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ABSTRACT

The title of the dissertation gives an indication of the material involved with the
connecting thread throughout being the classical Bernstein inequality (and its variants),
which provides an estimate to the size of the derivative of a given polynomial on a prescribed

set in the complex plane, relative to the size of the polynomial itself on the same set.

Chapters 1 and 2 lay the foundation for the dissertation. In Chapter 1, we introduce
the notations and terminology that will be used throughout. Also a brief historical recount is
given on the origin of the Bernstein inequality, which dated back to the days of the discovery
of the Periodic table by the Russian Chemist Dmitri Mendeleev. In Chapter 2, we narrow
down the contents stated in Chapter 1 to the problems we were interested in working during
the course of this dissertation. Henceforth, we present a problem formulation mainly for

those results for which solutions or partial solutions are provided in the subsequent chapters.

Over the years Bernstein inequality has been generalized and extended in several
directions. In Chapter 3, we establish rational analogues to some Bernstein-type inequalities
for restricted zeros and prescribed poles. Our inequalities extend the results for polynomials,
especially which are themselves improved versions of the classical Erdos-Lax and Turan
inequalities. In working towards proving our results, we establish some auxiliary results,

which may be of interest on their own.

Chapters 4 and 5 focus on the research carried out with the Askey-Wilson operator
applied on polynomials and entire functions (of exponential type) respectively. In Chapter
4, we first establish a Riesz-type interpolation formula on the interval [—1, 1] for the Askey-
Wilson operator. In consequence, a sharp Bernstein inequality and a Markov inequality

are obtained when differentiation is replaced by the Askey-Wilson operator. Moreover, an

il



inverse approximation theorem is proved using a Bernstein-type inequality in L?—space.
We conclude this chapter with an overconvergence result which is applied to characterize
all g-differentiable functions of Brown and Ismail. Chapter 5 is devoted to an intriguing
application of the Askey-Wilson operator. By applying it on the Sampling Theorem on
entire functions of exponential type, we obtain a series representation formula, which is
what we called an extended Boas’ formula. Its power in discovering interesting summation
formulas, some known and some new will be demonstrated. As another application, we are

able to obtain a couple of Bernstein-type inequalities.

In the concluding chapter, we state some avenues where this research can progress.
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CHAPTER 1: INTRODUCTION AND TERMINOLOGY

“Begin at the beginning,” the King said, very gravely, “and go on till you come to the end:

then stop.”

Lewis Carroll, Alice in Wonderland

This chapter will set the tone to the dissertation in which an expository account will
be given on the notations and definitions of the contents that comprise the dissertation. A
brief literature review will also be provided where references are mentioned which carryout

comprehensive studies of the material.

1.1 Why Inequalities ?

Inequalities pervade mathematics, arises naturally in that in many practical applica-
tions the need may occurs to bound one quantity by another. Not only being a sophisticated
tool in mathematics, they also play an integral role in other disciplines as well. The theory
of inequalities presents an exciting and a very much active field of research, especially in
approximation theory. Two of the most fundamental inequalities are the Bernstein inequal-
ity and the Markov inequality. Apart from being ubiquitous on their own rights, these two
inequalities are proven to be invaluable tools in proving inverse theorems in approximation

theory.

1.1.1 Preliminaries and Notations

In conjunction with the nomenclature, let N, R, and C respectively denote the set of

natural, real, and complex numbers. For z,y € R, let 2 = = + iy denote an element of C,



whose complex conjugate is 7 = x —iy. Let n € N be fixed. In this dissertation, we will come

across several spaces of functions. In particular, we will use the following special spaces.

e P,: space of complex algebraic polynomials of degree at most n. i.e.,

P, = {p ip(z) = Zbkzk, by € (C} .

k=0

Indeed, by the Fundamental theorem of algebra, if b,, # 0, there exist 2, k =1,2,...,n

such that
n
p(z) =ba [ [ (= = z).
k=1
e R,: space of rational functions with at most n poles among ay, as, ..., a,. Let w(z) =

[Tizi(z —ap).
R, = {r:rz%, pEPn}.

e 7,.: space of trigonometric polynomials of degree at most n. i.e.,
T, = {t () = Z cpe®?, ¢ € C}.
k=—n

In fact, an element of 7, can equivalently be written as

t(p) = a0+ Y {axcos(ky) + bsin(ke)}, ar, by € C.
k=1

For a compact (closed and bounded) set S in the complex plane, by ||-|| we denote
the supremum norm on S. Moreover, we use T = {z : |z] = 1} to denote the unit circle and

D = {z:|z| < 1} to denote the (open) unit disk.



1.1.2 Bernstein: The protagonist

Historically, the story of (polynomial) inequalities unfolded few years after the Russian
Chemist Dmitri Mendeleev’s discovery of the periodic table (see [16], [29], [48]). While
observing his results of a study of the specific gravity of a solution as a function of the
percentage of the dissolved substance, Mendeleev noticed that the data could be closely
approximated by quadratic arcs and wondered if the corners where the arcs (of the plotted
data) joined were actually there, or was it due to error of measurement. His question, after
normalization was:

If p(z) is a quadratic polynomial with real coefficients and |p(z)| < 1 on [—1,1], then how

large can |p'(z)| be on [—1,1]7.

In 1887, Mendeleev himself answered the question and showed that |p/(x)] < 4 on
[—1,1], and convinced himself that the corners of the arcs were genuine. As we would’ve
guessed, being a non-mathematician he should communicate his results with a mathemati-
cian, which is exactly what he did. He communicated his results with Andrei Markov who
naturally investigated the corresponding problem in a general setting to polynomials of de-
gree n. Few years later Markov established and proved what is now known as the Markov’s
inequality™ [46]:

If p(x) is a polynomial of degree m with real coefficients and |p(x)| < 1 on [—1,1], then
1P/ (z)] < n? on [-1,1]. Equality holds only at £1 and only when p(x) = +T,(x), where

T,(z) = cos(ncos™t(z))T.

The next episode of this story is to look at a similar inequality for polynomials of

*The younger brother of Andrei, Vladmir Markov extended Markov’s inequality to higher order deriva-
tives in 1892.

T, is called Chebyshev polynomial of the first kind. We will be utilizing 7}, and it’s companion, U,, in
Chapter 4.



degree n over the complex plane, where a typical question can be raised along the same
direction [55, Chapter 14]:

For a given polynomial of degree at most n with some meaningful information about the kind
of values it takes on a prescribed subset of the complex plane. What can we say about the
size of its derivative?

The answer to this question when the subset being the unit disk was provided by Sergei

Natanovich Bernstein [13] in 1912.

Theorem 1.1.1. Let p € P,,, then

17 llp < nllpllp - (1.1.1)

Equality holds for a polynomial whose zeros are at the origin, i.e., (say) p(z) = cz" for a

constant c.

Theorem 1.1.1 can be stated in the following equivalent forms.

1. Since p(z) is an analytic function, by the maximum modulus principle

= Inmax Z)| = Imax Z)| = .
Ipllo = maxp(z)| = mas p(=)| = [l

So Theorem 1.1.1 holds on the unit circle.

Theorem 1.1.2. Let p € P, then

11l < nllplly - (1.1.2)

Equality holds for p(z) = cz™ for a constant c.



2. Bernstein theorem for trigonometric polynomials:

Theorem 1.1.3. Let t € Ty, then for ¢ € (—m, )

()] < nlt()]- (1.1.3)

Equality holds for t(¢) = vsin(¢ — ¢o), where |y| = 1.

As before a uniform version of this can also be obtained:

1 g < PNl (1.1.4)

3. A connection between trigonometric to algebraic polynomials can be established by

taking t(y) = p(cos(y)), for p € P, to which (1.1.3) yields:

Theorem 1.1.4. Let p € P, then for v € (—1,1)

n
/
Ip'(z)] < i Pl - (1.1.5)

(2) —Dm

}, 1 <j <mn, if and only if
2n

Equality 1s attained at the points v = x; = cos [

p(z) = vTn(z), where |y| = 1.

This is known in the literature as the standard form of the Bernstein’s theorem.

The story involves with these discoveries of Bernstein is quite interesting too. When
first established, in (1.1.4) Bernstein had 2n instead of n, which he proved using a variational
method. In [13, p.527], Bernstein attributed his proof to Edmund Landau. Inequality
(1.1.5) first appeared in a paper by Michael Fekete [25], who attributed his proof to Leopold

Fejér [24]. Simpler proofs of (1.1.3) were established by Marcel Riesz [57], Frigyes Riesz

5



[56] and de la Vallée Poussin [23]. Indeed, Marcel Riesz’s elegant proof of (1.1.4) uses the

following interpolation formula for the derivative of a trigonometric polynomial:

1 2n (_1)r+1
t = — tlo+0,)—s—, 1.1.6
(90) Qn; (‘P )2Sin2 (%) ( )
where
2r—1
0, = r m,or=12,...,2n
2n

Over the years, Bernstein inequality* had been substantially generalized and extended
in several directions; by restricting the zeros of the polynomials, even to date. For instances,
considering different domains of interest (compact subsets of the real line, arcs of the unit
circle etc.), to different classes of polynomials (LP-norms ( for 0 < p < 00), entire functions
etc.) ete. Its wide applicability lies in the fact that being optimal and being the solution to

the following extremal problem:

/
axM = A,, (for some A,, > 0) (1.1.7)

pEPn p|| B

for the respective norms. Its significance is apparent as there’s an area of its own in the

literature named Bernstein-type inequalities.

1.2 Beyond the ordinary derivative: The Askey-Wilson derivative

In 1985, Richard Askey and James Wilson in [6] introduced the theory of Askey-
Wilson operator in their study of a class of orthogonal polynomials, the Askey-Wilson poly-

nomials. For a positive parameter q(< 1), the Askey-Wilson operator or the Askey-Wilson

tFor the equivalent forms of the Benstein inequality and their proofs, see the couple of excellent sources
in [49, Chapter 6] and [55, Chapter 14].



derivative denoted by &, is defined by

q22) — f(q~V/22

(¢'%z) —

ﬁ(z)z%(z—i—%), f(z)zf(% (24—%)), z=¢e" 2 =cosh.

Note that h(¢g"/2z) — h(qg~*/22) = isinf - (¢//2 — ¢"¥/2) and thus (1.2.1) can be written as

(q
(q71722)

(Zyf)(x) = , (ze[=1,1)), (1.2.1)

¢ e
S k¢

where

Flal/22) — f(a=1/24
(Do f)(x) = z'fs(iié : qu/Qf(—(]ql/Q))' (1.2.2)

Since

lim (Z,f) () = f'(x)

q—1-

at any point x where f'(z) exists, Z,f can be considered as a discrete version of the deriva-

tive® of f.

1.3 Entire functions of exponential type

An entire function is one which is analytic in the finite complex plane C. Let %,
denote the set of entire functions of exponential type o. That is, f € A, if f is an entire

function and for any € > 0, there is an A. > 0 such that

[f(2)] < Aceltol

for all z € C.

A proof to justify this will be given at the beginning of Chapter 4.

7



For such functions, with |f(z)| < M for all x, the Bernstein inequality [12] is:
|f'(x)| < M7 (z €R). (1.3.1)

Equality in (1.3.1) holds for f(z) = ae’™ + be"*, where |a| + |b| = M.

For a function f € LP(R), p > 0, we write

= ([ 1ser) "

Functions in class %, whose restriction to R belongs to LP(R) are denoted by %2, for which

an LP analogue of the Bernstein inequality for p > 1 is:

L e < 7 ILF Mo (1.3.2)

In fact, in [54], Qazi Rahman and Gerhard Schmeisser proved that (1.3.2) indeed holds for

0<p<1as well

Functions in the class %2 are called band-limited to [—o, o] and are characterized by

the classical Paley-Wiener theorem ([52], [15, p.103]):

Theorem 1.3.1. A function [ belongs to %2 if and only if it can be represented in the form:

f(t) = /U e“tq(x) dz, (1.3.3)

for t € R and for some function g € L*[—0,0].



1.4 The Classical Sampling theorem

Sampling theory is one of the most significant techniques in mathematics that is
widely applicable in other disciplines such as Engineering and Physics. The fundamental

result in sampling theory is the sampling theorem ([72, Theorem 2.1, p.16]):

Theorem 1.4.1. If a function f is band-limited to |—o, o], then f can be reconstructed
k k

from its samples, f <—7T> The uniformly-spaced sampling points 5T are located on R. The
o o

reconstruction formula is:
s km\ sin[ot — k]
t) = — | — 1.4.1
0= () o (14.)

fort € R. The series being absolutely and uniformly convergent on R.Y

This can be proved though several approaches, the shortest one uses the convolution
structure of the series in (1.4.1). Other proofs involve the use of Fourier series expansions,

Parseval formula, Poisson summation formula and Cauchy’s integral formula.

The series in (1.4.1) can be put in the form

f(t) = Z f(tk)@f%()g’(tk)’ (1.4.2)

k=—o00

where t, = kr /o and

The fact that formula (1.4.2) resembles Lagrange interpolation prompts us to call any

YThe sampling frequency /7 is known as the Nyquist rate, named after Harry Nyquist [51]. It is the
minimum rate at which a signal needs to be sampled in order to reconstruct it properly.



series of the form
;f(tk)% (1.4.3)

a Lagrange-type interpolation series, where G(t) is an entire function whose zeros are located
exactly at the points {tx}. The points will be called the sampling points and the functions

G(?)

(1.4.4)

will be called the sampling functions. The value of t; is often taken to be zero.

1.4.1 Historical recount

There are few names associated with the above sampling theorem. The most common
ones among the mathematical community are the Whittaker- Kotenl nikov-Shannon or simply
WKS/WSK sampling theorem. The name is attributed to the two Whittakers; Edmund
and (his son) John, Vladmir Kotenlnikov!l, and Claude Shannon. Among the Engineering
community its known as Shannon’s sampling theorem in honor of Shannon’s revelationary

paper [60] which put its mark in communications theory.

The series appeared in the sampling theorem (1.4.1) is known as the cardinal series
or Whittaker’s interpolation series in honor of John Whittaker, whose work in [71] was a
refinement of the work done earlier by his father. Edmund Whittaker published his highly
cited paper [69] on the sampling theorem in 1915. In his work, among other things, he
introduced the term cotabular functions to refer to functions which have the same uniformly

spaced samples.

IMn 1933, introduced the sampling theorem to the Russian literature in the setting of communication
engineering.

10



Some absorbing accounts of the history of the sampling theorem and comprehensive
studies of sampling theory can be found in the works of J. R. Higgins [32], A. J. Jerri [36],
Robert J. Marks II [47], Ahmed I. Zayed [72], and references therein.

Sampling theorem has been extended and generalized in many avenues; to non-
uniform sampling, sampling with non-bandlimited signals, multi-dimensional sampling etc.

to name a few.

1.4.2 Significance of the sampling theorem in mathematics

Even though having already made its mark in communication engineering and infor-
mation theory, the sampling theorem itself or even its equivalent forms play a unique role in
several branches of mathematics, directly and indirectly (see [20], [33]). The direct impact
being in the fields of combinatorics, reproducing kernel Hilbert space, frame theory, etc. The
more general form of the sampling theorems are valid not only for band-limited functions,

but also are shown to be equivalent to three fundamental theorems in mathematics.
1. Poisson summation formula (of Fourier analysis)
2. Cauchy’s integral formula (of Complex function theory)
3. Euler-Maclaurin summation formula (of Numerical analysis)
The aforementioned equivalence is in the sense that each stated formula can be obtained

from the sampling theorem by elementary methods. Because of these indirect connections,

sampling theorem becomes applicable in a broad spectrum.

One of the recent developments of sampling theory is in the field of special functions,

where the sampling theorem has proven to be a bona fide tool in summing infinite series.

11



(see [72, Chapter 7] and references therein)

1.5 Gosper’s ingenious contribution in discovering series identities

In the early 1980s, using some computer experimentation with the package Macsyma,
R. William Gosper formulated several infinite series identities involving trigonometric func-
tions. Through indirect communications, Gosper passes the message about his identities
with some interested parties. Motivated from this, in 1993, Mourad Ismail and Ruming
Zhang (with Gosper himself) in [27] verified several of those identities utilizing techniques
from Fourier transform and Mittag-Leffler expansions for meromorphic functions. In fact, Is-
mail and Zhang extended some of the identities from trigonometric to Bessel functions of the
first kind. After this work, in the same year, A. I. Zayed [73] proved that some of Gosper’s
formulas and their generalizations by Ismail and Zhang can in fact be obtained from already
known results in Sampling theory. In addition, applying those results to different types of

special functions, Zayed derived some new summation formulas as well.

12



CHAPTER 2: FORMULATION OF THE PROBLEMS AND
OUTLINE OF THE DISSERTATION

The formulation of the problem is often more essential than its solution, which may be

merely a matter of mathematical or experimental skill.

Albert Einstein

In this chapter we narrow down the contents mentioned in Chapter 1 and focused
on the formulation of problems of the dissertation with the main theme throughout being
the Bernstein inequality. For the stated problems, the subsequent chapters will comprise of

results which provide the solutions in most cases or partial solutions in some cases.

2.1 A brief review of some generalizations of Bernstein inequality

For p € P,, recall the Bernstein inequality for the unit circle:

1l < nllplly (2.1.1)

which is clearly sharp and the equality holds if p(z) = c¢z" where ¢ is a constant, i.e., a

polynomial whose n zeros are at the origin.

So it is natural to seek for improvements, let alone generalizations and extensions of
(2.1.1) by restricting the zeros of the polynomial. For starters, by considering the class of
polynomials which does not vanish in |z| < 1, Paul Erdds conjectured and Peter Lax proved

the following [40]:

n
1Pl < 55 llpll (2.1.2)

13



which is sharp and equality holds in (2.1.2) for the polynomial p(z) = « + (2", where
o] = (8] =1.

A reverse inequality to (2.1.2) can be obtained by restricting the zeros of the poly-
nomials to inside the unit disk. In [65], by considering the class of polynomials which does

not vanish in |z| > 1, Pal Turdn proved the following:

n
191 > 5 1l (21.3)

which is sharp and equality holds in (2.1.3) if all the zeros of p(z) lie on |z| = 1.

The aforementioned inequalities are the cornerstone of our study. Over the years,
several generalizations and extensions had been obtained. Among those results what we
focused on were Bernstein-type inequalities for polynomials when zeros were restricted to
disks smaller and larger than the unit disk. What follows next is a brief literature review

along this direction.

First, in 1969, Mohammad Abdul Malik [45] established the following generalizations

to (2.1.2) and (2.1.3) respectively.

Theorem 2.1.1. Forp € P, with |p(z)| <1 on |z| <1 and if p(z) has no zero in the disk

|z| <k, k>1, then

, n
< 2.1.4
e < o (2.1.4)
. ‘ . z+k\"
holds with equality for the polynomial p(z) = )
Theorem 2.1.2. For p € P,, with all its zeros in |z| < k <1,
, n
> 2.1.5
9 2 T ol (2.15)

14



k n
holds with equality for the polynomial p(z) = (i i k;) .

Few years later, in 1973, an interesting, alternative proof for (2.1.5) was presented
by Narendra Kumar Govil in [28]. In addition, to answer to the question: What happens to
(2.1.5) for k > 17, he proved the following:

Theorem 2.1.3. For p € P, with ||p||; =1 and if p(z) has all its zeros in |z| < k, k> 1,

then
, n
>0 2.1.6
Il > (2.1.6)
n kn
with equality for the polynomial p(z) = r )
1+ kn
. Z+E\" .
So for k < 1, the extremal polynomial is p(z) = %) while for £ > 1, the
n kn
extremal polynomial is p(z) = Zl J—Lk" . The critical value being 1. A smooth transition

from k < 1 to k > 1 is yet to be addressed properly, which we would like to mention as a

conjecture.

For p € P,,, by Bernstein lemma we refer to the following inequality (see [53, p.158,
Problem 269]): for R > 1,

max p(2)| < B" [|plly - (2.1.7)

As a sharpening to (2.1.7), using the Erdos-Lax inequality, (2.1.2), in [3] Nesmith C.

Ankeny and Theodore J. Rivlin proved the following:

Theorem 2.1.4. For p € P, such that ||p|ly = 1, with no zeros in |z| < 1, then

1+ R
max [p(2)| <~

mas <—— (2.1.8)

15



A+ pz"
2

with equality for the polynomial p(z) = , where |\| = |u] = 1.

As a further sharpening to the Erdés-Lax inequality, (2.1.2), in 1988, Abdul Aziz and

Q. M. Dawood in [7] proved the following:

1711z < 5 { Ipllz = min p(:)] }. (2.1.9)

|z|=1

The inequality is sharp for p(z) = az™ + 3, where || > |a|. As an application to (2.1.9),

they also proved the following generalization to (2.1.8).

Theorem 2.1.5. For p € P,, with no zeros in |z| < 1, then

ma o) < (5 ) ke = (5 ) main b (2.1.10)

|z|=R 2 2 |z|=1

with equality for the polynomial p(z) = az" + B, where |5| > |al.

In the same paper [7], by considering the minimum modulus of a polynomial which
does not vanish in |z| > 1, Aziz and Dawood established couple of inequalities, which can be
regarded as companion inequalities for the Bernstein inequality (2.1.1) and Bernstein lemma

(2.1.7) respectively:

minp/(2)| = nymin ()] (2.111)
z|=1 z|l=1
lH‘liIIl% Ip(z)] > R" ‘rr|11n Ip(2)] . (2.1.12)
zZ|l= z|l=1

Both estimates are sharp with equality for the polynomial p(z) = me*®z", m > 0.

In the dissertation, we were interested in generalizing the aforementioned inequalities,

from (2.1.4) through (2.1.12) to rational functions. Chapter 3 is devoted to accomplish this
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task, where we considered the space of rational functions whose poles were prescribed to
outside the unit disk and the zeros were restricted in conformity with the hypotheses of the
corresponding polynomial problem. Our results were proved through some auxiliary results,

which are pertinent in their own right.

2.2 Askey-Wilson operator on Polynomials and Entire functions

Askey-Wilson operator, Z, is a discretized version of the ordinary derivative operator.
Bernstein inequality being the main focus, our objective was to obtain Bernstein inequal-
ity(ies) for 2,. The motivation to our approach being the knowledge that the Bernstein
inequalities are often proved through a legitimate interpolation formula, as in the cases of
M. Riesz [57] and R. P. Boas Jr. [14] in establishing Bernstein inequalities for trigonometric
polynomials and functions of exponential type respectively. This motivated us to work in ob-
taining similar interpolation formulas with the Askey-Wilson operator, which will ultimately
lead us to the Bernstein inequalities we need. Once Bernstein inequalities are obtained, they
can be used in related results, especially in proving inverse approximation theorems. In
view of the uniform convergence of the Boas’ interpolation formula by differentiating it term
by term and with the use of a suitable translation to the variable leads to the (classical)

sampling theorem, which can be used in deriving summation identities.

In Chapter 4, we first establish a Riesz-type interpolation formula on the interval
[—1,1] for the Askey-Wilson operator. As consequences, a sharp Bernstein inequality and a
Markov inequality are obtained when differentiation is replaced by the Askey-Wilson opera-
tor. Moreover, an inverse approximation theorem is proved using a Bernstein type inequality
in L2 —space. We conclude chapter 4 with an overconvergence result which is applied to char-

acterize all g-differentiable functions of Brown and Ismail.
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Chapter 5 presents an intriguing application of the Askey-Wilson operator. By apply-
ing it on the Classical Sampling Theorem, we obtain a series representation formula, which
is what we called an extended Boas’ formula. Its power in discovering interesting summa-
tion formulas, some known and some new will be demonstrated. The chapter is concluded
in establishing Bernstein-type inequalities with the Askey-Wilson operator for functions of

exponential type in pointwise and in uniform L”-norm for p > 1.

2.3 Publication based on results of this dissertation

Finally, in this section, we list the papers prepared based on results established in this

dissertation. Some papers have been accepted, some submitted, and some in preparation.

1. Some of the ideas appear in Chapter 3 was appeared under the title Rational Inequal-

ities Inspired by Rahman’s Research in [42].

2. The contents which comprise the material in Chapter 4 has already been submitted to
the Journal of Approximation Theory under the title A Bernstein Type Inequality for
the Askey-Wilson Operator. At the time of writing this dissertation, we have received

a favorable report from the editor.

3. The subject matter in Chapter 5 except the last section appeared in [44], Proceedings
of American Mathematical Society under the title Askey-Wilson Operator on Entire
Functions of Exponential Type, which has already been accepted and is made available

online.

4. Material that appeared in section 5.5 is in preprint under the title Bernstein inequality

for functions of exponential type with the Askey-Wilson operator.
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CHAPTER 3: SOME NEW INEQUALITIES FOR RATIONAL
FUNCTIONS WITH PRESCRIBED POLES AND
RESTRICTED ZEROES

“There are three reasons for the study of inequalities: practical, theoretical, and aesthetic.
As has been pointed out, beauty is in the eyes of the beholder. However, it is generally
agreed certain pieces of music, art, or mathematics are beautiful. There is an elegance to

inequalities that makes them very attractive.”

Richard Bellman

3.1 Rational Functions

Recall that by P,, we denote the space of complex algebraic polynomials of degree at

most n and by R,, the space of rational functions with at most n poles, ay,as, ..., a, with a
n

finite limit at co. Let w(z) = H(z — a;), and
=1

’Rn::{r:r:£ pePn}.

)
w

| =

For p € P, define the inverse polynomial of p by p*(z) := 2" p ( ) So for w, we have

Also, let




So B(z) is a finite Blaschke product of degree n. In particular, B(z) € R, and |B(z)| =1

when |z| = 1. For r € R,,, the inversion r* of r is defined by

If r = p/w, then r* = p*/w and hence r* € R,,. The derivative of *(-) will be denoted by
(r*)'(+). Throughout this chapter, we copiously consider the sup-norm on the unit circle.

Henceforth we simply use ||-|| as oppose to ||-||t, introduced in Chapter 1.

3.2 Overview

One of the key directions in generalizing Bernstein-type inequalities for polynomials
is to the space of rational functions, which, over the years has gained much interest. In this
connection, Xin Li, Ram Mohaparta, Rene S. Rodriguez in [43] established some significant
results, which were cornerstone for many authors to follow; to name a few, A. Aziz, B. A.
Zarger, W. M. Shah (see [8], [9], [10]) obtained rational analogues by considering restricted

zeros and prescribed poles.

Polynomials can be viewed as rational functions whose distinct poles are all fixed at
infinity. So an inequality for rational function reduces to its polynomial counterpart in the
limit as all poles approach to oo (r(z) — p(z), B(z) — 2", |B'(z)| — n etc.). To establish
rational analogues for the corresponding polynomial inequalities, the proofs of the polynomial
counterparts cannot just be imitated; the key observation being the presence of the poles.

Also, the polynomial inequalities are often proved through as an application of a Laguerre’s
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theorem* or Grace’s theorem' or even as an equivalent form of the two, which are not readily
available for rational functions. In this connection, Frank Bonsall and Morris Marden ([17,
Theorem 1]) established a result, which states that the counting of the critical points of a
rational function depends not only on its number of zeros but also on its distinct number of
poles. So there is no direct extension of Laguerre’s theorem and Grace’s theorem to rational

functions. So, we have to find alternative proofs for rational case.

In the next section, we state rational analogues to the polynomial inequalities stated
in the previous chapter (Section 2.1). Although, some of our results are not sharp, they do

reduce to their polynomial counterparts in the limit as all poles approach to infinity.

3.3 Statements of our results

Our first result is a rational analogue of the Ankeny-Rivlin inequality, (2.1.8).

Theorem 3.3.1. Let r € R, with no zeros in |z| < 1 and let R := min;{|a,|}. Then for

|z| =R >1,

B /R"—1 2 Rt _ 1 R+ L\"
max|r<z>|s||r||+ur||{” ”( )+ 2n ( )} itR) (33
|2|=R 2 n (R—R) n+1 R—R

*[89] A circular domain is the image of the unit disk (open or closed) under a linear transformation.
Laguerre’s theorem states that: For p € P,, and p(z) # 0 in a (closed or open) circular domain K, then

np(z) — (2 = QOp/(2) 0 for 2, € K

which in the case ( = oo means p'(z) # 0 for z € K.

1[80] Two polynomials p,q € P, are apolar if

n

> (=D (0)g" P (0) =0.

k=0

For such two apolar polynomials, Grace’s theorem states that every circular domain that contains all the
zeros of one of them contains at least one zero of the other.
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Remark 3.3.2. In the limit as all poles approach to infinity, i.e., a; — oo, for j = 1,2,...,n,

R — 00. So (3.3.1) is a limiting case of (2.1.8).

The next two pointwise estimates are rational analogues of Aziz and Dawoods’s re-

sults, (2.1.11) and (2.1.12).

Theorem 3.3.3. Assume that r € R,, has all its zeros in |z| < 1. Then

()] = |B @) minlr()] for |2| = 1. (3.3.2)
and
r(2)] = |B(Re?) min [r(2)]for [ = B> 1. (3.3.9)

Remark 3.3.4. Inequality (3.3.2) can be rewritten as

! !
B MR (3.3.4)
min, - |B(z)|  reRy ming, = |[r(2)]

where R denotes the set of all rational functions, R,,, with zeros in |z| < 1.

A. Aziz and W. M. Shah in [8] generalized Malik’s inequality, (2.1.5), by proving the

following;:

Theorem 3.3.5. Suppose r € R, has all its zeros in |z| < k < 1, then for |z| = 1 the

following holds:

7 (2)] > ('B'@' L olz k) Ir(2)| . (3.3.5)

1—az

The result is sharp and equality holds for r(z)
z—a

I
VR
N | W
||+
Q|

) , where a > 1, and B(z) = (

evaluated at z = 1.
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A. Aziz and B. A. Zarger in [10] obtained a generalization of one of Malik’s inequal-

ities, (2.1.4), by proving the following:

Theorem 3.3.6. Suppose r € R,, has all its zeros in |z| > K, where K > 1, with ||r|| = 1,

then
B'(z n(K—-1
[7(2)] < | 2( I _ §<K+ 1> Ir(2)|? for |z| = 1. (3.3.6)
2+ K

The result is sharp and equality holds forr(z) = (
z2—a

n 1 _
> , where a > 1, and B(z) ( @z
z—a
evaluated at z = 1.

Our next result is a different version of (3.3.6).

Theorem 3.3.7. Let r € R, |r(2)] <1 for |z| < 1, with no zeros in |z| < K, K > 1, then

()] < (1 - M) 1B/(2)] — 2 (K - 1) r(2)| for |z| = 1. (3.3.7)

2 2 \K+1

Remark 3.3.8. We comment on comparisons between (3.3.7) and (3.3.6).

, then their result is better for z such that
K+1

(a) If |B'(2)| >n

Ir(z)] < 1. (3.3.8)

, then our result is better for z such that

K —

|B'(z)] K+1
n K-1

<|r(z)] < 1. (3.3.9)

and their result is better for z such that

Ir(z)| < —_— (3.3.10)

23



0

To illustrate this we consider the single pole case, where all poles are at a = 7e?, 7 > 1.

Then taking the logarithmic derivative of B(z),

which for |z] =1,

Using this in (3.3.9),
=1 - K-1
|z —7e?)2 T K41’

which for |z| = 1, yields 0 < K — r(K — 1) cos(d) — r?. This inequality holds for all # such
that 0 < # < 2. So in particular, if § = 7/2, then r < v/K. So (3.3.7) is better than (3.3.6)
when r < VK.

We generalized the other Malik’s inequality, (2.1.5) by proving the following.

Theorem 3.3.9. Let r € R,, and assume that all its n zeros are in |z| < k < 1. Then

()] > ('Béz)' +2 i:) r(2)| for |2 = 1. (3.3.11)

Theorem 3.3.10. Let r € R,, with all its zeros in |z| < K, 1 < K? < R, where R =
min; |a;|. Then, for 0 < 60 < 2x, the following holds:

min|z|:1 |B/(2)| - Hf”

B(K?2z)
Q(Kz)

Il > [l (3.3.12)

1+ max||=1

_ 2nK? |B(K?z) Q'(K=z) i ) — Br(z) _ 1 ook ere
wheref(z)—R_R O(K2) K'Q(KZ)‘ thQ()_B(z/K) _HKZ—CL]" H
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Bk (2) is the Blaschke product associated with the rational function r(Kz) and is defined by

“1—a;/K=>
e =115 =07
=1 !

Remark 3.3.11. Though our result is not sharp, it does reduce to its polynomial inequality,
(2.1.6) when a; — oo for all j. The condition K? < R is necessary to make sure that no
overlapping occurs when points on the unit circle moves to |z|] = K > 1 and when poles

shrink towards the unit circle due to the condition |a,|/K < 1.

3.4 Proofs

In this section we present some auxiliary results which were used in establishing
rational analogues of the results stated in the previous section. Our proofs adapt the ideas

of Govil [28]; Li, Mohapatra and Rodriguez [43]; and Li [41].

We first prove a pointwise estimate which is a rational analogue of the Bernstein

lemma for polynomials, (2.1.7).

Lemma 3.4.1 (Bernstein Lemma for R,,). Let r € R,,, then

r() < [BE)|Irll for|2[ = 1. (3.4.1)

Indeed, a sharpened version of the above result is needed. By P,_,,, m > 0, we

denote the set of polynomials of degree n — m.

Lemma 3.4.2 (Generalized Bernstein lemma for R,,). Let r € R,, and write r(z) = p((z)) ,
w(z
where p € Py,_p, for some m > 0. Then
B(z
Ir(2)] < ‘ zgn) 7|l for |z| > 1. (3.4.2)
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Proof. Note that
2r(z) 2" p(2)
B(z) [[ioi 1 — @z’

is a polynomial analytic in |z| > 1 including the point at co.

We have,
2™ r(z 2™ or(z
[ Tz()) = |zl=R Tz())
or, equivalently
Ir(2)] < ‘B;(j) || for |z] > 1.

Remark 3.4.3. Taking m = 0, we obtain Lemma 3.4.1.

Following result is due to Li et al.(see [43, Theorem 3]), which is a generalization

of Erdos-Lax inequality for rational functions.

Lemma 3.4.4. Let r € R,, with all its zeros in |z| > 1. Then, for |z| =1,

() < 5B I

Equality in (3.4.3) holds for r(z) = aB(z) + 8 with |o| = |5] = 1.

The key to our proof of Theorem 3.3.1 is the following Bernstein-type lemma for the

derivative of a rational function, r'(z), for |z| > 1.

Lemma 3.4.5. Let v € R, with all its zeros in |z| > 1 and let R = min;{|q,|}, for j =

1,...,n. Then for |z| > 1,

B(z)| | 2n|r|
2l R—|z|

1 |
< S 1B

26
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Proof. Note that

So
P'(2) : W] w'(2)
= < . 3.4.5
o) = | (2) +7(2) o) | = r(2)] + [r(2)] w2 (3.4.5)
and
/ / / /
w(z)  w(z) w(z) w(z) w(z)
To estimate |r'(z)| for |z| > 1, we estimate the two terms on the right of (3.4.6) for |z| > 1.
/
First consider |2 Ezi . Applying Lemma 3.4.2 with m = 1, we get
w(z
/ B /
P ‘ (2) ‘ PN for 2] > 1. (3.4.7)
w(z) 2 w
Estimating (3.4.5) on |z| = 1 and using it on the right hand side of (3.4.7), we get
| I1BEL () w'
— fi > 1. 3.4.8
22 < B (et || forel = (345

Now, using (3.4.8) in (3.4.6), we get

w/
/ < / _
< (I el |

’ for |z| > 1.

Next, to estimate |r(z)| (for |z| > 1) on the right hand side above, we use Lemma 3.4.1;

bl

which yields

Pl { (W14

‘U/

) el 22

w
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Applying Lemma 3.4.4 to estimate |r/(z)| on |z| = 1, we get

D) e

Now, note that, for ( = Re?, R > 1, we have

"(2)] < { ( 1Bl + ]

} B(z)| for |z| > 1. (3.4.9)

n

IR 5 PR B

Jj=1

ol e

provided R < R < |a;|. That is, for |¢| > 1, we have

/
‘w(()‘ < (3.4.10)
w(C) |~ R—(]
w'(2)
Since ) = Z is analytic in |z| < R, by maximum modulus principle it follows
w(z z—
1 J
that
/ /
'w(z) < max v Z)‘ for |z] <R
w(z) l2|=R | w(z)
In particular, with (3.4.10), it follows that
/ /
max w(z) < max w(z) < = L (3.4.11)
2l=1 | w(2) 2|=R | w(z) R—R

Note that, with (3.4.11), for |z2| = R > 1, we obtain

|1 B(2)| w ’ w’(C)‘ { }
r max + ||r]| | B(2)| max < || | B(
I e [ 1) | GILE]
2n|B |
< ———=|l.
Finally, using the penultimate line in (3.4.9) we obtain the desired estimate. O
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Lemma 3.4.6. Let r € R, with all its zeros in |z| > 1. Then for |z| = R > 1,

EORCT

Proof. Note that

‘(;(é)))/‘ - ‘(zf(—())ﬂ -

7l (3.4.12)

P(z)  plz) (W)

w*(z) w*(z) Z@)
il

N
~—

+ (3.4.13)

*(2)

Since both zp'(z)/w*(z) and p(z)/w*(z) are analytic outside |z| = 1 including the point at

00, by maximum modulus principle, for |z| > 1 we have

PE | ax | 2 (3.4.14)
w*(2) | T Jz=1 |w*(2)
and
‘ P2) |y | 22 (3.4.15)
w*(z) 2|=1 |w*(2)
First, considering (3.4.14) on |z| > 1, we get
/ / / /
w*(2) w* w w

w/
<+ 7l - ]

<{B0 2]} e

The penultimate line follows from applying Lemma 3.4.4. So for |z| = R > 1, we get

< {180, |
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Next, considering (3.4.15) on |z| > 1, we get

‘ Plz) | | = =12 = e (3.4.17)
w*(2) w* w
Now, using (3.4.16) and (3.4.17) in (3.4.13), the desired result follows. O

Lemma 3.4.7. Let r € R, with no zeros in |z| < 1 and let 3; = e ¥ /aj, for j =1,...,n.

Then for |z| = R > 1,

) ' < ||7~||+{M+H%

max B() 5

|z|=R

}nrn u; 1 Re (m (ff%g)) (3418

where  := min; |5;].

Proof. For 0 <60 <27 and R > 1, we have

e N ((t—g)>dt

Using Lemma 3.4.6 it follows that

e
S{@+Hﬂl }'WHVH-/;%

w
As mentioned in the introduction, for w(z) = [[(z — a;), its inverse polynomial w*(z) =

r(Re”)  r(e”)
B(Re?)  B(e")

(w*)'(te®)
w*(tew)

dt. (3.4.19)

(1 —@;z). Taking the logarithmic derivative of w*(z), and integrating from 1 to R we get
j=1
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the following;:

[ s

= iRe (ln (f:gj)) . (3.4.20)

j=1
Now (3.4.19) yields
r(Re”) o I3 e el (m = 1) 5 R — B
| < ' — 1 j .
BRe)| = M+ w R ;Re "\1-5
Thus we get
r(z) 1B (@ [y B =Y 5 R —p;
< e ——— Inl——>) ).
max| gy < Ir ”+{ > W R +;Re {175
By letting 8 := min; |3;| we obtain the desired result. O

3.4.1 Generalization of Ankeny and Rivlin’s inequality
Now we are ready to prove Theorem 3.3.1.

Proof of Theorem 3.3.1. Let t be a positive real number such that 1 < ¢ < |a;, for

7 =1,...,n. Note that

1t—a
t—a

e

W‘ . (3.4.21)
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Let a = ve?, v > 1, 0 < 0 < 2. Consider

0 1/t R
%'.Forl§t§R<R§t,weobtain
e " —
the following estimates:

0 _ 1 o 1
= W‘gtﬂglf”’%. (3.4.22)
te "W — ¢ t—1 R—R

Using this in (3.4.21) we get
B < (215 (3.4.23)
< IR 4.

Now using (3.4.23) in Lemma 4 with z =te'*, 1<t < R < R <r, we get

R—R

1 R++\" 2 R+1\"
‘7”/<t€wl)| < _HB/H HT” tn_l _ R 4 Z”LHT’H " R )
2 R—R R—1

Since 1 <t < R < R, R—t>R-— R, so the right hand side of the above inequality is less
than or equals to

ie.,

1 R+1\" 2 R+L\"
_HB/H ||,r,|| tn_l _ + R + An”TH t _ + R .
2 R—R R

. 1 R+1\" 2 R+1\"
]r’(tem)\ S _HB/H ||7’|| tnfl _ + R + An ||T|| " _ + R )
2 R—R R—R

(3.4.24)
Note that, for 0 < a < 27 and R > 1, we have

R
r(Re™) —r(e) = / e (te')dt.
1
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In accordance with (3.4.24), for 0 < 6 < 27 and R > 1, it follows that

R .
|7 (te'™)|dt

R+1\" (R 2 R+l
—HB H HTH R / tn 1dt—i— AnHTH _ R
2 R—R 1 R—R 1
{IIB’H Il (R”—1)+ 2n||r| (R"“ ) +4)
n (R—R) n+1 —R
Thus

: - B’ n_1 2 ntl R+L\"
|T‘(R€m)| S |T’(6w)| 4 { ” ” HTH (R ) + AnHrH (R ) } _ + R ,
2 n (R—R) n—+1 R—R

for 0 < 6 < 27 and R > 1. Consequently we obtain

B o1\ 2 ntl ] R+L\"
g [r(2)] < ]+ {H (D (R )+ n]lr| (R )} i)
|z|=R 2 n (R—R) n+1

as desired.

[r(Re') —r(e")] <

=~

R
t"dt

::pv

:U>

3.4.2 Generalization of Aziz and Dawood’s inequalities

To prove Theorem 3.3.3 we first need the following result of Li ([41, Theorem 3.1])

Lemma 3.4.8. Let r,s € R,, and assume that s has all its n zeros in |z| < 1, and |r(z)| <
|s(2)| for |z| = 1. Then |r'(2)| < |s'(2)| for |z| = 1.

Proof of Theorem 3.3.3. Let m := miny,|— |r(2)|. For any complex number « such that

la| < 1, we have

a-m-B(z)| =la|-m <m <|r(z)] for|z| =1

33



Since r has all its zeros in |z| < 1, by Lemma 3.4.8, it follows that

lam - B'(2)| < |r'(2)] for |2| = 1.

Letting o — 1, we obtain m |B'(z)| < |r'(z)], for |z| = 1, which proves the desired result,

(3.3.2).

Now to prove (3.3.3), consider r*(2) = B(2)r(1/Z). It is clear that m < |r(z)| = |r*(2)|, for
|z| = 1. Also, since r has all zeros in |z| < 1, r*(z) has all its zeros in |z| > 1. Assume
that r*(z) has no zeros on |z| = 1. Then m/r*(z) is analytic in |z| < 1, and hence by the

maximum modulus principle we have

m < |r*(z)] for |z] < 1. (3.4.25)

Now, by replacing z with 1/Z, (3.4.25) yields

m-|B(z)] < |r(z)| for|z| > 1. (3.4.26)

In particular, for z = Re, R > 1, and 0 < 6 < 27, we have m - |B(Re')| < |r(z)|, which
proves the desired result. Finally, using the continuity of the zeros of 7*(z) we can obtain

the inequality when some zeros of 7*(z) lie on |z| = 1 as well. O

3.4.3 Generalization of Malik’s inequalities

It turns out that it is easier to establish the rational version of Theorem 3.3.5 and
use it to prove Theorem 3.3.7. We first prove Theorem 3.3.9, which is a modification of a

proof of Govil in [28, p.543].
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Proof of Theorem 3.3.9. If by, by, ..., b, are all the zeros of r(z) and if all are in |z| <

k <1, then
)| 2 e (o)
r(e?) r(e?)
n 610 n 619
— R : — R
. e<619_bj) Z e(ew_aj)
j=1 j=1
n n o0
> — Re( . )
— 0 __
1+k = e a;
Note that

Thus we obtain

which implies the desired result. O

Proof of Theorem 3.8.7. For any a € R, define R(z) = r(z)—¢e. Then by the Maximum

Modulus Principle, R(z) has no zeros in the disk |z| < 1. So

S(z) = R*(2) = B(z)@ = 1*(2) — B(z)e™™,

would have no zeros in |z| > 1. By Lemma 3.4.8, for |z| = 1, |R'(2)| < |S(2)|. Thus, for
|Z| =1,
17 ()| < |(r*) (2) — B'(2)e ™. (3.4.27)

Choose a such that |(r*)'(2) — B'(2)e™™| = |B'(2)| — |(r*)'(2)], and use it in (3.4.27) to get
() < [B'(2)] = |(r")/(2)] for [2] = 1. (3.4.28)
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Since r has all its zeros in |z| > K, K > 1, 7*(2) has all its zeros in |z| < &, K > 1. So by

Theorem 3.3.9,

(1-1/K)  |B()
(14+1/K) 2

() (2)] = 4 = Ir(2)| for |2] = 1.
£ |

By (3.4.28) and (3.4.29), for |z| = 1, we obtain

el <o {5 () + 2 e

as desired.

3.4.4 Generalization of Govil’s inequality

(3.4.29)

Govil proved his result, (2.1.6) with the help of few auxiliary results. Our proof for a

rational analogue is a modification of Govil’s method. The rational analogue, Theorem 3.3.10

of Govil’s inequality, (2.1.6) requires the restriction K? < R, which is to be understood as a

necessity for no overlapping to occur when points on the unit circle moves to a bigger circle,

|z2| = K > 1 and when poles shrink towards the unit circle due to the condition |a;|/K < 1.

Lemma 3.4.9. Let r € R, with all its zeros in |z| < K, 1 < K? < R, where R = min, {|a;|},

for j = 1,...,n. Let Bk(z) be the Blaschke product associated with the rational function

n

r(Kz) and be defined by Bi(z) = ]1:[1 %. Then for 0 <6 < 2,
) K 10 ] K 16 )
i) = L ey - e [ SR e,
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Proof. Define R(z) = r(Kz) for K > 1. Since zeros of r are in |z| < K, zeros of R are in

|z| < 1. Let s(z) = Bi(2)R(1/Z). So the zeros of s(z) are in |z| > 1. Since |s(z)| = |R(z)| on
|z| =1 and the function s(z)/R(z) is analytic in |z|] > 1 including the point at co, from the
maximum modulus principle |s(z)| < |R(z)| for |z| > 1. This implies that |s(Kz)| < |R(Kz)|
for |z| =1 for any K > 1. It follows that |s'(Kz)| < |R'(Kz)| for |z| =1 for any K > 1, or

equivalently for |z| > 1,
|s'(2)] < |R'(2)]. (3.4.31)

Now, note that

=5t |2 () ()
s ()
«  # Bi(z
=Q(2) r (E) , where Q(z) = W/(K),)

In accordance with this, for 2 = Ke? with K > 1 and 0 < 6 < 2, from (3.4.31) it follows

that
QKN ovri 0 2 if Q' (Ke)|\ ./ i
B2y ()] < I (%) |+ E2 2 )
which implies the desired result. O

Using Lemma 3.4.9 we prove the following rational analogue for Lemma 2 in [28].
Lemma 3.4.10. Under the same assumptions as in Lemma 3.4.9, for 0 < 6 < 2,

2nkK?

H?“’H + =
R-R

K2 19
QK

B(K26i9)
Q(Ke?)

K 10 )
() ()] < ‘ [Eal +K’% Ir(e?)], (3.4.32)

holds.
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Proof. By Lemma 3.4.9,

] ) /Kez'@) )
) (e /(K2 + K ’Q< | (). 3.4.33
[(r) (e”)] < QK] | (K7 D) |r(e”)] ( )
Applying Lemma 3.4.5 with z = K2e’ we obtain
‘ B(K?e”))] 2n| B(K%e”))|
"(K2e?)| < ’— ! R S— . 4.34
[r(K7e)| < ——x 1] + 2 7] (3.4.34)
By (3.4.33) and (3.4.34), the desired result follows. O

Remark 3.4.11. Note that a uniform version of (3.4.32) can also be established.

Let
f(2) = 2nK? | B(K?z) ’Q’(Kz)
R—R| Q(Kz) Q(K=z)|
Then, from (3.4.32) it follows that
oy B(K?z)|,
1)l < max K2 171+ LA (3.4.35)

In [43], Li et al. proved the following result which is analogous to Lemma 3 in [28].

Lemma 3.4.12. Letr € R,,, then
[(r) (D) + () < [B ()] Ir]] - for [2] =1, (3.4.36)

and equality holds for r(z) = uB(z) with |u|] = 1.

Our next result establishes an inequality that reverses (3.4.36) when |[|r|| is replaced

by |r(z)|. A rational function r € R, is called self-inversive if r*(z) = Ar(z) for some |\| = 1.
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Lemma 3.4.13. Letr € R, and r(z) = r*(z), i.e., r is self-inversive. Then

Ir(2)| for |z] =1, (3.4.37)

and equality holds for r(z) = B(z) + 1.

Proof. Write 7(z) = r(Z). Then r*(z) = B(2)r(1/Z) = B(z) 7(1/z), and so

z 22 z

() (2)| = ‘B’(z)? (1) _BG&), (1) ‘ - ' (%S)) r(z) — T(z)' . (3.4.38)

Taking the logarithmic derivative of B(z), for |z| = 1, we get

B’ 2
: Z la; " =1 (3.4.39)

|z — a;|?

That is, 2B’(2)/B(z) is positive. Now, from (3.4.38), for |z| = 1, it follows that

() ()] = |B'(2)r(2) = r'(2) B()|
> |B'(2)Ir(2)] = [ (2)]-

The last inequality can be rewritten as

()=, | (=)
> f = 1. 3.4.40
| S 2 ) fore (3.4.40)
Since r(z) = r*(z), (3.4.40) yields the desired result. O
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Now, we are ready to prove the rational analogue of Govil’s inequality.
Proof of Theorem 3.3.10. For any e such that |e| = 1, define
R(z) = =(r(z) +€-17"(2)). (3.4.41)
Note that R*(2) = B(2)R(z) and max|,—; |R(2)| = ||r||. So applying Lemma 3.4.13 yields

max |1 (z) + € (r*)(2)| > |r(2)||B'(2)], for |z| = 1. (3.4.42)

|z]=1

Equivalently
17+ 1)1 = Ir(2)1[B(2)], for |2] = 1.

Using (3.4.35) to estimate from above yields for |z] = 1,

B(K?z)
Q(Kz)

I]] + ma
|z|=1

711+ 1A= | amdn | B(2)],

from which it follows that

min|z|:1 |B,<Z)| - Hf”

B(K?2z)
Q(Kz)

Il = 7]l

1+ maX|z‘:1
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CHAPTER 4: ACTION OF THE ASKEY-WILSON
OPERATOR ON POLYNOMIALS

If things are nice there is probably a good reason why they are nice: and if you do not

know at least one reason for this good fortune, then you still have work to do.

Richard Askey

4.1 Introduction

In 1985, Richard Askey and James Wilson introduced the theory of Askey-Wilson
operator in their study of a class of orthogonal polynomials, the Askey-Wilson polynomials.

(see [6])

Definition 4.1.1. Given a polynomial p, we set p(e?) := p(x), x = cosf, that is

ﬁ(Z)Zp(% (z+§>) z=e". (4.1.1)

The Askey-Wilson operator, 9, is defined by

<q1/2€i9) —ﬁ(q_l/Qew)
—¢€

(Zqp)(x) = ]e?(ql/%“’) (g1 2¢i%)’ (4.1.2)

with e(x) = x. A straightforward calculation shows

é(ql/ZeiG) . é(qfl/QeiO) — isinf - (q1/2 . q71/2),
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which reduces (4.1.2) to

B ﬁ(q1/26i0) _ Z5(61—1/262‘9)
(@qp)(l‘) - isinf - (q1/2 . q,1/2) .

(4.1.3)

In the theory of the Askey-Wilson polynomials (see [6]), Z, plays an analogous role
to that of differentiation in the theory of Jacobi, Hermite, and Laguerre polynomials. Note

that &, is a linear operator, and %, = %, ,.

Since lim, - (Z,p) (x) = p'(x) at any point x where p'(z) exists, Z,p can be con-
sidered as a discrete version of the derivative of p. To illustrate this fact we consider an

application. Recall that the Chebyshev polynomials (see [58])
T, (x) = cos(nb), = = cosb, (4.1.4)

and

_sin((n +1)0)

Un(z) = I x = cos 0. (4.1.5)

From a typical orthogonality argument it can be easily shown that {7,,}>°, and {U,}22,

form an orthogonal basis for L?(1/y/1 — x2) and L?(\/1 — x2), respectively. In fact

0 m # n,
[ Tt = 0 (116)
. m n m 0 m=n=2~, ok
5 m=n#0.

and

/1 UnUa@) VI~ Zdr=d © " (4.1.7)

o
3
Il
3
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Now let us apply %, on T,, using the definition (4.1.3) itself:

P (qV22) — T (g~ V2%

g2 —q1/2) - isinf

Note that, from

("),

N =

it follows from the uniqueness theorem the above holds for all z and so,

) 1
To(q"%z) = 3 (¢"22" + g2,
and
. 1
Tua™%2) = 5 (a2 +q"227).
So

%

Tn(ql/QZ) _ n<q_1/22) _ %{ (qn/2zn + q—n/QZ—n) _ (q—n/2zn + qn/2z—n) }

(=)

N | —

— (qn/2 . q—n/2) .

= (¢"? — q"?) - sin(nd).

From which we obtain

qV? — g% sin(nh)

T f— . =
(gq n)(l’) q1/2 _q_1/2 sm(@) Z COS(6)>
or equivalently
qn/2 _ q—n/2
(Z4T0)(x) = mUn—l@)- (4.1.8)
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Now in the limit as ¢ — 17, (Z,T,,)(x) — nU,_1(x). Therefore

lim (Z,p)(z) = p'(x),

q—1-

holds for p = T,,. Indeed, since {T,,(z)} forms a basis for P, and &, is a linear operator, the

above relation holds for all polynomials as well.

In this chapter, we will establish some new results using the Askey-Wilson operator.

4.2 Interpolation Formulas and Bernstein Inequalities

In this section, a brief overview will be given on the interpolation formulas for the

derivative of functions in the classes P,, and 7,,. Recall that t € 7, if

t(p) = a0+ Y _{axcos(ky) + by sin(kg)}. (4.2.1)

For p € P,,, we have the following Bernstein inequality:

P ()| x € (-1,1). (4.2.2)

n
< i 1Pll11 5

This pointwise inequality eventually leads to a uniform estimate, the Markov inequality:

||p/H[_171] S n2 Hp”[—l,l] ) (423)

which plays a fundamental role in proving the inverse theorems in the theory of approxima-
tion. (4.2.3) can be established from (4.2.2) with the help of the Schur’s inequality ([18,

Theorem 5.1.9, p.233]).
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One common way to establish (4.2.2) is by deriving it from a Bernstein inequality for
trigonometric polynomials:

||t/||[o,27r] < nlt]lp2m - (4.2.4)

Bernstein claimed (4.2.4) with n replaced by 2n and M. Riesz in [57] gave a very

elegant proof of (4.2.4) with the sharp constant “n” through an interpolating formula for

t'(¢):

1 2n (_1)r+1
t = — tlo+0,)—s—, 425
(90) m ; (90 )2sin2 (%) ( )
where
2r —1
6, = Tzn mor=1,2,.... 2. (4.2.6)

Let p € P,. Consider the trigonometric polynomial ¢(¢) = p(cos¢). By (4.2.5), we

have
1 2n (_1>r
P (COS gp) . (Sln 90) = % ;p(cos(gp + 97«))m

or, equivalently,
2n

1
— m ;p(cos(go +6,))

This is the Riesz’s formula (4.2.5) adapted for algebraic polynomials. Similarly, it is easy

(=1

P (z) m (4.2.7)

to verify the following consequence of Riesz’s formula on the unit circle. For p € P,, with

|z| = 1, we have
1 2n (
'(z) = 2y~
P(z) 2inz le( )ZSin2 (%)

r=

_1)r+1

(4.2.8)

In 1974, André Giroux and Qazi Rahman ([26, Lemma 1]) established a discrete version

of (4.2.8): for z = €', and R > 1, we have

P(R2) = p(2) + = 3 (= 1) Agp(eite /), (4.2.9)

2n
k=1
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where

A= (R"—1)+2 S(R"j — 1) cos <Jﬁ> : (4.2.10)

n

The coefficients A;, are positive and

2n

1

o™ d Ay=R"-1. (4.2.11)
k=1

For t € T, as in (4.2.1), let ¢ denote its *conjugate (trigonometric) polynomial:

t(e) = Z{ak sin(ky) — by cos(kp)}. (4.2.12)

In 1928, Gabor Szegd [61] extended Riesz’s formula (4.2.5) to the following:

2n
- _ 1 1—(=1)"cos(a)
() — (o) = — 1)t 0 4.2.1
costa) () =) () = 50 S (W't ) TGP (4219
where
QMZT—Q, r=12,...,2n.
n n

Remark 4.2.1. When a = g, 0 = 0,. Accordingly

1 —cos(ba) =1—cos(f,) = 2 sin? (%) )

So Szegd’s formula (4.2.13) reduces to Riesz’s formula (4.2.5).

Remark 4.2.2. For p € P, with real coefficients, if we let ¢(p) = Re(p(z)), with z = €'?,

*When a; and by, are all real numbers, () and #(¢) are respectively the real and imaginary parts of
ap + > op_(ax — iby) 2" for z = €',
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then #(p) = Im(p(2)). So, (4.2.13) gives, for |z| =1,

2n

Re(e™"2p/(2)) = % S (=1)"Re (p(ze)) - —2 (-_3)£9i28><a)'

2

(4.2.14)

4.3 Bernstein Inequalities for the Askey-Wilson Operator

In this section, we first state our main result, Theorem 4.3.1 from which a Bernstein
inequality for the Askey-Wilson operator is obtained in pointwise norm followed up with
Bernstein inequalities for the Askey-Wilson operator in uniform and integral norms as well.
Immediately after each statement of our results, we show that they are indeed a limiting
case of the corresponding classical result. The proofs of the results in this section will be

given in the subsection 4.4.2.

Theorem 4.3.1. For p € P,,, with x = cos @, the following holds:

2n
1
Dp)(z) = — —1)" A, p(cos(p +6,)), 4.3.1
(2i0)) = 5 DU Ar pleostip+0) (43,1
2r —1 '
where 6, = 5T T = 1,2,...,2n, are as before (4.2.6). The coefficients A,, r =
n
1,2,...,2n, are non-negative constants that are independent of p and x satisfying
n/2 —n/2
g7’ +q
A= , 4.3.2
q'/?2 —2cos(6,) + q1/2 ( )
and
2n
1 qn/2 _ qfn/Q
— A =———r . (4.3.3)
r 172 _ ,—1/2
2n g2 —q v
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Remark 4.3.2. As ¢ — 17, (4.3.1) reduces to

P(x) = m Zl 1)" A, p(cos(p + 6,)), (4.3.1)

with the coefficients satisfying

1
A= ———— and — A.=n.
2sin®(%) Z
This is the Riesz interpolation formula (4.2.5) adapted for algebraic polynomials, (4.2.7).
From (4.3.1), we obtain the following Bernstein-type inequality, which is an analogue
of (4.2.2).
Theorem 4.3.3. Forp € P,, and for x € (—1,1), the following pointwise estimation holds:

—n/2

1 ¢ —q
|<@qp) (l‘)| \/_7:[;2 q1/2 q_1/2 ’ ||p||[_171] . (434)

Equality in (4.3.4) holds for p(x) = ¢T,,(x), where T, (x) is the Chebyshev polynomial of the

first kind and c is an arbitrary constant.

Remark 4.3.4. As ¢ — 17, (4.3.4) yields

n

p'(2)] < Vi IpllZ1yy, (e (=1,1) (4.3.4)

which is the Bernstein inequality for p € P, on [—1,1].

A uniform version of (4.3.4) can also be established, which is a generalization of the

Markov inequality (4.2.3).
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Theorem 4.3.5. For p € P,,, the following uniform estimation holds:

qn/2 _ q—n/2 1
e e

"2 2 (4.3.5)
<n L [l
=N g2 — q1/2 Pllf-1,1) -
Remark 4.3.6. As ¢ — 17, of (4.3.5) yields
I’ < n*[lpll, (4.3.5)
which is the Markov inequality for p € P,.
Our next result is an integral form of the Bernstein-type inequality.
Theorem 4.3.7. For p € P, the following estimation holds:
qn/2 _ q—n/2
H‘@quLQ(\/l_$2) S q1/2 — q_1/2 HPHL2<1/</1—x2) . (436)
Remark 4.3.8. As ¢ — 17, (4.3.6) yields
Hp/HL2(«/1_x2) <n HPHLQ(Jl_ﬂ) ) (4.3.6)/

which is the Bernstein inequality in L?>-norm for p € P,.
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4.4 Proofs

4.4.1 Szego’s multiplier version

Our proof of the Riesz-type interpolation formula, (4.3.1) is based on the ideas of

Szego [61]. More precisely, we need the following identity:

Lemma 4.4.1. Lett € T, and t be its conjugate trigonometric polynomial as in (4.2.1) and

(4.2.12). Let Ao, ..., An_1 be given real numbers and define

and

Then

where

A) (@) = Ai{bi cos(kep) — agsin(kep)}, (4.4.1)
A#)(p) = Z An—k{ag cos(ky) + by sin(ky)}. (4.4.2)

cos(a) - A(f)(p) — sin(a) - A(t) ()

1 2n n—1 (443)
=5 (—1)"t(p+6,0) ()\g + 2 Z Ak cos(kﬂm)) ,
r=1 k=1
Oo= -2 r=1,2... 2.
n n

Remark 4.4.2. The identity (4.4.3) was not explicitly given by Szegé in the above general

form but it was implied in a handwritten note of Dr. N. K. Govil by following Szegd’s

argument of deriving (4.2.13) in [61]. We are grateful to Dr. Ram Mohapatra for making

the note accessible to us. For the convenience of the reader, we give a complete proof here.
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Proof. From t(yp) we can compute its Fourier coefficients:

ar = 1 /ﬂ t(0) - cos(k0) db

T™J %

and
b =+ / H(6) - sin(kf) do,
™ —T
fork=1,2,....n.
Note that
A(t)(p) = Ak (ag cos(kp) + by sin(ky))
k=1
) e
T
1
—/ {Z)\ _k - cos(k(0 — gp))}d&
™
1
;/ 6+ ) Z/\n » cos(k6) db,
and

A) () =D A (b cos(kep) — ay sin(kep))
_ %/j H0) - { S A - sin(k(0 — @))} 4

/7r t(0+ @) z": An—i sin(k6) db.

k=1

3 |
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{ Z An—i - (cos(ke) cos(kB) + sin(ke) sin(k0)) } do

= %/_:t(G) - { Z An—k + (cos(ke) sin(k@) — sin(kp) cos(k0)) } db



Then we have

cos(a) - A(t)(p) — sin(a) - A(t)(p)

1 i n

= /_Wt(e + ) Z)\nfk{ cos(k@) cos(a) — sin(k0) sin(« } do
1

= ;/_W (0 +¢) Z)\n x cos(kO + o) db.

Since t(0+ ) is a trigonometric polynomial of degree n, from orthogonality relations we can

add cos((2n — k)0 + «)) terms to the sum above without changing the value of the integral:

cos(a) - A(t)(¢) — sin(a) - At) ()

N =

n—1

n—1
— t(0+ ) {)\0 cos(nb + o) +Z)\n i | cos(kb + ) + cos((2n — k)@—l—a))]} df
t(0+ ) {)\0 cos(nf + o) + Z 2\ cos(nf + «) - cos((n — k)@)} do

/. z
-
-

>1|+~

suH

t(0 + ¢) cos(nb + «) {)\0 + QZ)\k cos(kﬁ)} de.
k=1

Now, we replace cos(nf + a) by h(nf+ «a), where h(#) is a continuous, periodic function with

period 27 having a Fourier series of the form
h(0) ~ cos(f + a) + cosin(20 + a) + da cos(20 + «) +

For 0 < r < 1, we take

h(nf+ a) = 1 1—r 1—r
Y=y 1—2rcos(nf 4+ a)+7r2 14 2rcos(nf + «) + r?

= cos(f + a) — r* cos(30 + ) + r* cos( + ) +
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In view of the uniform convergence of the right hand side above, we have

cos(a) - A(f)(p) — sin(a) - A(t)(p)

= lim 4L t(p+0) {)\0 +2 kz:; Ak cos(k:@)} (4.4.4)

r—1-4dmr [,

o 1—r? 1—r? 40
1—2rcos(nf+a)+1r2 14 2rcos(nf + «a) + r? '

Using the following well-known property of the Poisson kernel: if F' is continuous periodic

with period 27, then

lim —— ﬂF(Q)( L - L ) df
r—1- 4mr J_ 1—2rcos(nf +a)+7r2 14 2rcos(nf + «) + r?
R 1 & o T
=5 > F(0ra) = 5 ; F(0,4), where 0, = ——t+—, r=12....2
r even r odd
- LS.
2n o

r=1
with

FO)=te+0) {)\0+2i)\kcos(k9)} ;

k=1

(4.4.4) yields

cos(a) - A(t)() — sin(a) - A(t)(p) = — D (=)Hp +br0) (Ao +2 Z_: Ak COS(/’f@r,a)) ;

r=1 k=1

as desired. O

As an application of Lemma 4.4.1 let us give an alternative proof to Giroux and

Rahman’s result, (4.2.9) ([26, Lemma 1]), independent of theirs.
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Proof. Let t(¢) = P,(e"¥). For R > 1, we have
P,(Re'¥) — P,(e"¥) = che“w(Rk —1)
= (R* —1) (cx cos(kep) + icg sin(ky))

= (R* — 1) (ag cos(kg) + bpsin(ke)),  (ar = cx, by = icy).

With the notations as in Lemma (4.4.1), the right hand side of the above is A(f)(y) with

Mk = R¥ — 1. So applying (4.4.3) with a = 0 yields

2
n r=1

which is Lemma 1 in [26]. O

4.4.2 Proofs of the Results in Section 4.3

Before proving Theorem 4.3.1, we first establish the following auxiliary result.

Lemma 4.4.3. For 0 < g <1 and 0 < 0 < 27, the following holds:

(V2 — ) R (g2 — g2 _ q"? —2cos(nb) + ¢ /2

(g% — —1/2 +2k2_‘: 12 _ —1/2 cos ((n — k)f) = g2 —2cos(f) + q1/2

Proof. We shall prove

(@2 — 2 - (g% — 2cos(nd) + ¢~"/?)

= (¢"/* = 2cos(0) + q‘m){(qn/2 — ") +2) (" = ¢ cos((n — /f)9)} :
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from which the desired result clearly follows. Indeed, we show that the two cosine trigono-

metric polynomials in (4.4.5) agree on their Fourier coefficients. Let

f(0) = (¢"* = 2cos(8) + q_l/Q){(q”/2 g "?) 42 Z (n=k)/ (n=h)/2) cos(kG)}

We claim the followings:

1 s
0 e [0 a0 =@ @ ),
)/ f(0)-cos(kf) df =0 for k=1,2,...,n— 1.

(©) £ [ 1160)-costns) b = 24— 7).

™

To prove these, we make use of couple of standard orthogonality relations:

/ cos(m@) - cos(nf) df = wo,,,, and / cos(mf) df = 0,

—T —T

where d,,,, is the Kronecker delta. In view of these, it is apparent that (b) holds. Proof of

(a) follows from the following computation:

T

1 " - n —n, 1 n— —(n—
—W/ £(0) d9 = (¢"* + ¢ V*)(¢"* — ¢ /2)—;(61( D2 g ”/2)/ 2 cos*(0) db

—T

(/2 _ =(=1)/2 | (=12 _ =(n41)/2 _ g (n=1)/2 | 9~ (n=1)/2

=4

( (n41)/ (n+1)/2) o (q(n—l)/Q o —(n—1)/2)

q

( 1/2 1/2) ( n/2_+_q—n/2).

To prove (c), multiply f(#) by cos(nf) and integrate from —7 to m. From the orthogonality

relations, the only surviving term is, k =n — 1:

%)



= — S (n=k)/2 _ o=(n— /2 CcoS CcoS - cos(n
2 kE:1(q k ( k) { / 2 (k) - (0)} (nd) d@}
= — (n=k)/2 _ o=(n— /2 COS + cos — - cos(n
2 kE:l(q g ( ") { / +1)0) ((k 1)9)] (nd) d@}

1
_(ql/? o q_1/2) . —/ 2COS (’I’LQ) df
T™J_n

So all three items (a), (b), and (c¢) hold and consequently the two sides of (4.4.5) are equal.
[

Proof of Theorem 4.3.1. Let p € P,, and write

n

p(x) = aTi(x),

k=0

where T}, is the Chebyshev polynomial of the first kind. Applying the Askey-Wilson operator

P, to p(z) and using (4.1.8) we get

- i k2 _ o=k/2
q q
k=0 k=0
Let
k2 _ —k/2
Ak = ﬁ, x =coskp, and t(p) = p(cos(p Zak cos(ky).

Then (4.4.6) implies

sin(p) - (Z,p)(cos(p) = Z An—kay sin(ke) =: —A(t)(p). (4.4.7)

k=0
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Now applying (4.4.3) for A, and t as in here with oo = g (so from (4.2.6), 6,z = 0,) yields

2n

Z An_rag sin(ke) = 2171 Z(—l)r t(p+0,)

n/2 _ ,—n/2 ol o (n—3)/2 _ ,—(n—j)/2
q q q q .
X { 2 — 172 + 22 Q2 — 172 COS(]HT)} :

=1

From (4.4.7) with = = cos ¢, it follows that

(Zp) () = m Z; )" A, p(cos (p+6,)),
where B . A
=
which in view of Lemma 4.4.3 and (4.2.6), equals to
q"/? —2cosnb, +q"?* gV 4 g2

qt/? —2cosf, +q /2 q4/2 —2cos, +q /2’
which is clearly positive. This establishes (4.3.2) and hence (4.3.1).

Now, we shall verify (4.3.3). Applying (4.3.1) to p(x) = T,,(z) and using (4.1.8), we

get
qn/2 _ q*n/Z 1 on
mUn—l<$) = Snsing ;(—1) A, T, (cos(p +0,)).

This implies

qn/2 _ qfn/2 1 2n
Sln(ng@)m = % Z(—l)TAT COS(TLQO + né’fr) (448)
r=1
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Choosing ¢ = 21 above, we get
n

1 2n B qn/2 —q

m T q1/2 _ q—1/2’

r=1

n/2

which is (4.3.3). O

Proof of Theorem 4.3.3. Taking the modulus of both sides of (4.3.1) in Theorem 4.3.1

and using the triangle inequality, we obtain

2n

(2)(@)| < 5—== D~ Al eos(io+6,)

2n
1
L — Y A,
“ o1 —a2 1Pl -1, 2

Using (4.3.3), the right hand side equals to

1 qn/2 _ q—n/2

N ) gl — g1/2 : ||p||[_1,1] )

which is the desired result. O

To prove Theorem 4.3.5 we need the following well-known inequality of Schur’s ([18,

Theorem 5.1.9, p.233)).

Lemma 4.4.4. For p € P,,_1, the following holds:

IPllryy < - pl@) - VI=22) (4.4.9)

11

Proof of Theorem 4.3.5. For p € P,,, Y,p € P,_1. So, by Schur’s inequality (4.4.9), we
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have

HQWM&HSn'WQWM@'VTTP

)

[71’1}
which is bounded by

—n/2

Ui B
n —172 IPll=1

qY? —q

according to Theorem 4.3.3. [
Proof of Theorem 4.3.7. Using (4.3.1), with 2 = cos ¢, we obtain

/0 " |(Zup) (cos()) P sin® () dig

2
1 27 2n
= [ A pleos(p+00)| do
0 r=1

So, using triangle inequality,

1/2 1/2

S%ZA{/ [ pleose + )" d
- (4.4.10)

27
L[ 1@meostenPsine) d
0
The integral on the right of (4.4.10) can be written as

/0 " | plcos(p+ ) dp= / " | pleos (@) dg

=2 P A=

Putting this in (4.4.10) and using (4.3.3), we get

{/0% [(Zyp)(cos @)|” sin®(p) d(p}l/Q < %214’“ ‘ {2/11 (@) \/%}1/2

n/2 _ . —n/2
q q
= V2 i Py
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or equivalently
qn/2 _ qfn/2
H‘@quL2(\/l—x2) < g2 — g=1/2 ||p”L2(1/\/W) :

4.4.3 A second proof for Theorem 4.3.1

n
An alternative proof of Theorem 4.3.1. Take p € P, to be p(x) = Zajxj. Then
=0

() L1 Y SEANC +12+ L Gn +1”
zZ) = — ya — = Q —_ ya —_ —_— A u— .« o —_ yA —_
p p 2 z 0T 91 z 22 z on z

= Z c;2) with ¢; =c_; for j=1,2,...,n.

j=—n

With x = cos(y), we have p(cos p) = p(e’?). So
p(cosp) = Z c;e’? =co + QZ ¢jcos(jo) ,

j:—n jzl

from which we obtain

1 ™
c; = %/ p(cos ) - cos(jh) db, for j =0,1,2,... n.

Now we shall compute the difference p(q'/22) — p(q/%2).

pgP2) = pla P2y = > e (¢ —q7%) - 2

j=-n

ZE:%.@ﬂﬂ_@N%.@ﬁ_%U.
j=1
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Using z = € the right hand side equals to

n

2i Y c;- (¢ = q77?) -sin(jp)

j=1
=2 ;(qj/Q — ¢ - sin(jo) - {% /ﬂp(cos 0) cos(j0) d@}
— 1 . . 3 32 _ ,=3/2 1 in(1

- /_ pleost) > (@ = q79%) cos(j6) sin(ijp) db.

j=1
Since p is a cosine polynomial, by orthogonality relations we can write
Cr1/2 N x0—1/2 :i " 0 - Jl2 _ —j/2
B(q"?2) = pla%2) = — /_ﬁp(cos );(q ¢ ")
X [ sin(jp) cos(j6) — sin(j0) cos(jp) | db
i [T S :
= 9) - 12— q7/%) sin(§(0 — @) db.
= [ pleost) >0 =) s 0 - )
Replacing 6 by 0 + ¢, the right hand side above equals to
L[ bleos(t+ ) Yo - g7 sin(i6) .
L

Jj=1

As before we use orthogonality relations to get the following:

P(q"%2) — plq~%2)

=2 [ pleosto+ o) { (@ - g )sinon

T™J—x

+ Z 12— ¢79/2) [sin(56) + sin(2n — 5)6)] } df

= —— /ﬂ p(cos(0 4 ¢)) sin(nd) {(q"/2 ¢+ 22 (¢ — ¢77/%) cos((n —j)g)} do.
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From a similar argument as in the proof of Lemma 4.4.1, for 0 < r < 1, we take

1 1—r 1—r
h(0) = — —
(6) Ay (1—2rsin0+r2 1+2rsin6+r2>

=sinf —r%sin30 + r*sin50 + .. ..

The series on the penultimate line converges uniformly. Thus we have

P(q"%e™) — p(g2e™)

— lim —~ i p(cos(9+gp))-{(q”/2 g ""?) +22 (@ —q77?) COS((n—j)Q)}

r—1- 47r

X{ Lo - L= }d@
1—2rcos(nf—3%)+r> 1+42rcos(nf—2%)+r? '

As before in the proof of Lemma 4.4.1: if F' is continuous periodic with period 2x, then

i 1 WF(Q) 1—r? 1—r? 5
im — —
r—1- 4mr J_ o 1 —2rcos(nf +a)+1r2 1+ 2rcos(nf + «) + r?
2n
1
=— > (=1)"F(0,.), where HT,QZT—Q , r=1,2....2n.
2n — n o n

Apply this result with & = —% and

Fl6n-5) = pleos(tr +9) { (4"~ ") +2Z (@ = ) cosl (= 6, 5) |

ﬁ(ql/Zeicp) _ ﬁ(q—l/Qeitp)
~isin(p) - (¢ —g7)

= - ‘1 {%é(—l)”lp(cos <(27’—|—1)%+g0>>

isin(y)
x{(q”/2 g ") +22 (g2 — ¢/ COS((n—j)(Qr—i—l)%)}}.
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Let

B (qn/Z o qfn/Q) n—1 (q(nfj)/Q . q*(n*j)/Z) jﬂ-
Ar_m+2; @2 =) cOS (2r—|—1)% 7
so we have
2n
(Zqp)(z) = 1 Z(—l)rﬂ A p (cos ((2r 4+ 1)1 + <p>) .
! o1 — a2 gt o

To show the non-negativity of the coefficients, A,, we shall use the following result due to
Rogosinski and Szegé ([59], p.75): If A\, >0, A\,—1 —2X, > 0 and \j_; —2\; + A\j41 > 0 for
7=12,...,n—1, then

)\0+22n:)\jcosj9 >0,

J=1

holds for all §. So we shall choose a \; to satisfy the hypothesis of the above result. Let

)\‘ o q(nf.j)/2 — qf(nfj)/Q
J = g2 — q1/2 )

7=0,1,2,... n.

Note that A, =0, \,_1 —2\, =1>0, and

o g2 — 24 ¢ 12 i g2 =24 g2
’ qi2 — g1/ —4q ’ gl — g-1/2

B (1-— q1/2) . (1 — q(n—j))
q=9)/2 . (g1/2 1)

)\j—l — 2)\J + >‘j+1 = q(n—j

> 0.

Sum of the coefficients follows as before in the proof of Theorem 4.3.1. [

Remark 4.4.5. The difference between the first proof and the second is merely a phase

™
angle of — in the interpolation formula.
n
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4.5 On g¢-differentiability of Brown and Ismail

In this section, we first use our integral form of Bernstein inequality, (4.3.6) to study
the concept of g-differentiability introduced in [19] by Malcolm Brown and Mourad Ismail.
It has a flavor of inverse theorems in approximation. The definition of &, given in [6] uses
values of f at points in the complex plane except [—1,1]. To make it applicable to more

general classes of functions other than polynomials, Brown and Ismail [19] defined &, on a

dense subset of L%(1/y/1 — x2):

Definition 4.5.1. Let f € L*(1/v/1 — 22?), and then f has a Fourier-Chebyshev expansion
in L*(1/v/1 — 22):
= fuTu(x). (4.5.1)
n=0

Let the Fourier-Chebyshev coefficients { f,} satisfy

S =q"g M fal? < 0. (4.5.2)
n=0

Then %, f is defined as the unique function with the following Fourier-Chebyshev expansion

in L2(v1 — 22):
—n/2

unz _1/2fn n—1(z). (4.5.3)

Such functions f are called ¢-differentiable.

Remark 4.5.2. In Definition 4.5.1, (4.5.2) is satisfied on a dense subset of L*(1/v/1 — 22),
namely the set of all polynomials. Also &, maps polynomials into polynomials which form

a dense subset of L?(v/1 — z2).
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4.5.1 Sufficient condition for a function to have a Askey-Wilson derivative

Our next result provides a sufficient condition for a function f to have a continuous

Askey-Wilson derivative 7, f.
Theorem 4.5.3. Let f € L*(1/y/1 —22). If, for some a > 1/2, and for some p, € Py,
n=1,2,3,..., we have
If — pn”ﬂ@/@) =0 (¢""),
as n — 0o, then

(i) f is g-differentiable and 2,f is continuous on [—1,1];

(ii) [|2,f — @qpnnp(\/m) -0 (Q(a—1/2)n) asn — 0o,

Proof of Theorem 4.5.3. From the hypothesis, for some constant C' > 0, we have, for
n=1273,...,
”f _pn||L2(1/\/@) < qum' (4.5.4)

Let > 07 | fuTn(x) be the Fourier-Chebyshev expansion of f. Then, for N = 0,1,2,..., by

the best approximation property of the partial sums of the Fourier-Chebyshev expansion,

<|If = pnll e vz < Cg™, (4.5.5)
L2(1/V/1=2?)

N
Hf S
n=>0

From the orthogonality relations of Ty (see (4.1.6)) and using the triangle inequality yields

|fN|\/§ = I NTwll oayyizam) = (f -3 fnTn> - (f - fnTn)
n=0 n=0

N
f - Z fnTn
n=0

L2(1/v/1—22)
N-1

f - Z fnTn
n=0

IN

+
L2(1/v/1—22)

L2(1/v1—2?)
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Using (4.5.5) to estimate each norm term above yields

™ - a
|fN|\/;§ CqN + Cq* ™=V = C1g*N |

where Cy = C(1+4 ¢ %).

ie.,

|fN|\/§ < Cig™™. (4.5.6)

Thus, (4.5.2) is satisfied and hence f is g-differentiable and (4.5.3) holds. Furthermore,
(4.5.6) implies that the series in both (4.5.1) and (4.5.3) converge uniformly for z € [—1, 1]
since we have

|Ty(z)] <1 and |Un(z)| < N +1

there, and thus, both f(z) and (%, f)(x) are continuous functions on [—1, 1]. This completes

the proof of (i). To verify (ii), it suffices to show that

= O(g\* 12N, (4.5.7)
L2(v/1—22)

N
Z fn-@an - _@qu

n=0

Before we verify (4.5.7), let us observe how it can help us to prove (ii). Indeed, assume that

(4.5.7) holds. Then, in view of (4.1.7) and (4.1.8), from (4.5.6) it follows that

2 _ i n/2 _ qfn/2 2

f
" q1/2 q 1/2
L2(v/1—x2) n=N-+1

N
Z fn@an - @qf
n=0

™ o
5 _ O(q2( 1/2)N)‘

This and (4.5.7) will verify (ii). To prove (4.5.7), we apply the integral form of Bernstein

inequality (4.3.6) to the polynomial ZTZZV:O foTn — pn € Pn to obtain

N
Z fnTn — DN
n=0

N/
= g2
L2(vV1—2z2)

N
Z fn-@an - gqu

n=0

G qu/2
— g2

L2(1/v/1—22)
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which, by (4.5.4), is no larger than

N/2 _  —N/2

q q

aN _ (a—1/2)N
q1/2 _ q*1/2 Cq™" = O(q )

This verifies (4.5.7). O

4.5.2 Smoothness of ¢-differentiable functions

As it turns out, the continuity established in Theorem 4.5.3 is not a special case. Our
final result will address the smoothness of any g-differentiable function. So, we turn to the
following natural question: How smooth must f be to ensure that (4.5.2) is true 7 In this
connection, we will give a precise description of all functions f that are g-differentiable in
terms of the analytic continuation of f. We do so by casting Definition 4.5.1 in the setting

of OVETCONVETGENCE.

Analytic continuation or analytic extension refers to the process of extending the do-
main over which a complex function is defined to a larger one. By the uniqueness theorem
any such continuation of a function is uniquely determined. The phenomenon of overcon-
vergence (in a different setting than our consideration) was discovered by M. B. Porter in
1906. It was rediscovered by Robert Jentzsch in 1914 and again by Alexander Ostrowski in
1921. The main ideas for our study come purely from Joseph L. Walsh whose contribution

is quite significant on the subject matter (see [66], [67]).

Theorem 4.5.4. Let K be a compact set of the z-plane, whose complementary set with
respect to the entire plane is simply connected. Let w = ¢(z) be a function which maps the
exterior of K conformally onto the exterior of the unit circle in the w-plane so that the points

at infinity correspond to each other. Let Cr denote the curve |¢(z)| = R > 1, that is, the
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transform in the z-plane of the circle |w| = R.

If the function f(z) is analytic on and within Cg, then there exist polynomials p,(2)

of respective degrees n =0,1,2,..., such that
M
1f(2) —pu(2)] < T for every z € K, (4.5.8)

holds, where M is independent of n and z.

Theorem 4.5.5. Let K be a compact set whose complement is simply connected. Let the
polynomials p,(z) satisfy inequality (4.5.8) for some R > 1, where M is independent of n
and z. Then the sequence {p,(z2)} converges for z interior to Cg, uniformly on any closed
point set interior to Cr. The function f(z) can be extended from K along paths interior to

Cgr so as to be single-valued and analytic at every point interior to Cg.

The phenomenon illustrated in Theorem 4.5.5 is known as the Ouverconvergence. In
formal terms it describes the cases where a sequence of polynomials of best approximation
to an analytic function in a given region G converges to that function (or its analytic contin-
uation) not merely in G but in a larger region containing G in its interior. This is achievable

provided the rate of convergence of (4.5.8) is fast enough.

Now we are ready to present our final result of this Chapter.

Theorem 4.5.6. A function f is q-differentiable on [—1,1] for some q € (0,1) if and only

if f is analytic over an open set containing the interval [—1,1] in the complex plane.

Proof. Suppose [ is g-differentiable on [—1, 1] for some ¢ € (0,1). In view of Definition
451,
f@) =" fulu(w) in L2(1/v/1 = 2?) (4.5.9)
n=0
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and

(1= ") ™2 fo]? < 00.

NE

I
o

Consequently, we have |¢~™2f,| < C for some C' > 0 or equivalently |f,| < Cq/2. Take

R =1/¢"?, so that R > 1 and

|l < Q, n=012---. (4.5.10)
Rn
Thus the series defined by
fla) =" fuTu(x) (4.5.11)
n=0

is uniformly convergent for x € [—1,1]. Moreover,

~ N 00 00 !
f@) = L@ =| > LT@)| < Y 1flT@) < 25,
n=0 n=N+1 n=N+1

where C' = C/(R —1).
Therefore, by Theorem 4.5.5, f is analytic on Ep = {x = (2 +1/2) /2 | 1 < |z| < R’} for
all R' € (1, R). Note that

! al dz N
[, [fr - ne) = 3 GlP 0.

as N — oo.

This, together with (4.5.9), implies that
f@) =Y fuTu(x) = f(z) ae. for z € [-1,1]. (4.5.12)
n=0

Thus, f has an analytic continuation to the interior of Er which contains [—1,1].
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2 z _—— T
atarsiS RIS

—z=z+Vzl-1

Figure 4.1
Joukowsky transformation

Conversely, suppose that a function f is analytic over an open set G. Choose R > 1
such that Er C G. Then, by Theorem 4.5.4, there exist M > 0 and a sequence of polynomials
{Px(2)} such that

|f(2) = Pn(2)] < %, z on Eg. (4.5.13)

Consider the Fourier-Chebyshev expansion

fl@) =" cTu(x). (4.5.14)

n=0
We have
N
fl@) = enTu() = min 1f(x) = pn (@) | 21y
n=0 oI

< | f(@) = Pn(@)ll 22 /ia2) -

By (4.5.13), the right hand side is less than or equals to

M / dr_ """ _ viM
RN . /—1—x2 - RN -
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Using this we can estimate |c,]:

lenTn |l 21/ viam)

N N-1
- Z CnTn + f($) - Z CnTn
= L2(1/vV1—a2) n=0 L2(1/V/1—22)

_ VM \/_M M’
—RN +RN1 RN’

where M’ = \/TM(R+1). Since ||T|| 2,172 = V/7/2, we get, with M" = V2M(R+1),

M//
‘CNl RN ‘
Then, if ¢ € (R72,1), we have
o) 9 e’} ) M,, 2
S0 e < [ - e
n=0 n=0
o0 1 n
_ " n\2
=M ;( —q") (ﬁ) <0
So f is g-differentiable for all ¢ € (R72, 1). n

Remark 4.5.7. The proof of Theorem 4.5.6 above indeed shows that

(i) if f is analytic on Ej /2, then f is g-differentiable;

(i) if f is g-differentiable, then f is analytic on El/q1/27 the interior of £y /,1/2.
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CHAPTER 5: ACTION OF THE ASKEY-WILSON
OPERATOR ON ENTIRE FUNCTIONS.

Somebody came up to me after a talk I had given, and say, “You make mathematics seem

like fun.” I was inspired to reply, “If it isn’t fun, why do it?”

Ralph Boas Jr.

5.1 Definitions

In Chapter 4 we have already introduced the Askey-wilson operator in the setting of
polynomials. In this chapter, we consider only entire functions; complex-valued functions

which are analytic in the finite complex plane, C.

Definition 5.1.1 (Entire Functions of exponential type). Let %, denote the set of
entire functions of exponential type o. That is, f € %, if f is an entire function and for any

£ > 0, there is an A, > 0 such that |f(z)| < A.e*IZl for all z € C.

Next we state few examples and elementary properties of entire functions of expo-

nential type (see [15], [22]):

e Functions of exponential type o > 1 include all functions of type less than or equal to

o, type 1, and functions of type less than 1.

e Rational entire functions are of exponential type zero. In particular polynomials p(z)
are of exp. type zero, as for large values of z € C, |p(z)| is dominated by e?l, for any

e > 0.

72



e If a is a constant, the function e is of exponential type. |al.

o If f(z) is of exponential type o, then f(ax + b) is of exp. type |a|o, when a and b are

constants.

o If fi(z) and fy(x) are of exponential types o7 and o9, respectively, then the product

fi(z) - fa(x) is of exponential type not exceeding o + 0.

Ralph Boas Jr (see [14], [15, pp.210-211]), in providing a simpler and elegant proof
of a Bernstein’s inequality given in [12], established an interesting interpolating formula for
the derivatives of functions in 4,, known as Boas’ formula, which is a generalization of an

interpolation formula of Marcel Riesz [57] for trigonometric polynomials:

Theorem 5.1.2. If f € B, and is bounded on the real line R, then the following holds:

4o & )" T nmw
= — —+ — . 5.1.1
2 :Z 2n+ (x + 20 + o ) ( )

In this chapter, we extend Boas’ formula by replacing the differentiation with the

Askey-Wilson operator, and then show its power in discovering summation formulas.

For the sake of completeness we re-state the definition of the Askey-Wilson operator

in the setting of entire functions.

Definition 5.1.3. Let f be an entire function and ¢ € (0,1). Then from (4.1.2) we have
the following equivalent form of (4.1.3):

f(a"?2) = fla™722)

(Zyf)(x) = ising- (¢ —¢-1/2)

(5.1.2)
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where

Recall that the definition of &, given in [6] was mainly used to act on polynomials f
and it uses values of f at points in C\ [—1, 1]. To extend the domain of the operator to act
on more general classes of functions, Brown and Ismail [19] proposed an approach to define
9, on a dense subset of L2[(1 — 22)71/2 [~1,1]]. (see our discussion on this in section 4.5)
In this chapter, we consider only entire functions so &, is well-defined as in (5.1.2), even for

z e C.

5.2 Main result: Generalized Boas’ formula

To set the stage to our main result in this chapter, we first introduced a convenient
way of writing the Askey-Wilson operator. The novelty of our method lies in the following

two parameter family: with x = cos ), write
— 1 1/2 -1/2 (12 12\
o= 2((] +q /%) cos(f) and = (q g~ %) sin(h). (5.2.1)

Note that, when (z,q) € [-1,1] x (0,1), we have a, f € R. Now, we are ready to state our

main result.

Theorem 5.2.1. Assume that f € B, and the restriction of f on R is bounded. Then, for

xe|[-1,1],

4 we ™ (—1)* cosh (%5)
(Z,f) (z) = - _Z f( + —(2k+ 1)) FERNTTE eyt (5.2.2)

Remark 5.2.2. When ¢ — 17, we have a — = and g — 0, and thus, the limiting case of
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(5.2.2) becomes the classical Boas” formula (5.1.1).

Remark 5.2.3. In view of our two parameter family, (5.2.1), we can write

ql/QZ + (]1/—22 (]1/26 +q 12emi
— q1/2 . (COS(G) —+ ZS]H(@)) —+ q71/2 . (COS(@) — /ZSln(9>)
= (¢"* + ¢ Y?) cos(h) + isin(8)(¢"/* — ¢~ V/?)
=2a+1if ,
and
q_1/2z n p—r _ q—1/26i0 i q1/2€—i0

= ¢ V2 (cos(#) + isin(f)) + ¢"/* - (cos(6) — isin(f))
= (¢"? +¢7"?) cos(0) — isin(0)(q"* — ¢%)

=2a —1f3 .

So we can write the numerator term in (5.1.2) as

f(a"?2) = fla™1%z) ( ( 2 772 )) _f(% (ql/zerq‘ll/?z))
:f<-+§>—f( %)-

Accordingly, now we can write (5.1.2) as

(Z,f)(x) = (5.2.3)

Observe that the left hand side of (5.2.3) depends on x and ¢ while the right hand side
depends on « and . So we will introduce a new notation, (Zf)(«, 3) to denote the right-

hand side to emphasize the dependence of (Z,f)(x) on a and /.
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Remark 5.2.4. Theorem 5.2.1 holds under the restriction on (x,q) € [—1,1]x(0,1). Indeed,
the theorem holds for complex x and ¢. Our next result is such an example by using variables

a and .

Corollary 5.2.5. Under the same assumptions on [ as in Theorem 5.2.1, we have

(2f)(a k_z_oof (a+ T 2k + )) 5;;2;?;23202, (5.2.4)

holds for all a,, 8 € C and the convergence is locally uniform for a, 8 € C.

5.2.1 Classical sampling theorem

The proof of Theorem 5.2.1 is based on the well-celebrated WSK sampling theo-
rem, which was named after Edmound Whittaker, John Whittaker, Vladmir Kotelnikov and
Claude Shannon. Among the four, the latter gets much of the recognition solely for him
being the pioneer of information theory where it is heavily used. In layman’s terms, the
theorem states that a signal (a function) can be reconstructed from its samples, evaluated at
uniformly spaced points on the real line. For comprehensive studies of the sampling theorem

see [36], [60], [72], and references therein.

There are many variations of the sampling theorem. The form we use here is due to

Paul Butzer, Gerhard Schmeisser, and Rudolf Stens as used in [21].

Theorem 5.2.6. If f € B, and [ is bounded on R, then

- io f (%ﬁ) sinc [% (x = %ﬂﬂ (x € C), (5.2.5)

k=—o00

the convergence being absolute and uniform on compact subsets of C.
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Definition 5.2.7. The sinc function is defined as:

sin(mz)
— i
‘ — or x € C\{0},
sincx :=
1 for x = 0.

The Boas’ formula (5.1.1) can be obtained from the Sampling theorem in the following

manner [?]. Starting from (5.2.5), apply it to the function g,(x) = f(x + y) to get

C 5 (o )2 (4] e

k=—o00

from which we can recover f:

-t - 551 (5 )i [2 (-0 )]

k=—o0

In view of the absolute and uniform convergence on compact subsets of C of the series above,
we can differentiate term by term to get

N, (v+%) di{smg{?fyyk_:;” }

k=—o00 o

) i f(y_’_k;){cos[ <x_y__w)].a-g(g;_y_'g)-sm[a(x_y_k_w)} -a}‘

o* (z—y k)’

k=—00

T
Let y =2+ —, to get
20

Y

2k:+1) — Cos [(%H)%} ()'(Qk-l-l)%—l—asin[(%—kl)g}
< ) (2k +1)27

Zf

k=—00
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which equals to
o

4o 2k +1)m
_onozkﬂ (“ 2% )

which is the Boas’ formula, (5.1.1).

5.3 Proof of the main result

This prime purpose of this section is to present the proof of Theorem 5.2.1, which will
be accomplished by applying the Askey-Wilson operator on the Classical Sampling theorem,
Theorem 5.2.6. We first establish a lemma that gives us the action of the Askey-Wilson
operator on the sinc function. To indicate that the operator 7, is applied with respect to z,

we will use the notation Z, ,.

Lemma 5.3.1. Let x € C and k be any integer. Then the following holds:

(s o 250 2]

Remark 5.3.2. The key feature of the lemma is the evaluation of y at a point a + 7 that

(5.3.1)

y=a+7/(20) g ﬁ2 + (Qk + 1) Z_z .

is independent of k.

Proof. Let g(z) := sinc [2(z — y — £2)]. Then, by the definition of sinc function, we have

o(2) sin (U(x —y %”))
o(x—y— )
Note that
g(q1/2z) — (% ) ( 1/2Z + q_l/zz_l) — (Uy + k'ﬂ-)) (5 3 2)
s @ ) (g + k) "
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and
in (2. (g2 4 gl/2-1) — Ty

9lg"%2) = Sm£2 (_q1/2 : 1q/2 _Zl )~ oy ﬂ) (5.3.3)

7 (@22 + ¢ 227") — (oy + k)

So, we have
e kn §(¢22) — j(a~7%2)
(@q,x (SIHC |:;(x - y - ?):|>) (x) = 281119 . (q1/2 N q_1/2> (534)
with

_l’_
sin (—% <q1/2z + 1}2,2) + Uy) sin (% (qf/z + 4 ) — 0y>]

Note that, when y = a + 5, we have y = i(qlﬂ + ¢ (2427 + I and

1/2

> _l_l(z _|_q7)—y—|—%. (5.3.5)

L( 1 1
_5((] Z+q1/22 20 2\ ¢/?

Let the common value of the two sides of (5.3.5) be w. Then

1 _ _ 1 _ N 1.
w = Z(q1/2 —q 1/2)(z 1_ z) = Z(ql/2 —q 1/2)<_22) sinf = _525, (5.3.6)

Thus, we can write

o 1/2 N w —1/2 (1) sin (aw + g) _ sin (aw — g)
a0 =5l ) - {0w+7—2r+k‘7r ow— % —kn
(—1)* - 2w cos(ow)

o (wr = (k+1)'5)
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From this and (5.3.6), (5.3.4) yields

Dyalsine |2z —y - “T)))
(retsine [ 2=y =10 ])

which is the desired result, (5.3.1). O

y=atn/(20) O B2+ (2k+1)° %

Proof of Theorem 5.2.1. We start by introducing a translation parameter in the Sam-

pling Theorem, Theorem 5.2.6: Fix y € R and apply Theorem 5.2.6 to g,(z) := f(z + y) to

obtain
kz_oof y+ ) sinc [U(x - l%ﬂ)]
Then N
F@) = afa =)= 30 S+ Dysine |2y =), (5:37)

Now, apply Z, with respect to x on both sides of (5.3.7) to obtain
k
Z fly (smc {U(x—y——ﬂ)]).
L T o

The left-hand side is independent of y and so we can take a special value of y on the right-

hand side. Letting y = a + 5> and using (5.3.1) of Lemma 5.3.1, for z € [~1,1], we get

B 1.\ 4 (— cosh(%)
(Z) (@)= > f(a+(k+ >U) s ORI

which is (5.2.2). N

To prove Corollary 5.2.5 we employ the following uniqueness (or identity) theorem.

Theorem 5.3.3. ([1]) Let each of the two functions f(z) and g(z) be analytic in a common

domain D. If f(z) and g(z) coincide in some sub-portion D' C D or on a curve I interior
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to D, then f(z) = g(z) everywhere in D.

Proof of Corollary 5.2.5. Let (o, 3) € K, where K is a compact subset in C?. Note
first that both sides of (5.2.4) are entire functions of « and of /3, of exponential types o and
0 /2 respectively. Since as (z,q) runs through [—1,1] x (0,1), o, 8 € R, both sides of (5.2.4)
are equal by Theorem 5.2.1. Thus, by the Identity Theorem, (5.2.4) holds for all «, 5 € C.
Finally, we shall prove the local uniform convergence of the series in (5.2.4). To this end, we

need an estimate of Boas ([15, p.84]): for € > 0, there is an A, > 0 such that

1f(2)| < AeleTMmEl for 2 € C.

Applying this to the series in (5.2.4), yields

(—1)* cosh (%13)
(Z2f)(e, B)] = f 252k +1) > 2/ 2
k—z:oo ( ) P2+ (2k+1)"m%/o
}cosh( 5)‘
S_ Z ‘f< 2k+ >‘ 182 + (2k + 1) 72/ 02|
<z Z A66(0+6)-|Im(a+%(2k+1))| |cosh ($8)|

82 + (2K + 1)* 72/ 0?|

k=—o00

4 o . 1
o QB k:zjoo 152 + (2k +1)* 72 /02|

Note that e (@)l and |cosh (/3) | are both bounded in K. Now, |32+ (2k + 1)* 7% /0?| >

(2k 4+ 1)* 72/ — |B)? and if |k| > |6,

1 1
< .
182 + (2k + 1)27r2/02] T (2k+ 1)271'2/0'2 ik

Thus by the Weierstrass M-test, the series in (5.2.4) is locally uniformly convergent for all
BeC\{£(2k+1)z}>=_. O
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5.4 Identities of infinite series

5.4.1 Overview

To elucidate the capability of the extended Boas’ formula (Theorem 5.2.1) and its
Corollary 5.2.3, we derive identities on infinite series, some new and some known. Several
other series identities can be established as a by product. In essence, we pick few candi-
dates that satisfy the hypotheses of the aforementioned and apply either (5.2.2) or (5.2.4)

accordingly. We begin with two general remarks.

(i) As a direct consequence from the locally uniform convergence in (5.2.4), convergence

in series below is locally uniform in « and £.

(i) The extra parameter ¢ introduced in the Askey-Wilson operator (5.2.2), which is not

available in Boas’ formula, will be seen as a desirable feature.

5.4.2 Applications of the main result

First, we apply (5.2.2) for f(x) = 1. It can be easily seen that Z,f(z) = 0. So we

obtain

i CD* 0 (5.4.1)
B2+ (2k+1)* 7 o

k=—o00

which can be directly verified. Next, take the function f(z) = sin(oz). Applying (5.2.3)
yields
. B\ o _iB
sin [0 (a + 5 )} sin [0 (a > )}

i3
_ 2cos(oq) sin(%)
= 3 .
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(2 f)sin(ox) =




Since sin(i©) = isinh(O) for any O, it follows that

(2f)sin(ox) = ZCOSW);mh(%B ) (5.4.2)

This is the left hand side of (5.2.4). The right hand side of (5.2.4)

%cosh <%5> i sm[ (a+—(2k+ 1)) (D"

20 B2 + (2k + 1)* w2 /o?

- gcosh (%B) f: cos(oa) !

5 )
Pt B2+ (2k+1)" 7% /o?

Combining this with (5.4.2), we get

o tanh(§[3) - 1
25 kzzoo 62 + (2]€—|— 1)27'(2/02' (543)

Note that, by Corollary 5.2.5, (5.4.3) holds for all 3 € C\{£(2k+1)Z}>

- This is equivalent
to a known result, see, e.g

., [70, p. 136] or [31, 1.421.2].

Here is one more identity that can be derived directly from (5.2.4): Let f(x) = sincz
Note that

_ —4pBsin(ma) cosh(3 ) + 8a cos(ra) sinh(F5)
(@f)(avﬂ) - 71-5(402_’_52)

Using this in (5.2.2), we have

—4f sin(mar) cosh(33) + 8a cos(mar) sinh(33)
mB(4a? + 52)

ﬂ) i Yesin(r(a+k+ 3))
>

4
= — cosh (

9B

a+k+ (B2 + (2k+1)?)
)

cos(ma)
— mla+k+3)(8%+ 2k +1)2)

9B

4
= — cosh <
T
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So, dividing both sides of the above by 2 cosh(3 ) cos(ma), we get

—mftan(ra) + 2ratanh(55) i 1

B(4a? + B2) —k: @kt DB+ 2k 1) (5.4.4)

—00

which implies several known identities as special cases. For example, writing (5.4.4) as

—7 tan(ma) N 2T tanh(35) i 1
402+ 4+ B (a+k+3)(B2+ 2k +1)2)

k=—o00
and letting § — 0 yields

2 e 1

—mtan(ra) W
S S A H R — 0.
4a? T kz_oo (a+k+3)(2k+1)% a7

Set a =1 in the above to get

7T2_ f: 1
8 A (2k+3)(2k+ 1)

Now, we will drift a bit from the functions considered so far and take f(z) = x, which
is an entire function of type 0. So f € B, C H,. Since Z,f(x) = 1, it is tempting to let

f(z) =z in (5.2.2) with 0 = 7 to get

1= %cosh (gﬁ) i (a + %(zk + 1)) 5 +((_22): 7 (5.4.5)

k=—0o0

But there is a major issue here. For f(x) = z, the assumption that f being bounded on R

is not satisfied, and so, we could not apply Theorem 5.2.1 directly to f(z) = x. Fortunately,
we can prove (5.4.5) through a limiting process motivated by the ones used in [15, p. 211]
and [33, Lemmas 1 and 2]. One of the key ideas involved in our proof is the following

Abel’s partial summation formula.
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Theorem 5.4.1 ([38]). Let {a,}>2, and {b,}°, be sequences in C and write

n

(i) A1 =0 and forn >0, An:Zak.

k=0
Then for any integers q > p > —1, we have
q

i) Y an Z An(by = bpi1) + Agbgsr — Apbpis.

n=p+1 n=p+1

Proof of (5.4.5). For § € (0,3), define gs(z) = sin(dz). Then g5 € B5 C B, and g; is

also bounded on R. Note that

2 cos(da) sinh(%5>

(Z495)() = 3

Applying Theorem 5.2.1 to gs with o = 7 yields

(5.4.6)

2cos(da)sinh($6) 4 = kSHl (a+k+3))
38 :_COSh( > Z F(2k+1)2)

1)ksin(5(a +k+3))

Claim. The partial sums Z (— is O(K) uniformly in 6 > 0.

k=—K 0
K : 1
Let Sk = Z(—l)ksm (0 (e ;_ bt 2)) First assume that K is odd. Then
k=0
1S sin (6 (@+0+3)) sin(0(a+1+3)) sin(d(a+2+1))
| =

5 - 5 * 5
_Sin(é(a;i%—i—%)) +.._+<_1)Ksin(5(omgK+%)) .
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Let

_sin(é(a—i-o-l—%—i-t)) sin(é(oz+2+%+t))

sin(5(oz+K—1+%+t))
+ 5 .
So
|/ ()| = |cos ((5(a+0+%+t)) +---+cos<5(oz+K—1~l—%+t>)'
< cos(&(oz+0+%+t)>'+~~+ cos(é(a—k[(—l—l—%—l—t))‘
<E+1
- 2

K
+ 1.

Similarly, for K is even, we obtain |f'(t)| < 0

Since
sin (0 (a+1+L+4¢ sin (0 (a+3+L1+1¢
g1t} ) snsararvi)
sin (6 (o + K + 5 +1))
5 )

by Mean value theorem, it follows that

TH if K is odd,

S| = 1) = fE+ D] = [f(€)] <

% +1 if K is even.

In either of the cases above, we can bound |Sk| by 3(K +1). So for § > 0,

K

Lsin(d(a+k+3))
> (et

< 3(K +1). (5.4.7)

86



Apply Theorem 5.4.1 withn=k,p+1=L,q= M, A, = S, and

_ sin[0(a+k+3)] 1
@ = (=1)" I TR 4 (2k 4 1)

and compute:

igj(_l)ksin {5 (a+k+ %)}

— §- (B4 (2k+1)?)
S 1 1 Swm Sr—1
,;Sk[ﬁ +(2k+1)2 2+ (2k+3)2} T BT eM i3 Br L
Consequently,
M :
B k51n[5(a+k+%)]
,;( U5 (82 + (2k + 1)2)
- 1 1 SLfl SM
: ;Sk{f@“(?kﬂ)z N (2k‘+3)2} HEreryo| T

B2+ (2M + 3)2

— 8k + 8 S, . 51
<Y s "
2 B @k + 7} P+ @k+8p) ]| B v Ly 1| [ @M 3
- 8k + 8 15| S
[ - + .
{52+ (2k +1)2} - {82 + (2k + 3)2} # 1 (2L+ 12 B+ (2M +3)
Note that, for sufficiently large k, using (5.4.7) we have
X { 8k + 8 ] _ Bk 1)-8(k+1) _ 2
k {52 2k;+ } {52 2k+3 } — Ak2 . A2 S

Also when |L| — oo and |M| — oo,

S S| 0
B+ RL+12° B+ (@M13)eE
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Thus, for all € > 0, there exists N(¢) > 0, independent of § > 0, such that

f:(_l)kSin {(5 (a +k+ 5) :|
d- (624 (2k +1)?)

k=L

<e,

- in[6(a+k+3
whenever | M|, |L| > N(e¢). Hence, by the Cauchy criterion, k;@(—l)k??([@(i Ok T 12))2]) is

uniformly convergent for § € (0, %] . So, by using the Abel’s partial summation formula, it

is not hard to verify that the series on the right-hand side of (5.4.6) converges uniformly in

d > 0. Thus, by taking limits as § — 0" on both sides of (5.4.6), we obtain

4 s = 1 (—1)k
1—;cosh<§ﬁ> Z (a+k‘+§) FEENC

k=—o00

which is (5.4.5). N

Now, (5.4.5) being established, let’s put it in the equivalent form:

TN ot (—1)*
Tooh(3) ~ 2 (o k1) FCTET (5:48)

k=—o00

Using (5.4.1) (or setting a = 0), we get, for 5 € C,

o

T (—D*(2k +1)
2 cosh (33) N kZ 324 (2k + 1) (5.4.9)

=—00

This is another known identity (see [70, p. 136] or [31]). Note that the series in (5.4.9)
converges locally uniformly for § € C\ {£(2k + 1)i}>_. So by integrating both sides of
(5.4.9) from 5 = 0 to 8 = z, with term-by-term integration on the right-hand side, Berndt

used this identity to obtain an identity of Ramanujan ([11, p. 457]).
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We can apply the same idea to obtain extensions to yet another known identity due

to Gosper, Ismail, and Zhang [27, (1.3)]. For b € R, consider the function

sin(dx) sin \/b2 —§)%2?)

f‘s’b@) - \/bQ 2x2

Then fs5, € A and fs, is bounded on the real line. So, we can apply (5.2.2) to f5, to get:

T(Dyfsp)(w) o (—1)F sin(é(a+k+ sin <\/b2 (r—0)*(a+k+1 ) )
46 cosh(53) k=—o00 5(82 + (2k 4 1)2 \/b2 +(r—8)2(a+k+ %>2 .

As we did in the proof of (5.4.5), it can be verified that the series on the right-hand side
above is uniformly convergent in § € (0,1). So taking the limit as § — 0% on both sides

above and bringing the limit inside the sum yields

00 — 2 2
. (-@f(m Z Fla+k+3 3111(\/1) +m2(a+k+3)? ) (5410
s—0+ 49 COSh e oo 52 (2]{7 + 1 \/b2 + 7T2 a + k42 )
Now, using (5.2.3) on fs; yields
sin(a + 3i8) sin (/17 + (7 = 6)2(a + 18)? )
(Zqfon)(@) =
if3 cosh (% \/b2 (m—8)%(a+ 25)
A (5.4.11)
sin(a — 3if3) sin (\/b2 + (m = 0)*(a — 50)? )
ifg cosh(5 \/b2 (m — — 18)? '
Divide both sides above by § and take the limit as 6 — 0% to get
(D))
d—0t 0
(a+Sif)sin (12 + 72+ 562 ) (a—Sif)sin (/b2 + 2o — £6)2 )
iBy/t2 + 720+ 48)? i4/6? + 72(a = $5)?

89



Using this on the left hand side in (5.4.10), we obtain the following new identity: For any
a,peC,

i (—1)*(a+k+3) sin (\/b2 + m2(a+k+ 1)? )
e (B (2 1)) /0 2tk )2
m(a + 1if3) sin <\/b2 + m2(a + £f)? ) m(a — 1if) sin <\/b2 + m2(a — £f)? >

413 cosh(5 \/b2 + 72 (o + )2 4if3 cosh (% \/62+7r2 (a—1p)?

(5.4.12)

If we let @ = 0, then the above identity becomes

ek o (TR e (%)
k;w (62+(2k+1)2)\/b2+ﬂ2(k+%)2 _2cosh(g5)\/b27ﬂ2ﬁ2' (5.4.13)

By taking § to be a purely imaginary number, say § = iv, for v € R we can recover identity

(1.10) of Gosper, Ismail, and Zhang in [27]:

i (— 142 + 1) sin (/62 + 720k + 12 )  sin (yor+ =)

k=0 ((2k+1)% - 72)\/1?2 + m2(k + 3)? 2 cos(Tv)4/b? + =L

If we further take 5 = 0, then (5.4.13) reduces to

o0 (—lksin<\/62+7r2k:—l—%)2>  msinb
e @k Dy (k)2 RO

(5.4.14)

which is the identity (1.3) of Gosper, Ismail, and Zhang in [27]. Thus, identity (5.4.12)

provides a two-parameter family extension of these identities of Gosper, Ismail, and Zhang.

In fact the above argument really applies to a much more general family of functions

as indicated by our next result, Theorem 5.4.2 whose statement involves not only the Askey-
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Wilson operator but also a companion operator to it called the Average operator.

The average operator, <7 is defined by ([35, p. 301]):

() ) = S {F@2) + Fla %)) (5.415)

In terms of our new notations, a and § introduced in (5.2.1), we can write (5.4.15) as

i@ =3{(ar D)+ (a-2)} (5.416)

We will use the notation (<7 f)(c, 8) to denote the right-hand side of (5.4.16) to emphasize
the dependence of (7 f)(x) on « and /.

Theorem 5.4.2. Let g be an entire function of exponential type w that is bounded on R.
Then, for a, B € C,

[e.9]

Z (—Df(a+k+3)gla+k+1)

he—oo B2+ (2k + 1)2 (5.4.17)
B Wa[g(a+%5)—g(a—%5)}+ Wﬁ[g a+L6) +gla— Lp)
a 4Zﬂ cosh(53)
N 4cosh {O‘ +(H9) () }. (5.4.18)

m —

Proof. Let gs(x) =g (

function g(z) = sin(dx)gs(z) with o = 7 to get

0
x), for o € (0, %) First, we shall apply Theorem 5.2.1 to the

[e.e]

(2,9) (x) 4 (gﬁ) Z (1) sin (6 (a+k+3)) s (a—l—k—l—%).

3 = — cosh 5 5

Again, as in the proof of (5.4.5), we can show that the series is uniformly convergent in

S (O, %) So, we can take the limit as 6 — 0T of both sides of above with taking limit
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inside the sum to get

- (249) (x) 4 = (—D¥a+k+3)gla+k+3)
513(% — = cosh (gﬂ) k;m i (22 1) 2 (5.4.19)
Now we shall directly compute ali%l+ % with the use of (5.2.3).
 (20)) _ (a+38) (0 8) — (0= $9) s (o= $9)
d—0+ 0 Zﬁ
| | y . | (5.4.20)
Calg(a+i8) —gla—38) |+ Glg(a+48) +g(a-18)]
- 7 _

Equating the two sides of (5.4.19) and (5.4.20) yields (5.4.17). Finally, (5.4.18) follows from
(5.4.16) with f replaced by g. ]

sin |vb? + w222
Remark 5.4.3. When g(z) = [ , (5.4.17) implies (5.4.12).
Vb2 + 7212
As applications of Theorem 5.4.2, we illustrate additional examples of entire functions
of exponential type w that are also bounded on R. Applying Theorem 5.4.2 to these functions

will verify extensions of (5.4.14), (1.6) of [27], and identities of Zayed [73, p.702].

Definition 5.4.4. A Bessel function® of the first kind, .J,(2) is defined by

00 (_1)n (é)quZn

To(2) =) ST LoD (5.4.21)

n=0

The Bessel functions of order v = % and v = —% are defined as

Jijalz) = \/g sin(z) and J_y(z) = \/g cos(z).

*see the classical text [68] for a comprehensive study of Bessel functions.
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The relationship between J,(z) and J_,(z) for an integer v is

= (cpyoem
T-2) = Z 22ntm pl (n + m)!x

n=0

2n+m

= (—1)" Ju(2).

J, (VB + 722?)
(VB2 + n22?)"

ing Theorem 5.4.2 to this function, we get the following identity: with o = o+ k + %,

Example 5.4.5. Consider the function for b > 0 and Re(v) > —3. Apply-

> (—=1)% - apJ, (\/V2 + 72(ay)?)
kzz_oo( B + 72 () ) B2+ (2k + 1)2

{ <\/b2+7r2( ))/(\/b2+w2(a+zﬁ)>y

4i3 cosh(53)

L<¢m+n%a—w )/(¢w+w2 L)Y}

4i3 cosh(53)

+mﬁ{ (\/b2+7r2(04+2’8 )/<\/b2+7r2(oz+”3) )V

2 413 cosh(53)

L(¢w+w% _ i) >/<¢w+w2 L)y}

4if3 cosh(33)

Y

which extends (1.6) in [27] for two parameters « and 3. Also, with v =1, a = 0, and with
B — 0, (1.3) of [27] can be obtained. Taking a = 0 and letting 5 — 0, we get

L)

PR <\/b2+7r2 (k+3)? ) (kz+%) v

Y

which is the identity (1.6) in [27].
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Example 5.4.6. Consider the function J, (\/ b 4 22 + a:)] [2 (Vb2 + 22 — x)|. Apply-

ing Theorem 5.4.2 to this function, we get the following identity: with ap == a + k + %,

i DEaJ, [2(y/02 + af + aw)| L [E (V02 + af — ay)]

= 5%+ (2k +1)?
LB e+ D)2+ (a+ PLEG P+ @+ T = (a+ )]
B Wa{ 413 cosh(%ﬁ
TIE(? 4 (0 — B)2 4 (a — B))]J, [2(,/b? + )}
a 4@6005h(gﬁ
| i J,,[g<\/b2 +(a+ 2 4 (a+ DNI[EG/02 + (a+ £)2 — (a+ £))]
2 4if3 cosh(53)
L+ (@ =)'+ (0= D) Al5(/P+ (@ —§7 — (@ - )
i 4i3 cosh(53) '

Taking o = 0 and letting 8 — 0 above, we get

@ (e e ()
o g (b2 - 3)

which is an identity of Zayed [73, p.702].

(=DF
m(k+1/2)
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Example 5.4.7. Let g(z) = J,44(b) - J,—o(b). with oy := o+ k + 3, we have

[e.e]

1R Jysay (0)y—a, (b
3 (-1 () Sy, ()

= B2+ (2k + 1)?
7T0é{ Ju+(a+§)(b)‘]uf(a+§)<b) - Ju+(a7%)(b) Juf(afﬂ)(b) }

4if3 cosh(53)
. ’lﬂ'ﬁ Ju+(a+§)(b)‘]y7(a+%)(b) + Jy+(a7%)(b)‘]y7(a7%)(b)
2 4if3 cosh(5 ) '

Taking o = 0 yields

i (—1)"(k +1/2) Jyq(rr1/2) (D) Jo—(h41/2)(b)

fant B2+ (2k + 1)2
. Syyiz(b)J,_is(b) = J,_is(b) ], is (D)
- 4if3 cosh(%3)
i ’Lﬂ'ﬁ 1/+ZB (b)Jy i (b) + J §<b>‘]y+%(b)
2 4@ﬁ cosh(%3) '
Letting § — 0 yields
— (D Ly (0) gy (b)) 7 2
= —[J,(b)]" 4.22
This is true for any v > —i. So in particular letting v = %, we get
b Z * e (0)h) _ (sin(b))? (5.4.23)
2k:+ 1) ’

which is another identity of Zayed [73, p.703].
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5.5 Generalized Bernstein inequality

In this section we establish two types of generalizations of Bernstein inequality for

the Askey-Wilson operator:

e In pointwise norm,
e In uniform LP-norm for p > 1.

The main ingredient for our results is the extended Boas formula, Theorem 5.2.1.

5.5.1 Generalized Bernstein inequality for entire functions

For the derivative of an entire function of exponential type o, Bernstein [12] proved,

for r € R,

/()] < osup|f(z)]. (5.5.1)

z€R
Boas (see [14], [15, pp.210-211]) used his interpolating formula (5.1.1) to give a simpler
proof of (5.5.1). Now, following Boas and using our extended Boas’ formula for the Askey-

Wilson operator, we obtain the following result.

Theorem 5.5.1. If f € B, with |f(x)| < M for x € R, then for

2
lz| < \/02(611/2 EPRTDP +1, (5.5.2)
the following inequality holds:

2M sinh (2(¢"/? — ¢7'/%) V1 —2?)
(¢"2 —q1%) V1 =22 '

Do f(2)] < (5.5.3)
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The branch of \/z is chosen such that the function is analytic in C\{z : z = ia, a > 0}.

Note that for x € R, the right hand side of (5.5.3) is always positive.
Remark 5.5.2. Recall that z = € and 2 = cos . Note that

7 = 3 108() — hOn(lz)+i Ara(2)

1. If we choose the principal branch of the logarithm to be —5 < Arg(z) < 37”, then

Arg(z) = O for z > 0 and Arg(z) = 7 for z < 0. Consequently /z = ez(n(D+im — 4 /7.

2. If we choose —28 < Arg(z) < Z, then Arg(z) = 0 for z > 0 and Arg(z) = — for z < 0.
Consequently v/z = ez(n(=D=im) — _; /=

I 3 w
—a b 5
Vz =iz
Wi=-ivz
37 ™
R
Figure 5.1 Figure 5.2

Branch cut for —2F < Arg(z) <

M

Branch cut for —2 < Arg(z) < 3¢

Proof of Theorem 5.5.1. Recall first that ¢ € (0,1). For z = %1, the right hand side of

(5.5.3) equals to oM > 0. For |z| < 1, 1 — 22 is real and positive and thus the right hand
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side of (5.5.3) is real and positive. For |z| > 1, v/1 — 22 = iy/22 — 1, and thus the right hand

side of (5.5.3) equals to

2M sin (2(¢"* — ¢ V/?) Va2 — 1)
(q1/2 _ q—1/2) 2 —1 )

2

Now, for |l’|<\/m+1,

0<Va2—-1< i

o (¢"?—q %)

It follows that

0< %(q1/2—q_1/2) 22 —1 <g

Since sin is increasing on (0, %), It follows that
0 < sin (2(q1/2 ¢V V-1 ) <1.

Next, we shall establish the desired inequality in view of two cases; |z| < 1 and |z| > 1.

Case 1: First, suppose that || < 1. From (5.2.2), we have, for |z| <1,

[(Zaf) (2)] < =

cosh( )’Z’f(omt (2% +1)) |Bz+(2kj1)2ﬂz/gg|,

which is less than or equal to

[e.e]

AM o 1
Kl cost <2ﬁ> kzzoo B2+ (2k + 1) 72/0?

which, by (5.4.3), equals to
2M sinh(%3)

8
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Case 2: Now, suppose that z € (—oo,—1) U (1,00). So [ is purely imaginary, and so

(% = —|B|%. Thus, from (5.2.2) we obtain

[(Zef)()] < e ‘C"Sh(gﬁﬂz —182 + 2k1+1)27r2/02!

4M )
=— ’cosh (%@) Z 5 p s
|8<|2k+1|Z —1B2+ 2k +1)"7%/o
4M .
+—‘cosh (%B>‘ Z 5 ——.
7 |B]>|2k+1] = 1612 — (2k+1)"n2/o

For |CL’| < \/W +1 s from (521) we have

B
(q\/2 — q~1/2)2 7 o2(¢/2 — ¢~1/2)2

1+ +1.

Solving the inequality for § yields |5] < T So the second sum above is empty (and thus
o

have value zero), and hence,

AM o - 1
D, f)(x §—’cosh —6’
|( q )( )| o <2 > k_z_:oo —|ﬁ|2+(2]€—|—1)2ﬂ2/02
_ 2M sinh(§p)
= 3 ,
The desired result follows from (5.2.1) with = cos#. O

Remark 5.5.3. Note that, in the limit as ¢ — 17, the finite interval

2 2
o J2<q1/2 _ q_1/2)2 +1, 02(q1/2 _ q_1/2)2 +1

expands to the whole real line and
2 sinh (%(ql/2 —q %) /1 — 22 )
(¢/2 — ¢~ 1/2) VI — 22
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So the Bernstein inequality is a limiting case of Theorem 5.5.1.

Now, we establish the same inequality in terms of only o and S.

Theorem 5.5.4. If f € B, with |f(x)| < M for x € R, then for
. _ s

5:u—|—w€RU{zt:|t|<—} ,u, v € R
o

the following inequality holds:

tanh (% u? — v2)

2

(Zf)(a, B)| < 2M - ’cosh (%ﬁ)) - (5.5.4)

u? — ?

Proof. For any «, 5 € C, from (5.2.4) we have

1
182 + (2k +1)* 72 /02|’

(D) (a,8)] < = ‘cosh( >’Z‘f<oz+—2k’+ >

which is less than or equals to

45;4‘008}1( )‘ Z 182 + 2k+11 ) r2/o?|

For 8 = u + v, note that

2 2

2
(u+ iv)? + (2k + 1) %

B2+ (2k +1)° ~
02

2 2

u? —v? + (2k + 1)27T—2 + 2iuv
o

2 4
= ut 40t — 2% + 2(u® —v?) - (2k + 1) 7r_2 + 2k +1)* 7T—4 + 16u*v*
o
2 4
>t ot — 2020 4 2(u2 — %) - (2 + 1) % (2k + 1) 24

g

= (u —v* + (2k +1)? z>2 :
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Thus we have

o0

[(ZF) (e B)] < % ‘COSh (%B> ) k:z:oo (u2 — 02 + (22 +1)272/02)
AM o - 1
___E_‘60ﬁ1<§ﬁv‘kzgi>«VGFT?55V-+(2k4-1Pnﬂ/a2)'

By (5.4.3) the right hand side above equals to

4M tanh ($vu? — v? tanh (2vVu2 — 2
—‘cosh(zﬁ)‘~a - (2 “ U):2M~‘cosh<zﬂ)‘~ " (2 ‘ U)
o 2 2 Vu? —v? 2 u? —v?
Note that if u? — v? + Z—z >0, (3 is in the region bounded by the hyperbola v = —y/u? + &
and v = y/u? + Z—z in the complex plane, where u = Re(5) and v = Im(5). O

Remark 5.5.5. Note that, in the limit as ¢ — 17, § — 0, and hence

— oM .

o /i3 .2
2M-‘cosh(%ﬁ>‘-tanh(2 “ U)

u2 — 2

So the Bernstein inequality is a limiting case of Theorem 5.5.4.

5.5.2 Generalized Bernstein inequality in L”-norm for entire functions
The following theorem is an LP analogue of the Bernstein inequality for entire func-
tions of exponential type.

Theorem 5.5.6. Let f be an entire function of exponential type T belonging to LP(R), i.e.,
fe B Then

1A N <70 s (P2 1). (5.5.5)
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For the proof of our result we need the following classical inequality of Holder’s:
.. . . 1 1
Theorem 5.5.7 (Holder’s inequality). Let — + — = 1. Then
p p
00 0 1/p 0 , 1/p
D Jarbi| < { > |ak|p} { > lagl” } . (5.5.6)
k=—o00 k=—00 =

The case when p = p' = 2, is called the Cauchy-Schwarz inequality.

Now we will state and prove our result for the generalization of Theorem 5.5.6 for the

Askey-Wilson operator.
Theorem 5.5.8. Let f € #2. Assume that o, B € R. Then, for p > 1, the following holds:

sinh (%5)

12l <o llfllzs 5
2

(5.5.7)

Lr

Here

250 = ([* [ o) (559

and P f is as defined in(5.2.3).

Proof. Assume that a, 5 € R. We will start with our main result and integrate both sides

of (5.2.2) with respect to a and f from —oo to 0o to get

p

/;O_ /oo_ (2f)(e, B)P dav di3
- da}dﬁ,

== B:O_OO cosh? (%5) {/::_OO

) ONA R ) p——— e

Pt B2+ (2k + 1)2 72 /o2

(5.5.9)
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Using the Holder’s inequality yields

o

Sor (a + %(% + 1)) (-1)*

B2+ (2k +1)* 72/0?

[e.e]

™ (-1)* v (-1* w
Z / <a i %(mf N 1)> {ﬂ2 + (2k + 1)271'2/02} . {52 + (2k +1)° 7T2/0'2}

k=—00

[ o

s P 1 1T & 1 v
Z ‘f <a+%(2k+1)>’ {52-1—(2]{?—1-1)2%2/02}_ [Z 52+(2k+1)27r2/02]

Lk=—o0 k=—o00

IN

F s 11/p

P> ‘f <a+%(2k+1)> ‘p {ﬁ2+(2k—i1)2ﬂ'2/02} {”%};(%5)}1@/.

The penultimate line follows from (5.4.3). Using this in (5.5.9) yields

/;_oo / OO_OO (Z2f)(a, B)P da df
4p
<

[e.9]

<= ;oocoshp (55) [A:m{kgjm‘f (a+ 5ok +1)| {52+ (2“11)%2/02}}

a p/p’
X {_Uta1121;(2ﬁ_)} da} dg.

Isolating the integrals with respect to o and 3, the right hand side of the above inequality

equals to
FACORES o M PR AN S -CR 0

g {52+(2ki1)2w2/02}] 4

1
From — + — =1, we have 2/ = p — 1, so the above equals to
p P p

4p o0 b (O otanh(Z5) )7 > 1
E”fuip/ﬁ cosh <§5>{Tz} { 2 Pk ee] U

=T k=—o0
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which in view of (5.4.3) equals to

N b (O otanh(%6)\?
;llflle/B cosh (55)-{—2} as

=—00 2/8
o0 sinh(5$5)1?
ol [ {TRE0 ) as
B=—00 56
sinh(223) ||”
= o || flI%s g—g
2 Lr
ie.,
o o sinh(223) [|”
[ i@near dads <ol T2
B=—00 =—00 2 Lr
Taking the pth root on both sides yields
sinh (£
12 e < "1 f 1 - %
2 Ip
Remark 5.5.9. In the limit as ¢ — 17,
0k (@
)
5P

Hence Theorem 5.5.8 is a limiting case of Theorem 5.5.6.

104



CHAPTER 6: CONCLUSION

It’s fine to work on any problem, so long as it generates interesting mathematics along the

way - even if you don’t solve it at the end of the day.

Andrew Wiles

As the title of the dissertations states, this was indeed an adventure seeking for
Bernstein inequalities in which along the way we explore several avenues; Rational functions,
Askey-Wilson operator, Interpolation formulae and Summation identities for entire functions.
The journey has not come to a destination, rather it has opened several paths for me to
continue and explore this exciting branch of mathematics. Following I will state some possible

directions that the current work in the dissertation can be carried out.

6.1 Generalizing and extending polynomial inequalities to rational functions

In accordance with Chapter 3, I want to continue with the inequalities we already
have and to improve the final forms if possible, especially in the rational analogue of the

Govil’s inequality, Theorem 3.3.10, and to work on the conjecture stated on page 15.

In establishing rational analogues to polynomial inequalities, the main focus in the
dissertation was Bernstein-type inequalities associated with the unit disk; generalizations
and extensions. While exploring more along this direction, I would also like to look not only
at Bernstein inequalities, but also at Markov inequalities in different domains, for instance
smooth and non-smooth Jordan curves, arcs, and intervals on the real line etc. as in the

recent works of Vilmos Totik and his collaborators (see [37], [50], [62], [63], and [64]).
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6.2 A systematic way of looking at summation identities

There are diverse collections of identities, even to the scale of encyclopedic nature
stated in references such as [27], [73], Ramanujan’s notebooks, and [31]. Our plan is to
discover as many identities we can with our two parameter extended Boas’ formula. We
are optimistic that our frame work will pave the way to accomplish this task. Also, we are
looking at not only working with the Askey-Wilson operator alone but combining it and the

Average operator.

During one of the discussions we had, Dr. Mourad Ismail suggested to us that our
expansions should extend to theta functions and the proper setting to the kind of expansions
that we’re looking at is not in terms of sine and cosine but in terms of theta functions. We
believe that a clear understanding of this procedure will aid us in establishing a system-
atic method to derive summation identities starting from our framework. Dr. Ismail also
explained to us that the way we write things is similar to the way of that of the Wilson

operator [6]:

7 )(x) =

So by an appropriate change of variables, followed by a limit, our results should yield results

related to Wilson’s operator.

As a sequel to his paper [73], A. I. Zayed in [74], yet again by borrowing tech-
niques from sampling theory, derived summation formulas for doubly infinite series involving
trigonometric functions and Bessel functions of the first kind. A higher dimensional/order
version of the Askey-Wilson operator is yet unknown. Once such an operator is established,

our framework can be used in discovering multivariate summation identities as well.
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6.3 A general setting for interpolation formulas

It is well known in the folklore that once we have the “correct” interpolation formula
we can get the “corresponding” Bernstein inequality(ies), which was what we accomplished
through our generalized Riesz-type interpolation formula (Theorem 4.3.1) and the ex-
tended Boas’ formula (Theorem 5.2.1). More precisely, the former led us in establishing

(4.3.4); the latter in establishing (5.5.3), (5.5.4), and (5.5.7).

In [2, p.144, Theorem 3] Naum I. Achieser showed that Bernstein inequality for

functions of exponential type is in fact a special case of each of the two theorems below:

Theorem 6.3.1. If f € A, then the inequality

_sup |sin(@) - f(z) — o cos(a) - f()] <o Sup |f(2)] (6.3.1)
and
swp[sina) - () +cos(a) - (F)(@)| S0 sup_|F(a)] - (6.3.2)

are satisfied for every a € R. The equality holds if and only if f(z) = ae' + be™ 7%,

To prove (6.3.1) and (6.3.2), Achieser used the following two interpolation formulas

respectively for the functions in 4, :

o0

sin(a) - f'(z) —ocos(a) - f(z) =0 Z (—1)+1 sin (a) f (kﬂ — %4 ZE) (6.3.3)

(v — km?) o

k=—00

and




Stimulated by Achieser’s work, our objective is to find interpolation formulas of the

following types where p € P,,, f € %,, and t € T,,.

L. sin(a) - (Z,f)(x) —ocos(a) - f(x)=...... ?

2. sin(a) - (Zyp)(x) — o cos(a) -p(z) =...... ?

For the following items, (Ap)(-) is called the Szegd composition™ of the polynomials

A and p.
3. sin(a) - (At)(p) — cos(a) - t(p) =...... ?
4. sin(a) - (Af)(¢) — cos(a) - t(g) = ...... 7 ete.

6.4 Bernstein inequality in LP-norm for 0 < p <1

Q. I. Rahman and G. Schmeisser in [54] proved that a Bernstein inequality for LP-
norm indeed holds for 0 < p < 1 as well. They claimed their result with the use of couple of
significant results of Vitalii Arestov [4] and Lars Hormander [34] with the use of a function ¢
given by ¢(t) := ¥ (log(t)), where 1 is a nonnegative, nondecreasing convex function defined
on R. Following the methods of Rahman and Schmeisser, I would like to work on generalizing

such a Bernstein inequality for the Askey-Wilson operator.

*[5] More precisely, for the polynomials
A= ())E ple) - > (1)

0

the polynomial
- n
A = : k
(Ap)(2) kE:O Ak (k) z

is called the Szegd composition of the polynomials A and p.

108



[1]

LIST OF REFERENCES

M. J. Ablowitz and A. S. Fokas. Complex variables: introduction and applications.

Cambridge University Press, 2003.
N. I. Achieser. Theory of approximation. Courier Corporation, 2013.

N. Ankeny and T. Rivlin. On a theorem of S. Bernstein. Pacific Journal of Mathematics,

5(6):849-852, 1955.

V. V. Arestov. On integral inequalities for trigonometric polynomials and their deriva-

tives. Izvestiya: Mathematics, 18(1):1-17, 1982.

V. V. Arestov. Sharp integral inequalities for trigonometric polynomials. In Constructive

theory of functions, pages 30-45, 2012.

R. Askey and J. Wilson. Some basic hypergeometric orthogonal polynomials that gen-
eralize Jacobi polynomials. Mem. Amer. Math. Soc., 54(319):iv+55, 1985.

A. Aziz and Q. M. Dawood. Inequalities for a polynomial and its derivative. J. Approzx.
Theory, 54(3):306-313, 1988.

A. Aziz and W. M. Shah. Some refinements of Bernstein-type inequalities for rational

functions. Glas. Mat. Ser. 111, 32(52)(1):29-37, 1997.

A. Aziz and W. M. Shah. Some properties of rational functions with prescribed poles
and restricted zeros. Math. Balkanica (N.S.), 18(1-2):33-40, 2004.

A. Aziz-Ul-Auzeem and B. A. Zarger. Some properties of rational functions with pre-

scribed poles. Canad. Math. Bull., 42(4):417-426, 1999.

109



[11] B. C. Berndt. Ramanujan’s Notebooks. Part V. Springer-Verlag, New York, 1998.

[12] S. Bernstein. Sur une proprieté des fonctions entieres. C. R. Acad. Sci. Paris, 176:1603—

1605, 1923.

[13] S. N. Bernstein. On the best approximation of continuous functions by polynomials of

a given degree. Comm. Soc. Math. Kharkow, Ser, 2(13):49-194, 1912.

[14] R. P. Boas. The derivative of a trigonometric integral. J. London Math. Soc., S1-

12(2):164, 1937.
[15] R. P. Boas. Entire Functions. Academic Press Inc., New York, 1954.

[16] R. P. Boas. Inequalities for the derivatives of polynomials. Mathematics Magazine,

42(4):165-174, 1969.

[17] F. F. Bonsall and M. Marden. Critical points of rational functions with self-inversive

polynomial factors. Proc. Amer. Math. Soc., 5:111-114, 1954.

[18] P. Borwein and T. Erdélyi. Polynomials and polynomial inequalities, volume 161.

Springer Science & Business Media, 2012.

[19] B. M. Brown and M. E. H. Ismail. A right inverse of the Askey-Wilson operator. Proc.
Amer. Math. Soc., 123(7):2071-2079, 1995.

[20] P. L. Butzer, M. Hauss, and R. L. Stens. The sampling theorem and its unique role in

various branches of mathematics. Mitt. Math. Ges. Hamburg, 12(3):523-547, 1991.

[21] P. L. Butzer, G. Schmeisser, and R. L. Stens. The classical and approximate sampling
theorems and their equivalence for entire functions of exponential type. J. Approx.

Theory, 179:94-111, 2014.

110



[22]

[23]

[24]

[25]

[26]

R. D. Carmichael. Functions of exponential type. Bull. Amer. Math. Soc., 40(4):241-
261, 1934.

C. de la Vallée Poussin. Sur le maximum du module de la dérivée d'une expression

trigonométrique d’ordre et de module bornés. CR Acad. Sci. Paris, 166:843-846, 1918.

L. Fejér. Uber konjugierte trigonometrische reihen. Journal fiir die reine und angewandte

Mathematik, 144:48-56, 1914.

M. Fekete. Uber einen satz des herrn serge bernstein. Journal fir die reine und ange-

wandte Mathematik, 146:88-94, 1916.

A. Giroux and Q. I. Rahman. Inequalities for polynomials with a prescribed zero. Trans.

Amer. Math. Soc., 193:67-98, 1974.

R. W. Gosper, M. E. H. Ismail, and R. Zhang. On some strange summation formulas.

Hlinois J. Math., 37(2):240-277, 1993.

N. K. Govil. On the derivative of a polynomial. Proc. Amer. Math. Soc., 41:543-546,

1973.

N. K. Govil and R. N. Mohapatra. Markov and bernstein type inequalities for polyno-

mials. Journal of Inequalities and Applications [electronic only/, 3(4):349-387, 1999.

J. H. Grace. The zeros of a polynomial. In Proc. Cambridge Philos. Soc, volume 11,

pages 352-357, 1902.

I. S. Gradshteyn and 1. M. Ryzhik. Table of Integrals, Series, and Products. Else-
vier/Academic Press, Amsterdam, eighth edition, 2015. Translated from the Russian,
Translation edited and with a preface by Daniel Zwillinger and Victor Moll, Revised
from the seventh edition [MR2360010].

111



[32]

[41]

[42]

J. R. Higgins. Five short stories about the cardinal series. Bulletin of the American

Mathematical Society, 12(1):45-89, 1985.

J. R. Higgins, G. Schmeisser, and J. J. Voss. The sampling theorem and several equiv-

alent results in analysis. J. Comput. Anal. Appl., 2(4):333-371, 2000.

L. Hormander. Some inequalities for functions of exponential type. Math. Scand.,

3:21-27, 1955.

M. E. H. Ismail. Classical and quantum orthogonal polynomials in one variable, vol-
ume 98 of Encyclopedia of Mathematics and its Applications. Cambridge University
Press, Cambridge, 2009.

A. J. Jerri. The shannon sampling theorem—its various extensions and applications: A

tutorial review. Proceedings of the IEEE, 65(11):1565-1596, 1977.

S. Kalmykov, B. Nagy, and V. Totik. Bernstein- and Markov-type inequalities for

rational functions. Acta Math., 219(1):21-63, 2017.
W. Kosmala. Advanced Calculus: a friendly approach. Prentice Hall, 1999.
E. Laguerre. Oeuvres, vol. 1. Gauthier-Villars, Paris, 1898.

P. D. Lax. Proof of a conjecture of P. Erdos on the derivative of a polynomial. Bulletin

of the American Mathematical Society, 50(8):509-513, 1944.

X. Li. A comparison inequality for rational functions. Proceedings of the American

Mathematical Society, 139(5):1659-1665, 2011.

X. Li, R. Mohapatra, and R. Ranasinghe. Some rational inequalities inspired by Rah-
man’s research. In Progress in approximation theory and applicable complex analysis,

volume 117 of Springer Optim. Appl., pages 105-127. Springer, Cham, 2017.

112



[43]

[44]

[45]

[47]

[48]

[49]

[51]

[52]

X. Li, R. N. Mohapatra, and R. S. Rodriguez. Bernstein-type inequalities for rational
functions with prescribed poles. Journal of the London Mathematical Society, 51(3):523—
531, 1995.

X. Li and R. Ranasinghe. Askey—wilson operator on entire functions of exponential

type. Proceedings of the American Mathematical Society, 2018.

M. A. Malik. On the derivative of a polynomial. J. London Math. Soc. (2), 1:57-60,
1969.

A. Markoff. On a certain problem of di mendeleieff. Utcheniya Zapiski Imperatorskoi
Akademii Nauk (Russia), 62:1-24, 1889.

R. J. Marks, II. Introduction to Shannon sampling and interpolation theory. Springer

Texts in Electrical Engineering. Springer-Verlag, New York, 1991.

D. Mendeleev. Investigation of aqueous solutions based on specific gravity. St. Peters-

burg, 1887.

G. V. Milovanovic, D. S. Mitrinovic, and T. M. Rassias. Topics in polynomials: extremal

problems, inequalities, zeros. World Scientific, 1994.

B. Nagy and V. Totik. Bernstein’s inequality for algebraic polynomials on circular arcs.

Constr. Approx., 37(2):223-232, 2013.

H. Nyquist. Certain topics in telegraph transmission theory. Transactions of the Amer-

ican Institute of Electrical Engineers, 47(2):617-644, 1928.

R. E. A. C. Paley and N. Wiener. Fourier transforms in the complex domain, volume 19.

American Mathematical Soc., 1934.

113



[53]

[58]

[59]

[60]

[61]

[62]

[63]

G. Pélya and G. Szego. Problems and theorems in analysis. 1. Classics in Mathematics.
Springer-Verlag, Berlin, 1998. Series, integral calculus, theory of functions, Translated

from the German by Dorothee Aeppli, Reprint of the 1978 English translation.

Q. I. Rahman and G. Schmeisser. L p inequalities for entire functions of exponential

type. Transactions of the American Mathematical Society, pages 91-103, 1990.

Q. I. Rahman and G. Schmeisser. Analytic theory of polynomials. Number 26. Oxford

University Press, 2002.

F. Riesz. Sur les polynomes trigonométriques. C. R. Acad. Sci. Paris, 158:1657-1661,
1914.

M. Riesz. Eine trigonometrische interpolationsformel und einige ungleichungen fiir poly-

nome. Jahresbericht der Deutschen Mathematiker Vereinigung, 23:354-368, 1914.

T. J. Rivlin. The Chebyshev polynomials. Wiley-Interscience [John Wiley & Sons], New

York-London-Sydney, 1974. Pure and Applied Mathematics.

W. Rogosinski and G. Szegé. Uber die abschnitte von potenzreihen, die in einem kreise

beschrénkt bleiben. Mathematische Zeitschrift, 28(1):73-94, 1928.

C. E. Shannon. Communication in the presence of noise. Proceedings of the IRE,

37(1):10-21, 1949.

G. Szegd. Uber einen Satz des Herrn Serge Bernstein. Uber trigonometrische Interpo-

lation. Niemeyer, 1928.
V. Totik. Bernstein-type inequalities. J. Approx. Theory, 164(10):1390-1401, 2012.

V. Totik. Bernstein- and Markov-type inequalities for trigonometric polynomials on

general sets. Int. Math. Res. Not. IMRN, (11):2986-3020, 2015.

114



[64]

[65]

[66]

[67]

V. Totik and T. Varga. A sharp LP-Bernstein inequality on finitely many intervals. Acta
Sci. Math. (Szeged), 79(3-4):401-421, 2013.

P. Turdn. Uber die ableitung von polynomen. Compositio Math, 7:89-95, 1939.

J. L. Walsh. On the overconvergence of sequences of polynomials of best approximation.

Transactions of the American Mathematical Society, 32(4):794-816, 1930.

J. L. Walsh. Interpolation and approximation by rational functions in the complex
domain. Fourth edition. American Mathematical Society Colloquium Publications, Vol.

XX. American Mathematical Society, Providence, R.I., 1965.

G. N. Watson. A Treatise on the Theory of Bessel Functions. Cambridge University

Press, Cambridge, England; The Macmillan Company, New York, 1944.

E. T. Whittaker. On the functions which are represented by the expansions of the

interpolation-theory. In Proc. Roy. Soc. Edinburgh, volume 35, pages 181-194, 1915.

E. T. Whittaker and G. N. Watson. A Course of Modern Analysis. Cambridge Math-
ematical Library. Cambridge University Press, Cambridge, 1996. Reprint of the fourth
(1927) edition.

J. M. Whittaker. Interpolatory function theory, volume 33. The University Press, 1935.
A. 1. Zayed. Advances in Shannon’s sampling theory. CRC press, 1993.

A. 1. Zayed. A proof of new summation formulae by using sampling theorems. Proc.

Amer. Math. Soc., 117(3):699-710, 1993.

A. 1. Zayed. New summation formulas for multivariate infinite series by using sampling

theorems. Applicable Analysis, 54(1-2):135-150, 1994.

115



	In Quest of Bernstein Inequalities Rational Functions, Askey-Wilson Operator, and Summation Identities for Entire Functions
	STARS Citation

	ABSTRACT
	ACKNOWLEDGMENTS
	TABLE OF CONTENTS
	LIST OF FIGURES
	CHAPTER 1: INTRODUCTION AND TERMINOLOGY
	1.1 Why Inequalities ?
	1.1.1 Preliminaries and Notations
	1.1.2 Bernstein: The protagonist

	1.2 Beyond the ordinary derivative: The Askey-Wilson derivative
	1.3 Entire functions of exponential type
	1.4 The Classical Sampling theorem
	1.4.1 Historical recount
	1.4.2 Significance of the sampling theorem in mathematics

	1.5 Gosper's ingenious contribution in discovering series identities

	CHAPTER 2: FORMULATION OF THE PROBLEMS AND OUTLINE OF THE DISSERTATION
	2.1 A brief review of some generalizations of Bernstein inequality
	2.2 Askey-Wilson operator on Polynomials and Entire functions
	2.3 Publication based on results of this dissertation

	CHAPTER 3: SOME NEW INEQUALITIES FOR RATIONAL FUNCTIONS WITH PRESCRIBED POLES AND RESTRICTED ZEROES
	3.1 Rational Functions
	3.2 Overview
	3.3 Statements of our results
	3.4 Proofs
	3.4.1 Generalization of Ankeny and Rivlin's inequality
	3.4.2 Generalization of Aziz and Dawood's inequalities
	3.4.3 Generalization of Malik's inequalities
	3.4.4 Generalization of Govil's inequality


	CHAPTER 4: ACTION OF THE ASKEY-WILSON OPERATOR ON POLYNOMIALS
	4.1 Introduction
	4.2 Interpolation Formulas and Bernstein Inequalities
	4.3 Bernstein Inequalities for the Askey-Wilson Operator
	4.4 Proofs
	4.4.1 Szegö's multiplier version
	4.4.2 Proofs of the Results in Section 4.3
	4.4.3 A second proof for Theorem 4.3.1

	4.5 On q-differentiability of Brown and Ismail 
	4.5.1 Sufficient condition for a function to have a Askey-Wilson derivative
	4.5.2 Smoothness of q-differentiable functions 


	CHAPTER 5: ACTION OF THE ASKEY-WILSON OPERATOR ON ENTIRE FUNCTIONS.
	5.1 Definitions
	5.2 Main result: Generalized Boas' formula
	5.2.1 Classical sampling theorem

	5.3 Proof of the main result
	5.4 Identities of infinite series
	5.4.1 Overview
	5.4.2 Applications of the main result

	5.5 Generalized Bernstein inequality
	5.5.1 Generalized Bernstein inequality for entire functions
	5.5.2 Generalized Bernstein inequality in L^p-norm for entire functions 


	CHAPTER 6: CONCLUSION
	6.1 Generalizing and extending polynomial inequalities to rational functions
	6.2 A systematic way of looking at summation identities
	6.3 A general setting for interpolation formulas
	6.4 Bernstein inequality in L^p-norm for 0 < p < 1

	LIST OF REFERENCES

