S —'-— RS University of Central Florida
f t STARS

Electronic Theses and Dissertations, 2004-2019

2019

Spectral Properties of the Finite Hilbert Transform on Two
Adjacent Intervals Via the Method of Riemann-Hilbert Problem

Elliot Blackstone
University of Central Florida

6‘ Part of the Mathematics Commons
Find similar works at: https://stars.library.ucf.edu/etd
University of Central Florida Libraries http://library.ucf.edu

This Doctoral Dissertation (Open Access) is brought to you for free and open access by STARS. It has been accepted
for inclusion in Electronic Theses and Dissertations, 2004-2019 by an authorized administrator of STARS. For more

information, please contact STARS@ucf.edu.

STARS Citation

Blackstone, Elliot, "Spectral Properties of the Finite Hilbert Transform on Two Adjacent Intervals Via the
Method of Riemann-Hilbert Problem" (2019). Electronic Theses and Dissertations, 2004-2019. 6454.
https://stars.library.ucf.edu/etd/6454

.. + . * N + +

®.¢4+_".’ + N *’ * ) + *0 »‘
.+

Central e, AR ! STARS

Florida . ° + . + Showcase of Text, Archives, Research & Scholarship *


https://stars.library.ucf.edu/
https://stars.library.ucf.edu/
https://stars.library.ucf.edu/
https://stars.library.ucf.edu/etd
http://network.bepress.com/hgg/discipline/174?utm_source=stars.library.ucf.edu%2Fetd%2F6454&utm_medium=PDF&utm_campaign=PDFCoverPages
https://stars.library.ucf.edu/etd
http://library.ucf.edu/
mailto:STARS@ucf.edu
https://stars.library.ucf.edu/etd/6454?utm_source=stars.library.ucf.edu%2Fetd%2F6454&utm_medium=PDF&utm_campaign=PDFCoverPages
https://stars.library.ucf.edu/
https://stars.library.ucf.edu/

SPECTRAL PROPERTIES OF THE FINITE HILBERT TRANSFORM ON
TWO ADJACENT INTERVALS VIA THE METHOD OF RIEMANN-HILBERT
PROBLEM

ELLIOT BLACKSTONE
M.S. University of Central Florida, 2014
B.S. Penn State Erie, 2011

A disseration submitted in partial fulfilment of the requirements
for the degree of Doctor of Philosophy
in the Department of Mathematics
in the College of Sciences
at the University of Central Florida
Orlando, Florida

Summer Term
2019

Major Professors: Alexander Katsevich and Alexander Tovbis



(© 2019 Elliot Blackstone

i



ABSTRACT

In this dissertation, we study a self-adjoint integral operator K which is defined in
terms of finite Hilbert transforms on two adjacent intervals. These types of trans-
forms arise when one studies the interior problem of tomography. The operator K
possesses a so-called “integrable kernel” and it is known that the spectral properties
of K are intimately related to a 2 x 2 matrix function I'(z; A) which is the solution to
a particular Riemann-Hilbert problem (in the z plane). We express I'(z; A) explicitly
in terms of hypergeometric functions and find the small A\ asymptotics of T'(z; \).
This asymptotic analysis is necessary for the spectral analysis of the finite Hilbert
transform on multiple adjacent intervals. We show that I'(z; A) also has a jump in
the A plane which allows us to compute the jump of the resolvent of K. This jump
is an important step in showing that the finite Hilbert transforms has simple and
purely absolutely continuous spectrum. The well known spectral theory now allows
us to construct unitary operators which diagonalize the finite Hilbert transforms.
Lastly, we mention some future directions which include the many interval scenario

and a bispectral property of K.
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CHAPTER 1: BACKGROUND AND INTRODUCTION

One of the great advances of modern technology has been the use of various types
of CT (computed tomography) scanners for medical diagnostics. We briefly mention
how these machines operate and how they are related to this work. An in-depth
introduction of the mathematics involved in medical imaging can be found in [9]. In
Figure 1.1, the light-grey region represents the object to be scanned and L represents
a generic path on which an x-ray will travel. Field of view and region of interest are
abbreviated as FOV and ROI, respectively. The size of the FOV is determined by
the detector size: a larger detector leads to a larger FOV (denoted by the dashed
circle), see the left panel of Figure 1.1. A smaller detector leads to a smaller FOV,
which can be contained strictly inside the object (see the right panel of Figure 1.1).
We denote the function f as the attenuation coefficient of the object being scanned.
In the right panel of Figure 1.1, the intervals [ay, as] U [as, ag] =: I. and [as, a4] =: I;
are called exterior and interior intervals, respectively. The interval I, is outside the
FOV (hence the name exterior intervals) and f is assumed to be known on [;. CT
scanners operate in the following way: as the source/detector (see Figure 1.1 left
panel) rotates around the object, the data collected is line integrals of f. If the FOV
is large enough to contain the support of f, stable reconstruction of f is possible

(Figure 1.1, left panel). This is not the case in Figure 1.1, right panel.

Any time a patient gets a CT scan, they are exposed to radiation. Reducing the

patients exposure to radiation while maintaining image quality is obviously desirable.
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subregion
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Figure 1.1: Left panel - a 2D setup for CT. Right panel - the interior problem with
prior data. f is assumed to be known inside the “known subregion”.

If we are only interested in imaging a ROI in the object, the whole object must be
irradiated to produce an image using classical techniques. In order to reduce the
radiation dosage, we shrink the x-ray beam and, hence, the FOV to include only the
ROI, see right panel of Figure 1.1. Thus the goal is to recover f on the ROI from
knowing line integrals of f on all lines intersecting the ROI (incomplete tomographic
data). This is called the interior problem of tomography. A powerful tool when
investigating this interior problem is called the Gelfand-Graev formula, which relates
the tomographic data of an object with its one-dimensional Hilbert transform along
lines (see [11]). With the help of this formula, the interior problem of tomography
can be reduced to the problem of inverting the Hilbert transform from incomplete
data. As we can see in Figure 1.1 right panel, f is supported on [aq, ag] but the data

Hf, where H is the Hilbert transform, is only available on [as, as]. So the equation



to be solved is

i) =2 [ gy~ o), we far,a), (1.1)

T Ja Y —Z

where p(x) is the data. We want to recover f for x € |as,as] (where the data
is available). When inverting operators with truncated data, both stability and
uniqueness of this inversion is of concern. According to [15], unique recovery of f
is impossible because H has a non-trivial kernel. Thus if one wants to recover f,
some additional information is necessary. One way to guarantee unique recovery of
f from its Hilbert transform is to assume some prior knowledge of f, meaning f is
known on a subset of the ROI (see Figure 1.1, right panel). This is a reasonable
assumption to make because this is often the case in practice. For example, f = 0
inside the lung of a patient. There are also situations when there are several areas
where f is known (e.g. two lungs). The problem is to study the stability of inversion
for different configurations of I, I;. It should be mentioned that the study of the

interior problem of tomography with a known subregion began in [4].

In [3], the authors studied the interior problem of tomography in great detail and
also address the ill-posedness of inverting certain Hilbert transforms. The context
of [3] is nearly identical to this dissertation, so we wish to summarize their results
and compare the differences. Let g € N be fixed and choose real numbers a;, 1 =
1,2,...,2g9 + 2, so that a; < a;4; for 1 < i < 2¢g 4+ 1. Define the exterior intervals
(outside of FOV) I. = [a1, az] U [agg 1, azg42] and interior intervals (f is known on I;)

I; = [ag, a4) U las, ag| U - - - U [agg—1, agy]. See Figure 1.1, right panel for the scenario



when g = 2. The authors analyzed the SVD system

He_l[hn](y> = _wfry) /1 w(:)?g)_ wdw =2\ fn(y), y € I;

f”( )d = Wha(z), T €L,

T Iz'

Hilfol(2) = —

where w(z) = y/(agg+2 — x)(x — a1) and H_' is just notation. This SVD system is
important because the rate at which A\, — 0 as n — oo is related to the ill-posedness
of inverting H_!. They reformulate this SVD system as an eigenvalue problem for

an integral operator K : L*(I; U 1,) — L*(I; U I,) which has kernel

w'2(@)w 2 (2)xe(2)xi(@) + w (2w (@) xe (@) xi(2)
2mi(x — z)

K(z,z):= , (1.3)

where x., x; are indicator functions on I, I;, respectively. Kisa self-adjoint, Hilbert-
Schmidt operator and thus has a discrete set of eigenvalues that can accumulate only
to A = 0. Moreover, the eigenvalues of K coincide with the singular values of HL

The authors define the resolvent integral operator R by the formula

<[+ R) (I + %K) =1 (1.4)

and show that the kernel of R, using the method of A. Its et al. [14], is given by

—
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where

ixe(z) —i/w(x)y;(z
Fo= | Vo |, = [TV (1.6)

Vo) | o

and the 2 x 2 matrix I'(z; ) is the solution to a particular Riemann-Hilbert problem
(RHP), see RHP 2.2.1 for a specific case. The large n asymptotics of the eigenvalues
and eigenfunctions of K are found via Deift-Zhou steepest descent method. These

results are valid provided that the intervals I., I; are separated.

This dissertation studies the scenario when I, = [br, 0] and I; = [0, bg], where by, <
0 < bgr. This was previously investigated in [16] and it was shown that a particular
differential operator L (see (5.1)) corresponding to these two touching intervals has
only continuous spectrum. The authors were also able to construct two isometric
transformations Uy, U, such that UsH Uy is a multiplication operator with o(w),
w > (b2 +b%)/8. Here w is the spectral parameter of L and H;, is the finite Hilbert
transform (FHT) mapping L?([br, 0]) — L3([0,bg]). It was also shown that o(w) — 0
as w — oo exponentially fast which implies that the problem of finding f is severely
ill-posed. The leading order asymptotic behavior of the kernels of Uy,U; as w —
oo was found asymptotically. These kernels were obtained explicitly only in the

symmetric case where by, = —bg.

In this dissertation we construct Uy, U, explicitly in the non symmetric case, i.e. by, #
—bgr. We are able to express the kernel of H} H, in terms of the matrix I'(z; A), which
is the solution of RHP 2.2.1. The jump of the resolvent (in the spectral variable, \)

is computed explicitly, thus classical spectral theory (see [2], [19]) describes how to



construct Uy and Us. We also obtain the leading order asymptotics of I'(z; A) when
A — 0. The key idea is that this Riemann-Hilbert approach can be generalized to
the scenario where there are multiple intervals with touching endpoints. Even in this
general setting, the results from the two touching interval scenario are necessary, as
we show in section 7.2. It is not known how to generalize the approach of [16], which

relies on a commuting differential operator.

This dissertation is organized as follows: in chapter 2, we introduce a self-adjoint
integral operator K which acts on L2([b, br) and describe its relation to the FHTs
M., Hp. We then express the resolvent of K in terms of ['(z; ), a solution to a
particular RHP and express I'(z; A) explicitly in terms of hypergeometric functions.
Then, in chapter 3, we find the small A asymptotics of I'(z;A). In chapter 4 we
briefly summarize the spectral theorem for self-adjoint operators with simple spec-
trum then diagonalize H}H; and HipHgr. In chapter 5, we obtain the results of
[16] but explicitly, instead of asymptotically. Lastly, in chapter 6, we show that the
diagonalizations obtained in chapters 4 and 5 are equivalent. We conclude with some
future directions in chapter 7. The solution of RHP 2.2.1 is constructed in Appendix

A and some auxiliary results are stated in Appendix B and C.



CHAPTER 2: INTEGRAL OPERATOR K AND RHP

Let us begin by defining the finite Hilbert transforms Hy : L?([bz,0]) — L?*([0,bg])
and Hpg : L*([0,bg]) — L*([br,,0]) by

W) =2 [ L gyl = L IS 9W) g4, (2.1)

TSy, T—Y s Yy—x

Notice that the adjoint of H is —Hp.

2.1 Definition and Properties of K

We define the integral operator & : L2([by,, bg]) — L2(|by, bg]) by the requirements

A 1 1

K L2((b1,0) ZHL’ K|L2([o,bR]) - Z,HR- (2.2)

Explicitly,

KU = [ Ko@) do, where K (2, z) im XeEXRE) + Xr(2)xa(2)

by 2mi(x — z)

(2.3)

and Y, xg are indicator functions on [by, 0], [0, br|, respectively.

Proposition 2.1.1. The integral operator K : L2([by,bg]) — L*([br,,br]) is self-

adjoint and bounded, but not Hilbert-Schmidt.



Proof. The boundedness of K follows from the boundedness of the Hilbert transform
on L2(R). We can see that K is self-adjoint because K(z,2) = K(z, z). Lastly, the

operator is not Hilbert-Schmidt because

br br 1 br 0 d d
/ / |K(z,2)|* dov dz = —2/ / x—22 (2.4)
b Jbp 212 Jo b, (- 2)

is not finite. H

2.2 Resolvent of K and the Riemann-Hilbert Problem

The operator K falls within the class of “integrable kernels” (see [14]) and it is
known that its spectral properties are intimately related to a suitable Riemann-
Hilbert problem. In particular, the kernel of the resolvent integral operator R =

R(N) : L2([by, b)) — L2([by, bg)), defined by

(1+RQ»(1-%K):[, (2.5)

can be expressed through the solution I'(z; A) of the following RHP.

Riemann-Hilbert Problem 2.2.1. Find a 2 x 2 matriz-function I'(z;\), A €



C\ [~1/2,1/2], analytic for = € C\ [by,br| and satisfying

[(z:A) =D(z_; \) (1) ?] . z€by,0], (2.6)
e 2
D(0) = [0(1) O(log(z~by)], == b, (2.8)
[(2:A) = [0 (log(= ~ b)) O(V)], == br, (2.9)
L(2;A) €L*([br, br)), (2.10)
(M) =I+0(z""), z— o0 (2.11)

The endpoint behavior of I'(z; ) is described column-wise and the intervals (br,0)

and (0,bgr) are positively oriented.

Introduce function

a()) = %m (%) | (2.12)

where the standard branch of the logarithm is taken. All relevant properties of
a(X) are mentioned in Appendix B and we will often write a in place of a()) for

convenience. We are able to construct the solution of RHP 2.2.1 in terms of the



hypergeometric functions

, a,a+11]1 . a+1l,a+1|1
hoo — 0T —a ) - — K — _ ppami—a—1 F ’ -
(2.13)
zot1 —a—1,—-all ) a+1 , —a,—a |1
SOO(Z> = — i QFI( _oy ;) - SOO(Z) = _eaﬂiz 2F1< 9 ;),
(2.14)
where h, S5 are linearly independent solutions of the ODE
2(1 = 2)w"(z) + a(N)(a(N) + Dw(z) = 0. (2.15)

Recall that the standard Pauli matrices are

0 1 0 —2 1 0
01:[1 O]’ ngll_ 0], 03:[0 _1]. (2.16)

Theorem 2.2.2. For A € C\ [~1/2,1/2], the unique solution to RHP 2.2.1 is

. 1 ——bebr |
D(2:A) = 30 () (My (o0) [0 Z@Rb{)(aﬂ)] POLED Qe (217)
where My (z) = Z’;;;:Zi; and
— tan(am) 0 1 e . hoo (2)  $eo (2)
= . , , I'(2) = .
Q 0 42a+1€a7r2 F(“‘F?{{)?E}(iz)l/z)] [_eam 1 ] ( ) [hloo (Z) S,oo (Z)
(2.18)

10



Here a := a(\) which is defined in (2.12) and heo, Soo are defined in (2.13),(2.14).

Proof. The matrix I'(z; \) was constructed in Appendix A. We will show that this
solution is unique. Assume that I'y,T'y, I'y # 'y are two solutions of RHP 2.2.1.
Notice that any solution of RHP 2.2.1 has determinant 1, thus I'y, 'y are invertible.
It can now be verified that the matrix I';'T'; has no jump on [by, bg], no pole at
z = br,0,bg, is analytic in C and tends to identity when z — oo. By Liouville’s

Theorem, I';'T; = 1. O

Remark 2.2.3. For any A € C\ [-1/2,1/2], the function I'(z; A) has the symmetries

D(Z;\) =T(z; ), o3l(2;=N)og =T(2:\) (2.19)

which both follow from the observation that 3I'(z; —\)as and T'(Z; \) also solve RHP

2.2.1.

We now show the relation between K and I'(z; \).

Theorem 2.2.4. With the resolvent operator R defined by (2.5), let the kernel of}?

be denoted by R. Then,

) = BT EAE) we fy= [240] e = |
(2.20)

The matriz T'(z; \) is defined in (2.17) and functions xr, xr are indicator functions

on [br,0],[0,bg], respectively.

11



The proof is the same as in [3] (Lemma 3.16) so it will be omitted here. An important
ingredient of the proof is the observation that the jump of I'(z; A) can be compactly

written as

D(24: ) = D=1 ) (z - %ﬁ(Z)fi(Z)) (2.21)

for z € [by, bg|.

12



CHAPTER 3: SMALL A ASYMPTOTICS OF I'(z;)\)

In this section we only consider the symmetric scenario when bp = —b;, = 1. The
main result of this section is Theorem 3.3.14, which describes the small \ asymptotics
of I'(z; A) in various regions of the z—plane. This result follows from the application
of the so-called Deift-Zhou steepest descent method, pioneered by Deift and Zhou in
[6]. During this process, it will be necessary to find the small A asymptotics of I'(z; \)
when z is a small, but fixed, distance from the origin. We address this obstacle by
stating and proving a particular (linear) uniform steepest descent method and then

applying it to the hypergeometric functions that appear in I'(z; \).

3.1 A particular uniform steepest descent method

We can see in (2.17) that the hypergeometric functions that are present in I'(z; )

are evaluated at

2+1 thus for convenience we introduce

z+1
= . 3.1
= (3.1)

Recall the definition of h(n) (see (2.13)) and apply 15.3.1 of [1] to obtain

- a,a+11]1 ._F(2a+2)/1 t1—1)\*
hoo(n) := €™y % F — ) =g 0 dt. (3.2
w=emnan (G ) e [ (T50) @ e

13



See Appendix B for the definition and properties of the function a(\). For now we
only consider A > 0 and it will be seen towards the end of this subsection that the
results are similar when S\ < 0, see Remark 3.1.10. From Proposition B.0.1, we see

that Sfa] - —oo as A — 0 with S\ > 0. With that in mind, define function

S,(t) = S (t,n) = —iln (“1 - “) (3.3)

1—1%
n

where the branch cuts of S5, (t) in ¢ variable are chosen to be (—o00,0), (1,00), and

the ray from t =7 to t = oo with angle argn. Thus, we have

1 1 a(N) 1
/ (t(l —tt)> dt:/ e MaNISn(8) g =SlaN]ISh (1) gy (3.4)
0 ) 0

so we can find the small A asymptotics of this integral in a similar manner to the steep-

est descent method. Since we have four hypergeometric functions (see (2.13),(2.14)),

we consider a slightly more general integrand. Define sets

;:{n:ZH;MgngzM}, (3.5)
2z

1
Q= {77:22—; M <n<2M, Ogarg(n)gﬂ}, (3.6)

where M is a large, positive, fixed number that is to be determined, see Remark
3.1.11. Notice that the set of all z such that % €  is a small annulus about the

origin. The goal of this subsection is to prove the following theorem.

Theorem 3.1.1. Let € > 0 be small, fivzed and suppose F(t,n, \) satisfies the follow-

14



ing properties:

1. For every (n,A) € Qy x B(0,¢€), F(t,n, \) is analytic in t fort € B(1/2,1/2),

2. For everyt € B(1/2,1/2), F(t,n,\) is continuous in (n,\) for (n,\) € Q4 X

B(0,¢),
3. For every (n,\) € Qy x B(0,¢), F(t,n,\) = O (t°) ast — 0, where ¢y > —1,

4. For every (n,\) € Q4 x B(0,¢), F(t,n,\) = O((1—1)%) ast — 1, where

c > —1,

5. For every (n,\) € Q, x B(0,¢), |F(t*(n),n,\)| > 0.

Then as A — 0, provided that either S\ > 0 or SA <0,

1
/ F(t, n, \)e3Is0) gy
0

2T

_ o ~SEOISHE ) p (4 | |
£ .m2) \/ SISIE ) 10 (spap)] 67

where S, (t),a(X),$dy are defined in (3.3), (2.12), (3.6), respectively. This approxi-

mation is uniform for n € €.

The idea of the proof is as follows: we deform the contour of integration in (3.7) from
[0,1] to a path we call ,, which passes through a relevant saddle point of S, (t). We
then show that the leading order contribution in Theorem 3.1.1 comes from a small
neighborhood in the ¢ plane centered at this previously mentioned saddle point of

Sy(t) and the contribution outside of this neighborhood is of lower order.

15



3.1.1 Deformation of [0, 1] to ~,

We begin by locating the saddle points of S, (%).

Proposition 3.1.2. Forn € Q., the function S,(t) has ezactly two simple saddle

points t.(n) defined by S, (t1(n)) = 0. Explicitly,

tim)=n+vVn?—n=2n+0(1) asn— oo, (3.8)
* 1 —
t_(n):n—\/772—77:§+0(77 1) as n — oo, (3.9)

where the branch for t.(n) is [0,1]. Moreover,

B 2%
() (1=t (n)

Sy(ti(n) = =2iln (t(n)) and Sj(t"(n)) (3.10)

See (3.6), (3.3) for the definitions of 0., S, (t), respectively.

The proof is a simple exercise. For any n € {1, we want the path 7, to have the

property
R [S,(t) — S,(t=(n)] <0 (3.11)

for all ¢ € ~, with equality only when ¢ = ¢* (), so the understanding of the level

curve

R[Sy(t) — St ()] =0 (3.12)
is paramount.

Lemma 3.1.3. For each n € Q4 we have the following:
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1. There is exactly one curve ly emitted fromt = 0 so that R [S,(t) — S,(t* (n))] =
0 for all t € ly. Moreover, when |t| is sufficiently small, ly lies in the sector

|arg(t)] < /4.

2. There is exactly one curve ly emitted fromt =1 so that R [S,(t) — S,(t*(n))] =
0 for allt € l;. Moreover, when |1 —t| is sufficiently small, 1, lies in the sector

larg(l —t)| < /4.

3. There exists exactly one § = 0, € (0,7) such that R [S,(1/2 + 1/2e"n) — S, (t*(n))] =
0. Moreover, for M sufficiently large, 0., € (7/4,37/4).

4. There exists ezactly one 0 = 0, € (—,0) such that R [S,(1/2 4 1/2e*n) — S, (¢* (n))] =
0. Moreover, for M sufficiently large, 0,, € (=37 /4, —m/4).

See (3.6) for Qy, M and (3.3) for S,(t).

Figure 3.1 is a visualization of Lemma 3.1.3. The blue lines are the branch cuts of
S,(t), the red curves is the level set R [S,(¢) — S,(t*(n))] = 0 and the black dashed
circle has center and radius 1/2. The + denotes regions where R [ S, (¢) — S, (¢* (n))] >

0 and — denotes regions where R [S,(t) — S, (¢* (n))] < 0.

Proof. For brevity, define

The statements listed above are equivalent to
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Figure 3.1: A visualization of Lemma 3.1.3.

. For any r > 0 sufficiently small, a,,(re?) is increasing for —m < < 7 and

6y, , € (—m/4,7/4) such that o, (reonr) =0,
1, 7

. For any r > 0 sufficiently small, a, (1 — re') is increasing for —7 < 6 < 7 and

30, € (—n/4,7/4) such that a, (1 — re?nr) =0,
, n

. ay (3 + 12€?) is increasing for 0 < 6 < 7 and 36, € (7/4,37/4) such that

0 (4 + ) =0

. ay (3 + 2¢?) is increasing for —7 < 6 < 0 and 3, € (—37/4, —7/4) such

that ay (3 + 3¢%7) = 0.
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The proofs of each of the four claims above are similar so we prove the first.

ay(re”) = arg(re’) + arg(1 — re) — arg(n — re’) + arg(n) — 2arg (t* (1)) (3.14)

0+ tan~! rsind tan-1 rsinf — Iy
= an ——— | —tan _—
rcosf — 1 rcosf — Rn

+arg(n) — 2arg (t*(n))  (mod m) (3.15)

Differentiating with respect to 8, we have

d fay(re?)] = 1+ r?2 —rcosf B r? —r(R(n) cos O + %(n) sin 6) o

df (rcosf —1)2+1r2sin®6  (rcos® — Rn)? + (rsinf — In)?
(3.16)

as r — 0. So with r small enough, d% [an(reie)} > ( for any # and for any n € Q.

Take M sufficiently large so that

larg (t*(n)) | < 7/8 (3.17)

for all n € Q. Thus when r is sufficiently small,

. 9 i /4
o, (re™*) = T 4 tan~! ( r/V2 ) — arg (1 - ) —2arg (t2(n)) >0
n

4 r/v2—1

and similarly it can be shown that an(re_”/ 1) < 0. Intermediate Value Theorem

can now be applied to show 310y, , € (—7/4,7/4) such that o, (rei®n) = 0.
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Figure 3.2: The path ~, (black).

O

Remark 3.1.4. According to Lemma 3.1.3, for every n € 2, theset t € B(1/2,1/2)

is split into 4 sectors by the level curve R [S,(t) — S,(t*(n))] = 0, see Figure 3.1.

We have now proven that we can deform [0, 1] to an ‘appropriate’ path =,, as de-

scribed in the following Theorem.

Theorem 3.1.5. For each n € Q, the path [0,1] can be continuously deformed to a
path vy, which begins at t =0 (with arg(t) < —m /4 for small |t|), passes through t =
t*(n), ends att =1 (with arg(t —1) > 3w /4 for small |t —1]|), and v, C B(1/2,1/2).
Moreover, R [Sn(t) — Syt (77))} <0 for all t € 7, with equality only when t = t*(n).
See (3.6), (3.3) for Q.. S,(t), respectively.

The new path of integration, ,, is the black curve in Figure 3.2.
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3.1.2 FEstimates

Here we will split +, into 3 pieces (see Figure 3.3) and show that the leading order

contribution in Theorem 3.1.1 comes from the piece containing ¢* (). Define radius

T = T) = max
nefly

% _ t*_(n)‘ (3.19)

so we have that t* () € B(1/2,r) for all n € Q, where ), is defined in (3.6). Also

define function

vg(t) == v (t7) = /S, (t.(1)) — Sy(1) (3.20)

where 5, (t) was defined in (3.3) and the square root is defined so that

* 1 * 3 *
vy(t) = (t =t (n)) \/—ésg(t_(n)) +O0(t—t(n) ast—t"(n). (3.21)
The function v, (t) will be an essential change of variables in the integral (3.7) so we

mention its important properties.

Lemma 3.1.6. The function v,(t), defined in (3.20), has the following properties:

1. For everyn € Qy, vl (t*(n)) = /—552(t* (n)) and 2 < |SV(t* (n))| < 32, (here

" denotes differentiation with respect to t)
2. For every n € Q4 v,(t) is biholomorphic for t € B(1/2,2r),

3. For every n € Q4 and any t1,t2 € B(1/2,2r), v,(t) satisfies the bi-Lipschitz
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condition
\tl — tof < up(ty) —vy(t2)] < 5 |t1 — tof, (3.22)
4. Let I,, be the image of B(1/2,2r) under the map v,(t). Then there exists a
9« > 0 such that B(0,J,) ﬂ[

UISIOES

See (3.6), (3.3), (3.19) for Q. S,(t),r, respectively.
Both the statement and proof of item 4 are based on Lemma 2.2 in [17].

Proof. 1. The evaluation of v;(t) when ¢t = t* () is a simple calculation. From

Proposition 3.1.2 we have that

21
S"(t* (1)) = 3.23)
)= ) (
and
32 > 2 > 2 (3.24)
)@ —tz(n)| '
because M can be made sufficiently large so that
1/4<|tr(n)| <1 and 1/4<|1—-t"(n)| <1 (3.25)
for all n € Q.
2. For any fixed n € Q4, the number min {[¢* (n)|,[t* () — 1|} is the distance
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from ¢ = t* (n) to the nearest singularity of v,(t). Define d as

1
d:=dy = 5 min min {[t* (n)|, [t" () — 1]} . (3.26)

neQ 4

Notice that dyy — 1/4 as M — oo. Thus, v,(t) is analytic in B(1/2,d) for all

n € 2, and we can write

icn (t—t(n)", (3.27)

n=1

where

1 N
= S—— * <— 1 = =
ai(n) 59 (M), lea(n)] < -0 with N := Ny ggfteag&%dmlvn(t)|,

(3.28)
by use of Cauchy’s estimate. Notice that N, tends to a finite, non-zero con-

stant as M — oo. Choose M sufficiently large so that

< — —A =] . .
™S = (1 SN T dM) (3.29)

Notice that this implies that ry; < %L, Now to show that v,(t) is one-to-one
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in B(1/2,2r), let t1,t2 € B(1/2,2r).

wltn) — (t)| | cal) [0 = . 0)" — (12— #2)"]
tl - t2 tl - Z52
el + 3 enln) S0 — £ ()it — £ ()
> ()] |3 D enln)ty — £ )P (12 — ()
>1-— Z y %(37")"1
N > 3r\"
:1—5 —1+Zln(g) ]
N d?
] {<d—3r>2 ‘1}
1
>
- 2

where in the last inequality we have used (3.29). So we have shown that v, ()

is one-to-one and v, (t) # 0 (since |v; ()| > 1/2 ) for t € B(1/2,2r).

. We have immediately from part 2 that 2 [t; — to| < |v,(t1) — v,(t2)|. We can

show |vy(t1) — v, (t2)] < 2|t — to] in a similar fashion to part 2.

. Lastly, notice that 0 € m I, since t* (n) € B(1/2,2r) for every n € 24 and
nefdy
vy (t*(n)) = 0. We show that 0 is an interior point of ﬂ I, so via contra-

neQy
diction, assume 0 is not an interior point. Then we can find a sequence {w,}

such that w, ¢ ﬂ I, and w, — 0. Also we can find a sequence {n,} so

nefly
that w,, ¢ I,,,. Let @, be the point on the line connecting 0 and w,, so that
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w, € 0I,,. Since w, — 0, w, — 0 as well. Since w, € 0I,,, there exists

t, € 0B(1/2,2r) so that v, (t,) = w,. For any n € N,

|| = [0y, (tn) = vy, (2 (70)))] (3.30)
> % |t — (1)) (3.31)
zé(tn—%‘— t*(nn)—%D (3.32)
> l(gr —r) = r (3.33)

which contradicts our observation that w, — 0, thus 0 is an interior point.

Therefore, there exists a 6, > 0 so that B(0,0.) C [, cq, In-

Let 6 > 0 be fixed so that §, > ¢ and define

() = vy (<0), th(n) = v, (6). (3.34)

With the previous Lemma in mind, we now write vy, = v, + Yoy + Vry, Where y¢,
is the image of [—¢, §] under the map v;l, YL, is the portion of v beginning at ¢t = 0
and ending at t = ¢} (n), and 7., is the portion of v beginning at ¢t = ¢},(n) and

ending at t = 1. The curves vz, ,, Yoy, YR,y are pictured in Figure 3.3.

Remark 3.1.7. Notice that

16— 0] >0 (3.35)

Nejih )

£ (n) = tx(n)| = |v,1(0) — v, (8)] >
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Figure 3.3: v, = vy +Ycn + YR

for all n € Q, by use of (3.22). An identical statement holds for ¢} (n).

Lemma 3.1.8. Assume F(t,n, \) satisfies the hypothesis of Theorem 3.1.1. Then

as A — 0, provided S\ > 0,

/ F(t, n, \)e=3Is0) gy
YC,n

_ SISy () (4 o 1
F =t m2) \/ STaOISI(E () [1 0 (—g[aw])] . (3:30)

where a(X), S, (t) are defined in (2.12), (3.3), respectively. This approzimation is

uniform forn € Q.

Proof. Recall that ¢, is the image of [0, §] under the map v, ', where v, is defined
in (3.20). In other words, y¢, is the path of steepest descent for S, (t) — .S, (t* (n))

and thus [5,(t) — S,(t* (n))] = 0 and R[S, (t) — S,(t* (n))] < 0 on ¢, with equality
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only when t = ¢* (). Using change of variables

(t) = /S, (1= (n)) = S, (1), (3.37)

we see that the new bounds of integration are

Vli=ts () = Up(tL (M) = =0, Vli=tr,() = vy(tr(n)) =9 (3.38)

and

dt — _2,077 (t)

dv =: f,(v)dv. (3.39)

So we have

/ F(t, m, \)e=30aS0) gy — (=SlalSye2) / Pt n, Ne=2lS0-Si g (3 40)
YC,n Yc

iy

0
= ¢ SlalSn (1) / e%[a]v2F(t(U), n,A) [fy(v) + fy(=v)] dv
0

(3.41)

because ¢ is an even function of v. Since v,(t) is biholomorphic in B(1/2,2r) for
every n € Qy, both f,(v) = % and F(t(v),n, ) are analytic for v € B(0,6%) by

Lemma 3.1.6. So we have

F(t(v),1,A) [fo(0) + fo(— §j@nm —: bo(n, A) + v’ Ry(v,m, ) (3.42)
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where

boli1, A) = 2F(t" (1), 1, A), /ﬁ (3.43)

_1 E(t(w),n,A) [fy(w) + fo(=w)]
ban(n,A) = 5 /w_é v dw (3.44)
for n > 1, where ¢ < d,. Define
K =max max [F(t(v),n,\)f,(v)] (3.45)

7’]69+ UG@B(O,(L)

and notice that K is finite since both F, f are analytic in B(1/2,2r) and the preimage
of B(0,d*) is a subset of B(1/2,2r) for all (n, \) € 2, x B(0, ¢). By Cauchy’s estimate

we now have

2K
[B2n (1 V)] < S50 (3.46)

*

and also for v € [0, ¢],

|R2<Uun7 A)| -

2K & 2n—1) 2K
( 0 > = R. (3.47)

— <
5 = 52— 52

D bou(n, M| <
n=1

* n=1

Returning to (3.41), using a second change of variable —7 = J[a]v?, we have

5
e-s[a}s,,(t*)/ Sl Pt(v),n, \) [fn(v) + fr(—v)] dv (3.48)
0
5
_ esmsn(t*)/ Slalv? [bo(n, \) + v*Ra(v,m, )] dv (3.49)
0
o—SlalSy(tx)  p—Slals® bo(n,\) /T -7
= 677‘ ’ - R t ~r_1 | > 7A dT 350
2y/—Sa] Jo [ VT Sla] 2<( %[a]) ! )1 20
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Using the definition and asymptotics of the Incomplete Gamma function (see [7]

8.2.2, 8.2.11), we have

/0%[%2 eV Ny = D(1/2)=T(1/2,=9[a)6) = v7+0 (V=S[ale*") (3.51)

and
—G[a]s?
PR, (1 (o ) oA ) d 52
[ e (e(ya) ) o (3:52)
—S{a)8?
<R / e T dr (3.53)
0
—R-T(3/2) + O ((—s[a])?’/? eg[alﬁ) (3.54)

with the error term being uniform with respect to n, A\. Now we have

~Sa] Sy (1) 1

{bo(n, MV + 0 (@)} . (3.55)

(&

2y/—S[a]

/ F(t, n, \)e=leMIS)0) gy
Yc

iy

which is equivalent to the statement of the Lemma since by (7, A) is uniformly bounded

away from 0, due to the assumptions on F'(t* (n),n, \).

Next we show that the contribution away from the saddle point is negligible.

Lemma 3.1.9. Assume F(t,n, \) satisfies the hypothesis of Theorem 3.1.1. Then,
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as A\ — 0 with S\ > 0, we have the bound

/ F(t,n, \)e=3ISi0) gy| < o=SeMIRIS 6 ()] . (=Sae-fe, - (3.56)
YL+R,n

where S, (t) is defined in (3.3) and constants c., Kp+r are n, A independent, finite,

and ¢, < 0.

Proof. The constant c, is defined as

¢, =max max R[S,(t) — S, (n))]. (3.57)

n€EQ+ LEYL+Rn h

For any fixed n € Qy, max R[S,(t) — S,(t"(n))] <0 because this was how the

teYL+R,n
path vr4r, was constructed. Since €2 is a compact set, ¢, < 0. Now to prove the

inequality,
/ F(t,n, \)eSaWis® gt (3.58)
YL+R,n
< = SIR[S (¢ ()] / |F(t,m, )| e~ SeOIR[S10=Snt ()] g4 (3.59)
YL+R,n
< Q%[a(k)]%[sn(t*(n))}e%[a(k)]r:*/ |F(t,n, \)| dt (3.60)
YL+R,n
< e SRS, ], o=SleWle- g | o (3.61)
where
K. g :=max max / |F(t,n,\)| dt. (3.62)
€L AeB(0,¢) VLt Rom

This constant is finite since for every (n,\) € Q, x B(0,¢€), F(t,n, \) is analytic for
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t € B(1/2,1/2), has L' behavior at endpoints ¢ = 0,1, and v, r, has finite arc

length.

The combination of Lemmas 3.1.8 and 3.1.9 proves Theorem 3.1.1 provided that A

is in the upper half plane.

Remark 3.1.10. When A — 0 in the lower half plane, the key difference is that
Fla(N)] — oo (see Proposition B.0.1). With that in mind, rewrite the integrand of
(3.7) as

F(t,n, e Sle0Isn® — (g . 3)eSle@=sn(0)] (3.63)

We can replace S with —S and carry out the same analysis as before. The only
difference will be that the regions in the ¢ plane where R[S, (¢) — S5, (t*(n))] < 0 and
R[S, (t) — S,(t*(n))] > 0 will swap, so we deform [0,1] to a different contour, see
Figure 3.4. All previous ideas from this section can now be applied using the new

contour .

Remark 3.1.11. Throughout this subsection we have placed a number of restrictions
on the constant M, which is used to describe the region €, , see (3.5), (3.6). We

fix M < oo so that (3.17), (3.25), (3.29), and Lemma 3.1.3 are satisfied.
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Figure 3.4: Path of integration when A is in the lower half plane.

3.2 Small \ asymptotics of I'(z;\) for z € Q

Using our steepest descent method (Theorem 3.1.1), we can now calculate the leading
order asymptotics of I'(z; A). We will calculate the leading order behavior of each
factor of I'(z; \) (see (2.17)) and state the small A leading order behavior of I'(z; \)

for Z2 € Q, see (3.5) for Q. Define sets

~ z+1
Q= {z. 5 GQ}, (3.64)
~ z+1

where Q, Q. are defined in (3.5), (3.6). Notice that Q is a small annulus about the
origin. We begin with applying Theorem 3.1.1 to the hypergeometric functions which

are present in I'(z; ). We will frequently use the change of variables

x=—In\ (3.66)
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Corollary 3.2.1. As A\ =¢e¢* — 0, provided that either S\ > 0 or I\ <0,

2\1/4
he (z—i— 1) :i4a\/22(1 — 22V ()

i (1+0 (), (3.67)

V2z(1 — 22)1/4€$%g(z)i% F2z

o | =) = i P (1+0 (1)), (3.68)
(1+0 (1)), (3.69)

V32z 2z
2\1/4
L1 VI—22(1—27) / o792 F% 2z (1 +0 (%—1)> ’
\/22 22 2'71'\/1—22
(3.70)

=14

2\1/4
. (z—l—l) :i4,a1+\/1—zz (1—22)Y ()3

where a = a(\), see (2.12), sgn(Ss) = F1 and each approximation is uniform for
2 € Q. The functions heo, b, and s, s\, are defined in (2.13),(2.14), respectively.

See (3.65), (3.106) for Q. g(z), respectively. The functions /1 — 22 and (1 — 22)1/4

have a branch cuts on [—1,1] and (—o0, 1), respectively.

Proof. The result is a consequence of Theorem 3.1.1 with particular selections of the
function F'(t,n,A) and the following calculations. Using the integral representation

of hypergeometric functions in [1] 15.3.1, we see that

) = ari (505 | ) 3.11)
- e““n‘“?iajjg /0 1 (tl(l__t /Z)Gdt (3.72)

1/4 —1-2a()\)
B () () o)
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where we have used Theorem 3.1.1 with F(t,n,\) = e®eISi®)  Taking n = %:1,

we have
() ) () (1) o)
\ 2z I'(a+1)2 a\l+z z+1 1+ % a)l|
(3.74)
We calculate that
. ~2a ,
(224—21) (1 + 1 ;i) = exp {—am’g(z) - %] (3.75)
- 5 f%f—w—w (1+0(N) (376)

as A — 0 with S\ > 0 and z € Q. , where we have used Proposition B.0.1 and g(z)

is defined in (3.106). From [7] 5.5.5 and 5.11.13, we have

e e men =R (e0() e

Combining the previous two equations gives the result for h., (Z;; 1) when SA > 0.

The approximation when A < 0 can be found in an similar manner. Now for

Rl (n) (see (2.13) for definition), we use [1] 15.3.1 to obtain the following integral

representation.
cal'(2a+2) [ 1 t1—1)\"
h! = —em dt 3.78
() =~ n*+(a + 1)2/0 1—t/n <1 —t/n (3.78)
= —2qe" ™40yt (1 — —) (1 +4/1— —) {1 +0 (—)}
n 1 a

(3.79)
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We have used Theorem 3.1.1 with F'(t,n, \) = IO Notice that heo(1) ‘a_>_a_1 = 55(7).

1-t/n

The functions s« (n), s..(n), as written, only have the integral representation [1]
15.3.1 for —1/2 < R[a(N)] < 0. To remedy this, use [7] 15.5.19 with z — 1/n,

a— —a,b— —a—1, and ¢ = —2a to obtain

a(a —1) 1 —a+2,—a+1]|1
—— J(1-=),R -
n i —2a + 2 i

1 a+1,-all
+2a(2a—1)<1——)2F1< etL—a —)
77

i —2a+1
—a,—a—1|1
= 2&(2& - 1)2F1 —9% 5 . (380)

Now with z = 1/, a - —a+ 1, b - —a, and ¢ — —2a + 1, we have

ala — 2) 1 —a+3,—a+2|1
S U R I 2 z
n n —2a+ 3 n

+2(1 - a) (1—2a+@) QFl(_““’_aH‘l)

—2a + 2 i
—a+1,—a
—2a+1

1). (3.81)

Ui

= 2(1 — CL)(l — 2@)2F1(

Combining the two previous equations, we see that

—a,—a—11|1 a(a — 2) 1\’ —a+3,—a+2]1
2 F1 9 — | = 1—=) of1 -
—2a n 2n(a —1)(2a — 1) n —2a+3 n

+a<1—1) [2(2a—1)+M} 2Fl(_““’_“+1 '1)

i i —2a + 2 i
(3.82)

The perk of this equation is that the right hand side has an integral representation for
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—1/2 < R[a] < 1/2. Thus we can apply Theorem 3.1.1 twice and obtain the leading

order asymptotics. So we have shown

1

. —a—1,—a
Soo(1) = —ea”’n““zFl( _og 5) (3.83)

1+2a 1/4
1 ) 1 1 1

_ L amigagen (1 1o _) (1 _ _) [1 L0 <_)}  (384)
2 n n a

A similar process can be repeated for s/_(n) and we obtain

a+1 1

() gl o A 3.85
A e (3.85)

o 1\ /4 T LH2e) ]
=—2(a+1)e ™4 n* (1 —— 14+4/1—— 1+0(-)|.

n U a

(

3.86)

O
We have an immediate Corollary.
Corollary 3.2.2. As A\ =e * — 0, provided that either S\ > 0 or SA <0,
03
. 1 10 V2 1 0
P (Z + ) — (1 — 22)a/4 (I +ioy) | — Y22 X
2z 0 +2= 1++v1—22 0 5
X (I+0 (37")) 42972395 5on[Fse] = F1 (3.87)

which is uniform for z € Q.. See (3.65), (2.18), (3.106) for QT g, respectively.

It remains to find the small A\ leading order asymptotics of the remaining factors of
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['(z;A), see (2.17). This is a tedious, but straightforward exercise.

Lemma 3.2.3. We are able to evaluate I (3) (see (2.18) for definition of T') explicitly

in terms of Gamma functions as

5 oy y—aos [ 4(375)0(-1-0) (1-)r(-a)
G o T+ hatl)  —T(3+1)0(a+d) |7 (3.88)
P(z+1)0a) r(&+1)r(+2)

where a(X) is defined in (2.12). Moreover, as A = e * — 0, provided that either
SA>0 or SA <0,

s (1 2 _x 10 1
-t (—) = \/:6:':2034_(103 (I+0(Y)) ¢ (I +io9) ., segn[Sx| = FL.
2 i 0 1 0 +2
(3.89)
Proof. Recall, from (2.13), that
z+1 2+ 1\ a,a+1] 2z
he _ o A . 3.90
(Qz) ‘ ( 22) 21(2a+2 z—i—l) (3.90)

Using [1] 15.3.15 then 15.1.20,

a,a+1 a 5,5 +1 i Vvl (a+ 32
(52 ) -erna(1 )i

where we have taken (—1)~%2 = e~%"/2, Repeating this process for h._, 5o, 5., we

obtain our explicit result. The asymptotics directly follow from the use of Stirling’s

formula and Proposition B.0.1.
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Recall from (2.17) that Q(\) is defined as

Q(\) = D(I +ie"™ay), (3.92)
where
— tan(am) 0
b= 0 42a+1ea7riw (393)
I'(a)l'(a+2)

Lemma 3.2.4. As A\ = e * — 0 provided that either S\ > 0 or S\ <0,

BE= 0
0 42a+16i%

(I+0 ("), sgn[Ssx =F1. (3.94)

Proof. Asymptotics of ratios of Gamma functions can be found in [7] 5.11.13. This

fact combined Proposition B.0.1 gives the result. [

We are ready to put the pieces from this section together and obtain the asymptotics

of I'(z;\) as A — 0 for z € Q. Define the matrix

1 T+z2+vV22—1 —i—z+vV22-1
2/2(2 =)WV i V2T itz VR

_ (I + %(ag - 7;02)) (Z:; 1)01/4 (3.96)

which is a solution to the so-called model RHP (see RHP 3.3.4 and take z = y = i/2).

®(z2) = (3.95)
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Lemma 3.2.5. As A\ =e * — 0, provided that either S\ > 0 or S\ <0,

B » N
prr (1) [1 QZ(alﬂ)] i (Z ; 1) gy _ | TEUTTOG), SA20
2 2
b ) 03®(2)o3 (I +0 (371)), IA<0
(3.97)

which is uniform for z € Q. See (3.65), (3.26), (2.18), (3.95), (3.106) for definitions

of Q.. D, L, o, g(z), respectively.

Proof. First take SA > 0; we begin with a few observations and preparatory calcu-

lations:
o3
1 1—+/1— 22
V22 o] _ vafi-vi-z 0 _ V2 [[_Ugm ,
14++v1—22 0 2] 292 0 141 =22 232

—1

(1—z2)1/4

1
I +io
( 2) [() —1z

(3.99)

Recall that the radicals were defined so that v/1 — 22 = iy/22 — 1 and (1 — 2)¥/* =

. IR
Vi(z2=1)!/4. Now, taking the leading order term of D~'I'""! (1) [O 2“2(‘1“)] I'(52) e97s D
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from Lemmas and Corollaries 3.2.4, 3.2.3, 3.2.2, we have

\/TZ(I+1‘J2) [(1) _,1] (1 —22)03/4(]+i02) ( V22 ) [1 0]

iz Tvise) o
(22 — 1)1/
T 982 [(I —01)+iz(o3 —iog) + V1 — 22 (03 +i02)] ) [[ _ 0.3\/1_722}
(22— 1)~/

=T 982 [(1_01) — V1 =22 (03 4+ i09)iz (03 —i0y) —izV1 — 22 (I + 01)
+ V=22 (0 i) = (1= 22) (I = )]

= S [l o + 2 (= o)+ VE T U 4 0

. R
When S\ < 0, observe that the leading order term of D=1t (%) [() 22(‘1“)] r (%:1) e*973 D

1S now

Va2ioo 1 -1 R v2e  \7[r o]
US.T(I+202) [O —iz] (1—22)73/4(I +i0y) (ﬁ) [O 31 o3 (3.100)

and thus we have the leading order term. Now adding in the lower order terms, we

obtain the result with careful calculation.
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Define matrix

(i) D(2), for x| <0, (3101)

01P(z)oy, for S[s] > 0.

where ®(z) was defined in (3.95). The matrix o1®(z)o; is also a solution to RHP
3.3.4, take x = y = —i/2. Now we are ready to prove one of the main results of this

chapter.

Theorem 3.2.6. We have the following approximation

(

U(z:30) (I 40 (1)) e 00, 2 €O\ Lip,
1 0 N N
U(z;55¢) (I 4+ 0O (571)) e @ e QnLl ),
[(z; ) = Liex(29(2)-1) q
1 Fie *CR9(@)+1) ~
U(z;5¢) [+ 0O (571)) e )7 2 e QN L’S%i),
0 1

\ L

as A = e~ — 0, provided that either S\ > 0 or S\ < 0, which is uniform for z € Q.
See (3.64), (3.101), (3.106), (2.17) for Q, W, g, T, respectively and Figure 3.5 for the

sets E(Li) and E%t).
Proof. First assume SA > 0 and z € Q.. The following calculation

e—}«tgo’gQ — e~¥993 ) ([ + Z-eam‘O_Z) 79937995 — ) (6—2%903 + Z'eaﬂ'iaz) e*93 (3'102)
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and use of Lemma 3.2.5 gives us

-1
92 - ami —1p-1 1 2z(a+1) | T - 1 xgo:
= ([ DT r 973D
D (I —ie"0y) (c0) [ | e X

% (0262%903 4 ieaml>e—%g03

= T e +022 (I —ie"™0y)®(2) (I +0 (%_1)) (0262”903 + e [ )e 93
e aT
_ (I)<Z) -1 ;a7 -1 2xgo3 - ami —x%go3
= l—l——2(@ (2)02®(2) — ie"™I) (I + O (7)) (02e +ie"™I)e
6 aT?
_ ®<Z) —1 -1 _ s,ami 2:go3 - ami —xgos
= 15 o (I+0 (")) (27 (2)02®(2) — ie"™I)(02e +ie"™I)e
e aT?
-1 ia? 2xgo —xgo
=®(2) (I +0(37")) (I — ==€97)e 797
eaﬂ"b
B 1 je—#(20+1) o
=®(2) (I+0 (1)) o2 . e 9%, (3.103)

as desired. Now take S\ < 0 and proceed similar to above. We use the calculation

e993Q) = ™7 D(I + ieam@)e_”g"i”e”g“?’ = D(I + z'eame2”g”302)e”g”3 (3.104)
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and Lemma 3.2.5 to obtain

—1

02 - ami —1p-1 1 2z(a+1) | T — g0,
= (] o9) DT o0 r 993 x
14 62‘””( ies) (00) [0 1 (2)e

% D(Ug + Z-eam,eZ%gUg )6—%903

= T (1 — T 02)030(2)os (I 10 (571)) (o + e e 0770

=i01P(2) (1 + ™D (2)02®(2))o3 (1 + O (371)) (02 + i€ e¥978)e 7978

=i01P(z) (I +0 (371)) (I + ™0 (2)02®(2))03(02 + 1€ 7978 e~ 7978
) (

=i01P(z) (1 + O (37")) (—ioy + ie" ™ o5e>978)e~*973
. 1 je o
_ — —x%go3
=01®(2)o1 (140 (7)) a1 | e 9%, (3.105)

The results for 3z > 0 are immediate via use of the symmetry I'(z; A) = ['(z; \).

Recall that ®(Z) = 01®(2)0; from Remark 3.3.6, g(2) = g(2) and s()\) = s(\).

O
3.3 Deift-Zhou steepest descent method
Let us begin with the definition of the g-function
9(z) = %1 (1 i \/21_7> - % (3.106)
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where the branch cut of v/1 — 2% is [—1,1], V1 — 22 =iz + O (1) as z — oo and the
principle branch of the logarithm is taken. This g-function will play an important

role so we list its relevant properties, all of which are simple calculations.

Proposition 3.3.1. g(z) has the following properties:

1. g(2) is analytic on C\ [~1,1],

2. gi(2)+g_(2) =1 forz € [-1,0],

3. gi(2) +g_(2) = —1 for = € [0,1],

4. R(29(2) — 1) =0 for z € [~1,0] and R(2g(z) —1) <0 for z € C\ [-1,0],

5. R(29(2) +1) =0 for z € [0,1] and R(2g(z) + 1) > 0 for z € C\ [0, 1],

7. g(z) is Schwarz symmetric.

As in the previous section, we wish to work with a large parameter when A — 0 so
define

2= —In\. (3.107)

3.3.1 Transformation I'(z; \) — Z(z; »)

Our first transformation will be

Y (z;5) == D(2; e %)e93)o3, (3.108)
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where I'(2; \) was defined in (2.17). Since I'(z; A) is the solution of RHP 2.2.1, it is

easy to show that Y'(z; s) solves the following RHP.

Riemann-Hilbert Problem 3.3.2. Find a matriz Y (z;), e = XA € C\ {0},

analytic for = € C\ [~1,1] and satisfying the following conditions:

_e%(g+—gf) —je—*g++9-—1)
Y(z455) =Y (2-; %) 0 AR € (—1,0) (3.109)
[ g+ —9-) 0
Y(z455) =Y (2-; %) i to 4D gnlar—g)| 7 2 €(0,1) (3.110)
Y(z;2) =14+ 0 (27") as z — oo, (3.111)
Y(z; %) = [O (1) O(log(z + 1))] as z — —1, (3.112)
Y(255¢) = [0 (log(= 1)) O(1)] as 2> 1, (3.113)
Y(z; %) €L}, as z — 0. (3.114)
The endpoint behavior is listed column-wise.
The jumps for Y(z; 5) on (—1,0) and (0,1) can be written as
1 ol [ 1 0
Y(zp;%) =Y (2_; %) g (5)-1) ] (—ioy) g1 (5)-1) 1] , 2z € (—1,0)
(3.115)
(1 Lp—x(29-(2)+1) (1 Lp—#(29+(2)+1)
Y(zp;0) =Y (2_; ¢ g 10 ¢ , 2€(0,1).
Cam=YGam | T e [T 0.1
(3.116)

This decomposition can be verified by direct matrix multiplication and by using the
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Figure 3.5: Lense regions Cé%])%.

jump properties of g(z) in Proposition 3.3.1. We define the ‘lense’ regions E(Lﬁ)% as in

Figure 3.5.

Recall, from Proposition 3.3.1, that R[2¢(z) + 1] > 0 with equality only for z € (0, 1)

and R[2g(z) — 1] < 0 with equality only for z € (—1,0). Our second and final

transformation is

Y (z; »), z outside the lenses
1 0
Y (z; ») , zZ€ E(Li)
Z(z; %) = Fie*(29(:)-1) 1 (3.117)

1 :F%e—%@g(z)—l-l)

Y (z; ») , ZE ﬁgt).
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Since Y (z; ») solves RHP 3.3.2, it is a direct calculation to show Z(z; s) solves the

following RHP.

Riemann-Hilbert Problem 3.3.3. Find a matriz Z(z; »), analytic on the com-

plement of the arcs of Figure 3.5, satisfying the jump conditions

2 e L\ R,
ie”97 ]

1 le—(2g+D)

Z(zy; %) = Z(2_; ») z € (9£g:) \ R, (3.118)
0 1
—1i07 zZ e (-1,0),
101 A (0,1),

normalized by

Z(z20)=1+0(27"), as z = o0, (3.119)
and with the same endpoint behavior as Y (z; ) near the endpoints z = 0,£1, see

(3.112).

The jumps for Z(z; ») on &C(Lj% will be exponentially small as long as z is a fixed
distance away from 0, +1 due to Proposition 3.3.1. If we ‘ignore’ the jumps on the

lenses of the RHP for Z(z; »), we obtain the so-called model RHP.

Riemann-Hilbert Problem 3.3.4. Find a matriz V(z), analytic on C\ [-1,1],
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and satisfying

U, (2) = U_(2)(—ioy), for z € [~1,0],
U, (2) = U_(2)(ior), for = € [0,1],
U(z) =0 <|z =S 1|—i) , asz — £1,
U(z) =0 (|z|—%) L asz— 0,

U(z)=1+0(z7") as z — oo.

We can see that RHP 3.3.4 will not have a unique solution because of the non-L?

behavior at z = 0 but we can classify the ‘degree’ of non-uniqueness.

Theorem 3.3.5. If U(z) is a solution to RHP 3.3.4, then there exists x,y € C so

U(z) = <I+% [”; :;D (22; 1>01/4. (3.120)

Proof. The Sokhotski-Plemelj formula (see [12]) can be applied to this problem to

that

obtain the solution

22

22 1/4
Uy (z) = B(2)°", where [(z)= ( 1) . (3.121)

Take any solution to RHP 3.3.4 (different from W,(2)) and call it Wy(z). Then
it can be seen that the matrix Wy(2)¥;'(2) has no jumps in the complex plane,

Uy (2)UH(2) = T+ 0O (27") as z — oo and Wy(2)¥ ! (2) = O(z7') as z — 0. Then
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it must be that

A
Uy (2)W7(2) =1+ - (3.122)
where A is a constant matrix. Notice that
B(z) |1 1 1 1 -1
Uy(z2) = —=~ + , 3.123
e N T R e (3.123)

so we have

(e )= () (B2 Mg | 1)) e

Since Wy(2) is a solution of RHP 3.3.4, it must be true that Ws(z) = O (27'/?) as

1 -1
-1

Wy(z)

z — 0. Thus the matrix A must satisfy

11
11 0 0

where z,y € C, as desired.

A

_x] (3.125)

Remark 3.3.6. For any = € C so that R[z] = 0, then
N 2 1 o1/4
i _i]) (Z S ) (3.126)

U(Z) =01V(2)0;. (3.127)

U(z) = (I—l—1

z

has the symmetry




This follows from the fact that

[z :I] - [:SB x] = oy [x :x] o1 (3.128)

2 1 01/4 .
and (z = > commutes with oy.

22

3.8.2  Approximation of Z(z;») and Main Result

We will construct a piecewise (in z) approximation of Z(z;s) when » — oco. Our
approach is very similar to that in [3]. Define sets D; = B(j,1), (the disc with center
j and radius 1) j = 0,+1, and [ is chosen so that 9Dy C €2, see (3.64) for definition
of Q. The idea is as follows: on the lenses E(Lﬁ)% (see Figure 3.5) outside the sets
D;, j = 0,£1, the jumps of Z(z; ) are uniformly close to the identity matrix thus
U (z; 7) (a solution to model RHP, see (3.101)) is a ‘good’ approximation of Z(z; »).
Inside D;, 7 = 0, %1, we construct local approximations that are commonly called

‘parametrices’. The solution of the so-called Bessel RHP is necessary.

Riemann-Hilbert Problem 3.3.7. Let v € (0,7) be any fivzed number. Find a

matriz B,(C) that is analytic off the rays R_, e*YRT and satisfies the following

50



conditions.

10 )
BAQ=B(0)| 1 1] (e iR, (3120)
(0 1
B0 =6, | " 0] (eR. (3.130)
B,(()=0 (g*Bﬂ) forv#0 or O(log() forv=0 as(—0, (3.131)

B.(C) = F(O) (1 10 (%)) as ¢ 00, F(C) = (27?)—03/24—13% [_1 _11 |

This RHP has an explicit solution in terms of Bessel functions and can be found in

[18]. Define local coordinates at points z = £1 as

—4\/E_1(2) =2(29(2) — 1), for z € D_y, (3.133)
4/&1(2) =#(29(2) + 1), for z € Dy. (3.134)

We call Z(z; 5) our approximation of Z(z; ») and define

( 1
U(z; ), zeC\ U]D)j,
j=—1
5 X %3 1 .93
Dz 50) = U(z; )i~ 2 F7H (& 1)Bo(§1)iz, z€D_y, (3.135)
Z(z; ), z € Dy,
V(2 20)i= 201 (&) Bo(§1)oni s,z € Dy,

\
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where Z(z; 5) is the solution of RHP 3.3.3, By(¢;) is the solution of RHP 3.3.7, and
U(z; 2) is a solution of the model RHP 3.3.4 defined in (3.101).

Remark 3.3.8. The matrix Z(z; ») was constructed to have the same jumps (exact)
as Z(z; ») when z € Dy 41 U[—1,1]. For an in depth construction, we refer the reader

to [3], section 4.3.

Define the error matrix as

E(zy 2) i= Z(2; %) 27 (2; ), (3.136)

where Z(z; %) is the solution of RHP 3.3.3 and Z(z;s) was defined in (3.135). It
is clear that £(z; ) = I + O (z7!) as 2z — oo since both Z(z; s), Z(z; ») have this
behavior. &(z; ) has no jumps inside D_; o, because Z(z; ) was constructed to

have the same jumps as Z(z; s) inside D_; o1, see Remark 3.3.8. Thus &(z; ») will
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Figure 3.6: The contour X, where &(z; 5) has jumps.

have jumps on dD_4 g1, 8£(Li7])% \ Dy +1, and be analytic elsewhere. Explicitly,

(

U(z00)i 3 F Y€ ) By(61)i s U Y (2;5), 2z e dD_y,

0 0 N
I+ (2 5) U1 (z; 52), 2 e dLE \D_y,
Z'e”‘(Qg( )_1) O
E(zy;7) = E(2-; %) Z(z; )01 (2; x), z € Oy,
O Ze_ (29( )+1)
I+ \Il(z; %) \1171(2; %), A 8£§t) \]Do,h
0 0

U(z;30)i 2 01 F1(&)By(&1)01i s U1 (2; %), 2 € ODy.
(3.137)

\

The matrix W(z; ) was defined in (3.101) and F~!, By can be found in RHP 3.3.7.

Call X the collection of arcs where £(z; ) has a jump, as described in Figure 3.6.

Remark 3.3.9. In Theorem 3.2.6, we obtained the leading order behavior of I'(z; \)

for z € Q as A — 0. This Theorem can easily be written in terms of Z(z; ») instead
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of I'(z; A) by applying the transformations (see section 3.3.1) I' - Y — Z.

We have now proven the following corollary.

Corollary 3.3.10. As » — oo, provided that either S > 0 or S <0,
Z(z50) = W(z;3¢) (140 (>71)), (3.138)

which is uniform for z € Q. Z(z; ) is the solution of RHP 3.3.3 and W(z; ») is
defined in (3.101).

Now revisiting the jumps of £(z; ») in (3.137), we have another Corollary.

Corollary 3.3.11. As » — oo, provided that S > 0 or S <0,

p
I + O (%_1) s A (9]1))_170,1,

E(z420) =E(232) T+ O (9-D) | 2 €L\ Dy, (3.139)

I1+0 (67%(2g(z)+1)) , R E 8[:%) \]DO,la
(
which is uniform for z € ¥, see Figure 3.6 for ¥. Functions E(z; »), g(z) are defined
in (3.136), (3.106), respectively.

Remark 3.3.12. The factors e *(29()*1) and e*(29()=1) in (3.139) are exponentially

small for all z in the corresponding set, in light of Proposition 3.3.1.

Proof. The behavior for z € 0D, dDy is a direct consequence of (3.132), Corollary

3.3.10, respectively. The behavior on the lenses is clear via inspection of (3.137).

o4



]

Corollary 3.3.13. Let s — oo, provided that S > 0 or S < 0. Then for z in

simply connected compact subsets of C\ {0, £1}, we have the uniform approzimation

Z(z5¢) = W(z;30) (140 (571)). (3.140)
See RHP 3.3.3 for Z(z; ) and (3.101) for U(z; »).
Proof. Choose any simply connected (informally this means that the set consists of
one ‘piece’ has no ‘holes’) compact subset of C\ {0, £1} and call it J; then the disks
Dy +1 can be taken sufficiently small in order to not intersect J and lenses E(Li’])% can be
formed while still retaining all of their necessary properties. Corollaries 3.3.10, 3.3.11
and the so-called small norm theorem, see [5] (Theorem 7.171) can now be applied

to conclude that £(z;3) = I + O (»7!) uniformly for 2 € J. This is equivalent to

the stated result.

We are now ready to prove the main result of this chapter.

Theorem 3.3.14. Let A\ = e * — 0, provided that either S\ > 0 or S\ < 0. Then,

1. For z in compact subsets of C\ [—1, 1] we have the uniform approximation

D(2;A) = (25 %) (I +0 (571)) e 978, (3.141)
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2. For z in compact subsets of (—1,0)U (0, 1) we have the uniform approximation

INETRDY

U(zg;20) (I +0 (7))

U(z520) (140 (7))

1 0
e #9x()os 5 (—1,0),
44e7(29£(2)-1)  q
1 Fie #Rox(a)+1)
e #9()os - 4 ¢ (0,1),
0 1
(3.142)

where + denotes the upper/lower shore of the real azxis in the z-plane. See (2.17),

(3.101), (3.106) for the definitions of I', ¥, g, respectively.

Proof. This Theorem is a direct consequence of Corollary 3.3.13. We simply need to

revert the transforms that took I' — Z. Doing so, we find that

C(z;N)

(

Z(z; »)e™ 7933

Z(z; »)

Z(z; )

1 0

4ie#29()-1) 1

1 Fie *9(x)+D

0 1

z outside lenses

e—ﬂ«tg(z)ag7 = E%E)
(3.143)
oo e pH)

If z is in a compact subset of C\ [—1,1] or (—1,0) U (0,1), we can construct the

lenses £(Li7])3 so that they do not intersect this compact set, so simply connected is
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not necessary here. Applying Corollary 3.3.13 gives the result.

57



CHAPTER 4: SPECTRAL PROPERTIES AND
DIAGONALIZATION OF HpyHr AND H;Hp

The goal of this chapter is to construct unitary operators Ug : L*([0,bg]) — L*(J,0r)
and Uy, : L*([0,bg]) — L*(J,01) such that

UpHEHRUR = N, UrHIHL UL = N° (4.1)

where A\? is a multiplication operator (the space is clear by context) and the spectral
measure oy,0r are to be determined. This is to be understood in the sense of
operator equality on L2(J,oR), L*(J,01), respectively. We will begin this section
with a brief summary of the spectral theory for a self-adjoint operator with simple

spectrum.

4.1 Basic Facts About Diagonalizing a Self-Adjoint Operator with

Simple Spectrum

For an in-depth review of the spectral theorem for self-adjoint operators, see [2], [19],
[8]. We present a short summary of this topic which is directly related to the needs
of this dissertation. Let K be a Hilbert space and let A be a self-adjoint operator
with simple spectrum acting on K. Recall from [2], that a self-adjoint operator has
simple spectrum if there is a vector ¢ € K so that the span of Ea lg], where A runs

through the set of all subintervals of the real line, is dense in K. Here the operator
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E, denotes the so-called resolution of the identity for the operator A, which we will

define shortly. Define R, the resolvent of A, via the formula
R(t) = (tI — A)~L. (4.2)

Then, according to [8] p.921, the resolution of the identity is defined by the formula

. . . =6 _1 . .
Elap = Es — B, = lim lim — [R(t Vo) — R(t—ie)| dt,  (4.3)

e—0tT §—0F a+é 271

where o < . Once we obtain Et, we can construct the unitary operators which will

diagonalize A, as described in the following Theorem from [2] p.279.

Theorem 4.1.1. If A is a self-adjoint operator with simple spectrum, if g is any

generating element, and if o(t) = <Et[g],g>, then the formula

f = / £(t) dBi[g] (4.4)

associates with each function f(t) € L*(R,0) a vector f € K, and this correspon-
dence is an isometric mapping of L*(R, o) onto K. It maps the domain D(Q) of the
multiplication operator Q in L*(R, o) into the domain D(A) of the operator A, and if
the element f € D(A) corresponds to the function f(t) € L*(R, o), then the element

Af corresponds to the function tf(t).

Thus our immediate goal moving forward is to construct the resolution of the identity

for HyHr and HiHr.
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Remark 4.1.2. In the remaining chapters and sections of this dissertation we will

frequently encounter the following Mobius transforms:

. bR<J] — bL) o bRbLJZ

Ml(x) - m7 M2(‘T> - I(bR _|_ bL) - bRbL7 (45)
B B —bL(ZL‘ — bR) i ZU(bR — bL)

M3(I) = Ml(MQ(I)) = —j[,‘(bR _ bL) s M4(ZE) = x(bR T bL) — ZbRbL' (46)

4.2 Resolution of the Identity for H;Hr and H;H;,

From (4.3), knowledge of the resolvent operator is paramount. We are able to express

the resolvents of HH g, HiHy, in terms of the resolvent of K.

Proposition 4.2.1. The resolvent of HyHr and H;Hy, is

1 -t R

RR(AQ) = <[ - EH;{HR> =1 + WRR()\/2)7TR, (47)
1 -1 .

R(\?) := (1 - EHZHL> = I+ 7, R(\/2)my, (4.8)

where wr : L*(R) — L?([0,bg]), 71, : L*(R) — L*([br,,0]) are orthogonal projections
(i.e. restrictions), R()\) is defined by the relation (2.5) and the kernel of R()\) is

computed in Theorem 2.2.4.

Remark 4.2.2. The resolvents of Hi,Hr and Hj H, defined in (4.7), (4.8), are not

in the same form of the resolvent defined in (4.3) in the previous subsection. Some
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elementary algebra shows that

Ri(\2 -
% — (N1 — HyHR) (4.9)

which is of the form (4.3). An identical statement can be made for the resolvent of

HiH, .

Proof. In the direct sum decomposition L?([by,, bg]) = L?([br,0]) @ L*([0, bg]), K has

the block structure

| O M| O SMRp 0 5 (4.10)
—iHr O —iHp 0 90

We can write (recall that K is bounded, see Proposition 2.1.1)
. 1. -1 o) K n

I AN=|Il—-<K = — 4.11

R0 = (1-3F) =3 ( A) (a.)

where all the even powers in the right hand side of (4.11) are block diagonal and all

the odd powers in (4.11) are block off-diagonal. Similarly, we can write

1., S (HeHe\"
(1 i) =3 (M) (4.12)

n=0

and comparing with the series in (4.11) gives our result for the resolvent of Hj,Hg.

The proof for the resolvent of HjH, is nearly identical.
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To construct the resolution of the identity (see (4.3)), we need to compute the jump
of the resolvent of HHr and H;Hy. The kernel of the resolvent is expressed in
terms of I'(z; A) (see Theorem 2.2.4), so we need to compute the jump of I'(z; A) in

the A—plane. We begin with an auxiliary Proposition.

Proposition 4.2.3. For A € (—1/2,0),

T(z, M) =T (2,A) 0, (4.13)

B —tan(am)['(a)'(a + 2)
QN = e2miaf20 10 (g 4 3 /2)[(a + 1/2) | _ N1Q-(Y); (4.14)

The matrices I, Q are defined in (2.18).

Proof. Recall from Proposition B.0.1 that a,(\)+a_(\) = —1 for A € (—1/2,0) and

hoos Soo are defined in (2.13),(2.14), respectively. Then by inspection, we see that

hoo (2,04 (N) = hoo(z, =1 — a— (X)) = Seo(2,a-(N)) (4.15)

so the jump of [ follows. Computing the jump of () is a straightforward, perhaps

tedious, exercise.

We are now ready to compute the jump of I'(z; \) in the A—plane.
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Theorem 4.2.4. For A € (—1/2,0) U (0,1/2),

T(z:A:) =D(z;A) {1 - % Flz,A2) 7 (2, A_)] : (4.16)
where
£y .o —20ROLARa(=[A) +1) | dr(z —[A]) Loy | (N di(z —[A])
fz,2) = br — by sgn(A\)dp(z: —|>\|)] - A=A = [ dr(z —|A) ] '
(4.17)
Functions dr(z; X),dp(z; \) are defined as
dr(z;A) = a(Mhi, (Mi(2)) + B(A)se (Mi(2)) (4.18)
dr(z; M) = —ea(Nhl, (M(2)) + e "™ B(N)s,, (M;(2)), (4.19)

where My(2), hl,s., are defined in Remark 4.1.2, (2.13), (2.14), respectively, a :=
a(N) is defined in Appendiz B, and coefficients a(\), B(\) are

e " tan(am)(a)
1 T(a+3/2)

4% (a4 1/2)
B I'(a+2)

a(N) =

BA) - (4.20)

In (4.16), we understand that when X\ is on the lower shore of (0,1/2), —\ is on the

lower shore of (—1/2,0).
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Proof. The proof is straightforward; we have

D(z A1) = T(z A )T (25 A ) 7T (25 M) (4.21)

and thus we compute I'"!(z; A\_)T'(z; A1) to obtain the stated result. We begin with
A € (—1/2,0). Using the definition of I'(z; A) (eq. (2.17)) and Proposition 4.2.3 we

obtain

1/ ' o brbr 20+ 1 1, 01 .
Iz A )T (z0) =1 ~(br— b1) (a(a+1))_M (z,A2) [0 O] M(z,\2)

(4.22)

A

where M (z,\) = ' (M;(z)) Qos. Let mop, maos denote the (2,1), (2,2) elements of the

matrix M, respectively. Then,

01 Moo m2 m
M-ll ]M=|M|—1[ e ]=|Mr—1[ ”][mm -

O 0 —m21 —1Mo1Mo9 —mMo1

(4.23)
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and, explicitly,

1™ T(a+3/2) [ —tan(am)T(a) ,, 4T (a+1/2) ,
ma1(z;A) = 4-0-1T(q) |:4a+1r(a+3/2) hie (Mi(2)) + WSOO (Ml(z))]
(4.24)
D, (4.5
e T (a+3/2) tan(am)I'(a) , 49¢™(a +1/2)
m22(27 )‘) - 4—“—1F(a) |:€a7ri4a+11"<a + 3/2) hoo (Ml(z)) + F(CL + 2) Seo (Ml(z)):|
(4.26)
— (), (4.27)
|M(z;\)| = el Gk (4.28)

Aa(a+ 1)I'2%(a)

To compute | M| we have used (A.15). Finally, we calculate

(o) e o o] o= (i) | el

(4.29)
[ 20+1 e Da+ $)\* [ da(z ) ) da(s
N (a(a+1)lM|)_( 11T (a) )+ [—dL(z;)\)]+ ez de(z )] (430)
— 2\ (2a_ +1) _d;ﬁ;;)] (=) dn(=)] (4.31)

which can be used to obtain the desired result. To calculate the jump of I'(z;\)

when A € (0,1/2), we take advantage of the symmetry I'(z; \) = o31'(z; —\)os, see
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Remark 2.2.3. For brevity, let
J(z ) =1 — % Fzs NG (23 ). (4.32)
So we have proven that
C(z; M) =Tz A0)J (25 A0) (4.33)

only for A € (—1/2,0). For A € (0,1/2),

D(z;A4) = 03l (z, (= A)_)os (4.34)
= 3Tz, (<A (35 (-0) ) (1.35)
=T(z; A )03 (2 (=) )os. (4.36)

It can now be verified that
03] (2 (=N) oz = T — —f(z:2)7 (z:A) (4.37)

for A € (0,1/2).

Recall from Proposition 4.2.1 and Theorem 2.2.4 that the resolvent of H} Hr, HyHr
is expressed in terms of I'(z;A). In light of the previous Theorem, we can now

compute the jump of the resolvent of H;H, HjHr in the A plane, which is required
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to construct the resolution of the identity, see (4.3).

Theorem 4.2.5. The kernel of R(z; \) is single valued for A € C\ [~1/2,1/2] and

satisfies the jump property

ixc(2)

[_iXR(iL‘) XL(JU)] CRSACES [XR(Z)

2miAT 2

R(z,x;M\y) — R(z,x;A_) = ] (4.38)

for X € (—=1/2,0)U(0,1/2), where x 1, xr are characteristic functions on (by,,0), (0,bg)
and R(z,x; \), f(a:, A), G(z; A) are defined in (2.20),(4.17), respectively. When z,z €

(07 bR);

Rlzaine) = Rleain) =SS CP0 S gy o\ dalei =) (439

and when x,z € (by,0),

R(3:0,) - R(z, 53\ ) = Z;Lgﬁﬁ%j;‘(;i’ij; oz —\)dg(z: — A, (4.40)

where dg,dy, are defined in (4.18).

Proof. Since I'(z; \) is single valued for A € C\ [-1/2,1/2], the same is true for
R(z,z; \). Recall, from (2.2.4), that

7. (2)0 (2 VT (25 M) fi(2)

R(z,z;0) = & o) (4.41)

and let AyF(\) := F(A\;)—F(\_) for any F. To prove the result we need to compute
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ALT7H(z; M) (2;0)]. For A € (—1/2,0), we calculate (see proof of Theorem 4.2.4)

1 brbr(x—2)
D s AT (2 A) = MY, AL) 0 ”(bR_IiL)(““) M(z,\) (4.42)
and
_1 brbr(z—2)
PNz AT (55 04) = M~ (2, Ay) pRbr=bEE M (2, M) (4.43)
0 1 N
_1 —brbp(z—=2)
= M (z,\) . am(bff—bm M(z, ) (4.44)

so we have that

AN (@ (2 )] = (;ZLab(Z(:)?gfo) >M1(a;,)\) [8 (1)] M(z )

(4.45)

z —

— flesA )7 (z:0) (4.46)

Now for A € (0,1/2), we again take advantage of the symmetry I'(z; ) = o3I'(2; —\) o3,
see Remark 2.2.3. The process is the same as in the proof of Theorem 4.16. Directly
from (2.20) we have

Fo(2) AT (25 VT (23 M) fi(2)
2miN(z — )

A\R(z,x;\) = (4.47)

and plugging in our calculation of AyT'™!(z; \)T'(2; \) gives the result.
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For convenience we define

Dr(z;N) :=dg(z;—|A|/2), Drp(z;A) :=dr(z;—|\|/2), (4.48)

where dy,, dg are defined in (4.18). With (4.3) in mind, we can now prove the following

theorem.

Theorem 4.2.6. For 0 < \?> <1, g € L*([b1,0]), f € L*([0,bg]), the operators

A2 br

Eraelfle) = [ [ entestlontzot) 1) dedit (4.49)
A2 0

Eplg)(z) = /0 /b or(x, 1) oLz, 1°)g(2) dzdp®, (4.50)

where a := a_(—|u|/2), are the resolution of the identity for HyHr, H}Hr, respec-

tively. The kernels pr, pr are

Dgr(x;N) [|brbr(2a + 1)
JI7T|)\| QZ(bR—bL> ’

Dp(z;\) [|brlbr(2a + 1)
.%‘7T|)\| 2l(bR—bL) ’

ng(a:,)\Q) = @L(I,)\2) =

(4.51)

where Dy, Dgr are defined in (4.48).

Proof. We construct EAR, a2 only; EL’A2 can be constructed in an identical manner.
The definition of the resolution of the identity can be found in (4.3). From the proof
of Theorem 4.3.2, we can see that there are no eigenvalues and thus by [2] (see sec.
82), EAR7 »2 has no points of discontinuity so we can take § = 0. Moreover, we can

move the € limit inside the integral as the kernel of R has analytic continuation above
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and below the interval (0,1). It is clear that the spectrum of HiHy is A? € [0,1] in

view of Theorem 4.2.5, which shows that

=0, N eR\I0,1]
Rrr(N?) — Rr_()\?) (4.52)

#£0, A e€(0,1),

where Rp is the resolvent of HjHg, see (4.7). So from (4.3), (4.7), and Remark

4.2.2 we know that

- /0 %I'l;ig)” [}a(ﬂ/ 2) = R(n/ 2)] TR dp, (4.54)

and now plugging in (4.39) gives the result. Note that AyR(A2) = sgn(A\)AyR(\/2)
(here AF := F, — F_), because when \ is on the upper shore of (—1,0), A\ is on the

lower shore of (0,1).

4.3 Nature of the Spectrum of H;Hr and H;H;,

In this section, we show that the spectrum of Hj,Hr and Hj H is simple and purely
absolutely continuous. We will prove statements in this section for HiHpr only
because the statements and ideas for proofs are nearly identical for HjH . Notice

that the resolution of the identity of H;Hg (see (4.49)) can be compactly written
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as

)\2
Eraelflo) = [ onler i)F0) dy. (4.59
0
where the operator f +— f is defined as

) = / " on(z ) f(2) dz (4.56)

and the kernel ¢p is defined in (4.51). We begin with an important Lemma.

Lemma 4.3.1. The map f — f, where f is defined in (4.56), is an isometry from
L2([0,bg]) to L*([0,1],A%).

Proof. Let f € C§((0,br)), A = (e, 3) where 0 < a < f < 1 and denote

falz) = /A AB e f] (1) = /A o, A7) F(A?) X2, (4.57)

where E Rz, defined in (4.49), is the resolution of the identity of H}H . Notice that
@(z,\?) (defined in (4.51)) is smooth and real-valued for (x,\?) € (0,bg) x (0,1)
(see Appendix C for properties of D). Since E g2 is the resolution of the identity,
fa — fin L2([0,bg]) as A — [0,1], so

(f, fa) = (F, ) = 1 fll220r))- (4.58)

Also,
g =[5 [ewnion ava = [ |fof o0 as
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which is clearly increasing as A — [0,1]. So we have an isometry provided f €
Cs°((0,bg)). But C5°((0,br)) is dense in L%*([0, bg]) so this isometry extends to all

of L*([0,bg]) by continuity.

We are now ready to conclude this section.

Theorem 4.3.2. The spectrum of HyHgr, HiHr is A2 € [0,1] and is simple and

purely absolutely continuous.

Proof. We have shown previously in (4.52) that the spectrum in [0, 1].

Now for simple spectrum. According to [2], the spectrum of Hi,Hg is simple if there
is a vector g € L2([0,bg]) so that the span of Eralg](z), where A runs through
the set of all intervals of [0, 1], is dense in L*([0,br]). Such a vector g is called a

generating vector; we will show that

9() = Xopg) (), (4.60)

the characteristic function on [0, bg], is a generating vector. So for any f € L*([0, bg])
we want to show

—0 (4.61)
12(0,br])

as n — 00, where a,, and I;, are to be determined. Using the properties of ER, A2,
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we calculate
F@) = Y g o) = [ ot {Fu) = 6u000a00) ) it (462)

where go(x,/f),f are defined in (4.51), (4.56), respectively, and by is the simple

function

j=1
Let A be any interval subset of [0, 1]; then for any f € L?([0, bg]),

A A A

<E12%,A[f]<>7f> = <ER,A[f]<>7f> = Hf”iz(A’)g)a (464)

5
>
=
S
3
>
=
I

where we have used the fact that ER, a2 is a projection operator, see [2] p.214. Using

the properties of F r2, we can write the left hand side of (4.62) as
Z ER,Ijn [f = ajngl(z). (4.65)
j=1

Now using (4.64), (4.65), and the fact that EAR7AjEAR,Ak = 0 whenever A; N A, =0
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(see [2]), we see that

2 2

Hf ZaanRI (z)

Z Ep . [f = ajugl(x) (4.66)

L2([0,br]) L2([0,br])

= Z |Brnlf = 05n9) @200 (467)

o Z Hf OéJngHL2 )\2) (468)

= Hf - qgngHLQ([OJ]’AQ)a (469)

since the intervals I;, are disjoint and b, was defined in (4.63). Now our goal is to
show that any f € L3([0,1], A?) can be approximated by #ng. Using the properties

of Dy, Dg in Appendix C, it can be shown that

br a
300) = [ o a0 de =Dy [BC )4

and §(\?) is real analytic for A% € (0,1). It is clear that any f can be approximated
by pieces of the smooth function g, so we have

2

Hf Z%nERI (z)

= H.f— éng“i%[o,u,,\?) — 0, (471)
L2([0,br])

as desired. Thus, the spectrum of H%H is simple and g = X[o,) is a generating

vector.

Lastly, to show that the spectrum of H}H g is purely absolutely continuous, we begin
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by showing that the resolvent of H}H g (see Proposition 4.2.1 and Theorem 2.2.4)
does not have any poles in the A plane (thus HjH g has no eigenvalues). Recall from

Proposition 4.2.1 that the resolvent of H},Hp is
1 - .
RR()\z) = (I — ﬁH*RHR) =1 + WRR()\/Z)WR (472)

and the kernel (see (2.20)) of R()) is

Fi(@) Y@ V(2 M) fil2)
21Nz — ) '

R(z,x;\) = (4.73)

Since I'(z; A) is the solution of RHP 2.2.1, it does not have any poles in the A plane
and is singled valued for A € C\ [~1/2,1/2]. so it is left to verify that A = 0 is
not a pole of R(\). But this is the case since if f € L*([0,bg]) and HEHg[f] = 0 it
must be true that f = 0 because the null space of Hg is {0}. Thus, H}Hg has no
eigenvalues and its spectrum is continuous. To show that the spectrum of H;Hp is

purely absolutely continuous, we need to show that

Uf<)‘2) = <ER,A2 [f]7 f>7 (474)

where ER, a2 is the resolution of the identity of H}Hg, is absolutely continuous func-
tion for all f € L*([0,bg]) which are real-valued, smooth and vanish at 0, bx (the set

of all such f form a dense set in L?([0, bg])). The kernel of dEg y2/d)\? is computed

5



in (4.79), then it is a simple calculation to show that

2

— a " Dg(&;
70) = gt ([T PR e a ) (4.7

where ’ denotes differentiation with respect to A*. The integral in ¢’;(\?) is real
analytic because the integrand is smooth for £ € (0,bg) and Dg(&, A) is real analytic
for \* € (0,1), so 0’4(\?) is real analytic for A*> € (0,1) and thus o;(\?) is also real
analytic for A € (0,1). Since ER,,@ is the resolution of the identity, it must be true
that o4(0) = 0 and o(1) = ||f]|*>. Thus o()\?) is absolutely continuous for A\* € [0, 1]
for any f which is a real-valued, smooth function vanishing at 0, bg, so the spectrum

of HipHr is purely absolutely continuous.

4.4 Diagonalization of HHr and H;H,

We are now ready to use Theorem 4.1.1 and build the unitary operators which
will diagonalize H3Hpr and HjHy. Recall from Theorem 4.3.2 that X[0s.], X[b..0
are generating vectors for HiHr, Hj Hr, respectively. Following Theorem 4.1.1, we

define Uy, : L*([br,0]) — L*([0,1],01) and Ug : L*([0,br]) — L*([0,1],0r) by (here
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f,§ are generic L? functions, not to be confused with (4.56))

U3 [6)() = / 30) B[] (4), (4.76)

U fl(z) = / FO?) dB o [Xoal] (@), (4.77)

where EL, A2, ER, 2 are the resolutions of the identity for H} Hp, H;Hr, respectively
and are defined in (4.50), (4.49), respectively. The spectral measures oy,0p are

defined as

oL (N?) = (B X0 (@) xpo0 (@), 0r(N) = (Er a2 X0 (2), X0 ()
(4.78)
We are able to compute U, U, 0%, 0% explicitly (here’ denotes differentitation with

respect to A?) by using property 6 of Proposition C.0.1. We find that

dER)\Q bLbR(2a+ 1)

e ol ) = o G — )

L) e —buba(2a+ 1)
e el W) = o e —b0)

Dp(z; A) Dy (005 A), (4.79)

Dy (y; A) Dr(o0; A), (4.80)

and the derivatives of the spectral measures og(\?), o (\?) (defined in (4.78)) are

dO'R()\Q) . |bL|bR(a+ ]./2)

7SR mat A C IR (4.81)
d0L<)\2) . ’bleR(a + 1/2) 9 '
DI o —by) RSN (4.82)
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Notice that both quantities above are non-negative a.e. since a + 1/2 has zero real
part and non-negative imaginary part for A> € (0,1), and Dg(oc; \) is real analytic
for A2 € (0,1), see Appendix C. From the definitions of U;, Uy in (4.76), (4.77), we
plug in our calculations in (4.81), (4.82), (4.79), (4.80). Now some simple algebra

shows that

/ 61y, Na(N?) dop(32), / Sr(, ) FON2) dog(X2).
(4.83)

where o, o were defined in (4.82), (4.81), respectively, and the kernels ¢, ¢ are

Dr(y; N)
TY|A[Dgr(00; )’

—Dg(z; A)
mx|A|Dp(o0o; \)

or(y, \) == Or(z, ) = (4.84)

So for any g € L([by,,0]), € L*([0,1],01), f € L2([0,bg]), f € L*([0, 1], o) we have

ULsl0%) = [ oul Natw) dv. Ui / Doy, NGOV do (V) (4.85)
Unlf1(02) = ORqﬁR(x,)\)f(x) dz. / bl NV FON2) dor(A2), (4.86)

We have now proven the main result of this chapter.

Theorem 4.4.1. The operators Ug : L*([0,bg]) — L*([0,1],0R), U : L*([b,0]) —
L3([0,1],01), defined in (4.86), (4.85), respectively, are unitary and

UpHiHRUL = N2, U HLHL UL = M2 (4.87)

in the sense of operator equality on L*([0,1],0r), L?([0,1],0L), respectively, where

78



A2 is to be understood as a multiplication operator.
Remark 4.4.2. The kernel of Ur and Uy, is related to the kernel of the operator
f — f, defined in (4.56), by

(p(l’, >‘2) = ¢R(x7 )‘) 0-;%(/\2% (488)

where ¢, ¢g, 0 are defined in (4.51), (4.84), (4.81), respectively. From this relation

we can immediately see that (here T'f = f and T* is the adjoint of T)

gt H
\/_ L2([0,br]) \/a

for any f € L*([0,1], A\?), since Ug is unitary, by Theorem 4.4.1.

- ||f||L2([o1 A2) (4.89)

HT*fHL2([07bRD - ‘ L2([0,1),0r)

79



CHAPTER 5: DIAGONALIZATION OF Hgr, H; VIA
TITCHMARSH-WEYL THEORY

Using recent developments in the Titchmarsh-Weyl theory obtained in [10], it was

shown in [16] that the operator

_bR+bL

Li(@) = [P@)f @) +2 ( ) F(@), Pla) =2 — br)( — bg) (5.1

has only continuous spectrum and commutes with the FHTs H, Hg, defined in
(2.1). We now state the main result of [16] and refer the reader to this paper for

more details.

Theorem 5.0.1. The operators Uy : L*([br,,0]) — L*(J, p1) and Uy : L2([0,bg]) —
L*(J, pa), where J = [(b3 + b%)/8,00), are isometric transformations. Moreover, in

the sense of operator equality on L*(J, ps) one has

Uvgr}'[[,[]ik = a(w), (52)
where
_bR 1l 5
o(w) by, cosh(p(w)m) ( +0 (62 )) ) W0 (5:3)
e=w 12 plw) = \/%Z’Z)% — 1, and 0 <6 << 1 is fized.

There is a minor typo in this theorem in [16]; when describing o(A), the factor %

is incorrect and has been fixed here. The operators Uy, Us in Theorem 5.0.1 were
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obtained asymptotically when w — oco. Here we obtain these operators explicitly.
Throughout this dissertation the spectral parameter of operators HyHr, HiHy is
A%, but in [16] the spectral parameter (also named \) is for the differential operator L
so we rename the spectral parameter of L to w. Thus it is important to establish the
relation between A and w. It is shown below in Remark 5.1.2 that, for A € [—1,1],

the relation is

(bL -+ 63)2

w(A) = 3

+ buba - a_(=[Al/2)(a— (= |A/2) + 1), (5.4)

where a(\) is defined in Appendix B, which implies w € [(b% + 0%)/8,00). This

relation between w and A also immediately implies
1
M =sech?(u(w)m) <= ip(w) =a_(—|\/2) + 3 (5.5)

for A € [-1, 1], where

(bp+br)?
Y A w

First we construct explicit solutions of the equation Lf = wf in terms of the hy-
pergeometric functions that appear in I'(z; A). Then we follow the same process as

described in [16] to create the unitary operators Uy, U; which will diagonalize Hp,, H g.
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5.1 Explicit solutions to Lf =wf

In this section we construct a particular linearly independent solution set of Lf = w f
on [br,0] and [0, bg] which satisfy the properties required in [10]. Once these pairs
of solutions are obtained, [10] tells us how to construct the spectral measure and

unitary operators which will diagonalize H, Hg (this will be done in section 5.2).

5.1.1 Right Interval

The goal of this subsection is to construct functions o, 5 that have the following

properties:

1. For = € [0,bg] and w € [(b3 + b%)/8,0), @a(z,w),V2(x,w) are linearly inde-

pendent solutions of the ODE

salo) = [P @] +2 (- ) g(o) 5.7)

where P(x) := 22(x — by)(x — bg),
2. po(x,w),¥s(z,w) € R, for all x € [0,bg], w € R,
3. P(z)ph(x,w) = 0 as z — by,
4. P(x)Wo(9s(x,w), pa(z,w)) =1 for all z € [0,bg], w € C,

5. lim P(z)W,(92(z,w), pa(x,w')) =1 for all w,w’ € C,

r—bp
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which are necessary in order to use the results of [10]. We will build ¢, ¥s from

the functions x7'h’_ and z7's__, where h/_, s, are defined in (2.13), (2.14). We

know from [16] that the kernel of the unitary operator which will diagonalize Hp
is expressed in terms of 5. But from Theorem 4.4.1 we know that the kernel of
the unitary operator which diagonalizes H}Hg is expressed in terms of 27 Dp(x; \),

which is a linear combination of z7'h. and x~'s/_. Thus it is reasonable to think

that both ¢ and x7'h_, 715/ are solutions of the same ODE.

o0

Theorem 5.1.1. The functions

gh,R(fE, >‘) = ih;o (M1<x>> ) gs,R(xa )‘> = isloo (Ml(x» ) (58)

where My(x),hl, s’ are defined in Remark 4.1.2, (2.13), (2.14), respectively, are

» 7700 T oo

linearly independent solutions of

(br + br)?

Llgl@) = |2

+brbr - a(=[A[/2)(a-(=[Al/2) + 1) | g(2), (5.9)

where L is defined in (5.1). Moreover,

ala+1)(2a + 1)(br — br)
P(z) ’

Welgn.r, 9s.r] = (5.10)
where a := a_(—|\|/2) is defined in Appendiz B.

Proof. We understand that h/_ and s/ are functions of —|\|/2, as in (4.48). Recall

83



from (A.1) that heo(n), Seo(n) are linearly independent solutions to the ODE

n(1 —n)w"(n) +ala + w(n) =0, (5.11)

thus hl_(n), s’ (n) are linearly independent solutions to the ODE

? T 00

n(1 —n)w"(n) + (1 —2n)w”(n) + ala + 1)w'(n) = 0. (5.12)
Since
gun(e) = W (M (2)), (5.13)

it is easy to verify that

/ o bRbL " N i /
gh,R(x) - $3<bR _ bL) hoo (Ml(z)) 22 hoo (Ml(x)) ) (514)
b2b2 4brbr, 2
1 — " M _ " M - / M )
gh,R(x) .T5(bR . bL)2 h‘oo ( 1((13)) l’4(bR . bL>hoo ( 1(5(])) + 3 hoo ( 1<I))
(5.15)
Solving for hs, in terms of g, we have
ho (Mi(2)) = xgn r(2), (5.16)
3(bp — b
WL () = R () 4 el (5.17)
bRbL T
" .T5 br — b g " 4 / 2
R (Mi(x)) = % <9h,R(1‘) + =g () + —QQh,R(x)> . (5.18)
7b7 x x
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So taking n = M;(x) in (5.12), we have

—bRbL(iL‘ — bR)(ﬂf — bL) bR + bL) — QbRbL
1‘2(bR — bL)2 l‘(bR — bL)

+ala+ D, (My(z)). (5.19)

0=

W (M () — W (M ()

Now writing he in terms of g, r, we obtain our result. To show linear indepen-
dence, we compute the Wronskian. The Wronskian matrix is (here Ao, Soo are to be

evaluated at M;(z))

e = i[r o0 fn s;o] 50
brbphl,  hb,  bmbrsly  sho | T | =1 __bgb .
Bt T B x%;—bm a2 T\ % o) e S

111 0 1 0 .
- E =1 brbr, 0 — a(a+1) ] glF(Ml(x))7
z  2?2(br—br)l L My (1—My)
(5.21)

where I" was defined in (2.18). It is casy to show that M, (z)(1—M; (z)) = —2rbL=bo)ebs)

z2(bp—br,)?

Recall, from (A.15), that detT' = —2a — 1. So we have

1 brbr —ala+1)(2a+1) ala+1)(2a+1)(bg —by)
Wolonrosonl = 2 0,0y M- T et

(5.22)

]

Remark 5.1.2. Since we are interested in solutions of Lf = wf (see (5.1) for L),
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Theorem 5.1.1 shows that the relation between w and A\ is

(b, + bg)?

w(A) = 3

+brbr - a_(—|\/2)(a-(—|\|/2) + 1) (5.23)
for A € [—1, 1], see Appendix B for a(\).

Define the function

br(br — br)
l’(bR + bL) — QbRbL

gy
1+p

) = Moy b (4 ). G2

where My (x) is defined in Remark 4.1.2. If we take bg = —by = a, where a is a

constant, we obtain (4.9) of [16]. We now describe the relation of fr(z,w) to hl,

/

55

Proposition 5.1.3. For A\ € [~1,1], the functions fr(z,w), fr(x,w), defined in

(5.24), are linearly independent solutions to ODE (5.7) and

—bra(A —b —

0, () = k(o) O (M (0) = F ) (5:25)
where My (z) is defined in Remark 4.1.2, o, B and hl, s’ are defined in (4.20) and
(2.13),(2.14), respectively and

I'(—ip)
k= — 5.26
ETTER 520

See (5.4) for the relation between w and A and (5.6) for p.

86



Proof. We prove the identities (5.25) first, then it is clear that fr, fp solve ODE

(5.7) since z7'h._, z7's._ solve that ODE. First, we have

oo

a(\) = tan(am)(a) _ Vrl(—

. . ~ ) __hym (5.27)
eawz4a+lr(a + 3/2) qedma+1T (_

) T (% _ %) - qeaTiQa+1

wie |

and, from [1] 15.3.16,

a+1l,a+1 1 x(bR—}—bL)_2bRbL —a—1 2_|_l72_+_1
F ) :2a+1 F 2 272 M2 )
( 2a+2 ‘M1<x>> [ b — by) 2 +(@)

Now putting the previous two equations together,

—bra(A bpl'(—a — 1 a4 1la 9
O (o)) = g ey (B 25 )
z/m 2T (=5)T (53— 5) at;
(5.29)
kbg(bg — by 1y Tym 3w
— M tip g (2T 200 2| 2
on + by) = 2oy, el RALT +(@)
(5.30)
where we have used iy = a + % Similarly, we have
\/7_T€am'2ar a+ 1 Weam’za%
B(N) = . 1( f) _ VT (5.32)
(a+1I(5 +35)I(5+1) a+1
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and, from [1] 15.3.16,

D=

Soo (Mi(z)) =

6a7rz

_CL+1 $(bR+bL)—2bRbL “ r _%’_%_{_
QbR(:U—bL) 241

Now putting the previous two equations together,

—b A , brk B —a _a 1
=0y nto) = Eanayean (8 an) (5.34)
2
kbg(bg — br) L 1_ip 3 i
= M 3w F 4 274 2 M2
2(br + br) — 2bgby, 1(z) 241 1 — iy i (@)

(5.35)
= kfp(z,w). (5.36)
O

Remark 5.1.4. Using properties of the Gamma functions, see [1] 6.1.30, it can be

shown that
coth(pum)

kP = ——— 5.37

f? = 5, (5.37)
provided that p > 0.
Proposition 5.1.5. The Wronskian of fr(z,w), fx(z,w) is

- iub%(br — b

Wa:[fR(xaw)a fR(wi)] = M? (538)

P(z)

where fr is defined in (5.24) and P(z) = 2*(x — by)(x — bg).
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Proof. We have already computed the Wronskian of M, Sé‘*—iwl), see (5.10). Using

xT

the relation between h/_, s’ and fR,?R

o0 T o0

Wilfalr). T o)) = W, | 20 (00, =22 (0 (5:39
_ fﬁ?@ Wl W (M), &l (My)] (5.40)
pb% tan(ar) tanh(ur) a(a + 1)(2a + 1)(bg — br.)

= alat Da+1/2) Pl (5.41)

- iub%,(]f#—%) (5.42)

0

Define

o (1, W) = kfr(r,w) + kfp(z,w), (5.43)

where k, fr are defined in (5.26), (5.24), respectively.

Proposition 5.1.6. The function ps(z,w), defined in (5.43), solves ODE (5.7) and

(x w) _ —bRDR(.T; )\) _ bR(bR — bL)
P2\ l’ﬁ Q?(bR + bL> — QbRbL

where My(z) is defined in Remark 4.1.2 and Dg(z; \) was defined in (4.48). More-

over, @o(x,w) is analytic in a neighborhood of x = br and ps(br,w) = 1.

Remark 5.1.7. If we take bp = —b, = a (here a is a positive constant) in (5.44),

we obtain (4.25) in [16].
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Proof. Tt is obvious that ¢ is a solution of ODE (5.7) since both f, fx are solutions
of ODE (5.7). The relationship with Dp is clear in view of (5.25), since
(3,60) = b0}l ) = L (bl (Ma(a) + sty (Va(2) = 2 D
P2 T, R\ R\+» ZL‘\/E 00 1 oo 1 l’\/% R\+&y A)y
(5.45)

and we know Dg(x; \) is analytic at © = bg, see Appendix C. To express s as a

single hypergeometric function,

Dr(z; A) = a(Mhg, (My(2)) + B(N)sl, (Mi(x)) (5.46)

—ﬁg((lzg()_r“é i/ 3 My(z)* 5 F (% +j’ %; ! ’ Mf(:c)) (5.47)
_ r\g 1;(13)?((‘; i%;) My(2) "R (_5_(;3; : Mf(@) (5.48)
— AMy() ! { i((lif)}“(; 1/ 52)) R <% ti? ! ‘ Mf(@) (5.49)
+F(1;(Jlr)f)(ra(4%- J%r)%) My(z)2 =1/, ( %_’a er‘g 3 Mf(x))} (5.50)
= A Ma(z)F <g - %’1% 1 ' - Mf(a:)) (5.51)

where we have used [1] 15.3.6. Making the substitution ix = a + 3 gives the result.

]

Define another solution of ODE (5.7)

Va(z,w) = lofr(z,w) + lof p(z,w) (5.52)
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where fg is defined in (5.24) and the constant [y € C is to be determined.

Lemma 5.1.8. Let x € [0,bg], u € R, and ly € C be such that

_ 1
k] =
SlizH 2pb,(br — by

where k is defined in (5.26). Then,

Pa)We[0a(z,w), a2, w)] = 1,

(5.53)

(5.54)

where P(x) = x*(x —br)(x —br) and ¥, ps are defined in (5.52), (5.43), respectively.

Proof. This statement is a consequence of Proposition 5.1.5, which states that

- i (br — br)
Wm[fR(wi)v fR(x7w)] - T

Thus,

W92, 0] = Wallafr + lofp, kfr + k[ g
- Wx[ZQfI%HR] + W;E [727}%7 kfR]

= %Sk W, [fr(x, w), frlz,w)]

_ —2ubg(br — bL) i %
= Pl) [12k]

and the result follows.
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Remark 5.1.9. To uniquely define the constant I, we choose [ so that the order 1

term as © — bg of g is 0. According to [1] 15.3.10,

Oz, w) = —2R[iplsk] In(br — o) — 2R {z‘ung {27 + 20 G + iu) +1In (ﬁ) H

+o(l) asx — by, (5.60)

where v is Euler’s constant, ¥ is the Digamma function, and k, 1, are defined in

(5.26), (5.52), respectively. Some elementary algebra shows that choosing I, € C so

that
2y +2R [P (5 +ip)] +In (bR(I‘)l;L—‘bm) 7
_ (bR L .61
RILT s 3(iok] (5.61)
, b

M (5 +in)] +1n () (5.62)

- 2pumb(br — br) tanh(um) |
guarantees

R [WQE {27 + 2V (% - w) +In (M;:—L_'m) H =0. (5.63)

Moreover, we solve for [, explicitly and find

Iy = m {27 +ou (% _ w) +ln (ﬁ)} C (5.64)

We have now gathered the necessary ingredients to prove the main result of this

subsection.
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Theorem 5.1.10. The functions pa(z,w), V2(z,w), defined in (5.43),(5.52), respec-

tively, satisfy properties (1)-(5) listed at the beginning of section 5.1.1.

Proof. This statement is a collection of the results of this subsection.

1. Both (s, 7, are a linear combination of functions fz, fr which are solutions
of ODE (5.7), due to Proposition 5.1.3. From Lemma 5.1.8, we can see that

9,5 are linearly independent.

2. This is obvious due to definitions of ¥, ¢5, which can be found in (5.52),(5.43),

respectively.
3. This follows since ¢o(x,w) is analytic at = bg, see Proposition 5.1.6.

4. Forxz € [0,bg] and p € R, Lemma 5.1.8 tells us that P(z)W, [Vs(z,w), pa(z,w)] =
1. For any fixed z € [0,bg|, P(x)W,[Us(z,w), p2(x,w)] is real analytic for
1 € R and thus can be extended analytically into the complex p—plane. But
P(z)W,[92(x,w), p2(x,w)] =1 for p € R so P(x)W,[Vs(z,w), pa(z,w)] = 1 for

e C as well.

5. We know from Proposition 5.1.6 that ¢5(bg,w) = 1 and from Remark 5.1.9

Vs(x,w) has log type behavior when x — by, so

wa(r,w) =14 O (z — bg) (5.65)

Vg(z,w) = —2R[iplok] In(bg — ) + o(1) (5.66)
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as z — by, and —2R[ipulok] = m for 4 € R, from Lemma 5.1.8. Thus,
R

WI [192(‘T’ w)’ 902(1‘, w,)] = 192('1" w)90,2<x7w/) - ’19/2(1‘, w)902<x7w/) (567)
2R[iplyk —
= 2RGoploH] 2R[iplok] 0y (bg,w') In(bgr — ) + O (1)
bR — X
(5.68)
so it is clear that
lim P(z)W, [Ja(x,w), p2(z,0")] =1 (5.69)

r—bp

as © — by for any ' € C and w € ((b7 + b%)/8,00) (this implies u € R).
But as before, lim,_,,- P(z)W, [V2(z,w), pa(z,w")] is a real analytic function
of w for w € ((b3 +%)/8,00) and any w’ € C. So again we can extend to the

complex w—plane and see that

lim P(z)W, [Ja(x,w), p2(z,0")] =1 (5.70)

r—bp

for any w,w’ € C.

Now we repeat this process on [br, 0], where there are many similarities.
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5.1.2  Left Interval

This subsection will be very similar to the last; we will construct functions ¢q,9; on

[br, 0] that satisfy the following properties:

1. For z € [br,0] and w € [(b2 + b%)/8,0), ¢1(z,w), V1 (x,w) € R are linearly

independent solutions of the ODE

salo) = [P @] +2 (o - ) g(o), (5.71)

2. p1(z,w), % (z,w) € R, for all z € [by,0],w € R,
3. P(x)¢)(z,w) — 0 as z — b},
4. —P(x)W,(01(x,w), p1(z,w)) =1 for all w € C,

5. lim —P(x)W, (% (z,w), p1(z,w")) =1 for all w,w’ € C,

+
x—by

which are necessary in order to use the results of [10]. As before, we will build ¢y, 9,

from the functions z7'h/_ and 7 's’_.

Theorem 5.1.11. The functions
]‘ / 1 /
(@A) = —hi (Ma(2)) s gs,2(2,A) 1=~ (Ms(2)) (5.72)

where Ms(x),hl, s., are defined in Remark 4.1.2, (2.13), (2.14), respectively, are

? Yoo T oo
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linearly independent solutions of ODE (5.71) and

a(a+1)(2a+ 1)(bgr — br)

Welgnr: gs,L] = : 5.73
[gh,L g ,L] —P(.TJ) ( )
where a == a_(—|\|/2) (see Appendiz B).
Proof. This immediately follows from Theorem 5.1.1 by switching bg, by
O
Define function
—bL(bR—bL> _ 1. l‘i‘m §+ZE
— M tip g (2T 20T 2| 2
fr(z,w) :B(bR+bL)—QbRbL( 4(x)) 2T Lt ip 1(@) ),
(5.74)

where M, (x) is defined in Remark 4.1.2.

Proposition 5.1.12. For x € [by,, 0], the functions fr, fr, defined in (5.24), (5.74),

respectively, have the relation

b fr (Mo(z),w)
a%mmm—m@_ﬁwwﬁ (5.75)

where My (z) is defined in Remark 4.1.2.
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Proof. This statement is easy to prove because —My(x) = My(Ms(x)). Thus,

M)

br Liin 31 + i?”’ % + % 2
Jr(Ms(z),w) = WM4(M2($))2 21 | tip M (My(z)) (5.76)
br 1 1y i_/‘7 34
= 2n ) MA@ (4 Ui Mf(:v)) (5.77)
bR —.CE(bR—bL) 1 l_|_% §+w
— 3 -M 5T F 4 274 2
MQ(ZL‘) l’(bR+bL) —QbLbR( 4($)) 2 1—|—Z[L
(5.78)
= () (5.79)
_bLM2<;U> L\, W .
which is equivalent to the result.
O

Simply put, we have obtained f1(z,w) by interchanging bg and by in fr(z,w), see

(5.24). Thus the following Proposition immediately follows.

Proposition 5.1.13. Fora € [by,0] and A € [—1,1], the functions fr(z,w), f;(z,w),

defined in (5.74), are linearly independent solutions to ODE (5.71) and

—bLOé()\)
/T

—bLB(N)

ho (Ms()) = kfr(x,w), Tor

She (M3(2)) = kf(x,0)  (5.80)

where o, 5 and k, hl_, s._, are defined in (4.20) and (5.26), (2.13), (2.14), respectively.

(e ohige oF/

See (5.4) for the relation between w and A.

Proof. This follows immediately from the relation in Proposition 5.1.12, (5.25) and
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Proposition 5.1.11. [

Proposition 5.1.14. The Wronskian of f(z,w), f1(z,w) is

- _ ipbg(br — br)

Wz[fL($7w)7fL(w7w)] - —P(l’) ) (581)
where fr, was defined in (5.74).
Proof. This follows by switching br and by, in Proposition 5.1.5. [
Define another two solutions of ODE (5.71)
QDI((II,LU) = ]{ffL(JI7W) +HL(‘I7W)7 (582)
V1 (z,w) =l fr(z,w) + 11 f (2, w), (5.83)

where k, f1, are defined in (5.26), (5.74), respectively, and the constant l; € C is to

be determined.

Remark 5.1.15. Combining Proposition 5.1.12, Appendix C and Proposition 5.1.13,

we can see that

bLM2<$) —bL
= \/z =
901(x7w> bRJJ (102( Q(x)>w) /T

Dy(x;\), (5.84)

¢1(x,w) is analytic in a neighborhood of x = by, and ¢1(by,w) = 1. See Remark

4.1.2 for My(x), and ¢y, pq, Dy, are defined in (5.82), (5.43), (4.48), respectively.
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Remark 5.1.16. If we take by = —b;, in Remark 5.1.15, we obtain

pr(,w) = oo —2,w),

which was previously obtained in [16].
Lemma 5.1.17. Let x € [by,,0], p € R, and |y € C be such that

_ 1
S =
(L4 2pub7 (br — br)

where k was defined in (5.26). Then,
_P(x)Wx[ﬁbgpl] = 17
where 1,91 are defined in (5.82), (5.83), respectively.

Proof. From Proposition 5.1.14, we have the Wronskian of f, f;.

Wx[ﬁla 901] = Wx[llfL + Zl?L) ka + WL}
= 23 [LkIW, [ fr, f1]

_ 200k = br) o)
= ~Pla) [l1K]

which is our result.

99

(5.85)

(5.86)

(5.87)

(5.88)

(5.89)

(5.90)



We have now gathered the necessary ingredients to prove the main result of this

subsection.

Theorem 5.1.18. The functions ¢ (z,w), V1 (x,w), defined in (5.82),(5.83), respec-

tively, satisfy properties (1)-(5) listed at the beginning of section 5.1.2.

Proof. This statement is a collection of the previous results of this section.

1. Both ¢;,%, are a linear combination of functions f;, f; which are solutions of
ODE (5.71), due to Proposition 5.1.13. From Lemma 5.1.17, we can see that

1,9 are linearly independent.

2. This is obvious due to definitions of 9, ¢1, which can be found in (5.83),(5.82),

respectively.
3. This follows since ¢1(x,w) is analytic at x = by, see Proposition 5.1.15.
4. Same idea as in Theorem 5.1.10.

5. Same idea as in Theorem 5.1.10.

5.2 Diagonalization of H, Hr

According to the spectral theory developed in [10], we have gathered nearly all nec-

essary ingredients to diagonalize H, Hr. The last step is to construct two functions

100



mi(w) and ma(w) so that

O (z,w) +m (w)er (z,w) € L([br,0]),  Da(z,w) + ma(w)pe(z,w) € L*([0,br])

(5.91)

whenever Sw > 0. The spectral measures py, po are constructed via the formula

1 [«2
pj(ws) — pj(wy) = lim — Smy(s + te) ds, (5.92)
=0T T J )

for j = 1,2 (see [10] for more details). Recall from (5.74) that when Sw > 0( <= Su > 0),

fr & L*([by,0]) due to 2~ Y/2+% behavior at © = 0 (see (5.74) for the definition of

fr). This implies that f, € L?([bz,0]). Inspecting ¥, + m,p;, we see that

- — [
191 —+ mip1 = fL(ll —+ mlk) + fL(ll + mlk‘) —— mq = —El (593)

guarantees that 9; + myp, € L*([br,0]). So using Lemma 5.1.17 and Remark 5.1.4,
we have that

my(w) = —% = —% — [m(w)] = Q[lyk]  wtanh(pm)

- - , 5.94
W Ron—ty 0%

where we have used Lemma 5.1.17, Remark 5.1.4, and p was defined in (5.6). So
according to (5.92), we have

T Bbr—b) (5:95)
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Repeating this process for my, we find that ¥ + maps € L%([0,b5]) for Sw > 0

implies that

ol bk o _ Q[lek]  mtanh(um)
where we have used Lemma 5.1.8 and Remark 5.1.4. Thus, by (5.92),
. Smyw)]  tanh(um)

According to [10], the operators Uy : L*([br,,0]) — L*(J, p1) and Uy : L2([0,bg]) —

L*(J, p3), where J = (b%;b%,oo>, defined by

Ur[f1(w) :—/ pr(z,w)f(z) de,  UT[f](w) :—/Jtpl(%@f(w) dpr(w)  (5.98)

br,

Ualf](w) = / " oa(e,w) f(z) dz,  U3[f)(w) = / ool ) f(w) dpa(w)  (5.99)

are unitary, where @1, o and pl, p, are defined in (5.82),(5.43) and (5.95),(5.97),

respectively. According to Appendix C and Remark 5.1.15,

sech(um)ps(z,w).

Hilo(y,w) = Hy {_bLDL(x; )\)} (y,w) = —[Albr ‘ —brDg(z; \) b

l‘ﬁ bR $\/7_T N bR
(5.100)
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Following [16], eq. (3.41), we have that

HL U /HL 1] (z,w) f(w) dpy(w) (5.101)
o) ~

_ /J —Esech(,mr)pé P2l (@) dpal) (5.102)
=U} b () sech(um) f(w)| (z

=03 | Tt et )] ) (5.10)

which is equivalent to

b
UyH U = —b—RseCh(,mr). (5.104)

L

Thus we have proven the following:

Theorem 5.2.1. The operators U;, j = 1,2, defined in (5.98), are unitary and in

the sense of operator equality on L*(J, py) one has

br
UHL UL = —b—sech(,mr) (5.105)
L

where ph is defined in (5.97).

Remark 5.2.2. This result was previously obtained in [16] (Theorem 3.1) but only
asymptotically for large w. The factor 22 in Theorem 3.1 of [16] is a typo and should

be —%2
a”

Since the adjoint of Hy is —Hg, we have an immediate Corollary.

Corollary 5.2.3. In the sense of operator equality on L*(J, py) one has

b
UyHU; = —isech(wr), Uy HEHLUF = sech?(ur), (5.106)
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and in the sense of operator equality on L*(J, ps) one has

UsHpHgU; = sech?(ur),

where pY, phy are defined in (5.95), (5.97), respectively.

Proof. The proof follows quickly from Theorem 5.2.1 because

(UsH o UD) = U1 U

and (what follows is the multiplication operator)

—b—Rsech(,uW) = —b—RSGCh(/LTF) P
br, b
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CHAPTER 6: MATCHING RESULTS FROM CHAPTERS
4 AND 5

In chapters 4 and 5, we obtained two (seemingly) different diagonalizations of Hj,Hr
and H;Hy. We show that the diagonalizations of H;H, and HyHr obtained in
chapters 4 and 5 are equivalent, in the sense of change of spectral variable. See (5.4)

for the relation between A and w.

Theorem 6.0.1. The two diagonalizations of H} Hy, obtained in Theorem 4.4.1 and

Corollary 5.2.3 are equivalent; that is,

Ussech?(um)U; = Ur \2UL (6.1)

in the sense of operator equality on L*([br,0]). The operators Uy, U are defined
in (5.98),(4.85), respectively and sech®(ur),\* are to be understood as multiplica-
tion operators. An identical statement about Uy and Ug, defined in (5.98), (4.86),

respectively, can be made.

Proof. We will relate the operators Up, Uy by using the change of variable A — w in
(5.4), which implies

sech?(u(w)m) = N <= ip=a_(—|\/2) +1/2 (6.2)
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and
br(a+1/2)
iﬂ)\QbL(bR — bL)

d)\? = dp;(w). (6.3)

Now using this change of variable,

Uilfle) = [ oula NFOR) don () (64
B 1 DL(I; /\) ) —bLbR(a+1/2) 2 o0 2
_/0 e Dalooi N M) il — gy DR A) dA (6.5)
Vb Dr(z; ) 5, . br(a+1/2) 2
= [ R Yor /7| A Dr(00; A) - b o (69
= [ rw)flsecium)etes) dps(e (6.7)
= Uy [e(w) f (sech®(pm)] (), (6.8)
where c(w) = —bp/T|A\|Dgr(c0; ) (¢ has a negative sign because A = 0 implies
w=o00) and J = [(b + b%)/8,00). Similarly,
ULlfI(\) = b oLz, A)f(x) dx (6.9)
. 0 DL(fL’S )\) ) du
= | D@ ¢ 010
[P =bDp(z ) ~1 ) d
o Ry e v me=sy (LG
1 0
= o) /bL o1(z,w)f(x) dx (6.12)
- ). (613)
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So we have

as desired.

UrNUL|f](x)

— U [ULIA02)] ()
— U} [e(w)sech? (um) Uy [f)(sech® (um))] ()
— U} [sech?(um) Ui [f)(@)] (=)

— Upsech®(um) Ui [f) ()
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CHAPTER 7: FUTURE WORK

This chapter will focus on unfinished and unpolished future work. In section 7.1 we
will discuss a so-called bispectral property that the operator K (see (2.3)) possesses.
Then we conclude this dissertation with section 7.2 where we see the importance of
the asymptotics of I'(z; A) (obtained in Theorem 3.3.14) in the general setting, where
there are g+ 1 intervals with n double points (in chapters 2 through 6 we considered

only 1 interval [by, bg| with 1 double point at 0).

7.1 A Bispectral Problem

What is a bispectral problem? Given an operator L, with variable x and spectral
parameter A, find a second operator .J, with variable A and spectral parameter x and

‘nice’ function ¢(z, \) so that

Lo, A) = [Nz, A),  Iaod(x, A) = g(z)o(x, A), (7.1)

where f, g are typically polynomials. We refer the reader to [13] for a more refined and
in-depth explanation. As an example, consider Airy’s differential operator, defined

by
L,f =0, where L,f el xf (7.2)
=0 w of =5 —xf. .
dx?
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If we seek functions F'(z, A) so that
L. F(x,\) = AF(z,\) (7.3)

then it must be so that

2

%F(z, A) — (2 + N)F(z, ) = 0. (7.4)

It is clear that F'(x,\) = f(xz + \), where f is any function satisfying L, f = 0. But

switching z and \, we see that F'(x, \) is also a solution of
LyF(z,\) = aF(x,\). (7.5)

Thus the pair of operators L,, L, and function F(z, A) solve a bispectral problem,
as described in (7.1). Moving forward, the bispectral problem we wish to study is

given operator K in (2.3), construct an operator K and function ¢(x, A) so that

A

Klp(- M) = Ap(x. ), Klp(z,))(\) = zp(x, A). (7.6)

We begin with a summary of K and then construct K.
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7.1.1 A Summary of the Operator K
Recall that K was defined in (2.3), which can be rewritten as

KA = [ K(e2)f(2) do,  where K(z2) = LEAE 70

by - 2mi(z — 2)

vectors f1, g1 are defined as

filz) = [Z'W)] Gie) = [‘Xxf<>>] 7 (7.8)

and X1, xr are indicator functions on [by, 0], [0, bg], respectively. The resolvent of K

is defined via the relation

(I+ R(\)) ([ - %K) —1, (7.9)

and according to Theorem 2.2.4, the kernel of Ris given by

R(z,2;)) = ?(w)FQ;Zf;(AgF_(i;)A)fl(Z),

(7.10)

where I'(z; A) is the solution to RHP 2.2.1. Observe that the jumps of I'(z; \) can

be compactly expressed in terms of f:, g1 as

(20, 0) = T(2_, \) (1 - %ﬁ(z)g?i(z)) . 2 [bu,ba] (7.11)
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7.1.2  Construction of Operator K

Notice that the last subsection could be read backwards; meaning if one was given
a matrix I'(z; A) with the jump structure (7.11), then the operator K could be re-
covered. The kernel of K (see (7.7)) and the kernel of the resolvent of K (see (7.9))
are defined explicitly in terms of I'(z; \) and the vectors f:, g1 which appear in the
jump of I'(z; ). With that in mind, lets turn our attention to Theorem 4.2.4 where

it was shown that

D(z;A) =T(z;2) [T = =f(z,A)7 (2,2 |, (7.12)

for A € (—1/2,0) U (0,1/2) and vectors f, 7 are defined in (4.17).

Corollary 7.1.1. For A € (—1/2,0) U (0,1/2),

—

D(2:As) = |T = = flo0, A)g (00, A2) | T(zA), (7.13)

N | =

where T'(z; \) is defined in (2.17) and vectors f,§ are defined in (4.17).

The proof of this corollary shares many similarities with the proof of Theorem 4.2.4
so we omit the details. Notice that the structure of the jumps in (7.11) and (7.13)

is identical. We are now ready to define K L3([-1/2,1/2]) — L*([-1/2,1/2]) as

f([f](/\) = ’ K(u, N\ f(p) du,  where K(u, \) := ft(O;;T/:()\)gi(C;o), A-)

. (7.14)

D=
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and vectors f, g are defined in (4.17). It can be shown that K is self-adjoint because

K, \) = K(\, ). As in (7.9), we define the resolvent of K via the relation

(1+ fé(z)) (I - %K) — T (7.15)

Comparing with Theorem 2.2.4, we have an analogous result.

Theorem 7.1.2. With the resolvent operator ]i’ defined by (7.15), let the kernel of

Z% be denoted by R. Then,

—

Rl v 2) = T A_)sz;;_z)(i_—(;;)u_)f(m; p)

(7.16)

where T'(z; \) is defined in (2.17) and vectors f,§ are defined in (4.17).

The proof mirrors that of Theorem 2.2.4 so it is omitted here.

7.1.3  Solution of Bispectral Problem

In the previous two subsections we have constructed the pair of operators K (see

(7.7)) and K (see (7.14)). It is left to find a function ¢(x, A) so that

A

Klp(- V(@) = Ap(a, ), Klp(w, )](N) = zo(x, \). (7.17)

The author wildly speculates that the function p(x, \) is expressed in terms of the

kernels of the unitary operators Uy, Us, defined in (5.98), which diagonalize the op-
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erators Hr, Hy, (see Theorem 5.2.1 and Corollary 5.2.3).

7.2 General Setting with n Double Points

The goal of this section is to (loosely) describe how one can use the knowledge of
the solution of RHP 2.2.1 (and asymptotics) in the general scenario where there are
multiple intervals with touching endpoints. We show that the parametrix near a
‘double’ point can be built using hypergeometric functions. In this section only, we
will refer to I'y(z; \) as the solution of RHP 2.2.1, where 4 is indicative of the number
of endpoints. Similarly, we call g4, ¥4 the g4—function defined in (3.106) and W, the
solution to RHP 3.3.4 defined in (3.101).

7.2.1 Setting and Notation

Let ¢ € N and choose real numbers a;, as, -+ ,as542 so that —oo < a1 < a <
-+ < agg42 < 00. These 2g + 2 points form g + 1 standardly oriented intervals

I; = [agj_1,a95] for 1 < j < g+1. Let I = U?ii[j. Define matrices

1 —
1

il and V*(\) = [1 (1)] . (7.18)

A

We will frequently refer to V(X),V*(A\) as just V,V* for convenience. For each
interval [;, 1 < 7 < g + 1, assign a matrix V or V*, with the condition that at

least one interval has been assigned V' and V*. Let the set of all intervals associated
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Figure 7.1: One possible I;; and I, when g = 2.

VooV v e VeV
a1 Iy by Ipy by Iy @2 as I, 4 a5 Iypy by Ipy @6

Figure 7.2: Introduction of 3 double points.

with V' be labeled Iy and the set of all intervals associated with V* be labeled ;..
In the Figure 7.1, we display a possible setup with ¢ = 2. Now introduce ‘double’
points by, by, -+ ,b, with by < by < --- < b, and place each b, in the interior of
Iy U I,. When a double point is placed into an interval [;, the matrix associated
with I; (either V' or V*) will switch to the right of the double point. For example,
if I; = [ay1, as] has been assigned V' and we introduce one double point b; to I, then
the interval [aq,bq] is still assigned V' and the interval [by,as] is now assigned V*.
After placing all double points, we will denote Iy}, the set of all intervals which have
been assigned V' and I ; the set of all intervals which have been assigned V*. To

illustrate, we show one possible way to add 3 double points to the scenario in Figure

7.2.
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7.2.2  RHP Approach for the Multi Interval Problem

We begin by stating the general RHP.

Riemann-Hilbert Problem 7.2.1. Find a 2 X 2 matriz-function T' = T'(z; \),
A € C\ {0}, which is analytic in C\ I and satisfies

T(z4; ) =I(2_; A) (1) 3 , for z € Iy, (7.19)

I e (720)
By

[(20) = [0(1) O(log(z —a,))| as =~ a; for cach a; € I, (7.21)

D(250) = [0 (log(z — a,)) O(1)] as == a for cach a; € I, (7.22)

[(z;\) €L?([a1, agg1a]), (7.23)

I(zA)=I+0(z7") as z — . (7.24)

Remark 7.2.2. As it was shown in Remark 2.2.3, the solution I'(z; \) of the RHP

7.2.1 possesses the symmetry ['(z; \) = ['(z; ).

Remark 7.2.3. Note that if I'(z; \) solve the RHP 7.2.1 (with the piece-wise con-
stant jump matrix V' (z)), then o2I'(2; A)og solves the same type RHP with the only
distinction that the jump matrix now is 0oV, = V*(z). That is, interchanging

intervals iy, I, in RHP 7.2.1 is equivalent to the conjugating the solution with o,.
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7.2.2.1 Reduction to the Model Problem and g-function

Define the g-function g(z) as the solution of the following scalar RHP:

For z € Iy, 9+(2) +9-(2) = =1,

For z € IU,bu g+(z) +g,(2> = 17

For z € (agj, agj+1), 9+(2) — g—(2) =1iQ;, j = 1,--- , g where constants ), are

to be determined,

g is analytic in C \ I,

g € L*([a1, azgy2])-

The solution of this RHP exists and is given by

_ R(2) x(2)d¢ I e Q5d¢
1= (/ conot o), <<—z>R<<)>’ (7:25)

j=1 J

where

x(z)z{ BOEE Ro=T[c-a)t )

—1, if z € [L,b

with the branch of R satisfying R(z) ~ 297! as z — oo and the constants ; are
(uniquely) chosen so that g(z) is analytic at z = co. Note that g(z) has O (In(z — b))
behavior near the double points b;. Also note that Rg(z) is a Schwarz symmetri-

cal harmonic function in C\ I. Because of the jump conditions and the Schwarz
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symmetry,

Ry, (2) = Ry (2) =+ (7.27)

on Iyp, I1,;, respectively. Thus, [Rg(z)] < 1 on C\ I. The transformation

Y (z; 3¢) = e 9D (5; e7#)9()73

(7.28)

where 2z = —In A, reduces the RHP 7.2.1 to the following RHP.

Riemann-Hilbert Problem 7.2.4. Find a 2 X 2 matriz-function Y (z; ») with the

following properties:

(a) Y (z; ) is analytic in C\ [a1, aggia);

(b) Y (z; ) satisfies the jump conditions

[ o#(9+—9-) 0 ;
ie”(g++g—+l) e—%(g+—g_) ; 2 € Lbs
sw(gr—g-) _;o—x(g++g-—1)
c e 7.29
0 e~ #(9+—9-) ] » 2 € lup, (7.29)

Y+ =Y e” ]037 KAS (a’2j7a2j+1)7 J = 17 - g5

(c) non-tangential boundary values of Y (z, ) from the upper/lower half-planes

belong to L2 (I), and;

loc

as

(d) Y =1+0(:"")

Z —r OQ.
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The jumps for Y on Iy, and I can be written as

(1 Le—#(29-+1) (1 Lo—x(29++1)

Y, (2;%) = Y_(2; ) 0 ’ | (i0y) 0 ' on Iy, (7.30)
1 o], [ 1 o0

Y, (2;%) =Y_(2; ) s 1) 1] (—ioy) 29 -1) 1] on Iy, (7.31)

This decomposition can be verified by direct matrix multiplication and by using the
jump properties of g(z). We now follow the standard procedure of opening lenses

around each subinterval of Iy, I1 ;. First we introduce the new unknown matrix

(Y (z; %) outside the lenses,
1 0 .
Y (z; 5 ze Ll ),
Z(z; %) = (5) Fiex(20-1) 1] v (7.32)
1 44 —x(29+1)
Y (z; 5) e z € E(Lib),
\ 0 1 :

+ . . . . .
where L’gjb) ., denote regions inside the lenses around intervals Iy, I1, and in the

upper or lower half planes respectively, see Figure 3.5 for the 1 interval scenario.

Riemann-Hilbert Problem 7.2.5. Find a matriz Z(z; »), analytic on C\ <£§f) U L(Li(}) ,
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satisfying the jump conditions

2 € LG\ R,

2 e OLT)\ R,

Zi(z¢) = Z-(z%) § |0 1 (7.33)
—10q z € Iyp,
101 z €Iy,
et o3 2 € (agj,a2j41), j=1,...,9

normalized by

Z(z;2)=1+0(27"), as z = o0, (7.34)
with same endpoint behavior as Y (z; s).
Then the approximation of Z(z, ») outside small discs around the endpoints and
double points is given by the outer parametrix (solution of the model RHP) W(z; »).

The approximation of Z(z, ) near the endpoints and double points is given by local

parametrices. Following [3], the model problem for W(z; ) is:

Riemann-Hilbert Problem 7.2.6 (Model problem). Find a matriz ¥ = U(z; »),
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analytic on C\ [a1, asgyo] and satisfying the following conditions:

U, =V_(—ioy), on Iy, (7.35)
U, =V_(ioy), on Iy (7.36)
U, =W 4% on (ay;, azj1) (7.37)
U(z)=1+0(z7") asz = o0 (7.38)
U(z)=0(]z— bl 7%) as z — by (7.39)
U(z)=0(]z— a;| ) as z — a; (7.40)

and Vo (z) € LE (I) except for neighborhoods of the double points by,.

loc

Note that solution of the RHP 7.2.6 is not unique because W(z) ¢ L7 near any

loc

double point b.

7.2.2.2  Solution of the Model Problem

Let z € I;, 1 < j < g+ 1. Define another g function g(z; ») as the solution of the

following RHP:

0, if ze€ Iy N ]be orz €Il N IL,ba
G(zy;2) + (2 ) = sgn(Sx)im, it z € I, N Iyy, (7.41)
—sgn ()i, if z € Iy Mgy,
G(z459¢) — glz—;20) =W, 2z € (agj,a2541), where W, is TBD; (7.42)
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G(2; %) is analytic at C \ [ay, azg4o) and is an L2 function on the jump contour.

R(¢) = [I2%*(¢ — a;)"?, where we choose the branch of R by R(z) ~ z9t! as

Jj=1

z — 00. Then

_ R(2) / —sgn(Sae)imd( N sgn(Sx)imd(
- 2mi \Jiyan, (€—2)Ri(C) Ly, (€ —2)R+(C)

g ag2j+1 W]dg
DN z)R(O) ’ T

j=1 J

where the constants W; € R are (uniquely) chosen (in the standard way), so that

g(z; ») is analytic at z = 0o. Let z — bg. Then, according to (7.43),

g(z; ) = i%sgn(%%)sgn(%z) In(z — b)) +O(1) (7.44)

“on

where the sign if we have I, to the left of by, and Iy, to the right and the sign is

plus in the opposite case. It is to be understood that if s = 0, then sgn(Sse) = +1

where + is taken when 3¢ approaches the real axis from above/below. Denote
\if(z; %) = 675(00;%)03\1,(2; %)eg(z?”)"?’. (7.45)

Then WU(z; %) satisfies the following RHP.

Riemann-Hilbert Problem 7.2.7. Find a matriz U = U(z; 5), analytic on C\
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[a1, asgt2] and satisfying the following conditions:

=K

\I~1_(—i01) , for z € Iy;

+
U, =VU_(ioy) , forzeIp;
¢f+ = \I’Vlie(i%Qj‘FWj)U?’ on (an’ &2j+1); (746)

U(2)=14+0(z""), z— oo
loc

U (2) e L2 (I).

Lemma 7.2.8. There exist a solution V(z;3) to RHP 7.2.6 such that the matriz
function U(z; ») given by (7.45) solves the RHP 7.2.7.

Proof. Analyticity of W(z; ») and its asymptotics at z = co are clear. We only need

to check the jump conditions. Let z € I, N I,. Then we have

Uy (25 5¢) = U, (2; 5¢)ed+ (5379 (7.47)
= U_(z; %)io, 9+ (597 (7.48)
= U_(z; 3)e +E=993j4, (7.49)
= U_(z; »)ioy (7.50)

since —g4(z; %) = §_(z; »). Consider now the case z € Iy N I Then —§,(z; ) =
G_(z; 5) £ sgn(Sx)im, so that e 9+(&#)98 = _3-(5%)93 and similarly to (7.47), we

obtain

U, (z55¢) = V_(z; 5)(—ioq). (7.51)
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Finally, on any gap (asj,asj+1) we have

U, (z52¢) = Wy (z; %)e‘}*(z;%)"?’ =U_(z; %)ei”QfU?’e(g*(Z;”HWf)U?’ = \if_(z; %)e(i”gﬁwf)"?’.
(7.52)

According to the last requirement of (7.46), the RHP 7.2.7 has a unique solution,

which can be constructed using Riemann Theta functions as shown in [3], Section 5.

Thus, we completed the proof. O

We fix the solution to the model RHP 7.2.6 as

U(z; ) = ef’(oo?”)"?’\if(z; %)e_g(zm)"?’. (7.53)

Remark 7.2.9. Note that det U = 1 and ¥(2; 5) is analytic (and invertible) near z =
b, on any shore of the cut I. Therefore, the RHP 7.2.7 has a unique solution \i/(z, ),

that, in general, can be constructed in terms of the Riemann Theta functions.

7.2.2.8 Parametriz at a Double Point

Construction of the local parametrices at the endpoints a;, j = 1,...,2j + 2 is es-
sentially the same as in [3]. Label this parametrix P, (z; ). Here we consider a
parametrix at by € (agj_1,az;). After opening of the lenses, the RHP 7.2.4 was natu-
rally transform to another RHP, satisfied by Z(z; »). Let us define the approximate

solution to this RHP, called Z (z; ), as follows:
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o Z(z; %) = W(z; %), where U(z; %) is given by (7.53), everywhere outside small
discs D,;, Dy, around the branchpoints a;, j = 1,...,2g+ 2 and double points
bk, k= 1,...,n;

e inside each D,; the approximate solution 7 (z;5) is given by the standard

Bessel type parametrix, constructed, for example, in [3];

e inside each D,, the approximate solution Z (23 3¢) = Py, (2; 2), where the parametrix

Py, (z; 22) will be constructed below.

The requirements for the sectorial analytic parametrix Py, (z; ) are:

1. Py, (z; 2) has to have exactly the same jump matrices in Dy, as Z(z; »);
2. Py, (z; ) has to be in L? . on the jump contours;

loc

3. the jump matrix between V(z; 5) and Py, (2; 5¢) on 0Dy, should approach 1 as

» — OQ.

The error matrix £(z; ») is defined as € = Z Z=1. If we denote by M, M the jump

matrices of Z, Z respectively, then we have
Ey =2, 27 =2 MM\ Z' =272 272 MM™*Z7' = £_Mg, (7.54)
where the jump matrix Mg for £ is

Me=2_MM'Z"". (7.55)
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Since the jump matrices M, M coincide inside the discs D,;, Dy,, as well as on
the interval (ai, agg+2) outside these discs, the jump contours for € consists of the
boundaries 0D,;, 0Dy, , as well as of the lenses outside the discs, see Figure 3.6 for
the 1 interval scenario. By the standard arguments, Mg = 1+ O(s!) on the lenses

and on dD,,. Since Z has no jump on 9D, , we conclude that

A A

Me=2_2"=UP," (7.56)

provided that the contour 0Dy, is positively (counter clockwise) oriented. We now

L approaches 1 as s — co. Let

construct the parametrix P, so that M, = Py, W™
[4(z; ») denote the solution RHP 2.2.1 with b, = —a, bg = a, (here a is a positive
constant) b; = 0 and jump matrices V' on (—a,0) and V* on (0,a). We will call the
RHP for I'y(z; ») as the 4 point RHP. Let the double point by, have Iy, subinterval
on the left and I, subinterval on the right. Denote by g4 the g-function (3.106),

constructed for the 4 point RHP. Then

) _
1 Fje—*294(C)+1)

W (25 20) W3 (Gs 20)Ta (G 5004 (k) ;o (D),

0 1

Po(232) = W(2; 30) W5 (Gs 50)Da (G 2¢) 79407, (2)z,
. 1 0

W (25 50) Wy (Gs 20)Ta (G 3¢) 794 (k)3 ;o (3,
q:ie%(2g4(Ck)—1) 1

(7.57)

where U, is given by (3.3.5) and see Figure 7.3 for regions (1),(2),(3). The function
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Figure 7.3: The region D, with lenses(blue).

Cx(z) is defined by the condition

9(2) = 94(Ce(2)), (7.58)

where g(z) is given by (7.25). The existence of such (i (z) will be shown in Lemma

7.2.11 below.

Theorem 7.2.10. The parametriz Py,, defined in (7.57), satisfies the above men-

tioned conditions 1 - 3.

Proof. Indeed, according to (7.58), the jumps matrices of (7.57) coincide with that
of Z(z; 5) inside Dy, so we have proven the first requirement. According to Theorem

3.2.6, when z is on 0Dy, in sectors (2)4,

W3 (G 24 (G 22) (07 = 14 O( ) as oo (T59)
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Then

Mg (25 50) = Pil(z; 20) W (25 2¢) = W(z550)[1 4+ O(s¢ W (220) = 14+ 0(>7)
(7.60)
since W*!(z; 5) are bounded on 9Dy, when s is restricted to the horizontal strip
—m/2 < S[5| < w/2. The idea when z is in any of the remaining sectors is similar.

Thus, we have proven the third requirement for the parametrix.

Finally, to prove the remaining second requirement we notice that

La(Gei )07 = 9V (25 50) is an L,

matrix valued function provided that ¢ € R. So, it is sufficient show that W(z; 5) W, *((y; 5)
is bounded on Dy, . Note that, according to (7.44), §(z; 3) — §a(Cx; »¢) does not have
logarithmic singularity at z = by, so that e9(*#)~94(&#) is hounded in a neighborhood
of by,. Taking into the account the fact that U*! from (7.53) is bounded in Dy, , we

obtain

_21
W (z; %)\I’Zl(gk x) = eg(m;%)gg\i’(z %)ef(g(z;%)*%(ébk;%))ﬂs (—Ck t1 ’ e 94(0033)a3
7 ) 7 Ck _ 1

(7.61)

is also bounded in D, . O

The parametrix when the double point by has I, subinterval on the left and I,
subinterval on the right can be constructed in a similar manner and will be omitted

here.
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Lemma 7.2.11. Let functions ¢(z),1(z) be analytic in a disc D centered at the
2)

= 2 4 9)(2). Then, there exist a function

1T

origin and let ¢(z) = 22 4+ ¢(z), ¥(

C(2) = az(1 + y(2)) analytic in, perhaps, a smaller disk D C D centered at z = 0,
where a # 0 and y(0) = 0, such that

$(¢(2)) = ¥(2). (7.62)
Proof. Substituting ¢(z) in (7.62) and taking a = ¢™“(©=90) we obtain equation
F(sy) = (1) + 8(as(1+9) ()~ $(0) + 3(0) =0, (7.63)

which is true for (z,y) = (0,0). Since

OF 1

8_y = m + aqu’(az(l + y)) 7£ 0 (764)

at (z,y) = (0,0), the conclusion follows from the Implicit Function Theorem. O
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APPENDIX A: CONSTRUCTION OF I'(z;))

Recall that the Hypergeometric ODE (see [7] 15.10.1) is

which has exactly three regular singular points at 7 = 0,1, 00. The idea is to choose
parameters a, b, ¢ so that the monodromy matrices of the fundamental matrix solution
solution of the ODE will match (up to similarity transformation) the jump matrices

of RHP 2.2.1. We orient the real axis of the n—plane as described in Figure A.1.

A.1 Solutions of ODE (A.1) near Regular Singular Points and

Connection Formula

According to [7] 15.10.11 - 15.10.16, three pairs of linearly independent solutions of

ODE (A.1) when n = 0, 1, oo, respectively, are

a,b e a—c+1,b—c+1
ho(n)zzF1< ) ‘77) so(n) =n' zFl( 5, ’n) (A.2)
a,b B c—ab c—a,c—b
hl(n)_2F1<a+b+1—c —U)>31(77)—(1 n) 2F1(c—a—b+1‘ 77),
(A.3)

- a,a—c+1|1 b —b bb—c+1 |1
hoo — dmip=a, [ =), Sso _ pbmi I - ).
o =eari (7 D) st = e
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Figure A.1:

From [7] 15.10.7, we have that

Wy [hoo(1), 500(M)] = e(a+b)m(a -

byn~(1 -

n)c—a—b—l'

Orientation of the real axis of the n-plane.

(A.5)

Kummer’s 20 connection formula are listed in [7] 15.10.17 - 15.10.36. We will list

only what is necessary in this construction. The connection between solutions at

n =0 and n = oo is (see [7] 15.10.19, 15.10.20, 15.10.25, 15.10.26)

[ho(n) So(ﬁ)} = [hoo(n) Sm(n)] Coco,

where

6(170)7ri ['(2—c)l'(b—a)

6(1—c)7ri '(2—c)l'(a—b)

I'(1—c)'(a—b+1)
T(a—ct )T (1-b)

e c—1)mi F(c=DT'(a—b+1)

I'(a)l(c—b)

T(1—a)l(b—ct1)

T(1—b)I(a—ct1)

|

I'(b—c+1)I'(1—a)
(e=1)mi (=D (b—a+1)
r')(c—a)

[o(n) s0(n)| Gl

r(1—o)T'(b—a+1)

] |

(A.6)

(A7)

The connection between solutions at n = 1 and n = oo is (see [7] 15.10.23, 15.10.24,
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15.10.27, 15.10.28)

() 51| = [hoe() 500(m)] Cocr, (A.10)
hoeln) 5oc()] = [0 51:0)] Cre, (A11)
where
—ami D(a+b—c+1)'(b—a) e(bfc)m‘ I'(c—a—b+1)I'(b—a)
T'(b)T(b—c+1 I'(l—a)['(c—a
0001 - —bmi F(aJF(b)*C&U;r(a)*b) (a—c)mi F(c(abzrl()F(a)b)] ’ <A12)
€ T(@)T(a—ct1) € T(1—b)T(c—b)
pari T'(a—b+1)I'(c—a—D) ebri I'(b—a+1)T'(c—a—b)
-1 _ _ I'(1-b)'(c—b) I'(1—a)T'(c—a)
Cool - ClOO - [ (c=b)mi L(a=b+D)T'(a+b—c) (c—a)mi F(ba+1)1"(a+bc)] (Alg)
€ T@(a—ct1) € TG (b—ct1)
A.2 Selection of Parameters a,b,c
Define
N c at+b—c+1 h (T]) S (77)
I'(n) :==n2(1—n) o (A.14)
hie(n) s (n)
Notice that for any n € C
det (f(n)) = eloetbmi(g _ p) (A.15)

according to (A.5). Our solution I'(z; A) to RHP 2.2.1 has singular points at z =

br,,0,br. Notice that the Mobius transform

n= M(z):= % (A.16)
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Figure A.2: Orientation of the real axis of the z-plane.

maps by, — 0, bg — 1, and 0 — oo where the orientation of the z—axis is described

in Figure A.2. Thus we are interested in the matrix

o (o (G0 N (el = b\ [hee (M) e (M(2)
Fh(=) (|bL|(Z—bR)> (Z(bR—bL)) [hgo(Ml(Z)) slo (My(2))

[e.e]

(A.17)

We need to determine parameters a, b, ¢ such that T'(M;(z)) is L2 at z = by, 0, bg,

loc

so we are interested in the bi-resonant case, which is
celZ, c—b—a€cl. (A.18)

When z = by, to guarantee that I is L? . we must have that (use the connection

formula of section A.1 to easily inspect the local behavior)

‘s - == > - (A.19)
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Since ¢ € Z, it must be so that ¢ = 0. Now for z = bg, we must have that

a+b—c—i—1_r+1 1

_Z A2
5 5 Ty (A.20)
1—a—-0» —r—1 1
— _Z A21
5 5~ 73 (A-21)

where a + b = r € Z. Since r € Z, the only possibility is r = —1. So we have that

b= —1—a and ¢ =0. Lastly, as z — 0,

heo (My(2)) = O (2%, (A.22)
oo (My(2)) = O (2°7), (A.23)
500 (Mi(2)) = —e™ ™ (z(b_]%b—’%yﬂ +0 (27, (A.24)
st (My(2)) = —(a+1)e ™ (%) +0 (27, (A.25)

so we see that it is not possible for I'(M;(z)) to have L? behavior at z = 0. On the

other hand, observe that

o (M)+Z( bube (bR(Z‘bL)):o(z—a), 20,

Z(bR—bL) bR—bL)(CL+1) * Z(bR—bL)
(A.26)
Thus the matrix
1 brbr .
0 Z(bR*blL)(““) D(Mi(2)) (A.27)

s T2
is Li .

as z — 0 provided that |R(a)| < 1/2. In the next section, we solve for a

explicitly in terms of A and the condition |R(a)| < 1/2 will be met provided that
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A ¢ [—1/2,1/2], see Appendix B.

A.3 Monodromy

The monodromy matrices of f(z) about the singular points z = 0, 1, oo are

MO — Coooeiwcagcooo, M, = Cvoolein(a—l-b—c—l—l)cmcloo, Moo _ eiﬂ(b—a—l)crg, (A28)

where Cug, Cooos Coo1s Croo are defined in (A.8), (A.9), (A.12), (A.13), respectively.

With some effort it can be shown that

- sin 7ra sin wh 2mil'(b—a)T'(b—a+1) .
M — cosme (1 ~ 25 n(b—a) ) T(®) (c—a)l (b—c+ )T (1—a) - sinm(a+b) (1 0
0— 2mil(a—b)T'(a—b+1) 1 9 - sin a sin b +sin Wcsjn 71-([) _ a) 0 1 ’
F@T(e—bMa—cinra—p  Cosme |+ 2055700
(A.29)
My=eFOT0Mo| e B0 (A.30)
From the previous section, we take ¢ = 0 and b = —1 — a. It is important to note

that the connection matrices Cyo, Conos Coo1, Cioo are singular when ¢ = 0 and/or

b= —1— a, but we can see that My, M, are not. Taking c =0 and b = —a — 1, we
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obtain

1 — itan(an) .taf(m)r(?)r(aw)
My = | . 2041 1 3 i+ ot )l (a+3) ; (A.31)
4 I'(a+3)T(a+3) 1 .
OB + i tan(am)
Ml — 0_36—7l7ra03 Moeiwaag o3, (A32)
M, = e~ ?ma%s, (A.33)
Let
— tan(an) 0 1 e
Q()\) = [ a ami F(a+3/2)F(a+1/2)] [ ami ] <A34)
0 42 +1€ W —e 1
so then we have
. 10 . (S
Q MOQ = e27ria,_1 I Q M].Q = Y (A35)
- eaﬂi 1 O 1
:6477750‘,627773ﬂ+1 176271—'“1
CUnQ-| TSmO ] (A.36)
The match requires
627ria -1 7
—1_ 3 A37
eami )\ ( )
which implies
1 -+ V4AN2 — 1
17T

In Appendix B we have listed all the important properties of a(\).
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A.4 RHP 2.2.1 Solution

We will now construct I'(z; A) so that it is the solution of RHP 2.2.1. Notice that

the matrix
1 brbr .
) z(bR—blL)<a+1> (M (2)Q(N) oo, (A.39)

where T, M, a are defined in (A.14), (A.16), (A.38), respectively, satisfies the follow-

ing properties:

e [? behavior at z = 0, provided A ¢ [—1/2,1/2], due to (A.27) and properties
of a(\) (see Appendix B),

1 —i
e jump matrix M for z € (by,0) with positive orientation, see (A.35) and

Figure A.2 for orientation,

e jump matrix

(1 0
; 1] for z € (0,br) with positive orientation, see (A.35),
D)

e column-wise behavior [O (1) O(In(z —by))| as z — b, because the first col-
umn has no jump on (b, 0) and is analytic for z & [br, bg] so the first column

is O (1) as z — by. The Sokhotski-Plemelj formula can be used to inspect the

behavior of the second column.
e column-wise behavior [O (In(z —br)) O(1)| as z — bg, same idea as above,
e behavior I'(M;(00))Q(N)oo(I + O (271)) as z — oo,
e analytic for z € C\ [bz, bg], due to properties of hypergeometric functions.
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Thus, we conclude that the matrix

brbr .
D(24) = 02Q ()L (My () [; Z(bRb{W)] POLENQMN  (A40)

is a solution of RHP 2.2.1 provided that X ¢ [—1/2,1/2].
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APPENDIX B: DEFINITION AND PROPERTIES OF a(\)
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Figure B.1: Branch cut and argument of v/4A2 — 1 for A\ € R.

Define function

a()) = %m <%) (B.1)

where the branch cut of v/4A2 — 1 is from [—1/2,1/2] and the principle value of the
logarithm is taken (—71' < arg (”— Vg‘/’\\g’l> < 77). In Figure B.1, the branch cut is
the black line, the blue dashed line is the remaining real axis, and the argument of

V4A? — 1 is displayed for each shore of the real axis.

The following proposition lists all relevant properties of a()), none of which are

difficult to prove.

Proposition B.0.1. The function a()\) has the following properties:

1. a(\) is analytic for A\ € C\ [-1/2,1/2].
2. a(\) is Schwarz symmetric.

3. ay(N)+a-(\) =1 for x € (0,3).

4. ar(A) +a_(A) =—1 for A€ (=1,0).

5. Rlaz(N)] =% for A € (0,1/2).

— 2
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10.

Rlar(N)] = —3 for X € (=1/2,0).

<Ra(N)] <3 forxeC\ [-3,1].

For A € (—1/2,1/2), Slayr(N)] <0, Sla—(N)] >0, and Slay (V)] = —Sla—(N)].

If X — 0, then

—LIN)+14+0N)=Z45+0(), SA>0,
a(\) = (B.2)

LIn(A)+3+0(N)=-2+1+0(e?), SA<LO,

where »x = —In \.
As AN — 0,
Jina(h) _ ie”(1+0(e?7)), SA>0, (B3)
ie™*(1+ 0 (e7%)), SN <0,
where »x = —1In \.
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APPENDIX C: PROPERTIES OF d(z; \), dg(z; \)
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In this Appendix we compute and list the important properties of the functions

dp(z; \) and dg(z; ). Recall that (from eq. (4.18))

(i) = a0, (BEZI) 4 g, (SEZ0). (©1)
dﬂsz:—@ma@m;(%§£%%>+e%“mxm”(§£{%%), (C.2)
where

e~ tan(am)l(a) 4% (a4 1/2)

A) = A) = )
W= g o PW T(a+2) (C.3)
and hl_, s’ are defined in (2.13), (2.14).
Proposition C.0.1. For A € (—1/2,0),
1. dg (Ms(z); \) = dr(x; \), where My(x) = %,

2. dp(z;\) and dg(z; \) are single-valued in \,

8. dp(z;\) is analytic for z € C\ [0,bg], dr(z;\) = d(Z; \) for z € C, and
d (205 \) — dp (2 ) = %dR(z; \), forz € (0,bp), (C.4)
4. dg(z; ) is analytic for z € C\ [b,0], dr(z; \) = dr(%; \) for z € C, and

dp(ze: ) — dn(z: ) = —%dL(z; N, for € (b, 0), (C.5)
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5. We have the SVD system

[ =8 gy, |

X

dR(?J? >\)
Y

dL(333 )\)
T

He

where x € (br,0) and y € (0,bg).

br . 0 .
6. / M dx = 27r)\dL(oo; )\)7 / M dr = —27T>\dR(OO; )\)
0

X by, X

} () = 22

(C.6)

To obtain the corresponding identities for Dr(z; ) := dgr(z, —|\|/2) and Dr(z; \) :=

dp(z,—|\|/2) for A € (—=1,1), replace X with —|\|/2.

Proof. 1. Recall from Remark 4.1.2 that

bR<$ — bL)
M =
1(37) x(bR_bL)u
bRbLZE
M. =
() = o T b) = by
—bp(x — bg)
Ms(z) = My (My()) = ﬁ
It is easy to show that
1 — M, (z)

1—M3([E):M1(l'), 1-—- =

Mg(l‘) Mg(l’) '
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From [1] 15.5.7, 15.5.13, (taking a := a_(\) and —1 = ¢™'")

a+1l,a+1
oI
2a + 2

Thus we have

Moo (M3(z)) = —ae

LY _ (L N\ L (atlatl 1
Ms(z)) — M;(z) I 2042 |1 My(x)

(C.11)
(G (e )

(C.12)
e (S) A (et )

(C.13)

ami e a+1l,a+1 1
Ms(x) 12F1( ’

) = et o)

because hoo(N)|as—a—1 = Seo(n). Since

2a + 2 M;(z)
(C.14)
and taking a — —a — 1 in the identity above yields
St (Ms(2)) = e ™' s (M (), (C.15)
A3 \) = ally (Mi(x)) + Bsl (M (x)) (C.16)
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then we have that

dr(Ma(z), A) = ahl (My(Ma(x))) + Bs (M (Ma(x))) (C.17)
= ahg (Ms(x)) + Bsl (Ms(z)) (C.18)
= —e"™ahl (M,(z)) + e ™ Bs’ (M, (x)) (C.19)
=dp(x; ). (C.20)

2. Notice that heo(2)] = Soo(2) so we have hl_(z,Ay) = s, (2,A-). To

a——a—1

compute the jumps of the coefficients «, 5, we use [7] 5.5.3.

tan(a,.m)I'(a
a+() = ea+ﬂi4aE+TF()af %——F)3/2) (C21)

_ —e* ™ tan(m(—a_ — 1)) I(—a_ — 1)

e T(1/2=a) (C-22)
_4%e " tan(a-m)I(—a- — 1)
= T2 —a) (C.23)
4% e T (a- + 1/2)
B [(a_ +2) (C-24)
Y (C.25)

and, similarly, 5, (A) = a_(A). This can now be used to prove the statement.

3. Recall, from the proof of Theorem 4.2.4, that dp(z; \),dr(z; \) was defined in

terms of the (2, 1), (2,2) element, respectively, of the matrix

M(z,\) = T(Mi(2), N Q(N)oa. (C.26)
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Using the definition of I'(z; A), see (2.17), some simple algebra shows that

—brbr
M(z,\) = [é Z(bR_blL)(““)] 1M (0))QasT (2 N). (C.27)

Since I'(z; A\) is a solution of RHP 2.2.1, we know Mz, \) is analytic for z €

C\ [br,bg] and

L] e, o

1 -2
M+ — M_ A z € (bL,O), M+ — M_
0 1 d

which immediately gives the jumps and analyticity of both dj,dr. For the

symmetry, notice that

dr(z;\) = —atan(ar)l'(a) (2)0! Fl(a+ La+1

1
491D (a + 2) 2a + 2 ‘ Ml(z))
(a+1)4T(a+ 1) —a,—a

_ F(a+2) Ml(Z)QQFl( 9%

1
W) (C.29)

and a = a()\), M, (z) are Schwarz symmetric. Thus dg(z; \) = dg(%; \) and the

symmetry of dy(z; \) follows from the relation dg(Ms(x); \) = dp(x; N).

4. This was proven above.
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5. Let yg be the circle with center and radius of br/2 with negative orientation.

dr(y; V)], 2\ "% 3dr(y: M)
Hn { y } () = 27?@'/0 sy —o) (C.30)
_ 22 " Aydr(y; N)
= 27”,/0 Yy — 1) dy (C.31)
_ 2 [ Ay
=5 /VR oy — 1) dy (C.32)
= 2\d(z; \) (C.33)

where we have deformed i through z = oo and into the circle of center and
radius by, /2 with positive orientation and then apply residue theorem. The

other computation is nearly identical.

6. The idea is similar to that of the last proof;

br . br 14 ‘A .
/ BT g 2TA / rdr@) - 27 / L&A gy~ 9mAdy (o0: V),
0 0 YR

T 27 T 211 T

(C.34)

and the remaining identity is proven analogously.
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