchanged along all solutions. Much research has been done to
develop numerical methods that preserve constants of motion of a DE. On the other hand, preser-

vation of conformal invariants is a comparatively less researched area but important nonetheless
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because of its physical implications. The main motif of this thesis is to develop numerical methods

that preserve conformal invariants, such as those in Table 1.1.

Table 1.1: Equations and some of their conformal invariants, under suitable boundary conditions
where applicable. Setting v = 0 in an equation gives the conservative counterpart of that equation
because the corresponding conformal invariants become integral invariants.

Equation Conformal Invariant
Damped harmonic oscillator

0+ 270+ K20 =0 T = 1(k%6* + 6%) + 00
Lorenz equations

t=oy—x),y=rr—y—xz, =12y — b2 I=[,dV
Conformal Hamiltonian ODE

2=J1V,H(z) —~(t)z IT=w=dzAJdz
Damped wave equation

Ugp — Ugy + CU + 27U = 0 I:futuw dx
Damped KdV equation

Uy + Uy + Ugzy + 270 =0 I:fudx

Damped nonlinear Schrédinger equation

1 + e + V/([P17)¢ + 21990 = 0 T= [P de
Damped Camassa Holm equation

Up — Uy + Bty + V(U — Upz) = 2UpUpy + Uy | L = [(u? + u2) dz

1.2 Finite difference methods

Methods used to find numerical solutions of differential equations are referred to as numerical
methods. A numerical method is also referred to as a scheme, an integrator, or simply a discretiza-
tion and we use all these terms interchangeably throughout this thesis. Finite difference methods
make up a class of numerical methods which replaces terms of a continuous equation with finite

difference operators.



Remark. Discretizing a continuous equation often comes at the cost of quantitative and qualita-
tive errors. The quantitative error refers to the error introduced by a numerical method in approx-
imating a solution of a DE, whereas the qualitative error is the error in approximating qualitative
properties such as first integrals, conformal invariants, conservation laws, limit cycles, equilibrium
points, periodic orbits, chaos, etc. of a DE. We want to develop numerical methods that preserve
some qualitative properties. We build upon methods that preserve qualitative properties such as
first integrals and conservation laws of conservative DEs . Our methods instead preserve qualita-
tive properties such as conformal invariants and conformal conservation laws of linearly damped

DEs.

By choosing appropriate finite difference operators, one is able to reduce or eliminate qualitative
and qualitative errors. The next section puts qualitative properties and their preservation in per-
spective. In this section, we discuss a measurement of quantitative errors, present examples of
finite difference methods, and establish properties of the operators used in numerical discretiza-
tions. To this end, let us recall that z(¢; zp) denotes the solution trajectory starting at the initial

value zp and describe the flow map of an ODE in the following definition.

Definition 1.6. The map 1, : RY — R? is the flow map of the initial value problem

i=f2), 2(0) =z (1.10)

wt(ZO) = Z(ta Z0)7 20 € Rda

i.e. Wy takes initial data to later points along solution trajectories.

Similar to the flow map of a continuous process, one can define the flow map of a discrete process.
Let ¥, denote the flow map of a numerical method for (1.10) and ¥, (Z) be the approximation

of the solution z(h; Z) through a given point Z of the phase space. The numerical approximation

9



U, (Z) is often not equal to the solution z(h;Zz) and the order of a method is a measure of the

distance between the two, as given in the following definition.

Definition 1.7. The order of a numerical one-step method V,, is defined to be the largest integer
p > 1 such that

= - 1
10 (Z) — n(Z)]| < CAT,

for Z in the domain of interest, where C' > 0 is a constant.

In other words, order is a measure of the quantitative error due to the discretization. Since numeri-

cal solutions are only approximate in general, there is always some error (quantitative error) in the

solutions. Evidently, numerical methods with less quantitative error (higher order methods) may

be more desirable.

Some examples of finite difference methods are perhaps in order. Runge-Kutta (RK) methods for

the differential equation
(1) = f(z1), (1.11)
where 2 € R? withd € N, f : R¢ x R — R? is a smooth function of z, are given by

Zi:Zn—i_hZ&ijf(Zj?tn"i_cjh)’ 2':1,...,3,
j=1

. (1.12)
Zn+1 = Zn + h Z Bzf(Zza tn + Cih)7
i=1
where s is the number of stages, h denotes the step size, and t, = nh forn = 0,1,2,..., z, is

the numerical solution, Z;’s are the stage variables, and c;, 3; are referred to as coefficients of the

methods. RK methods are succinctly represented by the Butcher tableau

c A
bT

10



where
c={a}, =Y ay  b={B}, and A={ay},
j=1

Notice that the flow map 2,1 = ¥;(2,) of an RK method is not explicit in general and one has to

employ fixed point iterations to compute an implicit flow map to obtain the numerical solution z,,.

For example, the explicit Euler method and the implicit midpoint method are given by

0 0 1/2 1/2
and / / , (1.13)
1 1

respectively. The explicit Euler method is an order one and the implicit midpoint method is an
order two RK method. Indeed, the latter method is a type of Gauss-Legendre RK method. GL-RK
methods of stage s are known to have order of accuracy equal to 2s, highest possible order achiev-
able by a stage s RK method. For a partitioned system, it may be desirable to apply two different
RK methods on each part of the system. Methods thus obtained are referred to as partitioned RK
(PRK) methods. Since we are on the topic of finite difference methods, it is efficient to discuss the

operators used in these methods here.

1.2.1 Finite difference operators and their properties

It is often more convenient to write and work with a numerical method for a differential equation by
writing the method more succinctly using discrete analogues of the continuous operators appearing
in the equation. Here we introduce some of these discrete analogues and their properties to be

used later. We begin by defining the following finite difference operators for ¢*, a numerical

11



approximation of ¢(C*) = ¢(kAC), k € Z.

6aA<¢k+1 o e_aAC¢k
A¢

eaAC(bk-i-l + e—aAC¢k:
9 ’
qbkz-‘rl _ 2¢k + gbk_l
A?

D2k = Aggh =

¢k+1 _ ¢k—1
2AC

(1.14)

Tc¢k = (bkil? 5C¢k = ) 5?¢k =

Depending on whether ¢ denotes space z or time ¢, the operators of eq. (1.14) are spatial or tempo-
ral operators, respectively. The operators D¢ and A are often referred to as discrete derivative and
discrete averaging operators, respectively. Usually, the superscript « is a function of the damping
parameter in the system being discretized and should not be confused with coefficients «;; of the
RK methods (1.12). Thus these operators subsume part of the damping and distribute it evenly over
a discrete computational mesh. This absorption and uniform distribution of damping has important
ramifications which will be discussed in later chapters. When o = 0, the derivative and averaging
operators simply reduce to standard forward difference and forward averaging operators and are
denoted by D, and A¢, respectively. Operator T is a shift operator whereas ¢ and 5? are second
order accurate finite difference approximations of first and second order derivatives. In general,

we drop the superscript on ¢* when using these operators for the sake of simplicity.

For example, the implicit midpoint method, given by the second tableau of eq. (1.13), foreq. (1.11)

can written in two different ways:

“n+l — Zn _ f “n+1 + Zn tn+1 + tn
h )

or using the operators of eq. (1.14)
thn = f(Atha Attn)

Among these two portrayals of the implicit midpoint method, the later one is more succinct and
arguably easier to work with in light of the following lemma stating properties of the operators

of eq. (1.14). The succinctness property of the discrete operators becomes even more worthwhile

12



for PDEs. The following lemma will be used frequently in the following chapters to prove certain

properties of numerical methods.

Lemma 1.8. The operators of eq. (1.14) have the following properties, [40, 5]:

(i) The derivative and averaging operators commute:

D¢ASG = ADD2¢, DED)¢ = D DEp, AFADG = ADAZ.

(ii) They satisfy the following discrete product rule:
D6 €) = D¢ AY% + A ¢« D¢

Where * stands for the standard inner product, the cross product of vectors in R?, or the

wedge product of differential one-forms.

(iii) For two periodic sequences {¢"*} and {&*} of the same period,

k k k k

Where summation index k ranges over the period of the sequences.

Proof. The first item can be obtained by expanding and rearranging [40, 5]. For the second item,

using definitions of the discrete operators and properties of the product %, we get

aAC/2¢k+1 _ G_QAC/2¢k 6aAC/2€k+1 + e—ozAC/ng
AC i 2

(XACHFHL 4 gFHT L gty gk g g bt omaBCgk  eR) o (1.15)

D¢ % A2 =C

1
- 2AC
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And similarly

aAC/2¢k+1 4 e—aA(/2¢k ) 604AC/2€]€+1 . e—OéAC/Qé‘k?
2 AC

(eaAC¢k+1 " £k+1 _ ¢k+1 * gk + (bk * £k+1 — efaAcgbk * ék) . (116)

AL 5 D2Pg =°

1
T 2AC

Adding eqgs. (1.15) and (1.16) we get

1
A¢

=D¢(¢ &)

D?/2¢ « A?/Qg + A?/2¢ % D?/Zg _ (6aA<¢k+1 " £k+1 _ efaA(gﬁk * gk)

as desired. Differential forms and wedge product are discussed in Appendix A.

The last item can be proved by expanding and rearranging terms of the expansion and using peri-

odicity of the sequences. Indeed, assuming ¢**M~1 = ¢* and ¢¥+M =1 = ¢* for all k, we get

M-1
0" iz (6 = €7) + HE — €D+ B — )+ VT - )
k=1
= ﬁ (816" =" )+ (0" =) + (0" =) +... + (@ - oM7)
M-1
=— > ot
k=1

Similarly, using the summation by parts formula, a discrete analog of integration by parts formula,

Z kaCgk _ [fn+1gn+1 _ fmgm] _ Z gk+1Dka
k=m

k=m
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for two sequences { f*} and {¢*} and periodicity of the sequences {¢*} and {¢*} we obtain

M-1 M-1

> graiet => " ¢ DD
k=1

as desired. O]

Numerical methods that use finite difference operators, such as operators of (1.14), are called finite

difference methods.

1.3 Structure preservation background

First integrals, conformal invariants, and conservation laws of a DE are usually referred to as qual-
itative properties of the DE. A Numerical method (or integrator), that satisfies a discrete version
of a qualitative property of a DE, is referred to as a geometric integrator or a structure-preserving
numerical method. Since they have an extra property of structure-preservation, geometric integra-
tors have been shown to be advantageous when compared to non-geometric integrators especially
for long-time simulations of a problem. We are interested in geometric integrators which preserve

conformal invariants of DEs.
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A qualitative property of a DE that remains constant along any solution of the DE is referred to as a

first integral or constant of motion. A lot of work has been done in the direction of developing geo-

metric integrators that preserve first integrals. Indeed, there is a class of numerical methods which

preserve first integral of conservative DEs. For example, Runge-Kutta methods given by eq. (1.12)

preserve linear, quadratic, and symplectic invariants under certain restrictions on their coefficient

functions [15, 26, 42, 45, 17]. More precisely, these methods preserve linear first integrals of the

form

T =o'z, witho € R?,

1.e. they satisfy

O'T,Zn+1 = O'Tzn.

They also preserve quadratic first integrals of the form

T=2"We,
where W € R%*4 is a constant symmetric matrix, and symplectic 2-form

T =dzNJdz
of the Hamiltonian system
:=J1'V.H(2);
i.e. they satisfy
Z;FHWZ,LH = ZT{WZ,L and  dz,.1 AJdz, = dz, AN Jdz,

provided their coefficients satisfy

Bicij + Bjag — Biff; =0

16
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for all 4, j. The skew-symmetric matrix J~1 is referred to as the structure matrix of the Hamil-
tonian system with Hamiltonian H such that H : R? — R is a smooth function. We assume
throughout this thesis that the phase space of a Hamiltonian system is even dimensional. Please
see Appendix A for a review of differential forms and the wedge product. Similarly, Nystrom

methods preserve quadratic invariants under certain restrictions on their coefficient functions [19].

The integrators that preserve the symplectic 2-form dz A Jdz are referred to as the symplectic
integrators. Such integrators are volume preserving [28, 19]. Indeed, let ), be the flow of a
symplectic map for the Hamiltonian system (1.17) and let €2 be a region in the phase space which

is transported to another region ¢;(€2) by the flow ;. Then the change of variables formula for

/dz:/ det(y))dz
Q +(€2)

:/ dz.
P ()

The last equality follows because det(1);) = 1 for a symplectic map (see appendix A). Therefore,

integrals gives

symplectic methods preserve phase space volume of Hamiltonian systems. In other words, a set of
initial conditions occupying a solid region in phase space retain their original volume as the system

evolves even though the shape of the region may change.

The references cited in this section so far are mostly concerned with ODEs although structure-
preserving techniques therein can sometimes be extended to PDEs. There are other approaches,
however, which take a different route to the structure-preserving discretization of PDEs. Some of
these approaches include multi-symplectic discretizations, discrete variational methods, and av-
erage vector field methods. The first approach discretizes both space and time with symplectic
geometric integrators, thus producing a multi-symplectic geometric integrator [8, 9, 28]. Multi-

symplectic integrators aim to preserve local conservation law(s) which may result in the preser-
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vation of certain first integrals of the PDEs. The second approach discretizes the Lagrangian of
a PDE and then uses a discrete Lagrange principle to obtain a numerical integrator which is au-
tomatically multi-symplectic [30, 31]. While the multi-symplectic and the discrete variational
methods guarantee the preservation of the symplectic structure, average vector field methods focus

on preservation of energy of the system instead [20, 34, 14, 13].

Figure 1.1: Solutions of a PDE without and with damping (Left to right).

There are damped (or dissipative) DEs, however, which have conformal invariants. Many physical
systems have damping, dissipative, drag, resistive, or attenuating forces which result in conformal
invariants of corresponding differential equation models. Figure 1.1 shows a typical example where
a wave solution of a PDE preserves its shape without damping but decays in magnitude in the
presence of damping as the time progresses. Figure 1.2 shows an example where a box of initial
conditions in the phase space of a differential equation changes its shape as the time progresses. If
the volume of the red box is same as the blue box, then the flow of differential equation preserves
the phase space volume. The DE flow contracts the phase space volume if the volume of the red
box is less than the blue box. Exponential decay in the magnitude of a solution of a DE and
exponential phase space volume contraction along the flow are often the result of damping, which

results in such conformal invariants. The aim of this thesis is to identify conformal invariants of
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DEs and design numerical methods that preserve them.

Figure 1.2: Deformation of the phase space volume (left) and the corresponding flow (right), which
corresponds to the flow of a differential equation [41]. Blue and red boxes represent the initial and
current phase space volumes, respectively. Blue lines denote solution trajectories of the DE.

Here, we mention some of the work that has already been done toward structure-preservation of
dissipative differential equations. In [32, 33], authors have used differential geometric framework
to define conformal Hamiltonian ODEs and constructed numerical methods which preserve con-
formal invariants. Dissipative systems were formulated as Birkhoffian systems in [44, 43], where
authors used Birkhoffian framework to construct structure-preserving methods for the systems.
Authors of [38, 43, 37, 40] generalized the multi-symplectic integration approach to dissipative
PDEs which resulted in methods that preserve conformal invariants and local conservation laws.
Authors of [31, 13] have suggested structure-preserving discrete gradient and average vector field
methods, respectively, for a variety of damped PDEs. We remark at this point that all the reference
in this section for geometric integration of conservative and dissipative DEs are systematic and me-

thodical as they follow a strict prescription for obtaining structure-preserving numerical methods.
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Moreover, one may be able to discretize a given DE with only some of these numerical integration

approaches depending on the type and form of the DE.

Furthermore, we constructed conformal invariant preserving methods for damped DEs in [5].
These methods are based on the famous implicit midpoint and Stormer-Verlet methods. In [6], we
derived structure-preserving conditions for ERK methods, specialized methods for linearly damped
ODEs. We further constructed structure-preserving numerical methods for a damped driven non-

linear Schrodinger equation in [4]. This thesis expounds on the results of [5, 6, 4].

1.4 Outline

The main body of this thesis can be divided into two parts. The first part, Chapters 2 and 3, is
concerned with ODEs and their structure-preservation. We introduce a framework for numerical
methods for damped linear ODEs in Chapter 2. We derive conditions under which the methods sat-
isfy conformal invariants. These conditions are given as restrictions on coefficient functions of the
methods. We also do accuracy and stability analysis of some of these methods where we show that
some of the methods are unconditionally stable whereas others are only conditionally stable. We
conduct some experiments on ODEs in Chapter 3 where we illustrate structure-preserving proper-
ties of geometric integrators and their advantages over non-geometric integrators. The second part,
Chapters 4 and 5, is concerned with PDEs and their structure-preservation. Structure-preserving
methods are provided for damped linear PDEs in Chapter 4, where we also describe conserva-
tion laws associated with these PDEs and their preservation by the methods. These methods are
primarily obtained by discretizing space, time, or both using structure preserving methods of Chap-
ter 2. We conduct some numerical experiments on PDEs in Chapter 5 to demonstrate advantages
of structure-preserving integrators against other integrators. In Chapter 6, we give concluding

remarks and future directions.
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CHAPTER 2: STRUCTURE-PRESERVING EXPONENTIAL
RUNGE-KUTTA METHODS FOR ODES

Let us recall the initial value problem (1.1)

5(t) = N(=(1) = v(0)2(t),  2(0) = 2. (L1)

A variety of DEs can be put in the form of (1.1). Indeed, all the equations of Table 1.1 can be put
in the form of eq. (1.1) by discretizing any spatial derivative(s). It is worth noticing that eq. (1.1)
is obtained from eq. (1.11) when f(z,t) = N(z) — ~(t)z i.e. when the vector field f(z,t) can be
split in nonlinear and linear components. Linear, quadratic, and symplectic first integrals of this
IVP, with v = 0, can be preserved using RK methods as discussed in Chapter 1. Here, we discuss
preservation of corresponding conformal invariants of the equation. This will be achieved using

the framework of exponential Runge-Kutta (ERK) methods.

ERK methods are a type of finite difference methods. They are specialized numerical methods
for ODEs of the form (1.1) and are based on RK methods [28, 19]. In the following we define
two common approaches of constructing ERK methods for eq. (1.1). The first approach uses
a transformation to convert the equation into another equation which is then discretized using
standard RK methods. Methods for the original equation (1.1) obtained by converting the methods
for the transformed equation, using the original transformation, are referred to as integrating factor
methods. The second approach uses approximations of the variation of constants formula for the
solution of the IVP and the resulting methods are referred to as exponential time differencing

methods.
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2.1 ERK and partitioned ERK methods

Following the approach designed by Lawson [27], define the change of variables (like a Lawson

transformation)
t
y(t) = e®Oz(t), with xo(t) == / v(s)ds. (2.1)
0

Then, eq. (1.1) becomes
g =e"IN (e7y). (2.2)

Notice, the same system of equations is achieved by multiplying eq. (1.1) through by the integrating
factor. In this way, a method for solving eq. (1.1) can be constructed through standard methods
that might be applied to eq. (2.2), and the resulting methods are typically called integrating factor

methods. More specifically, applying a Runge-Kutta method (1.12) to eq. (2.2) gives

Y, = yn + hzaijexo(tn+th)N <€_x0(t"+cjh)yj) ., oi=1,...,s,
j=1

s (2.3)
Yn+1 = Yn + N Z 5¢€x°(t"+cih)N (efxo(t”“ih)yz) )
=1
where s is the number of stages, h denotes the step size, and ¢, = nh forn =0,1,2,.. ., y, is the

numerical solution, and Y;’s are the stage variables. To write this in terms of the original variables,

notice that

tnth tnth tn+cih
/ v(s)ds = / v(s)ds — / v(s)ds = x,(h) — x,(c;h),
t tn in

n+C'Lh’

where we define

xn(t) = /0 Yn(s)ds with Tn(s) == v(s +t,). (2.4)

Thus, after manipulating the exponentials, the discretization can be rewritten in terms of the origi-

nal variables to give a class of ERK methods for solving eq. (1.1), which are often called integrating
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factor Runge-Kutta (IFRK) methods, given by

Zy= et o 4 Y ager R mE@N () i1 s,

j=1

’ 2.5)
il = efxn(h)zn + hzBiefaﬁn(h)Jr:z:n(cih)j\f(Zi)7
=1

where z,, ~ z(t,) is the numerical solution.

A common alternative approach for constructing ERK methods is known as exponential time dif-
ferencing, leading to the so called ETDRK methods. To construct methods of this type, we use the

variation of constants formula and write the solution of eq. (2.2) as

0 =0) + [ N Oy ()i

where y(0) is the initial value and x(t) is defined in eq. (2.1). Then using the transformation (2.1),

the solution of eq. (1.1) becomes
t
2(t) = e7®W2(0) 4 e~=0® / e DN (z(1))dr, (2.6)
0

Following [23], the integral here can be approximated using a polynomial interpolation of N,
particularly when ~y is constant. In cases where + is truly time-dependent, we may also require an
approximation of the integral defined by z,,(¢). A simple and likely approach, which is rooted in

the work of Hipp et al. [22], is to use an approximation, such as z,(h) ~ hy,(h/2).

In general, an s-stage ERK method for solving eq. (1.1), which includes both IFRK and ETDRK
formulations, can be stated
Zz:sz(ha%z)zn+hza2]<h77n)N<Zj>’ 1= 17‘-'787

j=1

=1

2.7)
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This formulation should be compared with eqs. (2.5) and (2.6). The coefficients, ¢;, ¢¢, a; j, and
b;, are scalar functions of the constant step-size h, which also depend on the damping coefficient ~y

and the time index n, and they satisfy
¢i(h; 0) = ¢o(h;0) = 1, aij(h; 0) = Qg bi(h;0) = B (2.8)

foralli,j = 1,2,...,s. The coefficients ¢; and ¢, are either exponential functions or rational

approximations of such functions. Here and throughout this thesis we assume, for all ,

28: Q5 = Gy, and 28: 61 = 1. (29)
j=1 i=1

The RK method with coefficients «;;, 5; is obtained from the ERK method by setting v = 0 and is
often referred to as the underlying RK method. An ERK method can be succinctly represented by

a Butcher-like tableau, given by
c Al

bT | o

Entries ¢, ¢ and b of the tableau are column vectors and A is a square matrix, such that

(2.10)

c={ati,  o={at,  b={b},  A={ay}i

Notice that an ERK method is explicit if and only if the matrix A is lower triangular and implicit
otherwise. The advantage of explicit methods is that they are computationally less expensive com-
pared to implicit methods which require solution of an algebraic system of equations at every time
step. The trade-off being that the former are generally conditionally stable whereas the latter are

often unconditionally stable.

Example 2.1. Examples of some importance in the following exposition are listed here.

e Since our focus is on structure-preservation, natural choices for the underlying RK method

are the Gauss-Legendre collocation methods, which are known to have order of accuracy 2s,
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which is maximum for any s-stage RK method. ERK methods obtained from (2.5) using
Gauss-Legendre collocation methods as underlying RK methods will be referred to as GL-

IFRK methods. A one stage GL-IFRK method is given by (cf. [3, 12, 5])

1 1 o for T 5 (s)ds
2 2 2.11)
tn .
(3_ ftnill/Q v(s)ds e ftt:Jrl ~v(s)ds
A two stage GL-IFRK, with constant v, is
1 3 1 1 3\ Bn | (2L )yh
37 % i (z—?)e*‘” e (i77)
(1B
148 | (14) e 1 e (2.12)
(1B _(1_B
%6 (2+ 6 )'Yh %6 (% 6 )'Yh e h

Methods of tableaux 2.11 and 2.12 are constructed using 1 and 2-stage Gauss-Legendre
collocation methods, respectively, as underlying RK methods. A sixth-order, 3-stage, IFRK
method can be constructed by using a 3-stage Gauss-Legendre collocation method as an

underlying RK method. Order of accuracy of GL-IFRK methods is 2s [12].

o A second order ETDRK method (with constant ), based on the implicit midpoint rule, is

1 —~vh/2
3 (&

v

(2.13)

e h

Sl —eM)

To solve the partitioned system (1.2) it may be desirable to employ one ERK method for the

first equation and a different ERK method for the second. This approach yields a partitioned
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exponential Runge-Kutta (PERK) method of the form

Qi = b M) +h Y Gyl F(Q, P), i=1,...,s,

j=1
Pi:51'(}";72)2771+hzaij(h;72)G(ijPj)7 L= 17---757
jj (2.14)
Gn1 = Go(h70) 00 + 1Y bi(hs 70 F(Q:, P),
=1

a1 = Go(h V2P + b Y bi(hi2)G(Qs, P,

i=1

where coefficients, ;50, (?sl-,aij,@-, 50, (Ei,ﬁij, and gj are scalar functions and they must satisfy the
conditions required of and ERK method, namely eqs. (2.8) and (2.9). Here, @);, P; are stage vari-
ables, [q.,pn] ~ [q(tn), p(t,)] is the numerical solution for n = 0,1,2,... and ¢,, = nh, and v
for k = 1,2 are defined according to eq. (2.4). In this case, the underlying method is a partitioned
Runge-Kutta (PRK) method, obtained by setting 7% = 0 for k¥ = 1,2. (For our purposes, the
Lobatto IIIA-IIIB methods are natural choices for the underlying PRK methods.) A PERK method

can be succinctly represented by a pair of Butcher-like tableau, given by

(2.15)
one for each ERK method used. Notice that setting
Go = 50 = ¢o, ¢;i = ng = ¢j, aij = aij = Qjj, bj :’Z;j = bj7
Q; Gn F (2.16)
Z; = , Zp = , N = forall 7,y
P Pn G

in a PERK method gives an ERK method.
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As an example, consider an important special case of the ODE (1.2), given by

q = VPT(p>7

p=-V,V(q) —p,

2.17)

with 0 < v € R, which is known as a conformal Hamiltonian system [32]. If one or both equations

of this system are discretized with an IFRK or ETDRK method, we refer to such a PERK method

as IFPRK or ETDPRK method, respectively.

Example 2.2. Some examples of PERK methods for solving the system are:

A first-order IFPRK method based on the symplectic Euler method

Qn+1 = Qn + hva(anrl):

Pny1 = ei’yhpn - thV(Qn>

A first-order ETDPRK method based on the symplectic Euler method

Gn+1 = Qn + hva(pn—H)a

_ 1, _
Pn+1 =€ ’thn + ;(6 " 1)qu(Qn)

(2.18)

(2.19)

A second-order IFPRK method based on the 2-stage Lobatto IITA-IIIB (Stormer-Verlet)

method

0 |0 o1
1 1

1oL L

~ |1 1
2 3|1

1 1 —vh/2

5 5 0 e

1 1 —vh/2

5 5 0 e .
~ %e—'yh/2 %e—'\/h/2 e—vh

A second-order IFPRK method based on the 2-stage Lobatto IIIA-IIIB method

2 2 4 _,—vh/4
0 0 0 |1 THh Ik 0 A
4 2 2 4+’yhe—'yh/2 2 2 0 4 e—’yh/4
4—~h 4—~vh  4—~h | 4—vh 4+~h 4+~h 4++h ’
~ 2 2 d+h —vh/2 ~ d—yh e=7h/4  g=h/4 d—vh ,—yh/2
4—~h  4—~h | 4—~h 44+~h 2 2 4+~h
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e A second-order ETDPRK method based on the 2-stage Lobatto IIIA-IIIB method

0 [0 01 P [R—e™?) 0 et
1 % % 1 % 7Lh(l _ 6ﬂh/Z) 0 e~ /2 (2.22)
~ 11 ~ 1,—vh/2 1,—yh/2 | ,—vh

3 3 1 56 vh/ 56 vh/ e Y

Order of accuracy of some of these methods will be proved in Section 2.4. Methods of egs. (2.20)
and (2.21) have been analyzed in some detail in [5, 37], where one can find their applications to
ODEs and PDEs, in addition to their linear stability analysis and structure preservation properties

for conformal Hamiltonian systems.

Though this discussion has been somewhat limited to integrating factor methods and exponential
time differencing methods, other exponential integrators may be included in the general ERK and
PERK formulations given in eqgs. (2.7) and (2.14). It is important to keep this in mind, as the
proofs concerning structure-preservation for ERK and PERK methods in the following sections
give restrictions on the coefficient functions, which include, but are not necessarily limited to,

integrating factor and exponential time differencing methods.

2.2  Preservation of conformal invariants

Conformal invariants were defined in Definition 1.1 and their examples were provided in Exam-
ples 1.2 to 1.5 and Table 1.1. It is natural to expect that numerical methods which preserve con-
formal invariants have certain advantages. This section is devoted to deriving sufficient conditions
for preservation of conformal invariants by ERK and PERK methods. Some of the methods of the
previous section are shown to satisfy these conditions. It is worth mentioning that setting v = 0
in eq. (1.1) and Definition 1.1 makes conformal invariants constants of motion. So structure-

preservation of conservative systems becomes a special case of this exposition.
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Similar to the preservation of first integrals, we define preservation of conformal invariants in the
following definition. This definition should be compared with Definition 1.1 of the conformal

invariants.

Definition 2.3. A numerical method z,1 = V,(z,) preserves a conformal invariant L of eq. (1.1)

if it satisfies

where T, = Z(t,,) (cf. [5]). Similarly, a numerical method z,.1 = V(z,) preserves a conformal

invariant L of eq. (1.2) if it satisfies

Toiy = e den T MO (Dds

where T,, = Z(t,,).

Invariants of the form oz, for constant vector o € R?, are referred to as linear invariants, whereas
invariants of the form 27 W z, for constant matrix W € R?*4, are referred to as quadratic invariants

of eq. (1.1). For example, invariant /1, of Example 1.2 is a quadratic invariant because

Total linear momentum ZZ]\; p; 1s a linear invariant of eq. (1.5) because

N
> b =1"pk, fork=1,2,3,

i=1

where 1 € R” is a column vector of ones and p* = [p} p& ... pk]7.

In the following, we derive sufficient conditions for quadratic and linear conformal invariant preser-

vation by PERK methods in line with similar conditions for PRK methods.
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Theorem 2.4. Suppose that the system (1.2) has a conformal invariant T = ¢ Wp, with W €
R¥/2%4/2 " Then a PERK method applied to such a system satisfies T, 11 = ;50;501”, provided its

coefficients satisfy

Sy bidi; (30 + bf,fl“ bib; =0 (2.23)
b; b; b;

? J

forall i, 5. Moreover, the method preserves L provided its coefficients also satisfy

¢0¢0 — e — [t 5)+72(s))ds

Proof. Using the Kronecker product ®, one can write the system (2.14) as

Q=0®q+hARI)F,
P=¢®p, +hA®I)G,
(2.24)
Gny+1 = ¢an + h(/gr ® I)F7
Pn+1 = gopn + h(gT ® ])Ga
where I € R%/2%4/2 ig the identity matrix, and we define the vectors Q = {Q;};_,, P = {P};_,,

F={F};_,,and G = {G;}{_,, with F; = F(Q;, P,) and G; = G(Q;, F,). This implies that

45 W pnir = Godod Wpn + hoogt W (BT © G + heo((6" @ I)F) Wp,
+ RV o DY WO ® )G,

which is equivalent to

G Wppi1 = cZocgquan + h%oq,f(l;T R W)G + hoo FT(b @ W)p,
+ R FT (0" @ W)G. (2.25)
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Let B , B € R*** be diagonal matrices such that
Bo=b and B¢=0 (2.26)
respectively. Then using eq. (2.24) once again

Q"(BeW)G = (¢ @ ¢')(B@W)G + hFT(AT @ I)(B ® W)G

— " (B" @ W)G + hFT(ATB @ W)G, (2.27)
and
FI(BoW)P = F'(b" @ W)p, + hFT(BA® W)G. (2.28)
Using (2.27)-(2.28) in eq. (2.25), one gets

4 Wpni1 = dodod’ Wpn + hooQ" (B @ W)G + hoFT (B @ W)P

+ R2FT((0b" — ¢oATB — ¢poBA) @ W)G. (2.29)

On the other hand, since Z is a conformal invariant, it follows that
0=¢"WG(q,p) + Flq,p)" Wp,

for all ¢, p. Thus, provided EZ% = R% for all 7,

0=Q/WG;+ F/WP, = Q?E@WQ + FZTE@WPZ
i b;
which implies
0=> QTR LW, + ETE-%WB = QT (B W)G + ¢ FT(B @ W)P.
i=1 i '

(3 (2
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Using this and eq. (2.23) in eq. (2.29), we get
C]gﬂ Wpni1 = %q%qf Wpn.
Provided that ¢0¢0 = ¢ I a0 )+ (£)ds ' this implies
qn+1an+1 = ¢ Jm 0 () me

i.e. the method preserves Z. [

Among the PERK methods of Example 2.2, only methods (2.18) and (2.20) satisfy the hypotheses

of Theorem 2.4, and hence for these methods,
nganH = eivh(qrzﬂwpn)
i.e. they preserve the conformal quadratic invariant g7 W p.

Theorem 2.5. Let the function T = ol q + ol'p, with 01,05 € RY?, be a conformal invariant of
the system (1.2), and assume one of the following three conditions is satisfied: (i) v'(t) = 7?(t) =

v(t), (i) o1 = 0, or (iii) 0o = 0. Then, a PERK method for such a system satisfies

01 dn+1 + 02 Pn+1 = 92500-1 dn + ¢00-2 Pn,

provided its coefficients satisfy b; = b;. Moreover, the method preserves I provided its coefficients

also satisfy

By = e TN Gy o R

Proof. Formulation (2.24) of the PERK method implies

0L st + OF Pst = Go0 G + G00Epn + 0L (07 @ I)F + oL (b7 @ I)G.
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Thus, to obtain the desired result, we must show that
oI(0" @ DF + ol (b @ )G = 0.
But, this follows from the fact that
0=0lF+0lG; = Jfl;,-Fi + ol b,G; = iﬂﬁiﬂ e
i=1

because Z is a conformal invariant of the system (1.2) with v!(t) = ~*(t) = ~(¢), meaning

ol F(q,p) + 0¥ G(q,p) = 0 for all ¢, p. This implies that

n+1 S
01 Qn+1+02Pn+1 = Ju ) (U;‘.FC]n+ngn)>

n+1

provided gbo gbo = e~ Ji " (945 The result for cases (i1) and (ii1) follows automatically. L]

Among the PERK methods of Example 2.2, only method (2.18) satisfies the hypotheses of this

theorem and hence preserves the conformal linear invariants o7 ¢ + o2 p.

The following result about the structure preserving properties of the ERK method can be derived

in a manner analogous to those of the PERK method.

Theorem 2.6. Suppose the system (1.1) has a conformal invariant T = z*W z where W € R%*4 s
a symmetric matrix. Then an ERK method applied to such a system satisfies T,,,1 = ¢3I,, provided

its coefficients satisfy

%o
e

Po

bia
;

+bja; = — bib; =0 (2.30)

for all i, 5. Moreover, the method preserves L provided its coefficients also satisfy

n+1

b = e~ it A(s)ds 2.31)

Indeed, one can informally use egs. (2.7) and (2.16) in the proof of Theorem 2.4 and get this result.
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It is worth noticing that the condition (2.30) reduces to eq. (1.18) when v = 0. All the methods of

Example 2.1 satisfy the hypotheses of this corollary, and hence they have the property
ZZHWan = e P Wz,

i.e. these methods preserve conformal invariants of the form 2?7 W z. The following theorem fol-

lows directly from the definition of ERK methods.

Theorem 2.7. Suppose that the system (1.1) has a conformal invariant T = o' z, with o0 € R%
Then an ERK method applied to this system satisfies L, 1 = ¢oL,. Moreover, the method preserves

T provided its coefficients satisfy eq. (2.31).

Since all the methods of Example 2.1 satisfy the hypotheses of this theorem, they preserve confor-

mal linear invariants.

2.3 Preservation of conformal symplecticness

In this section, we define conformal symplecticness and derive conformal symplecticness condi-
tions for the ERK and the PERK methods. A special case of eq. (1.1) that we are particularly
interested in occurs when d is even and the vector field N is of the form J™'V_H (z). Substituting

N(z) =J 'V_H(z)ineq. (1.1), we get the conformal Hamiltonian system [32]

5 =J1'V.H(2) —v(t)z (2.32)
where
q 0 I
z = ., Jl=
P -1 0

is a constant skew-symmetric matrix and H(z) : R¢ — R is a smooth function. Here I € R%/2x?/2

is the identity matrix. When ~(¢) = 0, this system reduces to a Hamiltonian system with Hamil-

34



tonian /1, which is a first integral, whereas function // in conformal Hamiltonian system (2.32) is
not a first integral or conformal invariant of the system. Nonetheless, we refer to the function H in

eq. (2.32) as Hamiltonian of the system.
From the variational equation associated with eq. (2.32)
di=J 1 H..(2)dz — ~(t)dz, (2.33)

where H,.(z) is the Hessian matrix, one can easily obtain w = —2v(t)w, where w = dz A Jdz,
assuming H,,(z) is symmetric. Indeed, taking the wedge product of eq. (2.33) with Jdz and using

the properties of the wedge product from Appendix A we get

dz NJdz =3'H,.(2)dz A Jdz — ~(t)dz A Jdz,

d (dz AN Jdz) =3 YITH,,(2)dz A dz — ~(t)dz A Jdz,

24t

1d

§E<dz AJdz) = — J Y IH,.(2)dz A dz — ~y(t)dz A Jdz,
d
—(dz NJddz) = —2v(t)dz N Jdz,
o dz N Jd 2y(t)dz N Jd

because H,.(z)dz A dz = 0 as H,, is a symmetric matrix.
Substituting F' = V,H (¢, p), G = =V, H(q, p), along with ! = 0 and v* = v in eq. (1.2) we get

] V,H(q, 0 0
Q| _ | Vs (@p) | | q(0) _ o] @34

p ~VoH(gp)| | p(0) Po
From this equation, one can obtain
w=—y(t)w

for w = dq A dp. Thus, we arrive at the following definition.

Definition 2.8. Differential equations (1.1) and (1.2) are called conformal symplectic if the differ-
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ential two-forms

w=dzN\Jdzand w = dq N dp,

respectively, are conformal invariants of the corresponding equations.

Conformal symplecticness has been defined for time-independent perturbations in previous works
[38, 40]. Definition 2.8 generalizes conformal symplecticness to eq. (1.1) which has time-dependent
non-conservative perturbation. We want to develop numerical methods which preserve conformal

symplecticness of conformal Hamiltonian systems.

Definition 2.9. A numerical method z,.1 = Vy(z,) for solving differential equations egs. (1.1)
and (1.2) is said to preserve conformal symplecticity, and we call such a method conformal sym-

plectic, if it preserves the corresponding conformal invariants of Definition 2.8.

Please refer to Definitions 1.1 and 2.3 for the definitions of conformal invariants of a differential
equation and their preservation by a numerical method. In particular, differential equation (1.1),
with constant 7, is conformal symplectic if the symplectic 2-form w decays exponentially with
time along a solution of the differential equation. A conformal symplectic method for a conformal

symplectic ODE becomes a symplectic method for a symplectic ODE when v = 0.

The following theorems concerning conformal symplecticness of PERK and ERK methods adopt

the proof strategy presented in [28] for Hamiltonian systems.

Theorem 2.10. A PERK method for eq. (2.34) satisfies

dQH+1 A dpn+1 - 5050 (dQn A dpn)

provided its coefficients satisfy eq. (2.23). Moreover, the method is conformal symplectic if its

coefficients also satisfy

Bodo = eI s
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Proof. In Kronecker product notation, the variational equation associated with the PERK method

(2.24) applied to system (2.34) is

dQ = ¢ ® dg, + h(A® I)dF,

dP = ¢ @ dp, + h(A® I1)dG,
(2.35)

dQn-l-l - Q/gﬂdQn + h(/gr ® [)dF,
dpps1 = dodpn + h(b" @ 1)dG.

where F; = V,H(Qi, P,), Gi = =V H(Qi, P,), dF = FodQ + FpdP and dG = GodQ + GpdP.

This implies that
00, Fi + 0p,G; = Vp, H(Qi, P) — Vo, H(Qi, P;) =0, forall 4,

and hence F; + Gp = 0. Also Fp = F} and G = G{,. Now, system (2.35) implies

dqny1 N dpny1 — gogonn A dpy,

= hoodg, A (BT @ 1)dG — heodp, A (b7 @ I)dF + h2dF A (" @ 1)dG. (2.36)

Using the first and the second equations of the system (2.35) and letting B and B be diagonal

matrices such that they satisfy eq. (2.26), we get

dQ A (B ® 1dG = ¢ @ dg, A (B® 1)dG + h(A ® I)dF A (B ® 1)dG

= dg, A (b7 ® 1)dG + hdF A (ATB ® 1)dG (2.37)
and

dP A (B ® INdF = dp, A (b" ® I)dF + hdG A (A" B @ I)dF. (2.38)
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Using eq. (2.37)-eq. (2.38) in eq. (2.36) we get

dgni1 A dppi1 — dododgy A dp, = hdQ A (Bdy ® I)dG — hdP A (Béo ® I)dF

— R2dF A ((doA"B + ¢oBTA — 0b") @ 1)dG. (2.39)
Since Gp + Fg = 0 and eq. (2.23) implies §$0 = an, we have
dQ A (Boo ® 1)dG — dP A (Bgo ® I)dF = dQ A (Boo ® I)(Gp + FL)dP = 0,
Using this and eq. (2.23) in eq. (2.39) yields
ddns1 A dpusy — dododdn A dp, = 0.

This implies that

tn41

dgni1 A dppir = e Jm YO dg, A dp,

provided dody = €~ Sy (s)ds -

One can get the following result for ERK methods by using eqs. (2.7) and (2.16) in the proof of
Theorem 2.10.
Theorem 2.11. An ERK method for eq. (2.32) satisfies
dzns1 AJdzpyy = 2 (dz, A Jdz,)
provided its coefficients satisfy eq. (2.30). Moreover, the method is conformal symplectic if its

coefficients also satisfy eq. (2.31).

Let us illustrate these theorems with some examples. PERK methods (2.18) and (2.20) satisfies
the hypotheses of Theorem 2.10 and ERK methods (2.11)—(2.12) satisfy the hypotheses of Theo-

rem 2.11; hence, these methods are conformal symplectic. Although methods (2.19) and (2.21) do
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not satisfy the condition (2.23) it is a quick calculation to show that they are also conformal sym-
plectic. Moreover method (2.21) has a conformal quadratic invariance [5]. This shows that a PERK
method does not necessarily need to satisfy the condition (2.23) in order to preserve these geomet-
ric properties. Method (2.22) neither satisfies the condition (2.23) nor is conformal symplectic, so
it is not enough to use any ERK method which has a conservative underlying RK method. It is
interesting to note that the conditions (2.23) and (2.30) are part of the sufficient conditions for both
conformal quadratic invariance and conformal symplecticness of the respective methods (cf. [7]).
Also note that combining the hypotheses of these theorems with the conditions (2.8) implies that

the underlying RK and PRK methods are always symplectic.

It is possible to define conformal symplecticness entirely in terms of flow maps rather than the
wedge product. To this end, let ;(zy) be the flow map of the system (2.32) at time ¢ with initial
condition z, then an alternative (equivalent) formulation of the conformal symplecticness given in

Definition 2.8 is
Yi(20))TI ) (29) = e 2o 7(ds g1, (2.40)
t t

where 1;(29) denotes the Jacobian and is a solution of the variational eq. (2.33). Indeed, let 1/;(z) :
U — R? be the flow map of the system (2.32) at time ¢ with initial condition z,. Since the solution

z(t) of the system satisfies z (¢, z9) = 1:(20), then

dz = 1, (20)dzg
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and hence Definition 2.8 is equivalent to

Wh(z0)dzo A T 1 (20)dzo = e 200 Y320 A T2z,
= (V(20))TI M (20)dzo A dzp = e 20 7B Tz A d,
= (o)) I (20) — e 2T g g = 0,

= (Y)(20))T I (z) = e 2o (Ids 1, (2.41)

Where we have used the the skew-symmetry of the matrix (¢](z0))7J ) (z) — e~ 2Jo 7(9)ds -1
and Lemma A.1 to get eq. (2.41). One can also obtain formula (2.40) using variational eq. (2.33)

of eq. (2.32) by taking the time derivative of (1](z))"J 1} (20).
Thus, a numerical method with flow map ¥, is conformal symplectic if

(U (2o ) TT (W) (2,)) = e 2T s g1, (2.42)

2.4 Accuracy and stability of ERK and PERK methods

In the last two sections, we derived conditions under which ERK and PERK methods preserve
conformal invariants and conformal symplecticness of a differential equation. We showed that
some methods of Examples 2.1 and 2.2 are structure-preserving. In this section, we take a closer

look at some methods of these examples, their order of accuracy, and their linear stability.

Conditions under which numerical methods have certain order of accuracy are called order condi-
tions. Order conditions for RK methods are well known but the theory is not developed as much
for ERK methods partly because of increased complexity due to additional coefficient functions.
Some of the work that has been in the direction of order of accuracy analysis of ERK methods

includes [2, 10]. The aim of this section is not to derive general order conditions for ERK meth-
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ods but to derive these conditions for specific cases of ERK and PERK methods. In the following

theorem, we derive order of accuracy of some of the methods of Examples 2.1 and 2.2.

Theorem 2.12. Method of egs. (2.11), (2.20) and (2.21) are second order for constant .

Proof. In the notation of discrete operators of Lemma 1.8, eq. (2.11) becomes
ID)?z = N(A)?2). (2.43)

A Taylor series expansion reveals

2 h3

ezt + h) = 2(t) + h(0; +7)2(t) + %(@t +7)22(t) + E(at +y)2z(t) + ...,

which implies, assuming z,, = z(t,,) for all n,

D}z = J( (M2, — e M2 n))

=J ( (e 22(t, + h) — ”hmz(tn)))
_J ( ©) + g(at 2) 2(t) + %z(tn) - gf ( )) +O(h?)
=3 (@ §<a #9002(1) ) + O0) (2.44)

and

= N(2(tn)) + =0.N(2(t,))(t,) + O(h?). (2.45)
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Substituting eqs. (2.44) and (2.45) into eq. (2.43), we get

J2(tn) = N(2(tn)) = 7J2(tn) — g (J (E(tn) +72(tn)) = 0N (2(ta))2(t0)) + O(h?)

= N(z(t,)) —yJz(t,) + O(h?).

Comparing this equation to ODE J2(t) = N(z(t)) — ~vJz(t), we see that the method is second

order.

Notice that the method

_ h
(1 + Vlh/2>pn+1/2 =€ 73h/2pn - §qu(Qn>>
(1 - 'Ylh/Q)Qn—i-l = e_’Ylh/Q [(1 + '71h/2)6_%h/2%1 + hva(pn+1/2)] (246)

- h
e 2p, = e 2 (1 — 31 h/2)psr e — §qu(%+1)

gives method (2.20) on setting 73 = 0,7, = 27,73 = 27, and method (2.21) on setting y; =
v, Y2 = 0,73 = 7. Assuming ¢, = ¢(t,),p, = p(t,) and expanding first equation of method

(2.46) in its Taylor series about i = 0, we obtain

p(tn) = =VV(q(tn)) — (1 + v3)p(tn) + O(h). (2.47)

Now rewriting the second equation of method (2.46), we obtain

[(1 - ’Ylh/2)e%h/2%+1 - (1+ ’Ylh/2>eﬂlh/29n} =V, T (pn+1/2) .

SRS

Replacing p,, 12 by its definition in this equation and doing Taylor expansions about /» = 0 we get

q(tn) = VpT(p(tn)) = g (Top(p(ta)) - (11 +93)p(tn) + VoV (a(tn))) + G(tn)) + O(R?).

In this equation, using eq. (2.47) and G = T,,,(p) - p + O(h), we get

q(tn) = V,T(p(t,)) + O(R?). (2.48)
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Now rewriting third equation of method (2.46)

[6(71+’72)h/2pn+1 — (1= mh/2)pns1y2] = =V4V (gnia),

S o

replacing p,1/2 and g, by their definitions in this equation and expanding about /» = 0 we get

Ptn) = =V V(q(tn)) — 5371 + 72 + 73)p(tn)

2 (lt) + (20 PlE) + Vigla(tn)) - T T(p(02)
- i (1 =72 +73) B+ 72 +73) p(ta) — 1 VeV (a(tn))) + O(h?).

In the this equation, substituting

¢ =V,T(p) +O(h?),
p=-VV(g) = 3830 +12+3)p+O(h),
and
P=—Va(0)-4 = 503 + 72 +)p+ O(h)

and simplifying we get

ptn) = =VoV(q(tn)) — 53m + 72 + 73)p(tn) + % (1 + 12 —73) VoV (4(tn)) + O(h?)

= =V V(q(ta)) — 29p(ta) + O(h?) (2.49)

because 7, + 72 — 73 = 0 for both methods (2.20) and (2.21). Comparing egs. (2.48) and (2.49) to

the ODE being discretized

q(t) =V, T(p(?)),

p(t) ==V Vi(qt) — 2vp(t),

we see that both methods (2.20) and (2.21) are second order accurate ]
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Remark. Other methods that are closely related to method (2.43) have been considered before
[25, 40, 44]. The difference between these methods and the method (2.43) is how they spread out

the damping over a stencil. The discrete operators for some of these methods read

1
thn = (ZTL+1 - eiwhzn)a Atzn = 5(2n+1 + eiwhzn)-

> =

The methods that use these discrete operators are only first order accurate. Method (2.43), however,
spreads out the damping more evenly over the stencil. The uniform distribution of the damping
results in improved accuracy of the method (2.43) over the methods that use non-uniform distribu-

tion.

Other methods can be similarly shown to have a certain order of accuracy. However, complexity
in doing order analysis using Taylor series multiplies quickly as the order increases. It was shown
in [12] that GL-IFRK methods, e.g. eqgs. (2.11) and (2.12) with constant -, have order of accuracy

2s.

Next, we derive the stability function of the ERK method (2.7) and then derive stability condition
for certain special cases. Substituting N(z) = Az, A € C, in method (2.7), we get the method in

the vector form

7 = ¢z, + hAAZ,

Zn+1 = ¢Ozn + h)\bTZ

where L o
A b1
Z
Z= 1" and o = %2
Zs Os
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Assuming the matrix (I — hAA) is invertible, this gives
Z = (I —h)A) 9z,
which in turn implies
Znt1 = R(RA hy)z,. (2.50)
where the stability function R(w, z) is given by
R(w,z) = ¢o(z) + wb(z)" (I — wA(x)) o(z). (2.51)

If | R(w, )| < 1 then the numerical solution z,, remains bounded and the method is called A-stable.

The stability function R is reminiscent of the stability function
Ro(w) = R(w,0) = 1+ wb(0)" (I — wA(0)) "1 (2.52)

of the underlying RK method where 1 € R® is a column vector of ones. One, therefore, wonders if
there is a simple relationship between the two, at least for some special cases of ERK. This brings

us to the next theorem.

The following theorem establishes a simple relationship between stability functions of [IFRK meth-
ods and their underlying RK methods, thus giving complete characterization of the stability func-

tion of the former methods.

Theorem 2.13. The stability function R of IFRK methods, eq. (2.5), satisfies
R(w,z) = e “Ry(w)

where Ro(w) is the stability function of the underlying RK method.
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Proof. Since Ry is the stability function of the underlying method, it follows from (2.3)

Ynt1 = Ro(AR)yy,

Using the transformation (2.1), it follows that
Zna1 = Ro(Ah)e Wz = e Ry (AR) 2,

Therefore the result follows. O]

A-stability of a numerical method ensures that the numerical solution of a linear differential equa-
tion does not grow to infinity. A-stablity of GL-IFRK methods can be quickly established from
Theorem 2.13. Indeed, since the underlying Gauss-Legendre method is A-stable i.e. its stability
function satisfies

|Ro(w)| < 1 for all w such that R(w) < 0,

the GL-IFRK methods are also A-stable because
|R(w,x)| = e *|Ro(w)| < 1 forall z > 0 and all w such that ®(w) < 0
by Theorem 2.13. Since |R(w, z)| < 1, the numerical solution z,, remains bounded.

Let us now turn to the stability of PERK methods. Consider the exact solution of the damped

harmonic oscillator (1.4)

0(t) _ cos(ft) + 1 sm(ﬁt) %sin(ﬁt) 6o 2.5%)

w(t) == sm(ﬁt) cos(Bt) — Fsin(Bt) | |wo

where = \/k? — 72. The transition matrix, which is the square matrix on the right hand side of

eq. (2.53), has eigenvalues

Ay = e (u + \/ﬁ) , (2.54)
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where ;1 = cos(ft). Notice, the dissipative part of the solution is completely described by the
exponential e~7*, and the conservative part is completely described by the complex conjugate pairs

i+ +/p? — 1, which lie on the unit circle because || < 1.

It is desirable that our numerical methods reproduce this behavior. Eigenvalues of the transition
matrix of a numerical method generally depend on step-size h also. We consider the method stable

if |u(h)| < 1. Now, apply the explicit PERK method (2.20) to eq. (1.4) to obtain

212
011 1— sk he= " 6,

- _ 272 _ 252
Wnt hi2e~h <% — 1) e~ 2h (1 — %) W

Hence, the eigenvalues of the transition matrix are (2.54) with

272
= (1 - HQh > cosh(yh).

Thus, requiring |x| < 1 to ensure stability implies the stability condition

K2h?

1 — sech(vh) < 5

< 1+ sech(vh),

which gives a restriction on the step size h for explicit method (2.20) to be stable. One can similarly
show that the explicit PERK method (2.21) is also conditionally stable [5]. In contrast, implicit
methods of eqgs. (2.11) and (2.12) are unconditionally stable. A step size restriction is often the
price one pays for more straightforward implementation and less computational complexity of

explicit methods compared to implicit methods.
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CHAPTER 3: ODE APPLICATIONS AND EXPERIMENTS

In this chapter, ERK and PERK methods of Examples 2.1 and 2.2 are applied to various ODEs with
constant damping and time-dependent non-conservative perturbation terms to demonstrate their
properties of structure preservation [5, 37]. Studies have also performed numerical simulations
using various first order ERK methods on very similar problems [25, 38, 40, 44]. Our purpose
in this chapter is to demonstrate the effectiveness of ERK and PERK methods from a few points
of view that are different from previous studies. First, we demonstrate preservation of conformal
symplecticness. Second, we consider problems with time-dependent damping. Third, we conduct
experiments using methods of higher orders (four and six). Fourth, we illustrate the advantages
of such methods for a damped Poisson (non-canonical) system. Fifth, we implement structure-
preserving exponential time differencing methods and compare the results to more commonly used

integrating factor methods.

3.1 Linear oscillators

In this section, we discretize linear oscillators with constant damping and time-dependent non-
conservative perturbation terms with ERK and PERK methods of Examples 2.1 and 2.2. To this

end, consider the following generalization of eq. (1.4)
0 +2v(t)0 + k%0 =0 (3.1)

where x € R is constant frequency. This equation can be put in the form of conformal Hamiltonian
system (2.32) by setting

H = 1(k*0° + w*) + (1) fw.
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Thus the methods of Example 2.1 are applicable to this equation. In the following, we analyze

numerical simulations in two cases: ¥ = const. and ¥(t) = 3¢ cos(2t) with € € R.

3.1.1 Constant damping

When the damping parameter v is constant, ODE (3.1) becomes a constant coefficient linear DE

of order 2 and can be rewritten as the conformal Hamiltonian system (2.17) by setting

T(0) = 16°6%, V(w) = 3w*, 7(t) = 27,

where v on the right hand side of the last equation is constant. In the form of eq. (2.17), numerical
methods of Example 2.2 are applicable to the oscillator. In this case, we can compare our numerical
solutions against the exact solution. To begin, we compare the integrating factor and exponential
time differencing methods given in eqgs. (2.18) and (2.19), respectively. Both methods are first order
and conformal symplectic. Figure 3.1 shows the average absolute error for each method, as -y is
fixed, while the frequency and the step size are varied. Notice, the exponential time differencing
method exhibits clear advantages over the integrating factor method as the frequency increases,
and these advantages are more pronounced as the step size decreases, even for problems with high

frequencies.

Next, we present an example illustrating order of accuracy and structure preservation by GL-IFRK
methods, IFRK methods (2.5) having the Gauss-Legendre schemes as the underlying RK methods.
To illustrate higher order convergence, we apply stage 1, 2, and 3 GL-IFRK methods to eq. (3.1)
with ~ constant. Figure 3.2 shows the ratio of local absolute error in solution and the step size as a

function of the step size, which agrees with the theoretical local order of the methods.
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Figure 3.1: A comparison of the average absolute solution error for the conformal symplectic Euler
methods given in (2.18) and (2.19) for solving eq. (3.1) with v = 0.01. Initial condition: #(0) = 0,
w(0) = 10; final time: 7" = 50.

v=0.1,k =1
102 : :
— —9
.___—o———""-—.——_.— .
104_ e ———— —.—_——_.— ]
S X
slope 2
10° .
= ’_.,,o—"
} -8 L ,,o—”*”k -
S 10 e
T N
’,*”’
2100 - slope 4 ]
.—54 "~ /*,0’"
2 101k - |
2 N
/’.//
10} - slope 6 .
- °
e —
1010 - B .
1078
107 10*

Figure 3.2: Local absolute error in solution over the step size for IFRK methods of stages 1, 2 and
3 applied to ODE (3.1). Dashed lines represent the slopes with which they are labeled.
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3.1.2 Time-dependent damping

Setting (t) = fecos(2t) with € € Rin eq. (3.1) yields a special case of Hill’s equation, which is
used to model rain-wind induced vibrations in an oscillator. Depending on parameter values, the
solutions (q : R — R) in this case may be periodic, bounded, or unbounded [21], providing richer

solution behavior than the linear oscillator with constant damping.

s € =015 =1,h =0.1 ¢ =0.1,k =1,h =0.1

AVRNRN [N\ AR
\,l’lg‘;"I‘H,/\,,”f‘l\’\’\u ’
‘ulfn. I

l

30 40 50

Figure 3.3: Error £, (3.2) in conformal symplecticness for the GL-IFRK methods (left) and the

standard Gauss-Legendre methods (right) applied to eq. (3.1) with y(t) = 1€ cos(2t).

An IFRK method for solving eq. (3.1) is given by eq. (2.5). Since ¢y = e~*»(®), we know that such
methods satisfy the hypotheses of Theorem 2.11. A numerical method with flow map ¥ (z,),

which solves the system (2.32), is conformal symplectic if
Bu = [[(0) () 3710 (20) — e 20770081 (3.2)

vanishes, see eq. (2.42). Since 2,11 = V,(z,) implies dz,.; = ¥/ (z,)dz,, the Jacobian V) (z,)
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can be computed by numerically solving the system for dz,, ;. For instance, the first two equations
of the system (2.35) can be numerically solved for d@), dP using exact methods or fixed point
iterations and the resulting solutions can be substituted in the last two equations of the system
to find dg,+1, dp,+1. In Figure 3.3, we plot the error F,, for both the GL-IFRK methods and
the standard Gauss-Legendre methods of stages 1, 2 and 3, illustrating preservation of conformal

symplecticness by the GL-IFRK methods, but not by the standard methods.

3.2 Damped pendulum

Here, we implement geometric integrators on a damped pendulum. Damping, nonlinearity, and
external driving force result in chaotic solutions in certain parameter regimes of a damped driven
pendulum. Chaotic solutions are those which have sensitive dependence on the initial condition:
changing the initial condition slightly results in a comparatively large change in solution trajectory

of the system.

3.2.1 Damped pendulum

To begin with, consider the pendulum equation with constant linear damping
0 + 276 + sin(h) = 0. (3.3)

We consider the problem in two cases. First, when -y is purely imaginary the differential equation
has rapid oscillations resulting from the first order linear term when |y| > 1. Second, using a real
constant satisfying v > 1 the pendulum is strongly damped. It can be shown that the differential
equation satisfies

d

E(%wz — cos(f)) = —2yw?
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which could be called the energy balance. Though this is not what we have called a conformal

invariant for the system, it does provide a way to measure the accuracy of a method.

v =2i,h =0.1 v =3,h=0.1
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Figure 3.4: The residual (3.4) for three numerical solutions of (3.3). The methods used are IFRK
(2.11); ETDRK (2.13); and IFPRK (2.20) denoted here by IFRK, ETDRK, and IFRK, respectively.
Left: rapid oscillation with imaginary y; Right: strong damping with real .

To this model problem, we apply the IFRK methods, eqgs. (2.11) and (2.20), and the ETDRK
method (2.13). All three methods are second order accurate and conformal symplectic. The ex-
pression (e?"/2 —e~7"/2) in tableau 2.13 is evaluated by computing 2 sinh(yh/2) instead. Denoting

the eighth order central finite difference operator by D;, we plot the residual
R(t,) = |Dy(3w? — cos(6,,)) + 2wy | (3.4)

for each of the three methods in Figure 3.4. For imaginary v method (2.11) produces a serious drift
in the energy balance, while the other two methods more accurately maintain the energy balance.

For v € R, all the methods show rapid decay. In each case, the PERK method produces smaller
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residuals, and the fact that it is explicit gives it a strong advantage.

It is important to note here that these differences between integrating factor and exponential time
differencing methods are a result of choosing relatively large values of . Other comparisons of
interest with small damping coefficients do not often reveal such obvious differences between the
methods. As a result, the integrating factor methods may often be preferable, because they are

generally easier to construct and analyze.

3.2.2  Damped driven pendulum

A damped driven pendulum is governed by the following ODE
0 + 200 + % sin(f) = F'sin(Qt),

where 6 is the angle the pendulum makes with the vertical, I" is the damping parameter, ¢ is the
acceleration due to gravity, [ is the length of the pendulum; F' and €) are the amplitude and the
angular frequency of the driving force. Choosing ! to be the new units of time, the last equation

becomes
0 + 270 + A2sin(f) = fsin(t), (3.5)
with
y=07T, N =07, f=Q7F

The damping, driving force, and the sinusoidal terms in this equation are the ones responsible for
chaos in the system. In the numerical experiments that follow in this section, we will discretize
eq. (3.5) with the numerical methods developed in earlier sections and a second order RK (Heun’s)

method and compare the numerical results.
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To this end, let us write equation eq. (3.5) as a first order system
0 =uw,
w=—Msin(f) + fsin(t) — 2yw.

When f = 0, this is a conformal Hamiltonian system (2.32) with
H = $(w* — N cos(6)) — ybw.

Even though eq. (3.5) is not conformal Hamiltonian, it is conformal symplectic, nonetheless.
Therefore, we extend the application of conformal symplectic methods of Chapter 2 to this system.

An implicit method based on (2.11) for (3.5) is

D;%0 = A} + A7,
(3.6)
DZ/2w =\ sin(AZ/29) + fsin(Ast) — ’YAZ/QW-

An explicit PERK method for (3.5) reads

A
(1 4+ A 2)wpgr/2 = e A2y, 4 7t (—)\2 sin(6,,) + fsin(tn)) ,

(1 — ’ylAt/Q)HnH = 6771At/2 [(1 + 71At/2)67%At/29n -+ Atwn+1/2] s
, At
e’YzAt/an_H — 6—71At/2 (1 o ’ylAt/Q)wH_l/Q + 7 (_)\2 sin(9n+1) + fsin(tn+1))
(3.7

which gives a method based on tableau (2.20) on setting y; = 0,y = 27, v3 = 2, which we call
CSVI1, and a method based on tableau (2.21) on setting 7, = v,72 = 0,73 = 7, which we call

CSV2. Finally, Heun’s method for this system is

Wnt1/2 = Wy + At (—)\2 sin(f,,) + fsin(t,) — 27wn) ,
At
Opny1 =0 + 7(0% + Wny1/2), (3-8)

At . .
Wna1 = 5(Wn + Wnt1y2) + > (=A% sin(f,, + Atw,) + fsin(tpi1) — 29Wni12) -
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A =15, v=0.375, At=27/100, T = 1000, f = 4.7
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Figure 3.5: Left to right: time series, phase space and Poincare sections of damped driven oscil-
lator, eq. (3.5), with the parameter values mentioned in the title. 7" is the final time. CIMP and
Heun’s stand for egs. (3.6) and (3.8)
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Figure 3.5 gives an example of a bounded orbit which is neither periodic nor convergent. The
figure shows the failure of Heun’s method to reproduce the chaotic orbit with a larger time-step

size whereas other methods, which are conformal symplectic, successfully do so.

3.3 N-body ODE

Let us define the following Hamiltonian function

~lel? N s
Higp) =) 5=+ D dillla—ql) (3.9)
i=1 v =1 j=i+1
where ¢ = [q1,42,-..,qn] and p = [p1, pa, ..., pn]|. With this Hamiltonian, one can rewrite the

N-body system (1.5)-(1.6) as conformal Hamiltonian system (2.17) given by

8tQi = vle<Q7p)7

Oipi = =V H(q, p) — 27pi-

This conformal Hamiltonian system is now amenable for numerical treatment by methods of

tableaux (2.20) and (2.21). Defining

N
di
H(q,p) =H(g,p)+7 ) gi-piandz = | |,
= pi

we can also rewrite the N-body system as conformal Hamiltonian system (2.32) using
Orzi = IV H (g, p) — 72,
which lends itself to the method of Example 2.1 including method (2.11).

In this experiment, we use methods of tableaux (2.20), (2.21), and (2.11), referred to as CSV1,

CSV2, and CIMP in Table 3.1 and Figure 3.6, for the N-body system (1.5)-(1.6) of Example 1.3
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with interaction potential

Gm; j
Gyi(r) = -

r

to simulate the system and graphically illustrate momentum preserving properties of these methods

that were proved in Section 2.2. Table 3.1 encapsulates the said properties of the three methods.

Notice that CSV2 and CIMP do not preserve linear momentum.

Table 3.1: Total linear momentum and total angular momentum for the three methods. Here ¢' ~

qi(t,) etc.

Method 7, pj ™' = S att xopitt =
CSV1 e~ 2VAt Zz pzn e~ 2vAt Zz Qz'n % p?
CSV2 g;zﬁieﬂm 2Pt e AN a X pf
CIMP g;gg;wm Spt e AL g X p

At = 10, y = 0.0001, T = 5000

x 107 x107%°
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Figure 3.6: Left to right: Error in linear momentum, error in angular momentum and corresponding
solution trajectories of N-body system.



Figure 3.6 shows the norm of the difference between headings and corresponding entries of Ta-
ble 3.1. This difference is less than the machine precision as expected. The innermost objects
spiral inward and the rest of the objects are in orbits which are fast converging toward the fixed

point.

3.4 Rigid body with periodic perturbation

Here, we present an example illustrating conformal quadratic invariant preservation by the ERK
methods for eq. (1.7), which is not a conformal Hamiltonian system. Figure 3.7 shows plots of

both
E, = |C(z,) — C(z)e 250G and &, = |H(2,) — H(z)e 250 (3.10)

which are the residuals in Casimir and energy, respectively, of (1.7) and z,, is the numerical solu-
tion. The residuals due to the standard Gauss-Legendre methods are proportional to the order of
the methods, i.e. the residuals decrease as the order of the methods increases. The figure verifies

that the conformal quadratic invariants are preserved by the GL-IFRK methods.

We have applied various ERK and PERK methods to a variety of ODEs. An ETD method is seen
to be advantageous compared to an IF method in Figure 3.1. PERK methods exhibit better perfor-
mance (with respect to accuracy and efficiency) compared to ERK methods in Figures 3.4 to 3.6.
Figure 3.4 shows that structure-preserving methods can be beneficial even in chaotic regimes.
Figures 3.3, 3.5 and 3.7 illustrate structure-preservation properties of ERK methods and their ad-

vantages over non-structure preserving methods.
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Figure 3.7: Casimir and energy errors (3.10) for simulations of the system (1.7). Left: GL-IFRK
methods; Right: standard Gauss-Legendre methods.
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CHAPTER 4: STRUCTURE-PRESERVING METHODS FOR PDES

Some physical phenomena have not only time dependence but spatial dependence also. Such phe-
nomena are modeled by partial differential equations. Much like ODEs, PDEs also have qualitative
properties such as integral invariants and conservation laws. Therefore, structure-preserving meth-
ods or geometric integrators for PDEs are desirable. In this chapter, we discretize a given PDE
with a structure-preserving method in space, time, or both to get a structure-preserving method
for the PDE. The geometric integrators to discretize space or time may be chosen from the ERK

methods presented in Chapter 2.

4.1 Multi-conformal-symplectic PDEs

Multi-conformal-symplectic (MCS) methods are structure-preserving numerical methods for par-
tial differential equations. They can be seen as a generalization of conformal symplectic idea for
ODEs to PDEs. The central concept behind MCS integrators is that two symplectic integrators,

one in space and time each, work in tandem to preserve MCS structure of a PDE.
It was first noted in [8, 9] that some PDEs can be put in the following form
Kz + Lz, = VS(2) 4.1)

where K and L are constant skew-symmetric matrices, S(z) is a smooth scalar function, z is a
vector of field variables, and subscripts denote usual partial derivatives. Equation (4.1) can be seen
as a PDE equivalent of the Hamiltonian system (1.17). In the form of eq. (4.1), a PDE automatically
satisfies certain local conservation laws. Many conservative PDEs can be put in the form of (4.1).

See [28] and references therein for a discussion on this PDE, associated conservation laws, and
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some examples.
In this thesis, we consider the following generalization of PDE (4.1)
Kz + Lz, = VS(2) — ng +F(1), 4.2)

where a is a non-negative real number and F(¢) is a time dependent vector function. Additional
terms on the right hand side of this PDE, as compared to PDE (4.1), usually represent dissipation
and forcing terms in the PDE. This equation was first introduced in [38, 40] where its properties

were also discussed. Some examples of eq. (4.2) follow.
Example 4.1. Consider a damped Klein-Gordon equation
Uyt = Ugy — CU — 27Uy 4.3)

Here u = u(x, t) is the solution of the equation, c is a real constant, and -y is the damping parameter.
Subscripts denote the usual partial derivatives. This equation arises in relativistic mechanics and
has been discussed extensively in the literature, including [16, 40]. The case v = 0 corresponds to

the conservative counterpart of the equation.
We can write eq. (4.3) in the form of (4.2) as [40]

—Up — Wy = CU + 27V
Ut — Pz =V
—Pt + Uy = —wW + 29p

Wy + Vy = —CP
which can be written in short as

Kz + Lz, = VS, (2) — 7Kz 4.4)
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with

0

0

0
0

0
0
0

1

—1

0

1

0

0
1

and S, (z) = 5 (2y(uwv + wp) + v? — w? + cu® — cp?).

Example 4.2. Consider a modified Burgers’ equation

This equation can also be put in the form of (4.2)

with

K:

and S(z) = —uv + “?3

Example 4.3. Consider the following generalization of the NLS equation of Table 1.1

00 -1
00 0
10 0

10 + Vo + V' (|917)0 + 2iy1p = F (1),

U + Uly

L:

—2vyu.

00 O
00 -1
01 0

Kz + Lz, = VS(2) — 29Kz

Y

4

4.5)

(4.6)

4.7)

where 1) = 1 (x,t) is a complex valued wave function of space = and time ¢, the nonnegative real

number v is a damping parameter, and subscripts denote the usual partial derivatives. The time

dependent term on the right hand side F'(¢) is an external driving force. We can put eq. (4.7) in the

form of (4.2) as
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Kz + Lz, = VS(z) — 29Kz + F(t),

(4.8)



with

0O 1 00 00 -1 0 ) —%F(t)

100 0 00 0 -1 w ~QF(t)
K= , L= , 2= JF(t) = ,

0 000 10 0 0 P

0O 0 0O 01 0 0 q 0

S=1p*+ ¢+ V(v +w?),and ¢ = v + iw. Here R and ¥ denote real and imaginary parts,

respectively, of a complex number.

Notice that the damping part of the equations in the last three examples is absorbed by either the
function S or the term involving parameter a or both. We also remark that setting v = F = 0
in these three examples gives a multi-symplectic formulation (4.1) of the corresponding PDEs
instead. One advantage of writing PDEs in the form of eq. (4.2) is that the equation automatically
satisfies certain local conservation laws. Setting @ = b = 0 and F = 0 in these conservation laws

gives corresponding conservation laws for eq. (4.1).

4.1.1 Local conservation laws

A conservation law of a PDE assumes the following form

where P and () depend on z. For example, a conservation law associated with the modified Burg-
ers’ equation (4.5) is

Dy (e¥"u) + 0, (e 4u*) = 0.
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Indeed, the left hand side of this equation gives

at(e?ytu) + ax(€2'yt%u2> :e2vtut 4 2"}/62’%’& + 62'ytuux

=" (uy + 2vu + uuy)

=0,
because u solves eq. (4.5).

Local conservation laws of multi-conformal-symplecticness and conformal momentum will be

derived in this section. Let us begin by defining L., and L. such that
L=L,+L andL] =-L_.
Then eq. (4.2) becomes

Kz + Lz, + Loz, = VS(2) — ng +F(). 4.9)

Local conservation laws for this PDE can be derived in a manner analogous to the conservation

laws of egs. (4.1) and (4.2). Indeed, the variational equation associated with this PDE is given by
Kdz + Lydz, + L_dz, = S..(2)dz — ngz.
Taking the wedge product of this equation with dz and using

dz A Kdz, =0,(L(dz A Kdz)),
dz NL_dz, + dz AN Lydz, =0,(dz AN L.dz),

dz A\ S..(z)dz =0,
we get the following local conservation law

Ow + Ozk = —aw, (4.10)
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which can be written more compactly [39] as
Oy (e™w) + 0, (e™r) = 0,

where w = %dz A Kdz and k = dz A Ldz. That is, differential two-forms w and ~ associated
with PDE (4.9) satisfy a linear partial differential equation. Another way to interpret the above
equation is that changes in space and time mutually annihilate each other. This local conservation
law is called a multi-conformal-symplectic conservation law, after which the PDE is referred to as
a multi-conformal-symplectic PDE. When a = 0 and F(¢) = 0, eq. (4.9) reduces to eq. (4.1) which
satisfies a multi-symplectic-conservation law given by eq. (4.10) with @ = 0. It can be shown that

eq. (4.10) holds for PDE (4.2) with the following differential 2-forms also:
w=dzNKdzand k = dz N\ Ldz.
Therefore egs. (4.3), (4.5) and (4.7) are MCS PDE:s.

Special form of egs. (4.2) and (4.9) guarantee another local conservation law. This conservation
law, analogous to momentum conservation law for eq. (4.1), can be obtained for eq. (4.9) when

F = 0. Indeed, taking the inner product of z, with eq. (4.9), we get
Kz, ) = 0,5(2) = 5 (K=, 2,),
if and only if F' = 0. In this equation, using
0Kz, zz) — 0(z1, Kz) = 2(Kzy, 2,),
we get
ol + 0,G = —al, (4.11)

where G = —5(z) — 3 (2, Kz) and I = 3(z,Kz,). Equation (4.11) is referred to as the conformal
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momentum conservation law. From this local conservation law, one can obtain the following global

conservation law by integrating in space and assuming vanishing or periodic boundary conditions,

(‘L/de:O
@/Idx:—a/ldm (4.12)

This implies that the property Z = [ I dz is a conformal invariant (Definition 1.1) of the MCS

so that

and

PDE. It is desirable for a numerical integrator of a MCS PDE to preserve as many of these conser-

vation laws as possible.

4.1.2  Multi-conformal-symplectic numerical methods

Numerical methods which satisfy a discrete version of the multi-conformal-symplectic conserva-
tion law, eq. (4.10), are called multi-conformal-symplectic numerical methods. We present two
examples of MCS methods for MCS PDE (4.2). The first one of these examples is for a specific
MCS PDE, eq. (4.7) and the second example is for the general PDE, eq. (4.2). Both these equations

will be shown to satisfy a discrete version of the MCS conservation law (4.10).

Example 4.4. Discretizing eq. (4.8) in space using notation of eq. (1.14), we obtain

Ko:"+L,D.2"+L_D,T,2" =VS(z") — 27vKz" + F(t), (4.13)
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where

00 -1 O 0000

00 0 -1 0000
L, = ,and L_ =

00 0 O 1 000

00 0 O 0100

Discretizing eq. (4.13) in time with the method of eq. (2.11) we obtain
KD}z+L,D,Alz+L_D,T,A]z=VS(A]z) + F(At) (4.14)

where we have suppressed superscripts in the numerical solution 2™ for brevity. Notice that both
spatial and time indices are denoted by superscripts for PDE numerical solutions as compared to

subscripts for ODE numerical solutions. In terms of the original variable, this equation becomes
DY + AJo;0 + VI(JATYP) Ay = F(Art), (4.15)
which should be compared with its continuous counterpart, eq. (4.7).

That (4.14) is a multi-conformal-symplectic method can be seen from the following computation.

The variational equation associated with this method is
KD/dz+L,D,A}dz+L_D,T, A]dz = S,.(A]2)A]dz
where S, is the Hessian of S. Taking the wedge product of A} dz with this equation we get

Aldz NKD]}dz + Ajdz NLy D, A]dz + A]ldz NL_D,T,A}ldz = A]dz N S,.(A]2)A] dz.
(4.16)
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Using Lemma 1.8 and the symmetry of S, we get

Aldz NKD]dz = D} (1(dz N Kdz)),
Aldz NL D, A]dz+ Aldz NL_D,T,A}ldz = D, (A]T,dz N L A]dz),

Aldz N S,.(A]2)A]dz = 0.
These equations along with eq. (4.16) give
D} (Y(dz ANKdz)) + D, (A]T,dz AL Aldz) = 0
which is a discrete version of the multi-conformal-symplectic conservation law (4.10).
Example 4.5. For our next example, consider the following method for eq. (4.2) with F' = 0.
K(DY*4,2) + L(D, AY"2) = VS(A,AY2). 4.17)

This method is obtained by using conformal symplectic method (2.11) in both space and time.

Variational equation for this method is
K(D* Aydz) + L(D, AY*dz) = 8., A, AY*dz.
Similar to the previous example, one can get the following discrete version of eq. (4.10)
D2 (Aydz AKAdz) + D, (LA$/4dz A AY 4dz> ~ 0.

Therefore eq. (4.17) is an MCS integrator.

Of course, conformal symplectic numerical methods other than eq. (2.11) can also be used to
discretize space and time to obtain MCS integrators. We explore some of these possibilities and

use the two methods discussed in this section to solve PDEs in the next chapter.

69



4.2 Non-standard finite difference methods

Non-standard finite difference methods provide an alternative approach to discretizing differential
equations. This approach uses a set of rules to discretize a given DE. The following rules are

suggested to design a non-standard finite difference method:

e Denominator function of a discrete derivative is a more complicated function of time/space

step-size than denominator function of a standard discrete derivative.
e Non-linear terms are modeled non-locally.

e Order of the discrete derivatives is exactly equal to the corresponding order of the derivatives

in the differential equation.

In addition to these rules, a relationship between time and spatial step-size often exists to ensure
stability of the method. These rules often result in operators that are non-standard i.e. they re-
semble the standard discrete derivative and averaging operators, D and A¢ of eq. (1.14), but are
not exactly the same. Although relatively new compared to standard finite difference methods,
non-standard methods have been successfully used to discretize a multitude of ODEs and PDEs
[35, 36]. Instead of structure preservation, this approach focuses on providing “best” solutions to
a differential equation. For this reason, we will use a non-standard method to discretize a PDE for

the purposes of comparison in this thesis.

For example, consider the modified Burgers’ equation (4.5)

Up + Uy = —27yu.

Solving only the linear part

Uy = —2yu,
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one gets the solution

u(z,t) = e Mu(z,0).
An exact finite difference method, for the linear part, which produces this solution is given by

n,i+1 72'yAtun,i7

u =€

ng+1l _ ) n,i

u u
1—e—27AL
2y

Notation Az and At is used to denote spatial and time step-sizes in numerical methods for PDEs.

= = —2yu™",

We use superscripts {n, ¢} for spatial and time indices, respectively. Modeling the nonlinear term

uu, nonlocally gives the following non-standard finite difference (NSFD) scheme for (4.5)

un,i+1 . un,i ) un,i+1 . unfl,iJrl ]

I = —2yu™. (4.18)
(ke—?wt) Ax

2y

Numerical methods discussed in this chapter will be used to simulate numerical solutions of PDEs

in the next chapter, where the efficacy of these methods will also be compared. Consistent with

numerical experiments for ODESs, our focus will remain on structure preservation.
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CHAPTER 5: PDE APPLICATIONS AND EXPERIMENTS

We apply and compare the performance of numerical methods for PDEs discussed in the previous
chapter and other methods that will be developed in this chapter. We begin by discretizing a linear
PDE with the methods of Chapters 2 and 4 and prove their structure-preservation properties. Then
we use some of these methods to discretize a nonlinear PDE and compare them against a non-
standard finite difference method. In our final PDE experiment we compare some of the methods
of Chapters 2 and 4 against a non-structure preserving method to highlight advantages of structure-
preservation. Among these methods, MCS methods automatically satisfy certain conservation laws
and other structure-preserving methods are shown to preserve structure by direct computations. In
the following, superscripts n and 7 denote the spatial and temporal indices, respectively. Notations

Ax and At denote spatial and time step sizes, respectively.

5.1 A damped Klein-Gordon equation

Consider the damped Klein-Gordon eq. (4.3) on the interval [—, 7] with periodic boundary con-

ditions. Its exact solution is taken to be

u(z,t) = e "cos(Kx —Wt), W =+/K2+c—~2 (5.1)

where K is the wavenumber and W is called the frequency of the wave. Constant -y is the damping
parameter. Equation (4.3) can be written as a multi-conformal-symplectic PDE as in eq. (4.4). In

the following, we describe different approaches to discretize this PDE.

72



5.1.1 Numerical solutions

We take two different approaches to design numerical solutions for eq. (5.1). Our first approach
discretizes a spatially semi-discretized PDE with two different conformal symplectic PERK meth-
ods in time. This gives two explicit numerical schemes for the Klein-Gordon equation. The other

approach uses an implicit MCS integrator from Chapter 4 to discretize the equation.
One can rewrite eq. (4.3) as a system of equations
U = 0, vy = —(cu — Ugy) — 270. (5.2)

Using the central finite difference operator of eq. (1.14), we discretize this system using PERK

methods (2.20) and (2.21) in time to get numerical methods

, . At ;
,Un,z—i-l/2 _ e—'yAtvn,z + = (6920 . C) un,z’

2
un,i-i—l — un,i 4 Atvn’i+1/2, (53)
,Un,iJrl — ef'yAt ,Un,i+1/2 + % (6320 o C) un,iJrl ’

and
. oAt ;
(1 + 7At/2)vn’l+1/2 _ e—yAt/Qvn,z + 7 (52 . C) un,z’
(1 — yA/2)u™ T = e 82 [(1 4 yAt/2)e B2y + App™ /2] (5.4)

, . At .
Un,z-l—l _ 6—7At/2 (1 . ,yAt/2)Un7z+1/2 + 7 (55 o C) umz-&-l ’

respectively. On the other hand, discretizing PDE (4.4) with the multi-conformal-symplectic

method (4.17) we get
K(D)?A,2) + L(A]”’D,z) = VS, (A, A]*2). (5.5)

In the following we simulate solutions and compare these three methods.
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Figure 5.1 shows the absolute error in numerical solutions produced by methods of eqgs. (5.3)
to (5.5), denoted by CSV1, CSV2, and CIMP, respectively, where the exact solution is propagated
with numerical frequency. Notice that the three numerical solutions are slightly out of phase with
one another due to their different numerical frequencies. Notice also that the error decreases for
all three methods as time increases, primarily because the solution is dissipating to zero, but the

relative error remains close to 1072,

Absolute Error

Absolute Error

Absolute Error

Figure 5.1: Error in the solution of (4.3) due to methods (5.3), (5.4) and (5.5). Parameter values are
given in the figure title. The maximum value of the exact solution at time 7" = 50 is approximately
7 x 1079,
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Following the approach of [40] consider the function

d(t) = ln( max u(z, t)) + oyt (5.6)

z€[—7,m]

for measuring the drift in the rate of dissipation for the Klein-Gordon equation. Figure 5.2 shows

that there is no drift in the rate of dissipation (5.6) for the three methods.

Figure 5.2: Drift in the rate of dissipation for the three methods (5.3), (5.4) and (5.5) with the
parameter values mentioned in the figure title. Only every sixth drift vector component is plotted
for clarity and CSV1 eclipses CSV2.

5.1.2  Structure-preservation

Consistent with the theme of this thesis, these methods preserve more than conformal symplec-
ticity, which helps explain the practical advantages of the methods. To be specific, define the

momentum for the Klein-Gordon eq. (5.2) by

I(t) = /utur dx. (5.7)
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Under appropriate boundary conditions, it can be shown that the PDE has the conformal invariant
I(t) = e ®"'1(0). (5.8)
In fact, all three methods preserve this property.

Theorem 5.1. The numerical methods (5.3), (5.4), and (5.5) each preserve eq. (5.8).

Proof. Notice that

A AL A .
(1 + ,ylAt/Q)Un,H-l/Q — 6_’Y3At/21}n’z . 5 (Cun,z . 5gun,z)’
1 — i At/2)um™ ! = e MAYZ (] 4y At /2)e  MAY 2y 1 Apy™i+1/2]
’7
e’YzAt/Qvn,iJrl — e*’YlAt/Q (1 o ,YlAt/Q)vn,i+1/2 _ AQt (CumiJrl . 5§un,i+1> ’

gives method (5.3) on setting v; = 0,72 = 27,3 = 2 and method (5.4) on setting 1 = v, 72 =

0,v3 = . Using this combined method and Lemma 1.8 we see that

Z Un,i+15wun,z‘+1 _ 6—(71+W2)At/2(1 . 'ylAt/2) Z ,Un,i+1/26$un,i+1
= 6—(3m+v2)At/2(1 +nAt/2) Z pitL/25 g
— e—(3’Yl+’72+“/3)At/2 Z Un,i(sxun,z'

— e—Q'yAt E Un,z(;xun,z

for both methods. Here ) denotes summation with respect to the spatial index over all the spatial

grid points.
Also notice that eq. (5.5) can be re-written in terms of the original variable u as

(D)2 A — DYAT?PPu = (7 = ) A5 (4]
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where A%u = A, A u etc. Now observe that, using Lemma 1.8,

0=D;> D)?A%u 5,4 A2u
=3 (D2 A% 0, (AP A2+ Y DI AR A% - 5, DY AT AR
= 7 (D2ATPu+ (7 = ) A2(AT*)Pu) 6,472 420

= > (DRA ) ) 0,4 A2
because for a periodic sequence U,

1

4Ax?
1

1
A Z Un+25xUn+1 + m Z Un+25xUn

1 1
TN Z Un+15xUn+2 _ A Z Un—H(SwUn
T

1
A Z UnéxUn+2 + W Z Un(stnJrl

1 1
=3 > Uttt — N > Ut Ut =0.

Y D5, AU = D (U —2um 4 UM - S, (UM 42U 4+ U

+

Therefore, Pi*! = ¢=27At P for

P =" D) Az 5, A A2

We define the residual r* in preserving conformal momentum as

) [z'Jrl
r'=1In ( ) + 2vAt,

Ii

where

I'=3"vsu and 1= D)PAZunt 5, A7 A,

n

for Stormer-Verlet type methods (5.3), (5.4), and implicit midpoint type method (5.5) respectively.
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Upon plotting I* alongside respective residuals r for the three methods (5.3), (5.4) and (5.5), one
obtains Figure 5.3, verifying momentum preservation property of the methods. (Only some of the

data points are plotted to prevent overcrowding.)

x10™"®

Figure 5.3: Total conformal momentum I* and residual r* due to (5.3), (5.4) and (5.5) with the
parameters mentioned in the figure title

5.2 A Modified Burgers’ Equation
In this experiment, we consider application of ERK and PERK methods to a nonlinear equation,
which we refer to as a modified Burgers’ equation, given by eq. (4.5):
Uy + Uy, = —2yu,

on the interval [—7, 7| with periodic boundary conditions. This is a fundamental equation that

models physical phenomenon in fluid mechanics, acoustics, traffic flow etc. It is also one of the
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simplest PDEs whose solutions develop shock: spatial derivative of the solution becomes infinite
in finite time. Formation of shocks makes this PDE a challenging equation to solve numerically.
We derive three numerical methods for this nonlinear equation. Our first method for this PDE is
based on method (2.21). The second method is a multi-conformal-symplectic method obtained
from discretizing eq. (4.6) with conformal symplectic method (2.11) in both space and time. The
third method is obtained from discretizing the PDE with a non-standard finite difference method

obtained by using the rules of Section 4.2.

5.2.1 Numerical solutions

To test our methods on this nonlinear problem, we discretize the space © € [—L, L], L = =, by
introducing a uniform spatial grid [x1, 22, . . ., )] with gridsize Az such that x; = —L, x5, = L,
and M is even. Then we approximate u by u" = u(x,), n = 1,2,..., M, with periodic boundary

+M

conditions u" = u", and define the following vectors.

v=[u', v v’ . ™ and w = [u? ut b uM) T

Given this spatial decomposition of the solution vector u”, one can semi-discretize (4.5) to get the

following system of ODEs

W o ()2 f2) — 2y,
(%n (5.9)
O = —op (wr/2) — 2

where the superscript n on the vectors v and w is the index of these vectors, e.g. v? = u? etc.,
and 0] and 0, are one-half of standard forward and backward difference operators, respectively.

Even-odd splitting of the dependent variable u was suggested in [1], and this is the approach used
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here. Notice that the system is a conformal Hamiltonian system of the form

0 0,
2z =DV, o H(z") — 272" with D = :
ar o
which is constant and skew-symmetric, 2" = [v", w"]" and H (") = —¢((u")*4(v")?). Although

structure matrix D of the system above is not same as the matrix J~! of (2.32), one can still show
that this system is conformal symplectic and hence it is desirable to apply conformal symplectic

methods on the system. Using method (2.21) to discretize time in system (5.9) we get the following

method
1 At (v™)?
wn71+2 _ effyAtwn,z o _a+ ,
2 7 2
2
(wn,i-i—%)
AR IO E VLY 17, fh S— A (5.10)

2 Y

n,i+1)2
wn,i—‘rl — e—vAt (wn,i-l—% . %a;- (U 5 ) ) )

Let us now discretize multi-conformal-symplectic formulation (4.6) of the modified Burgers’ equa-

tion with method (4.17). Doing so, gives the following multi-conformal-symplectic method
K(D]A,z) + L(A]!D,z) = VS(A,A]2), (5.11)
which gives the following method in terms of the original variable.
A} D} A%u + SAID, (A Aju)? = 0.
An equivalent one-step method is
D} Ayu+ 1D, (Aju)* =0 (5.12)
which should be compared with (4.5).
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Another discrete model that can approximate solutions of modified Burgers’ equation is the fol-

lowing non-standard finite difference method (NSFD) (4.18) (cf. [35])

= —2yu™,

un,i+1 _ un,i ) un,i+1 _ un—l,z’—i—l
- _|_ un,z
1_6727At Am
2y
which is able to exactly reproduce certain solutions of the equation. Since this method is, in some

way, also structure-preserving, it provides an interesting comparison to the conformal symplectic
methods. The three methods given by egs. (4.18), (5.10) and (5.12) will be referred to as NSFD,

CSV2, and CIMP, respectively, in the following experiments.

At=0.009, Ax =2n/79,y=0.25,T=0 —

Figure 5.4: Snapshots of the numerical solution of eq. (4.5) using (5.10), (5.12) and (4.18) at
different times.

Numerical solutions of eq. (4.5) at different times are given in Figure 5.4. The initial condition is
taken to be a normal probability distribution function with mean 0 and standard deviation 1. As
time progresses, the waveform becomes steeper, and the NSFD solution is damping at a different

rate than the other two methods. In fact, the methods (5.10) and (5.12) are more accurate in this
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case, and the results of the following subsection explain why.

5.2.2  Structure-preservation

Consider the Casimir

Clu] = /u dx (5.13)

which corresponds to mass of the wave at time ¢ and is an integral of motion for the eq. (4.5) with

~ = 0. Differentiating eq. (5.13) with respect to ¢, we have

dC
E:/utdzz—/uuxdx—?y/udx.

Now using integration by parts and periodic boundary conditions we get

™ m s s
/ ul, der = uu| — / Uzu dx, = / uu, dr = 0.
-7 —r —T -

%f =-29C = C(t) = C(ty)e 2", (5.14)

Therefore

which is a conformal property of eq. (4.5).

Theorem 5.2. Methods (5.10) and (5.12) preserve eq. (5.14), but (4.18) does not.

Proof. Define the discrete Casimir function (5.13) by C* = >on u™*. For method (5.10), we get

M M/2

C«H—l _ § un,z—‘rl _ § (,Un,z—i-l + wn,z—H)
n=1 n=1
M/2

— E G—QWAt (Un,z +wn,z) — G—QVAtCzy
n=1
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1.e. method (5.10) preserves eq. (5.14). Summing eq. (5.12) over the spatial index n, we get

E D] Ayu =0, — E A = e E Agu™,
n n n
s E un,z-{—l — 6—27At § un,z7
n n

i.e. method (5.12) also preserves eq. (5.14). Similarly, summing eq. (4.18) over the spatial index

n we get

2 . 2 . .
1— GYZWAt Z u"?”rl - 1— 62/2'~/At Zunﬂ —2A Z u™

1 . . . .
_ E (un,zun,z—‘rl _ un,zun—l,z—&—l)’
Ax

which implies

1— e—2fyAt

un,i—i—l — 6—27At un,i . un,iun,i—l—l . un,iun—l,i—l-l )
> PONCEE ) 3 |
n n n
Therefore, method (4.18) does not preserve eq. (5.14). [
At = 0.009, Ax = 0.0794937, ~ = 0.25
10°F - CSV2§
CIMP
~—NSFD
. 1010F ]
10-15 L

Figure 5.5: Residual (5.15) due to conformal symplectic methods (5.10) and (5.12) and NSFD
(4.18).
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To measure the error in preservation of (5.14) we define the residual r*

' O+
r'=1In ( o ) + 2vAt, (5.15)

which is plotted in Figure 5.5, verifying that the conformal symplectic methods preserve dissipa-

tion of mass, but NSFD does not.

5.3 Damped driven nonlinear Schrodinger equation

The damped driven nonlinear Schrodinger eq. (4.7) is discretized by structure-preserving methods
in this section. The time dependent term on the right hand side F'(¢) is an external driving force
which, along with the nonlinear term V’(|1)|*)1) and damping term 2i~1), induces chaos in certain

parameter regimes.

Undamped (7 = 0) and unforced (F'(t) = 0) eq. (4.7) is a Hamiltonian system and is referred to as
integrable NLS. Every symmetry of a Hamiltonian system results in a conservation law according
to Noether’s theorem. Symmetries of the integrable NLS about space, phase, and time result in

conservation of the quantities

I = %/Wx de, I, = / [|? do, Iy = /—]%P + V(|1p?) dx (5.16)

with periodic or vanishing boundary conditions. Quantities /1, I5, and /3 are referred to as mo-
mentum, norm, and energy, respectively. Bar over a complex variable denotes complex conjugate

of the variable.

Equation (4.7) with F' = 0 is referred to as damped NLS. Although Noether’s theorem is not

applicable to non-conservative systems, one can nonetheless show by direct computations that a
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solution of damped NLS satisfies
(eI =0, 9,(e*' L) =0 (5.17)
with periodic or vanishing boundary conditions. Indeed,
o [Gndn =[G dot [Goida
— [ do+ )~ [ B d.

Here, we have used integration by parts and [.] denotes the boundary terms. Assuming periodic

boundary conditions, this equation gives

8,5/% dx :/E% dr — /@@t da. (5.18)
In the right hand side of this equation, using eq. (4.7) with F' = 0, we get
[t dn = [T o= { [ VPG +02) do+ 217 [ @ - 0) dx}
= | [V PR o2y [ @1300Y) di]
Using this equation in eq. (5.18) and taking imaginary part of both sides we get
9,3 / Dby dz = 47 / Dby da.

This implies that

o, = —4yI, <= 0,(e"'}) = 0.

The second equation of (5.17) was proved in Example 1.5.
Substituting V' (n) = An and F' = 0 in eq. (4.7) we obtain a linear Schridinger equation:

ity + Yy + A + 2170 = 0. (5.19)
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A solution of this equation satisfies
O,(e*'I) = 0fork =1,2,3, (5.20)

where [}, are as in eq. (5.16) with V() = An. It follows that preservation of dissipative properties

of linear and nonlinear Schrodinger equations by numerical methods is desirable.

Damped driven NLS is an example of an infinite-dimensional dynamical system. Long time behav-
ior of eq. (4.7) has been studied extensively both analytically and numerically. Its global attractor
attracts all nearby trajectories on a compact bounded set. It was shown in [18] that chaotic at-
tractors exist and they are confined in a finite dimensional space. Authors of [11] used high order
RK methods to conduct numerical experiments showing a quasi-periodic route to chaos in the

dynamical system.

5.3.1 Numerical solutions

In [31], authors take a discrete variational derivatives route to derive a linearly implicit finite differ-
ence scheme that inherits an energy conservation or dissipation property of a complex valued PDE
such as integrable NLS and closely related Ginzburg-Landau equation. In [24], authors construct a
symplectic geometric integrator by generalizing the generating functions approach and comparing
it to a multi-symplectic geometric integrator for integrable NLS. The multi-symplectic integration
technique was generalized to dissipative PDEs in [40] where authors proposed a norm-preserving
multi-conformal-symplectic integrator for a damped NLS. Authors of [29] propose a variational in-
tegrator, which is naturally multi-symplectic, by first defining a Lagrangian function for a variable

coefficient integrable NLS.

As far as we know, structure-preserving methods for damped driven NLS (DDNLS) have not been

previously suggested in the literature. In this section, we use an appropriate spatial discretization
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and two conformal symplectic ERK methods for time discretizations to assemble MCS methods
for the DDNLS. We compare these two methods against a method which employs a closely related
discretization in space and time but the resulting method is not structure-preserving. The aim is
to construct structure preserving numerical methods for DDNLS, discuss their structure preserv-
ing properties, and implement them to show their effectiveness. In the following, we discretize
multi-conformal-symplectic formulation (4.9) of DDNLS eq. (4.7). We discretize this formulation
with integrating factor method (2.11), exponential time differencing (2.13), and implicit midpoint

methods in time.

5.3.1.1 Integrating factor method

Discretizing (4.7) with (2.11) we get method (4.14) or equivalently method (4.15). This method
will be referred to as the IF method in the numerical plots. Let us point out some salient features

of this method.

(1) That (4.14) is a MCS integrator was shown in Example 4.4.

(ii) The method preserves the invariant e*7*I, for damped NLS. This can be shown from a con-
formal norm conservation law [40], similar to the conformal momentum conservation law
eq. (4.11). Alternatively, one can show preservation of €I, by doing computations anal-
ogous to their continuous counterpart in Section 5.3. Indeed, assuming F'(A;t) = 0 and

multiplying eq. (4.15) with AJ4), one gets

1D AJY + Al G Al + V' (|AJY ) AJp Ay = 0
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which gives

> (ADIYATY) + AJSW AT + V! (|AJ ) AJw AT D) = 0. (5.21)

n

The first term of this equation gives, using eq. (1.14),

; — i ; _ ni —_— _ —_—
Z iD;ywn,zA;Ywn,z —_ Z 2_At<€’yAtwn,z+l —e 'yAtw , )(67ﬁt¢n,z+1 +e ’YAtwn’l)
1 . . o
_ Z @ (i(€27At|¢n,z+1|2 . 6—27At|1/}n,z|2> o 2%<¢n72+1¢n’1>> ,
(5.22)

the second term gives, using eq. (1.14) and periodic boundary conditions,
S AR AT = S < (A AT — o] Ay 4 ARy A
= 3 g (AP AT — 2| Ay + ATy AT
= 3 o (R AT — 2l A7) (5.23)
and the third term gives
SOV AT ) AT AT = V(| AT )| AP (5.24)
Substituting eqs. (5.22) to (5.24) in eq. (5.21) we get

1 s 29At), ) nyit+12 —29At|, 1 m,i|2 (a0t +1 T
7 i (R — e ) — 2y ) )

n

+D A (23?(1431/1 FHATYn) — 2| Al |2> + 3 V(AP AT = 0,
Now taking the imaginary part of this equation we get

Z (627At|¢n,i+1|2 . 6727At‘,¢n,i|2) -0

n
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or equivalently

Z ‘wn,i+1’2 _ 6747At Z ’wnl‘Z
n n
i.e. the method preserves 7' [,

(iii) For linear Schrodinger eq. (5.19), the method preserves eI}, for all k. For preservation of

e, using Lemma 1.8 we obtain
iD] Y W0 =1 DIAIS) +1 Y ATYDS
=1 DIpA]o — 1) DpAlo0.

Using eq. (4.15), with V(n) = An, in this equation we get

iD] Y 6 = (AJPATS + AJ S ATG0) + N Y (ATYAT S + ATV AT 6,).
Using Lemma 1.8 again, we get

iDPY 0 =Y (AJOZPA] G, — A5 ATOD) + N> (AJPA] S, — Al6,pAJ) = 0.
Therefore,

Z Wéan,ﬂrl _ 674'yAt Z W(wan,z )

n n

This shows that the method preserves e**I;.

Preservation of ¢*7* I, by the method can be shown in a manner similar to preservation of the
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same for damped NLS in the previous item. For preservation of ¢!t I3, notice that
—DP Y D =Dy 0
=" (DY A}6%) + AJyD} %))
=" (DI AT6%) + AJ2p D)

where we have used the summation by parts formula, periodic boundary conditions, and

Lemma 1.8. Now using the method of eq. (4.15), with V(1) = An, we obtain

—D{" DP = =AY (DJwAN) + DJPATY) . (5.25)

Using this in the following

DI (=Dt + Al?) = = A (DIYATS + DIYAIY) + XY (DJwAY + DY ATw)

n

=0.
Therefore

Z (_’Dzwn,i+1’2 + A’¢n’i+1’2) _ 674'yAt Z (_’wan,zP + )\‘wn,zP) :

n n

i.e. the method preserves 7[5 for the linear Schrddinger equation.

5.3.1.2 Exponential time differencing method

Now, discretizing eq. (4.13) in time with exponential time differencing method (2.13), we obtain

R PAN

. Y ¥ v, _ v
sinh(yAt)KDt 24+ L, DA}z+L_D,T,A]z=VS(A]z) + F(Ait) (5.26)
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In terms of the original variable, the method becomes

~yAt

LGy an Dl AL V(AT AT = F(Ad). (5.27)

This method will be referred to as ETD in the numerical plots and it should be compared with the
continuous equation (4.7) and method (4.14). We summarize structure-preservation properties of

method (5.27) below. These properties can be derived by informally replacing the time derivative

YAt

by STh( AT D] in the derivation of corresponding properties of the method (4.14).

(i) Method (5.26) is multi-conformal-symplectic because it satisfies following discrete multi-

conformal-symplectic conservation law

RPN

2

(ii) The method preserves e*7* I, for damped NLS i.e.
Z ‘¢n,i+l|2 _ e—4’yAt Z |wn,i|2‘
(iii) The method preserves e*''I;, k = 1,2, 3, for linear Schrodinger eq. (5.19):
° ZW(S$wn,i+l _ e—4yAt ZW&wwn,z

° Z ‘wn,i—i—l‘? _ e—4’yAt Z ’wn,i|2.
n n

° Z —|D3377Z)n’i+1|2 + )\‘wn,i+1|2 — 6—4'7Atz_|Dr¢n,i|2 + )\|1/}n,7,‘2

n n

5.3.1.3 Implicit midpoint method

For the purpose of comparison with a closely related method which is not structure-preserving,

let us discretize time in the semi-discretized system (4.13) with the (symplectic) implicit midpoint
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rule:
KDz + LD, Az +L_D, T, Az = VS(Az) — 29K Az + F(At).
Rewriting this system in terms of the original variable, one gets
1Dy + A 020 + V' (| A)?) Anp + 2ivApp = F(At) (5.28)

which should be compared with its continuous counterpart eq. (4.7) and methods given by egs. (4.15)
and (5.27). Method (5.28) will be referred to as IMP in the numerical plots. It can be easily shown
that the method is neither multi-conformal-symplectic nor does it preserve dissipative properties

of the linear Schrodinger equation and damped NLS.

5.3.2  Numerical results

We now turn to numerical implementation of the methods introduced in the last section. We re-

fer to methods of eqgs. (4.15), (5.27) and (5.28) as IF, ETD, and IMP, respectively. We start by

demonstrating structure preservation for linear Schrodinger eq. (5.19) and damped NLS and then

show that the methods successfully capture global attractors for damped driven NLS eq. (4.7). We

compute errors in preserving the invariants of eqgs. (5.17) and (5.20) by computing the residuals
i+1

. I
R%ﬁg(%)+@&, (5.29)
k

where I} is the numerical approximation of I (¢') for k = 1,2, 3:
L=8) D™, L= W[ L= —[Du™ P+ V(™).

The spectral differentiation matrix operator D, is implemented using MATLAB’s FFT routine. We
choose D,, instead of finite difference operators, to reduce error in evaluating /;’s along numerical

solutions. Let us denote the vector {R:}; by Ry, and {I}}; by I, for all k. We shall assume
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V(n) = Anpand V(n) = 1\?, with A = 2, for linear and nonlinear NLS, respectively, in all the

experiments that follow.

5.3.2.1 Linear Schrodinger equation

IF and ETD preserve dissipation in momentum, norm, and energy of linear Schrodinger eq. (5.19).

A plane wave solution of the linear Schrodinger equation is given by
¢(:L‘, t) — Aei)@f—%t7

where A is amplitude of the solution. Initializing the three methods with this plane wave we
obtain Figure 5.6. The figure verifies numerical preservation of dissipation in the properties of the

equation by IF and ETD methods.

At =0.1, Az =1,y =2-06, A =0.5
1 —

—IF

0.8F -——ETD |] 10—8 L i 10—8 L
IMP

05 0.6

0.4r

0.5000 | 1010} ] 1010t

0.5000 || 02y
0 =

-0.21

I

= 0.5000
0.5000

0.4999 041

-30 -0.6

-0.81

1 . .
z 0 10 20 30 0 10 20 30 0 10 20 30
t t t

Figure 5.6: Plane wave solution, momentum, and norm and energy residuals. The second column
gives I, because R; is undefined when the z-derivative of the solution is zero.
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5.3.2.2 Damped NLS

For this part of the experiments, we set F' = 0 in eq. (4.7), so that there is no driving force. Plane

wave solutions of eq. (4.7), with F = 0, are given by

A2t . o (1— s
U(x,t) = Ae exp [ 1\|A] 0 ,
7

where A is the amplitude of the plane wave. We plot L errors in Figure 5.7 using the exact plane
wave solution and numerical solutions due to the methods. The figure verifies theoretical spatial
order of the methods. In Figure 5.8, we plot numerical solutions, along with the residuals defined
in eq. (5.29), initialized with the plane wave solution. The figure demonstrates preservation of the
invariant ¢**I, by IF and ETD methods. For the plane wave solution, which has a spatially flat

profile and hence the z-derivative is zero, all the methods also seem to preserve e*' 1.

It is well known that the integrable NLS with cubic nonlinearity (V’(]1)|*) = A|¢)|?) has soliton
solutions. Soliton solutions travel and pass through each other maintaining their original shapes.
In our next experiment, we demonstrate collision of two waves for the damped NLS equation in
Figure 5.9. These waves propagate towards each other, collide, and emerge out of the collision

with their original shapes and smaller amplitudes. The initial profile is
Y(z,0) = e sech(x + 1) + 1.5¢ " sech(1.5(z — 5)).

The figure also demonstrates preservation of dissipation in the norm, ¢*'*I,, by IF and ETD meth-
ods. For IF and ETD methods, residual R; becomes large near the time of the collision of the two

peaks but both methods recover after the collision.
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At/Az =01,y =0.002, T =1, A =0.5
S — ‘

10

10°

L™ Error
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1072

107
Az

=
o
=)

Figure 5.7: L*° error due to the methods of eqs. (4.15) and (5.27).

At =0.1, Az =1,y =2e-06, A =0.5
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Figure 5.8: Plane wave solution, momentum, and invariant residual.
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At =0.002, Az =0.1,7 =0.2

10° IF

ETD
IMP |

Figure 5.9: Soliton collision and invariant residuals. For IF and ETD methods, residual R; is close
to machine precision except near the time of collision when solution profile is steep at the spatial
location of the collision.

5.3.2.3 Damped driven NLS

When a damped nonlinear pendulum is driven with external force, it shows chaotic behavior in
certain parametric regimes. Similarly, theory predicts chaotic solutions when external driving

force F'(t) is included in a damped NLS. For these experiments we assume
F(t) = Detlwotta),

Where I', wy and « are amplitude, frequency, and phase, respectively, of the driving force. We set
wog = 1, « = 0, and vary I". As I varies, we observe periodic and chaotic attractors. The initial

condition used is a hyperbolic secant profile

Y (x,0) = 3sech(3z).
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Figure 5.10 shows the amplitude of the numerical solutions and their imaginary versus real parts at
x = 0 for all times. Figure 5.10a shows a periodic attractor and Figure 5.10b shows a temporally
chaotic state. For a temporally chaotic state, the peak of the solutions jumps back and forth between
two different spatial locations. Numerical solutions with a small amplitude at x = 0 correspond to
points near the origin and those with a large amplitude at x = 0 correspond to points far from the
origin in imaginary versus real parts subplots of the figure. For the parameter values chosen, all
the numerical methods are in agreement as they settle down to the same attractor after the transient

phase is over.
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At =0.001, Az =0.1,v =0.001,T" =0.05

100 1.5708

(a) Periodic attractor

At =0.001, Az =0.1, =0.001,T" =0.14

Im{w(0,)}

7 15708

100 1.5708

(b) Chaotic attractor

Figure 5.10: Periodic and chaotic attractors of damped driven NLS along with imaginary versus
real parts of numerical solution at all times and z = 0.
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CHAPTER 6: CONCLUSIONS AND FUTURE WORK

This thesis presents and develops a class of exponential Runge-Kutta and partitioned exponential
Runge-Kutta methods. The methods are useful for differential equations with solutions that satisfy
properties of the form Z(t) = e~®®Z(0). In many cases of interest Z is linear, quadratic, or a
symplectic two-form. Because the methods produce solutions that satisfy Z(t, ) = e”®®Z(t,)
(under certain restrictions on the coefficient functions), they preserve the properties in a way that
is stronger than other methods that simply guarantee Z(¢,,11) < Z(t,) when z(h) > 0. Our focus
is on integrating factor methods and exponential time differencing methods, but the theorems on
structure-preservation may also apply to other types of exponential integrators. The strengths
of the methods are illustrated for various integrators applied to several model problems through

numerical experiments.

We have also developed structure-preserving integrators that preserve conservation laws of the

form

5tP + 81,@ = —aP

of a PDE. These methods were applied to PDEs and they were shown to satisfy additional structure
in some special cases. When these methods were compared against other non-structure-preserving
methods, the strengths and advantages of structure-preservation were demonstrated. In summary,
our research on structure-preserving numerical methods extends the existing body of knowledge
and provides improvement and deeper understanding of geometric integrators for linearly damped

DEs.

In keeping this thesis taut and focused, we had to put off several interesting perspectives and new
questions have also emerged out of the study. The methods developed here are interesting for con-

servative systems that are perturbed with linear, possibly time-dependent, non-conservative terms,
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and many aspects of the methods are well-understood, thanks to a wealth of prior research on
exponential integrators. Nevertheless, there are several avenues for future research on this topic,
including order conditions for PERK methods, backward error analysis, extension and applica-
tion to partial differential equations, and development of methods that preserve other important

properties of mechanical systems that are perturbed by non-conservative terms.

Often times, a DE has several qualitative properties and a geometric integrator is considered better
than other geometric integrators if the former preserves more qualitative properties of the DE than
the latter. Damped PDEs often have conformal invariants such as momentum, mass, and energy.
It is a natural extension of this thesis to develop such integrators for damped PDEs that have not

been considered here.

Order of accuracy of Runge-Kutta (RK) methods can be obtained by examining whether their coef-
ficients satisfy certain conditions, referred to as the order conditions. To the contrary, exponential
Runge-Kutta methods lack such order conditions except in some specific cases. One way to get
around this is to obtain ERK methods in such a way that their order is obvious by design. Generat-
ing functions are used to design symplectic RK methods of a specified order. Generating functions
approach may also reveal important insights about developing structure-preserving ERK methods

of a specified order.

Geometric integrators for some one-dimensional PDEs can be easily generalized to their higher
dimensional versions whereas others require fundamentally different approach. Preservation of
properties such as volume and measure, of Hamiltonian systems, by numerical methods have been
shown to be advantageous in the literature. However, more research needs to be done to develop

methods which preserve these properties or their dissipation for non-Hamiltonian systems.

100



APPENDIX A: DIFFERENTIAL FORMS AND THE WEDGE PRODUCT
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Damped DEs that we consider in this thesis can be cast as a conformal Hamiltonian ODE, a multi-
conformal-symplectic PDE, or a perturbation of these two DEs. Specific forms of these DEs
guarantee differential form(s) that satisfy a damped linear ordinary or partial differential equation.
With this in mind, we introduce the concept of differential forms here. A differential or differential

1-form df of a function f : R™ — R is defined to be
df = fodr + fopdzo + .. + fondom
where z € R™ and subscripts denote partial derivatives. This is written in a more compact form as
df = [ - dz,

where dz = [dz; dzg ... dz,]" is a vector of m differentials and f, is a column vector of

partial derivatives of f. A differential operates on a vector ¢ € R™ in the following manner

df(() = fz1dzl(C) + fzzd'z?(g) +.o+ fzmdzm(C)

Notice that this is simply the directional derivative of f in the direction of (. The wedge product

df A dg : R*™ — R of two differential forms df and dg is defined to be

df Adg(¢,n) = dg(¢)df (n) — df (¢)dg(n).

The left hand side of the above equation is referred to as a differential 2-form. The wedge product
converts a differential £-form into a k + 1-form in general. Differential forms are often denoted by

Greek letters w, k, T, etc.

The wedge product of two vector functions is defined in a similar manner. Let
da = [day day ... day)" anddb=[db; dby, ... db,]"

be two differential 1-forms. Then their wedge product gives a differential 2-form and is defined to
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be

da A db = Zdai A db;.

i=1
Given three differential 1-forms w, x, and 7, which are m-vectors in R™, one can check following

properties of the wedge product [28]

¢ (WHR)ANT=WATHLEAT

(WAR)AT=wA(KAT)

WAKR=—KAW
e WA (AK) = (ATw) A K
for any m x m matrix A. It follows from these properties that for a symmetric matrix A € R™*™
and a differential 1-form dz € R™, we have
Adz Ndz = 0.
Moreover, the converse is also true if A is a constant matrix:

Lemma A.1. If a vector z € R™ and a real matrix A € R™*"™ satisfy
AdzNdz =0,

then A is symmetric.
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Proof. Equation Adz A dz = 0 implies that

a1 a1 A1z ... A1m le le

a921 a92 a23 ... a2m dZQ dZQ

asy Q3o A33 ... QG3m dzs A dzs | = 0,
(Am1 m2 Qw3 - Q) _dzm_ _dzm_

algdZQ N le + a13d23 N le + -+ aldem N le
+a21d2’1 VAN de + CLdiZg N d22 + -+ CLdeZm VAN ng
+a31dz1 VAN ng + a32d22 A ng + -+ (ngdzm VAN ng

s Fagrdzy ANdzg 4 agadze Adzg 4+ -+ Qm—1AZm—1 N\ dzy, = 0.

This implies that

Z(ail — ali)(dzl A dZZ) + Z(&ig — agi)(dZQ A\ dZZ) —+ 4 (Clmm_l — am_lm)(dzm_l A\ dzm) = 0.
1=2 =3

But {dz; Adz;}1<icj<m forms a basis of vector space A\*(R™) of all differential 2-forms. Therefore

Q5 = Aj; for all Z,] ie. A= AT.

Let us recall that a numerical method with flow map ¢}, is conformal symplectic if
(4(2)) I (=) = e ey
by eq. (2.41). Therefore, a numerical method with flow map v, is symplectic if

(¥ (2) "I (Wi(2)) = I
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Taking the determinant of both sides we see that

det ((14(2))" I (¥4(2))) =det(I71),
det(¢(2)) =1,

because det(AB) = det(A)det(B) for any two matrices A and B.
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