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ABSTRACT

Nonlinear dispersive partial differential equations occur in a variety of areas within
mathematical physics and engineering. We study several classes of such equations, including
scalar complex partial differential equations, vector partial differential equations, and finally
non-local integro-differential equations. For physically interesting families of these equations,
we demonstrate the existence (and, when possible, stability) of specific solutions which are
relevant for applications. While multiple application areas are considered, the primary appli-
cation that runs through the work would be the nonlinear dynamics of vortex filaments under
a variety of physical models. For instance, we are able to determine the structure and time
evolution of several physical solutions, including the planar, helical, self-similar and soliton
vortex filament solutions in a quantum fluid. Properties of such solutions are determined
analytically and numerically through a variety of approaches. Starting with complex scalar
equations (often useful for studying two-dimensional motion), we progress through more
complicated models involving vector partial differential equations and non-local equations
(which permit motion in three dimensions). In many of the examples considered, the qual-
itative analytical results are used to verify behaviors previously observed only numerically

or experimentally.
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the normal fluid velocity, Uy, becomes large. . . . . . . .. ... ... .... 164
Phase portrait of (y(z),z(z)) for = € [0,2000] given T" = 1K, o = 0.005,
o = 0.003, p'(0) = ¢’(0) = 0 p(0) = 0(0) = 0.1, U; =t = 1. We have
taken v = 0.001 (left image) and v = 100 (right image) to demonstrate the

spectrum of structures possible. . . . . . . ... oL 165
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5.8

5.9

5.10

5.11

Schematic of the problem geometry for a prototypical helical vortex filament.
The helical vortex filament is oriented along the z-axis, with amplitude A
and wave-number k. The angular frequency, w, will dictate the motion of this

helical vortex filament. . . . . . . . ...

Plot of the nonlinear dependence of the amplitude A given in Eq. (5.22) on
the wave number k& and the normal fluid velocity U. The permissible wave
numbers satisfy k& > U/7, and for the sake of demonstration we normalize
v = 1. As the normal fluid velocity increases, the permitted amplitude values
decrease, owing to the added instability induced by the normal fluid. We
observe a unique peak value in amplitude at some wave number ka for each

fixed value of U. . . . . . . .

Plots of the nonlinear dispersion relation Eq. (5.23) for w(k) in the non-

degenerate case o # 0. When k = 0, w(0) = 0 while w > 0 for £ > 0.

Schematic of the problem geometry for a planar vortex filament. The planar
vortex filament is oriented along the z-axis, with radius A and x-period T'(A).
The angular frequency, w =« (by assumption (5.42)) determined the motion

of the vortex filament with time. The temporal period is then 27 /7.
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5.12

5.13

5.14

5.15

Plot of the approximation (5.54) to the space period T'(A) of the planar vortex
filament given by the method of multiple scales. Also plotted are the exact
numerical values for T'(A) that may be found by numerically integrating (5.44)
in order to construct a solution. Clearly, the multiple scales approximation

is a very good fit for small-amplitude solutions. Periodic solutions exist for

A< 2/3x081649. . . ...

Plot of the space periodic part of the planar vortex filament, for various values
of A. Solid lines denote the perturbation approximation (5.53) while the
dashed lines denote numerical simulations via RKF45 method of numerical
integration. We see remarkable agreement for small amplitude solutions. For
the large amplitude solutions, the numerics and analytics begin to go out of
phase for large x, due to the small error in the approximate period (5.54) and

the true period. . . . . . ..

Plot of small-amplitude solutions (5.93) corresponding to (4.13) over space
x € [0,15] given (a) t = 0.1, (b) t =1, and (c) t = 10. We fix v = 1; changes
in v would simply manifest as a dilation of the temporal variable ¢, thereby

altering (up to a scale) the temporal variation shown in (a) - (¢). . . .. ..

Plot of singular self-similar solutions r for (5.63)-(5.64). The red (lower)
solution denotes (o, ') = (0,0), the blue (middle) solution denotes («, ') =
(0.005,0.003), and the green (upper) solution denotes (a, ') = (0.073,0.018).

Here R(0) =1, R/(0) = ©/(0) =0, O(0) =2. . o oo

XX1v



5.16

5.17

5.18

5.19

5.20

Plot of self-similar solutions R(n) and ©(n) for (5.63)-(5.64) given (a) (o, /) =
(0,0), (b) (a, @) = (0.005,0.003), and (c) (a, ) = (0.073,0.018). When the
superfluid friction parameters are zero, the solution R(n) oscillates about a
fixed point. Yet, with the addition as even small superfluid friction parame-

ters, the solution R — oo as |n| — oo. Here R(0) = 1, R'(0) = ©'(0) = 0,

Plot of non-singular self-similar solutions t for (5.63)-(5.64) given (a) (a, ') =
(0,0), (b) (a,’) = (0.005,0.003), and (c¢) (o,’) = (0.073,0.018). Here
R(0) = e =1073, R(0) = ©’(0) = 0, ©(0) = 2. Taking ¢ = 1073 is sufficient
to numerically approximate the non-singular vortex filament solution.

The deformation of planar filaments due to superfluid friction as given ana-
lytically by (5.122). The black line represents a = o/ = 0, while the blue line

represents = 0.005,' = 0.003. . . . . .. ...
The self-similar solutions for & = o/ = 0 (black line), a = 0.005,«/ = 0.003

(blue line) corresponding to the fully nonlinear equation (5.124). . . . . ..

Helical solutions are plotted for U = 1,k = 2 (black line) and U = 1,k =5
(blue line). As the wave number k increases, the period increases while the

amplitude (in Cartesian coordinates) decreases. . . . . . . . ... ... ...
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5.21 Soliton solutions (5.134) are given in (d), for a = 0.005 (black line) and o =

6.1

6.2

0.073 (blue line) in the presence of a normal fluid (U = 1). The perturbation
size of these soliton excitations of the tangent filament is € = 0.01 (though

the corresponding value of the perturbation is much larger in the Cartesian

Plot of the numerical solution for u(t) governed by equation (6.20) along
with the small time asymptotic solution (6.29) and the large time asymptotic
solution (6.25). Parameter values are fixed at A = 0.5, k =U =1, v = 2. For
small time (¢ < o~ '), the approximation (6.29)) is a good fit to the numerical
solution, whereas when time is large (¢ > a~!), the approximation (6.25)
accurately describes the numerical solution. With this, we find that helical
perutrbations along the line vortex filament decay slowly on small time scales,

and then more rapidly for larger time scales. . . . . . . . . ... ... ...

Plot of the time evolution of a helical filament solution corresponding to A =
05,7y =2 k=1, T=1K (i.e., « = 0.005, &/ = 0.003) and U = 0. Times

referenced are (a) t =0, (b) ¢t =100, (c¢) t =300, (d) t =500. . .. ... ..
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6.3

6.4

6.5

6.6

Plot of the time evolution of a helical filament solution corresponding to A =
05, v =2, k=1, T=1K (i.e.,, « = 0.005, o’ = 0.003) and U = 1. Times
referenced are (a) t = 0, (b) ¢t = 100, (c) ¢t = 300, (d) ¢ = 500. Note that the
decay of the helical perturbations along the filament is markedly slower than

in the case of U = 0 (which was considered in Fig. 6.2). . ... ... .. ..

Plot of the (a) translation () of the z-coordiate (the translational motion
of the helical waves along the filament) and (b) the effective frequency w(t)/t
for a helical filament solution corresponding to A = 0.5, v = 2, k = 1,
for various temperatures and normal fluid velocity. The temperature T =
1K correspond to a = 0.005, o/ = 0.003, while T = 1.5K corresponds to

a=0.073,a/ =0.018. . . . ...

Plot of the deformed planar filament described by (6.58) when the temperature
of the superfluid is T=1K (a = 0.005, o/ = 0.003) and V' = 1. The filament

is given by numerically solving (6.59)-(6.60) subject to ¢(0) = 0.1, ¥(0) = 0,

Plot of the deformed planar filament described by (6.58) when the temperature
of the superfluid is T=1.5K (o = 0.073, o/ = 0.018) and V' = 1. The filament

is given by numerically solving (6.59)-(6.60) subject to ¢(0) = 0.1, ¥(0) = 0,
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6.7

6.8

6.9

6.10

Plot of the deformed planar filament described by (6.58) when the temperature
of the superfluid is T=1.5K (a = 0.073, o/ = 0.018) and V' = —1. The filament

is given by numerically solving (6.59)-(6.60) subject to ¢(0) = 0.1, ¥(0) = 0,

Plot of the deformed planar filament described by (6.58) when the temperature
of the superfluid is T=1.5K (o = 0.073, o/ = 0.018) and V = 0. The filament

is given by numerically solving (6.59)-(6.60) subject to ¢(0) = 0.1, ¥(0) = 0,

Comparison of the deformed planar filament described by (6.58) when the
temperature of the superfluid is T=1.5K (a = 0.073, o/ = 0.018) and V =1,
along with the classical planar filament corresponding to « = o/ = 0. In both
cases, the filaments are given by numerically solving (6.59)-(6.60) subject to
»(0) = 0.1, ¥(0) = 0, ¢'(0) = 0, ¢'(0) = 0. The blue curve represents the
T=1.5 deformed planar filament, while the black curve represents the classical

planar filament. . . . . .. ..o

Large-time plot of the deformed planar filament described by (6.58) when the
temperature of the superfluid is T=1.5K, with the same conditions given in
Fig. 6.7. Segments of the filament which continue to amplify are removed, to
show what might be expected experimentally after such segments dissipate or
disassociate with the rest of the filament. The filament is locally planar near

x = 0, while for large x the filament takes on a helical appearance. . . . . .
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first order approximation of ?1_)5( =1/ 1442+ 22. Previously, an order zero approximation
to this equation was considered by Dmitriyev [26]. Such approximations result in exact
solutions, but these solutions may break down outside of specific parameter regimes; namely,
for all but very small value of the amplitude parameter. Herein, we avoid making the
simplifying assumption on ?1_)5(' Although this results in a far more representative governing
equations for large amplitudes, the governing equations are far more complicated. Such
governing equations were then solved with a perturbation technique (in Van Gorder [98])

which suggested oscillating solutions in the large amplitude regime.

We begin with a review of some of the derivations in [98], as these shall be essential
in both motivating the solutions as well as providing needed components with which to
actually perform the computations. The self-induced velocity of a vortex filament in the
LIA is given by (Da Rios [24], Arms and Hama [8]) v = yxt x n, where t and n are unit
tangent and unit normal vectors to the vortex filament, respectively, x is the curvature and
v is the strength of the vortex filament. Consider the vortex filament essentially aligned
along the z-axis and assume the deviations from the z-axis to be small (Dmitriyev [26]):

r = zix + y(x,t)iy + 2(z, t)i,. We then have that

B dr B dr dzx dx

t = T (ix—f—yxiy‘i‘zxiz)% and v = gy + 2y, (2.1)
where
d 1
_x e —— (2.2)
ds 1+y2+ 22
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We compute

_dt  dtde  dr de P dv ddr do

TG T deds e ds | de deds ds
de * . de * .
= - (yxyxx + szxx) - Ix + Yxx + Z)Q(Z/xx — YxBxRxx - 1y (2'3>
ds ds
9 de * .
T 2xT + Yy Zxx — YxZxYxx d_ 17 .
s
Placing (2.1) and (2.3) into v = vkt X n, we obtain
de °, de °, de °,
V=7 (yXZXX - nyxx) % Ix — 7 2Zxx % Iy + YYxx E 1, (2.4)
SO
dr *® 9 9 —3/2
Yt = —7V2Axx s = —7Vaxx 1+ yx + 24 (2-5)
and
dz ° 9 o —3/2
A=Wk o = W Lt (2.6)
must hold. Defining ® = —(y +iz), (2.5) reduces to
. —3/2
D+ 14 |0y Dy = 0. (2.7)
In order to recover y and z once a solution ® to (2.7) is known, note that y = —Re ¢ and
z = —ZIm ®. A first order approximation of the factor raised to the power —3/2 results

in Eq. (9) of Shivamoggi and van Heijst [84] after an appropriate transformation (since an
approximation was taken early in [84], the transformation ® — i® is needed to bring a first
order approximation of (2.7) into the form given in [84]). A zeroth order approximation
was considered earlier by Dmitriyev [26]. Note that equation (2.7) is very similar to the

equation 7vg + vss — 20*v2/(1 + |v|?) = 0 obtained by Umeki [95], where v denotes directly

12



the tangential vector of the filament. While both are obtained through different derivations,

both are equivalent to the localized induction approximation (LIA).

2.1.2 Stationary solution governed by an integrable equation

Observe that (2.7) is similar in form to the Schrodinger equation for a free particle, only
with a function of |®4| replacing the constant coefficient. Let us assume a solution of the
form ®(x,t) = e V4 (z) where ¢ € R. Then (2.7) is reduced to

—3/2

v+ 1+ @) W' =0. (2.8)

Multiplying by 2¢’ and integrating, we obtain the first integral
2
'l7Z12  —— C, (29)
L+ (v)°

where C'is a constant of motion determined by any specified boundary or initial data. In the
case where ¥(0) = 0 and ¢/(0) = 1 (as in [84]; locally near |z| << 0), C = —/2. Algebraic
manipulation of (2.9) leads to (% — C)%)'* = 4 — (2 — C)). Separating variables ) and z,

we obtain the implicit relation

Voo -0)d 1 wc d
ta4Cy= (¢ =Cdg_ _1 Sde . (2.10)
i—(#-C)p 2 (C+82+6(2-¢)
If we perform the integration on (2.10), we obtain
2 p ¥ v24C _ p v 24C if C' 2
c—2" \2+C’C- V2+C7 V/C— ’
o4 Cy= o : o : (2.11)
-1 2 12 O —
sgn(v) tanh Tie 4 —q)? if C' =2,
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Figure 2.1: Phase portraits for ¢(x) when ¢(0) =0 (a), 0.5 (b), 1 (¢), 1.1 (d) while ¢/(0) = 1.
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Figure 2.2: Plots of ¥ (x) when ¥(0) = 0 (a), 1 (b), while ¢/(0) = 1.
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2.2 General rotating quantum vortex filaments under the 2D

local induction approximation (LIA)

In his study of superfluid turbulence in the low-temperature limit, Svistunov [92] derived
a Hamiltonian equation for the self-induced motion of a vortex filament. Under the local
induction approximation (LIA), the Svistunov formulation is equivalent to a nonlinear dis-
persive partial differential equation. In this section, we consider a family of rotating vortex
filament solutions for the LIA reduction of the Svistunov formulation, which we refer to as
the 2D LIA (since it permits a potential formulation in terms of two of the three Cartesian
coordinates). This class of solutions contains the well-known Hasimoto-type planar vortex
filament as one reduction and helical solutions as another. More generally, we obtain solu-
tions which are periodic in the space variable. A systematic analytical study of the behavior
of such solutions is carried out. In the case where vortex filaments have small deviations from
the axis of rotation, closed analytical forms of the filament solutions are given. A variety of
numerical simulations are provided to demonstrate the wide range of rotating filament be-
haviors possible. Doing so, we are able to determine a number of vortex filament structures
not previously studied. We find that the solution structure progresses from planar to helical,
and then to more intricate and complex filament structures, possibly indicating the onset of

superfluid turbulence. These results were presented in Van Gorder [109].
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This is a type of 2D Biot-Savart law. Introducing a cutoff at the vortex filament radius

a < |r —ro|, the Hamiltonian reduces to the LIA
H[U] = 24i In(¢/a) 1+ |Ux(21)|?dzy = KyLw], (2.24)
T

where v = 5-1In(¢/a) is the filament strength, ¢ is a characteristic length scale, and L{w]
is the total vortex line length. So, under the LIA, the Hamiltonian is just a scaling of the
total vortex length. In equation (4) of Boffetta et al. [17], it was shown that the equation

of motion for this Hamiltonian becomes

v
iU+ ——— =0, (2.25)
L+ [Wxf?

where here we have used a different scaling of ¢ to remove a factor of two from (2.25). It
shall be this equation that we are interested in. Symmetry properties of this model have
been discussed by Sonin [90]. Helical waves from the Cartesian form of the LIA (2.25) were
considered by Sonin [89]. For more on such Hamiltonian formulations, see Goldstein and
Petrich [37], Langer and Singer [52] and references therein. Fukumoto and Miyajima [34]
construct an integrable hierarchy for the localized induction equation, and determine Kida-
type solutions. One area of interest is vortex line reconnections. While a simplification of
the full Biot-Savart law which neglects global behavior in favor of local behavior, the LIA
has been shown to admit solutions which do permit self-crossings [81, 92, 105], so it can
qualitatively describe vortex line reconnection events in strong turbulence. In contrast, the
LIA is not very useful for the study of weak Kelvin wave turbulence, since resonant wave

interactions are not present in the simplified LIA model [17].
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Performing the differentiation in x on the second term in (2.25), we obtain exactly

the type of formulation needed:

\IJXX + Z\IIX (‘Ij;k(\:[jxx - \I]X\I];k(x)
(1 + ’\PX‘Q)?;/Q 2 (1 + “IJX’2)3/2

iUy + 7y = 0. (2.26)

Note that when W W,, — U, Ui — 0, (2.26) reduces to (2.21) as required (so it accounts
for the planar case perfectly). On the other hand, (2.26) also accounts for situations where
UiW, — W, is large. Therefore, this equation is ideal for studying non-planar rotating

vortex filaments.

2.2.3 Analytical and numerical properties of the rotating filament solutions

We first outline properties of a general rotating filament under (2.25). Later, we shall examine
more explicit properties of such filaments, in order to construct analytical or numerical

solutions. To model a rotating filament, we assume a solution of the form
U(x,t) = e V(z). (2.27)

In general, 1) must be complex-valued (in order to capture all possible physical behaviors).
This class of solution can describe a planar vortex filament when ) is real-valued; however,
when 1 is permitted to be complex-valued, a far wider range of solutions are possible. The
Hasimoto-type solutions derived previously move without change in form [49]. This is in

direct analogy to the solutions originally obtained by Hasimoto [41]. However, if we relax
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one condition, namely that ¢ be a real-valued function, we can obtain a more general class of

solutions. Such solutions will correspond to bending or twisting of the Hasimoto solutions.

Writing v in polar form will be more useful, so we consider functions real-valued R(x)
and O(z) such that ¢(z) = R(z)exp(iO(z)). Once such a solution is known, then by the

definition of W¥(x,t) we shall have the vortex filament

r(z,t) = (2,y(,1), 2(2,4)) = (2, Re[e™V"(2)], Im[e™V 9 (x)))

(2.28)
= (x, R(z) cos(i {O(z) —~t}), R(z) sin(i {O(z) — t})).
Equation (2.26) then gives
R R' - RO” +i(2R'®' + RO") _ 0 (2.29)

1+ R? 4 R2e? 2
Since R and O are real-valued functions, we can separate real and imaginary parts. We

obtain the real-valued system

R" — RO"”
1+ R” + R?©

R+ =0 and 2R'©® +RO"=0. (2.30)

o 3/2

Solving the latter for ©', we find ©'(x) = ©;R?(x) where O, is a constant of integration.
If ©, = 0, we effectively have a reduction to the real-valued case considered when studying

a planar vortex filament moving without change in form. In such a case, one has

R//
R+ ————5 =0, (2.31)
1+ R?

which is exactly what one gets from (2.21) in the case of a planar filament. This directly
gives the Hasimoto planar filament in the Cartesian frame of reference. Various properties

of these planar filaments have been discussed previously [99, 105]. On the other hand, when
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R(z) is constant, say R(z) = Ry, we obtain a complex exponential solution corresponding to
a solution of the form ©(x) = ©12+0: V(z,t) = Ryexp(i[©12+600—t]). When placed back
into (2.28), this gives a helical solution. Hence, we may recover the helical solutions of [89]
in the constant R(x) case. We remark that in the case of the full Hall-Vinen model (2.12)
with non-zero friction parameters o > 0 and o' > 0, the motion of purely helical vortex
filaments have been described recently by Van Gorder [106], although the model considered
there used the form of the LIA corresponding to (2.21) in the case where Ak is sufficiently

small - and thus neglected any translational effects.

Both the planar and helical filaments are narrow special cases. For the more general

case where ©1 # 0 and R is not constant, the first equation in (2.30) becomes

R’ — ©R™®

R =0. 2.32
" 1+ R?+@2R2 7 (2:32)
Note that (2.32) is equivalent to
d 1
— R?- . =0, (2.33)
dx 1+ R?+67R2
so a first integral for (2.32) is given by
2 1 _
R ~1, (2.34)

1+ R?+ ©IR?
where [ is an integration constant. The dynamics of (2.34) will therefore depend on two
explicit parameters, ©; and I, as well as on the amplitude of the filament at the origin, R(0).
It is possible to find bounded periodic solutions R(z) to (2.34). In order for such solutions

to exist, we should restrict 1,(01) < I < I*(©1), where I,(0;) and I*(©;) are constants that
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2.2.4 Small amplitude perturbations along a filament

Let us introduce the functions ¢ = R'/R, £ = ©’. We obtain the coupled system

! 2 2
TR
(2.38)
£+ =0.
Assuming a small amplitude solution |¢)| = |R| << 1, say |R| =~ ¢ for a small parameter

e > 0, and noting that such an assumption does not imply that ( is small, we obtain the

simpler system

C/+€2_52: _17
(2.39)
€ +20£=0.

We find two classes of solutions to this transformed equation. The first family of

solutions is parametrized by an arbitrary constant a € R and reads

() =0 and ((z)= —tan(zx+a). (2.40)

Writing these in terms of R and © gives

R(x) = T o) and O(z)= 0. (2.41)

The profile for the vortex filament is then

ecos(t —0g)  esin(l — )
1+ tan®(z +a)’ 1+ tan?(x + a)

r(r,t) = =, (2.42)

Note that this solution depends on three parameters: a, € and ©y.
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The second class of solutions is also parametrized by an arbitrary constant a € R and

is given by
8 1¢(x) asin(2z)
x) = — and T)=——"75=— . (243
¢(@) Va2 + 64 + acos(2x) @) 2 ¢(x) Va2 + 64 + acos(2x) (2:43)
We find
VaZ L 64 —
R(x) =€ Va®+64+acos(2r) and O(x) = Og +tan™! % tan(x)
(2.44)
The vortex filament is then described in the asymptotic limit by the formula
VaZ L 64 —
r(z,t) = x,¢ Va2+64+acos(2z)cos Oy —t+tan? % tan(x)
Va2 & 64 —
€ Va2 +64+acos(2z)sin O —t + tan~? % tan(x)
(2.45)

Again, this is a three-parameter family of vortex filament solutions.

The analytical solution in the small amplitude regime given here are in good agree-
ment with numerical solutions, which shall be discussed in the next part of the section. The
first solution presented here corresponds to a rotation of the planar filament, due to the pa-
rameter ©y. The second solution, however, is quite distinct from this. In fact, the solution
(2.45) is a hybrid of the planar and helical solutions. The amplitude effectively behaves likes
a planar filament, but the phase is space-variable. This is in contrast to the planar filament,
which corresponds to space-independent phase. Meanwhile, the true helical filament has a
constant amplitude and a linear dependence of the phase on the space variable z. So, the

solution (2.45) is distinct from each of the two simpler cases. In terms of the phase portraits
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in Fig. 2.3, the family of solutions (2.41) behave like the solutions shown in Fig. 2.3(a),

whereas the family of solutions (2.45) behave like those shown in Fig. 2.3(b).

2.2.5 Numerical solutions and comparison with the analytical results

In order to capture the behavior of the filaments corresponding to w(z, t) with unconstrained
amplitude and phase, we resort to numerical simulations of the coupled system of ordinary
differential equations (2.29), obtaining numerical solutions for R(x) and ©(z). Taking the
initial conditions R(0) = Ry, R'(0) = 0 gives a periodic solution for R. Note that using
R'(0) # 0 does not change this fact: it simply translates the graph of R along the x-axis.
Likewise, we set ©(0) = Og, ©'(0) = ©;. The choice of O is not particularly interesting;
however, by varying ©1, we can obtain qualitatively different solutions. For ©; = 0, we obtain
planar vortex filaments. However, as ©; increases, these solutions give way to more complex
solution forms which become irregular in shape. As ©; increases further, the solutions
become more like the regular helical solution. So, it seems that the planar vortex filaments

and the helical vortex filaments are on two ends of a spectrum of solutions parametrized by

0.

In Fig. 2.4, we plot the filament solutions in the Cartesian reference frame for dis-
tinct model parameters. Note that (a) and (b) depict planar filaments, while (f) depicts a
perturbed helical filament. The filaments intermediate to these two are given in (c),(d) and

(e). In particular, (¢) demonstrates the bending of a planar filament when torsion increases.
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Figure 2.5: Cross sections of the vortex filament solutions (2.27) in the y-z plane, when
R'(0) =0,0(0) =1, and (a) R(0) =1, ©'(0) =0, (b) R(0) =3, ©'(0) =0, (c) R(0) =1,
©'(0) = 0.05, (d) R(0) =1, ©'(0) = 0.5, (e) R(0) =1, ©'(0) =1, (f) R(0) =1, ©'(0) = 2.5,
(g) R(0) =2, 0'(0) = 1.5, (h) R(0) =3, ©(0) = 1.5, (i) R(0) =3, ©'(0) = 5. Though the
three-dimensional plots of the filaments in Fig. 2.4 may appear unstructured in some cases,

this view directed along the x-axis shows that all solutions exhibit at least some symmetry.
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in a manner which changes the periodicity of the filament in space. Such filaments are seen
in the cross-section provided in Fig. 2.5 (d), (e) and (f). In particular, Fig. 2.4(f) represents
a helical filament under a slight perturbation. In contrast, Figs. 2.5(e) and (d) demonstrate

progressively greater deviations from the helical filament.

For larger amplitudes or sufficiently large initial change in in the phase of ¥, we
obtain solutions that become far more complicated in form. While many of these types
of solutions, as shown in Fig. 2.4(g), (h), and (i), appear almost chaotic in form, the
corresponding cross-sections in Fig. 2.5 demonstrate that these solutions do exhibit order.
Of course, unlike the planar or helical filaments, which have the possibility of being robust
and maintaining their form in the face of structural perturbations, it is not likely that
some of these more complicated structures would persist. More likely, vortex filaments with
initial profiles matching some of these more complicated forms would likely give way to more
complicated turbulence and reconnection events, due to excessive bending of the thin vortex.

In this regime, non-local effects from the full Biot-Savart law (2.13) are likely to be needed.

2.2.6 Discussion

Physically, our results correspond to rotating vortex filaments which are open (the filaments
do not cross) and remain within a finite distance from the reference axis. By varying two
parameters, we have shown that there are essentially four classes of solutions. The most tame

are planar and helical vortex filaments, and which can be exactly described analytically. Note
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2.3 Exact solution for the self-induced motion of a vortex

filament in the arclength representation of the LIA

We review two formulations of the fully nonlinear local induction equation approximating
the self-induced motion of the vortex filament (in the local induction approximation), cor-
responding to the Cartesian and arclength coordinate systems, respectively. The arclength
representation, put forth by Umeki, results in a type of 1+1 derivative nonlinear Schrédinger
(NLS) equation describing the motion of such a vortex filament. We obtain exact stationary
solutions to this derivative NLS equation; such exact solutions are a rarity. These solu-
tions are periodic in space and we determine the nonlinear dependence of the period on the

amplitude. The results here were obtained in the reference Van Gorder [100].

2.3.1 Background

While solutions under various approximations to the LIA are indeed useful for certain ap-
plications, the study of the fully nonlinear equations governing the self-induced motion of a
vortex filament in the LIA is itself with merit. The fully nonlinear equation governing the
self-induced motion of a vortex filament in the LIA was previously derived in Van Gorder
(98, 99] in the Cartesian coordinate space. To this end, consider the vortex filament essen-
tially aligned along the z-axis: r = zix + y(z,t)iy + z(x,t)i,. We then have that

_dr_ dr dx

. . N
=T (ix + yxdy + 2xdz) — (2.54)

ds
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Figure 2.9: Relative error |T(A) — Tupprox|/|T(A)| of the approximations to T'(A). We also
include the lowest order approximation T(A) ~ 41n(2v/2m) for the A > 1/4/3 case. We
see the good agreement with the A < 1/4/3 asymptotics and A > 1/4/3 asymptotics where

needed.
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Figure 2.10: Phase portraits for the space-periodic solutions 1 (z) to the WKIS equations,

which exist for —1 </ < 0. We fix k = 1.
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Evaluation of the latter integral yields the exact formula

s B VAU 4 VA1)

7 5 B (2.98)

where F and K denote elliptic integrals of the second and third kind, respectively.

In Fig. 2.12, we plot the period T" as a function of the integration constant I. The
period is bounded and increasing in I and decreasing in k, and we find that the extreme

values are given by

27
7" at I=-1 2.99
NG (2.99)
and
1 5 5 4
o Log Y2 oup V2906 (2.100)
vk 2 2 Vk
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Figure 2.12: Plot of the period T of the space-periodic solutions ¢ (x) to the WKIS equation

for various values of the constant of motion I. Here, k = 1.
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2.4.4 Discussion

What we have done here is reformulate the WKIS equation as a nonlinear ordinary differential
equation. The governing equation has two integrals of motion, and the latter results in an
exact implicit relation connecting the solution to the space variable, x. From these implicit
relations, we may recover the exact solution. These solutions connect two steady states,
resulting in the observed oscillatory (space-periodic) stationary solutions. An alternate, yet
equivalent, formulation is provided as well. With these, we are able to construct an exact

nonlinear relation between the model parameters and the period of oscillation in space.

We see that when the integral of motion has a constant of motion —1 < I < 0, there
will always exist a space-periodic solution of finite period, and the dependence of the period
on the model parameters is given in (2.98). As I — —1", the amplitude of the solutions
tends to zero. Meanwhile, when I — 07, the solutions become singular on a finite domain.
This behavior is demonstrated in Figs. 2.10 and 2.11. We also find that solutions exist for
other regions (I < —1 and I > 0). However, these solutions are either singular at infinitely

many points or non-periodic.
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exact criterion for the orbital stability of rotating planar vortex filament solutions for the
vortex filament problem under the LIA. The results presented in this section were originally

obtained in Van Gorder [103].

3.1.1 Introduction to the problem

We now consider orbital stability results for the solutions obtained in Sections 2.1 and 2.3.
While there have been some studies on the stability of a vortex filament in various physi-
cal situations, these studies often are numerical or approximate. Widnall [119] studied the
stability of helical vortex filaments; in particular, the stability of helical vortex filaments of
small pitch were considered using the so-called “cut-off approximation” and numerical inte-
gration. Tsai and Widnall [93] then studied the stability of short waves on a vortex filament
embedded in a strain field; see also Moore and Saffman [67] and Aref and E.P. Flinchem
[7]. Regarding the stability of multiple helical vortex filaments, Okulov [68] considered the
problem of N helical vortex arrays. There have been a number of simulations and numerical
analyses for stability of vortex dynamics in a variety of situations. For instance, Fenton and
Karma [30] discussed vortex filament stability in the context of a three-dimensional contin-
uous myocardium with fiber rotation. This illustrates the fact that, while vortex problems
are quite old and have been well-represented in the literature, there is still active interest in

the stability of vortex solutions to a variety of flows.
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3.1.2 Stability methods

In order to discuss the orbital stability of such a stationary solution, a useful tool is the
Vakhitov-Kolokolov (VK) stability criterion [97], which has been applied to discuss the sta-
bility of stationary solutions in one or many spectral parameters; see [61, 87, 58, 66| for some
applications. The criterion has been applied to a variety of nonlinear Schrédinger (NLS)-type
equations such as those governing optical solitons [72, 46], perturbed cubic NLS equations
[65], NLS quations governing solitons in self-induced transparent media [18], two-dimensional
NLS equations [79], and two-component lattice NLS equations [63], to name a few areas of
application. Therefore, it is reasonable to consider the criterion for the desired stationary
solutions to the type of derivative NLS equation which results from the fully nonlinear LTA

governing a planar vortex filament.

Consider the Vakhitov-Kolokolov (VK) stability criterion governing orbital stability
of a solution ®(x,t) = e~ %), (z) to a derivative NLS equation such that ¢, (x+T) = 1y (z).

Defining the integral of motion

P(®(x,1)) = . (2, 8)[* dz = . Yo (@)*dz (3.1)

the VK criterion state that the stationary solution is orbitally stable at some w = wy provided

that
L Pula)) <0 (32)
— x .
dw ¢

for w = wy. Here we take the periodic form of the criterion, since we shall be interested in

spatially periodic solutions. As such, we define P over a single period T'. (If we were con-
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cerned with solitary wave solutions ¥, we would define P with an integration over the real
line.) For periodic ), this criterion is in analogue to Lyapunov stability. This criteria was
originally applied to the standard NLS equation, in the case of solitary wave solutions. Since
then, the criterion has been applied to a number of Hamiltonian systems (many exhibit-
ing U(1)-invariance, or even more general symmetries). Generalizations to non-integrable

situations are possible in some cases; see Yang [121].

3.1.3 The Cartesian problem

Van Gorder [98, 99] considered the Cartesian coordinate space r = (z,y, z) and transformed

the LIA v = vkt X n into the potential form

. -3/
B+ 1+ |0 Dy =0, (3.3)

where ® = y + iz. This is a non-standard derivative nonlinear Schrodinger (NLS) equation.
Note that (3.3) is U(1)-invariant. Once a solution to (3.3) is known, the position of the
vortex filament is given by r(z,t) = (z, Re®(x,t),ImP(z,t)). A stationary solution to the
LIA takes the form ®(z,t) = e '“Y%)(z) (where w is the spectral parameter), and this puts

equation (3.3) into the form
wip + (14 47) 729" = 0. (3.4)
Here we assume real-valued 1, since this is consistent with planar vortex filaments. Space-

periodic solutions of this type were explored in [99]. This equation has periodic solutions for
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Figure 3.1: Plot of the problem geometry for w > 0 in the Cartesian reference frame. The
curve represents the planar vortex filament. As time increases, the structure rotates about

the z-axis.
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Figure 3.2: Plot of the solution profiles 1 (x) with spectral parameter w and constant of
motion F. Clearly, both parameters strongly influence the amplitude and space-period
of the stationary solutions. Each stationary solution ¢ (x) corresponds to a planar vortex

filament as shown in Fig. 3.1.
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Theorem 1: A non-zero stationary solution e~"“%)(x) for the fully nonlinear partial differ-
ential equation (3.3) governing the self-induced motion of a vortex filament in the LIA is
stable if its spectrum is positive definite (it has no negative energy excited states, w > 0) and
it is unstable if its spectrum contains negative energy excitations (w < 0). Since w > 0 cor-
responds to space-periodic solutions, the space-periodic stationary solutions (corresponding

to the planar vortex filaments) are stable in the Cartesian frame of reference.

3.1.4 The arclength problem

Umeki [95] obtained an alternate formulation of the LIA, using the intrinsic arclength based
coordinate system as opposed to the extrinsic Cartesian coordinate system. Umeki defines
r = t X ts, where s is the arclength element. The LIA then takes the form t;y = t X tgs.

Writing t = (7x, 7y, 7z), Umeki [95] defines the complex field v by
ity =20 T+ ", m= 1—|u> 14 . (3.9)

The relation ty =t X tgs then implies

i+ vss — 2002 14 v> "1 =0. (3.10)

Note that (3.10) is U(1)-invariant. A mapping between the intrinsic and extrinsic LIA
formulations was provided recently by Umeki [96]. Regarding planar vortex filaments, an
exact form for the stationary solution was given in the arclength representation in [100]. Due

to the difference in structure between the arclength and Cartesian systems, the amplitude
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of the exact stationary solutions was not bounded like was the case in the Cartesian frame
[100].
—int

Under the assumption of a stationary solution e '*'¢(s), w # 0 (corresponding to a

planar vortex filament [100]), (3.10) reduces to
Wa+gss —2¢2 1+¢* ' =0. (3.11)
When w = 0, (3.10) reduces to gss — 2¢q2(1 4+ ¢*)~! = 0. Constructing the first integral we
have ¢s/(1 + ¢?) = Iy, which admits the singular solution ¢(s) = tan(Iys + I;) for Iy # 0, or
a constant solution if Iy = 0. We shall therefore restrict our attention to w # 0.
For w # 0, we introduce the quantity I = (w(1 + ¢*) — ¢2)(1 + ¢*)~2. This quantity

is conserved:

dI 2qs N 2qq3

- = = w —

ds — (+qp T
?)

(3.12)

First consider the w > 0 case. If gs = 0, then w = (1 4 ¢*)I, hence the maximal value of ¢ is

given by quax = “’T_', where 0 < [ < w if w > 0, while ¢, takes the negative of this value.

Taking guax = A, it will be more useful to express I in terms of A. We have I = \/1‘_‘;?. So,
E=wl+¢) 1-0+AA+AHT . (3.13)

The period T(A,w) is then given by

4 A d
T(Aw) = 7z 3 (3.14)
w
0+ 1- 15
From (3.14), it is apparent that
T 4 A §2d€
P(A,w) = v(s,t 2dr =
(A,w) 0|( )| 75 (3.15)

14+&) 1- 1%
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solutions do not exist for negative spectral parameters (w < 0). As w > 0 corresponds to
space-periodic solutions, the space-periodic stationary solutions (corresponding to the planar

vortex filaments) are stable in the arclength frame of reference.

In the case w = 1, the exact solution to (3.11) was given in equation (14) of Van
Gorder [100]. Modifying this solution to account for arbitrary w > 0, we obtain the new

exact solution

w
14+ A2

v(s,t) = e (s) = Ae " sn (s —s0), Ai | (3.19)

where sn denotes the appropriate Jacobi elliptic function, A is the amplitude, and sq is an

arbitrary constant.

3.1.5 Discussion

We have determined the orbital stability of stationary solutions for the self-induced motion
of a vortex filament under the LIA under both the Cartesian and arclength formulations.
While these formulations describe the same physical scenario, they result in structurally
distinct types of nonlinear dispersion equations. For both models, the stationary solutions
are orbitally stable provided that the spectrum is positive definite. This agreement should
be expected from the physics, since both models are describing the same phenomenon in
different frameworks. What this means is that the planar vortex filaments (described by the

space-periodic stationary solutions) in a standard fluid are stable under small perturbations
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stationary solution, we know that |®(x, )| is U(1)-invariant, which means that the modulus
|®(x,t)| is time-independent. For other types of solution, this is not the case, so a different
analysis would be called for. Such considerations are needed when we consider only locally
stationary states, such as traveling waves on the vortex filament, since these are not true

stationary states.

3.2 Orbital stability for stationary solutions of the

Wadati-Konno-Ichikawa-Schimizu (WKIS) equation

We determine the orbital stability properties of the space-periodic stationary solutions to
the Wadati-Konno-Ichikawa-Shimizu (WKIS) equation previously obtained in Section 2.4.
The stability result is completely analytic, whereas most results for similar equations are
numerical. The method is concise and can be applied to a number of other derivative
nonlinear Schrédinger (NLS) type equations admitting space-periodic stationary solutions.

The method presented here was published in Van Gorder [104].

3.2.1 Introduction to the problem

Very recently, the present author studied stationary solutions to the WKIS equation [101],

and these results were highlighted in Section 2.4. It was shown that there exist space-periodic
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Equation (3.21) is integrable, though it may be hard to see from this form. Let us define a
new function ¢(x) by

x
1+ ¢(z)
Note that —1 < ¢(x) < 1 for all . Then, (3.21) is put into the form

k
1 — ¢?
Now, (3.23) is a dynamical problem
& = —LU() (3.24)
=% , ,

with potential U(¢) =

—k 1 —¢% Assuming a space-periodic solution ¢(z), the kinetic
energy kI satisfies min {U} < kI <0, i.e., —k < kI < 0. So, the spectral parameter satisfies

k > 0 and the constant of motion satisfies —1 < I < 0.

A first and second integral for (3.23) was constructed [101], and it was found that

+ (x —x9) = ’ de

: (3.25)
%0 2k 1— 242kl

where ¢q is another constant of motion. The solution ¢(x) is then governed by the implicit

relation in terms of elliptic integrals F' and E:

£

Do | 7|

I+ 1-¢* 121
i) =VI+1E
(v = %) * -1  I+1

(3.26)
1 e I+ 1-¢* /721
VI+1 I—1 T+ 1
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Inverting the relation (3.22), an implicit relation for ¢ (z) reads

. AVARRIERN |
.k Vi V12 -1
+1 —(z—2)=VvI+1F
Pogle—d) + I—1 ' I+1

- (3.27)

V140241

1 P Vitw?  VI2 -1
vI+1 I—-1 7

I+1

Since ¢(x) is periodic, then so is ¥ (z). Furthermore, by (3.22), both must share the same

period. Let T'(k, I) denote this period. Then from (3.25), we have

Pmax

T(k,I) =2 de
omin 2k 1— €24 2k]
\/j
_ve YR e (3.28)
VE o T_e41
_ 442 ! ¢dg
Vi o =3 -1
Integrating, we have
_ 8 21— [1]) 4 2(1 —|1])
Tk, 1) = ﬁE —5 - EK — 0 (3.29)

where we correct a couple typos (note, for instance, that the square roots need to include

1 — |I] in equation (21) of Van Gorder [101]. Here E and K denote elliptic integrals of the
second and third kind, respectively.

From these formulas, it may still be hard to visualize the behavior of the solutions
(x). In Fig. 3.3, we plot solutions ¢ (x) for various amplitudes. In Fig. 3.4, we plot the

period T'(k, I') as a function of the spectral parameter k, for various values of /. The solutions
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Figure 3.4: Plot of the period T'(k,I) given in formula (3.29) as a function of k for various

values of I € (—1,0).
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Figure 3.5: Time-evolution of the localized soliton (3.35) corresponding to w = —0.2.
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Figure 3.6: Influence of the spectral parameter, w < 0, on the wave envelopes. As |w|
increases, the amplitude increases like 3 m yet the mass of the wave remains fixed. Hence,
a greater proportion of mass is allocated near the center of the wave, in the case of large

amplitude solitons. Note that by amplitude, we refer to deviation of the mean wave-height

(which is  |w]|) - the total height of the wave, in this model, is 4
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4.1.1 Formulation and scaling the LIA

Alternate scaling of the LIA can be useful both for physical analysis and for computational
reasons. For instance, the infinite domain due to x € R can be mapped into a closed and
bounded interval, which can assist with analytical and numerical analysis. We first determine

the influence of such transforms. Let us consider the scaled position vector

r = f(z)ix + y(z,t)iy + 2(x, )i, , (4.1)

where f(x) denotes a general scaling of the z-coordinate. This is one of two possible equiv-

alent such scalings, with the other being

r = ziyx + y(f 1 (2), t)iy + 2(f (), )i, (4.2)

provided f~!, the inverse map of f, exists. For this reason, we will often be interested in
monotone scalings f so that the inversion f~! is well-defined. We chose to work with (4.1)

as opposed to (4.2) since it gives more computationally tractable results. From (4.1), we

compute
dr drdx , dx
t dS dI‘ dS (f7yX7ZX) dS ( 3)
and v = (0, yt, 2t) , where
1
e 1 (4.4)

ds [Pyt
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dt _ dt dx

We then have kn = 2 = 345

giving

X,
KNl = f”(y?( + Z>2() - f/(yxyxx + Zxex) Elx
dx .
T+ YxxZx — YxZxZxx T yxxf/2 - f,f”yx Ely (45)
dz .

+ Zxxyi — ZxYxYxx T Zxxf/2 - f/fllzx -

so that v = 7kt X n = 7t x (kn) becomes

dr *® .
V= 7(yxzxx - nyxx) % 1y
dr *®
- V(flzxx - f//2x> Is iy (4.6)
S
de ° .
+ ’V(f/yxx - f”yx) ds 1z

Matching the two representation of v, we obtain the constraint yyxzxx — 2xyxx = 0 and the

real-valued system

v = —1(F 20 — ) % Ny (@)
2= 'yxx = [ Yx) Z—i 3 : (4.8)
Introducing the complex potential function
O(x,t) = y(z,t) + iz(x,t), (4.9)
the PDE system reduces to
1Bty (O — D) f2+ |02 =0 (4.10)

Note that (4.10) is a complicated nonlinear Schrodinger equation with variable coefficients

(f" and f” in general depend on z). However, with the scaling ®(x,t) = W(u,t) where
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= f(z), we may reduce (4.10) to
W+ 1402 20, =0, (4.11)

for non-degenerate f. Hence, (4.10) yields solutions of the LIA. The transformed equation

(4.11) matches exactly that studied in [98, 99].

The form of (4.10) (and hence (4.11)) is U(1)-invariant, just like many of its derivative
NLS relatives, hence it makes sense to consider stationary solutions of the form ®(z,t) =
e Vt(z) to (4.10) (and U(p,t) = e Vhh(u) to (4.11)).

To summarize, the permitted scalings are that for which:

(i) the LIA is invariant under monotone scalings of the x coordinate;

(ii) the LIA is invariant under scalings of the form e="t.

Together, these conditions guarantee the existence of planar vortex filaments de-
scribed by W(x,t) = e V4 (u(x)). In the extrinsic three-dimensional Cartesian frame, the

position of the planar vortex filament at any time ¢ is then given by

r = pu(x)ix + cos(yt)v(pu(z))iy — sin(v¢)y (u(@))iz (4.12)

To better visualize such vortex filaments, see Fig. 4.1, where we consider a periodic function
¥(p(x)). The vortex filament rotates about the z-axis as time increases. So, by determining
¥(p(x)), we determine the spatial structure of the planar vortex filament completely, the
i

inclusion of a factor e™"* providing the motion of such a filament in time.
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N

Figure 4.1: Plot of the spatial geometry. The curve represents the planar vortex filament
described by ®(x,t) = e Vt(u(z)) for periodic ¥ (u(x)). As time increases, the structure

rotates about the z-axis.
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4.1.2 Accurate perturbation approach for the stationary solution

Let us consider the stationary solution W(u,t) = Ae V%) (u) to the scaled equation (4.11),
where we let the parameter A > 0 be the amplitude and normalize maxy = 1. Then, we

obtain the ordinary differential equation
2 112 —3/2 "
v+ 1+ A% ' =0. (4.13)
The simplest nonlinear approximation to equation (??) takes the form

¢+ 1_;1422/}/2 w//:(]. (414)

As discussed in a forthcoming work, (4.14) has periodic real-valued solutions for
A < 1/v/3 =~ 0.577. For small A, (4.14) is a good approximation to (4.13). It then makes
sense to consider a perturbation solution, in terms of the small parameter A%, However,
standard perturbation will yield inaccurate solutions which fall out of resonance with the
true solution due to the appearance of secular terms. Hence, we shall be interested in
applying the method of multiple scales to (4.14). To proceed, assume there exists parameter
§(A?) such that d/dp = 6(A?)(d/dn) where n = §(A?)u. Then, we consider the perturbation
solution ¥(p) = 1h(n; A2) = vo(n; A2) + A% (m; A%) + O(AY), 5(A?) = Gy + A%6; + O(AY).
Equation (4.14) becomes
D+ 1— 2,42521&3 Uy =0, (4.15)
giving

Sotbomn 10 =0, o(0) =1, n(0)=0, (4.16)
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3
5§¢1,nn + 1 = §5§¢§,n (Y0)nn — 20001000 , (4.17)

$1(0) = 0 = (¥1)4(0).

The quantities at 7 = 0 follow from the fact that we desire space-periodic 1) with amplitude
A. As we assume a solution W = Ay exp(—ivt), it follows that the amplitude of 1) must be
1 (then the amplitude of ¥ is A). Without loss of generality, we take n = 0 to correspond
to a peak (this can be translated by n +— 1’ 4 1o if need be). Thus, ¢y(z) = 0. Assuming

Y =1y + A%y + -+ -, it follows that 1(0) = 1, ¥on(0) = 0, ¥1(0) = 1 and 11 4(0) = 0.

Normalizing to get 2m-periodic solutions, we pick dg = 1, obtaining ¥y(n) = cos(n).

From here, we have

(Y1) + 1 = 261 — g cos(n) + gcos(?)n) , (4.18)

so picking d; = 3/16 prevents any secular terms. We then obtain

n() = o con() = cos(3n) = & sin(r)cos(). (4.19)

Therefore, we have obtained the perturbation solution

3
(p) =cos 1+ EAQ I
(4.20)
+ iA2 sin®> 14 iA2 @ ocos 1+ 3A2 L
16 16 16
Consider the standard case p(z) = z. From Eq. (4.20), we see that the approximate period

of small-amplitude solutions satisfies

3 ., " 3 9
T(A)m2m 144  ~27- §A2 + 1—27;3A4. (4.21)
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Figure 4.2: Plot of the perturbation solutions (4.20) for ¢)(x) obtained through the method of
multiple scales against numerical solutions obtained via the Runge-Kutta-Fehlberg method
(RKF45) [29]. The valid region for the approximation (4.14) is A < 1/4/3 ~ 0.577, and in
this region the results agree nicely. For larger A, the agreement breaks down, as the solutions

fall out of resonance with the true solutions.

110



10-24 e
034 1w % P
U T AN 2 A VA VY

——
J—
—_—
--
=
—_—
—_—

104 / \{ \

|
|"
1/ | |
10-6_:I |
1
1077 1
T
0 5 10 15 20
X
——— A=01——A=02""""" A=05

Figure 4.3: Plot of the absolute error between the perturbation solutions (4.20) for ¢ (z)
obtained through the method of multiple scales and the numerical solutions obtained via the
Runge-Kutta-Fehlberg method (RKF45) [29]. The agreement is strong for small amplitude

solutions, while the agreement gradually breaks down for larger amplitudes.
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4.1.3 Connection with arclength solution and implicit solution

In this section, take u(z) = xz, so that ®(x,t) = ¥(u,t). In Van Gorder [100], an exact

stationary solution for the arclength formulation of the LIA was given by

s— 3§

V1— B?

v(s,t) = e "¢(s) = Be 'sn Bi (4.22)

where B is the amplitude (in the arclength frame), s is a constant, and s is the arclength
element. It was shown in [95] that the Cartesian quantity ®(z,¢) and the arclength quantity

v(s,t) are related by

2|v|? de  1—|v?

]l R e Ul
‘ X‘ (1—|U|2)2 ds 1+|U|2

(4.23)

Noting that |®y| = ¢'(z) and |v] = ¢(s), we have that ¢> = 2¢*(1 — ¢*)~2. Separating
variables, and using the form of dx/ds given in (4.23), we obtain

s(x) Bsn —=%_ Bj
o(z) = V2 ds . (4.24)

s 14 B?sn? \/%,Bi

Performing the integration exactly is not possible (in closed form). And then, one must still
contend with the arclength variable s(z). So, while this formula offers a connection between
the exact arclength solution to the planar vortex filament problem and that of the Cartesian
problem, it is not very practical. We can compare this formula to the direct solution for

o(z). A first integral of (4.13) (when p = x and hence ¥(u) = ¢(z)) is

2
P — — = -£. 4.25
A2 14 A2¢7 (4:29)
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If (0) =1, ¢/(0) = 0, then £ = (2 — A?)/A% > 0 since |A| < v/2 for any periodic solution.
Solving (4.25) for ¢’ and separating variables as needed,

pox  ACHE e (4.26)
o 1-ANG+EY

Changing variables to & = ¢ + &,

2/A2
re sde . (4.27)
2 e (£-8)(2— A2)(2+ A%)

Eq. (4.27) is an implicit solution which is not easily inverted. However, we may still extract
information out of this relation more easily than is the case when dealing with (4.24). In
the previous section, we approximated the period of a space-periodic planar vortex filament
using perturbation. We shall now be interested in comparing that approximation with a
true exact relation between the period 7" and amplitude A for a space-periodic solution to

the vortex filament problem.

If we consider the phase portrait, a quarter-period T'(A)/4 occurs when ¢ goes from
¢»=0to0 ¢ =1, so from Eq. (4.27) we obtain the exact yet implicit relation

T(A) =2A3 . sde : (4.28)
£ (€ —&)(2 - A26)(2+ A%)

Now, in the valid region 0 < A < v/2, the definite integral (4.28) can be evaluated in terms

of elliptic integrals to give the relation
T(A) =8E(A/2) —4K (A/2) , (4.29)

where K is the complete elliptic integral of the first kind and E' is the complete elliptic integral

of the second kind. Recall that the period of the solutions in the arclength representation
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[100], the period of the space-periodic solution was a bit simpler, involving only the elliptic

integral K.

In order to extract more information from Eq. (4.29), we turn to the small-0 asymp-

totics
T 1 62 1 #*
K@) == 1+- - = 4.
O)=5 i1 g 31-¢ (4.30)
T 1 3

El) =2 1--¢2- 2¢* . 4.31
(9) 2 49 649 ( 3 )

Using (4.30)-(4.31) in (4.29), and approximating where needed,

3 T

T(A) ~2r — —A%? — — A%, 4.32
(A) ~ 2m = 3 256 (432)

Note that the approximation (4.32) to the period T'(A) obtained through the fully nonlinear
relation (4.27) for ¢ is in extremely good agreement with the approximation obtained through
the method of multiple scales (4.21) for the period T'(A). In Fig. 4.4, we plot the exact period
T(A) found in (4.29), along with the approximations shown in (4.21) and (4.32). In Fig.

4.5, we plot the relative error between the approximations and the exact values.
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Figure 4.4: Plot of the x-period T(A) for the stationary solution z-dependence function
¢(z). In addition to the exact value (4.29), we plot two approximate quantities, namely
the approximation found through multiple scales (4.21) and the asymptotic approximation

(4.32) to the true result (4.29). We consider A € [0,v/2].
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Figure 4.5: We demonstrate the relative error between the approximations to the period
T(A) and the true solution (4.29). Both are extremely accurate for small A, and gradually
lose accuracy for larger A, though the asymptotic approximation (4.32) outperforms the
multiple scale approximation (4.21) nicely. That said, in its region of validity (A < 1/v/3),
the multiple scale approximation (4.21) is rather accurate for only a first order perturbation

result.
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4.1.4 Discussion

We have derived the fully nonlinear form of the local induction approximation (LIA) govern-
ing the motion of a vortex filament. Permitting a scaling of the free coordinate along which
the vortex is aligned (z, in our case) permits us to have greater flexibility in computing
solutions, both analytically and numerically. Such vortex solutions are a variation on the

theme of planar vortex filaments, and take the form

r = (f(x), cos(11)d(), — sin(v)(x)) . (4.33)

The main analytical benefit is that such a solution form can capture a greater range of phys-
ical behaviors (particularly when the scale is non-monotone), while numerical simulations
can be made easier by taking a scale f : R — Z where Z is a compact interval (numerical
integration on such a compact interval can often be simpler than on an unbounded domain

such as the real line).

In the case of monotone scalings f(z) = u, we have a very elegant way to determine
the planar contribution ¢(x) = ¥ () to the vortex filament structure, obtaining a nonlin-
ear ordinary differential equation (ODE) governing 1; see (4.13). For monotone scalings,
we therefore find that 1 is a strict function of p and therefore the ODE (4.13) has only
constant coefficients, making its solution possible. The planar solution is equivalent to a
stationary solution of the form ® = e Y%)(u). The main stationary solution of interest is
periodic for small amplitudes A, so this is the solution we focus on next. While numerical

solutions can be obtained, we compute a perturbation solution, scaling both the function and

117






maximal period occurs with amplitude A = 0 and is 7(0) = 27 while the minimal period
solution occurs with amplitude A = /2 and is T(v/2) = 3.3886. Hence, the period T'(A)
of a space-periodic solution is related in an inverse manner to the amplitude A of such a

solution.

4.2 Non-monotone space scales and self-intersection of filaments

We now discuss non-monotone coordinate scalings and their application for finding self-
intersections of vortex filaments. These self-intersecting vortex filaments are likely unstable

and collapse into other structures or dissipate completely.

Up to this point we have considered only monotone scalings f(z) in (4.1), since these
permit well-behaved solutions to (4.11). As we’ve shown, such solutions can be studied
analytically, and in some cases exactly. However, in situations where f(x) is non-monotone,
we may still assume a stationary solution of the form ®(x,t) = e Wi'¢(x). While (u)
from (4.13) was defined on the real p-axis in the case of monotone u = f(z), for non-
monotone f(x) it is possible that the domain of ¢(z) will be restricted. Assuming a solution

O(x,t) = e Vo(2), (4.10) reduces to

f/(b” _ f//¢,
g (4.56)

The ordinary differential equation (4.36) is degenerate when f is not strictly monotone, i.e.

if there exists a point # = a at which f’(a) = 0. In order for a planar vortex filament
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Figure 4.6: Schematic of a self-intersection for the planar vortex filament governed by a
solution ¢(x) to equation (4.36). Self-intersection occurs at spatial coordinate f(x,) where
the parametrization = attains the value z* such that f(z.) = f(z*) and ¢(x,) = o(z*). It
is necessary for ¢(z1) # ¢(xz) for all z, < x1 < x5 < * in order to have a single loop. For

multiple loops, similar yet more complicated conditions must hold.
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4.2.1 Single loop case

As our first numerical case, we consider an example of a parametrized single loop on a vortex

filament. Let us consider the scaling f(x) = x?/2. We then have

.Tgb” _ ¢/

372
z2 4 ¢

¢+ =0. (4.38)

Unlike in the simpler case of monotone f, here we cannot easily solve the differential equation
(4.38) analytically. So, we resort to numerical solutions. It is useful to assign a specific xy
as a numerical initial point. Picking xn = 0 is problematic, since (4.38) is degenerate at
that point. So, we shall take xn to be small yet positive. We find that loops are not
obtained for many parameter values. However, they can occur for our choice of f. Taking,
for instance, zy = 0.1, ¢(zn) = 0.6, ¢'(zn) = —0.1, we find that ¢(2.059) = ¢(—2.059)
while f(z) = f(—=x) by the form of f selected, so we pick z, = —2.059 and z* = 2.059.
To make sure the loop is closed, the derivatives should differ at each point. We calculate
¢'(x,) = 3.589 while ¢'(x*) = 0.857, so the loop does close. So, in the prescribed geometry,
we have found a closed filament loop. As mentioned above, the loop must remain closed for

all £ > 0. The resulting single loop planar vortex filament is displayed in Fig. 4.7.
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Figure 4.7: Plot of the numerical solution for a single loop vortex filament described by ¢(z)
when ¢(z) satisfies (4.38), ¢(0.1) = 0.6, ¢/(0.1) = —0.1. The z scaling is f(x) = 2*/2. The

space coordinate is parametrized by x € [—2.12,3.00].
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4.2.2 Double loop case

Let us now consider a double loop structure on a vortex filament. Let us take the scaling

f(z) = cos(x). We then have

—sin(z)¢” + cos(z)¢’
=0. 4.39
sin?(z) + ¢ 2 439

¢+

Taking zn = 0.1, ¢(zn) = 0.5, ¢'(zn) = —0.095, we numerically solve (4.39). Defining
ol =235 = o 2P = 389 2*@ = 2.395, we have that ¢(zl) = ¢(2*V) and
(b(:r:g?]) = ¢(z*?). Yet, since f(z) = cos(z), we have f(xL”) = f(z*1) and f(xg]) = f(z*B).
So, the conditions for crossing are satisfied at spatial coordinates cos(xg}]) = —0.70 and
cos(x[,?}) = —0.73. We verify that the derivatives differ at each point, so the loop structures
close off at the required points. (If the derivatives do not differ, then the filament my become
tangent to itself, and therefore not close to form a loop, at the required point.) Hence, we
have obtained a double loop structure on a vortex filament. The resulting double loop planar

vortex filament is displayed in Fig. 4.8.

One may continue with multi-loop structures, but these get progressively harder to
construct, since one must guess an appropriate transform of space variable f(z) and deduce
values of the crossings. Further, since this is done numerically (such analytical constructions
are very challenging), there is a bit of guess work involved in the initial conditions which

permit solutions ¢(x) which allow for the crossings.
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Figure 4.8: Plot of the numerical solution for a double loop vortex filament described by ¢(z)
when ¢(z) satisfies (4.39), ¢(0.1) = 0.5, ¢/(0.1) = —0.095. The z scaling is f(x) = cos(x).

The space coordinate is parametrized by = € [—4.0,2.5].
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4.2.3 Analytical calculation

While numerical results are easiest for the case of self-intersections, we remark that analytical
approximations can be obtained, at a cost. Indeed, when f’(z¢) = 0 for some z(, then
(4.36) degenerates (the coefficient of ¢” vanishes, decreasing the order of the equation). To
counter this, we must have two solution branches, which we match at zy. However, while
the matching preserves continuity, it cannot preserve continuity of the first derivative (on
each side of xg, that is © < xy and = > xg, the slope of the branches must differ). Without
loss of generality, take o = 0. Then, in order to match a positive and negative branch, we

consider the following piecewise defined solution:

¢($) = 0 T = 0’ (4.40)

e(f(@)  O<w<ar,
where 1(u) is a solution as was found in the monotone case and z, < 0 < z* such that
f(zs) = f(2*) = T/2 where T is the period of ¢. From the form of (4.36), if ¢ is a solution,
then so is —1). Hence, each branch is a solution (when f’ # 0). This representation is not
unique, as we could have reversed the signs in (4.40). To get both functions to match at
x = 0, we use a modified form of (4.20) where 1(0) = 0, ¥’(0) = 1 (which gives a sine, as
opposed to cosine, representation). This is equivalent to translation of the solution in (4.20)

by —m/2 on the z-axis. So, to lowest order (one can add higher order corrections, but we
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suppress them for brevity) (4.40) becomes
—sin 14+ £A? f(z) . <z<0,
¢(x) = x=0,

sin 14+ A% f(z) O<z<a*.

(4.41)

Note that ¢(z.) = —(f(.)) = =¢(T/2) = 0 = »(T/2) = $(f(")) = ¢(2) by construc-

tion, so ¢(z.) = ¢(z*).

For example, consider again the f(z) = 2?/2 case. We pick

-1

()= — 2n 1+%A2 ,

We then get (to lowest order)

—sin 1+ 3242 X 2 (A)<z<0,

o(r) = g z=0,
sin 14242 X 0<z<z*(A).

2

Note that ¢(z.(A)) = —sin(n) = 0 = sin(7) = ¢(2*(A)). Furthermore, let

128

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)



0.15

0.1a

0.05

-0.03

-0.10

-0.15

0.15

0.05
00 N R

Figure 4.9: Plot of the analytical solution for a single loop vortex filament described by ¢(z)
when ¢(x) satisfies (4.44). The x scaling is f(z) = 2?/2, while the amplitude of the solution
is taken to be A = 0.25. The space coordinate is parametrized by = € [z.(A),2*(A)] while

on the loop.
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Then ¢(z1(A)) = —sin(n/2) = —1 # 1 = sin(n/2) = ¢(z2(A)). So, there exist
x1(A) and x2(A) such that z,(A) < z1(A) < x2(A) < 2*(A), d(x.(A)) = ¢(z*(A)), and
d(x1(A)) # P(x2(A)), so a loop is indeed formed. The solution (4.44) is shown in Fig. 4.9,

in the case of A = 0.25. The single-loop structure is prominent.

We remark that since ¢ is continuous on = € [—/7, /7], yet ¢' has a discontinuity

at a single point x = 0, the matched solution is a class of “weak” solution.

4.2.4 Discussion

For monotone scalings f we were able to obtain the nice analytical results discussed above.
We also discuss non-monotone coordinate scalings f and their application for finding self-
intersections of vortex filaments. An equation governing the stationary solution ¢(x) was
given in (4.36). This equation becomes singular at points where monotonicity of f fails,
yielding solutions which, in some cases, permit self-intersection of the curve r given in (4.1).
Such a self-intersection results in a vortex filament loop. While such a situation is not
tractable analytically, we provide numerical simulations to demonstrate that such results
are at the very least mathematically possible. We also outline some general criteria which
would permit a loop filament structure. These self-intersecting vortex filaments essentially
“break” the LIA formulation, meaning that once intersection occurs, the LIA is not sufficient
to study the dynamics of the loop solutions. Such solutions are likely unstable and collapse

into other structures or dissipate completely. These types of dynamics are quite interesting,
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and would certainly merit future work. Analytical results, under weaker conditions than
monotonicity, yet stronger conditions than just arbitrary non-monotone transforms, could
be possible, maybe in the case of the specific examples considered here. Some analytical
results were given for the non-monotone scalings, and it was shown that such solutions may
be constructed in a piecewise manner. These analytical solutions are continuous, yet fail to
have a continuous derivative. In this sense, we may view such solutions as weak solutions.

Nevertheless, these analytical results agree qualitatively with the numerical simulations.

4.3 Scaling laws and unsteady solutions under the integrable 2D

local induction approximation

We give a formulation of the 2D LIA (2.25) that accounts for functional scalings of the
spatial variable, as was done recently for stationary states of the LTA by Van Gorder [105]
(and this was shown in the previous two sections). In the present section, we focus on
scalings of unsteady vortex filaments, in particular rotating and self-similar vortex filaments.
Conditions for self-intersections of filaments under this formulation are given, which enables
us to study the formation of loops that arise when unsteady filaments intersect. Furthermore,
we are able to study the time evolution of kinks that may form along a vortex filament, and
we show that such kink solutions can persist in time. The results presented for unsteady

vortex filaments were considered in Van Gorder [111].
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4.3.1 Spatial scalings for the 2D LIA

The scaled position vector describing the vortex is
r = p(x)ix + y(z, )iy + z(x, )iz, (4.47)

where p(x) denotes a general scaling of the z-coordinate. This is one of two possible equiv-

alent such scalings, with the other being
r = ziyx + y(u ' (2), t)iy + (" (2), )i, (4.48)

provided =1, the inverse map of j, exists.

The form of p(z) strongly impacts the structure of the vortex filament. The unscaled
LIA corresponds to u(x) = z. For monotone scalings p/ > 0, the dual mapping (4.48) exists.

However, for non-monotone scaling, the situation becomes more complicated.

Introducing the complex potential function ®(x,t) = y(z,t) + iz(z,t) and taking the

2D LIA discussed in Chapter 2, one obtains the dispersion equation

o — W0 | 7 |q’x|2f)xx — O _ ) (4.49)
W T o (B

Z(I)t+’7

Defining the function ¥ so that ®(z,t) = ¥(u,t), (4.10) reduces to

0 = iy 4y 7 W = W0,
O T2 (1
0 1\
Lo THWP

(4.50)

This gives a conservation law for W. Note that when pu(z) = z, (4.50) is the 2D LIA (2.25).
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In addition to these scalings, note that every solution to (4.11) is U(1)-invariant in
time (invariant under scalings W(u,t) +— e'%'W(y,t). Furthermore, solutions are invariant
under addition by complex constants, W(u,t) — ¥(u,t) + C. From both properties, we see
that if W(u,t) is a solution then so is C'— W(u,t). Physically, this means that there is a type
of superposition principle

r(z,t) =ro(z) + ro(z,t), (4.51)

where ro(z) is an arbitrary line filament and ry(z, t) is any filament solution to the potential

form of the LIA.

4.3.2 The scaled helix

To model helical vortex filaments, we take W(u,t) = Aexp(ku(xz) — wyt), where A is the
amplitude of the helical solution, k is the wave number, and w is the frequency. In terms of
the vortex filament, A represents the maximal deviation from the central axis of rotation,
while w gives the rotational motion. Hence, for the helical filament we have that the distance
between the filament and the central axis of rotation remains constant for all time. Under

such an assumption, we necessarily find that

/{52
hence we have the exact dispersion relation
/{2
Ww=-——"7>--7->0. (4.53)

(1 + A2k2)1/2
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Then, for a choice of scaling p(x), we have the exact solution

. K2yt
O(x,t) = Aexp 1 ku(zr) — s A2 (4.54)
The vortex filament (in Cartesian coordinates) is then given by
. k2t .
I'(ZL’, t) = M(I’)lx + ACOS k’/,L(.ZTJ) — m ly
o (4.55)
+ Asin ku(x) — 7 i, .

(1 + A2k2)3/2

Such a solution is useful, since it permits us to study irregular helical filaments.
Indeed, by appropriately choosing the scaling p(z), one may obtain a variety of various
helical filaments. While such filaments always remain a fixed distance from the reference
axis, their spatial behaviors can vary wildly. Such filaments are the simplest time-dependent

filaments.

4.3.3 Self-similar filament structures

Let us turn our attention to self-similar vortex filament structures under the scaled LIA.
Unlike helical or planar filaments which exist at certain specific scales, the self-similar struc-
tures correspond to solutions with a type of scale independence (that is, solutions appear
the same at different scales). Such solutions are sometimes referred to as quasi-stationary
solutions, since they satisfy such a scaling property yet depend strongly on time at a fixed
spatial coordinate (unlike stationary states). We consider a solution of the form

pi(z)

Vot

U(p,t) = 2tp(n), n= (4.56)
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Equation (4.11) is then put into the form

o ¢ B
i(¢p—n¢')+ Epwr =0. (4.57)

It is clear that (4.57) always admits a solution of the form ¢(n) = Cn, where C
is a complex-valued constant. In turn, this gives ®(z,t) = /27¢Cn = Cu(z). Hence, the
filament r(x,t) = (u(z), Re(C)p)z), Im(C)u(zx)) is a solution. In this case the solution is sta-
tionary. If pu(z) = x, this corresponds to a line filament, while for p(z) # x, more interesting
behaviors are possible. Note that this solution is time-independent, demonstrating what we
mean by quasi-steady solutions. In this particular case, the exact filament solution ends up
independent of time due to the self-similarity assumption. However, for more complicated

solutions, we do not expect completely time-independent filament motion.

As it turns out, this linear solution in p is an indicator of the average behavior
along a perturbed filament. It is possible to show numerically that solutions behave like
d(n) = Cn+ed(n), where the linear term gives something like the line filament, and the ¢()
perturbation gives deviations of a realistic filament from this more idealized linear trend.
Under such an assumption on the form of ¢(n), we find that (neglecting higher-order terms
in €)

i d—nd + 1+|CP V¢ =0, (4.58)
where prime denotes differentiation with respect to the similarity variable n. The solution

is found to be

~ 2 /
o(n) = exp 3 1+ |CP ! 2772 ) (4.59)
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In the small € limit, we therefore have
¢(n) = Cn+ eexp % 1+ |C12n* . (4.60)

Converting this back into the z,t coordinate system, we have

8z, 1) = W(u(a), 1

4.61

= Cu(r) +e 2ytexp ! 1—i—|C’\2LI)2 e
7 v 5 il

2

where we neglect order ¢ and higher terms. The self-similar filament is then given in

Cartesian coordinates by

r(z,t) = p(r)ik

o 2
+ Re(C)u(x)+e€ 2vytcos 1+ |C|2/~L($)

ey (4.62)
. (2
+ Im(C)u(x) +€ 2ytsin 1+ |C’|2% i
Y

when we neglect order €2 and higher perturbations.

The large-time dynamics of these filaments will depend strongly on the form of the
similarity function ¢. If ¢(0) = 0, then the filament remains bounded as t — oo provided
w(x)¢'(0) exists and is finite. If ¢/(0) = 0, then the solution converges to the zero solution
in the asymptotic time limit. This means that the self-similar solution does not persist, and
dissipates to the line filament oriented along the z axis. In other words, the self-similar

perturbations along such a filament gradually decay for large time.
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In the case where ¢/(0) # 0 yet is finite, and ¢(0) = 0, the vortex filament persists.

In the limit ¢ — 0, we must then have

lim  29t¢(n) = lim o(u(z)/o) = lim —¢(“(i)“*)
o o o v (4.63)

= lim p(2)¢ (u(x)o”) = p(x)¢'(0) .

o —0

In this case, the self-similar filament persists and asymptotically approaches the line filament
r(z,t) = (u(x), Re(¢'(0))pu(z), Im(¢(0)) ().

In the case where ¢(0) # 0, we have |®(z,t)] — oo as t — oo. So, ¢(0) = 0 is
necessary condition for a self-similar filament to be bounded. This would give the kink-
type solutions previously studied for the quantum LIA in the presence of superfluid friction

parameters.

4.3.4 Self-intersection and vortex kinks

As was previously discussed in Van Gorder, vortex filaments which cross (self-intersect)
can be constructed as a limiting case of the LIA. The example used previously was an
approximation to the planar filaments (obtained using a multiple scales approach). It was
shown that, in the small-amplitude regime, certain scaled planar filaments can be constructed
which exhibit self-intersection. While solutions exist mathematically at and past the point
of intersection, physically we expect that the filament will break, with a vortex ring type

structure developing.
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In the present section, we shall study the self-intersection of these vortex filaments
without making the assumption of small amplitude filament solutions. Recall that small
amplitude solutions correspond to filaments which exhibit only small deviations from the
reference axis. In fact, vortex filament breakdown, reconnection, and self-intersection can
be in response to large deviations from the reference axis. Hence, it makes sense to consider

self-intersection of filaments which have non-small deviations from the reference axis.

Let Wy (p,t) and Wo(u,t) be distinct solutions to the scaled LIA. It then makes sense

to consider a weak solution

O(z,t) = B (4.64)

The function ®(z,t) is continuous for all  and ¢ provided that ®(0,t) = Wy (u(0),t) =

Uy (14(0),t). However, ® is not in general differentiable in x at = 0.

It is important to recall that the LIA permits a very useful property: if W(u,t) is
a solution to (4.11), then so is —W(u,t), W(—u,t) and —W(u,t). It makes sense to take
Uy, =W, ¥y = —U for some solution ¥ to the scaled LIA. Indeed, ¥, (x(0),t)p'(0) = 0 is
a required condition for ®«(0,t) to be continuous. This can hold if either x'(0) = 0 or if
Uy (p(0),t) = 0. If either of these conditions hold, we have a solution ® € C*(R x (0, 00))
with continuous partial derivatives. On the other hand, if W, (x(0),¢)u'(0) # O (which is
true in general, unless we pick very specific functional forms of 1), then we have a solution
® € C°(R x (0, 00)) which is continuous yet does not have continuous partial derivatives. To

enforce the existence of ®yx, we need additional conditions resulting in 4 = 0 at x = 0. So,
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it is not feasible to have a classical solution with continuous second order partial derivatives

in z. Hence, (4.64) is a weak solution.

While a solution such as (4.64) loses regularity at = = 0, this should make physical
sense. At t = 0, we essentially make a sharp turn or kink in the vortex filament, which under

appropriate conditions will result in a self-intersection of the filament.

Note that the helical filaments, even with a rescaling of x, cannot self-intersect if we
take W, = ¥, Uy = —U, where ¥ is some helical solution. This lies in the fact that the
complex modulus of such solutions is always a positive constant, which simply means that a
purely helical filament will always remain at a constant positive distance from the reference

axis. Yet, recalling that solutions are preserved under the scaling ¥ — C' — W, let us define

Aexp(ilkp(z) — wt]), x>0,
Oz, 1) = (4.65)

2A — Aexp(i[kp(z) —wt]), x<0.
This is a weak solution to the scaled LIA. This function is continuous at x = 0 provided
t = 0. Then when t > 0, the function becomes discontinuous. This solution can be used
to model an event where two filament sections approach (¢ < 0), intersect (¢ = 0) and then
separate (¢ > 0). Interestingly, in this case at t = 0 a loop filament can be formed. To see
such a solution, in Figs. 4.10-4.11 we take u(x) = cos(z) and k = 27. At ¢t = 0, a loop
is formed when both parts of the vortex filament intersect at (—1, A4,0) and (1, A,0). The
filament sections are also tangent at the point (0, A,0). When ¢ > 0 in general, the two

filament sections do not agree at (—1, A,0) and (1, A, 0), so the loop breaks down.
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Figure 4.10: A vortex filament loop formed at ¢ = 0 by two scaled helical vortex filament
segments as defined in (4.65). Before ¢ = 0, the two filament sections do not form a closed
loop, and for ¢ > 0 the filaments separate and the loop is broken. Therefore, the loop is a
highly localized temporal event. The loop can redevelop at a later time. Here the scaling is
p(x) = cos(z), and to illustrate the results graphically we take k = 2, A = 1, v = 1. For

time, we take t = 0.
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Figure 4.11: A vortex filament loop formed at ¢ = 0 by two scaled helical vortex filament
segments as defined in (4.65). Before ¢ = 0, the two filament sections do not form a closed
loop, and for ¢ > 0 the filaments separate and the loop is broken. Therefore, the loop is a
highly localized temporal event. The loop can redevelop at a later time. Here the scaling is
p(x) = cos(z), and to illustrate the results graphically we take k = 2, A = 1, v = 1. For

time, we take t = 10.
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Figure 4.12: A vortex filament loop formed at ¢ = 0 by two scaled helical vortex filament
segments as defined in (4.65). Before ¢t = 0, the two filament sections do not form a closed
loop, and for £ > 0 the filaments separate and the loop is broken. Therefore, the loop is a
highly localized temporal event. The loop can redevelop at a later time. Here the scaling is

p(x) = cos(z), and to illustrate the results graphically we take k = 2m, A =1, v = 1.
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4.3.5 Self-similar vortex filaments and kink solutions

In the case of a vortex filament which exhibits self-similarity, we can construct a kink so-
lution using the same method employed above to demonstrate self-intersecting filaments.
Let ®(x,t) = /27tp(n) denote a self-similar solution to (4.11). Then, there exists a weak

solution (4.64) with a kink at = 0 which we may construct from the formula

V2yte(u(x)/v29t), x>0,
P(z,t) = (4.66)

—V2yto(u@)/v29t), © <0,
provided that ¢(u(0)/1/27t) = 0 for all ¢ > 0. This makes sense only if 1(0) = 0, so we may

recast this solution as

V29to(n), 1 >0,
Oz, 1) = (4.67)

—V27té(n), n<0,

where ¢(0) = 0. The condition ¢(0) = 0 is not excessive. Indeed, as was shown earlier, this

condition is necessary for a self-similar vortex filament to remain bounded as t — oo.

So, in the t — oo limit, we have that the self-similar filament takes the form

lim &(z,1) = () = - (4.68)
—¢'(0)u(z), =<0,

Hence, we have shown that a self-similar vortex filament with a kink will tend towards a

steady state solution in the asymptotic time limit. Since such a solution is distinct from

the zero solution (which itself is the line filament oriented along the z axis), the self-similar
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solution persists in time. This limiting solutions is in general discontinuous. However,
there are some exceptions. Clearly, when ¢/(0) = 0 the function ®(x) is zero and hence
continuous. This corresponds to a line filament. On the other hand, if z2(0) = 0, then ®(z)
is continuous. So, continuous asymptotic behavior of the kink solutions is possible provided

1 is appropriately selected.

In the case where ¢(0) # 0, such as what occurs when there are small oscillations
along a line filament (such as when we have a solution of the form (4.60)), the kink vortex
filament formed by the piecewise solution (4.67) is continuous at ¢ = 0 alone. For ¢ > 0,
such an initial kink solution breaks into two separate filaments. However, there is a way to

construct a kink filament which remains continuous. Let us define the function

Cul(z) + ey/27ip B >0,
(z, 1) = v (4.60)

—Cu(w) + eyt Y% | <0,
where ¢ is as defined in (4.59). For x > 0 the filament is aligned along
r(z) = (u(x), Re(C)u(x), Im(C)u(x)), (4.70)
while when z < 0 the filament is aligned along
r(z) = (u(x), —Re(C)u(r), —-Im(C)p(z)). (4.71)

For pu(x) such that (0) = 0, we have that (4.69) maintains continuity for all ¢ > 0. (The
case of (4.67) would have included a — sign in front of the small e amplitude perturbations,

which would have broken continuity of ®(z,t) at x = 0 for all ¢ > 0.) One may verify that,
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in the limit t — oo,

tlg?o O(z,t) = (4.72)
—Cu(z), =<0.

In Figs. 4.13-4.15 we demonstrate one such vortex kink solution of the form (4.69). For
small time, the oscillations along the curve persist, while for large time the filament gradually

becomes linear, as suggested by (4.72).
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Figure 4.13: Time evolution of a vortex filament kink solution of the type described by
(4.69). We set t = 1, and we have taken C' = 1414, v = 1, € = 0.25. While oscillations
initially appear along the filament, these die off as time becomes large, and therefore the

filament tends to the limit (4.72) as time grows.
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Figure 4.14: Time evolution of a vortex filament kink solution of the type described by
(4.69). We set t = 10, and we have taken C' = 1+, v = 1, e = 0.25. While oscillations
initially appear along the filament, these die off as time becomes large, and therefore the

filament tends to the limit (4.72) as time grows.
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Figure 4.15: Time evolution of a vortex filament kink solution of the type described by
(4.69). We set t = 100, and we have taken C' = 1+, v = 1, ¢ = 0.25. While oscillations
initially appear along the filament, these die off as time becomes large, and therefore the

filament tends to the limit (4.72) as time grows.
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qualitative features of the solutions depend not only on the superfluid friction parameters,
but also strongly on the initial conditions taken, the curvature and the normal fluid velocity.

The formulation and results present in this section are due to Van Gorder [102].

5.1.1 Background

One current area of research interest lies in superfluids, a state of matter which behaves like
a fluid without viscosity and with extremely high thermal conductivity. Along these lines,
Shivamoggi [85] considered vortex motion in superfluid *He by reformulating the Hall-Vinen
equation in the extrinsic vortex filament coordinate space. As mentioned in Shivamoggi [85],
vortices in superfluids are perhaps better suited for applications of the LIE/LIA compared
with their ordinary fluid counterparts, as the thin cores of such vortices correspond more
readily to the asymptotic nature of the LIA; see also Schwarz [81]. In Shivamoggi [85],
a first-order approximation to the nonlinearities was considered. We shall now obtain the
fully nonlinear LIE for superfluid *He describing the motion of a vortex filament in such
a superfluid. As the relevant friction parameters are small, we linearize such terms, while
keeping the remaining nonlinearities, which accurately describe the curvature of the vortex
filament, intact. The resulting equation is a type of nonlinear Schrodinger equation, and,
under an appropriate change of variables, this equation is shown to have a first integral.
This is in direct analogy to the simpler equation studied in Van Gorder [99]; indeed, in the

limit where the superfluid parameters are taken to zero, we recover the results of Van Gorder
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[99]. While this first integral is mathematically interesting, it is not particularly useful for
actually computing solutions to the nonlinear partial differential equation which governs the
vortex filament. As such, we introduce a new change of dependent variable, resulting in a
nonlinear four-dimentional system which can be numerically integrated. The influence of the

physical parameters on solutions to these equations can then be studied.

5.1.2 LIA for vortex filament in a superfluid

Including the effect of frictional force exerted the normal fluid on a vortex, recall that the self-
induced velocity of the vortex in the reference frame moving with the superfluid according

to the local induction equation is given in the non-dimensional form

v=9kt xn+at x (U—vkt xn) —a't x (t x (U—~kt xn)), (5.1)

where U is the dimensionless normal fluid velocity, t and n are the unit tangent and unit nor-
mal vectors to the vortex filament, « is the dimensionless average curvature, v = I'In(¢/kay)
is a dimensionless composite parameter (I" is the dimensionless quantum of circulation, ¢ is
a scaling factor of order unity, ag &~ 1.3 x 1078 is the effective core radius of the vortex),
a and o/ are dimensionless friction coefficients which are small (except near the A-point;
for reference, the A-point is the temperature (= 2.17K) below which normal fluid Helium

transitions to superfluid Helium (Landau and Lifshitz [51])).
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If we consider the vortex to be aligned along the x axis and set U = Uik, (5.1)
reduces to

v=(1-a)yst x n+at x U+ aykn — o'Ust + o'Usix , (5.2)

assuming the deviations along the x axis to be sufficiently bounded in variation. We assume
a solution of the form

r = zix + y(z, t)iy + 2(z, t)i, . (5.3)

By bounded in variation, we mean that we only consider solutions which may be expressed in
the form (5.3). This means that solutions must be uniquely expressed in terms of functions of
x. In the case of a vortex filament which folds back on itself, clearly the resulting solutions
will be multi-valued in z, and hence cannot be expressed in the form (5.3). This also
excludes the possibility of singularities at finite . Thus, only single-branched non-singular
solutions are discussed under the present framework. That said, we are not required to
make any assumptions on the growth rate of ||r||, and such a solution is permitted to grow
fast provided it is of bounded variation. Note that this restriction also prevents the strong

bending or twisting of a vortex.

Employing the relations

dr . .
VvV = % = ytly + Ztlz , (54)
dt . . . dx
t = —/— = (lx + yxly + lez> I (5-5)

ds ds
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KN = — (YxYxx + Zxex)Eix
e R+ o) (5.6)
Yxx ds YxYxx T YxZxZxx qs Y .
n dz ( +220) dxi
PR — Z —
Zxx ds xYxYxx x2x) Az
d 1
ds 14 yg + 25
and making the change of dependent variable
Do, t) = (o, t) +ix(n, 1), (5.8)
we find that (5.2) becomes
'U, P
t+ _(1 Oé|q)1 |2X)1/2_ — alU;®y
_.I_
* (5.9)
1 /
A+a)y . oy B — 0.

(1127 (L [0
This is the fully nonlinear LIE describing the motion of a vortex filament in a superfluid.
In the (a,a’) — (0,0) limit, note that (5.9) becomes (2.7). As was shown in Chapter 2,
the nonlinear term in (2.7) plays a strong role in shaping solutions and hence should not be
neglected. However, o and o’ are small in value and hence nonlinear terms involving these
terms are negligible. Then, linearizing the terms with a and o' coefficients, we reduce (5.9)

into the more tractable equation

. : . P
i®y + (o 4 ia) (iU, Py + yPyx) + W =0. (5.10)
X
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5.1.3 First integral

In Chapter 2, we showed that the a, o’ — 0 reduction had both first and second integrals,
which permitted implicit exact solutions in terms of elliptic integrals. Before proceeding
further, we should show that (5.10) has a similar, albeit more complicated and less physically
intuitive, first integral. To this end, map z into £ where £ = x — (o/ +ia)Ut and map ®(z, t)

into W(¢,t), giving a coordinate change

§=a— ( +ia)Uit,

(5.11)
U, t) =P (x— (o +ia)Uit,t) .
We then obtain from (5.10) the modified equation
. / . 1
e+ 1y (Oé + za) + \IJEE =0. (5.12)

(1+ [We[2)™
Equation (5.12) is in the form iW + vF (|V¢|) Ugz = 0, so as in Van Gorder (2011) let us
assume a solution of the form W(&,¢) = (€)e~Vt. Then, we obtain the ordinary differential

equation
1

v+ (o +ia)+

Multiplying (5.13) by 2¢ and integrating over an appropriate contour, we obtain the first
integral
2

P i - 2 =0, (5.14)

where C' € C is a constant of integration. From (5.14), we see that

P>V3+2(Q — P)PV? +(Q — P’V —4 =0, (5.15)
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Figure 5.1: Vortex filament at temperature 7' = 1K where we have e = 0.005 and o/ = 0.003.

We set Uy =y =1t =1and p(0) = c(0) = 0.01, p/(0) = ¢’(0) = 0.
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Figure 5.2: Vortex filament at temperature 7' = 1K where we have a = 0.005 and o/ = 0.003.
We set Uy =y =1t =1and p(0) =0(0) = 0.1, p'(0) = ¢’(0) = 0. Note the influence of the

initial condition (compared with Fig. 5.1).
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Figure 5.3: Vortex filament at temperature T = 1.5K we have a = 0.073 and o/ = 0.018.

We set Uy =y =t =1and p(0) = c(0) = 0.01, p'(0) = ¢’(0) = 0.
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Figure 5.4: Vortex filament at temperature 7' = 1.5K we have o = 0.073 and o/ = 0.018. We
set Uy =y =t=1and p(0) =0c(0) =2, p(0) = 0’(0) = 0. Again, we see that the solutions
do depend strongly in the initial condition. Here the filament exhibits far less regularity in

structure than in the “small initial condition” case.
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Figure 5.5: Plot of the modulus |®| = p2+ 02 given I. T' = 1K, a = 0.005, o = 0.003,

p(0) = 0(0) = 0.1; II: T = 1.5K, a = 0.073, o/ = 0.018, p(0) = 0(0) = 0.1; II: T = 1.5K,
a = 0.073, o =0.018, p(0) = o(0) =0.5. Weset Uy =y =t=1, p/(0) =0'(0) =0 in all

plots. Note the intermittent behavior apparent in II and III.
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Figure 5.6: Phase portrait of (y(z),z(z)) for € [0,2000] given T" = 1K, a = 0.005,
o = 0.003, p'(0) = o’(0) = 0 p(0) = 0(0) = 0.1, v =t = 1. We have taken U; = 1
(left image) to demonstrate a radially symmetric solution and U = 20 (right image) to
demonstrate the structures that may develop when the normal fluid velocity, Uy, becomes

large.
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Figure 5.7: Phase portrait of (y(z),z(z)) for € [0,2000] given 7" = 1K, a = 0.005,

o’ = 0.003, p/(0) = o’ (0)

0(0) =0.1, U; =t = 1. We have taken v = 0.001 (left

image) and v = 100 (right image) to demonstrate the spectrum of structures possible.
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the form of a helix oriented along the z-axis which rotates in time; see Fig. 5.8. Assuming
such a helical solution, we arrive at necessary and sufficient conditions (separating real and

imaginary parts) on the model parameters:

o'Uk (1 —a')k?
_ = 2
w+ (1 +A2k2)1/2 + (1 +A2k2)3/2 07 (5 0)
. vk?

When these conditions are satisfied, a helical solution exists. In order to determine the precise
motion, one needs to determine the angular frequency as a function of the wave number and
the physical parameters. With this information, the position of the helix structure can be

determined at any time ?.

We have two cases, one degenerate and one non-degenerate, depending on «. In the
degenerate case where av = 0, it is condition (5.21) that degenerates, leaving the wave number
k and the amplitude A arbitrary (unlike in the av # 0 case, where they are related in a fixed
manner). However, since physically we should have a > o, then both friction parameters
should vanish in this case. Hence, we reduce to the standard LIA, which has been studied

elsewhere.
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Figure 5.8: Schematic of the problem geometry for a prototypical helical vortex filament.
The helical vortex filament is oriented along the x-axis, with amplitude A and wave-number

k. The angular frequency, w, will dictate the motion of this helical vortex filament.
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If a # 0, condition (5.21) implies k(1 + A%k*)™? = U/~, a condition fixing A and k
in terms of one another. It is simpler to solve for amplitude in terms of wave number, and

thus this condition implies that the amplitude must satisfy the condition
1] T —
A= z vk/U -1, (5.22)

provided k > U/~; such solutions do not exist for k¥ < U/v. Placing (5.22) into (5.20), we

find
) _
w = [y 514 a (- s 593
. Tr-a) g (523
We then find that the phase velocity is
w B o/ e
while the group velocity is
Uy = @_w — U5/4,}/71/4k1/4 30/ + §<1 _ O{l) z (5 25)
97 ok W4 U '

From the condition (5.22), we see that for large wave numbers, the amplitude must be small.
Meanwhile, for large normal velocity flows, the wave number, obeying k£ > U/y must be

sufficiently large, leading to solutions of sufficiently small amplitude.

We plot the amplitude of a helical solution in the a # 0 regime in Fig. 5.9 for various
values of normal fluid velocity (normalizing v = 1). As expected, the increased instability
due to higher normal fluid velocities decreases the permitted size of the helical solutions (an

increase in U decreases the amplitude A). Interestingly, a maximal amplitude solution exists

16U
gy

3v3y

This maximal value of A is given by Anax = 55t

for wave number ka, where ka =
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Figure 5.9: Plot of the nonlinear dependence of the amplitude A given in Eq. (5.22) on
the wave number £ and the normal fluid velocity U. The permissible wave numbers satisfy
k > U/, and for the sake of demonstration we normalize v = 1. As the normal fluid velocity
increases, the permitted amplitude values decrease, owing to the added instability induced
by the normal fluid. We observe a unique peak value in amplitude at some wave number ka

for each fixed value of U.
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Figure 5.10: Plots of the nonlinear dispersion relation Eq. (5.23) for w(k) in the non-de-

generate case a # 0. When k£ =0, w(0) = 0 while w > 0 for £ > 0.
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Figure 5.14: Plot of small-amplitude solutions (5.93) corresponding to (4.13) over space
x € [0,15] given (a) t = 0.1, (b) t = 1, and (c¢) t = 10. We fix 7 = 1; changes in v would
simply manifest as a dilation of the temporal variable ¢, thereby altering (up to a scale) the

temporal variation shown in (a) - (c).
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Using this perturbation result, up to order O(A?) we have that the vortex filament is

described by

r = x,v/7t Re go(n), vyt Im go(n)
(5.92)

= (1,Re ¢,Im q)z+ 0,Re go A/t 4+ O(A?) .

T T
—= »Imgy —=
/oyt Vvt

In order to get a better feeling for the oscillations, let us take ¢ = 0 to remove the linear

trend. Then we obtain

r= z,AV71 Re gy L AVAE Im go +0(4?). (5.93)

T i
vt VAt

Taking ¢ = 0, we see that |go(n)| < |g0(0)] for all > 0. So, to normalize our expression, we

take ¢(0) = 1/go(0) = v/27(1 +i)/4. Then

Bl 4 g :
# i — erfi \/72(1+q)3/477 1 — exp

i

4(1 + q)3/2n2 (5.94)

go(n) =

and go(n) has maximum modulus equal to unity on n > 0. Replacing n = x//7t, we can
plot the similarity solution (5.93), and we do so in Fig. 5.14. Note that we have scaled the
solution so that A = 1 in the latter two components, since we are only interested in the

qualitative shape of the vortex filament at this juncture.

5.3.7 Asymptotic solution for large n

1

Let us consider the asymptotics for the singular solution. We substitute R(n) = n~'r(n), and

keeping highest order contributions in (5.66) n (that is, we discard terms of order O(n~?))

202



we find

'+ gr@ —r0% =0 and rO" - g +20" " +r=0. (5.95)

Defining ¢ = r'/r and £ = ©’, we have the coupled system of first order differential equations
/ 2 n _ / n _
¢+ + 5—5 =0 and 5—2{§—§C+1—0. (5.96)

We find the solution ((n) = 1/n and &(n) = n/2. Then, r(n) = ron so R(n) = 1o, a constant.
Meanwhile, ©(n) = Oy + 1n%/4. So, in the large 7 limit, we have f(n) = 7e'® exp(in?/4).
Picking Oy = 0, we have f(n) = rycos(n?/4) + irgsin(n?/4). The solution in the large n
regime is then given as

2 1’2

r=x,r9y/Ytcos Z_’Vf ,To\/7t sin el (5.97)

Note that this solution is in complete agreement with the complex exponential term which
gives oscillations to the small-amplitude solution (5.94). This makes complete sense for the
present case, as the solutions tend toward pure oscillations for large magnitudes |n|. Hence
this asymptotic result agrees completely with the large n limit of the small-amplitude case
when the linear trend is removed. We shall see that this also agrees with the numerical

solutions presented in the following section.

5.3.8 Numerical simulations

At this point, we solve the transformed version of the LIA (5.63)-(5.64). Instead of using

(5.65), however, note that if we consider the transformed coordinate system (7, 7) in place
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of (x,t), where 7 is the similarity variable and 7 is the transformed time 7 = /9 (under

which n reads n = z/7), we have the simpler expression

r = (1, R(n) cos ©(n), R(n) sin ©(n)) (5.98)

where T = r/7 is the time-normalized position vector. Thus, through a numerical simulation
of solutions R(n) and ©(n) to (5.63)-(5.64), we can recover the vortex structure r for the
superfluid “He case (and, if need be, convert the results back to the original coordinates
(x,t)). We shall therefore obtain numerical solutions to (5.63)-(5.64) and plot them in the

natural coordinates (5.98).
The influence of the superfluid friction parameters o and o’ will be of most inter-

est, since these were excluded from the analytical results. Although the superfluid friction

parameters are small, as we shall demonstrate, they are certainly not negligible.

Before we begin, let us take a look at the linearized system. We find that (5.63)-(5.64)

has a linearized form

1+ o aR R"
+M(R,R',0,0") =0, (5.99)
—-a l1l4+aR ©

where M is a vector with entries consisting of R, R',© and ©'. We see that

1+a  aR
det =[®+ (1 + )R, (5.100)
—a l1+4+aR
so the system is non-degenerate for all & and o, provided that R # 0. If, however, R = 0 (for

instance, if we invoke the initial condition R(0) = 0), then the linearized system (5.99) for the
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nonlinear system (5.63)-(5.64) becomes degenerate. This must be taken into consideration
as we proceed, when we desire solutions satisfying R(0) = 0, as this condition is needed for

the non-singular solutions.

5.3.9 Singular solutions R(0) > 0

The first order of business is calibrating initial conditions. We should take R(0) > 0 for
singular solutions, but the remaining three condition can be selected somewhat arbitrarily.
We therefore take R(0) = 1 for the singular solutions, so that solutions become singular in

the ¢ — oo limit.

In Fig. 5.15, we provide solutions which oscillate for small  and in the limit n — +o0
tend toward a line. The solutions satisfy R'(0) = ©/(0) = 0 and ©(0) = 2. These are kink-
solutions: at n = 0 they alter their position (turning in the reverse direction). Note that the
solutions are very sensitive to the superfluid friction parameters. Both the (o, a’) = (0,0)
and (a, ) = (0.005,0.003) cases give rapid oscillations near the origin, yet they diverge from
one another, with the filaments ending up with drastically different orientations. Meanwhile,
for the (a,a’) = (0.073,0.018) case, the solutions oscillate far less rapidly and the vortex
filament rapidly diverges from the other two cases. Note that, in the small «, o’ limit, the
numerical results agree well with the analytical formula (5.75). In particular, note that for
small 7, the phase is accurately approximated by (5.75). On the other hand, in the large 7

case, the numerical solutions agree well with the asymptotic formula (5.97).
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Figure 5.15: Plot of singular self-similar solutions r for (5.63)-(5.64). The red (lower) solution
denotes (a, a’) = (0,0), the blue (middle) solution denotes («, o) = (0.005,0.003), and the
green (upper) solution denotes (o, a’) = (0.073,0.018). Here R(0) = 1, R'(0) = ©’(0) = 0,

0(0) = 2.
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Figure 5.16:

Plot of self-similar solutions R(n) and O(n) for (5.63)-(5.64) given (a)

(a,a) = (0,0), (b) (o,c) = (0.005,0.003), and (c¢) (a,’) = (0.073,0.018). When the

superfluid friction parameters are zero, the solution R(n) oscillates about a fixed point. Yet,

with the addition as even small superfluid friction parameters, the solution R — oo as

In| = oco. Here R(0) =1, R'(0) = ©'(0) =0, ©(0) = 2.
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The difference in these three vortex filaments lies in the behavior of R(n). To demon-
strate this, we plot R(n) and ©(n) in Fig. 5.16, for each parameter set in Fig. 5.15. Again,
we see the small 7 agreement with the formula (5.75) and the large 1 agreement with the
asymptotic formula (5.97). Compare these solutions with Figs. 3-4 of [56], where relatively
large values of the superfluid friction parameters were taken. For large values of «, the oscil-
lations along the mean curve die off, leaving a V-shaped filament. As « is made progressively
closer to zero, the oscillations increase in frequency, yielding the behavior we see in Fig. 5.15.
In the curvature-torsion model studied by Lipniacki, the filament becomes more wavy as «

is decreased toward zero.

5.3.10 Non-singular solutions R(0) =0

For the non-singular solutions, we require R(0) = 0 so that lim¢ . [v/7Ef(z//71)] < 0.
That is, so that ||(y(x,t),z(z,t))|]] < co as t — oo. As shown previously, the linearized
system (5.99) is degenerate at R = 0, which will naturally complicate the numerical solution
for the non-singular case since the needed initial condition results in such a degeneracy. To
get around this, we introduce a slight perturbation 0 < € << 1 so that R(0) = e. This will
permit us to approximate the non-singular vortex filament. We find that taking e = 1073
will suffice; for € < 1073, we notice no qualitative difference in the solutions. The other
initial conditions are again taken to be R'(0) = ©’(0) = 0 and ©(0) = 2, which provides us

with symmetric solutions.
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Figure 5.17: Plot of non-singular self-similar solutions r for (5.63)-(5.64) given (a)
(o, ) = (0,0), (b) (a,a’) = (0.005,0.003), and (c¢) (a,a’) = (0.073,0.018). Here
R(0) =e=1073, R'(0) = ©’(0) = 0, ©(0) = 2. Taking ¢ = 1072 is sufficient to numerically

approximate the non-singular vortex filament solution.
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In Fig. 5.17, we plot the non-singular solutions for various values of the superfluid
friction parameters. Note that these solutions appear similar to those in Fig. 5 of Lipniacki
[56]. The plots of Lipniacki appear more well-behaved, since a = 1 is taken. Since « scales
positively with temperature, this large value of a corresponds to warmer temperatures.
Indeed, we see that for small o << 1, the behavior of the solutions for the Cartesian model

similar: the solutions are bounded, and appear to have two attractive regions.

5.3.11 Discussion

After a series of reasonable assumptions and transformations, we have reduced the fully non-
linear local induction approximation (2.12) for the motion of a vortex filament in superfluid

“He derived in [102] to an ordinary differential equation of the form

14+ o , «

(1+ ’fl’2)3/2 - 2(1 n |f’|2)2 [h=0, (5.101)

§(f—77f/)+

where n = x/\/~t is a similarity variable. The vortex filament in the Cartesian frame is then
given by

r= x,v/t Re f(n),vV/7t Im f(n) . (5.102)

From this formulation of the self-similar solution, we have been able to study various prop-
erties of the resulting vortex filament. Analytical solutions have been considered for the
a,a’ — 0 regime, which is the limit under which the superfluid model reduces to the stan-

dard fluid model. In this case, we have been able to study the filament solutions in a
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straightforward. Then, one may use the maps provided by Umeki to connect the tangent-
arclength frame solutions to Cartesian solutions. While the solutions are more complicated
for the case where superfluid friction is considered (as opposed to the standard LIA), the

transformations between the various coordinate frames are identical.

5.3.12 Remark on self-similarity in other frames of reference

Solutions also exist in the literature for the arclength form of the LIA; helical solutions were
previously obtained by Umeki [95]-[96] while planar vortex filaments were constructed by Van
Gorder [100]. We are not aware of any self-similar solutions to the arclength formulation of
the LIA for either a standard fluid or a superfluid. The arclength frame is one of two extrinsic
real space frames (the other being the Cartesian frame discussed here). In the intrinsic frame,
in particular the related torsion-curvature framework, Lipniacki [56]-[56] demonstrated the
existence of self-similar solutions in a superfluid formulation of the LIA (retaining one of
the superfluid friction parameters). As such, we find it likely that self-similar solutions are

possible for the arclength form of the LIA for a superfluid.

Note that, for the Cartesian frame, the similarity transform used for the superfluid
was the same as that used for the regular fluid: ®(z,t) = /vtf(n) with n = z/\/4t. Tt

makes sense, then, to determine whether the arclength form of the LIA for a standard fluid
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5.3.13 Remark on the destruction of similarity by a normal flow impinging on

the vortex

We mentioned that the normal fluid velocity must be zero in order to permit self-similarity;
indeed, including terms with U®y would remove the possibility of similarity for any transform
O(x,t) =tV f(xtP). Tt is natural, then, to wonder what effect a small perturbation in U (i.e.,
|U| << 1) would have on destroying similarity. Assuming a solution (5.60) for (5.59) with

U # 0, we find that (5.61) becomes

14+ o , « !

" L_ r_
e anre PO aapm e =0

i
L)+
(5.108)
What this shows is that deviations from the self-similar solution, for even small yet fixed
normal fluid velocity U, will deviate as v/t due to the addition of non-zero normal flow.
Hence, the normal flow destroys the self-similarity. If we view the term with U+/yt as a
structural perturbation to equation (5.61), the perturbation grows with order O(t*/2) in t.
So, there is no reasonable way to view such a term as a small perturbation of the self-similar

solution for all time, and similarity is destroyed with the introduction of U # 0.

With all of that said, there is a way to obtain solutions to the U # 0 problem, and,
in fact, we can describe such solutions in terms of the similarity solutions already obtained
in previous sections. Consider the o« > 0 and o/ = 0 case (which is physically relevant and is
considered in a number of studies. Instead of assuming a purely self-similar solution, let us

consider a solution with a self-similar contribution that is allowed to drift in time. To that
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felt at larger times, and the similarity breaks down for those times. The manner in which

similarity is lost is best seen through the function F(o) ans its asymptotics.

5.3.14 Physical Implications

The solutions obtained (through both the asymptotic and the numerical results) are in
agreement with the studies by Lipniacki and Svistunov in the o, o’ — 0 limit. What we
have done here is show that self-similarity is still inherent in vortex solutions to the LIA,
even when superfluid friction parameters are included. Hence, the Hall-Vinen formulation of
vortex dynamics in superfluid *He admits self-similarity of solutions when there is no normal
flow impinging on the vortex. Such a normal flow disrupts the vortex. Even when solutions
do exist in the presence of normal flow impinging on the vortex, the resulting solutions do
not maintain self-similarity. In other words, the behavior of the vortex filament may vary
strongly with the size of the length scale. In the no normal fluid case, the self-similarity
inherent in the obtained solutions physically implies that the solutions exhibit the same

general behavior at arbitrary length scales.

While the addition of the superfluid friction parameters complicated the form of the
nonlinear PDE we must solve, including such terms is necessary, as we have seen from the
numerical simulations that such parameters strongly influence the vortex filament solutions.
Indeed, as was shown in Figures 2-4, rather drastic quantitative changes can appear given

seemingly minor increases in the superfluid friction parameters. Since the parameters scale
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representing decaying Kelvin waves), which makes sense in light of the fact that the standard
LIA is integrable. This also has possible topological implications for the propagation of
Kelvin waves along vortex filaments which demonstrate breakdown and reconnection. In
particular, such solutions would break the similarity observed here. However, such similarity
breaking would be of a distinct kind from that observed when U becomes non-negligible. In
such a case, the addition of a drift term is not likely to be sufficient, and a more involved

approach to representing such solutions would be required.

5.4 Quantum vortex dynamics under the tangent representation

of the LIA

We derive the Local Induction Approximation (LIA) for a quantum vortex filament in the
arclength coordinate frame where the tangent vector is the unknown function. The equation
for the tangent vector to the filament is then converted to a potential form, which ends
up being a type of nonlinear Schrodinger equation that governs the tangential LIA model
(T-LIA). Such a formulation was previously derived by Umeki for the standard fluid model
(in the absence of superfluid friction terms). While it is challenging to generalize many of
the exact solutions found for the standard LIA to the quantum LIA model, we demonstrate
that the T-LIA model actually facilitates this generalization nicely. Indeed, under the T-

LIA model, we are able to construct a variety of solutions. The Hasimoto solution related to
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arclength). One very natural benefit to such an approach was that certain solutions become

much easier to represent, with even closed form solutions possible (Umeki [96]; Van Gorder

100)).

Due to the fact that this formulation appears very natural for the LIA, it is reasonable
to apply such a tangent-arclength formulation to the quantum LIA model, and this shall be
our focus. We derive two explicit potential forms of this Tangent-LIA (T-LIA) model. We
consider the low temperature limit when the influence of U is negligible, and demonstrate the
existence and properties of two very fundamental solutions: planar filaments (along the lines
of the Hasimoto solution related to elastica) and self-similar structures. Then, we include
the effects of the normal fluid velocity U, and demonstrate the existence of helical and
soliton solutions, which are driven by the normal fluid velocity. In addition, we determine
the manner in which self-similar structures are disrupted under the inclusion of the normal
fluid impinging on the quantum vortex. So, the T-LIA model is shown to be useful for

understanding the qualitative structure of a variety of quantum LIA solutions.

5.4.1 Formulation including normal and binormal friction

In the low temperature limit, the influence of the normal fluid impinging on the filament is
often neglected, so we set U — 0, where U is the magnitude of the normal fluid velocity
U. This condition is vacuously satisfied when «, o’ — 0, and this limit corresponds to the

zero temperature limit. Svistunov [92] explored this case, and Boffetta et al. [17] proposed
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a model in Cartesian coordinates. Many studies on specific structures in the quantum LIA
model have taken the normal fluid velocity to zero, as it permits one to study such structures

without the influence of drift or other distorting effects on the filaments [5, 3, 117].

Setting U = 0, differentiating with respect to the arclength variable s, and performing

several vector manipulations, we have that the quantum LIA model (2.12) becomes

t =1t X tss — afts X (t X ts) —t X (t X tss)]
+a/[ts X (X (£ X ts)) +t X (ts X (t X ts)) +t X (t X (t X tss))]
=t X tss — af(|ts]|? +t-tss)t — (t-ts)ts — [t|%tss] — &/[2(t - ts)t X ts + [t]*t X tss]

= aﬁ t X ts — af(t - ts)t — [t]|%ts] + o/ [t]*t X ts
S
(5.114)

{= % (1—a/[t|*)t x ts — a(t - ts)t — [t|*ts] - (5.115)

We have also rescaled relevant quantities to remove the v factor. Forcing t to be a unit

tangent vector, the equation simplifies slightly to

0

t = 5 (1—a)t x ts — af(t-ts)t —ts]} . (5.116)

This gives us a representation of the quantum LIA dynamics strictly in terms of the tangent
vector to the filament, t. Next, we introduce the potential function v € C, where for

t(t,x) = (t1(z, t), ta(z, 1), t3(x, t)) we set

2v 1P

ity = ——— ty= —
PR =TT BT T

(5.117)
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This v is the same potential function used by Umeki in the standard fluid (o = o/ = 0) case.

We obtain (scaling t — (1 — a')t)

202v* 4ovsvl
L+ w2 1—|v*

202v*
1+ |v|?

~

- OCZ USS -

where & = a/(1 — /). This formulation is a clear generalization of the Umeki formulation
of the standard LIA (Umeki 2010). Indeed, taking a, o/ — 0, we recover that model. It was

shown that the Umeki formulation admits several exact solutions (Umeki 2013).

We should note that while a plane wave of the form v(s,t) = Ae'®=%Y exists for the
standard LIA (even in the arclength form; see Umeki [96]), such a simple solution cannot
exist for the model (5.118). The reason for this discrepancy is that such a helical solution’s
development is fundamentally associated with the normal fluid velocity (Van Gorder [106]).
We shall then show that including a non-zero magnitude for the normal fluid velocity grants

us the existence of a family of helical filaments.

5.4.2 Perturbation of the planar filament due to superfluid friction terms

A planar vortex filament is one of the important general forms of a vortex filament which
can be given analytically and was studied in Chapter 2. For the arclength-tangent frame,
Van Gorder [100] obtained an exact solution in the case corresponding to a,a’ = 0. Here

the results shall be extended to the non-zero «, o/ regime.
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A planar filament in the Umeki formulation takes the form of a stationary state
v(s,t) = e ¥Yg(s). In Chapter 2, it was shown that an exact solution exists for the & = 0

case and takes the form

w

v(s,t) = e ,(s) = Ae "t sn Y

(s —so), Ai . (5.119)

If we assume a first order perturbation solution, we find that the order one correction is

purely complex, that is v(s,t) = e "Yg,(s) + iaQ(s)], where Q(s) satisfies

2 /2 _4/ / 2 /2
% @ — 444,90 Q _ 4 el (5.120)

/i
W@ QT 1+¢2 N

The first order correction due to & then takes the form

T+ 6w(©)?)’ ¢ 490(6)%6(6)” + waw(©)(1 — g0(6)*)

0 qw(§)2 0 (1 + %0(5)2)3(1 _ Qw(§)2) d§dC . (5121)

Q(s) = —qu(s)

The modified form of the planar vortex filament due to the superfluid friction parameters is

then

v(s,t) = e gy (s)

dgd¢
(5.122)

< 1—id ® (1+ %)(C)Q)z ¢ 4%)(5)2(1&)(5)2 + wqu (§)(1 — Qw(§)4)
o @w(C)? o (14 ¢0(£)?)*(1 = ¢u(£)?)

where ¢, (s) is the Jacobi sn function defined in (5.119).

Some notes are in order. The qualitative change in the planar filament is primarily
due to o and not o', and o is often neglected and set to zero in the literature. We see
from the planar vortex filament that the first order correction due to « is rather drastic,

highlighting the complications in extending the LIA to the superfluid case.
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stability is not as simple as treating the solution (5.119) as a perturbation of (5.122). Rather,
such a stability analysis should be performed on general perturbations of solutions to (5.118)

directly.

5.4.3 Purely self-similar filament structures

Similarity solutions (solutions which maintain their form independent of scale) have been
considered for the curvature-torsion and Cartesian reference frames in the absence of a normal
fluid impinging on the filament. These results are reviewed in the previous section. Here we

shall consider self-similar solution to the T-LIA model.

Let us take the similarity variable = s/+/t and the similarity solution v(s,t) = g(n).
The potential equation (5.118) reduces to

. 2 % 12 % /2
i, . 297y . 297 4glq'|

—-ng +9 — — i — — =0, 5.124
2T T g M T =gl (5.124)

where prime denotes differentiation with respect to the similarity variable. From here one
can separate real and imaginary parts of g and solve numerically. In order to determine the
qualitative properties of the solution dependence on &, we shall consider a small-amplitude
solution (corresponding to a vortex filament with small deviation in s and t). Doing so, we

neglect terms of order two or higher, obtaining the linearized expression

- %ng' +(1—ai)g" = 0. (5.125)
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We find that

/ & 2 n
= €€ — COS
g(n) =eexp —1 a2

(5.126)

where € is a small parameter of the order of magnitude of the small-amplitude solution. From

here, we recover the approximation to the small amplitude solution,

n v? av?
g(n) =01+ € cos — exp — — dv
() . 1+ a2 1+ a2 (5.12)
+1 09+ g v av’ d |
) € sin —— exp — v,
2re 1ra P T1raz

where 01, 9y are sufficiently small parameters. So, in the absence of the normal fluid, purely

self-similar filament structures can exist.

What we have therefore shown is that, in the absence of a normal fluid impinging
on the vortex, there exist filament structures which are completely self-similar in nature.
These self-similar structures are completely determined by (5.124). In the situation where
deviations of the filament from a reference axis are small, the self-similar filaments can be

approximated according to formula (5.127).

In terms of the physics of the problem, the existence of such solutions implies that, in
the low temperature limit where U — 0, well-organized structures are possible. The natural
scaling for the similarity goes as  ~ v/t. At large length and time scales, the solutions
mirror their own behavior at small time scales. For small deviations from a central axis, the
behaviors manifest as solutions which oscillate about this central axis, at all scales. This self-
similarity is rather idealized. In the following section, we shall see what is preserved of the

self-similarity when a non-zero normal fluid velocity is introduced. Fonda [32] demonstrate
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the agreement of the self-similar solutions obtained under LIA with experiments on Kelvin

waves (at a temperature of 1.98K).

5.4.4 Formulation including normal fluid flow

For larger temperatures, the normal fluid impinging on the vortex matters qualitatively,
and should be included. On the other hand, the friction parameter o does not influence
the behavior of the solutions strongly (much less so than «), and shall be neglected in this
section. One may write U = Ut + Uan+ Uyb where b is the binormal vector. As discussed in
Shivamoggi [86], the transverse velocity components U, and Uy often result in an algebraic
rescaling of the Kelvin waves along the filament, while U (the velocity component along the
filament) influences the filament in a qualitative manner. Therefore, we consider consider
U # 0 and U, = Uy = 0 to determine the qualitative features of the filament solutions to the
quantum LIA model. Umeki [96] developed a transformation between the Cartesian LIA and
the arclength LIA variables. Making use of this transformation, we can derive the arclength
form of the quantum LIA model including the normal fluid, through the Cartesian form of
the quantum LIA model. We find that, upon setting o’ = 0 and differentiating (2.12) with
respect to s, the quantum LIA model becomes (making use of the same potential function v

defined in (5.117))

2

202v* 202v* dvvgvd 1+ |v)? se=0, (5128)

s G _ _ _ I Bl B
TP YT IR T Y 1P

Z/Ut _'_ Uss -
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where the final term is the influence due to the normal fluid impinging on the vortex. If
the magnitude of the normal fluid velocity is small, it is sufficient to consider the results of
the previous section. On the other hand, if the magnitude U is large, the final term is more
dominant than the term involving only «. The model is most useful when perturbations
along the vortex filament are small. When they are large, one may wish to use the full form

of the quantum LIA given in (2.12).

5.4.5 Helical filaments

Unlike in the zero normal flow case, when U # 0 there exists an exact planar wave solution
to (5.128). Such a solution manifests as a helical structure when plotted in the coordinate

frame (t1,t5). Assuming v(s,t) = Aexp(ilkz — wt]), we have

2A2K? 14 A2 14 4% 2
— k? —ai —— K -U —— k =0. 5.129
WMt TTE Y T - A2 (5.129)
Separating real and imaginary parts, w = };ﬁ; k2 A= ::J_F—B, so w = kU. The solution
is then
kE—U ;
t)= kU, 5.130

Note that while this solution does not explicitly depend on the superfluid friction parameter,
«, it does require that a > 0, which yields a unique value of the amplitude A. This solution

also requires k£ > U. On the other hand, if a = 0, the amplitude would not be specified, so

233






5.4.6 A soliton in the small-amplitude regime when the normal fluid flow dom-

inates

One of the more famous solutions for the standard fluid LIA is the Hasimito 1-soliton [42].
However, finding such a general soliton in the quantum LIA model in either the curvature-
torsion or Cartesian frames has not been done, due to the added complication of the highly
nonlinear terms associated with superfluid friction. If one is willing to linearize such equa-
tions, it is possible to obtain locally stationary structures which behave as solitary waves

(Shivamoggi [85, 86]).
Let us now consider a soliton in the small «, large U limit where (5.128) reduces to

202v* 1+ o2 2

1t + Vss —
In particular, consider v(s,t) = e‘i“’O‘QUQ"p(S), where S = aUs. The resulting equation is
rather complicated to solve, even numerically. Under the assumption of a small-amplitude

solution, with € << 1 the maximal deviation of the filament from the reference axis, we find

(neglecting terms of nonlinearity order greater than three) that

d’p dp * dp
——=2p —= —(1+4p*)—5=0. 132
wpt g =20 oo (1+4p°) - =0 (5.132)
The choice of w is ours, since we use it as a scaling parameter. In the case of w = —6, we

2S

have p(S) = ee™*> as an exact solution. So, when deviations from the reference axis are

2012 20121
666|c>( U te 2S 6ia<U te 20Us for

small, we have soliton solutions which scale like v(s,t) = =ee

s > 0. Such solutions have maximal amplitude at zero arclength and gradually decay as the
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arclength becomes large. Therefore, the time evolution of a small soliton-type perturbation
localized at s = 0 can be determined in the case where U dominates «, that is, for the case
of strong normal fluid flow. Note that, in the Cartesian geometry, one can view s = 0 as
occurring at a wall. As s increases and one moves away from the wall, the filament gradually

decays to a straight line filament.

5.4.7 A soliton in the intermediate regime

For the intermediate regime, where neither small a nor large U dominate, it is still possible
to seek a soliton solution. Assume v(s,t) = e~ (@1 +192)U%t),(6) "where S = alls. Note that
the time dependence is no longer only a phase contribution. For solutions to remain bounded
in time, it is necessary that w; > 0. We again assume small deviations from the reference

axis, of magnitude e << 1. The equation governing p then becomes

. N& ., dp *  dp dp * d
(w2—zwl)er(l—az)d—SZ—Q(l—az)p % +4mp% % —(1+4|p|2)£:0.(5.133)

It makes sense to seek a solution p(S) = el Hir2)S We obtain an algebraic system of four

equations for the four unknowns wy, we, 71 and 9, resulting in the solution

GialJ 1+ a? 20U
v(s,t) = eexp 11902 s+ aUl n 9a2t exp

13 + 4502

2

- U= =" ¢
1+ 902 sta 1+ 902

(5.134)
What we see is that, in the intermediate regime (where neither « nor U dominate), the

soliton solution decays both a arclength and time increase. This is in contrast to the soliton
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in the large U regime, where there is only decay for large s and persistence of a non-zero
perturbation for all time. Hence, in this intermediate case, the filament asymptotically
decays so that is has no deviation from the reference axis, as t — oo. Furthermore, due to

the damping term involving «, as « increases in value the soliton decays more rapidly.

5.4.8 Quasi-similarity solution with temporal drift

For non-zero U, there is not a pure similarity solution. The break-down of self-similarity in
the U # 0 case was previously highlighted in Van Gorder [107]. However, there does exist a
transformation which maps a pseudo-similarity solution into the similarity solution obtained
for the U = 0 case. Let us consider a solution of the form v(s,t) = h((), where ¢ = n+ x(?)
and 1 = s/+/t is the similarity variable introduced before. Neglecting terms of order two or

higher (valid for small deviations from the centralized axis),
/l: / . " 7/ / . !/
= oW+ (L= i)+ oX(8) + ix(?) —aUvVt W =0. (5.135)

When the rightmost term is zero, this equation reduces to an equation of the form (5.125).
This, in turn, means that the function x must satisfy the first order ODE 1x/(¢) +ix(t) —

aUrt = 0, the solution of which reads

o

x(t) = =2iaU V't —2F e (5.136)

, where F(o)=¢°

N |

0
is Dawson’s integral. Therefore, for filaments with small deviation from the centralized axis,

we have that h(¢) = ¢(¢), g is the function given in (5.126) (which will need to have real
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and imaginary parts regrouped) and

(5.137)

| |

C=n—2ial +t—+2F % :%—QiaU Vit —V2F

Thus, we have obtained a variation of the pure similarity solution given in the previous
section, which includes the influence of the non-zero normal fluid velocity. The influence of
the normal fluid velocity is to induce a sort of drift term, which adds a temporal correction

to the similarity variable.

Since av << 1, and the correction to 7 is of the order v/¢, the similarity solutions are
disrupted for only large time scales. For the small time scales (when the solution is like that
of the purely self-similar case), the filaments remain bounded for all ¢t and all s. However,
for large time-scales, the similarity solutions give way to solutions involving the composite
variable (. If s is particularly large, the influence of the correction is small. However, for
time scales much larger than the arclength scale, the correction dominates. The growth of

this correction is like O(¢*2), while the decay of the similarity part of ¢ goes like O(t~1/2).

5.4.9 Discussion

We obtain the quantum LIA model in terms of the tangent vector to the vortex filament.
Under an appropriate transformation, this vector PDE is put into potential form, resulting in
a type of nonlinear Schrédinger equation (NLS). This is in analogy to the result of Umeki [95]

for the LIA. We demonstrate that this formulation is actually rather useful, as it permits us
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Figure 5.18: The deformation of planar filaments due to superfluid friction as given ana-
lytically by (5.122). The black line represents o = « = 0, while the blue line represents

a = 0.005,a" = 0.003.
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Figure 5.19: The self-similar solutions for & = o/ = 0 (black line), o = 0.005,a’ = 0.003

(blue line) corresponding to the fully nonlinear equation (5.124).
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Figure 5.20: Helical solutions are plotted for U = 1,k = 2 (black line) and U = 1,k = 5
(blue line). As the wave number k increases, the period increases while the amplitude (in

Cartesian coordinates) decreases.
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Figure 5.21: Soliton solutions (5.134) are given in (d), for « = 0.005 (black line) and
a = 0.073 (blue line) in the presence of a normal fluid (U = 1). The perturbation size
of these soliton excitations of the tangent filament is ¢ = 0.01 (though the corresponding

value of the perturbation is much larger in the Cartesian frame).
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CHAPTER 6
SOLUTIONS UNDER THE EXACT (NON-POTENTIAL) 3D

VECTOR QUANTUM LIA

In the previous chapters, we have thus far studied potential formulations of vortex models,
which allow for the vortex filament solution to be recast as the solution of a scalar nonlinear
dispersive partial differential equation. As mentioned before, such an approach in general
neglects certain features of the true solutions. The most general approach to study quan-
tum LIA vortex filament solutions would then be to consider nonlinear dispersive partial
differential equation where the unknown function is a vector-valued function, rather than a

scalar-valued function. This shall be the focus of the present chapter.

6.1 Decay of helical Kelvin waves on a vortex filament under the

quantum LIA

We study helical Kelvin waves driven by a normal fluid moving along a vortex filament in the
quantum form of the local induction approximation (LIA) in vector form (without additional

simplifications, and including friction terms). The motion of such Kelvin waves is both
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translational (along a reference axis) and rotational (in the plane orthogonal to the reference
axis). We first present an exact closed form solution for the motion of these Kelvin wanes in
the case of a constant amplitude helix. Such solutions exist for a critical wave number and
correspond exactly to the Donnelly-Glaberson instability, so perturbations of such solutions
either decay to line filaments or blow-up (the latter is non-physical). This leads us to consider
helical Kelvin waves which decay to line filaments. Unlike in the case of constant amplitude
helical solutions, the dynamics are much more complicated for the decaying helical waves,
owing to the fact that the rate of decay of the helical perturbations along the vortex filament
is not constant in time. We give an analytical and numerical description of the motion
of decaying helical Kelvin waves, from which we are able to ascertain the influence of the
physical parameters on the temporal decay, translational motion along the filament, and
rotational motion, of these waves. The results presented here originate from Van Gorder

[112).

6.1.1 Background

We will now work with the vector equation
v=9kt xn+at x (U—vkt xn) —a't x (t x (U— vkt x n)) (6.1)

which was introduced earlier. We shall study the motion of helical Kelvin waves along a
quantum vortex filament under the Schwarz model (6.1). The time evolution of the vortex

filament will be described in the Cartesian reference frame, as this permits one to view the
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done for the Cartesian (Van Gorder [102]) and arclength-tangent (Van Gorder [108]) frames.
In such formulations, the filaments are assumed to satisfy some constraints (for instance,
they should be of sufficient bounded variation - see (Van Gorder [106])). The benefit of the
present study is that we consider the full vector equation (6.1) without making any such
simplifying assumptions. This allows us to take into account strong translation of Kelvin
waves along the filament. Furthermore, we are able to consider decay of the Kelvin waves
in time, which is not accessible under potential forms of the quantum LIA. As we shall see,
the translation and decay are not constant in time, so the approach taken here is required

in order to study such quantum vortex dynamics.

6.1.2 Propagation of a helical filament driven by the normal fluid

Assume that the filament is aligned on the same axis along which the normal fluid is directed.
Choosing our geometry in this way, we may write the normal fluid velocity as U = (U, 0, 0)
and the vortex filament as r = (x,y(z,t), 2(x,t)). A line filament will take the form ry =
(x,0,0). We shall show that under the Schwarz quantum LIA model (6.1), the normal fluid
velocity U induces helical perturbations in the line filament. To do so, we equivalently

demonstrate the existence of a helical filament of the form

r = (x4 ft, Acos(kx — wt + x¢), Asin(kz — wt + x0)) (6.2)
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to the Schwarz model. Here, A is the amplitude, [ is the translation of the central axis along
which the filament is aligned due to time, k is the wavenumber, w is the frequency, and x,

is some constant which may be calibrated subject to any helical initial condition

For simplicity, denote n = kx — wt + xo. We compute several quantities needed for

the right hand side of (6.1):
dx 1

dv 1 6.3
ds 1+ A%k? (6.3)
¢ — (1, — Ak sin(n), Ak cos(n)) i (0, —AKk? cos(n), —Ak?sin(n)) (6.4)
B V1 + A2)2 o (1+ A%k2) ’ '
(A%k3, Ak? sin(n), — Ak? cos(n))

Kt X n = 1T A2k , (6.5)
tx (kt xn)=—kn, tx[tx(ktxn)=—krtxn, (6.6)

(0, AkU cos(n), AkU sin(n))
tx U= , 6.7
V1+ A2k? (6:7)

(=AU, — AkU sin(n), AkU cos(n))
tx (t xU) = T A2 . (6.8)
On the other hand, the left hand side of (6.1) is given by

re = (8, Awsin(n), —Aw cos(n)) . (6.9)

Placing these into (6.1), we obtain three equations, one for each of the x, y and z components.
Simplifying these, and noting that the z equation is equivalent to the y equation, we obtain

the three parameter restrictions

(1—a)yA%k o A%K*U

f= (1+ A2%2)372 " 14 A2

(6.10)

(1 —a)yAK? o/ AkU

A =
“ (1+A2k32)3/2 14 A2k27

(6.11)
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0— aAkU ay Ak? 6.12
VIt AR L+ A% (6.12)

Equation (6.10) gives the translation of the first coordinate. The remaining two conditions

determine the frequency w and the wave number k. Compared to helical solutions found in
Chapter 5, note that the result for the potential form of the quantum LIA accurately gave
the first term for w, but the second term involving U is off by a factor, since the term giving
this factor was approximated. From (6.12), we find that the wave number must take the

critical value

U

N2 — A202
Using (6.13) and (6.10) in (6.11), we find that
2
w* = % v? — A202. (6.14)

Equation (6.10) should then read 8 = A?k*w* = A%2U3y~2. The constant-amplitude helical

filament driven by the normal fluid velocity U is then given by

AU3 ,
r(z,t) = x4+ 725, Acos(n),Asin(n) (6.15)
where
U U? ——
- _ 2 A2772
n= mx+72 v — A2U%t + xg . (6.16)

A necessary condition for the existence of such a helical vortex filament solution to the
quantum LIA is that A < v/|U|, so the amplitude of the helical perturbations to the line

filament must be bounded.

In either the small amplitude or small U limit, the vortex filament (6.16) collapses to a

line filament. So, it is clear that the helical perturbations that rise along the line filament are
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6.1.3 Constructing the decaying helical filament

The solution obtained in the previous section does not decay in time: the motion of the
helical vortex filament is rotational and translational, but there is no dissipation of the
helical waves. In order to account for the decay, it may be tempting to simply include terms
of the form exp(—rt), where r is some positive constant, to (6.15) (multiplying the sine
and cosine terms). Unfortunately, things are not so simple: doing so, one obtains factors of
exp(—2rt) in the expressions for w, implying that w is not a constant parameter. In order
to avoid such contradictions, we must assume that w is not a constant in time, nor do we
assume the decay rate is constant in time. To this effect, let us consider a filament solution

of the form

r(2,t) = (¢ + B(t), Aexp(—p(t)) cos(v(z, 1)), Aexp(—u(t)) sin(v(x, 1)), (6.17)

where v(z,t) = kx —w(t) + . Following similar derivations to those in the previous section,

we find that such a decaying vortex filament solution (6.17) exists provided that

g (1— o/ )yA%K? o A2K*U

@~ T AR e 2aD)? | 1t Bl ep( ) CPCHO) (618
Y 2 /
dw (1—ao)vk N o'kU | (6.19)
dt (14 A2k2exp(—2u(t)))?2 1+ A2k? exp(—2u(t))
2
du avk B akU . (6.20)

dt 1+ A2k exp(—2u(t)) 1+ A2k2 exp(—2u(t))
Equations (6.18)-(6.20) constitute a system of differential equations governing the transla-

tional (%), rotational (42), and decay (%—Lt‘) effects on the helix in the quantum LIA. The
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first two of these equations give us

B(t) = A%k ) Z—C:(T) exp(—2u(7))dr, (6.21)
ot (1 —a/)vk? o'kU
= T AR e (27 T AR e 2(0)

dr . (6.22)
Hence, provided we can find p(t), the quantities 5(t) and w(t) are able to be calculated.

From (6.20), we can separate variables and obtain an implicit relation for u(t):

W(®) 1+ A?k? exp(—2w)
o Yk2—kU 1+ A2k?2exp(—2w))

dw = ot . (6.23)

Note that when o = 0, the decay rate is zero. Therefore, the helical solutions to the

classical LIA do not decay.

In the case where the amplitude is very small, A << 1, we ignore the order A? terms,

obtaining f(t) = By (a constant, meaning that there is no translation),
wit)= (1—a )Wk +dkU t, (6.24)

and

wu(t) = ak(vk —U)t. (6.25)

From the latter, we see that a necessary condition for decay of the filament is k > U/~.

6.1.4 Properties of the decay term pu(t)

Assume that v > |U|. Then, (6.20) has an equilibrium p* which is given by the formula

U2
=]
S R N O

(6.26)
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In order to pu* to exist and be positive, we must have the condition

2 2 2 2
L
on the initial amplitude A. As may be verified easily, the positive equilibrium p* is always

unstable.

Even without the condition v > |U|, the function p(t) can be shown to increase under
reasonable conditions. From the form of (6.20), if the right hand side of (6.20) is initially
positive, then it should remain positive for all time. Since we take p(0) = 0, this means that

we should have

ank? oy ivalent] kU (6.28)
— , or, equivalently, ——— > —. .
T+ %2 /1t AR a YOI AR o
For small time, we have that u(t) is approximately given by
k—UV1+ A%k
u(t) ~ak L i (6.29)
1+ A2k2

Since pu(t) is increasing in time, we should have that exp(—2u(t)) — 0 as ¢t — oo.
This is equivalent to taking the amplitude to zero, so in this limit the solutions is equivalent
to (6.25). In Fig. 6.1, we plot a numerical solution to (6.20) in addition to the small-time
approximation (6.29) and the large-time approximation (6.25). We see that the approxima-
tion (6.29) is reasonable for ¢ < a~!, whereas the approximation (6.25) is a good fit to the
true solution provided ¢ > a~!. These solutions indicates an interesting facet of the decay of
the helical filament, namely, that the exponential rate of decay is not constant. Instead, the

filament decays more slowly for small time values and decays more rapidly for large time.
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This suggests that such vortex filaments would be observed on small time scales, before

decaying to line filaments when time increases.

6.1.5 The case of vanishing normal fluid velocity

In the small U limit, note that we obtain

du arvyk?
-F 6.30
dt 1+ A%k2 exp(—2u(t)) (6.30)
which admits the exact solution
1 1
p(t) = éLambertW A?K? exp(A%K® — 209K°t) + ayk*t — §A2k52 . (6.31)

This function is approximately linear (as seen by plotting the first term), and an accurate

linear approximation is given by

avk?
t)~ ———=t. .32
)~ (6.32)
When U = 0, (6.19) reduces to
d 1 — o )vk? 1—o 1 d
Y = U —ao')y S s (6.33)

dt 1+ AR exp(—2u(1)? o 1+ A2k exp(—2u(t)) dt
Integrating both sides of this equation once, and performing relevant algebraic manipulations,

we find

1—da 1+ 1+ A2k2exp(—2u(t))

_l’_
a a 1+ V1 + A%2

(6.34)
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Figure 6.1: Plot of the numerical solution for u(t) governed by equation (6.20) along with
the small time asymptotic solution (6.29) and the large time asymptotic solution (6.25).
Parameter values are fixed at A = 0.5, k = U = 1, v = 2. For small time (t < a™!), the
approximation (6.29)) is a good fit to the numerical solution, whereas when time is large
(t > a~1'), the approximation (6.25) accurately describes the numerical solution. With this,
we find that helical perutrbations along the line vortex filament decay slowly on small time

scales, and then more rapidly for larger time scales.
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which gradually decays to a line filament with exponential rate of decay 1%\—';12 = O(«) as

time increases. Quantum vortex filaments in the U = 0 case are still physically relevant
(Vinen 2001; Araki, Tsubota & Nemirovskii 2002; Alamri, Youd & Barenghi 2008), and the
results here show that small helical excitations along such filaments should still decay despite

the absence of the normal fluid.

6.1.6 The role of normal fluid velocity on vortex motion and persistence

While exact solutions for u(t) are not forthcoming in the presence of a non-zero normal
fluid velocity, we observe that the solutions should be approximately linear, with the slope

gradually increasing as ¢ increases (as discussed above). For small ¢ (t < a™!), we obtain

(1— o )A%K® o A%KPU

B(t) = (14 A2k2)3/2 14 A2)2 t (6.41)
(=R o'kU
w(t) ~ (1 + A2k2)3/2 1+ A2%2 ¢ (6.42)
N avk akU
MO~ e T e (6.43)

while for large ¢ (t > a~!) we have the approximations 3(t) ~ Sy, w(t) ~ {(1 — o/)yk* + 'kU } t,
and u(t) =~ ak(yk — U)t (which is exactly what we found previously, in the small amplitude
limit).

Both attributes of the vortex motion, namely translation and rotation, are increased
when we increase the normal fluid velocity. Increasing the normal fluid velocity, we see that

solutions will decay more slowly, and therefore persist for longer periods of time. Both of
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Figure 6.2: Plot of the time evolution of a helical filament solution corresponding to A = 0.5,
v=2,k=1,T=1K (i.e., « = 0.005, @/ = 0.003) and U = 0. Times referenced are (a) t = 0,

(b) ¢ =100, (c) ¢ = 300, (d) t = 500.
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Figure 6.3: Plot of the time evolution of a helical filament solution corresponding to A = 0.5,
v=2,k=1,T=1K (i.e., « = 0.005, o/ = 0.003) and U = 1. Times referenced are (a) t = 0,
(b) t =100, (c) t = 300, (d) t = 500. Note that the decay of the helical perturbations along
the filament is markedly slower than in the case of U = 0 (which was considered in Fig. 6.2).
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Figure 6.4: Plot of the (a) translation 5(¢) of the z-coordiate (the translational motion of the
helical waves along the filament) and (b) the effective frequency w(t)/t for a helical filament
solution corresponding to A = 0.5, v = 2, k = 1, for various temperatures and normal fluid
velocity. The temperature T = 1K correspond to a = 0.005, o/ = 0.003, while T = 1.5K

corresponds to a = 0.073, o = 0.018.
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6.1.7 Discussion

For the eternal solutions (which do not decay in time), there is a requirement that the wave
number is fixed. In other words, for fixed values of the parameters A,~, U there is a unique
wave number k = k* given by (6.13) such that a constant-amplitude helical filament solution
exists. This restriction in turn implies that the amplitude of such a helical filament must
be bounded like A < ~v/|U|. This still allows the amplitude to be large enough for the helix
to exhibit translational motion in addition to pure rotation, as is evident from the solution
form presented in (6.15). The dispersion relation is close to that obtained in Van Gorder
[106], though the dispersion relation w obtained here is exact, while that of Van Gorder [106]

was approximate (since an approximate potential form of the quantum LIA was assumed).

For the solutions which are permitted to decay in time, some observations are in
order. The rate of decay of the filament, u(t)/t, is not constant in time but rather varies
according to (6.20). We see from the asymptotics of p that the greatest rate of decay is for
large time, so the helical perturbations along the filament decay slowly at first and more
rapidly as time progresses. Since the translational effects are tied to the decay rate of the
filament through a term of the form exp(—2u(t)), the greatest translation of the filament
occurs for small time, while translation of the filament ceases for asymptotically large time.
This makes sense: as the helical filament decays into a line filament, translational effects
diminish since there is no translation of a line filament. This is demonstrated in Fig. 6.4.

Therefore, the Kelvin waves rotate and also move along the z-axis while decaying. The more
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they decay in amplitude, the slower the motion along the z-axis. Meanwhile, the rotational

motion persists, even as the waves decay.

In the case of constant-amplitude helical waves along a filament (i.e., eternal so-
lutions), the wave number is fixed (at a value corresponding to the Donnelly-Glaberson
instability), while when the helical filament is allowed to decay to a line filament we have no

such restriction on the wave number. However, we do still have a restriction on the possible

value of k& which permit the filament to decay, k/v/1 + A2k2 > % Rearranging this, we
obtain a condition on A: A < L\j—z — kiz < ‘L\j—‘ Therefore, the restriction on the amplitude
is stronger when we permit the helical waves to decay. This is physically reasonable, as it
is sensible to describe small-amplitude Kelvin waves along a vortex filament using LIA. For
large-amplitude perturbations, non-local effects will influence the solutions, so the full Biot-

Savart law under the HVBK model would be more reasonable for describing the filament

dynamics.

6.2 Dynamics of a planar vortex filament under the quantum

LIA

The Hasimoto planar vortex filament is one of the rare exact solutions to the classical local
induction approximation (LIA). This solution persists in the absence of friction or other

disturbances, and is hence rather idealized, as it maintains its form over time. As such, the
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dynamics of such a filament have not been extended to more complicated physical situations.
We consider the planar vortex filament under the quantum LIA, which accounts for superfluid
friction and the velocity of a normal fluid impinging on the filament. We show that, for
most interesting situations, a filament which is planar in the absence of friction and normal
fluid at zero temperature will gradually deform due to friction effects and the normal fluid
flow corresponding to warmer temperatures. The influence of friction is to induce torsion,
so the filaments bend as they rotate. Furthermore, the flow of a normal fluid along the
vortex filament length will have an amplifying effect on the initial planar perturbations of
a line filament, reminiscent of the Donnelly - Glaberson instability seen in helical filament
structures. For warmer temperatures, these effects increase in magnitude. A number of
nice qualitative results are analytical in nature, and these results are verified numerically for
physically interesting cases. The results on the deformed planar filaments present under the

quantum LIA were considered in Van Gorder [113].

6.2.1 Background

While the planar filament has been studied under multiple models, for the quantum LIA
such filaments have so far been approximated (numerically or analytically) under potential
forms of the LIA (as discussed in Chapter 5). These are approximations to the LIA, valid
under certain restrictions such as that deviations from a reference axis must remain small of

be of sufficient bounded variation, and thus a more direct approach could be enlightening. In
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result in a twisting of the filaments, while the normal fluid directed along the filament results
in a type of amplification, reminiscent of the Donnelly - Glaberson instability [23, 36, 71] for

helical filaments under the quantum LIA.

6.2.2 A purely planar vortex filament

The general form of a rotating planar vortex filament under LIA is given by

r(z,t) = (x,cos(yt)Y(x), —sin(yt)v) , (6.44)

where 1) is some unknown function to be determined. Note that the solution lies on a plane
which intersects the x-axis and rotates in time around the z-axis. We shall be most interested
in a normal fluid velocity vector oriented along the vortex filament, U = (U, 0,0), since this

will often drive Kelvin waves along the filament.

Placing the solution representation (6.44) into the classical LIA (2.14), we find that

vkt x n = (0, sin(vt), cos(’yt))% (6.45)
while
re = (0, —sin(yt), — cos(yt)); (6.46)
Therefore, (6.44) is a solution to the classical LIA provided that
)+ _v =0. (6.47)

(1 + ¢/2)3/2
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As it turns out, a purely planar vortex filament moving without change in form is
simply too specialized to exist in a superfluid under normal conditions (the exact solution
we get when U = U(x) takes a specific form is certainly not what one would call general
in any sense). Rather, it makes more sense to consider a family of vortex filaments what
generalize the planar filament in the sense that they reduce to the planar filament in the
limit o, &’ = 0. For «, &’ > 0, such filaments would not be confined to a plane which rotates
about the reference axis, but would rather exhibit planar behavior in a local sense, while
exhibiting other behaviors asymptotically for large |z|. In a way, we could view such vortex
filaments as deformations of the planar filaments, with the deformations do the the influence

of both the superfluid friction parameters and the normal fluid velocity.

6.2.3 Deformation of a planar filament due to superfluid parameters

When attempting to construct a purely planar quantum generalization of the planar filament
found in the classical LIA, it became clear that in most cases (for instance, when U is a
constant vector) there are too few degrees of freedom if we assume that the time evolution
of the vortex filament follows (6.44). In order to obtain the most useful generalization of
the classical planar filament, we need to consider that the superfluid parameters can cause
the filament to become non-planar in a variety of ways. Amplification or deamplification
of waves along a quantum vortex filament is possible, while modified torsion due to the

superfluid friction parameters is also an issue. To account for such effects, we propose a
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solution of the form

r(z,t) = (2, cos(7)P(x) + sin(y1)i(x), cos(Y)(x) — sin(yt)p(x)) . (6.58)

Placing (6.58) in (2.12), we obtain the differential equations

o (1=a)e" ar)” B aVe/
(L+ 0% +97)%2 (147 + 97 (14¢7 + ¢ (6.59)
Ve ad W )
L+¢”+07) (e +y7)?
o+ (1—a)y" B ag” B aV)'
L+ 0%+ 923 (L+¢7+97)2  (L+¢7 + 7)1 (6.60)

O/V¢/ B awl(wlqsll _ ¢/w//) _ 0
A+ 0 (07 +7)

By including two unknown functions, we obtain two differential equations for two unknown

functions, as opposed to two differential equations for one unknown function (as was the
case for the purely planar filament). The motion of the filament (6.58) is not purely planar,
though it contains the pure planar filament as a reduction (taking ¢ — 0 gives the pure

planar filament).

Since we should have a planar filament when «, o/ — 0, we should take ¢ to be of order
unity and ¢ to be of order a. While a complete analytical analysis of (6.59)-(6.60) is not
possible since the equations are too complicated, we can make some qualitative observations.
If we assume 1) = oV for some function ¥ of order unity, and we neglect order o and higher

terms, we should have

(1—a)¢” Ve
R ;‘2)3,2 e j¢’2)1’2 - (o0

(1 —a)v” B aVue' Q" B oV (6.62)
(1+¢/2)3/2 (1 +¢/2)1/2 - (1 +¢/2)2 a 1_|_¢/2 : )
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Figure 6.5: Plot of the deformed planar filament described by (6.58) when the temperature
of the superfluid is T=1K (a = 0.005, &/ = 0.003) and V' = 1. The filament is given by

numerically solving (6.59)-(6.60) subject to ¢(0) = 0.1, ¥(0) = 0, ¢'(0) =0, ¥'(0) = 0.

278



o 30

. -10
y -04 -30 -20

Figure 6.6: Plot of the deformed planar filament described by (6.58) when the temperature
of the superfluid is T=1.5K (o = 0.073, o/ = 0.018) and V' = 1. The filament is given by

numerically solving (6.59)-(6.60) subject to ¢(0) = 0.1, ¢(0) =0, ¢'(0) = 0, ¢'(0) = 0.
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Figure 6.7: Plot of the deformed planar filament described by (6.58) when the temperature
of the superfluid is T=1.5K (a = 0.073, o/ = 0.018) and V' = —1. The filament is given by

numerically solving (6.59)-(6.60) subject to ¢(0) = 0.1, ¥(0) = 0, ¢'(0) =0, ¥'(0) = 0.
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6.2.4 Discussion

In summary, the quantum planar vortex filament differs from the well-known classical planar
vortex filament in some important qualitative respects. First, there is an amplification of the
planar perturbations of the quantum filament along the axis of orientation. This is caused
by the normal fluid velocity directed along the filament. Next, while the classical planar
filament maintained its form, the extension to the quantum model results in a filament that
undergoes torsion effects due to the superfluid friction parameters. This causes a bending
of the once planar filament the farther removed from = = 0 we look. On the de-amplified
end of the filament, this results in an almost helical appearance for the filament. On the
amplified end of the filament, an interesting pattern is formed that exhibits regularity but

i1s not as uniform as a helical structure.

While a thermal study is beyond the scope of the results considered here, it makes
sense to consider o and o as functions of time, so that we can consider the qualitative
effect of warming a superfluid which houses a planar filament, since an increase in such
parameters would correspond to a warming of the superfluid. In the case where both friction
parameters are zero, the classical planar filament solution is valid. If such a filament exists
at temperature T=x 0K, then as the superfluid is warmed, we qualitatively expect that the
filament will deform as follows. There will be a minor amplification / de-amplification of the
filament along / against the direction of the normal fluid. This amplification will become

more drastic as the superfluid continues to warm. While this occurs, the amplifying and de-
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6.3 Solitons and other waves on a quantum vortex filament

The quantum form of the local induction approximation (LIA, a model approximating the
motion of a thin vortex filament in superfluid) including superfluid friction effects is put
into correspondence with a type of cubic complex Ginsburg-Landau equation, in a manner
analogous to the Hasimoto map taking the classical LIA into the cubic nonlinear Schrodinger
equation. From this formulation, we determine the form and behavior of Stokes waves,
1-solitons, and other traveling wave solutions under normal and binormal friction. The
most important of these solutions is the soliton on a quantum vortex filament, which is
a natural generalization of the 1-soliton solution constructed mathematically by Hasimoto
which motivated subsequent real-world experiments. We also conjecture on the possibility
of chaos in such systems, and on the existence more complicated solitons such as breathers.

The various types of solutions obtained in this section were reported in Van Gorder [114].

6.3.1 Background

A number of studies exist on the solutions to the quantum LIA. In the «, ' — 0 limit, these
solutions should collapse into solutions of the classical LIA. One highly important class
of solutions to the classical LIA would be the 1-soliton solution found by Hasimoto (and
mentioned in Chapter 2), by way of what is now referred to as the Hasimoto transformation,

which puts the classical LIA into correspondence with the cubic NLS. While a number
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of solutions to the quantum LIA have been studied either numerically or analytically, the
Hasimoto 1-soliton have never been extended to the quantum LIA. The purpose of this
section is to fill this important gap. Applying a method analogous to that of Hasimoto,
we are able to put the quantum LIA (2.12) into correspondence with a type of complex
Ginzburg-Landau equation (a natural complex-coefficient generalization of NLS). From this,
we study Stokes waves, 1-solitons, and other traveling wave solutions. Each of these solutions
generalizes known results for the classical LIA. We also conjecture on the possibility of chaos

in such systems.

6.3.2 A map from the quantum LIA into a cubic complex Ginsburg-Landau

equation

Differentiating with respect to the arclength variable s, and performing several vector ma-
nipulations, we have that the quantum LIA (2.12) becomes

= 32 (1 —a/[t]*)t x ts — af(t - ts)t — [t]°ts]
s (6.77)

+%{atxU—a’tx(txU)}.

t

Taking t to be a unit vector, the equation simplifies slightly to

0

t:a— (1—a)t xts+ats+at xU—a/(t-U)t}. (6.78)
s
This puts the quantum LIA (2.12) into the form of a vector conservation law.

In what follows, we shall take U = 0, for brevity of the calculations. Many studies on

specific structures in the quantum LIA model have taken the normal fluid velocity to zero,
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CHAPTER 7
NON-LOCAL DISPERSIVE RELATIONS AND

CORRESPONDING VORTEX DYNAMICS

In all of the previous discussions, we have considered local models. However, the full non-
local model which the LIA replaces is needed in order to study more complicated solutions.
What we do in the present section is provide two types of solutions for the non-local model
governing the self-induced motion of vortex filaments. For each, we are able to obtain a good
analytical description of the solutions, despite the formulation is non-local, nonlinear, and

singular. The results are compared to the more common results known for the LIA.

7.1 Non-local dynamics of the self-induced motion of a planar

vortex filament

The local induction approximation (LIA) serves as a local approximation to the non-local
Biot-Savart law governing the self-induced motion of a vortex filament. The Hasimoto planar
vortex filament is a rare example of an exact solution form for the LIA. It is natural to wonder

whether such a vortex filament solution would exist for the full non-local Biot-Savart law, and
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order A%. From this, we infer that the primary influence of the non-locality is on the motion

of the planar vortex filaments, rather than on the structure of such filaments.

7.1.6 Discussion

A planar solution has been constructed for the full non-local Biot-Savart dynamics governing
the self-induced motion of a vortex filament. Under the assumption of a planar vortex
filament solution with arbitrary (unknown) spatial structure determined by ¢ (z), the Biot-
Savart dynamics reduce to a stationary (independent of time) integral equation for the
unknown v (z). (Actually, since the formulation also depends on a ¢’ under the integral,
this equation is a type of integro-differential equation.) The integral in this formulation is
then approximated near a singularity of logarithmic order by the LIA, whereas away from
the singularity the integral form is maintained. Therefore, there is a part of the solution
due to the LIA, and another non-local part. This solution is interesting in a mathematical
sense, due to the fact that it provides us with an accurate approximation to a solution of the
singular and nonlinear integro-differential equation (7.11). Even numerical solution of such
an integro-differential equation would be challenging. The results suggest that at the very
least some of the solutions present under the LIA can also be extended to the Biot-Savart

formulation.

Physically, the approximate analytical solution obtained through a strained parameter

approach is quite useful. While we assume that the deviations A from the central axis are
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sufficiently small, this is physically reasonable in light of the fact that the planar filaments
only exist for the LIA when A < /2. So, the large A case is not physically interesting. For
the solutions obtained in [105], the perturbation solutions were useful for A < 0.7. Plotting
the solutions for various A, we see that the order A? effects are mostly negligible, so a planar

filament can be approximated by

1 3
r(z,t) = xix + Acos i y—=+4+2In(e) t cos 1+ -—A* x i,
4T 2 40
(7.43)
) K 1 3 .
+ Asin i fy—§+21n(e) t cos 1—1—@/1 r i.

The approximate solutions suggest that the spatial structure of the planar filaments
found here for the Biot-Savart dynamics is relatively unchanged from the structure of the
solutions under LIA. The difference apparent when comparing the LIA and Biot-Savart
solutions lies in the motion, rather than the structure, of the planar filaments. From the
perturbation solutions, we have that the rotational velocity for the LIA formulation (given

by wria) and the Biot-Savart formulation (given by wpg) relate like wpg &~ 2wy a. Therefore,

the primary effect of the non-locality is to increase the velocity of the filament.

7.2 Self-induced motion of a Cartesian helical vortex filament

under the Biot-Savart model

The thin helical vortex filament is one of the fundamental exact solutions possible under the

LIA. The LIA is itself an approximation to the non-local Biot-Savart dynamics governing
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7.2.1 Time evolution of a helical filament

The helical filament corresponds to one possible parameterization of r. For simplicity, we

align the filament along one axis, so in Cartesian coordinates, we write

r(z,t) = (x + ft, Acos(kx — wt + x¢), Asin(kz — wt + x)) . (7.44)

For simplicity, we shall scale time by g to remove the corresponding factor of the Biot-Savart

integral. In this parameterization about the z-axis, we should have

txn= : (7.45)

We obtain the system

_ 2In(e)A%° ) 1 — cos(k[s — ]) )
b= (1+ A2f2)372 A s—x|> [(8 = 1)? +2A%(1 — cos(k[s — a:]))]?’/?d ’ (7.46)

21n(e) Ak?
sin(ks — wt + z¢) — sin(kr — wt + x¢) — k(s — ) cos(ks — wt + w¢)
Is—x|> [(s — )2 + 2A4%(1 — cos(k[s — z]))]3/?

Awsin(kzr — wt + x) = — sin(kz — wt + )

+2A ds,

(7.47)

21n(e) Ak?
cos(ks — wt + xg) — cos(kx — wt + o) + k(s — z) sin(ks — wt + xg)
Is—x|> [(s — )2 + 2A%(1 — cos(k[s — z]))]3/?

—Aw cos(kx — wt + xg) = cos(kx — wt + xp)

ds.
(7.48)

—2A

Equation (7.46) directly gives the translational velocity of such a helical filament, while

equations (7.47) and (7.48) can be used to determine the frequency w which provides the
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rotational motion. In particular, we take (7.47) - (7.48), from which we obtain

: (7.49)
(1 —ik[s — x])es™ — 1

i[kx—wt+Xo]
e s xim [(5 = 2)7 T 2A%(1 — cos(k[s — a])) 2

ds.

Simplifying this equation, and noting that the integral should have both a real and imaginary

part, we obtain

o 21n(e)k? Lo cos(ko) — 1 + ko sin(ko)

(1+ A2k2)3/2 o> [0% 4 2A2(1 — cos(ka))]32
sin(ko) — ko cos(ko) o
o 107+ 222(1 — cos(ho)) 27

do

(7.50)

+ 21

Note that the integrand of the integral multiplying the ¢ is an odd function, therefore the
integral over (—o0, €) is the negative of the integral over (e, 00), hence this integral is zero.
This makes sense, as w should be real-valued. On the other hand, the real part of the integral
has an integrand which is an even function, so the total integral is just twice the integral

over (€,00). We therefore obtain

B 21In(e)k? * cos(ko) — 1 + kosin(ko)
ST A Tt 2 2 = cos(ko )2 (7.51)

In a similar manner, the translational velocity along the x-axis is given by

_ 2In(e) A%R? 0, 1 — cos(ko)
b=~z T T — st PR (7.52)

With w and $ known, we can describe the motion of the helical vortex filament (7.44) exactly.
In Fig. 7.1, we plot the rotational and translational velocity parameters for various values

of the physical constants.
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Figure 7.1: Numerical plots of the rotational velocity, w, and transverse velocity, 3, of a

helical vortex filament when non-local dynamics are accounted for. The results use the LTA

near the logrithmic singularlity, so these are the solutions (7.51)-(7.52). Note that we set

€ = 107° in all plots. The precise value of € is not important, since a change in the value of

e results in a scaling of the plots, therefore the value of € does not influence the qualitative

features of the solutions.

325



We see that there exists a particular finite value of the wave number k for which
the rotational velocity of the filament is maximal. On the other hand, the behavior of the
translational velocity is a bit more complicated. For small k, 3 scales like 3 ~ k2, while for

large k, the integral term dominates, giving 5 ~ k.

7.2.2 Approximating the relations for w and  in the case of small and inter-

mediate wave numbers

For s sufficiently far from s = 0, reasonable approximations to the integrands in (7.51) and

(7.52) are
cos(ko) — 1 + kosin(ko)  cos(ko) — 1+ kosin(ko) (753)
(02 +2A4%(1 — cos(ko))32 (1 + A2k2)3/253 ‘
and
1 — cos(ko) 1 —cos(ko) (7.54)

(02 + 2A2(1 — cos(ko )32 ~ (14 A2k2)3/2¢3
respectively. The first approximation, (7.53), is of the same flavor of that used in equation
(3.21) in Ricca [77]. These approximations are valid for small and intermediate values of
the wave number k, since this is when the decay of the integrals dominates the oscillations
sufficiently fast. We shall say more on the large-k situation later. While it is possible to
obtain more accurate approximations, these approximations are accurate enough for our
qualitative analysis. In Figs. 7.2 and 7.3, we give plots of the integrands (7.53) and (7.54)
along with their approximations. The approximations are seen to be very accurate, provided

that the helical filaments are of bounded variation (Ak and k sufficiently bounded). Even
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Figure 7.2: Numerical plots and approximations to the integrand given in (7.53) for various
values of the physical parameters. We set e = 107° in all plots. For small and intermediate
values of k and A, the approximation to the integrand (7.53) is very accurate, and hence the

approximating formula (7.58) for the integral term in (7.51) is accurate.
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Figure 7.3: Numerical plots and approximations to the integrand given in (7.54) for various
values of the physical parameters. We set ¢ = 107° in all plots. Ahain, for small and
intermediate values of k and A, the approximation to the integrand (7.54) is very accurate,

and hence the approximating formula (7.61) for the integral term in (7.52) is accurate.
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We first have

< cos(ko) — 1 + ko sin(ko) * cos(ko) — 1 + ko sin(ko)

do ~ d
02 + 242(1 — cos(ko)) 32" (1+ AZ2)3258 7 (7.55)
_cos(ke) — 14 kesin(ke) — k*e*Ci(ke) '
B 2e2(1 + A2k2)3/2 ’
where Ci is the cosine integral. We find that
cos(ke) — 1 ;{— kesin(ke) _ k2 L0 (7.56)
€ 2
and
Ci(ke) = v + In(k) + In(e) + O(¢?), (7.57)
hence
> cos(ko) — 1+ kosin(ko) k? 1 )
do ~ — — —+1In(k) +1 .
o7 + 242(1 — cos(ho) 2% ~ "oy Az )~ 3 Tk (g +0(E)
(7.58)

Here, v ~ 0.5772 is the Euler-Mascheroni constant. We neglect terms of order €2 and higher,
since € << 1. Returning to Ricca [77], this expression is similar to his equation (3.27). The
difference is the dependence on the wave number, which is scaled out in Ricca [77]. (More
precisely, the results in Ricca [77] involved scaling torsion, 7 = k/(1 + A?k?).) Keeping k
present, we will be able to directly compare our results with the LIA. Ricca [77] obtained
this integral in the limit 7 — oo. For this to occur, the wave number must be large and
A must become small as k& becomes large. We do not consider this, since for finite A the
torsion will not be infinite. Rather, for finite A > 0, the torsion will attain a maximal value
of T =2A"1Yat k = A~'. The 7 — oo limit then corresponds to A — 0, k — oo provided

Ak — v, for v < oco. This is a very restrictive limit, since A — 0 essentially gives us a line
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filament. What all of this means is that we should maintain the parameters k and A in our
development, as opposed to scaling them out and taking any particular limit, in order to

capture the behavior of arbitrary helical filaments.

Regarding the second integral, we have

> 1 — cos(ko) o ~ > 1 —cos(ko) d
(02 + 2A2(1 — cos(ko))]3/2 7= (1+ A2k2)3203 ’ (7.59)
_ kesin(ke) + 1 —cos(ke) k*
— o 501(1{:6) ,
and using
. 1
ke sin (ke) tg cos(ke) _ g 4 0(&), (7.60)
we find
> 1 — cos(ko) k? 3 2
do ~ — —~v—1In(k) —1 O .
A —cos e o 20T AT 3 v —In(k) —In(e) + O(e?)
(7.61)

Using the approximations (7.58) and (7.61) in equations (7.51) and (7.52), respec-

tively, we have the approximations

k*(2y — 1+ 2In(k) + 41n(e))

Wapprox = — (1 —|—A2]€2)3/2 (762)
and
A%k3(3 — 2y — 2In(k) — 41n(e))
Bapprox = (1 i A2k‘2)3/2 . (763)
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The curve describing the helical vortex filament, including non-local effects, is then

given by the approximation
A%K3(3 — 2y — 21In(k) — 41n(e))t .
(1 + A2E2)3/2 X
k*(2vy — 1+ 2In(k) + 41n(e))
(1 + A2k2)372
k*(2y — 1+ 2In(k) + 41n(e))
(1+ A2k2)3/2

r(z,t)~ x+

+ Acos kx +

+ Asin  kx + t+x9 1.

7.2.3 Comparison with the LIA and numerical approximations

If one were to strictly consider the LIA, as is often done, one would obtain (upon removing
the integral terms from (7.46)-(7.48))

21n(e) A%K?
(1 + A%k2)372

21n(e)k?

WLIA = T T A%y >0, (7.65)

>0 and P = A2I£WLIA = —

Under the LIA, the motion of a helical vortex filament then takes the form

r(z,1) 21n(e) A%K3 f A I 21n(e)k? 'y .
)= z——L cos kr+ ———~2——— T
) 1+ A2k2)372 X 1+ A2k2)3/2 0y
2
b Asin kot —2OF

(1+ A2k2)372
In terms of the parameters calculated through the LIA, we have that the approxima-

tions found for small and intermediate &

k*(2y — 1+ 21In(k))

Wapprox = 2wra — (1 I A2k2)3/2 (7.67)

and
A3 (3 — 2y — 21n(k))
(1 + A22)32

ﬁapprox = 26LIA + (768)
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7.2.4 Discussion

From the plots, it is clear that there exists a critical value of the wave number for which
the rotational velocity is maximal. In the approximation (7.62)-(7.63), the LIA, and the
numerical approximations, this value is nearly the same. Since the values are approximately
the same, we use the LIA, finding that this critical wave number is give approximately by
k* ~ 1v/2A~'. Note that this corresponds to the maximal value of torsion (since torsion 7 is
given by 7 = k(1 + A%k*)™!). So, the larger the torsion, the greater the rotational velocity.
On the other hand, the plots indicate that the transverse velocity is always increasing, as

mentioned when we considered the numerical results before.

In summary, the approximations (both LIA and those of (7.62)-(7.63)) are accurate
for small and intermediate k (with the approximation (7.62)-(7.63) being best), while there
is a sharp breakdown in the approximations for larger k. For both w and 3, the breakdown

for large k is due to the fact that the integrals oscillate rapidly.

It is worth mentioning that there is a quantum form of the LIA, which is essentially
the LIA applied to the HVBK model. It should be feasible to extend the resent results to
that case, at least in the case of helical filaments with constant amplitude A. The exact
form of a helical filament under the quantum LIA was discussed in Chapter 6. In the case of
decaying filaments (A = A(t) such that A — 0 as t — 00), the non-local development may

be possible analytically, but will be much more complicated.
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CHAPTER 8

CONCLUSIONS

In this report, we have studied a number of nonlinear dispersive partial differential equa-
tions of relevance to various physical scenarios. The most common application has been to
vortex filament dynamics, although other applications have been mentioned and considered.
The physical applicability of the results increases as the governing models become more

complicates and take into account more reasonable assumptions.

Among some of the more interesting results discussed here, we were able to demon-
strate the existence of space-periodic solutions for the Cartesian and arclength-tangent for-
mulations of the LIA governing the motion of a vortex filament in Chapter 2, and we deter-
mined orbital stability properties for these solutions in Chapter 3. These solutions correspond
to rotating planar filaments. Similar results were discussed for the integrable WKIS model
in Chapters 2-3. We were also able to demonstrate a variety of rotating non-planar filament
solutions under the 2D Cartesian LIA, in Chapter 2. Meanwhile, in Chapter 4, we were able

to consider several pathological solutions which model vortex self-intersections and kinks.

Many of the vortex filament solution forms present under the LIA in Chapters 2 - 4

were generalized to the case of superfluids under various potential forms of the quantum LIA
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