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ABSTRACT

Experimental studies have shown that a “bump” occurs in the atmospheric spectrum just prior to

turbulence cell dissipation.'*

In weak optical turbulence, this bump affects calculated
scintillation. The purpose of this thesis was to determine if a “non-bump” atmospheric power
spectrum can be used to model scintillation for plane waves and spherical waves in moderate to
strong optical turbulence regimes. Scintillation expressions were developed from an “effective”
von Karman spectrum using an approach similar to that used by Andrews et al.*'*!* in
developing expressions from an “effective” modified (bump) spectrum. The effective spectrum
extends the Rytov approximation into all optical turbulence regimes using filter functions to
eliminate mid-range turbulent cell size effects to the scintillation index. Filter cutoffs were
established by matching to known weak and saturated scintillation results. The resulting new

expressions track those derived from the effective bump spectrum fairly closely. In extremely

strong turbulence, differences are minimal.
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1.0 INTRODUCTION

Classical theoretical atmospheric turbulence models,'” beginning in the 1940s, assume that
turbulent power is initially generated on large scale cell sizes and that dissipative forces cause
the turbulent power to be transferred to smaller and smaller scales until the cells dissipate.
Experimental studies have shown that at high wave numbers (small scale sizes) a “bump” occurs
in the atmospheric spectrum just prior to cell dissipation.'”* In weak optical turbulence, this
bump affects calculated scintillation, which is a measure of irradiance fluctuations experienced
by an optical wave propagating through a random medium such as the Earth’s atmosphere. Most
theoretical studies on beam statistics and resulting atmospheric spectral models (including
Kolmogorov, Tatarskii, and von Karman) do not reflect these observed bumps. Andrews et
al.">® developed a modified (bump) spectrum that accounts for the bump. Andrews et al.>'*!>
also developed expressions from an “effective” modified spectrum that extends validity of the
Rytov approximation into all optical turbulence regimes using filter functions to eliminate mid-
range turbulent cell size effects to the scintillation index. Filter cutoffs were established by
matching to known weak and saturated scintillation results.

The intent of this thesis is to determine if a simpler non-bump atmospheric power
spectrum can be used to accurately calculate plane and spherical wave scintillation in moderate
to strong optical turbulence regimes. Scintillation expressions for moderate to strong optical
turbulence regimes were developed from an “effective” von Karman spectrum using an approach

similar to that used by Andrews et al.%'*'*,

The resulting new expressions were compared to
those derived from the effective modified spectrum.

The following table, Table 1, lists existing plane and spherical wave scintillation

expressions based on Kolmogorov, Modified “bump”, and von Karman atmospheric power

1



spectrums for both the weak and saturation fluctuation regimes. Table 1 also lists scintillation
expressions based on effective Kolmogorov and bump spectrums that were recently calculated
for moderate fluctuation regimes. An effective von Karman spectrum is developed in this thesis
as well as corresponding expressions for the scintillation index. Mathematical derivations of all
of these expressions are shown in the Appendix section.

Note (reference equation 15) that existing saturated turbulence scintillation expressions
based on the modified atmospheric power spectra were created with the assumption that

D=D,+D, =2D whereD is the wave structure function, D, is the log-amplitude structure

function, and D, is the phase structure function. The same assumption was made in this thesis to

revise existing saturated turbulence scintillation expressions based on the von Karman
atmospheric power spectrum (reference equations 19 and 22). The revisions were necessary for
developing new “effective” von Karman based scintillation expressions and for comparing these

new expressions to the existing “effective” Modified spectrum derived expressions.



Table 1 — Existing Scintillation Expressions

Turbulence| Spectrum |Wave Type Scintillation Expression
Weak Kolmogorov Plane o} =0}
Spherical | o} =0.40;
VonKarman |  Plane | o2 =3.8652 {(1 +1/02 )" sin[(11/6)tan " 0, |- (11/6)0,*'° }
Spherical | o7 =3.86072 [{(0_41 +9/02 )" sin[(11/6)tan "' (0, /3)]}— (1 1/6)Qj’6]
Modified Plane o} =3.860; {[“—QI;J {(sin%mn" 0, j-p%sin(% tan ™! Q,]— (1 +0.Q2127)37 - sin(% tan™' Q, ﬂ73A50Q[5 (,}
Spherical o} = 34860';{0.40(1+Q%2J [sin(% tan”' %j‘F (9 f;;)l S sin[g tan”' %)— (9 +O;2)7 = sin[% tan”' %):|—3450Q,’w}
. ) PAVE
Saturation |Kolmogorov Plane o; =1+0.86/ (O-R)
Spherical | o7 =1+2.73 /(02 "
Von Karman Plane 012 =1+ 3-40/(512e ;“’ )m’
Spherical | o7 =1+10.36/(c30])"*
Modified Plane | o? =1+239/(c20/)"
Spherical | o7 =1+7.65/(c20]" )"
Moderate [Kolmogorov | Plane | 52 = expl0.4952 /(1 +1.115,** | * +0.5152 /(1+0.6952 5)5/6] -1
. 7/6 /6
Spherical | 52 = exp[o.l%(y; /(1+0.186612 ] +0.20402 /(1+0.2300%*f ] -1
ol = exp[ofu +0.5102 /(1+0.690" 5)’“’] -1
where:
. 76 1/2 7/12
Modified Plane | 52 1607 [—2'6@’ R ] {1“.75(2‘61 . 6] —0.25[—2‘61 . M] }
2.61+0, +0.45520]'° 2.61+0, +0.45520;] 2.61+0, +0.45620
o, =3.860; {[1 +é] - {sin[% tan ' Q,j+ (1:'227)“4 sin(%[an 10, j ,%sin(%tan 7, j} -3.500,” «w}
o7 =explo?  +0.5157 /(1+0.69aj_2/5)”°] -1
where:
Spherical | ;2 _qoi02( - 539 h IR . I/270.25 I
nx *18.56+0Q, +0.08570] ¢ 8.56+0, +0.080,0,'¢ 8.56+0, +0.08070,'¢
ol =3.860; JOAO(H—%] sin(ﬂtan - %]4— 261 — sin(i tan ™! &j—%sin(é tan ™! &j - 355?
l or 6 3 (9+Q,2) 3 3 (9+Q,2) : 4 3 0"
'Von Karman Plane Thesis
Spherical | Thesis




2.0 ATMOSPHERIC SPECTRUMS

2.1 Kolmogorov
In the early 1940s, Kolmogorov' * developed an atmospheric turbulence theory that energy is
introduced into large air masses either by wind shear or convection. These air masses, under the
influence of inertial forces, break up into a continuum of smaller and smaller cells from an initial

outer (macro) scale cell size L, which is usually on the order of one to one hundred meters, to a
final inner (micro) scale size /,, on the order of millimeters. For scale sizes less than /[,

remaining energy is dissipated as heat. Each cell size has a slightly different index of refraction.
Large scale sizes tend to refract (focus) optical waves, whereas small scale sizes tend to diffract
the waves. The energy of these index of refraction fluctuations (optical turbulence) is described
by power spectral density functions. The Kolmogorov power spectrum for refractive index

fluctuations is defined by

@, (x)=0.033C k""", L<<1<<<ZL (1)

0 0

where C? is the refractive index structure parameter (a measure of index of refraction

fluctuation strength) and « is the scalar spatial wave number.
2.2 Tatarskii

The Kolmogorov spectrum is theoretically valid only over the inertial subrange
1/L, <<k <<1/1l,. Other spectral models have been proposed for calculations when inner scale

and outer scale effects cannot be ignored. In 1971, Tatarskii'’ suggested an equation, first



proposed by Novikov for velocity fluctuations, that uses a Gaussian function to extend the

. . 1
Kolmogorov Spectrum into the dissipation range x > —
0

@ (x)=0.033C k""" exp(— K° /K,i), /L, << K (2)
where x, =5.92/[; is an inner scale wave number parameter. If x <<k, or [, —>0, this

equation (2) reduces to the Kolmogorov spectrum (1).

2.3 Von Karman

. : |
The Tatarskii Spectrum can be extended into the range x < T using the von Karman spectrum’
0

exp(—lc2 /K’i)

®,(x)=0.033C," ———7~
(K‘ + K, )

€)

where x, =2x/L, is the outer scale wave number parameter. If x >>x, or L, — oo, this

equation (3) reduces to the Tatarskii spectrum (2).

Note that in the dissipation range, there is no physical reason to choose the von Karman
spectrum over the Tatarskii spectrum. However, to allow for comparisons of scintillation
expressions already developed from the von Karman spectrum, this thesis paper will refer to von

Karman (as opposed to Tatarskii) with the assumption that L, — .

2.4 Modified “Bump”
Hill'” performed analyses that led to a model that reflects observed bumps in experimental data.
Andrews® developed the following analytic approximation to the Hill spectrum, including an

outer scale parameter, called the modified atmospheric spectrum

0.033C2 expl-x? /7) [1+1.802(x /)~ 0.254(xc/ 1, ]
q)n (K) - ( 2 5 \11/6
K™ +K, )

5

(4)




where x, =3.3//, is an inner scale wave number parameter.

The following two figures compare the three atmospheric spectral models®. Figure 1

shows that a nonzero inner scale reduces spectrum values at high wave numbers (x >1/1,) over
that predicted by the Kolmogorov spectrum. Note that at low wave numbers (K‘ < l/LO), a

similar spectrum value reduction is caused by the presence of a finite outer scale.

Atmospheric Spectrum Models

L, =10 m
lp=1cm

2
@, ()/0.033C .

Inertial Subrange

—— Kolmogorov
--------- von Karman VL
-------- Modified i

-
o
A A R

LIS N S B B B IR B E B B B IR B E B B B R

10'15 L L L L L L
1020 10710 1000 10"0 1020 1030
K

Figure 1 - Spectral models of refractive-index fluctuations
Figure 2 shows a bump for the Modified spectrum that is not reflected in the Kolmogorov or von

Karman spectral models.
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Figure 2 - Scaled spectral models of refractive-index fluctuations




3.0 SCINTILLATION IN WEAK FLUCTUATIONS

Scintillation index &7 is defined as the normalized variance of irradiance®

, <IP>-<[>?

o
! <I>?
<I*>
= -1 5
<I>? )

where I represents optical wave irradiance and <> denotes ensemble average.

Scintillation is often expressed in terms of the Rytov variance', o2 =1.23C2k"'*L'"'®, where L is
the propagation path length, & =optical wave number (k = 2n/A), with A being wavelength. For
plane wave scintillation in weak fluctuation using the Kolmogorov spectrum, o, =o;.
Generally, o,<<l is associated with weak optical turbulence, o;>>1 is associated with
saturated turbulence, and o, ~ 1 is associated with moderate fluctuations.

Under weak fluctuation conditions, the on-axis scintillation component for a beam wave

is defined by'*®

o}, =87 KL chpn(x) exp[— M%zéﬂ]{l _co{Lk’f2 &a —65)}}01,@15 (6)

. ) ) L .
where A = is the Fresnel ratio of the beam at the receiver, ®=1+F 1S a curvature

2

parameter of a beam at the receiver, 0=1-0 , W is the beam radius at the receiver, and F is the

phase front radius of curvature at the receiver.

3.1 Plane Wave

For a plane wave, A =0,0 = 1,6 =1-0 =0, equation 6 reduces to



0'12’1 (L)= 87z2k2Lj'TK(Dn(K){1—cos(LTKzéﬂdeé (7)

Performing the integration in equation 7, with Kolmogorov, von Karman, and modified
atmospheric spectra expressions given in equations 1, 3, and 4, results in the following weak

optical turbulence scintillation index expressions (see appendices A, B, and C).

Kolmogoroy'*'*!! o} =0, (8)
1 11/12
vonKarman' 52 _3 8657 {[1 i J sin[ll tan” Qm} - HQWW} )
0, 6 6
Modified' : oy (10)
o’ =3.860> 1+? [4]-3.500;

A= sin(ﬂtan - Q,)+ 1'5071/4 sin(itan’1 Q,j —%sin(étan’l Qlj
6 (1+0?) 3 (1+0?) 4

1 1

2 2 5 )
where Q, = L:m = L(5'9]§/lo) and O, = L}’:; _ L(3.?I>€/IO)

are non-dimensional parameters

(ratios of inner scale to Fresnel zone). Note that as /, — 0, scintillation index based on the von

Karman and modified spectra reduce to that based on the Kolmogorov spectrum.

3.2 Spherical Wave

For a spherical wave, A =0,0 = O,@ =1-0 =1, equation 6 reduces to

L

1
af’, (L)= 87[2k2LJ.J.K(Dn (K){l—cos[ .
00

= 5(1—5)]}:«015 (11)

Performing the integration in equation 11, with Kolmogorov, von Karman, and modified
atmospheric spectra expressions given in equations 1, 3, and 4, results in the following

scintillation index expressions for spherical waves in weak optical turbulence (see appendices D,

E, and F).



Kolmogorovl’10
o} (L)=04c; (12)

von Karman'

oX(L) = 3.860,{{0.4(1 + %J sm{E tanl[%ﬂ} - EQ,”WJ (13)
0 6 3 6

Modified

1

o2(L) =3.860> {0.40[1 + Q92J [D]- 3.50Q,5/6} (14)

D= sin(11 tan”™' Q’) + % sin(4 tan”™' Q’) - % sin(5 tan™' Q’)
6 3 O+09) 3 3 O+9) 4 3

10



4.0 SCINTILLATION IN SATURATION REGIME

4.1 Plane Wave

In the saturation regime, the scintillation index for an unbounded plane wave can be expressed in

the form"® 3
oX(L) = 1+327r2k2L.:[ I KCDn(K)sin{LZI:h(g‘,f)}exp{—j:Ds[LkKh(r,f)}dr}dm’f (15)
where
t(1-45), 7<¢
h(z,&) = {
SA-pr), 7>¢

£ =0 for a plane wave (note, # = 1 for a spherical wave)
D, is the phase structure function for a plane wave
Assuming D,=D,+D 22D,
where

D, is the wave structure function for a plane wave

D, is the log-amplitude structure function for a plane wave

Performing the integration in equation 15, with Kolmogorov, von Karman, and modified
atmospheric spectra expressions given in equations 1, 3, and 4, results in the following saturated

optical turbulence scintillation index expressions (see appendices G, H, and I).

0.86
Kolmogorov"*'*1 o/ (L)=1+ W ’ og >>1 (16)
R
1 > 3.40 5 6
von Karman o, (L)=1+ W , c,0!'° >>100 (17)
O-R m

11



2.39

2,~7/6 /67
(O-RQI )

Modified®" ol(L)=1+ 20" >>100 (18)

4.2 Spherical Wave

For g = 1, performing the integration in equation 15 with Kolmogorov, von Karman, and

modified atmospheric spectra expressions results in the following spherical wave saturated

optical turbulence scintillation index expressions (see appendices J, K, and L).

Kolmogorov'*'*1? o} =1+2.73 /(0'2 )2/5 (19)
von Karman' ol =1+ 10.36/(0§Q;’6)U6 (20)
Modified®'* o2 =1+7.65/(c20]")"° 1)

12



5.0 SCINTILLATION IN MODERATE TURBULENCE
When inner inner-scale effects are taken into account, the spectrum model under weak irradiance
fluctuations is described by®
O (k)=0.033C> (x> +x,) " f(d,) (22)

Reference equations 1, 3, and 4:

«  Kolmogorov, f(xl,) =1and x, =0

* von Karman f(/do ) = exp(— KK, )

« Modified f(xd,)=exp(-x> /x> JI+1.802x/ K, —0.254(x/ )7 |

As optical turbulence strength increases, only very large and very small turbulence cell

sizes contribute significantly to overall optical refraction and diffraction.® As a result, Andrews
et al. *'*'° were able to extend validity of the Rytov approximation into all optical turbulence
regimes by using filter functions to eliminate intermediate scale sizes as optical turbulence
strength increases.® Large scale and small scale frequency “cutoffs” were established by
matching to known weak and saturation results.

Andrews et al. *'*'* developed the following “effective” atmospheric spectrum, ®,.(x),

which includes an amplitude spatial filter function for eliminating mid-range cells

®,, (k) = 0.033C7x"[G, () + G, ()] , Li << K<< ll (23)

0 0

where G (x)and G, (k) are large-scale and small-scale turbulence cell filters, respectively

G.(x) = f(xdy)exp(- x>/ x?) (24)
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11/3
K

G ==
y(K) (K2 +Kj)ll/6 (25)

£(xd, )is a factor that describes basic power law form inner scale modifications
i, 1s the spatial frequency cutoff for the large-scale turbulent cells
K, 1s the spatial frequency cutoff for the small-scale turbulent cells

5.1 Existing Plane Wave Equations
Using the “effective” atmospheric spectrum model and establishing large scale and small scale
frequency cutoffs from the previously listed weak and saturation results, Andrews et al. *'*"°
developed the following scintillation index expressions for plane wave propagation in all optical
turbulence regimes (see appendices M and N).

Effective Kolmogorov®

2 2

0_12 (L) = exp O49O'R - i OSIGR __|- 1, 0 < 0123 < o0 (26)

(1+1.116,2) " (1+0.695)

Effective Modified®

0.510%

O-Iz(L)_eXp[Oﬁx + (1 0.69 15/5)5/6]1 (27)
+ 0.0Y0
P

where o is the large-scale log-irradiance variance

7/6
O-lix = 0'160-123 2619 2,776 [B]
2.61+0, +0.450,0

1

1/2 7/12
[B]=|1+1.75 261 ——| -025 261 e
2.61+Q, +0.45030, 2.61+Q, +0.45020

o ; is the Rytov variance for a plane wave with inner scale
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11/12
ol = 3,8603{(1 + lej [c]- 3.50Q,5’6}

1

C= sin(ﬂtan’l Q1j+ &7”4sin(itan’l QIJ—L%/MSin(étan’l Q,j
6 (eor)* 13 (+or) ™

Figure 3 plots the effective modified spectrum scintillation index against o, for various

inner scale values. It shows that as inner scale increases, scintillation increases.

Plane Wave Scintillation - “Effective” Modified Spectrum

30
— A=0.488um
// N C,2=5x10"3m23
25
20

SCINTILLATION INDEX

0.5

00|

o, =(1.23C2k7° )"

Figure 3 — Effective Modified Scintillation Index (Equation 27) vs. o, For Various Inner
Scale Values

5.2 Existing Spherical Wave Equations
Using the “effective” atmospheric spectrum model and establishing large scale and small scale
frequency cutoffs from the previously listed weak and saturation results, Andrews et al. *'*"°
developed the following scintillation index expressions for spherical wave propagation in all

optical turbulence regimes (see appendices O and P).
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Kolmogorov&M’15
o2(L) = exp[o.l%ofe /1+0.18652%)"* +0.20452 /(1402300 )”"] 1 (28)
Modified®  o2(L)= exp[a;x (1,)+0.5107 /(1+0.695"" )5/6] -1 (29)
$.560 7/6
where 2 =0.0160> i E
i O-R(8.56 1o+ 0.080—,§Q,7/6J 2]

1/2 7/12
. 56
E=1+1.76 8.56 | -025 8.5 S
8.56+ O, +0.080520; 8.56+ 0, +0.080520;

11/12
o’ = 3.860§{O.4O(1 + ngj [F]- ;f,?}
1 1

F =sin Etan’lg +£sin itan’lg —Lsin étan’lg
25\1/4 2\7/24
6 3 ©+0) 3 3 O+0) 4 3

5.3 New Moderate Turbulence Equations

Although scintillation index expressions have been developed based on the Kolmogorov and
modified spectra that are valid in all optical turbulence regimes, filter functions corresponding to
the von Karman spectrum have not yet been developed. This section uses a similar approach, to
that used by Andrews et al.*'*'"°_ to establish these filters. The resulting scintillation index will
be compared to that developed for the modified spectrum to determine the importance of using a
bump spectrum as turbulence strength increases.

A more detailed breakdown of the mathematics described by this section is given in

Appendices Q and R.
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5.3.1 Plane Wave

5.3.1.1 Large-Scale Log-Irradiance Variance
Using the “effective” atmospheric spectrum (equation 23), the large-scale log-irradiance variance

for a plane wave in the presence of a finite inner scale is®

L © 2
ol (L)=87k’ j j K0.033C2 kG, (I()|:1 - cos( Kkz Hdzcdz (30)
00

where G (k)= f(xd, )exp(— KK ) = exp(— KK, )exp(— K’/ K ) for the von Karman

spectrum.

. . . 22 1(x%eY L
By assuming a Taylor expansion estimate of 1-—cos P EE C ] and by substituting

E=z/L and n = Lk’ / k, equation 30 reduces to

1 o

e (L) =22°kE [ [ £40.033C2 5™, ()& dndé 31)
00

Upon integration

7/6
ol (L) 2 0.165] [&]

X m
7/6

=0.160;7, as [, >0 (32)

2

where 7 = 1s a non-dimensional cutoff frequency for the filter function.

5.3.1.2 Small-Scale Log-Irradiance Variance
Using the “effective” atmospheric spectrum (equation 23), the small-scale log-irradiance

variance for a plane wave in the presence of a finite inner scale is®
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K Z

L oo 2
ol (L) = S;zzkzj j Ko.033cjz<-“/3Gy(zc)[1 - cos[Tﬂdez
00
L o
=877k [ [10.033C) k™G, (x)dxadz (33)
00
Substituting £ =z/L, and 7 = Lx” / k , equation 33 reduces to

1o
ol (L) =47k j j 0.033C2™""°G, (k)dndé (34)
00

11/3
K

11/6
(K2 +1<y2)

Evaluating the integral leads to

where G, (x) =

o, (L)=127203n,"° (35)

5.3.1.3 Asymptotic Comparisons

This thesis takes the same approach as used by Andrews, Phillips, and Hopen'! to perform
asymptotic comparisons of known scintillation behavior in weak and saturated regimes to
determine frequency cutoffs for the filter functions. We assume the following functional form of

n. and n, [see Appendix S].

1 1 L
_______—1i55 = ;;—’ ;g__5.<:<: 1
c, +c
1 ~ T 1 Po (36)

T = ¢, +c,L/kp? 1 _kp

L
c; +¢,(0)=c,, - <<1

L k
7, =c, +;4—2 =1, 0l el ’Z° (37)
P =,
‘ k])g k]?g k})g :>>>1
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where ¢, ¢,, ¢;, and ¢, are constants to be determined.

5.3.1.4 Weak Turbulence

The log irradiance variance, o, , is defined under the Rytov approximation for weak turbulence

by8

L o K'2
oo, =8”2k2j .[ K(Dn(/(')|:1—COS(TZ]j|dK’dZ (38)
0 0

Substituting £ =z/L and 1 = Lx* / k , the equation reduces to

o, =47k [[ @, ()]l - cos(r) inds (39)

Upon evaluating the integral,
oL, =0 (40)
Under weak irradiance fluctuations®, oL, <<1,
Oins = Oy + 04, (41)
Equating equations 40 and 41, and using equations 32 and 35, results in
0.167,"° +1.2727,7'"° =1, ol <<1, I, >0 (42)
Assuming 7, =7, , then 57 =7 =3 is an approximate solution.
Substituting 7, =7, =3 into equations 36 and 37

1 1 1

77x= 3 =~ =—=3
c,+c,Llkp, ¢ +c,(0) ¢

e =1/3 (43)
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c,L
n, :c3+k4—2;c3+c4(0) =c,=3

0
e =3 (44)
Thus, ¢, and ¢, are now established using behavior of the scintillation index in the weak

turbulence regime.

5.3.1.5 Saturated Turbulence

First, perform an asymptotic comparison for small-scale turbulent cell effects. Normalized
irradiance® can be expressed as I = xy where x is associated with large-scale turbulent eddy
affects, y is associated with small-scale eddy effects, x and y are statistically independent random
quantities, and <x>=<y>=1. Given these conditions, <[> =<x><)> =1,

The second moment of irradiance takes the form®
<> =<a><> = (1+02 1+ 0'}2,) (45)

where o and Gj are the large scale and small scale normalized variances, respectively. Based

on equations 5 and 45, the implied scintillation index is

o; =(1+0'5X1+0'}2,)—1

) 2 2 2
=0, +0,+0,0, (46)
Per equation 17, the asymptotic behavior of the scintillation index in the saturation regime is

described by o7 =1+3.40/ (GiQ;m)% , 0201’ >>100 which approaches an asymptotic limit of

unity. Therefore, in saturated turbulence
o; :0f+0';+0'§0'; =] (47)

In strong fluctuations, expect the large-scale scintillation terms to die out.
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o~ O'j =1 (48)

The small scale irradiance is given by®

o, = exp(alf1 . )—l (49)

As a result, in strong fluctuations
exp(oqzny )— =1 (50)
—><71f1y =In2 (51

When [, << p, << L,, the spatial coherence radius of a plane wave p, can be approximated by’

py = (La6cL)™ L —12(02)” (52)

7=

kpq

Recall that in the presence of a finite inner scale, aliy ;1.272027]{5/6 (equation 35). In

. L . .
saturated turbulence, the small-scale cutoff is given by 7, 2% (equation 37). Therefore, in
Lo

saturated turbulence
5/6
ol 2127202 [c41.22(a; )“5} ~1n2 (53)
—>c, =17 (54)

Now determine an asymptotic comparison for large-scale turbulent cell effects. For saturated

optical turbulence®
: =exploy,)
Gx = eXp O-lnx -1 (55)
— exp(of” ) =0 +1
Also® o) = exp(alflx +op },)—1 (56)
Therefore,
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o) = exp(oflx + 1n2)—1
:2exp(of1x)—1
=2(c? +1)-1

=20.+1
Under weak fluctuation (O'f << 1),

2 2 )
Gx - eXp(Glnx)_l = O-lnx

6

Recall from equation 32 that o2, = 0.160:1,"" as [, - 0.

As a result

6

o2 =03202n."° +1

For a von Karman spectrum, the plane wave spatial coherence
po = (L6aC2k> LI )2

_ 2
LIkp? :%[(1.64@?/&10”3) ”2}

1/6
= 0.737(1.23c2 87 e s | 3295L
" ki?
=0.7370;0!/°
Reference equation 36, assuming —>>1
Lo
1 1 1

~

7= ¢, +c,Llkp> ~ e,Llkp’ B c,0.7370;0V°

7/6
1
-0’ 20320, +1
! " ¢,0.737520"¢

m

1 7/6 1 1
=046 — | | —— | —— |+1
(czj (UJJJ(QZ/“J

Solve for ¢, by equating 61 and equation 17.
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(58)

(59)

radius

(60)

(61)
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7/6
1 1 1 3.40
1+0'46(_] ( 173 j[ 7/36j:1+ 2 A7/6:1/6
CZ O-R Qm (O-RQm )

—>c, =0.18

(62)

(63)

Thus, ¢, and c,are now established using behavior of the scintillation index in the saturated

turbulence regime.

5.3.1.6 “All” Turbulence Regimes

Applying constants ¢,, c¢,, c;, and ¢, to equations 32, 35, 36, 37, 52, and 60 results in the

following expressions for predicting large and small scale log irradiance behavior in all

turbulence regimes (including inner scale effects):

7/6
30,
oo, =0.160; e
3+0, +0.400;0,,

o = 0.5090,
" (1+0.6902 )¢

To apply inner-scale effects to the von Karman derived scintillation index,

let (ref. equation 9, plane wave in weak turbulence)

11/12
1 . (11 11
0'12 :G; :3860'[2{{(1+Q2] Sln(6tan_l Qm]_Q;S/é

6

m
impose

. 0.509012e
Oy = (1+0.690_;e2/5)5/6

=05lo; = 0.51012,

Recall, from equation 25, that o, L(L)= 1.2720@77;5 '°. Then,
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(66)
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1272 5 6/5 5 6/5

27207 o

= R =3 2R 68
7y [O.Slaf}} (O‘zJ (68)

p

Also assume that under strong fluctuations, inner-scale effects tend to diminish such that

n, = 1'75 . Recall that Lz = 1.22(0',3 )6/5 (equation 52). Then, under strong fluctuations
kpy kpq

n, 220762 )" (69)

As a result, for all fluctuations

Oy

12/5
- 3(ﬂJ (1+0.69512"%) (70)

The small-scale log-irradiance variance becomes

-5/6

O

12/5
O-liy(L) = 1'2720'123 3[&] (1 n 0.690'1172/5)

B 0.510'; 71
- /6
(1+0.695" f

Therefore, reference equation 57 o = exp(o]ix +o, y)—l and equation 64, the resulting

scintillation index for use in all optical turbulence regimes is

3 e 0.510>
o] = exp| 0.160, O, |+ -1 (72)
3+0, +0.400;0 (1+0.695""%)

m

11/12
I (1 T
where o’ =3.860, [[lJerJ sm(6 tan 1Qmj—éQm5 6}

m

24



5.3.2 Spherical Wave
Using the “effective” atmospheric spectrum (equation 23), the large-scale log-irradiance variance

for a spherical wave in the presence of a finite inner scale is given by®

L o 2
o, =877k [ [ K0.033Cx ™G, (K'){l - cosh Z(l - iﬂ}dzcdz (73)

00

2
Assuming cos(x) = 1—%, and substituting £ =z/L and n=Lx’/k, resultsin

1
on, =27k [ [0.033C) G (1) &7 (1= & dnd (74)
00

Integrating equation 73, results in

7/6
on, (L) = 0.0160;(%_@1]
n+0

X m

=0.0160, !¢ (75)

X

In the small-scale log-irradiance variance, let

L © 2
o, =87k [ | KO.O33C§K1”3Gy(K){1 - cos{"— Z(l —iﬂ}dxdz
: ’4 k L
L o
=872°k* [ [ 10.033C k™G ()dwdz . xe, >> kL (76)
00

This is valid under moderate-to-strong fluctuations and leads to the same approximation derived

by the plane wave solution (equation 35), o ,(L) = 12720, 77;5 ¢

Assume in equations 13 and 74 that /[, >0, O, — ©
o} =040, (77)
ol (L)=0.01602n,"" (78)
Under weak fluctuation, 0'12 <<1. Asaresult,
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0_12 = eXp(Ulil )_1 = 61?11 (79)

Therefore, in weak turbulence

=0.0160;7." +1.2720;n,”"°
=040,, o;<<l1 (80)

—0.4=0.016p,"" +1.272,7"° (81)
Assuming 7, =7, then 7, =7, =8 is an approximate solution
¢, =1/8, c;=8 (82)
For saturated turbulence, assuming' p = (O.SSan/’ch)_3/5 ,
c, =545, ¢,=0.0285 (83)

Performing comparisons to the strong turbulence regime, using the same approach as for the

plane wave calculations, results in

0.51c"
o} (L) =exp op (I,)+ e | 1 (84)
(1+0.6957")
where
8 7/6
O_éx(lo):0~016o-12z Oy 2,~7/6
8+0Q, +0.05640:0]

2 _ 2 i 112 E -1 & _H -5/6
(o —3.860‘RH0.4(I+Q;) 51n{(6jtan ( 3 H} 5 0. ]
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6.0 COMPARISONS

6.1 Comparison Of The Plane Wave Scintillation Index Models
In Figures 4 and 5, scintillation expressions based on the von Karman spectrum for weak and
saturated turbulence regimes are compared to the newly derived scintillation index based on an
“effective” von Karman spectrum. For assumed conditions A4 = 0.488 um (figure 4),
A =1.55um (figure 5), C} =5x10""m~"and /, = 4mm, the new plane wave expressions track
previous weak and saturated turbulence curves fairly closely, providing a visual indication that
calculations and assumptions used to develop it were correct.

In weak turbulence, o, <1, the new expressions agrees with the weak turbulence index to
within 31% for A =0.488um (figure 4) and to within 42% for 4 =1.55um (figure 5). Note that
in moderate turbulence, as the wavelength increases the effect of the bump decreases. Also note
that in the moderate turbulence regime, of approximately 1< o, <3, the new expressions
provides a smooth transition between scintillation expressions predicted by existing weak and
saturated turbulence scintillation expressions. For o,>3, figures 4 and 5 both agree with the

saturated turbulence index to within 6%.

27



Plane Wave Scintillation - von Karman and
“Effective” von Karman Spectrums

A =0.488um
an = 5x1 0—13m—2/3
l, = 4mm

<

SCINTILLATION INDEX

—— wn Karman Weak
--------- Effective von Karman
-------- won Karman Saturated

i
5 6 7

o, =(1.23C2K7° L )"

w
o

Figure 4 — Plane Wave Scintillation based on the von Karman Spectrum (weak — equation 9,
medium [effective spectrum] — equation 72, saturated — equation 17)
ly =4mm, 1 =0.488 um

Plane Wave Scintillation - von Karman and
“Effective” von Karman Spectrums

3.V
= 1.55um
Cn2= 5x10-13m-23
ﬁ 24 o
(]
2 X
z ©
5. . :
E ~‘__~~~ ....................
s 4 ._._._4_._._._._,_._'.'_'.';'.'_'.';‘.'_'.';ZZ.'
E 12 |
= i
3] H
0.6 [ i | —— von Karman Weak
) g Effective von Karman
T won Karman Saturated
0-0 ) , 1 1 L :
0 2 3 4 ° ° '

o, =(1.23C2K7 e )

Figure 5 — Plane Wave Scintillation based on the von Karman Spectrum (weak — equation 9,
medium [effective spectrum] — equation 72, saturated — equation 17)
ly =4mm, A =1.55um
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In figures 6 and 7, scintillation expressions are compared based on three atmospheric
spectra’s (effective Kolmogorov, effective modified “bump”, and the newly derived effective

-2/3

von Karman). For assumed conditions 4 =0.488um, C} =5x10""m™", [, = 7mm (figure 6)

and /, = 4mm (figure 6), the new effective von Karman curves capture the effect of inner scale
(which is the increase in scintillation over a non-zero inner scale expression such as
Kolmogorov) but do not reach the peak of the bump spectrum in the focusing regime.

In figure 6, the effective modified curve peaks at o, = 2.4 with a predicted scintillation
of 2.8. The corresponding effective von Karman derived scintillation is 2.3, or approximately
17% less. In figure 7, the effective modified curve peaks at o, = 2.2 with a predicted
scintillation of 2.3. The corresponding effective von Karman derived prediction is 2.0, or
approximately 11% less. Note that in figures 6 and 7, as /, gets smaller scintillation predicted by
the newly derived effective von Karman spectrum approaches that derived by the effective von
Karman spectrum. In extremely strong turbulence, the difference between scintillation derived

by the new effective von Karman expression versus the effective Kolmogorov expression is

minimal.
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Plane Wave Scintillation - “Effective” Modified,
von Karman, and Kolmogorov Spectrums

30 % =0.488um
x ................................ cn2= SX10-13m.2I3
e TS
i v Sl l,=7mm
O 25 J 17% ~.
Z | Y .
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O 20} i B
|: i T
S /
— i
—_— 5 ]
= i
z %
(&)
N 10
. —— Effective Kolmogorov
05 [ I.{}’ --------- Effective von Karman
722 [KE Tttt Effective Modified Bump
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0 1 2 3 4 5 6 7 8

O = (1 -23C,fk7/6L”/6)”2

Figure 6 — Scintillation Index based on varied spectra’s (equations 26, 27, and 72)
[, =7mm, A =0.488um

Plane Wave Scintillation - “Effective” Modified,
von Karman, and Kolmogorov Spectrums

s |
A =0.488um
C,2=5x10"¥m2*
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o, = (1.23C2K7° Ve )"

Figure 7 - Scintillation Index based on varied spectra’s (equations 26, 27, and 72)
[, =4mm, A =0.488um
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Figures 8 and 9 show the effect of a change in wavelength. In figure 8, the same conditions are

assumed as in figure 6, except that the wavelength has been increased from A =0.488um to
A =1.55um. The resulting difference between the effective von Karman the modified derived

scintillation at the peak of the curve is reduced from 17% (in figure 6) to 8%. Similarly, in

figure 9, assuming the same conditions as in figure 7 except for an increase from A =0.488 um
to A =1.55um, the resulting difference between the effective von Karman the modified derived

scintillation at the peak of the curve has been reduced from 11% (in figure 7) to 2%. Note that
curves in figures 8 and 9 peak at lower scintillation values than corresponding figures 6 and 7,
and note that these peaks occur in the moderate turbulent regimes. Therefore, for the conditions
given, in moderate turbulence increased wavelength size diminishes the bump effect.

Plane Wave Scintillation - “Effective” Modified,
von Karman, and Kolmogorov Spectrums

A =1.55um
0,
¢8 % C,2=5x10"1m??

201 ks Sl l,=7mm

SCINTILLATION INDEX

o5 ——— Effective Kolmogorov
S ETPTPrrs Effective von Karman
-------- Effective Modified Bump

0.0 1 1 1 1 1 1 1 !
1 2 3 4 5 6 7 8

o =(1.23C2K7° L)

Figure 8 - Scintillation Index based on varied spectra’s (equations 26, 27, and 72)
[, =7Tmm, A=1.55um
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Plane Wave Scintillation - “Effective” Modified,
von Karman, and Kolmogorov Spectrums

4.V
}2 % A=1.55um
_::::::::::::::::,:';Z?_‘ T, — Cn2= 5x10"13m23
ﬁ // f ""A"*:"'-!:;'.:; .......... I, = 4mm
(=) B I TSl
1.5 N A AL T T
Z ;o TRl
= ry
o i
> i
< i
a1or ii
= '
Z i
(&) i
n !
A
= 1/
0.5 i —— Effective Kolmogorov
N Effective von Karman
N Effective Modified Bump
I
":‘/. L L L 1 L L L L
0.0
0 1 2 3 4 5 6 7 8

o, =(1.23C2K7° LV )"

Figure 9 - Scintillation Index based on varied spectra’s (equations 26, 27, and 72)
[, =4mm, A =1.55um

6.2 Comparison Of The Spherical Wave Scintillation Index Models
In Figure 10, spherical wave scintillation expressions based on the von Karman spectrum for
weak and saturated turbulence regimes are compared to the newly derived spherical wave
scintillation index. As with the new plane wave expression, the new spherical wave expression

tracks previous weak and saturated turbulence curves fairly closely, providing a visual indication

that calculations and assumptions used to develop it were correct. In weak turbulence, o, <1, the

new expression agrees with the weak scintillation expression to within 40%. For o,>4, the new
expression agrees with the saturated scintillation expression to within 23%. In the moderate

turbulence regime 1< o, < 4, the new expression provides a smooth transition between

scintillation expressions predicted by existing weak and saturated turbulence scintillation

expressions.
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Spherical Wave Scintillation - von Karman and
“Effective” von Karman Spectrums

A =0.488um
C,2=5x10"1m"23

l,=4mm

SCINTILLATION INDEX

~~~~~~~~~

—— won Karman Weak
--------- Effective von Karman
-------- won Karman Saturated

T
- 40%

0 { | H

0.1 1.0 10.0 100
/2
oy = (1.23C27° L)

Figure 10 — Spherical Wave Scintillation Index based on the von Karman Spectrum
(weak — equation 13, medium [effective spectrum] — equation 84, saturated — equation 20)

In figures 11 and 12 scintillation differences are compared between spherical wave models based
on effective Kolmogorov, effective modified (bump), and the newly derived effective von

Karman spectra’s. Assumed conditions are A =0.488um (figurell), A =1.55um (figure 12)
C’=5x10""m™"”, and [, = 4mm. In figure 11, the effective modified curve peaks at o, = 4.4

with a predicted scintillation of 4.5. The corresponding effective von Karman derived prediction

is 3.5, or approximately 23% less. In figure 12, the effective modified curve peaks at o, = 3.8

with a predicted scintillation of 2.9. The corresponding effective von Karman derived prediction
is 2.6, or approximately 9% less As with the new effective von Karman plane wave model, the
new expression captures an increase in scintillation with inner scale, but does not reach the peak
of the bump spectrum in the focusing regime. Note that curves in figures 11 peak at lower

scintillation values than in figures 12, and note that these peaks occur in the moderate turbulent
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regimes. Therefore in moderate turbulence, for the conditions given, increased wavelength size
diminishes the bump effect. In extremely strong turbulence, the difference between scintillation
derived by the new effective von Karman expression versus the effective Kolmogorov
expression is minimal.

Spherical Wave Scintillation - “Effective” Modified,
von Karman, and Kolmogorov Spectrums

5| A=0.488um
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Figure 11 - Scintillation Index based on varied spectra’s (equations 28, 29, and 84)

[, =4mm, A =0.488um
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Spherical Wave Scintillation - “Effective” Modified,
von Karman, and Kolmogorov Spectrums

of A=1.55pm
ﬁ ./'/ : "“\""'-'Li; ....... I, = 4mm
Q25 s TSl
z / TSl
z PS T -
9 20 ,‘I
- /
<
|
=15
=
=
(8]
w10
: —— Effective Kolmogorov
0.5 2 Effective von Karman
S e - Effective Modified Bump
0.0 L L L L 1 1 L L L L L

0 1 2 3 4 5 6 7 8 9 10 11 12
27.7/6 y11/6 \V/2
o, =(1.23C2K7° L")

Figure 12 - Scintillation Index based on varied spectra’s (equations 28, 29, and 84)
[y, =4mm, A =1.55um
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7.0 CONCLUSION

In this thesis, plane and spherical wave scintillation expressions were developed from an
“effective” von Karman spectrum for use in varying fluctuation regimes. This effective
spectrum was used to extend the Rytov approximation into all optical turbulence regimes by
using filter functions to eliminate mid-range turbulent cell size effects to the scintillation index.
Filter cutoffs were established by matching to known weak and saturated scintillation results.
Although studies indicate that using a bump spectrum is important for developing accurate
scintillation expressions in weak turbulence, scintillation expressions based on the effective von
Karman spectrum track those based on the effective modified (bump) spectrurng’m’15 fairly
closely. In moderate turbulence, the new expressions provide a smooth transition between
scintillation expressions predicted by existing weak and saturated turbulence scintillation
expressions. Also in moderate turbulence, increased wavelength size diminishes the bump

effect. In extremely strong turbulence, the difference between the models is minimal.
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APPENDIX A: WEAK TURBULENCE, KOLMOGOROYV SPECTRUM, PLANE WAVE
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exp(—x>/ k)

2)11/6

The Von Karman Spectrum ¢, (k) = 0.033C. —
(k™ + K,

reduces to the Kolmogorov

Spectrum (¢n (k) =0.033C k7" 3) if inner scale goes to zero and outer scale goes to infinity.

Therefore, the scintillation index derived by the von Karman spectrum (see appendix B) reduces
to that derived by the Kolmogorov spectrum if inner scale goes to zero and outer scale goes to
infinity.

For a plane wave (equation 9),

11/12
o}, =3.860; {[1 + é) sin{1—61 tan"'(Q, )} _ %Qm—sm} (A1)

m

If I, > 0, then Q, = L(5.92/1,) /k — o
2 2 11/12 - 11 -1
o7, =0+3.860;(1) sm{ztan (oo)}

=3.860, sin{(%)(ﬁ/z)}

=0, (A2)

Therefore, the scintillation index for a plane wave in weak turbulence based on the Kolmogorov

2

2
spectrum is %7 = O,
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APPENDIX B: WEAK TURBULENCE, VON KARMAN, PLANE WAVE
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Under weak fluctuation conditions, the on-axis scintillation index for a plane wave is defined by

(equation 7):

o2 (L) = 87z2k2LﬁKch (K){l - cos{ LZZ cfﬂdl(df (B1)

For the von Karman spectrum,

o2 (L) = S;zzkzLjT K0.033C2 expl-x* / k )[1 _ cos( Ll’j fﬂdlcdf

(K2+ 2)!1/6 L
=2.606C kL ﬁ’“"p )11,62){1— (L"z gﬂd Kl
00
1w
= 2.606C k"L j KeXp 2/”’2 1- Re[exp LK 5 }}dmg
00

— 6{exp —exp{ ILK é’ }d!{af

1o
e
1o
:2.606c,3k2LRe” e ’j —eXp ’j 1+lQe; drdé
00 K +K 0 Ko Ky

= 2.606C2k>LRe

(B2)

where

2
@, (x)=0.033C? M (equation 3)
(K'2 + K’é)

cos x = Re[exp(—ix)]

Recognizing'
]o Kzz;fli(;z’fflffi) = %K(?”_S/Sr(,u U2+ 12 u—1/3k2/62)  (B3)
0 0
where

2u=1->u=1/2,
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2u-8/3=1-8/3=-5/3
u+1/2=1
u-1/3=1/6

results in

o7, =2.606C2K°L Rej.; KTl 6,2 /2 )~ % K Tt/ 6 (k2 /62 N1+ 10, ) e
0

1

= 1303 KLy Re [ultzt/ 62 )=l 6065 1)1 410, ) g

(=]

(B4)Assuming'

Fd-c)  T(c- Nz (B5)

then

u(1;1/6;x) =

Equation B4 can be reduced to

1

o, =1.303Ck’Lx,”" Re j -

0

I'(a)

r(-5/6)x""°
INQ)
-6

o=

5
-6 7 56
(23

+ (6)[?)0.929&5/6

rsle |
r(11/6)
_ T(576)
(5/6r(5/6)

1

i

5/6
J

6
=—+

~

- 6.695)&?5/6 (B6)

LNl Loy W

[6 —6.695(x2 /12 )5/6} - [g —6.695(x2 /12 ] (1410, &) 1dé

1
= 1.303C2K°Li; " Re [[6.695(x /2y -1+ (1410, e

0

=8.70CK" L, R{f (Ddé+[(1+ ime)S/GdJ

[1+i0,®]"°

[1 + iQm (0)]11/6

=8.70C’K Lk Re{_ 1+ %{

|
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. 11/6
:8.70C3k2LK';5/3 Re{—l+£|:(l+lQm) 1 j|}

oo, i,
. 11/6
=8.70Cjk2LK;f”Re£ EEW (rig,)'" 1 (B7)
11 6 iQ, i0,
Upon deleting the —— term (not real),
l m
. 11/6
o? =870k Lic RS L (1+i0, )7
" 1| 6 i0,
. 11/6
_s7sciiere| -y pelH) (B8)
' " 6 i0,
. 11/6
Evaluate % in polar coordinates:
l m

X +1y = rexp itanfl(y/x)]: X2+ exp itanfl(y/x)]

(1+iQm)“/6 :{ 112 +Qj, eXp[l'tan_l(Qm/l)]}“M

=(1+02)"" expli(11/6)tan (0, )] (B9)
Also, x+iy = rexplitan” (y/x)]= VX' + 7y exp itan’l(y/x)]

0, =0+i0, =J0° + 0 exp|itan” ()]

=0, expliz/2) (B10)
Then
#:lexp(—m/z) (B11)
i0, 0,
And

(1+i0,)" _(1+02)"" expli(t1/6)tan™'(Q,)~in /2]
i0, 0,
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(1+02)"" cos|(11/6)tan" (0, )- 7/2]
0,
_(1+02)""sin[(11/6)tan”' (0, )]
0,

{Q}i (Ql,i + 1)}”“2 sin[(11/6)tan (0, )]
0,

= Qi/ﬁ(é—k 1] sin[(l 1/6)tan™(Q, )] (B12)

where exp(ix) = cos(x), ignoring the imaginary term

Equation B8 can be rewritten as

11/12
ok, = 4.7scjk2LK,;5/3[—1—61 + Q;/G(le + 1] sin[(11/6)tan (0, )]}

- 4.75(0.813G§Q;5/6){—%+ Q,f/ﬁ(iﬁ D! sin[(l 1/6)tan"'(Q, )]}

Qm
2,1-5/6 11 5/6 1 11/12 -1
=3.860520" {—€+Qm (5D sin[(11/6)tan (Qm)]}
= 3.86a§Qm5/6{Q;/6(1 + é)““z sin[(11/6)tan (0, )]~ 1—61}
i L 11/12 . E ; _H »
3.86%{[“%] sm[6tan (Qm)} 6Qm } (B13)

where

o2 =1.23C2"° V0

2712 -5/3 _ 23.7/67.5/6711/6 y-5/6__.-5/3
CkPLic" = C2k7 kY LV L S
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Lk’

m

5/6
:C2k7/6Lll/6( k J
=0.8130,0.'°

Therefore, the plane wave expression in weak fluctuations using the von Karman spectrum is

1 D11 11 . _
012 :3,860‘2{(14_3)11/12 sln{ztan I(Qm)j|_ZQm 5/6}

m
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APPENDIX C: WEAK TURBULENCE, MODIFIED (BUMP), PLANE WAVE
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Under weak fluctuation conditions, the on-axis scintillation index for a plane wave is defined by

(equation 7)
cr,z,,(L) = 87[2k2LI]2K(I)n(K‘)|:1 —COS(LTKZJQ‘}deﬁ (CD)

For the modified (bump) spectrum,

£%x0.033C2[1+1.802x / &, —0.254(xc / i, )"° lexpl= &2 /
oit) =sa L] [ £ SESELE (’j('zwz)“(g ) “Jesol m){

] 1- cc)s(l':2 §Hdi{d§ (€2)

2 7/6 2 2
where @, (x) = %033C; [1-4—1.8021(‘/1(‘1:0.2?49(;/1(‘,) Jexp(- x2/x2) (equation 4)
(2 +x2)

This equation can be split into 3 intervals. Let B(x/x,)* =1+1.802x/x, —0.254(x/x,)""°.

Determine a general solution for B(x/x,)”, then solve for each interval separately.

1o 2 a 2 2 2
GIZI(L)=8ﬁ2k2LIJ~KO.O33CnB(1§/Kl)2 1e:(ép( K /Kl){l_COS[LK'
’ 00 (K" + ;)

_ 87[20.033ka2L_1[T KB(x /(’:3:6;5))(;?2 / Kk} ){1 B Cos[ L:z gﬂdlfdf

0
= 2.606C2k> Lﬁ B(x/ "1 eXP( "/ Ky )(1_cos(Ll’:2 éﬂdm’é
00

q) L

= 2.606C2kL jT"B (rc/ ) e"p( < /)| I—Re{exp(_llfzéﬂ}dkdf
00

(s + )'”6 |

=2.606C2k*LRe j j B(x/ Kf ;11’( /% ){ (_iLk"zf }dkd.f

00

1o . 2 ]
=2.606Ck*LRe | j B/ ’(f”/([ ( J exp( ’j ’L’; 5) diad
0 0 K |

1o ) . 2
=2.606C;k’LRe | j B(x/ "sz Ccexpl | T s iLx S\ g £
0 0 I K K, k

K

= 2.606C2K°L Reﬁ B/ "'”, { [ ] - epo_’sz(l + iQ,f)}}d/{dé
0 o K

_ 2.606BC,k’°L Rﬁ e Jexp -x1) exp -x (1+i0,8) |Lawae (C3)
) ( 11/5 1 K12 Klz

where
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cosx = Re[exp(— ix)]

Lk}
0 = .
Recognizing'
wxzﬂexp( K K2 )dK b 8)3 s
[ 5, K SO 1 2ul+ 1/ 20~ 1/30 162)  (C4)
0 (K + K )l
where
2u=a+l—> u=(a+1)/2,
21—-8/3=a+1-8/3=a-5/3
u+1/2=[(a+1)/2]+1/2=(ax+2)/2
wu=1/3=[(a+1)/2]-1/3=[3(a+1)/6]-2/6=CBa+3-2)/6=Ba+1)/6
results in
a”(L)ziRel —x, T(a+2)/2u((a+2)/21;[Ga+1)/6];x2 /%)
: 2.606BC2k>L 1
K
—%KO" T +2]/2u([(ex +2)/21;[Ba + 1)/ 6135, / &7 (1+iQ,E) }dg
_ 1-303BC3"2L’“0;/‘r([“”]/z) Rej{ (e +2)/ 21,[Ga + 1)/ 6152 1 52
Kl 0
—u([(a +2)/2L;[Ba + 1)/ 6];x; / 7 (1+iQ,E) }df (CS)RecogniZing1
e D=0 T(e-Dz" C6
) o T (C6)
then
r([5-3a]/6 3 —5]/6)xP>V
u([(e +2)/2];[3a +5)/6];x) = ([F(1176]) ), I a([a]+2])/2) (C7)
where
a=(a+2)/2
c=Ba+1)/6

l—c=1-Ba+1)/6]=[6-CBa+1)]/6=(5-3a)/6

l+a—c=1+(@+2)/2-QCa+1)/6=[6+3(a+2)—Ba+1)]/6
=[6+3a+6-3a-1)]/6=11/6
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Equation CS5 can be reduced to

5-3a]/6

o (L) B0 Lr, Tl +2]/2) Rej I([5-3a1/6)  T({3a-51/6)i; /)
A “ T(11/6) (e +2]/2)

K; 0

_| T15-3a1/6)  T(Ba- s16)(2 2 )7 (14 i, )5S y
I(11/6) T([o +2]/2)

_1303BCH LRy Tl +21/2) Rej{ F(Ba - s1/6) /7)™
T([a+2]/2)

T([(3a - 5]/6)(1(3 /K,z)[s_m]/é(l +iQ, &N }dg

o
K

T([a +2]/2)

_ 1.303Bcn2k2LK.0“*5 3[‘([(1 +2]1/2)I([3a — 5]/6)(}(5 /Kzz )[5—3a]/6 | . e
. k/T([@+2]/2) Re f [i-(+ig.y " Jag

1303BC2k*Lx,  k53V°I([a + 2]/ ) ([Bax - 51/ 6) n ysas
= n 1
K T+ 2]/2) I =iy e
_1.303BC K’ Li; T ([ + 2]/ )T ([3a — 51/ 6)
C([e+2]/2)

Rej [1 —(1+iQ e ]dg

=1.059B5;Q,” ‘T ([3a — 5]/ 6) Rej [1 —(1+ iQ]g)[Séa]/pr

13033(08130RQ;5/6)r(a+2/2)r(3a S1/6) . b -
T'([a+2]/2) Hl (+i0,) he

0

=1.059Bc20," ‘T ([3a — 5]/6)Re{|. dé - j 1+iQ&f° ! /6}15

_ 2.-5/6 _ _ 6[1 + iQ/(l)}ll_3a]/6 _ 6[] + iQI(O)][Il_3a]/6
=1.059B 020, T ([3a - 5]/6) Re{l { T aave Lo

- 2 H-5/6 _ _ 6(1"'in)[“73&]/6_ 6
=1.059B0;0," T([3a 5]/6)Re{1 |: (11—30!)in (11—30!)in:|}

- 2576 B 6 (ll—3a)_ (1+l-Q)l[1173a]/6_L
~1.059B020* T ([Bax 5]/6)Re(ll—3a){ 6 { ) .

where
0123 — 1.23Cjk7/6L11/6

2
Lk;

Q/: A
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ankzLKl_S/3 — Cjk7/6k5/6L11/6L_5/6KZ_5/3
5/6
:C2k7/6L11/6 k
! Lk}

=0.8130;0,7'°

Upon deleting L term (not real)
1

B . [11-3a]/6
o2, (L) =1.059B a0, T ([3 - 51/ 6) Re 6 {(” 3a) (1+i0¢)

(11-3a)] 6 i,
_ 6.356B0,0; " °T([3r —5]/6) Re[(1 1-3a) (1+ig&)f' ™ L
) (11-3a) 6 %)

(1 N Q )[117311]/5
1Y

i0,

Evaluate in polar coordinates:

X+iy=rexp itanfl(y/x)]:\/x2 +y’exp itanfl(y/x)]

Therefore,

[11-3a]/6
(1+iQ, ' = {nhz +Q} explitan™ (Q, /1)]}

=2+ )" P explii1-3a1/6)tan(Q))]  (C10)

Also, x+iy =rexp itan’l(y/x)]= VX + 7yt exp itan’l(y/x)]

Therefore,
i0, =0+i0, =,/0” + 0 explitan (:0)]= 0, exp(iz/2) (C11)
Then
11 .
—=—exp(-iz/2) (C12)
lQI I
and
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(1+i)" ™ _(1+02 """ expli[11-3a]/6)tan”(Q,) in /2]
0 0
(e @) 7 cos|([11 - 3a)/6)tan ™' (Q,) ~ 7/2)]
o
(Yo sin[(g 1-3¢]/6)tan” (0] (C13)

where exp(ix) = cos(x), ignoring the imaginary term
Therefore, the general solution 1is

}1 1-3a]/12

0-12,1(L) =

(11-3a)

6.356B0.0,” T ([3ax —5]/6){(1 1-3a) (1+0?
6 9

sin[([l 1-3a]/6)tan"'(Q, )]} (C14)

The final solution is obtained from the above by solving
B(x/x, ) =1+1.802k/x, —0.254(x/ x,)"'® for each interval independently, then adding them

together.

Interval 1 (1->B=1La=0):

Interval 1 _ 6:356Bo20,” T(3a~51/6) [(11-3a) _(1+02)" ™" sin(11-3a]/6)tan"'(0))]

- (11-3a) 6 0
_6356()030; T ([0-5)/6) [(11-3a) _ (1+0})""" sin[([11-0/6) tan"' Q)]
- (11-0) 6 )
6356530, °T(=5/6) |11 _(1+02)""sin[(11/6)tan" ()]
- 11 6 0
_ 6.356530,°°(-6.678) [11_ (1+0})""*sin[(11/6) tan"(0))]
_ 1l 6 0
386020 (1+0?)""sinfa1/6)tan" ()] 11

RZI Q] 6
= 3.860§{Q[5/6 (1 + le )] - Sgl[(l 1/6) tan”' (Q/)] _ % QIS/s}
1
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Qfsm |:(Q12 (le + 1J:| sin [(1 1/6)tan” (%) )]
9,

—3.8607 -

Qz_mQ/“/G(Qllz + IJ sin[(l 1/6)tan™ (Q[)] 11
9

=3.8607 -

1

=3.8605{[é+1} sin[(11/6)tan*1 (Ql)]_%QIS/G} (C15)

Interval 2 (1.802x/x, > B =1.802, ¢ =1):

Interval 2 _ 6.356(1.802)020,* T([3(1) - 51/6) |[11-3(1)] _ (1+02)" """ sinf(11-301))/ 6)tan "' (0))]
- [11-3(1)] 6 9

_ 63561802030, “T(-1/3) 4 _ (1+02 ) sin|(4/3) tan"(0)]
B 8 3 0
_ 6.356(1.802)520; ' (~4.062) {i i+ sin[(4/3)tan"l(Q,)]}

8 3 0

= 5.8160§Q15/6{(1+ 0" Sin[g”)t@m1 (Qz)]_é}

= 5.8160'1%{Q15/6(1+Q12)2/3 SiQn[(4/3) tanl(Qz)]_gglsm}

_ 5,8160§{QI_5/6(1 L0 )—1/4(1 N QIZle/lz sin[(4/3) tan_l(Qz)] _§QI—5/6}

Q15/6Q111/6(1 +Q12j sin[(4/3) tanfl(Qz)]
(1 + QZZ)IMQ/

4

=5.81607 —EQ,’W

[1+Q112J sin[(4/3)tan"'(Q))] .
1/4 _EQ/

=5.8160; (1+Q2)
1
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1+12J sin[(4/3)tan"(Q)] 4

= (3.86)(1.507)c7 E ’

_ T -s/6
(1+02)" 39
2 Y 1/12 . o
38602 (1+1/07) (1.507)s113£(4/3)tan (Qf)]—z.mQ;S/é 1o
(1+0?)
Interval 3 (- O.254(/(//(l)7/6 —>B=(-)0.254,0=7/6
Interval 3 _ 6.356(-0259)030," “I(37/6)=51/6) [11-37/6)1_(1+07 )™ " sin[(11-3(7/6))/ 6)an”' 0]
- [11-3(7/6)] 6 0
_ 6356(-0254)020," “T(~1/4) [5  (1+0})"* sin[(5/4)tan"'(Q)]
(15/2) 4 0
_ 6356(-0.254)520,""(-4.902) [ 5 (1+-0] " sin|(5/4) tan” ()]
(15/2) 4 0
H\5/8 . »
=1.054020,°"°4 () (1+Q1)5 s1n[(5/4)tan (QI)]+§
9, 4
_ 8, B
=1.05403:4(-) 9 5/6(1+ QIZ)S Sln[(5/4)tan I(Ql)]+§Q5/6
' 0, 4~

Qf“{Qf(le“ﬂ sin(s/4)tan " (0]

; S5 s
+—Q1
/24 4

= 1.0540'; -) (1 + Q2)7 0

1/12
QIS/GQlll/é[lz + 1} sin[(5/4) tanfl(Qz)]
Q[ 5 -5/6

49

=1.0540:4(-) (1+Q2)7 0

[12 + 1} sin[(5/4)tan "' (Q))]
)

Q] -5/6
7/24 +ZQI

=1.0540 (1 N Qz)
1

—3.860 {(lz + 1] ) 0.273sin|(5 f Jan "©) + O.341Q,5/6} (C17)
(1+0?)

1
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Now, combine the three intervals where B(x/x, )" =1+1.802x/x, —0.254(x / x;, )"

-0/ (L) = 3.860',%{(& +1J sin[(11/6) tan” (0,)]- 1! <9 5“}
1) 507)sin[4/3)tan " (0)]
+3.8607 (—2+1j ' ) DI_5 010756
0 (1 + le)

n 3.860‘2 (Lz N lj ) 0.273 sin[(5/4)75221:1‘1 (Qz)] n 0.341QI—5/6
9 (1 + Qf)

=3.860; (l+—) sm[11 tan ' Q,)+ 1'5(37‘ 7 sin[itan B Q,]— 0'2’737 = sin(étan’I Q,] —HQ,’5 ©-2.010,°° +0.3410,°"°
o/ 6 (1+07) 3 (o)™ 4 6

11/12
=3.860; 1+L, sin[ﬂtan’l Q,] 1507 sm[ tan” Q,j 02737/24 i [étan’l Q,J -3.500;%¢
o 6 (1+0) 4

, I IS TI 1507 4 0273 . (5., L.l (C18)
_3.860R{{1+Q12J {sm(6tan Q,] ”4 [Etan Q,]—Wsm(ztan Q,)}—S.SOQ, }

Therefore, the plane wave expression in weak fluctuations using the modified bump spectrum is

11/12
1 11 1.507 4 0.273 5 ,
2(L)=3.86024| 1+ — sin| —tan "' + sin| —tan ™' sin| —tan ™' —-3.500,%'¢
O‘/( ) U}e{[ le] |: (6 Qlj (1+Q]2)1,4 (3 Q/) ( Q[ )7 2% (4 Q[):| Q/ }
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APPENDIX D: WEAK TURBULENCE, KOLMOGOROYV, SPHERICAL WAVE
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The Von Karman Spectrum (¢n(x)=0.033C,f exp(-x* /) (k* + k)" 6) reduces to the

Kolmogorov Spectrum (¢" (x) = 0.033C; K_“B)

if inner scale goes to zero and outer scale goes
to infinity. Therefore, the scintillation index derived by the von Karman spectrum (see appendix
E) reduces to that derived by the Kolmogorov spectrum if inner scale goes to zero and outer

scale goes to infinity.

For a spherical wave (equation 13),

11/12
ol = 3.860';{0.4[1 4 Q92] sin{lgtan-l(%m H B %1 Qm_m} (D1)

m

If [, >0, ol = 3.86(;;{0.4(1 +0)'" sin[%tan‘l (oo)} - 0}

= 3.86612; {0.4 sin[% (/ 2)}}

=0.40; (D2)

Therefore, the scintillation index for a spherical wave in weak turbulence based on the

Kolmogorov spectrum is o; =0.407
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APPENDIX E: WEAK TURBULENCE, VON KARMAN, SPHERICAL WAVE
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Under weak fluctuation conditions, the on-axis scintillation index for a spherical wave is defined

by (equation 11)
o?,(L)=87°kL j j R0 (K){l cos( ]5(1 5)}11@’5 (E1)

For the von Karman spectrum,

N L”KO 033C expl(— /’fi){l_cosr:z 5(1—5)}}011«15

1/6
(> +x2)

n

1
=2.606C kL[
0

= 2.606C2K*L Reﬁ wexpl—r’ /1) _exp{—llsz(l —6)}} Al
00

1/6
(/c2 +/<02)‘ l

=2.606C k’LRe

!
—2.606C K LRe | f('(){p(_’( ]_“‘{(_’j ](1 +WH}M
00 \K™ + K, K 5
10 K J — KZ _ — K'2 . _ (E2)
M (Kz e )“/6 leXp( = J epr P j(l+ i0,£[1 f])}}dkdﬁ

=2.606C>k’LRe

where
0.033C? exp(—«~/k.) .
®, (k)= 1K) (equation 3)
cos x = Re[exp(—ix)]
Llcni
Qm - k
Recognizing'
o 2u 2 2
I ) LR U2 125130 I2) (E3)
0 K + K, )l
where

2u=1->u=1/2,
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2u-8/3=1-8/3=-5/3
u+1/2=1
u—1/3=1/6

results in

1
o7 =2.606C2k*LRe | % Ky T ulL1/ 6:12 /12 )~ % K Tl 6102 /121 +i0, 01— &) e
0

1

=1.303C2>Lic, ™ Re [ull:1/ 6:x3 /62 )~ ullil/ 6.3 1 62)[1 410,601~ §) & (E4)Assuming'

w(aciz) = Ll-c)  T(e- 1)z ©5)
T T T +a-c) ['(a)

'(5/6) +F(—5/6)x5/6
r'(11/6) (1)
. _TG/6) +(—6/5)F(l/6)x5/6

5/6I'(5/6) (1)

:§+6 -6 I 7 x*'0
5 5 6

~ g —6.695x>"° (E6)

then u(l;1/6;x) =

Equation E4 can be reduced to
o2 =1.303C2k° LK, Re:[[g—6.695(/<§ /K2 )5/6]—{2—6.695(/<§ /K2 )5/6[1+iQm§(1—§)]5/6}d§
= 1303Ck2LK;" Rej l6.695(x2 /2y [ 1+ [1+ 0, 20— &)F Jag
0
—8.70C2K>Li; k3 k" Re j Fiefivig,ea-o)T " e
0

=8.70C*k*Lk;*" Re{— 1+ j[l +iQ £(1- g)]”dg}

0
=8.70(0.813520,"'° )Re{— 1+ j[1 +i0, E(1- &) d.»;}

0

=7.076.0.° Re{— 1+ j[l +iQ E(1- 5)]5/%15} (E7)

0

where

58



o2 =1.23C2K""°L"°

2712 -5/3 _ 23.7/67.5/611/6 y-5/6__.-5/3
CPLic” = C2k7 kY LV L S

5/6
=C2k7/6Lll/6 k
! Lx.

=0.8130;0'°

1

Evaluate Re“l +iQ,&(1- f)]mdé

0

x|<1

. . . . k S k n
With binomial expansion, (1+ x)" = z ,
n

n=0

I[1+zQ £1-o)f ' ag = Ref Z( ]zQ c1-9lde = Ref Z( ] o a-oras (B8

where x =iQ E(1-&), k=5/6

In addition,

[ e sy ds= a" " Tim+1)/n]0(p +1) (E9)
) nL[(m+1)/n+ p+1]

As a result

L &(5/6
Re 2(5 j(zQ) [£0-&)]" dé = Re Z( j(iQm)” O DTGD - (E10)

pord r(2n+2)

where m=n, a=1, n=1, p=n

noting that

al_(=)"(-a),
[n] - n! (E1D
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Re:zo(—n”(l;sw)n o,y :21)2(;;1) Z( 1)"( 5/6) (.Y Eﬁ +1)2F>(1;(nn++21;

=Re§[£§213 (nil)J(“”"i;”)"J@Qm)"””rtiii‘;’f”
:Reg[r(nnin(( . (n.5/6) j(Q y %
B e N
e e e
R e
_Re Z ((;))( 1)”(};5/6),, (i0.)" F(n;(zzii(;; 1)

_Re nz;‘( 5(/2 ?) (1) (=0, " F(nr: 22;1;(;;1) (E12)

Equation E7 becomes

T =T 5/6{ zo( 5(/2? Deig,y r(nrtzzzzljr(;)ﬂ)—l}

=7.07an5“1{{§%( i0, ), F (- nn+1n+21)—1} (E13)
n=0 nn

where

I'c)l'(c—a->b)
I'(c—a)'(c-b)

JFy(abicsl) = (E14)

Evaluate: , F,(-n,n+1,n+2;1)

L @) @), 2
zFl(a,b,c,z)—kZ(;—(c)kk! :;—(C)kk! (E15)

Consider F(—n,n+1;n+2;x)

%mzoﬂm%ﬂ_immmﬂ_mmmf_mmm_
T @, (@,00 ()

Thus, for n=0, F(-n,n+1;n+2;x)=F(0,1;2;x)=1, same as (1—2x/3)"
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1 n (e resn),
Forn= 1’ F(—1,2,3, x) — Z (_1)71(2)nx — (_1)1 (2)1x 0! F(Z)

=~ 3),n 3, - rG+1,
ra) -
20
B 1)( re) ]x B
- 3rQ3), 3
ra3)

Thus, for n=0:1, F(—n,n+1;n+2;x):1—2—3x, same as (1-2x/3)'

n _ 2 D21 T3+ ,
Forn=2, F(—2,3;4;x)=zz:(_2)”(3)”x _(52,0),x [ 0! J[ r'Q3) jx

= (4,n 4,20 = r@+1),,
r4) -
33) | »
B 2( rQ3) JX 3
0N
ra4)
2x  3x’

Thus, for n=0:2, F(-n,n+1;n+ 2;x) :1—?+T.

2
Note that 1- 2?)( + 3% = (1-2x/3)" only when n=0 & n=1. Rationale as follows:

2
Compare (1 - % + %) to (1-2x/3)"

1= (= (1-2x/3)")

Therefore, when n=0 and when n=1

JF(=nn+1n+2x)=(1-2x/3)" (E16)
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JF(—mn+1Ln+20)=(1-2/3)" :3% (E17)

 (=576), (D), . v (-5/6),(1),
;—(2»"' (-i0, ) ,F (-=n,n+1,n+2;1) = ;—3 @ (-i0, )’

(=5/6),(1),(-i0,
Z 2),n! 3) (E18)

Recall from C15 that , F|(a,b;c;z) = z (@) (b), "

i (o) k!
then
S (_5/6) (1) /_iQ n [ _ZQ J
n n my\" _ F _ m
QZ; @ 3 h 3
(1+iQ’"j -1
. 3)
(%)
6\ 3
. 11/6
6 (1-1-1%”) - (E19)
I AN E19
e
3
where

I+x)“ -1

ax

S F(1-al;2;—x) =
l-a=5/6—>a=11/6

Equation E13 can be re-written as

af’l(L)=7.070§Qm5/6Re{i%( i0,) ,F(—n,n+1n+21) - 1}

11/6
6 (1+1Q3’”J -1
=7.07020""°Re AN /A—
20, (1J i
3
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11/6
6 (H %j o
:7.07(11jc7§Qm5/°Re AN A

9, 6
3
(1+l’7m)11/6
_ 2,-5/6 3 B
=3.865;0," Re | — 235 |~
3 3

Getting rid of the imaginary term,

. 1/6
1+ lQ}n

2 2,4-5/6 3 11

o;,(L)=3.860;0,""Re T —E
3

. 11/6
[1+lg”j
3 )

- in polar coordinates:
i

m

Evaluate

X+iy=rexp itan_l(y/x)]:dx2 +y’exp itan_l(y/x)]

Therefore,

11/6

w|go

1)l (5 o (8]
4
8] offpm ]

Also, x +iy =rexp itan’l(y/x)]: VXt +yiexp itan’l(y/x)].

2
i% = O—i% = 1/02 +%exp itanl(w)]Z%eXP(i”/z)

63

11/6

;\/_/%K_J

Therefore,

(E20)

(E21)

(E22)

(E23)



Ql = :Qiexp(—m/z)_ eXp(Q_ ’/’; /2) (E24)
l m m m
11/6 2 \11/12
(l+ %’J (1+ ’”] exp{i(l;)tan‘l(;]—m/ 2}
i0 /3 0./3
> 11/12
1+ =2 sin (ll)tanl(’")
3 6 3
- 0,/3
r 2 11/12 — 11 —
Q’”(92+1J sin (jtanl[’"j
1L9\G, ) L 3]
- 0,/3
11/6 11/12 — -
O [9z+1 sin (”)tanl[Q”’J
B 749\ O, L6 3 )]
B 0,/3

» i 11/12 ‘ E (0,
=040, (Q:, +1] sm[{ 6]tan ( 3 ﬂ (E25)

where exp(ix) = cos(x), ignoring the imaginary term
Thus, for a Spherical Wave Scintillation in Weak Turbulence using von Karman Spectrum,

equation E21 reduces to

X ) X i 11/12 ‘ H . & _E »
O',,,(L)—3.860'RH0.4{1+ Q,ij smK 6)tan ( 3 ﬂ} 6 o, } (E26)
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APPENDIX F: WEAK TURBULENCE, MODIFIED (BUMP), SPHERICAL WAVE
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Under weak fluctuation conditions, the on-axis scintillation index for a spherical wave is defined

by (equation 11):
a,zjl(L) = 87[2k2L_ﬁK<1)n (K){l - COS(LTKZJé:(I - 5)}[}@’5 (F1)

For the modified spectrum

o2 (1) =87 KL ﬁxo.mscf [1+1.802K/K12—+0.225)141,(/:)(/K1 )m]ex pox?/x?) {l—co { LTKZ 5(1—5)}%:15 (F2)
00 Ky

where

2 7/6 2 2
o (= 2033C, [1+1.802K/IE', - f'zf;l(i/’(’) lexp(- x2/x2) (cquation 4)
K

0

This equation can be split into 3 intervals. Let B(x/x,)* =1+1.802x/x, —0.254(x/x,)""°.

Determine a general solution for B(x/ x,)“, then solve for each interval separately.

o
ol

”zkzLj‘T x0.033C’B(x/ k)" exp(— KK )Jl ~ COS{LK2

2
o, =8
1,sp (K2+K,g)11/6

1 oo a _ 2
:2.606c§k2ij’d3(K/K’) expl-x’ /)| 1 co s{

1/6
(K2+ 2)’

=2.606C, k LHKB(K/(KI) exp)(“/gfz//q 1- Re{ . { e f(l g)ﬂ}dmg
K+ K,
=2,606Cn2k2LRe”Id3(K/(K[2) exia)(m6 /K; { iLx’ 5(1 }dicdf
K™+ K,
, KB(K/K, f —x3 lLK E1-¢)
=2.606C2k*LRe ” T [ J exp{ o p }}dmé

=2.606C2k>LR, j j "B(K / ’(f])m{ ( KzzJ—epr_:z J{H’L’“zi(l_@H}]dmg

!

= 2.606C2k*L R j j B/ Kfl),/é{ ( 5 J—epo_’;z](1+iQ,§(l—§))}}dm§

!

2606BC“Reﬁ G ["ZZ]—expﬁ"izJ(1+iQI§<1—§>)}}de§ (F3)
00 K

11/6
l I ki
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where

cos x = Re[exp(—ix)]

Lk}
0 = kl
Recognizing'
Trtexpl-xt /i de 1,
{ (K2(+K§))”/6)d ZEKgﬂ SO+ 1/ 2y +1/ 2, 0 —1/ 35, Ix2) (F4)
where
Qu=a+l—->u=(+1)/2,
2u—-8/3=a+1-8/3=a-5/3
u+1/2=[(a+1)/2]1+1/2=(a+2)/2
u—=1/3=[(a+1)/2]-1/3=3(x+1)/6]-2/6=CBa+3-2)/6=CBa+1)/6
results in

272
» _2606BCIKL

Isp —

j{ %Kg’“r([a +21/ 2u([(a +2)/21;[Ga +1)/6]:x2 / k2)

o
K

_ %Ko““r([a +21/2u([(a +2)/2L:[Ba + 1)/ 6];x2 / k7 (1+iQ,E(1 = &) }dg

_1.303BC’Lk, T([a+2]/2) Re

a

j{ u(((a+2)/21:[Ga +1)/ 61,52/ k7)

—u([(a+2)/2:[Ba+1)/ 6152/« [1+iQ,E(1 - &)] }d; (F5)
Applying'
u(a;c;z) = Id-c) + e- I)ZH (F6)
I'l+a-c) I'(a)
then
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u([(@+2)/2][Ga + 5)/6]:x) = L3 =321/6)  T(Bar =51/ 6)x™ 1

(F7)
rai/e) I'[a+2]/2)
where
a=(a+2)/2
c=Ba+1)/6

1—c=1-Ba+1)/6]=[6-CBa+1)]/6=(5-3a)/6
l+a—c=1+(@+2)/2-Ca+1)/6=[6+3a+2)-CBa+1)]/6=[6+3a+6-3a-1)]/6=11/6

equation F5 can be reduced to

o2 _1303BCiKLi, T(la+2]/2) Rej [(5-31/6) , T(3a =516k /)"
fo K" r'(11/6) C([a+2]/2)

0

_|L(5-3a1/6) | T(Ba =51 6) x)) l+ i - ™" | | .
r'(11/6) I'([a+2]/2)
_1303BCK’Lx,  T([ar+2]/2) Rei T([Ba 5]/ 6)(sg /1)
K/ I'([a+2]/2)
T (Ba=51/6)( /) /6[1+1Q,§(1 HF e g
([ +2]/2)
_1303BCIK’ Lk, T(le+2)/ D0 ([Ba=51/6)(xs /x) 5 & o o Ysars
_ e Re‘([ fi-[i+igea-&F e
1.303BC2k*Li,  kIT([a +2]/2)T([Ba -5 1/6) o , L Jsale
= K ([ + 2]/ 2) I { [l‘HQz%Z(l f)] }df
_ 1303BCIK*Li, "I ([a +2)/ DT ([3a =51/6) . 5316
1 - d
ST j i-[+ioga-oF > Jag
1 303B(0. 8130RQ,‘5’6)F([05+2]/2)1"( 3a - 5] /6) . _ e\T53al6
) I i-l+ioga-o) " jue
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—~1.059B 020 *T([3ex — 51/6) Re_l[ i-[1+igea- o Jae
=1.059Bc20* T ([3a - 5]/6)Rej. i-[1+igea-oF e
=1.059B 620, % T ([3a — 5]/6)Re{j1d§ [1+iQE &P “dg}
=1.059Bc;0; " T ([3cr — 5]/6){1 —Re j (1+iQ&(1 - 5))[53“1/6d§} (F8)
where
ol =123Ck"° L

Lx}
k

0 =

C;kZLK_[—S/Cs — C3k7/6k5/6L11/6L—5/6Kl—5/3
5/6
— C k7/6L11/6 k
Lx}
=0.8130;0,7'°

Evaluate Re [[1+i0,&(1- &) d¢ -

0

e . = (kK
With binomial expansion, (I1+x)* = Z( }-” , x| <1
n=0 n
! [5-3a/6 5 30{/6 5 30{/6
Reliviga-al  d=rq 3 )Qné(l—@]"d§=R DI N EREY P )

where x =iQ, £(1-&), k=[5-3a]/6
In addition

a” " T(m+1)/n]T(p +1)
nl'[(m+1)/n+ p+1]

j. x"(a" —x")dx = (F10)
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As aresult

n
where m=n, a=1, n=1, p=n

note that

|

Therefore,

)

D" (=

= ([5-3a]/6
Rez[ @] J(Qm)”

[5-3a]/6)

DOITE+DIC(m+1)

n:

I[(2n+2]

D" (o),

|

n(

T[(n+DT(n+1)

Re[[1+i0,£0-8)] " d&=Re Z(

e CDCIS-

n!

n=0

g

(n+1)

n=0

n!

3a/6), .

Q )n

T(2n+2]
[Mr+2)l(n+1)

(F11)

(F12)

(Q,)"

(n+DI(2n+2]

I[MTn+2)C(n+1)

j(—l)" (-5-3a1/6),

n!

\

(iQ,)"

(20 +2]

IT(n+2)0(n+1)

L & T+
_RGZL“(nH)

n=0

RS
ReS
:Rez
:Rez

n!

1
(n+

)

H (1) (-[5-3a]/6),

n!

(D" ([5-3a1/6),

(iQ,)"

[(2n +2]
[[(n+2)[C(n+1)

S T (n+2) |
O,

n!

11" (-[5-321/6),

(iQ,)"

T[(2n + 2]

I[(n+2)C(n +1)

S [(n+2) ]
=0 @,

n!

(iQ,)"

IM2n+2]

=D"(-H5-3a]/6), 230, )’ IMn+2)I'(n+1)

=| T(n+2)
[ (0),TQ2) ]

n!

(=D"(A5-3al/0),

(21 +2]

[Mr+2)IC(n+1)

| T(n+2) |
@), D"(-[5-3a]/6)

n!

_RZ

:Rezl(_5

Equation F8 becomes

o}, =1.059Bo,0, T ([3cr —5]/6)

0 (2),

n!

-3a]/6),(1)

{1_

(2),n!

Z( [5-3a]/6),1), 2(=i0, )" IMT(n+2)L(n+1)

20"
[T(n+2)['(n+1)

(=0, 2]

(iQ,)"

T[(2n + 2]

T[(n+2)[C(n+1)

T[(2n +2]

IM2n+

n=0

70

(2),n!

(2 +2]

(F13)

} (F14)



Evaluate Zw_o (L5 -3a]/6),1), (~iQ )" [(n+2)['(n+1) :
n= (2)71 n! F(2n + 2)
Note that
. Fi(a,b;cl) = [l (c—a—-b) F13)
I'(c—=a)'(c-b)
Compare to [+ 2T (n+1)
I'2n+2)

c=n+2

c-a-b=n+1

c-a=2n+2

c-b=1 or 2 (reason: I'(2)=T'(1)=1)
As aresult:
c: ¢c=nt2 (from above)
a. c—a=2n+2->n+2-a=2n+2->a=-n

b:c—a-b=n+l->n+2-(—n)-b=n+1->b=n+l1

Incorporating this into equation F14,

(15— 3a]/6) (1)

o2, =1.059Bo20; " T([3e — 5]/ 6){1 - Rez —iQ )", F (—n,n+1,n+21)}

@),
= (1)1.059B 520 T([3a —5]/6){Rei(_[5_(3§;M(—iQm)”2E(—n,n +ins2n-1y  (F10)
=0 "n.

Evaluate: , Fi(-n,n+1,n+2;1)

F(a b c Z) Z(a) (b)k ~ ! a)k(b)k (F17)

i (0) k! i (0) k!

Consider F(—n,n+1;n+2;x)

Forn=0, F(012:x)= i (0),(D,x" _(0),(D,x° _ (HID(A) _
T @, (@,00 ()

Thus, for n=0, F(-n,n+1;n+2;x)=F(0,1;2;x)=1, same as (1—2x/3)"
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L) (2) 1" 1 ((—l)'llj(r(zﬂ)jxl
Forn=1, F(—1,2;3;x)=Z(_ L2 _ D@ (o ) Ty

= (3),n! (3,1 rG+D),

rae) -

2I'(2) 2x
) =%
30,

ra)

Thus, for n=0:1, F(—n,n+1;n+2;x):1—2—3x, same as (1-2x/3)'

D21 TG+ ,
2,3,x" _2,0.¢ | 0 i

Forn=2, (34 0-% " r3)
Fe23dn =2, (4),n! @),2! r@+10,,
r4
3r(3))
2( rG) ]x 3
(@),
r@4)

2
Thus, for n=0:2, F(-n,n+1;n+2;x) :1_%+%.

2
Note that 1— 2x + 3 = (1-2x/3)" only when n=0 & n=1. Rationale as follows:

2
Comparel —%-‘r% to (1-2x/3)"

2 2 2
2x  3x ( ZxJ 4x+4% (¢(1—2x/3)")

Therefore, when n=0 and when n=1,
CSE(—non+Ln+2;x)=(1-2x/3)" (F18)
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1

ZFI(—n,n+l,n+2;1)5(1—2/3)”:3—n (F19)
& (-[5-321/6), (), o oo (=(5-3a)/6),(M), .\
HZ:(; o =i0,)" , F( n,n+1,n+2,l)—nz:(; 3 Q) ( le)
< (C[5-3a1/6),(),( -0, ) F20
_Z; 2),n! L3 (£20)

© b k
Recalling from equation F15 that , F|(a,b;c;z) = z_(a)k (0), 2

k=0 (C)k k!

b

3 (-[5-3a1/6),(1), (-0 :

L = F(-[5-3a]/6,1;2;
s (2)nn' k 3 j 2 1( [ a]

. [11-3a]/6
[1 + ZQ’] -1

—iQ,
3

- 3 (F21)
[11-3a] (zg,j
6 3
where
JE(1-a,1;2;—x) = M
ax
l-a=-[5-3a]/6
a=1+[5-3a]/6
=[6+5-3c]/6
=[11-3a]/6
Equation F16 can be re-written as
-3a]/6),(1)

o, =1.059B 307 T(3a 5}/ 6)f1-Re 3 = b i, Fiomn +1n 2
n=0 nn.

— (-)1.059B520, T ([3cr - 5]/ 6) Re[> 12 (320;]2 9.0

. [11-3a]/6
{(1 +ZQ’j —1}
3
LS
6 3

n(—iQ,)", F/(—mn+1Ln+21)—1]

=(-)1.059B85,;0,"°T([3a — 5]/ 6)Re -1
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6
11-3a

. 1+[5-3a]/6
(1 + QJ -1
3 _11-3a

=)l .0593( ja,ig;mr([sa ~5]/6)Re

6
= (—)1.0598(1 -

(1 +
]UEQ,’ OP([3c - 51/6)Re| - _1
3a i

Get rid of the imaginary term:

o, (L)= <—)1.059B( jaﬁQ{mF(Ba _5]/6)Re

11-3«

[11-3a1/6

-2
3 .

Evaluate in polar coordinates:
iQ,/3

x+iy=rexplitan” (y/x)]=+/x> + ¥ exp[itan”' (y/x)]

Therefore

[11-3a]/6
11 3a]/6
(1 {1’ ( exp ltan }}
[11-3a]/12 [11-3a]/6
1+Q—l exp| i tan”" 9
9 3

5 \[11-3a/12
= (1 + Q—’j exp[i {1-3a) tan™' (QH
9 6 3

Also, x+iy =rexpl[itan”' (y/x)]=+/x> + ¥ exp[itan' (y/x)].

Therefore,

i%zO—i% 1/ QZ explitan” (oo)] Q’exp(m/Z)

14

(F22)

(F23)

(F24)

(F25)



1 3 exp(—iz/2)

= exp(—in/2)=— D) (F26)
i9,/3 ¢, 0,/3
1Q [1-3a1/6 QZZ [11-3a]/12 =30 Q,
] =
[1+3j [ J exp{z 5 Jtan ( 3 J 171/2}
i0/3 0,/3
[11-3a]/12
j [ 11_3a)tan‘l(Q[)—7z/2}
T 6 3
B 0,/3
Q,Z J[ll 3a]/12 |: 1 —30(]tan1[Q,j:|
~ 6 3
- 0,/3
r o, [11-3a]/12
- Q9’[Q92+1ﬂ sin[(“_;a]tanl(%ﬂ
) 0,73
H,\[11-3a]/12 9 [11-3a1/12 11-3
[Q’J (+1J sinK_ ajtan‘l(Q’ﬂ
_\9 o 6 31 (F27)
0/3

where exp(ix) = cos(x), ignoring the imaginary term.

Thus, the general solution is

[Qz ][1 1—3a]/12[9 N ][l l3a]/128i{(1 1_3ajtan7] [QJ:| (F28)
Of“"(L):(7)1'0599(%}@“&[30{75]/6 ’ g 6 3)] -3
-2

0/3 6

The final solution is obtained from the above by solving
B(x/x,)* =1+1.802x/x, —0.254(x / k,)"'® for each interval independently, then adding them

together:

Interval 1 B=1,¢ =0, ['(-5/6) = (—6.680)
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Interval 1 = [Qf ]“1 WT9HJ[“ M’lzsin{(“_mjtan‘l(g’ﬂ
(—)1.0593[ 6 JU;Q;S’T([m—s]/@ ? o 6 3)] 11-3a

11-3a 0,/3 6

3 11/12 11/12
(QI J ( 92 +1J sin{[ll_ﬁljtan"l(gﬂ
9 o 6 3 _E

0,/3 6

=) 059[16 }O‘RQISMF( 5/6)

11/12
i 3Q,“/{92+ IJ sin[(l - 3ajtan'l(glﬂ
=)l 059(£j[1) 2079 °T(~5/6) 9 6 3 1 e
. 9 RX|

11 0, 6

=(—)1-059[ j[gj (3)[ J 20T (- 5/6){Qﬁ“(5/+1] sinK“_;ajtan](%ﬂ—lg(%mzuj}
- E 11/12 i e i /12 . E ] g _E . l

=( )1_059(11j(9j (3)( jO 40:0,°°T (- 5/6){Q, (Q, +1] s1n|:6 tan [3 ﬂ . © )(3)(0.4)}
o 61 e P 9 e 1L (O] 1 gl 576
=( )1.059(111(91 (3)( jO'RF( 5/6){0.4[Q[2 +1] s1n|:6 tan [ ﬂ c ©) (3)(0.4)Q1 }

11/12
=3.860:40.4 2 sin Etan_l 9 ~1.830,°"° (F29)
!
Interval 2 (B=1.802,a =1):

5 \[11-3a)/12 [11-3a]/12
Interval 2 = o 9 KM}(QH
6 . 9 o 6 3)] 11-3a

(—)1.05919[1 = 3aja,§Q, Yr([3a-51/6 o3 -
le J[]] 3]/12(9+1J[]]3],12 . |:[ jt 7](Q[ j}
=(-)1.059(1. 802)[ ]O_ 07 T(~1/3) ( 9 o7 s 6 an 3)) s
R Q]/3 6
2 8/12 8/12
6 (%J (Q9+lj sin{jtan_l(%ﬂ A
= (-)1.059(1.802)| — |020;°'°T'(-1/3 ! _x
(-)1.059( )(SJJRQZ (-1/3) A :
2 2/3 9 2/3

5] (] =5=(3] .

=(-)1.4310:0°"°T'(-1/3 ! _t

) 20T (=1/3) YE S
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3(%} [Q9+1J sin{stan (% ﬂ 4
= (-)1.431620, % T(-1/3) 2 3

s i 2/3 g
N o (Q; +1J sm&tan [3 H

= (-)1.43 10§Q,’5/6F(—1/3)(3)(9j [ o

fe g e 9]
1 9 3 3 4(1 2/3
- 3(3J(9)

=(-)1.43 10§Q,5/6F(—1/3)(3)(9j

4 1 2/3
—g(g)(9) ]

o
Q1 5/6Q14/3[ J Sin|:3 tanl[Q; j:|
=(=)0.99252I'(~1/3) 0 0 -1.920,7"°
gl (ol fim ]
= (=)0.99252T'(~1/3) o QIQ -1.9207"°

(o] Tyra] imte)
= (-)0.99252I(~1/3) o o 0 -1.9207*"°

si6,4r3) 9 e 1 h S\ /4 . [0)
070 ( + 1] (ZJ (9 +0, ) s1n{ tan” (ZH
Qz 0 3 3 1 .92Q,_5/6

= (-)0.99252
-) o 0
1 -1/4 9 11/12 4
Q175/6Q14/3Q1 ( j (2+1J |:3 tan (Q3I j:|
= (-)0.99252I'(~1/3) 9 Y 2 -1.9207"'°
(9 + Qf)
Q] IO/IZQZI6/12Q1 12/12Q]6/12[ 9 J Sln|:3 tan (Q3I j:|
= (-)0.99202T(~1/3) o -1.9207°'°
O+or)"
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9 11/12
4+ IJ sin[3 tan~ (%’ H
Q/ _1.92Q;5/6

(0+0)"
9 11/12 Ql
. (0.4)[Q—12 + IJ (2.610) smL' tan~ [?ﬂ

=(=)0. 992(ﬂ)(m) 7(-4.062) bro)"

=(-)0.9920;I'(~1/3)[ [

]

~1.92(0.4)(2.610)0;

9 11/12 Q[
2 (0.4)[Q12+1] (2.610)51{3 tan” [3]} N (F30)
=3.8602 AT —2.000;

(9 +0, )I

Interval 3 (B=-0.254,0=7/6):

Qz [11-3a]/12 9 [11-3a]/12 (11 30!) Q

1 7 ; — =

Interval 3 6 » [ 9 J (Q; +1) Sm{ 6 tan [ 3 H 11-3
=) 0593(11 - j 020, ‘T([3a—5]/6) -

073 6
T
= (LOS0254)( )30, T (—J 013 4
2\5/8 9 5/8
LT ]
3 2-siep| L ! -
= (0.215)020, F( 4) 0/3 4

5/8 Q15/4(9+1] si {Ztan'[%’ﬂ
=<o.215)(3)@] GﬁQ[S/“F(—D o —j(;j@)”

9

: Q/5/4[Q9+1j sin Ltanl(%ﬂ
=(0.164)0;:0; F(—AJ 0 —1.645

_ 2 _l -5/65/4 -1 i N 5 Q 5/6
o~ lo>iora ] el S (9] oo
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= (0. 164)0§F[—){Q,5/6Q,5/4Q1 [leﬂj (ngﬂj sin|:4tan (Qf )}—1.645Q,5“}

-5/6 15/4 -1 i e 1 g
077070, (Q, +1j smLtan (3 ﬂ

1
= (0.164)0',21"(—j
4 9 ~7/24
—+1
(le +1)

J 070! [leﬂj sinLtan (Q;H
9+0
50+

-5/6 N\5/4-1,-7/12 i e : Q[
077000 Q, (Q;erl] s1n{4tan (3 ﬂ

(9 i le )7/24

~1.6450;°'¢

~1.6450,%'¢

NI

= (0.164)a,§r(—

o1
= (0.164)0RF( 4}

~1.6450;°'¢

11/12
1 Ql10/12Q115/12Q112/12Q/7/12(Q9 ] sinthan (Q3]j:|
:(0.164)0§F(—4j (9 Q’)m -1.6450,%'°
1
0.4[92 + IJ (0.518) sin{% tan™' (%ﬂ
=(0.16 )( ][OSIISJJR( 4902 & big]” ~1.645(0.4)(0.518)0;*'¢
+ 1
9 11/12
0.4 1+Q2] (0.518)sin{4tan [%’ﬂ 31
- (3860} v 03410, (E31)
1

le,sp (L)=Interval 1 + Interval 2 + Interval 3

11/12
O-IZ»W L= 3866; 04[92 + 1) Sll’l|: tan”~ (Q/ j:| 1-83Q;5/6
’ o 6

11/12
0.4 %+1 (2.610)sin tan’l %]
) 0, 3 3
+3.8602

©O+o)H"

-2.000,”'

~0.3410,%'°

\7/24

(+ Q,)
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I (0.4)[ 9, + IJ (2.610) sin{i tan”' [gﬂ
9 (1, 0 _s16 o/ 3 3 516
{0.4[2+ IJ sm|:ztan (?):|71.83Q, }+ —-2.000

l (9 N Q,2 )1/4 !
=3.860,
9 11/12 5 Q
0.4(1 + —ZJ (0.518) sinb tan”" (71)}
~ 9 _ -0.3410,"°
NE
(9 +0; )
N (0_4)[%”] (2.610)sin tan” (%)] 0.4(1+i2)”“3(0.518)sin[%1an"(9)]

a6 dod a1 s gmn,,[g} 9 i ~ 1 _ -3.50,%]

o 6 3 ©+0)" O+

_3.5Q;5/6]

112 2.6105in{%tan’1[%ﬂ 0.518sin{§tan’l(%ﬂ
i) ol (8]

(9+Q,2)1/4 - (9+Q,2 )7/24

1

Thus, for a spherical wave scintillation in weak turbulence using modified spectrum

g YV " 2.610sin{g tan™ (%H 0.51 8sin[§ tan™ (%H
O',ZYSP L= 3.866,23 0.4[1+7] Sin[—tan"(gj}_*_ - _ __ _3.5Q[5/6]
0 6 3 (0+0?) (0+0?)
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APPENDIX G: SATURATED TURBULENCE, KOLMOGOROYV, PLANE WAVE
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Reference equation 15, in the saturation regime, the scintillation index for an unbounded plane

wave can be expressed in the form

o2 (L) =1 +327Z'2k2Lj; I Kq)n(K)sin2|:L2’: h(E, 5)} exp{—jD{LI;{h(r,g‘)}dr}dkdf (GD)

0

For the Kolmogorov spectrum (inner scale not included) D, = D, . As a result,
o2(L) :1+327r2k2L.:[ I %0, (K‘)Sin2|:LZKkz h(E, 5)} exp{— { D, {kah(r,f)}dr}dxdg (G2)

Assume the following approximation for the plane wave structure function based on the

Kolmogorov spectrum'’

D, (p)=2914C k*Lp°"”, 1, << p << L, (G3)

L
where p = {TK h(r, f)}
Then,
1 o L 2 1 L 5/3
ol (L) =1+322°K°L| | an(K)sin{zlzh(é,g‘)}exp{—'[ZSMkazL[kKh(rj)} dr}d/cdf

0 0 0

:1+327z2k2Lj: { KQ,,(K)sinz[LZI:h(f,f)}exp{ i (2.914)0.8130-,2;,[%) [Lk—’(h(r,é)} dr}dxdg

=1+32n2k2Lj T KQH(K)sin{LZI;:h(é,é)}exp{—2.369az[ij K3 ! [h(r,z;)]“dr}dzcdg

0 0

=1+327%k> Lj j 0, () sin® {—h(f §):|exp{ 23695R[k) K5/3ﬁh(‘r,§)5/3d‘r+j h(r,é)s"’dr:”dkdf

=1+327%% L_[ j 0, (x)sin’ {—h(g‘ rf):|exp{ 2369%6) 5 3{[&(1 ﬂf)]”dﬂj [0 gy sdr}}dmé

0 0

2 5/6 £
:1+327r2k2L_£ ! KQ,,(K)sinz{LZIZ h(§,§)}exp{—2.3690,€[k) K5/3|:-([ "3dr+j &5 3dr }d:«d&

:1+327T2k2L.£ ]j KQM(K)sinz{L;;:h(f,f)}exp{—Z&@aﬁ(i) K& 5/3 }dxdg (G4)

where

CijL — Cjk7/6k5/6L11/6L_5/6
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— (C2k7/6L11/6) k5/6
! L

5/6
= 0.8130,2{5]
L

Nz, 5)=t(1-p55), <&
hr,§)=¢(-pr), ©>¢
=0

Assume, for x<<I, that

3 5 7
X X

Sln(X) = X—E-FE—H-F

1
=

sin’(x) = (x)°

o Lx? N_LK2 ’
sin { ok h(f,f)} o h(f,f)}

MEL r:(l—ﬁé)}

| 2k
[kt 2 2
= e ¢ (-p5) }

__L2K4 )
| ak? d

Then, equation G4 can be written as

1 «© 2 4 5/6
Gf’p,(L):1+327r2k2LJ. j K0, () L4 A’; &2 exp{—2.3690§(2) K5/3§5/3(1—§§j}d1(d§

0 0

1 o

=1+87T2L3£ ! KSQn(K)ézexp{—2.3690',2{%j K”%”{l—%éj}d}(dé

k 5/6 2 oL= L 5/6 5
=1+(0_033)87r2(0.813)0'§[zj p’j [ wire exp{—2.3690',2{kj K5/3§5/3(1—8§)}dkd§
0 0

:1+2.1180§(i] Igzﬁ K43 exp{—2.3690,2{ij 55/3(1—25%5“}511(}15 (G5)
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where

Q. (x)=0.033C2x™"""* (equation 1)
5/6
Cn’k’L =0.813c, &j

Evaluate I '’ exp{—srcS/3 }dzc, where s = 2.3690‘%(%)5/655/3(1 —%fj
0

5/3

o 3
Substituting ¢ =« >rx=t", dlczgt 2 dt

]i K'4/3 CXp{— SK‘S/S}dK'ZT (t3/5)4/3exp{_ St}%tz/sdt :%I ZZ/SCXp{— Sl‘}dt (G6)

0 0
Note that!
j " expl—st)dt = @ (G7)
0 s
Therefore

]2 K4/3exp{—SK5/3}dK=% I'(7/5)

0 o L e 5/3 _é "
{2.3690‘1{]{) & (1 8§ﬂ

0.159

i (G8)
5 s L 7/6 7/3( 5 j7/5
- 1_7
(k) 1-2e
Then
afpl(L)=1+2.nsa;(Lj & 0.159 e
| k 0 ayws( L 7/3 5
(or) [k) & (1—8§j
0.337 | 5 \7
=1 32 d (Gg)
+(0'123)2/5?[ g ( gfj 3
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Applying3 3

o x*dx u”
—(1 Iy = 7[21:1(‘/,,“;1 + p,—fu)] (G10)
0

Then

0.337 u”*
O'zz,pz (L)=1+ W;[zﬂ(‘/, il + p,—Pu)]
Or

0337 1 7
=1+ Wm[zﬂ (E’
(GR)
0.506
(O'R)
:1+—0'86 (G11)

VL
(O'R)

Therefore, for a plane wave in saturated turbulence using the Kolmogorov spectrum,

255
338

0.86

2 \2/5
(GR)

, ol >>1

o (L)=1+
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APPENDIX H: SATURATED TURBULENCE, VON KARMAN, PLANE WAVE
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Reference equation 15, in the saturation regime, the scintillation index for an unbounded plane

wave can be expressed in the form

o2 (L) =1 +327r2k2Lj; I KO, () sin{L;: h(E, 5)} exp{—jD{LIfh(r,f)}dT}dkd(f (HI)

0

. . 1
For the von Karman spectrum (inner scale included) assume D, (p,L) = ED( p,1) . As aresult,

o (L) ;1+327r2k2L.:|: I KQ”(K)sin2|:LZI:h(§,§):|exp{— _:[;Dp{]}fh(r,é)}dr}dxdg (H2)

Assume the following approximation for the plane wave structure functions based on the von
Karman spectrum1

D, =3.280Ck>LI;"" p? (H3)

where p = [% h(r, f)}

Then

0

o2(L) =1+ 327°k Lj j kD, (x)sin {h(é f)}exp{ j(1j{azgocjkzuol’3[1’%(1,5)} }dr}di(df
1 2
=1+322%> Lj [ k@, (x)sin’ —h(g &) exp{ [ 1. 640c3k2u(;”3{%h(1,5)} dr}dm'g
0
:1+32n2k2L£ { K(D"(K)Sin{zl;ch(f,f)}exp{114640{0.8130,2{];) }1 ”’[L’(h(r g)} dr}d/(dé

1 o r 2
—1+322%L[ [ x® (x)sin?| =X
{ j (%) E

exp{ [1.3330; ;7,6 I, (e g)]zdr}dmg

Y b Lk (1333 L (L 35.05.) "
=1+327% L! ! kD, (x)sin {Zkh(f,f)}exp{ !35 05 ol (;J( i J [h(f,g)]zdf}dxdg

1 » r 2
=1+327°K°L] [ x®,(x)sin’ Lx exp{ | 0.7376,2?1(2(5;)Q:/G[h(z‘,f)]zdz‘}dkdé‘
0 0 L J 0

- 1+327r2k2L£ I K@n(zc)sin{g’]‘:h(g,g)}xp{— 0.7370§K2[iJQ,L“’.([[h(r,é)]zdr}deé

=1+ 327r2k2L_[ T KD, (k) sinz[Llez h(&, é‘)} exp{ 0.737J§K2(2JQL/6E h(r, &) dr + ! h(z, é:)zd‘l':|}dkdé:

_1+327z2k2Lj [ kD, (x)sin [7}1(5 5)}xp{ 0.73702K ( J (ﬁ r(1- ﬁg)]zdﬂj [é(l—ﬂr)]zdr:”dkdf_f
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=1+ 327r2k2Li I Kk, (1) sin’ L2 ’2 i h(;,g): exp{— 0.737011;«2(%)@"6 iﬁdr +j fzd1:|}dld1§

=1+ 327r2k2Lj: I Kk, () sin’ Lz ’Z 2 h(e;,e;): exp{— 0.7370§K2[%jQ;/6 4;3 +E(1- 5)}}61;«15

=1+ 327r2k2Lj; I KD, (x)sin’ L2 ’; i h(g,g): exp{— 0.737021<{%)Q;/6 :52(9; +(1- g)ﬂ}dmg

=1+ 32n2k2Li I Kk, () sin’ Lz ’Z 2 h(§,§): exp{— 0.7376;/(2[% 0!/ :52@ +(1- g)ﬂ}dxdg
=1+3272°K°L i I x®, () sin’ L2 ’; i h(§,§): exp{— 0.737Q;"603(L]’:z ]:52(1 - igﬂ}dm'g (H4)

where
oﬁ = 1.23Cj/’c7/6L“/6

Lx.  L(5.92)° 35.05L . . . .
= = -— 1s a non-dimensional inner scale parameter
k ki, ki,

sz

2712 —5/3 2 /67.5/6 y11/6 y—5/6__—5/3
Ck’Lx,” =Ck""°k"° L L™

5/6
:C2k7/6L11/6 k
! Lk’

m

=0.8130,0.'°
h(z,)=t(1-p&), 1<¢
hr,5)=¢0-pr), t>¢
S =0 for a plane wave

Assume, for x<<I, that

3 5 7
X X X

Sln(X) = x—§+5—7+

11
=

sin”(x) = (x)*

. | LK’ | Lx? ’
sin { Y h(éf)}z{ & h(f»f)}

88



—ﬁf)}
_L2K4 2 2
= e ¢ (1-p2) }

__L2K4 ’
| 4k d

Then,
Jf(L):l+327rzkzL‘([ ! ben(K)[i sz zJexp{—0.737Q;”’0'§[L:]fz(l—i(fﬂdm’g
1 © KZ
=1+87°L j &2 j KSQn(K)eXp{— (7j0.737a,§ 1oy g2 (1 - }d/cdé
=1+8x L3J ¢ J K°Q, (K)exp{ (Q jO 7370, ,lnmLf 1- —f }d
Km
— 1+ 872 j gzj K'SQn(K')eXp|: [ ]o 737 RQ”"f }d/cdf
0 0 Km
1 0 2 2 2 2
:1+87r2L3j é;zj‘ pE 0.033C, exp(—lfé /K'”)CXP|:—(K2 J0~737O—1§Q;/6§2(1_§I|d’(d§
0 0 (Kz +K§) m 3
=1+87°L°0.033C; | ng (zfsz)mexp{—[,’jJ 1+0.7370§Q;”6§2(1—ig)}}dmg
0 o \K +K, m JL
=1+2.606C; LL’ izj §ZT (KS)“/GeXp{—(Kj 1+0.7370§Q;/"§2[1—ifﬂ}d/«if
0 0 K2+K§ Kn JL
:1+2.606c3k2L1§j ng ("S)Mexp{—(’f _1+0.737G;Qj,"6§2 1—35 dmg
0 K2+1<§ K )L
14+2.6060.813)c;, [k i—zj gZT K( K e exp{ [K"j]{1+0737 RQ”%E §§ }}d
0 0 K +K, m
(L 7161 zw pE > i
=1+2.1180R(%j ! g{ Wexp{ (K;][Homa 0! 5 g] }dxdg
7/6 1 © 5
L K K
:1+2.1180-2(—j £ —ex;{—a—]dkdf
R k .([ .([ (](2 +K§)11/6 K,i
7/6 1 0 5 2
L K K
=1+2.1180'12{—j £ < €Xp| — dxdé (HS)
k J; J; (K2+K§)”6 (Km/JE)Z
where
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~0.033C expl- £/ 2))
0, = (K2+K2)11/6

0

, (equation 3)

k 5/6
Ck’L = 0.8130§(zj

a=1+ 0.737a,§Q;/6§2(1 —ggj

3
° 1 K’
K’ exp| — dx
Evaluate ! (Kz + Kgyl/ﬁ (Km / \/;)2
Recognizing'
© 2y )
[= expl ’(”fé"m):lxgﬂ-mr(y+1/2)u(y+1/2;y—1/3;z<§/xj,)
o (K2+K§) 2
where
2u=5—->u=5/2
2u—-8/3=5-8/3=7/3
u+1/2=3
u—1/3=5/2-1/3=15/6-2/6=13/6
then

2
e exp{— ( ;(ff }d}( = %Kg“r(s)u@;w/é; k2 ik, /a)?)
K,/ va

K 1
|~
0 (a2

Applying this to equation HS, then
7/6 1 o 5

2 . 2 £ 2 K _ K’
O'I(L)—1+2.1180'R(kj !5](: —(K2+K2)“/6exp[ —(Km/\/E)ZJdef

0

7/61
:1+2.1180§(%) j §Z%K5/3F(3)u(3;13/6;1(§/(Km/\/Z)Z)dg
0

7/61
=1+2.11802(%j j §Z%K5/3F(3)u(3;13/6;1(§/(Km/\/Z)Z)dg
0
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7/6 1
:1+2.1180;(11;j %Kg”m)j Eu313/ 62 (k, I Na))de
0

:1+2.1180§(%) %Kg”m)j Eu(313/6;x7 /{K‘m/ \/{1+o.7375,§g;/6§2(1—igﬂ} Yde (H6)

2
Evaluate u(3;13/6;x, /{Km / \/ {1 + 0.7370,§Q;’6§2(1 — %gﬂ} )

r(l-c) . I(c—-1)z"*
I'l+a-c) I'(a)

Therefore

313/6:2 (. | oy TA=13/6)  T(3/6-1)( /e, /fialf) ™
uG; K oy 1) )‘r(1+3—13/6)+ r'3)

_T(7/6), T(A/6)0s; He, 14lalf)

T T1/6) r3)

- '(-7/6) . L(7/6)(x;/x.)""°

r'(11/6) a"'°T'(3)
C(7/6)(x;/x.)""°
a7/61—~(3)

(H7)
~6.171+

As aresult

LY 1 1 T(7/6)(x2/x2)7S
2(L)=1+42.11802 = | —«°T@)[ £246.171+ 0 ) g
o} (L) oR(k) y% TOf & g e

7/6 1 7/3 2 2 Y7/6
:1+2.1180;(ij (;jf 52{K5/3F(3)6_171+K0 F(3)F(77 //66r)((§)0 (x2) }da
(24
0

7/6 ! L V16
=1+2.1180; £ l é‘z K7/3(2)6.171+ (Km) r'(7/6) de
: k 2 0 2 7/6
' 1+0.737a;Q;/6.§2(1_3 gﬂ

7/6 1 Y6
=1+2.1180§(2) G]j £12.341k]" + k] *rass) gz 9

N 7/6
0 1+ 0.7370§Q;/“§2(1 —igﬂ
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Assuming infinite outer scale (x, =1/L, =1/00=0), then

7/6 1 5 Y776
O'IZ(L)21+2.1180-§(£) (ljf e (<) °r/6)
k 2 1 5

0 {1 n 0.7370§QZ,/6§2(

716 |

1 2 LK:, &
=1+(2)F(7/6)2.1180R( 3 J I

7/6
0 |:1+O.737G;Q;/6§2[1_§6gjj|

1 52

1+ (%j(0.9278)2.1 180,§Q;/6j
0 [1 +0.7375207/° &

2 7/6
1‘35)}

m

1 52
=1+0.982570," [

If 6/Q]'°>>100, then

2

1+ 0.7370§Q;/6§2[1 —Egj = 0.7370§Q;/6§2[1 3

{1 + 0.737012Q,Z,/6§2(1 —ifﬂ

1 2
o7 (L)=1+0.98205;0]° | :

m

3

. 0.9825207'6 oo

0 |:0.737O'1§Q;/6§2(1_2§):|

(0.737)7/6(0_12)7/6(Q;/6)7/6 ) (l_igj

1 -1/3
1 1.40 f g

2,~7/6 \/6 76 do
(301 ) (1—?5)

Applying35
[ w _w

0 mzj[zﬂ(v’ﬂ;l—i_ﬂ’_ﬁu)]

where
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u=1
u—1=-1/3,->u=2/3
p=-2/3

v=T7/6

Results in

oX(L)=1 +%2+3[2E(7/6,2/3;5/3,2/3)]
O-R m

:1+(2-_10y/6[23(7/6,2/3;5/3,2/3)]]

217/6
RZm

=1+ — 210 1618

(O_2Q7/6)l/‘>
RZm
3.40

=1+ (O_2Q7/6)1/6
RZm

(H12)
Therefore, for a plane wave in saturated turbulence using the von Karman spectrum

3.40 0_2 7/6>>100

G?(L)EI'FWJ R=Zm
RZm
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APPENDIX I: SATURATED TURBULENCE, MODIFIED (BUMP), PLANE WAVE
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Reference equation 15, in the saturation regime, the scintillation index for an unbounded plane

wave can be expressed in the form

2 272 07 . o Lx > ; Lk 11
oX(L) = 1+322°K°L ! ! x®, (k)sin {y{h(f,@}exp{— ! Ds[kh(r,é)}dr}dkdf (I1)
For the modified spectrum (inner scale included) assume D (p,L) ~ %D( p,1) . As aresult,

af(L);1+327z2k2Lj T KQH(K)sin{L;:h(f,f)}exp{ 1% p[’ch(r,g)}dr}d,cdg (12)

Assume the following approximation for the plane wave structure functions based on the

modified spectrum’

D(p) =2.700C.k>LI;'" p* 1 — + 0.438 —
2 2 2 2
(1+0.63207/22)""  (1+0.442p7 /12)
B 0.056 ) 868( )1/3 ]
(1+0376p7 /12)
- 1 0438  0.056
=2.700C k°Ll," p?[ —+ . —+ —0.868(0)""°]
1+0)"° " (1+0)*? (1+0)
=3.74C2k* LI, p* (13)

Lk
where p = {7 h(t, 5)}
Then
ol (L) = 1+327r2k2L'(i; I KQn(K)sin{L;:h(ff,f)}exp{—Ii;(;j[3474C3k2Llﬂ”J[Lk’(h(z',f)} ]dr}d/cdé
:1+32ﬂ2k2Lj T kD (x)sin’ L—’(zh(g £) lexp —j[l} 74,0 8130{5]5/6 I 3[L—’(h(r g)Tdr drd¢
" 2% 2T T L 0 ’

=1+327°k> Lj [ k@ (x)sin {h(f §)}exp{ jl 021o Z(kJ(m;:;szJ [m(r,g)]zdr}dmg

=1+327°k* j T KD, (K)sin {h(f f)}exp{ j 1.021 ;g,”{ J[h( 5)]2dr}d1<d§

=1+327%°L { I L ()sin {’;h(g,g)}exp{—l.ozlagg,“’[l’:j{ h(f,f)zd‘[+£ h(r,§)2dr}d/cd§
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1w 2 2\¢ 1
:1+327r2k2L_(|; ! K@”(K)sinz[Lz’;h(g,g)}xp{1.0210;Q}/6[["k‘]£ [za- ﬁé)]zdr+£ [ca- ﬂr)]zdr}d;cdg
1

© 2 2\¢ 1
=14322°%K°L| | K(D”(K)sin2|:LZ’;h(é,§)}exp{—l.0210§Q}/6[L:Jj cdr+ | gzdr}dxdg
0 0 0 I3

=1+327°%k°L ! I KO, () sin{[;: h(E, 5)} exp{— 1.02 1a;Q;/"(Lk’(2J§2(1 - % gj}dmg (14)
where

272 — 2 /6 y11/6 y— -
an LK[5/3 :an7/6k5 6L 6L 5/6,(,[5/3

5/6
— C2k7/6L11/6( k j

2
K

=0.8130;0,”"°
Lk} L(3.3)* 10.89L

0= K2 kI

hr,8)=1(1-55), ©<¢&
hr,8)=E(1-pr), 7>¢&
£ =0 (for a plane wave)

Assume, for x<<I, that

sin®(x) = (x)°

smzm h(é,é)}z Lx h(é,é)}

2 2k

_|Lx é(l—ﬂé)}

| 2k
Lkt 2 2
| e & (1-p2) }

R
| 4k’ d
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Then,

GIZ(L):1+327r2k2L_([ ! chn(zc)[i1 ]’:2 Z}exp{—l.mlo—;Q}/(’[L:Jc_fz(l—if]}dkdf
& L% Li? 2
=1+87z2L3j§2j KSCD”(K)eXp{ 1.02152 ”"[ p Jiz(l—ggj}dxdi
0 0

Reference equation 4, for the modified spectrum

D)= 0.033Cn2[1 +1.802x/ EZ —+o 25)4t§2</x, V' lexpl- 2 /x2)
O

Assuming infinite outer scale x, =1/L, =1/0 =0

@, (k) = 0.033C2 k" |1+1.802k /5, - 0.254(xc/ 1) |exp(- &7 /17

Equation I5 can be written as

1 ©
GHL)=1+87°L [ &] k100330 [1+1.802¢/ &, ~0254(x/ 1) Jexpl- 1 / &7 )
0
K’ 2
exp{— (7)1 .ozlaﬁ,Q,”ﬁchz[l —gfj}d/cdg

This equation can be split into 3 intervals. Let B(x/x,)” =1+1.802x/k,

Determine a general solution for B(x/x,)”, then solve for each interval separately.

A= 1+8;;2L3j§ j (00332 *“[B(K/zq)a]ex{;’fjexa{—[";jl.oz bﬁg/ﬁng(l—zgj}dmg

) 3[52‘([ Kt exp[ KK jexp{ [ . Jl 0210 ;Q,1/6L§ §§ }dxd§

1

=1+87°L (0.033)C2

I

K)aj‘ T 4/3+a { ]ex%_("zgjl OZ]o-ZQI/éLg %5 }dkdf

0

_1+260(Czk2L2 L (][3) Jl_éz]e prET - p{ (’;IHI 02]0'2Q17/6§ ﬂ}dkdf

=1+87°L(0.033C* (
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1+41.02 bﬁg”gz(l—igj

=1+21180-2(L)7/6 B J].é-‘z]gzc‘”mex — K i dE (19)
AR AT K
where
k 5/6
Cn’k’L = O.813a§[—j
L
Substituting t=x" —>x=t"", d/(z%t‘”zdt
21716 £2 2
. 1+1.021620; 5[1—39&) |
oi(L)= 1+2118a2( ) . ! j (%) expl — . rEf”zdt &

1+ 1.oz1a,§Q,7’6§2(1 —igj

_1+10590R( j Tt”““” - . thde lag (110)
0 K
Recognizing'
j ! exp{—st}dtzljc) (I11)
0 S
Then
LY B | (K’Z)&r(}g)
2(L)=1 1.059@() ? d
o=l k (K;)“F NG :
{1+1.0210§Q7/6§2[1—3§ﬂ
2
=1+1. 05902Q,7’63F(Z ij s = iz (112)
0 |:1+] 0210'2Q7/6§ ( if):| 6 2

98



If 67Q]'°>>100,

1+1.0210;0/'°&? ( —§§j~1 0210:0]'°& ( iéj

and

O'f(L);1+1.0590'§Q,7/6BF(z+gjj. & S
° %A vonfs 2157
{1.02155 ) 5(1-35)}
1059207 Br{ L+ %],
:1+ RQ[ (? i 2 §—1/3—a7 : d§
(1021620762 (1— i gj[(fz]

Reminder: B(x/x,)* =1+1.802x/x, —0.254(x / x,)"'°

Solve for each Interval independently, then add them together:
(i.e., o7 (L)= 1 +term 1 + term 2 + term 3)

First interval 1: B=1, a =0

IOS%ZQWT( j ;
interval 1 ~ = |6 i & ¢
0

(L0210 ¢ (1 2@@
3
09588 | & y
- /6 7 5
= RR ARG
-3¢
0.9588 1
=0 [ F(7/62/3;5/32/3)]
(O'2Q7/6)1/6 2/3
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1.438

=———(1.618
(O_; 17/6)1/6( )
3 2.33
(O_RQ7/6)1/6
T e u*
here?s [ X _ U F (v, 11+ 1,—
where' || < v+ )

Second interval: B=1.802, a =1

1 05902Q,7/6Br(7 “))

(102167 Q”é)][" %)

—1/3 —a

2

interval 2 -

-

1.059520]°1. 8021"[7 lj 1
= 13 _[ 13 dg
0

{(1 021620] ¢ Jo } {(1?}17

=0 (Since interval 2 << interval 1)

Third interval: B=-0.254, o =7/6

1 059a;Q,7/63r(Z “j

. 2 1 —1/3-a
interval 3 _, . : mil&j J‘ 4 = £
(L021020) ¢ s"2)  ® (1_2 jﬁ 2
3
7 7
1. 0590‘RQ17/6(0 254)F( 6) 1 eg71/34377/6
:1+ 14 j 14 d§
717 0 717
{(1-0210§Q7/6)“} {(1 2 jéi
_gg

=0 (Since interval 3 << interval 1)
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2.33

2,7/6 /6 °
(UR ! )

plane wave in saturated turbulence using the modified (bump) spectrum:

Recall that o (L)=1 + interval 1 + interval 2 + interval 3 =1+ Therefore, for a

2.33

2
o;(L)=1 t
(0_12te7/6)

(118)
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APPENDIX J: SATURATED TURBULENCE, KOLMOGOROYV, SPHERICAL WAVE
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Reference equation 15, in the saturation regime, the scintillation index for an unbounded plane

wave can be expressed in the form
20 =1+ 3200L[ [ s, ()sin?| 20 (.25 he, &) lar an (1)
o (L)=1+32x f j ((R)sin®| =~ (£, €) |exp —! | (w8 |dr il
For the Kolmogorov spectrum (inner scale not included) D, = D, . As a result,
o2(L) :1+327r2k2L.:[ I %0, (K‘)Sin2|:LZKkz h(E, 5)} exp{—_:[Dpl {Lk’(h(r,f)}dr}dxdg (J2)

For spherical wave, convert D, to D, (the wave structure function for a spherical wave)

Assume the following approximations for the plane wave and spherical wave structure

functions based on the Kolmogorov spectrum [page 403 laser book]

D, (p)=2914C;k*Lp°" J3)

D, (p)=1.093C2k*Lp*" (J4)
1 093 5/3 2 914 5/3

D 2.914C2k*Lp°"° = 1.093C2k>Lp™* =2.666D J5)

L
where p = {%h(r, 5)}
As a result,
) yiaf § .| Lk? i Lk "

o2 (L)=1+327%k Lj j k0, () sin Lkh(g, 5)} exp{— j 2.666D,), [kh(r, 5)} dr}drcdé
=1+327%> L_[ j K0, ()sin {h((f (f)}exp{ j(z 666)(1.093)C k L[ h(r, 5)} dz’}dlcd(f
=1+322% Lj () sin {— (&, 5)} exp{ j (2.666)(1.093)(0. 813)0R( ) "[ Kh(r,f)}s 3arr}dmhf

=1+327"

) (x)sin {h(é §)}exp{ I2 36907 (— )5/{ Kh(r,f)] dr}d/(d(f

K
=1+327°"L

[
]
{1

k0, (x)sin’ —h(f &) lexps - 23690‘R L [kh(r,&) " dr tdidé
k
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1 o 2 1 5/6
:1+327z2k2Lj j KQ,,(K)Sin{L;;h(f,@}exp{— j 2.3690;(3 K5/3[h(r,§)]5/3dr}dkd§
0 0 0
L2 LK’ AR
:1+32;z2k2Lj j KQH(K)sin{zkh(f,f)}exp{—2.3690§(k) | h(r,g‘)mdr}d/(dé
0
=1+322°K Lj j k0, ()sin {—h(g 5)}xp{ 23696,{2] K5/3[j;h(f,§)5/3dr+j Wz, &) Jdr}dm’cf
00 0 £

» 2 5/6 & 1
=1+327°k°L { { x0, (K)sin2|:1;’;ch(§,§):|exp{— 23690-,3(%} x° -‘[ { [z(1-BEY 3dr+;[ [£Q- BT -‘dr]}dmg

=1+ 32nzkzLj T 0, (K)sin{é—’ih(é,@} exp{— 2.3690‘,2{%) S q[jl[r(l -7 dr +_1[ [Ea-o)7T 3a’rj}dxd§

<, 5z()3

1- TRH
0 ——(-7)

5/6
=1+327%k°L KQ (x)sin |:—h(§ §)}exp{ 2.3690‘2(%) 5”[(1 é)mj‘ B+ & XJ‘ a1- z')mdr]}dmdf
L 5/6 3
[ %0, ()sin [7/1(4 5):|exp{ 2.3690‘[2{;] ,(sm[(l_ o 2o ]}
22 f f .| Lk ~L565/3 533 483 sis 533 8/3 /3
:1+32;r~k~Lf j KQ,,(K)Sln{?h(g,g)}cxp{—243690',;(;} IS ((1-5) FL U S-S (L V() ]}d:cd.f

:1+3z;ﬁkii ! KQ,,(x)sinz[LT’:h(g,g)}xp{—2.3690;[3 < 3((1—5)“%58 3+§“§{(1—§)“]}4m5

:1+327r2k2LJ; I KQ,,(x)sin{Lz’zzh(g,g)}xp{2.3690,2[3 KWZ,:WU5)5/3[§+(1§)]}d1<d§

=1 +327r2k2L.(|: I KQ”(K)sin{szh(f,g)}exp{— 0.88840§(%} KPER (- 5)5”}de§

where

CjkzL — C:k7/6k5/6L11/6L75/6
k5/6

L /6
5/6
= 0.813a§(£j
L

h(z,8)=t(1-p), 7<¢&

— (C k7/6L11/6)

h(z,8)=c(-pr), ©>¢

f =1 spherical wave

. L
Now, evaluate: sin?| =
2k

Assume, for x<<I, that
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3 5
X X x
sin(x) = x——+

+... X
35t

7

I

sin® (x) = (x)*

sin |:

- X
~ Lk hE,
2k
Lk? ?

Ikt

=t (l—ﬂe‘)}

Lk’ 2 2
| ¢ (1-9) }

Equation J6 can be re-written as

2 5/6
o/ (L) =1+327°k LI J' K0, (/()|:§(1 5)} exp{—0.8884a§(2j K5/3§5/3(1—§)5/3}d1cd§
5/6
=1+327% LI I K0, (x )4}(2 E(1- &) exp{ 0.88846;(2} K5/3§5/3(1—§)5/3}d1q1§
L 5/6
=1+872°L j j 0,(K)EX(1- §)zexp{ 08884a§(kj KPER (1= 5)5’3}(1;«15
0
Lo 5/6
=1+82°L' [ [ x°(0.033C2 "2 (1) exp{ 08884%(1{] K3PE(1- 5)5/3}d1¢1§
0 0
5/6
(0.033)87I2C:L3.[j 4/352(1—5)2eXp{—0.8884a§(zj K5/3§5’3(1—§)5/3}dkd§
1+(0.033)8 2C3L3[ jj T K4/3§z(1—§)2EXP{—O.888401§(£)/ K5/3§5/3(1—§)5/3}d1(d§
=1+(0.03387°C’ k%(i‘ij} T K‘4'/3§2(1§)Zexp{0_8884aé(ij Ks/sés,/s(lé)m}dmg
=1+(0.033)87° {0 81301{ kﬁi I K”[é”(lé)z]exp{o.sssw,i(z) x5’3.§5’3(1.§)5/-‘}dm§

ﬁ
L
:Hz“gaz(kTG zj T K [£21- ) Jexpy -0 88840{L)5/6K5/3§5/3(1—5)5/3 dxdé
. ! L 0 0 ' K k

—1+21186R[ ] ITKM}é’ 1-¢)° exp{ 0.88846;[ij K5/3§5/3(1—§)5/3}d1(d§

(7

where
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$,(x)=0.033C>x""" (equation 1)
5/6
Cn’k’L = 0.8130;(9

0

© 5/6
Evaluate J. x4 exp{—szcm }dl(', where s = 0.88840;(%) EPA-¢)y"

o 3
Substituting ¢ = x°"° >x=t", de==t""dt

©

I K’ exp{—szcm}d/czf ")? exp{—st}%t'mdtzgj 1'% exp{—stdt
0 0

0

Note that!

where x—1=§ —>x=Z

Then

J‘ 43 eXp{—SK'S/S}dK'Zg I'(7/5)
5/6
’ {0.8884@%(2} 55/3(1—5)5/3}

0.8873

<0-8884>”5(a§)7/5{@ } Era-o"

~ 0.6283

(02)7/5{(24) } [55/3(1_5)5/3]7/5

7/5

W | W

As aresult,
7/6 1

0 (0_;)7/5{(2) :| [§5/3(1_§)5/3]7/5
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j £(1-
) [935/3(1 63)5/3]7
!

sdS

57/3(1 5)7/3

-1/3

Recognizing that™

-1
T x*dx
0

u,u
(1+ﬁx)1, = P [2E(V9ﬂ;1+ﬂa_ﬂu)]

where

u=1

u—1=-1/3, > u=2/3,-> u+1=5/3

p=-1
v=1/3
Then
o-f(L):1+%§(2FI[I/3,2/3;5/3,1])
CHRE
:1+L3;53(1 369)
(o7)
1y 273
(O-IZQ)Z/S

Therefore, for a spherical wave in saturated turbulence using the Kolmogorov spectrum,

2.73

2 \2/5
(O'R)

ol (L)=1+—"T~+
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APPENDIX K: SATURATED TURBULENCE, VON KARMAN, SPHERICAL WAVE
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Reference equation 15, in the saturation regime, the scintillation index for an unbounded plane
wave can be expressed in the form

o2 (L) =1 +327r2k2Lj; I Kq)n(K)sin2|:L2’: h(E, 5)} exp{—jD{LI;{h(r,g‘)}dr}dkdf (K1)

0

. . 1
For the von Karman spectrum (inner scale included) assume D, (p,L) = ED( p,1) . As aresult,

o-,z(L);1+327r2k2L':[ I KQH(K)sin{L;:h(f,f)}exp{ ;; p{kkh(r,é)}dr}dm’g (K2)

For spherical wave, convert D, to D, (the wave structure function for a spherical wave)

Assume the following approximations for the plane wave and spherical wave structure

functions based on the von Karman spectrum’

1
| (1+2.033p2 /22

D,/ (p)=3.280C2k>LL;'" p? ——0.715(x,/, )”3] =3.280C2k> LI, p*(K3)

D, (p)=1.093C2k’LI;"" p? ;1/6—0.715(7%10 ) |2 1.093C2 k%L1, p* (K4)
1+ p7122)
3 280

where p = {%h(r,f)}

As aresult,

oLy =1+ 327r2k2L_:[ I KQH(K‘)Sin2|:L2’:h(rf,é):|exp{—j[;)3.OODSp|:IZCh(T,rf):ldT}def

0

=1+3272°k*L ! ! @,,(K)sinz{[;h(f,f)}exp{— J.(;j(3.00)[1.093cfk21,ln"J[Lk’(h(r,g)} ]dr}dxdé

0

:1+327r2k2Li I K(D,,(K)sin{i’:h(§,§)}exp{—;[(;](3.00)(].093{0.81302(kj }1;‘ 3[Lk’(h(r,§)]dr}dxd§

:1+32,[zkzLj T K(D"(rc)sin{LZI;:h(é,f)}exp{—'[l.ﬁ fele ’f/é [h(z,&)] dr}drcd(f

0
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=1+327r2k2L:[]:K(I)"(K)sin{Lz—ih(é,é)} { j 1.33 (35'°5LJ (LT’(Z][h(r,é)]zdr

2 (35.03) ”“ 2

}dmg

:1+32ﬂ2k2L‘[ I Kd)“(lc)sin{L;:h(cf,gz)}exp{—0.7370',2€Q;"(’[ 2}! h(z,&)] dr}d;cd&f

where

o2 =1.23C2k"o V¢

CZkZLK_—S/3 — C2k7/6k5/6L11/6L—5/6K,—5/3
5/6
:C2k7/6L11/6 L
" Lx:
=0.8130;0.'°

h(z,g)=7(1=-p5), 7<¢
h(z,6)=c(=pr), 7>¢

For a spherical wave, f =1. Equation K6 reduces to

1 =« 2
af(L):1+32;z2k2Lj j chn(x)sinz[Lz’z h(éf)}xp{ 0.737520" 6[ J{jh(r &)’ dr+j h(z, &) dz'
0 0
:1+327r2k2L_:[ I KCD,,(K)Sin{LZI;:h(§,§)}exp{—0.7370’,§Q,'"/6(L:j{;[[r(l— ﬂé)]zdw-J; (lea-po)fdr
:1+327r2k2L_:[ T K(D”(K)sin{l;kzh(g‘,f)}exp{—04737o‘£Q}n6(11(2}{1‘[1(1—5)]2111+;[ [[5(1—1)]2(11

=1+327%k*L

KD (K)sm{l‘;: h(.f,cf)} exp{— 0.7370§Q,1”/°(LTK2J|:(1 - g‘)z:jjrzdr + .le (1-7)*dr

g

=1+327°k*L LZIZ h(f,‘f)}exp{ 07370‘RQ'6[ j[(l 5)2%1'30

@W(K)sinz[ _%52(1 7]

:1+327zzk2L_:[ I K(I)”(K)sinz[%h(f,f)}exp{f0.7370’,2?Q,‘”(‘(LTKEJ[(I75)2%{fx 703}%52{(171)3 —(1-&)%)

=1+327r2k2L_l[ T @"(K)sinz[ﬁh(f,f)}exp{—0.7370';Q,'n/(‘[L—K2j[(1—5)2153 +l§2(1—§)-’7

}dK'd§

I
p—
Y
g
o

=1+327%k Lj j x®, (i) sin {—h(g §)}:xp{ 0.737520" [ ][ E1-8)e+1-9)]

)
}dm'ff

=1+3277% LJ I KD, (i) sin {h(e‘ é)}em{ 0737aRQ”"[ J[ £ §)2}}d;(d§
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—1+ 327r2k2L:[ I KO (k)sin’ {L;: h(Z, 5)} exp{— 0.2460'§Q,]n/6(LkK2j[§2 (1-&)? ]}dxdg

Assume, for x<<1, that

X x X
sin(x) = x——+———+... =x
357
sin”(x) = (x)°
sin” ~ Lx h(&,
| 2k

[ Lk’ T

DS 2 2
= ¢ (1-p¢5) }
[ 2k

| 4k*

52(1—5)2}

Equation K7 can be re-written as

ol (L)=1+327k’ Lj j ) (;«){ E(1- f)z}exp{ 0.2460 RQ”G[ J[é a- éﬂ}dxdg
=1+87°L j EX1=¢ )j K0, (/()exp{ 0246O'RQ1/6
—1+87z2L3j (=& )j K'Q(K)exp{ 024602 ”G[LKQ 21— &) \dwdé
=1+87°L ! E(1- &) ! KSQ,I(K)eXp{— [%

In the Von Karman Spectrum, assume x, =1/L;, =1/0=0.

Then,

0, =

0.033C? exp(—x> /&%) _ 0.033C? expl- x> /x2)

J0.246J§Q;/6§2 (1- g)z}dxdg

(KZ + Kg)]l/é

and

(K2 + 0)11/6
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n) = 0.033C2 " expl-x? /x2)

(K7)

(K8)

(K9)



Awzrer] 202 '<'*<0-°33C3’f“”>e"{‘,'§]e""{‘(ﬁ?]0-24@91/65%1-@2}”’%

=1+2.606Ck L( ]j E(1-& )j K exp{—[1+02460'RQ;“§ 1-&) ]}d}(a’;‘

5/6 2
§1+2.60{0.8130§(§j }L [£a-)] K“exp{ L ffﬂ}dmié

_1+21180R(L] jg (1-¢ ){T K4/3exp{_L1+O.246URQ§/6§ (1—5) } }d§ (K10)

0 K

k 5/6
where 22 = 0.8130;(Lj

2 1/2

o |
Substituting t=x> —>x=t"7, dK:Et V2 dt

o2 (L) = 1+21180_R(LJ j‘§ (—¢ ){T 1/2 4/3 p{ |:1-4—02460RQ27/65Z (1-¢ :|}2 ”zdt]dé

=142, 1180R(Lj j E31-¢ ){IT £ exp{_|:1+0.2460,§Q§/6§2(1_§)2}t}dt}dég (K11)
29 K,
Applying'
j " expl-stldt = F(f) (K12)
0 S
1
wherex —1=—
6
results in
af(L)sz.nsa;(Lj [ljf £(1-£) ()" _lrarr6yae
k) \2)5 [1+02465207°c2(1-&)*]
5 \/61
—1+09820R[LK ] [ ( & (17/65) /6}15 (K13)
2 \[1+0.2466207 21— &)

If 070 °>>100, then

1+0.280;:07 °E*(1-£)* = 0.2460.0]°E* (1- &)’ (K14)

112



and

oj(L)=1+ 0.982a§Q;/6.([ ([0_246;;6?(1)— o ]" Jdg'

O 9820_2Q7/6 1 -1/3
- R=m d
(0.246)7/6(0_12e)7/6(Qr7n/6)7/6 . (l_é:)l/3

S (K15)

Recognizing that®

© x* dx u*
0+ Br)y = B LE (v, w5l + p,—pu)] (K16)
0
Then,
0.9825207"° 3
oH(L)=1+ O340 (o Ty g LT/ 32/35 /3]
0.9820,;0!'° 3
= 776 2R7/6 776 7/6_(1'369)
(0.246)" " (o) (O, )" 2
. 1036 K17)

27/6 /6
(O-R m )
Therefore, for a spherical wave in saturated turbulence using the von Karman spectrum

10.36

2,7/6 /67
(O-RQm )|

o/ (L)=1+ o207 >>100
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APPENDIX L: SATURATED TURBULENCE, MODIFIED (BUMP), SPHERICAL WAVE
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Reference equation 15, in the saturation regime, the scintillation index for an unbounded plane

wave can be expressed in the form

2 272 i | Li? 1 Lk L1
oX(L) = 1+322°K°L ! ! x®, (k)sin Lkh(g,g)}exp{— ! Ds[kh(r,é)}dr}dkdf (L1)
For the modified spectrum (inner scale included) assume D (p,L) ~ %D( p,1) . As aresult,

(1) = el |f in2| L& _fLp [Lx (L2)
ol (L) =1+327°K°L ! { K0, (K)sin { o h(f,f)}exp{ ! 2Dpl[ p h(r,(,‘f)}dr}dm’é
For spherical wave, convert D, to D, (the wave structure function for a spherical wave)

Assume the following approximations for the plane wave and spherical wave structure

functions based on the von Karman spectrum’

I 0.438
D_(p,1)=0.900C>k*Ll;"" p* +
v (P:D) K oA,y T 01830 /1)
0.056 o
T (110.1495 /12 s~ 0-868(xfy) ]
1497 /17)
= 0.900C7 L, prl— b 0438 0056 e 0y

1+0)"°  1+0)*7  (1+0)"
=0.900C;k*LI;" p*[1+0.438 - 0.056 — 0]

=1.24C2k°LI;"" p? (L3)
1 0.438
D(p,1)=2.700C2k*LI;'"" p* +
(p:0) K 632,71 T U 0442, )
- O'OSf ———0.868(x, /)" ]
(1+0.376,0° /1)
1 0.438 0.056
=2.700C*k*LI;"> p? - —-0.868(0)"*
n 0 p [(1+0)1/6 + (1+0)2/3 (1+0)3/4 ( ) ]
=3.74C2k*LI;"" p? (L4)
3.74
D,(p)= EDSP (p)=3.00D,,(p) (L5)

where p = {% h(r, f)}
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As result,

af(L);1+32;z2k2Lj T an(K)sinz{Lth(f,ﬁ)}exp{ 3 00D, {k’(h(r,g)}dr}dkdf

=1+327% Lj j K0, ()sin’ —h(§ &) exp{ j (3. 00 1.24C2kLI; ”‘[ kKh(r,f)} ]dr}d;(df

h(&, §):|exp{ j’ %)(3 001 24){0 8130,{" ) }IU" 3[%’“};@,5)} dr}dkdé

L
k

;1+327r2k2Lj I’ x0, (x)sin? {

;1+327z2k2Lj T KQ”(K)sin2|:LQK]:h(§,§):|exp{— J’l.sza;( j e x*[h(z, 5)]zd1}dl(d§

2143277 LI j k0, (k)sin {—h«: r:)}exp{ [1.020 ( kj(lokf?L] Kz[h(r,é‘)]zdr}dkdg

~ 1+327z2k2Lj T KQn(K)sin{LZIZh(f,é)}exp{— J’ 1.0252 (ijQ}“KZ[h(r,f)]zdr}deé

=1+327%k> Lj j ¥Q, (K)sin’ [7/1(.5 f)i|exp{ 1.02020)"¢( D[r(l ﬂg)]zdﬂj [ea-po)] dr:]}dxdf

;1+327z2k2Lj T xQ,,(x)sinz_ngh(z;,g)_ exp{—l.oza;Q;/“[L’;] l[r(l—f)]zdwrl[ [ca-o))dr

0 0

1 = r 2
Lk

=1+3272%k°L K)sin’?
[ [ <0, B

0 0

1w r 7] 2 M £ 1
_ 2,2 . o LK o Lx 1/6 2(.2 2 2
=1+327% L}[ ! 0, (x)sin B _exp{—l.OZo‘R[ka, 1-¢) '([r dr+¢& j (-7)%dr

4

:1+32;[2k2L}[ ]: KQ”(K')Sin2|:L2K1: h(cf,cf)}exp{—l.OZO’,ﬁ[LTKZJQ;m[(l_5)2%730

exp{— 1.02020)" [L—I’:Z] ][r(l -Ofdr+ j [ca-o)Tdr }dxdé

Lt
gf( 7) 67

=1+ 32zzzkzLj; I x0, (K)sinz[%h(f,g)} exp{—1A02a,§[Lki]Q,' f'{(1 &) %{63 - 03}—é§2{(1 -1’ -(1-¢)"}

ddé

p—

:1+327z2k2L:[ I K0, (K)sin{%h(f,f)} exp{fl.OZO',ze (LTKZJQ,' '“[(175)2 éf‘z +%§2(17§)3}}d1cd§

:1+32;z2k2Lj T KQ”(K)sinz{Lszzh(§,§):|exp{—l.020'k[ ]Q}“[ 21-&)?2[e+(1-9)] }dl(df
ot Li? Li?

:1+327z2k2Lj j &0, ()sin’ o MED [exp -1.0202%] == ”"’[ - g)z} drdé

k

—1+327%? Lj j K0, (k)sin {h(é rf)}:xp{ 0340—{ ; J Vil a-e) ]}d/cd(f

where

2712 -5/3 27.7/67.5/6y11/6 y-5/6_ _.-5/3
Ck’Lx"” =Ck"°k"° L °L™ K

5/6
_C2k7/6L11/6 k
Lk}

=0.813620,"°
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K, =33/,

0 = Lk} L(3.3)* 10.89L
Yk ki? ki}

h(z,)=t(1-p&), <&
hz,&)=c(=pr). 7>¢
[ =1 For a spherical wave

Assume, for x<<I, that

sin®(x) = (x)°

| Lx? N_LK2 ’
sin { Iy h(f,f)}z Y h(f»f)}

_LK‘Z

=| ;¢ —ﬂf)}

2 .4
L'k

| e ¢ (1-52) }

Lk’

= 52(1—5)2}

| 4k?

Equation L6 can be approximated as

it
4

oLy =1+3200L] | r«Qn(m[ o 52(1—é)z}eXp{—0-340§Q}’°[Lsz]éz(l—é)z}dfcdé

=1+87°C j E- g)ZT K0 (k) exp{— [%ZJO.Ma;Q,”(’sz(I - f)z}d/cdé

Reference equation 4, for the modified spectrum

0.033C2[1+1.802x /&, — 0.254(xc /) lexpl— 52 / x72)

1/6
(K2+K§)'

Assuming infinite outer scale x, =1/L, =1/0=0

3

@, (x) =
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@, (x) = 0.033C K " *[1+1.802k / &, — 0.254(xc / )" Jexp(—x* /7 (L9)

Equation L7 can be written as

oA(L)= 1+87z2L3j (- g)j 10,0332V [14+1.802c/ k6, —0.254( 1) |expr® /1)

2
exp{— [’%}034@2@/% 21— &) }di{dé (L10)
This equation can be split into 3 intervals. Let B(x/x,)* =1+1.802x/x, —0.254(x/x,)""°.

Determine a general solution for B(x/x,)”, then solve for each interval separately.

af(L)=l+8ﬁ2L3j 52(1—@2? 1(5|:0.033C31(””B(K/K,)”exp( ’i ]:|exp{ [ jo 34630, LEX(1-¢)? }dmg

K

B‘2

=1+877(0.033)C’ =

§) J KMSWGXp( ]exp{ [ JO 340 RQWL§ (1 5) }diﬂlf

JGXP{ [ jO 340,0/°¢* (1- &) }dkdf

—5)2_T K exp{ [ j[1+0340RQ7/(§ (1—5)2]}“”(‘%

0

=1+87°L’(0.033)C; B -
()

2

0

_§)2J PR exp[

4/3+a exp{— (:2][1 + 0.340',2¢Q,7/6§2(1 —5)2]}d1(d§

_g)zﬁ Ty {1+0-340§Q;7/6§2(1—§)2Kz}d,(}dg (L11)

2
K

= c
7/6 1
=1+2.1180;(LJ Ba ?
k) (k)"
1

7/6
:1+2.1180§(Lj B
k) (x

where
k 5/6
C*k’L=0.81302 (L)

2

L 1 _
Substituting t=x> —>x=t"?, dK:Et V24t

Then,

L 7/6
U,Z(L)=1+2.1180§(;]

7/6
:l+1.0590',§(] ~
k ()" %

—) |:J' (112) "3+ Xp{ 1+0.340;0/° 8 (1- &) }2 l/zdt:|d§

Kz

_ g)zﬁ 0 oy {_ 14034070 (1= &)’ t} dt} gz (L12)

2
Kl

I'(x)

Recognizing' J. ! exp{— St}dt =
0 s

1 «o 7 «
,where x—1=—4+— —S>x=—+—,
6 2 6 2
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Equation L12 becomes

= )( ]r(7 aj

6 2

7/6 1
o (L)=1+1.0590; [5} B -
k ()

Ty 96
1+0340207 8> (1- &) FEJ

:1+1.059a§(LJ7/6 (6 ZJ [7+an &a-4 e
k) (k)" 6 2 ZI?%)

14034020/ (1-¢)

(L) (71 a) £a-¢y
:1+1.059a,{ p J BF[6+ZJ_£ o Zﬁ*%] dé

1+0340207°c2(1-&)

=1+1.059a§Q]/ﬁBr(z+ﬁ]j F-¢) — |d¢ (L13)
6 2)i | [i+03s0207 e - 2265

If 0,0]'°>>100,

1+0.340,0]°E*(1- &) = 0.340,0)°E° (1- &)’ (L14)

and

O'I(L)~1+10590'RQ17/6BF( )j £a-¢y — |d¢
0 | [0.340207 0221 - g)ZI?EJ

1.059a,§Q]/6Br(7 + ‘;‘j
=1+

j E0-5" |4
o | [a-ep]ed)

(0.345207 )(

1.0590§Q,7/6BF( Zj

1 E(1-¢)y

=1+ - - dé

(0340207 )5 ! ] 5(3*“](1_5)&”)

7/6 7 a 2- Z-¢—o¢

:1+1059 20, Bl"( jj : (3+e] y

(() 34O-RQI7/6i6 2 0 (1_5)(3”)

1.0590°2 ,7/6BF[7 “jl L

14 6_2 §1 lae (L15)

(03402073 0o

Reminder: B(x/x,)* =1+1.802x/x, —0.254(x / x,)"'°
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Solve for each interval independently, then add them together (i.e.,

interval 2 - interval 3)

First interval: B=1, o =0

7
1.059c RQIWF( J‘ -~
interval 1 ~ 6 J‘ ¢ _ldé
(034aRQ,”6)( 0| (1-&)
) 1.059r(6) [ y
039 (0207 "0 | gy
1.059(0. 9277) {3
7/6 7/6 /6.[ 1 ds
" (0.34) ) s _ gy
1.059(0.9277) J E3 o
039 (0] T | gy
3.46 A
_( 7/6)/6.'. : 1 d¢
1-<)°
= 346) 2 F[1/32/3;5/3,1]}
3.46
=( /62(1 369)
46
=( /62(1 369)
~ 71
_( 7/6)‘
© o x* dx u*
35 =— F (v, ;1 + u,—
where _([ A+ pxy -~ a (vl + = fu)]
u=1
u—1=-1/3, > u=2/3, > u+1=5/3
B=-1
v=1/3
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Second interval: B=1.802, o =1

T «o

1.0590}§Q,7/6BF(6 +2j 1 {;a
ds

Term 2 ~ — -
(O.67930§Q,7/6)(37] o La-g"

1.059a§Q,7’61.802r(7 + 1) | L
_ 6 2 £ |, c

71 T,
61930207 )62} 1 | 1o g

=0 (Since interval 2 << interval 1) (L16)

Since interval 2 << interval 1, assume interval 2 = 0

Third interval: B=-0.254, o =7/6

interval 3 = y an

(0.6793520]'¢) ">

1.0595> ,7/6Br(7+“] e
6 J‘ &
0

7 7
1.0596207¢(0.254)] — + — 7
RQ[ ( ) 6 12 1 é: 3 6

- 27 17
(0.679307 ]“”L 2 O (a-&)pe

0 (Since interval 3 <<interval 1) (L17)

1

Recall that o7 (L)=1 + interval 1 + interval 2 + interval 3 ;l+ﬁ. Therefore, for a
o0

RZ|

spherical wave in saturated turbulence using the modified (bump) spectrum:
2 7.1
o/ (L)=1+ ——~7% (L18)
( o2 Q7 /6 )'

R
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APPENDIX M: MODERATE TURBULENCE, KOLMOGOROYV, PLANE WAVE
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Large-Scale Log-Irradiance Variance

Using the “effective” atmospheric spectrum, reference equations 23 and 30, the large-scale log-

irradiance variance for a plane wave in the presence of a finite inner scale is®

L o 2
on. (L) =87"k* [ [ k0.033C}x G, (K){l—cos[Kkzﬂdez (M1)
00

2 2
Let 1- COS[%) = %(%} (its Taylor expansion estimate). The approximation is valid for the

large-scale log-irradiance variance because filter function G (x) eliminates high spatial

frequency contributions in moderate-to-strong fluctuations. Consequently
7 1(x?z)
ol (L) =81k j j K0.033C2 k"G, (i) =| — | ldxdz
0% : 2\ k
Lo
=47 [ [x°0.033C k™G, ()2 dwcdz (M2)
00

Substituting

E=z/L — dz=Ldé&

2
Lk - a’K:Ldn
k 2Lk

77:

1 o0
ol (L)=4r’ j j K°0.033C2 3G () L& Lah;Larg
% 2Lk
1o
=27k [ [140.033C) K™ G ()& *dpdé
00
1 0
=0.65IKL’C; [ £dé[ kPG, (x)dn
0 0
1

® 2
=0.65 lkLZC,fJ.gfzdﬁ.[Km exp( ’Z ]d?]
0 K

0

X
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1
=0.651"°L"°C} [ £d¢|
0

0

1 o L P 1/6 _L
:0.651k”6L‘”°c§j§2d§j(T"j epr K

0 0

1 ©
:0.651k7/6L11/6CjI§2d§IU1/6eXp(_—n
0 0

p

© yl/6_1/3
Lk

k1/6

X

1 )
_ 0.65l(ﬁjk”éﬂ‘“ij'ézdéjn”éexp(_—”]dn
0 0 77):

1.23

1 0
- 0.530';'[52615.[7]1/6 exp[n—njdn

0 0

=0.530; (é)‘[n”ﬁ exp[i
0

n

=0. 17602[77”6 exp(_—n]dn
0 n

X

X

where

G, (%) = f(xd)exp(- x* /7
= exp(— K>/ /{i)

o2 =1.23C2k""°L"°

Recognizing'

J’e—mnx—ldn

where

x-1=1/6 > x=7/6

Results in
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I(7/6)

7/6

oL (L)=0.1760,

1,
=0.176n,"°c2(0.9277)
=0.1602n,""° (M5)

Small-Scale Log-Irradiance Variance

Using the “effective” atmospheric spectrum, reference equations 23 and 33, the small-scale log-

irradiance variance for a plane wave in the presence of a finite inner scale is®

L o 2
ol (L) = 8n2k2j j x0.033C2 k"G, (K){l - cos(KkZﬂdez (M6)
00
In moderate to strong irradiance fluctuations, x, >>+k/L , let

L o
o, (L) =87k [ [ K0.033C; k"G ()d etz (M7)
00
Substituting

E=z/L — dz=Ldé

— dk = La’77
k 2Lk

1 o
k
o2 (L) =87 k?| | k0.033C*k 3G (k) ——dnLd
2 (L) H : () —dnldg

1 o
= 47°k* [ [0.033C K "G (1)dndé
00
1 o K11/3
=1.306°C) [ [ ") -1 [dnd
0 )

y

0
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1.23 rves
-1 30( ch k7/6k11/6\
1.23 ( 11/16_[ ( +x )I1/6
© kll/()
=1.060= dn
R,([l:Ln/lﬁ(Kz +Kj)l/6]
. . . 11/6
=1.060= d
O-R-l. (LK‘Z Llcz] g

y

=1.060; [ (7+n,)""dn
0

-6
:1.060-12{? (m+m,) 5/6‘ =
_1 06 2 _6 -5/6 O -5/6

- 1.060',2{_?6 [— (77y)_5/6]

=1.27203n,%"° (M8)

where

11/3
K

11/6
(K2 +1<y2)

o2 =1.23C2"° V¢

G, (k) =

Asymptotic Comparisons

For constants ¢, c¢,, c¢;, and c,, assume the following functional form of 7 _ and n, [see

Appendix S].

1 L
¢, +¢,00) ¢’ ko?

" =;2 ~ a7 1 : Po (M9)
¢, +c,L/kp, 1 _kp, L

>> 1

0+c,L/kp? ¢,L kp;

126



L
c; +¢,(0) =c;, P <<l
LTI Po M10
77y—c3+kp2 = O+c4L:c4L . ( )
‘ kljé kljg k¥)§ :>>.1

Weak Turbulence

The log irradiance variance, o, , is defined under the Rytov approximation for weak turbulence

by®
oo, =871k’ J. I KD (K){l cos( P ﬂdi{dz MI1)

where @, (x)=0.033Cx™'""?  (zero inner scale)

Substituting

E=z/L — dz=Ld¢&

n=Lx’/k ->«x*=nk/L,

-1/2 1/2
2\ L L 20k ) \L

Then

or, (L) =87k j j (7 / L), (s0)[1 - COS(né)]%[n—LkJ (%jdnwf

-2 J j ®, ()1 - cos(né) ind

8722k3 ¥

j j 0.033C2k""3(1 - cos(é) Hndé
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5 2 31w
8z (0-0233Cn )k ”K—11/3[1—COS(77§)]617761§
00

877(0.033)(1.23 L'
= (2 )(1 23)C3(k7/6k11/6{ JJ‘J‘K 11/3 1 COS(?]f)}ii]df

—w 2,.7/6 71176 ke
T 2)1.23) (123G L) | I( 76 11/3j[1 cos(né)ndé

—1060-RH(

=1.0607 | Tn [~ cos(nE)dndE (M12)

] [1 - cos(né)Hindé

where

o2 =1.23C2k"o V¢

Using the relationship sin®(u) = %[1 —cos(2u)], the previous equation reduces to

1 o0
ol (L) =2.12(c2) j j n*”ésmz(g)dndg (M13)
00
Recognizing™
. ()C(u) cos 7
jx”’l sin® axdx = — 2 (M14)
0 2u au
where
u=-5/6
a:é
2
leads to
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(DT(=5/6) cos(_S”j
2 2 12
o (L) =2.1204] &

0 21/6(§j5/6
2

- (—)2.12r(—5/6)cos(_5 ”](2‘”6)(1] AL

12 2
=(-)2. 12r(—5/6)(2“6)6j on [%j

= (—)2.12(-6.680 )(0.259)(0.89)(0.561)[1—6Jo-§
_o? (M15)
Under weak irradiance fluctuations®, oL, <<1,
O =0, +00, (M16)
Equating equations M13 and M15, and using equations M8 and M 16, results in
0.157,""° +1.2725,7"" =1, ol <<1, [, >0 (M17)

Assuming 1, =7, , then 17, =7, =3 is an approximate solution.

Plugging this into equations M9 and M 10

1 1 1
77)(: 3 = :—:3
¢, +c,Llkp, ¢ +c,(0) ¢
—c =1/3 (M18)
L
ny:c3+c4—zzc3+c4(0)=c3=3 (M19)
kpq

Thus, ¢, and c; are now established using behavior of the scintillation index in the weak

turbulence regime.

Saturated Turbulence
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First, perform an asymptotic comparison for small-scale turbulent cell effects. Normalized
irradiance® can be expressed as I = xy where x is associated with large-scale turbulent eddy
affects, y is associated with small-scale eddy effects, x and y are statistically independent random
quantities, and <x>=<y>=I. Given these conditions, <[> =<x><)> =1. The second moment of
irradiance takes the form®

<I>=<>9"> =(1+o2)1+02) (M20)
where o and Gf. are the large scale and small scale normalized variances of x and y,

respectively. Based on equations 5 and M20,the implied scintillation index is

ol =(1+01+02)-1

:of+aj+afai (M21)

Per equation 16, the asymptotic behavior of the scintillation index in the saturation regime is

86

described by 012 =1+—%, which approaches an asymptotic limit of one. Therefore, in
GR

saturated turbulence
ol =0+ O'i + ofai =3 (M22)

In strong fluctuations, expect the large-scale scintillation terms to die out.

o/ ~0o, =1 (M23)
The small scale irradiance is given by®
o2 =exploz, )-1 (M24)
As a result, in strong fluctuations
o2 =1 =explo?, )-1 (M25)
-0, , =In2 (M26)



The plane wave spatial coherence radius, p,, when C; is constant and [, << p << L,can be

approximated by’

=(L46C2’L)™ Sc? = Py M27
p =105 T aekL (M27)

-5/3
Plugging this into the Rytov Variance, o) =1.23C2k""°L'"® = 1.23(1’206%}”63”6 ,

kL2 =1.22(c;)""” (M28)

0

In saturated turbulence, equating equation M26 to equation M8 results in

In2=12720, (n, )7

I -5/6
- 1.27202(04 2]
kp

0

=127202¢, " [122(62)"* ]
=1.272¢,”'°(1.22)>'¢

—c, =17 (M29)
where

_al

= equation M10
= (eq )

Ty

kLz =1.22(c;)*°  (equation M28)

0

Now determine an asymptotic comparison for large-scale turbulent cell effects. For saturated

optical turbulence®
2 ( 2 )
o. =explo;. . )-1 (M30)

— exp(oflx): ol +1
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Also®
2 ( 2 2
o; =explo;, . +alny)—1 (M31)
Therefore,

o) = exp(of” + 1n2)—1
= Zexp(oflx)—l

=2(c? +1)-1
=207 +1 (M32)
Under weak fluctuation (aj << 1),
2 _ ( 2 ) ~ 2
o, =explo,, )-1=0,, (M33)

Recall from Equation M5 that o = 0.1602n,""°

Then

o) =20 +1
= 2(0.1602n,"°) +1
=0.3202n,"° +1

k 2 7/6
=0.32cff{&j +1

c,L
7/6
1
=0320; ———~ | +1
R(czl.22(0'§)6/5j
7/6 7/6 715
1403202 - (Lj 1
o,) \122) \&?
17/6 1
=1+0.320'12{—J (—J
e,) (122
7/6
1 1
=14025 —— | — (M34)
Or 6

where
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ko,

¢

~

X

(equation M9)

L/kp; =1.22(c53)"”°  (equation M28)

Compare this to the existing scintillation expression (equation 16) for a plane wave in saturated

7/6
1 1 0.86
Or G Or

1 1 7/6 1
S P P = X
O-R cZ O-R

N % (M35)

turbulence.

Thus, ¢, and c,are now established using behavior of the scintillation index in the saturated

turbulence regime.

“All” Turbulence Regimes

Applying constants ¢,, c¢,, c¢;, and ¢, results in the following expressions for predicting

scintillation behavior in all turbulence regimes (including inner scale effects):

2 2 7/6
o, =20.160;7n,

1 7/6
=0.160;| ————
¢, +c,L/kp,

7/6
=0.160; !
1/3+1/3L/kp’

7/6
01603 — >
1+ L/kp.

1 7/6
=0.570,
. 1+1.22(0,§)6/5J
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and

on (L)=127207m,%°
=127202B3+1.7[1.22(62)°
_ 12720,
(3+207027)"
12720,

5/6
[3(1 + 2';)7 a}f”ﬂ

0.5090
(1+0.696p
50907 op <<1
2 2
05090, __ 06905 _y o

(0.69025)" o3 oy >>1

I

Recall from equation M32 that o; = exp(ofm +op, y)— 1

(M36)

(M37)

Therefore, for a plane wave in moderate turbulence using an “effective” Kolmogorov spectrum

o = exp 0.570; N 0.5090, o
! (1+122627)"  (1+0.6902°)" 0<ol<w

9
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APPENDIX N: MODERATE TURBULENCE, MODIFIED (BUMP), PLANE WAVE
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Large-Scale Log-Irradiance Variance

Using the “effective” atmospheric spectrum, reference equations 23 and 30, the large-scale log-

irradiance variance for a plane wave in the presence of a finite inner scale is®

L o 2
on. (L) =87"k* [ [ k0.033C}x G, (K){1—cos[’(kzﬂdkdz (N1)
00

2 2
Let 1- cos[%] = %(%} (its Taylor expansion estimate). The approximation is valid for the

large-scale log-irradiance variance because filter function G (x) eliminates high spatial

frequency contributions in moderate-to-strong fluctuations. Consequently
e 1(x?z)
on. (L) =87°k [ [ <0.033C}x7°G (x) E(TJ d iz
00

L
=47* [ [ °0.033C k™G, ()2 dicdz (N2)
0

S =38

Substituting

E=z/L > dz=Ld¢

%
k 2Lk

then
1 o0 k
ol (L)=4r? j j K°0.033C2 k"G ()L} E* ——dnLdé
% 2Lk
1o
= 2;z2kL2j j K40.033C2 k"G (1) dndé
00

1 0
=0.65IL°C;} [ £2dE[ k"G, (x)dn
0 0
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=0.651kL’C; jg ng'KW exp{ [': +/’:H{l+ 1.8;)2;<_0‘254 ,I:Jm}”
o cfeafu e {1 (B o] (s ] o
e o [ aoe) a) of ] o
cofiZerctea ) o fol ool o 3] oufuf]

=0.530§£§2d§In1/6exp{—7y(Q11+H{l+1802( J —0254( ]m]dn
:0.536,23(3377”%)4{—77( 0 ﬂ[l+1802(;] 0. 254(1]7“2}
_01760'R.l.77”6exp{ 77( JFQQ’H{IHSO{ j

—01760’R{J-77”66xp{ [ ﬂ n +J-77”66xp{ (UXQZ ﬂl 802( j dn
—Tn”éexp{ } 254 — m 77}

WAL SR,

0.254 ¢ +
— 5 Jn3/4 eXp|:_ 77[ nx QI J:|d77 } (N3)
! 0 77x£;L

+

k
Lk,

7/12
0. 254 }zn

where

G, (k)= f(«, )exp(— K’ /Kf)
= exp(— K’/ K} 11 +1.802x / k, — 0.254(xc / )" ]exp(— K’/ K] )

22 1.802 e
= exp{— (K—Z + K—zﬂll +— K 0'254[£] ]
K, K. K, K,

Q =Lk} /k

oy =1.23CkK"°L"°
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Recognizing '

Ie‘”n"‘ldn = @ (N4)

(=}

where

— nx + Ql
77le

S

x-1=1/6 - x=7/6, x-1=2/3 —>x=5/3, x-1=3/4—>x=7/4,

results in

[(7/6) [ 1.802 T(5/3) 0254 TI(7/4)

7/6 1/2 5/3 7/12 7/4
(nx-i_QlJ ! (nx-i_QlJ ! (nx-i_QlJ
nxQ[ 77le 77le

o) (L)=0.1760;

7/6
=0.1760,§( 7.9, j (7/6)+— 592 _T(5/3)- 0.254 _T(7/4)
m.+0, 1/2[%"‘@] 7/12(77X+Q1]
: 77le : 77le
7/6 1/2 7/12
- 0.1760-12{ 7.9, J r(7/6)+1.802r(5/3)(L] —0.254r(7/4)( 1 ]
77): + Q[ 77x + Ql X Ql
7/6 1/2 7/12
- 0.176a,§[ 7.9, j 0.9277 +1.802(0.9028)(L] —0.254(0.9191)(L]
773; + QI x QI nx + QI

7/6 1/2 7/12
- 0.176a§(77"—QIJ 0.9277 +1.63( L j - 0.234(LJ
nx+Q[ nx+QI 77x+Ql
7/6 1/2 7/12
- 0.176(0.9277)(;;(’7*—@] 1+1.76(LJ - 0.25(—’7)6 J
77x+Ql 77)r-i_Ql 77x +QI

7/6 1/2 7/12
= 0.160-12{77’“—Q’J 1+1.75(LJ —0.25£Lj
77x+Ql 77x+Ql 77x+Ql
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7/6

1/2 7/12) 97
=0.160 (”—Qlj 1+1.75(’7—XJ —0.25(”—)6]
77x+Ql 77X+Ql nx+Ql

=0.1605u"° (NS)

1/2 7/12) 677
where ﬂ(&] 1+1.75(L] —0.25[Lj
77x+Ql 77x+Ql nx+Ql

Small-Scale Log-Irradiance Variance

Using the “effective” atmospheric spectrum, reference equations 23 and 33, the small-scale log-

irradiance variance for a plane wave in the presence of a finite inner scale is®

L o 2
ol (L) = snzkzj j x0.033C2 k"G, (K){l - cos(Kkzﬂdez (N6)
00
In moderate to strong irradiance fluctuations, K, >>k /L, let

L o
o, (L) =87k [ [ K0.033C] k"G (s)dxtz (N7)
00
Substituting

E=z/L — dz=Ldé

— dk = La’77
k 2Lk

1 o
k
2 (D)= 87k | | x0.033C 3G (x)——dnLd
ol (L)=8z H : ) —dnLdg

1
=47k [ [0.033C G (1)dndé
00

11/3

1 o
- 1.30k3c,f££;c‘”3[(2'jwldnd§

K

=1.306°C; | {m]dn
y

0
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1.23 res
~1 30( jcz k7/6k11/6\
1.23 ( 11/16J- ( LK )1/6
© kll/()
=1.060; dn
R,([I:Lll/lﬁ(Kz +K;)l/6]
. . . 11/6
=1.060; d
O-R-([ {LK‘Z LK‘z] i

y

=1.060; [ (7+n,)""dn
0

-6
:1060';(? (77+77y) 5/6‘ -0

-6 _ _
_ 1.060,3(? [(c0+17,) 316 —(0+7,) 3%

- 1.060‘,2{_?6 [— (ny)_s“’]

=1.27204n,"° (N8)

where

11/3
K

11/6
(K2 +1<y2)

o2 =1.23C2"° V0

G, (k) =

Asymptotic Comparisons

For constants ¢, c¢,, c¢;, and c¢,, assume the following functional form of 7 _ and n, [see

Appendix S].

1 L L
3 1 _ ]G +¢,(0) ¢ ’ kp§ (N9)
¢ +c,Llkp’ 1 _kpl L -

0+c,L/kp? ¢,L kp;
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L
¢; +¢,(0)=c;, kp2 <<l
C
N, =c,+ k;Z =0, Gl _ el L° (N10)
‘ kljé k])g k¥)§ :>>.1

Weak Turbulence

The log irradiance variance, o, , is defined under the Rytov approximation for weak turbulence

by8

oo, =87k’ I I KD (K){l cos( ; ﬂdi{dz (N11)

where @, (x)=0.033Cx™""">  (zero inner scale)

Substituting

E=z/L — dz=Ld¢&

n=Lx’/k ->x*=nk/L,

-1/2 1/2
2\ L L 20k ) \L

Then

ol (L) =87°k’ j j (k! L)@, (x)[1 - cos(ncf)]%(nikJ (%)dmdﬁ

3k j j ®, ()1 - cos(né) ind

273 1o
872' k J‘J‘0033C2 —11/3[1 COS(?]é:)}h]dgg
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_872°(0.033C2)k ﬁ}—ms[l —cos(né)indé

2
2872' ((;'033)(1;;)6',1 (k7/6k11/6{§“/6 j‘“‘K 11/3[1 COS(Uf)}]Udf
—w 277/6711/6 k6
“T 0D (1.23C k"L )_”( 76 11/J[l cos(né)indé

=1.060; Ij(%} [1-cos(né)indé
=1.0607 [ [ 7" [1 - cos(n&) Hndé (N12)

where

o2 =1.23C2k"o V¢

Using the relationship sin®(u) = %[1 —cos(2u)], the previous equation reduces to

1 o0
ol (L) =2.12(c2) j j n‘ll/ésinz(gjdndf (N13)
00
Recognizing™
. ()C(u) cos 7
jx”’l sin® axdx = — 2 (N14)
0 2u alt
where
u=-5/6
a:é
2
leads to
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Sﬂj
2 dé

L (9I(=5/6) cos(_l
j( —1/6 { j J‘éS/Gd‘f

o (L) =2.1204]
:(—)2.121"(—5/6)(2”6)[lj a;[ij

J 21/6(§j5/6
2
= (—)2.12F(—5/6)cos{
2 11

= (2)2.12(-6.680 )(0.259)(0-89)(0-561)(1_61};’2e
. (N15)

Assume in equation N5 that /[, - 0, O, > ©

7/6 1/2 7/12
T =0-16012{77*—Q’] 1+1.75(L] _0_25(Lj
77X+Q 77x+Ql 77x+Q1

~0.160 (”xQIJ (1+0-0)
= (). 1601277}6] (N16)
Under weak irradiance fluctuations®, oL, <<1,
O'Ifl, = O'lix + aliy (N17)
Equating equations N15 and N17, and using equations N8 and N16, results in
0.167,"° +1.2725,7"° =1, o2 <<1, I, >0 (N18)

Assuming 77, =7, , then 2.61 is an approximate solution.

Plugging this into equations N9 and N10

n. = : 7 = 1 -1 =2.61
¢, +c,Llkp, ¢ +c,(0) ¢

—c, =0.38 (N19)
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ny=c3+l‘:‘—];;c3+c4(0)=c3=2.61;3 (N20)

0

Thus, ¢, and c; are now established using behavior of the scintillation index in the weak

turbulence regime.

Saturated Turbulence

First, perform an asymptotic comparison for small-scale turbulent cell effects. Normalized
irradiance® can be expressed as I = xy where x is associated with large-scale turbulent eddy
affects, y is associated with small-scale eddy effects, x and y are statistically independent random
quantities, and <x>=<y>=I. Given these conditions, <[> =<x><)> =1. The second moment of
irradiance takes the form®

<> =<a><pP> = (1+ c)(1+0o?l) (N21)
where o and Gf. are the large scale and small scale normalized variances of x and y,

respectively. Based on equations 5 and N21,the implied scintillation index is
o} = (1+0'ny1+0')2,)—1
=0, +0,+0.0, (N22)
Per equation 18, the asymptotic behavior of the scintillation index in the saturation regime is

2.39 2716

I o
276 /07 TR
(O-RQI )

one. Therefore, in saturated turbulence

described by o (L) =1+ >>100which approaches an asymptotic limit of

ol =0, + O'i + ofai =1 (N23)
In strong fluctuations, expect the large-scale scintillation terms to die out.

o, ~o, =1 (N24)
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The small scale irradiance is given by®

o, = exp(aliy )—1 (N25)
As a result, in strong fluctuations
2 o1 _ 2
ol =1=explo?,)-1 (N26)
—> o, , =n2 (N27)

The plane wave spatial coherence radius, p,, when C. is constant and [, << p << L,can be

approximated by’

-5/3

—3/5
p=(46C2k’L)” > = IZEW (N28)

-5/3

Plugging this into the Rytov Variance, o) =1.23C2k""°L'V = 1.23[1’ZO6WJIC7/6L”/6 ,

L2 =1.22(c3)"" (N29)

kpy

In saturated turbulence, equating equation N27 to equation N8 results in

In2=127204(n,)""°

L -5/6
~127202 [04—2]
kpq

_ 1~2720'12ec475/6 [1.22(0_12Q )63 ]_
_ 1.27264—5/6 (1.22)'¢

5/6

—>c, =17 (N30)
where

n, = al (equation N10)
kp;
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L2 =1.22(c;)*"”  (equation N29)

kp,

Now determine an asymptotic comparison for large-scale turbulent cell effects. For saturated

optical turbulence®
; =explo)
o. =explo;. . )-1 (N31)
- exp(ofm)= ol +1
Also® ol =exploi, + 02, )-1 (N32)

Therefore,
o) = exp(of“_ +1In 2)— 1

=2 exp(alix )— 1

=2(c? +1)-1
—267 41 (N33)
Under weak fluctuation (aj << 1),
ol = exp(afm )—1 =0, (N34)

Note in equation N16 that ¢ —n_ as [, >0 (e, [, >0 and L, - o). Therefore, for

determining c,, assume

6

ol =0.16c2u""° =0.1652n." (N35)
Then
2 o 2
O-I = 20—): +1
= 2(0.1602n."") +1
=0.3202n,"° +1 (N36)

For plane wave von Karman spectrum, with inner scale effects, the plane wave spatial coherence
radius is' p, = (1.87C2k>L1;"*)™"?

As aresult:
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L
L/kp, :;po2
_ 2
:%[(1.87C5k2L10”3) |

1/6
= 1.87(33—chjkL210-”3

3k1/6

10.89L )
=1.520§( ; ]

10.89k1;
1/6
152 02(10.89Lj
(10.89)"¢ " ki
=1.020,0,"° (N37)

where
aﬁ = 1.23C,12k7/6L“/6

0 = Lk} L(3.3)" 10.89L
Yok ki? ki}

Reference equation N9, assuming Lz >>1
Lo

1
P — N38
s c,1.026:0,"° (N38)

and

7/6
1
6220320 ——— | +1
! * ¢,1.02020)"°

1 7/6 1 7/6 1 7/6 1 7/6
c,) \1.02) \o? ,
1 7/6 1 1
:1+0.310;[Z] (_Gj(_j
1 7/6 1 1
o] (G o) "
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Compare this to the existing scintillation expression (equation 18) for a plane wave in saturated

turbulence.

7/6
o =1+0.31(—J (T]{ 7/36j:1+%
Cz O-R Ql (O-R ! )|

7/6
1 1 1 2.39
— 0.3 I[ZJ (0-11?/3 ]( 17/36] = (O'Ize 17/6)1/6

— ¢,=0.17 (N40)

Thus, ¢, and c,are now established using behavior of the scintillation index in the saturated

turbulence regime.

“All” Turbulence Regimes

Applying constants c¢,, c¢,, c;, and ¢, results in the following expressions for predicting

scintillation behavior in all turbulence regimes (including inner scale effects)

1
¢, +c,L/kp?

1
0.38+0.17L/kp;
~ 1
0.38+0.17(1.02520)"°)
~ 2.61
140450520

7, =

N

(N41)

and

7/6 1/2 7/12
o..=0.160; (UX—Q’j 1+ 1_76(L] _ 025(#)
n.+0, n.+0, n. +0,

7/6 1/2 7/12
[ 2.61 k [ 2.61 j {MIJ
1+0.45020° = 1+176 1+0.450:0"° 095 1+0.450;0"°

= 0160 2.61 2.61 261
= + = + = +
(1+0.450§Q}/6] o (1+0.450§Q,”6J o [1+0.450§Q,“6j o
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716 1/2 7/12
2610 2,61 2.61
=0.1602 L | [1+1.76 | 025 R
2.61+0,(1+0.45520!"°) 2.61+0,(1+0.45020,"°) 2.61+0,(1+0.45520)"°)

—0.160§( 2610, J [1+1,76( 261 J —0.25( 2.61 J } (N42)

2.61+0Q,+0.45020,° 2.61+0,+0.45520] ¢ 2.61+0,+0.45520] ¢

From equations N10 and N29
c,L

n,=c;+

2
0
1.7L
ko,
=3+1.7)1.22(62)"" |
=3+2.07(c;)""
=3(1+0.6953 %) (N43)

=3+

on,(L)=1272031,"°

~1.272023(1+ 06952 |7
050902

(1+0.69012 )"

I

(N44)

To apply inner-scale effects, let (ref. equation 10, plane wave in weak turbulence)

11/12
4
ol =0’ =3.860; 1+L sin 1—ltan’1 o |+ 1.507 sin itan’1 0 |- 0.273 sin étan’1 0, |-3.500;,%'° (N45)
1 P R 2 1 1/4 1 7/24 1 1
Q 6 (eor)* 13 (ror)™ 4

impose
. 0.5090‘12e
Oy, = (1+0.690;e2/5)5/6

=0.510; = 0510, (N46)
Recall that aliy (L) = 1.2720§n;5/6. Then,

1 272 5 6/5 5 6/5

2720, o

~| 2250k | o Ok N47
T (0.510'; ] [02] (N47)

Reference equation N44, under strong fluctuations, inner-scale effects tend to diminish such that

1, =3(0.69)0y "
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6/5

=2.07(c?) (N48)
As a result, for all fluctuations

O

6/5
2
" {0_] 207(02 )

O

12/5
o 12/5
= 3(—’*} (1+0.690, ") (N49)
As a test of this expression, notice that under strong fluctuations

2 6/5
n, = 3{0—?] (0.690;2/ ° ) = 2.07(a§ )6/5 is in agreement with equation N48.

O

The small-scale log-irradiance variance becomes

12/5 -5/6
O'liy (L) = 1.2720'12e [3(&] (1 n 0.690'},2/5 )]

Op

_ 05lo,
(1+0.69527 )" ()

Recall from equation N33 that o} = exp(of” +o. y)—l

Therefore, for a plane wave in moderate turbulence using an “effective” modified (bump)

spectrum

5 ) 0.510'[2,
o; =exp| oy, + TS -1 (N50)
(1+0.695"f

where

7/6 1/2 7/12
ok, =0.1652 2610, | [1+1.76 261 | -025 261 —
' 2.61+0, +0.450520; 2.61+0, +0.45020; 2.61+0, +0.45020;

1.507

(1 + Q/2)1/4

0.273

1 11
o2 =3.8602{(1+—)""?| sin[—tan" +
P R{( Q2) |: [6 Q/] (1+Q12)7/24

1

sin[% tan"' Q,]- Siﬂ[% tan™ Q] } - 3-50Q/5/6}
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APPENDIX O: MODERATE TURBULENCE, KOLMOGOROYV, SPHERICAL WAVE
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Large-Scale Log-Irradiance Variance

Using the “effective” atmospheric spectrum (equation 23), the large-scale log-irradiance variance

for a spherical wave in the presence of a finite inner scale is®

L 2
oL, = 87r2k2‘” x0.033C2 k™ ”3GX(K){1 = cos{’;C z(l = zﬂ}dlcdz (O1)
00

’ 1(x’z) . . . U
Let 1- cos{ j = 5 % (its Taylor expansion estimate). The approximation is valid for the
large-scale log-irradiance variance because filter function G (x)eliminates high spatial

frequency contributions in moderate-to-strong fluctuations. Consequently
7 1| x° z ’
O =877k [ [ €0.033C ™G, (1) 1-41-— z(l—j — Wrdé
' ) ' 2| k L
7 1| x? N
=877k’ j jxo.o3scj;(“”(;x (;c)z{ z(1 —)} didé
00

Lo
=47° [ [ K0.033C2K "G, (k)2 (1 —Lj drdz (02)
00

Substituting

E=z/L > dz=Ld&

Lk’ k
= —> dk=—-d
g k 2Lk g
0 2 -11/3 472g2 _EZL
ol = ! ! K0.033C2 3G ()t L& (1 L] S s

1
=27k j j0.033cjzc-“/3Gx (K EX(1- E) dndé

=0.651kL°C, jTK”G ()& (1 - &Y' dndé

1 2
=0.651kL’C; [ £2(1- &) dz j K exp(_i qu
K

0

x

7/6 711/6 L' — Lki’
=0.651k7°L cjr;f (1-&) dr;fj K expTKj n
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. - 5 1/6 2
- 716 711/6 2 [ £2 2 Lx K K
=0.651k"°L Cn£§ (1-%) dﬁf( kj eXpeXp( k j(uc?

1
=0.651k"'°L'V°C? j ga-gydé| nl/éexp( jdn
.
=0. 651[1 23)1(”%‘”6(? [ea-9 dgjn“ exp( ]dn
23 .

- 0.539a,§j§2(1 _&)2dE j 3" exp[_n—njdn

X

=0. 539aRj(§ ) dfjnl/é exp( . )dn

where

G, ()= f (udy Jexp(- /)
= exp(— K’ /K‘i)

op=1.23Ck"°L"

. . . . . _ n(n=1) ,_
Using a binomial series expansion (x + )" = x" +nx""'y + (T')x” ’y?,

where x=¢, y=-¢, n=2,and (5—52)2 = £ 28 + &% results in
1 0
o2 (L) = 05307 (£ 28"+ &£ g [n"° exp(n—”)dn
0 X

=0.530, 1.2, ljj.n”é exp{ﬁ]dn
n

3 4 5) ;
=0.530, 20 30,12 J?]”%Xp M an
60 60 60)) 7.

=0.530, %)In”éexp ﬁ]dﬂ
n

= 0.0180'12z_|.771/6 exp(_—njdn
0 n

X

|
Recognizing
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(04)



K I'(x)

[ tdn==—3 (05)
0
where
1
s=—, x-1=1/6 >x=7/6
UB
x-1=1/6 > x=7/6
Equation O4 can be written as
o. . (L)=0.018c, I /76/2
.
=0.0180,7."°T'(7/6)
=0.0180,77'°(0.9277)
=0.0160,n]"° (06)

Small-scale log-irradiance variance

Using the “effective” atmospheric spectrum (equation 23), the small-scale log-irradiance

variance for a spherical wave in the presence of a finite inner scale is®

L o 2
o, =87k’ [ [ 0.03 3C3K“”Gy(zc){1 - cos{’; Z(l - zﬂ}dm (07)
00

In moderate-to-strong irradiance fluctuations, K, >> Vk/L,let

Ty =87k | T K0.033C2x 3G, (i )d el (08)
Substituting
E=z/L — dz=Ldé
Lx* k
= —>dk=—-—d
i k 2Lk g
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1 o
k
o2 (L) =87 k?| | k0.033C*k"*G (k) ——dnLd
2 (L) H 2 )5 —dnldg

1 o
= 47°k* [ [0.033C K "G  (1)dndé
00

11/3

- 1.30k3Cjﬁ/c“/{(K—]dnd§
00

11/6
/c2+1cj)

0 y

11/16 ©
=1.30(£ Cj(kWékll/ﬁ)zl/m J.!( 2 12 1/6]d77
K +Ky)|

1.23 )

)% PR
:1'06O-R.f L11/16(K2+K2)1/6 dn

0 y

11/6
Tk k
=1.060, (—Jr—J dn
l‘ Lk’ Lk’

y

=1.060; [(7+n,)""dn
0

= 1.06012{_?6 (n+ ny)‘S/é‘ij

-6 i} _
- 1.060,2{? [(c0+7,)""" = (0+17,)""°]

_ 1.060,2{_?6 7,

=1.27207m,”"° (09)

where

11/3
K

11/6
(/(2 + K';)

o2 =1.23C2k"o V¢

G, (x) =

Asymptotic Comparisons
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For constants ¢, ¢,, ¢;, and c¢,, assume the following functional form of 7, and 7 [see

Appendix S].
1 1 L
_— = —5 <<l
1 _jate 0) ¢ kp,
n,=———-— 2 5 (010)
¢, +c,L/kp, 1 _ kp; oo 1
0+c,Llkp> ¢, L kp;
c;+¢,(0)=c;, - <<1
n, :c3+li4—2 = 0+c4L c,L /ZO (O11)
J p = s
Weak Turbulence

Reference equation 12 and appendix D, for a spherical wave in weak turbulence using the

Kolmogorov spectrum
o} (L)=0.40, (012)
Weak turbulence, assuming o; << 1, results in
o) = exp(alfl, )—1 =0, (013)
Under weak irradiance ﬂuctuationsg, ali ; <<1
O'Ifl, = O'lix + Gliy (O14)
Equating equations O12 through O13 and using equations O6 and O9
0.0167,"° +1.272n,7'° = 0.4 (015)
Assuming 7, =7, ,then n, =n, =8 is an approximate solution

Plugging this into equations O10 and O11
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1 oo 1

7= e, +e,Llkp’ ¢ +¢,(0) ¢

—>c =1/8 (O16)

L
77y:c3+;4—zc3+c4(0):c3=8 (017)

2
0

Thus, ¢, and c¢; are now established using behavior of the scintillation index in the weak

turbulence regime.

Saturated Turbulence

First, perform an asymptotic comparison for small-scale turbulent cell effects. Normalized
irradiance® can be expressed as I = xy where x is associated with large-scale turbulent eddy
affects, y is associated with small-scale eddy effects, x and y are statistically independent random
quantities, and <x>=<y>=I. Given these conditions, <[> =<x><)> =1. The second moment of
irradiance takes the form®

<I>=<>9"> =(1+o2)(1+02) (018)
where o and O'y2 are the large scale and small scale normalized variances of x and y,

respectively. Based on equations 5 and O19,the implied scintillation index is
ol =(1+01+02)-1
:of+0'y2+0'50'§ (019)
Per equation 19, the asymptotic behavior of the scintillation index in the saturation regime is

2.73

(e3)"

described by o;(L)=1+ which approaches an asymptotic limit of one. Therefore, in

saturated turbulence
o =0+ of + ofcfy2 =1 (020)
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In strong fluctuations, expect the large-scale scintillation terms to die out.

o/ ~o, =1 (021)
The small scale irradiance is given by®
o, = exp(alf1 . )-1 (022)
As a result, in strong fluctuations
0}2, =1 = exp(of]y)—l (023)
o2, 22 (024)

The spherical wave spatial coherence radius, p,, when C; is constant and /, << p << L,can be

approximated by’

=5/3

-3/5
p, =(0.55C2°L)"" > 2 = ()?%W (025)

Plugging this into the Rytov Variance, o =1.23C>k"'°L'"° results in

O_; :1.23[ /00_5/3 jk7/6L11/6

1.46k>L
—>L—038( )03 026
> =0.38(c%) (020)
kpy

In saturated turbulence, equating equation 024 to equation O9 results in

In2=127204(n,)""°

I =5/6
:1.2720'12{;4 2}

Po

5/6

—127202¢, % [038(02)" |
=1.272¢,7°(0.38) ™'

>, 2545 (027)
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where

c,L

ko

(equation O11)

y

kL2 =0.38(c;)"°  (equation 026)

0

Now determine an asymptotic comparison for large-scale turbulent cell effects. For saturated

optical turbulence®

o =explo?, )-1 (028)
— exp(alflx): ol +1

Also®

o) = exp(alix +op y)— 1 (029)

Therefore,

o) = exp(aﬁ” + 1n2)—1
= 2exp(a§1x)—l

=2(6? +1)-1
=20’ +1 (030)
Under weak fluctuation (af << 1),
2 _ ( 2 ) ~ 2
Gx - exp Glnx _1 = O-ln)c (03 1)

Equating equation O30 to O31 and using equations O6 and 029,

2 o 2
o, =20, +1

=2(0.016027,7¢)+1

k 2 7/6
=0.o3za§(&j +1

c,L
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1 7/6
= 0.0320,2{—j +1

c,0.38(c;)°"”
1 1 7/6
=1+ 0'093(Tj[_j (032)
Og G
where
2
n. = kp, (equation O10)
¢, L
) 2)6/5 .
L1kp} =0.38(c7) (equation 026)

Compare this to the existing scintillation expression (equation 19) for a spherical wave in

7/6
1+0.093[ }USJ[LJ :l+%
Op & Oy
{ { 7/6 {
Op C, Oy

—> ¢, =0.055 (033)

saturated turbulence.

Thus, ¢, and c,are now established using behavior of the scintillation index in the saturated
turbulence regime.

“All” Turbulence Regimes

Applying constants ¢,, c¢,, ¢;, and ¢, results in the following expressions for predicting

scintillation behavior in all turbulence regimes (including inner scale effects)

ol =0.01602n,""

7/6
=0.0160; 1
1/8+0.055L/kp;

8 7/6
=0.01607 5
1+0.441L/ kp;
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and

B 0.170;
(1+0.441L/ kp? )"
0170,
/6
i-+0.441/0.38(02 f
B 0.170,
(1+0.1670; )"

01707,

= 0170, 137
(0‘1670_122/5)7/6 - (7;/5 >

A
A

>ch >:1qt\>

V
\%
p—

O'liy (L) = 1.272612?77;5/6

L -5/6
= 1.27202(@ + ;4 2]

0

— 127202} + 54503802
1.2720;
(8+2.0755)"
B 12720,
851+ 025902° )"
0.2250;
(1+0.2595% )"
0.2250

022502

I

~0.692

/6 2

=1n2,

(0.25952)" oy 525> 1

Recall from equation O30 that o} = exp(ofm +op y)—l

2
o <<1

(034)

(035)

Therefore, for a plane wave in moderate turbulence using an “effective” Kolmogorov spectrum

Therefore, for a spherical wave in moderate turbulence using an “effective” Kolmogorov

Spectrum

0.22507

(+0.16702 )" (140259527 °

J—l, 0S0§<oo<<1
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Large-Scale Log-Irradiance Variance

Using the “effective” atmospheric spectrum (equation 23), the large-scale log-irradiance variance

for a spherical wave in the presence of a finite inner scale is®

Lo 2
on, =877k [ [ K0.033Cx ™G, (K'){l - cos{’( Z(l - Zﬂ}d:{dz (P1)
0% k L
K’z 1(x’z) . . . D .
Let 1-cos r = . (its Taylor expansion estimate). The approximation is valid for the

large-scale log-irradiance variance because filter function G (x)eliminates high spatial

frequency contributions in moderate-to-strong fluctuations. Consequently

L o 2 2
o, =87 [ [ K0.033C2K ™G, (i) 1- -1 Kz(l—zj — e
) 2| & L

L © 2 2
1| x z
=87%k*| | K0.033C*x™°G (1) =| —z(1-2) | dxd
z _([_([ n W )2{1( z( L)} 3

L o 2
4z’ [| K0.033C,12K“/3GX(K)K422(1 - zj dradz (P2)
00

Substituting

E=z/L —> dz=Ld¢&

Li? k
= - dxk=——-d
g k x 2Lk g

then

t% LEY k
2 _ 2 2 -11/3 472 g2
ol =4rx ! ! K0.033C2 k"G (k) & ( —LJ S odntds
1 o
=27k [ [0.033C} ™G ()" (1 - £ Y dd
00

1 ©
= 0.651k’C; [ £(1- £ dé[ &G (x)dn
0 0

1 ) 2 2 7/6
=0.651kL’C; Igz(l - 5)2 déjl(m exp{— (:2 + Zzﬂll + 1.802x 0_254(’(j }dn
0 0

! x K K
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1616 | T Mg Lk x* Lk x* LYk Lk 2 e
R T {(MJW(MMHM wof 4] (=) oasd (2] =) }
:04651k7/"L”"C,:'jiz(lfﬁf)zdfj(%] exp{ [[L: ][Li] [L’(Z [LkﬂHlnsoz( zjh[;’iz] 70.254{[7"21;(2]} }d;,
_0651(123jk7 Spvsc? jg dcfj( ZJ exp{ [n)[gl Hl+1802 5 -0.254 (n{éﬂ }dq

7/12
=0.5307 j £ dgjn”ﬁ exp —+— }[nl 802 ’7) -0. 254(’7 }77
0 l

—

1

1 7/12
=0.530;[ £(1-¢ dgjn”f’exp[ ( } 1+1.802 l —0 254 ’7]
0 l QI
| 7/12
=0.530; j E(- dfj?]m’exp [1+1 802 —o 254(5) ]
1

_0530RJ & zdfﬁn”éew{ Q,Ql ﬂdn

el ot o)

oo ﬂ(”;fg?'ﬂozs‘*( J }

=053, I c-¢ )ng{j n“ﬁexp[ " anIQ’ }d +15922In2/3exp[—f7(%ﬂd77

3 0%/51:‘- J‘n3/4 exp 77Y + QIJ in P3)
QI 0 77le

where

G,(x) = /s, Jexpl-° /)
= exp(— K’/ K} Il +1.802x /K, —0.254(x / ,)""° ]exp(— K’/ K )

r K2 1.802x K e
K, K, K K

o2 =1.23C2"° V0

O, =Lk} Ik
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Evaluate _[ (f - £ Z)de

0

. . . . . - n(n—1
Using a binomial series expansion (x + )" = x" +nx" "y + ——~2 n( 2' ) Xy,

where x=¢&, y=-¢7, n=2,and (6-&°)> = &2 287 + &7 results in

1
f(é £fde=[ (& 28 +ede
0
1 2 1
=———+_
3 45
1
=30 P4
Then,
77x+Ql 1-80200 2/3 +Q
anx~0530'( j n'"° exp| — 77(—] dn +——|n*" exp| —n| —=L
1 (30 {I 1.9, Qll/z'! 77Q1
02547 5 (UX+QIJ }
——5m | exp| = = —="|dn
e
[ +0 1.802 7 n.+0
=0.0180:1 [ 7" exp —U(Lj n+——n*"exp _77( x zj n
R{}.’. 1.9, Qll/2 '([ n.9
0.254% ., [77 +QIH }
——wm )1 exp| —n| === dn (P5)
17/12 ! { 77xQ1
Recognizing'
Jem an =2 (P6)
0
where
_n.+9,
7.0,
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x-1=1/6 - x=7/6, x-1=2/3 —>x=5/3, x-1=3/4—>x=7/4,

Equation P5 can be written as

I(7/6)  1.802 T(5/3) 0.254 T(7/4)
Glix(L)ZO-Olgo'zze 776 T o102 573 A7/12 774
(nx—l—Ql] l (nx—i_Ql] l (nx—i_Ql]
1.9, 1.9, n.9,
I'7/6 1.802 I'5/3 0.254 I'(7/4
= 00180; ( )7/6 + 1/2 7(/6 ) 3/6 - 7/12 756 ) 7/12
{ﬂx-'—Q/J QI (77)(+Q1J [UX+QIJ Ql (ﬁx+Q[] (UX-FQIJ
7.9, 7.9, 7.9, 7.9 1.9
e 1.802 0.254
= 0.0180'12{ 1.9, j T(7/6)+ : —T(5/3)- ' __T(7/4)
1. +0, w2 1, +0, 72| M, + Y
" no " ng
e 1.802 0.254
- 0.0180§(”*—QIJ [(7/6)+——=__T(5/3)— =0 [(7/4)
R N N
.
7/6 7/12
:0.0180;[ 7.9 j T(7/6)+1. sozr(5/3[ ] -o0. 254r(7/4)( j
n.+9, n.+9
7/6 7/12
= 0.0180'§(’7"Q’J 0.9277 +1.802(0. 9028)( j —0.254(0. 9191)( J
77:( + 1 77)( Q
7/6 7/12
=o.0180,{ 7.9 0.9277 +1. 63( LB j 0234(Lj
UA + l nx + QZ 77)( + Ql
1/2 7/12
=0.018(0.9277)c (”—Q’J 1+ 1.76(Lj - 0.25(Lj
77)5+Q[ 77)(+Ql nx+Ql
/6 1/2 7/12
—0.01602| 1< j 1+1.76(Lj - 0.25[ 5 j
77x+Ql 77x+Ql 77x+Ql
172 712N6/7) 7"
=0.0160> ("—Q’j 1+1.76(Lj —0.25( T, }
nx—‘rQI nx+QI 77x+Ql

0.016 ¢ *u!'®
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1/2 7/12\8"7
where g = ("—ij 1+1.76£Lj —0.25(LJ
n.+0 n.+9, n.+0

Small-scale log-irradiance variance

Using the “effective” atmospheric spectrum (equation 23), the small-scale log-irradiance

variance for a spherical wave in the presence of a finite inner scale is®

L © 2
o, =87°K [ [ K0.033Cx G, (zc){l - cos[’; 2(1 - zﬂ}dxdz (P8)
0

0

In moderate-to-strong irradiance fluctuations, K, >> Vk/L,let
2 L o
Tiny =87k [ [ €0.033C2 5" °G, (x)dnadz (P9)
00

Substituting

E=z/L — dz=Ld¢

2
Lk —)dK:Ldn
k 2Lk

77:

1 o
k
2 (L) =872k | | x0.033C*x"3G (k)——dnLd
ol (L)=8z H : () —dnLdg

1
=47k [ [0.033C 71 G (1)dndé
00

11/3

1 o
—130kC [ [ — 5l
fie e

2 2
| (* +x2)

=1.306°C; | ;M]dn

11/16 ®
=1_30(£ Cf(k7/6k11/6)L11/16J‘ 1 _ iy
123 L9 (e 4 12

200 kll/é
=1.O60'RJ. me( 2)1/6 dn

2
0 K +Ky
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11/6
° k k
= 1.060'§ (—+ ] dn
-([ Lx* Lk’

y

= 1.060‘,2!(77 +77y)"”/6d77
0

= 1.066;(%6 (n+ ny)‘S/é‘ij

-6 B )
— 1.060-,2{? [(c0+7,)" = (0+17,)"°]

- 1.060',2;,(_?6 [— (ny)_s“’]

=1.272027;"¢ (P10)

where

11/3
K

11/6
(K'2 + K‘yz)

oy =123Ck"°L'"*

G, (k) =

Asymptotic Comparisons

For constants ¢, ¢,, ¢;, and c¢,, assume the following functional form of 7, and 7, [see

Appendix S].
1 1 L
—_— —<<1
_ 1 _jate 0 ¢ kpy (P11)
T Y allkpr 1 kp? o
0+c,L/kp} c¢,L ko,
L
c; +¢,(0)=c,, - <<l
PLIL AN w0 P12
ﬂy—c3+kp =~ 0+c4L:c4L . (P12)
° kljg ky?é k}7§ :>>>1
Weak Turbulence
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Assume in equations 14 and P7 that /[, - 0, O, > ©

Then

6 3 (9+Q12)”" 3 3 4

1

11/12
o} =3.860; {0.40[1 + é} {sin(“ tan™" g) + 2.61 sin[i tan™! g) _ (Qiszmsin[é tan”! 9
9

o]

11/12
=3.860,; 0.40(1 + 2) sin[E tan™" 2] + le sin(i tan™ fj - LZWM sin[é tan™ 2] _330
o0 6 3 (9 + oo) 3 3 (9 + oo) 4 3

+ Q/2)

= 3.860;{0.40(1)””2{511{2 (’z’ﬂ +0- 0} —0}

=3.860,(0.40)(0.258)
=0.40;

and

1/2
o2 (L)=0.0165> [”—Q’] 1+1.76(Lj —0.25(
77): + QI 77x + Ql

7/6
~0.0160 (m—Q’](l +0- 0)6”}

1

=0.01602,"°
Weak turbulence, assuming o; << 1, results in
o) = exp(alfl, )—1 =
Under weak irradiance fluctuations®, o2, <<1,
o2, =0l +od,
Equating equations P13 and P15 and using equations P10 and P14
0.0167,"° +1.272n,7"° = 0.4

Assuming 7, =77, then 7, =7, =8 is an approximate solution.

Plugging this into equations P10 and P11.
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77): + QI

)

0

6/7

7/6

(P13)

(P14)

(P15)

(P16)

(P17)



1 oo 1

= e, +e,Llkp’ ¢, +¢,(0)

—c, =1/8 (P18)

L
1, =C3+;4—EC3+C4(0)=C3:8 (P19)

2
0

Thus, ¢, and ¢, are now established using behavior of the scintillation index in the weak

turbulence regime.

Saturated Turbulence

First, perform an asymptotic comparison for small-scale turbulent cell effects. Normalized
irradiance® can be expressed as I = xy where x is associated with large-scale turbulent eddy
affects, y is associated with small-scale eddy effects, x and y are statistically independent random
quantities, and <x>=<y>=1. Given these conditions, <[> =<x><)> =1. The second moment of
irradiance takes the form®

<IP>=<x><p™> = (1+02)1 +o?) (P20)
where o and O'y2 are the large scale and small scale normalized variances of x and y,

respectively. Based on equations 5 and P20, the implied scintillation index is

ol =(1+01+02)-1
2 2 2 2
=0,+0,+0,0, (P21)
Per equation 21, the asymptotic behavior of the scintillation index in the saturation regime is
described by o7 =1+7.65/ (o-feQ,” 6)1/6 which approaches an asymptotic limit of one. Therefore, in

saturated turbulence

o =0+ O'; + ofo-y2 =1 (P22)
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In strong fluctuations, expect the large-scale scintillation terms to die out.
o/ ~o, =1 (P23)
The small scale irradiance is given by®
ol = exp(a2 )—1 (P24)
» Iny

As a result, in strong fluctuations

—o., =In2 (P25)
The spherical wave spatial coherence radius, p,, when C; is constant and /, << p << L,can be

approximated by’

-5/3

-3/5 £
po =(0.55C2K* L) > ¢ = Y (P26)

Plugging this into the Rytov Variance, o =1.23C>k"'°L'"° results in

o_; :1.23[ /00_5/3 jk7/6L11/6

1.46k°L
L _ 216/5
— — =0.38(0;) (P27)
kpy

In saturated turbulence, equating equation P25 to equation P10 results in

In2=1.272077,""°

I =5/6
:1.2720'12{;4 2}

Po

5/6

—127202¢, % [038(02)" |
=1.272¢,7'°(0.38) ™'

¢, =545 (P28)
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where

c,L

ko

(equation P12)

y

L

-=0.38(03)"°  (equation P27)
0

6

Recall from equation P13 that o2, = 0.01652n.""° as [, >0.

As a result

o] =20, +1
=2(0.016527,7)+1
=0.03202."° +1 (P29)

For spherical wave von Karman spectrum, with inner scale effects, the plane wave spatial

coherence radius is' p = (0.62C2k*LI;"*) "> for p <<,

-2

L
Likp; = ;po

_ 2
:%[(0.62Cjk2ng”3) 2]
=0.62CkL’I;'"

1/6
_0.62 123K CkLI;'"
1.23

. k1/6
10.892 '
=0.5040;| ———
10.894l,
=0.3395,0,"° (P30)
Lk} 3)° :
where 0, = K _ L(3 3) _10 829L
k ki, ki,
Reference equation P11, assuming >>1, then

Po
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kp’ 1

o

T =l T 6033902010

and

ol =0.03202n,""° +1

1 7/6
=0.0320" +1
’{czo.339a§ ,”6}

7/6
1 1 1
=1+0.113 — | | =7 | = P31
[Czj [U;BJ( 17/36J ( )

Compare this to the existing scintillation expression (equation 21) for a spherical wave in

7/6
| LY 1 7.65
0?:1—#0.113(—} ( 1/3}[ 7/36]:1—'_ 2,7/6 }/6
c, Or 1 (GR 1 )l
1 7/6 1 1 765
0113(5) (0_;3/3 j[ 17/36j: (6123 ;/6)'/6

¢, =0.027 (P32)

saturated turbulence.

Thus, ¢, and c,are now established using behavior of the scintillation index in the saturated

turbulence regime.

“All” Turbulence Regimes

Applying constants ¢, c¢,, c;, and ¢, results in the following expressions for predicting

scintillation behavior in all turbulence regimes (including inner scale effects)

1
¢+, Ll kp?

N 1

T 1/8+0.027L/ kp?

~ 8
1+0.216(0.339520)"°)

up
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8
1+40.073020)"°

(P33)

8 0
7.0, _ (1+0.0730;0,"° J~'

77x +QI - 8
+
(1+0.O730'§ /e o

_ 80,
8+0,(1+0.073520/"°)

= 59 (P34)
8+0,+0.0735;0/'°

and

7/6 1/2 7/12
o2 =0.0160> (”—Q’J 1+1.76(LJ - 0.25[LJ
n,x+Ql 77x+Ql 77X+Q1

8 7/6 8 1/2 8 7/12 P35
=0.0160; 9 | [1+1.76 9 —| -025 9 — (P35)
8+0,+0.073070 8+0,+0.073070 8+0,+0.073070,

From equations P12 and P27

c,L

kpq

5.45L
ko,

=8+5.45(0.38(02)""]

=8+2.07(c;)"" (P37)

n,=cy+

=8+

For a spherical wave in weak turbulence (equation 14), let

11/12 P36
ol =g’ = 3.8602{0.40[1 + é] {Sin(lg tan™ % ] . 2,621)1/4 sin(g tan™ % j . 0.522)7/24 sin[% tan” %) ~3500,%"° (P36)
1 9+ Q, 9+ Q,

Under strong fluctuations, inner-scale effects tend to diminish such that
n, =2.07(c2)"
=3(0.69)0, "’ (P38)
For all fluctuations, impose the following expression

7, = 3{“%} (1+0.695%') (P39)

Oy
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As a test of this expression, notice that under strong fluctuations

) 6/5
n, = (&j (0.690'?/ ’ ) =3(0.69)c, " = 2.07(O'§ )6/5 in agreement with equation P41.

The small-scale log-irradiance variance becomes

12/5 -5/6
o, (L) = 1.2720?{3(%} (1+ 0.690-12/5)]

N

2
_ 0.510; (P40)
(1+0.695"5)"°
Scintillation can be expressed as'
o :exp(oflx +0'lfly)—1 (P41)

Therefore, for a spherical wave in moderate turbulence using an “effective” von Karman

spectrum

0.5107;
(1+0.695"")

o, =exp(o., + ) -1 (P42)

where

7/6 1/2 7/12
ol = 0.01602[ 80 5 7/6] 1+ 1,76[ 80, - ”’j - 0.25( 80, 5 7/6]
8+ 0, +0.073670; 8+0, +0.073570, 8+ 0, +0.073670;

11/12
o’ =3.8607 0.40{1+%J sin(ﬂtan" 9} 261 sin[itanfl Qj_ 052 sin[étan" 9 ) 3,500
o 6 3 prgr)t 3 3 et 43
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APPENDIX Q: MODERATE TURBULENCE, VON KARMAN, PLANE WAVE
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Large-Scale Log-Irradiance Variance

Using the “effective” atmospheric spectrum, reference equations 23 and 30, the large-scale log-

irradiance variance for a plane wave in the presence of a finite inner scale is®

L o 2
on (L) =87k [ [K0.033C]x7"7G, (K)[l—co ( Q1)
00
K’z 1(x’z) . . . T .
Let 1-cos r = I (its Taylor expansion estimate). The approximation is valid for the

large-scale log-irradiance variance because filter function G (x) eliminates high spatial

frequency contributions in moderate-to-strong fluctuations. Consequently

ol (L)=8x%k on 033C "G (x )[ ( ; J ]d/(dz

=47’ j [20.033C) "G ()" dxadz (Q2)
00
Substituting

E=z/L > dz=Ld&¢

%
k 2Lk
1 o0 k
ol (L)=4r? j j K°0.033C2 "G ()} E> ——dnLdé
% 2Lk
1
= 2;z2kL2j j K*0.033C2 k"G (1) dndé
1 ©
=0.65IKL’C; [ £2d¢[K'G (x)dn
0 0
— K’ — K’
< Jp[ = Jd”
L”%J“ Lk\ & Lk\ &
065K 1 [ £4 (_)_ x _H_
Ié éj i k) ) [

177

1 0
= 0.651kI>C? j Edé j K3 exp[



1 . 2 1/6 2 2
_ 7/6 711/6 2 [ 22 Lx | Lx k -Lkx k y
=0.651k"°L'V°C? _([cf df_([[k Bl | = [z [0 = | T

1.23 L “ - 7
=0.651] === k7o | £2dE n' e expl —L |exp| —~ |d
(1.23) ngf 5!17 p 0 p ” n

m

X

1 ®©
= 0.530'123.[526175'[7]1/6 exp(—77 -~ i)
0 0

Qﬂ‘l 77X
1 -n_ 7
=0.530;| = || n"°exp| —-—+|d
R[?J! 7' exp| o
=0.1760, nl/éexp(_n—l]dn
R! 0, .
=0.17607 [ 7" exp —U[Mﬂm (Q3)
0 nme
where
G, (k) = (i, Jexpl- " /2)
= exp(— K’/ )exp(— K’ /sz)
Q, =Lk /k
K'_z_ LK‘2 k —i
K, \k \Lx,) O,
op=1.23Ck"°L"°
Recognizing'
T r
ey -2 (Q4)
7 s
where
=10,
nleﬂ

x-1=1/6 > x=7/6
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results in

ol (L)=0.1760" _Tare

7/6
. 0.160;[—’7@"1 ]
n.+0,

=0.16024, (Q3)

Q 7/6
where u = (77"—’“)
n,.+0,

Small-Scale Log-Irradiance Variance

Using the “effective” atmospheric spectrum, reference equations 23 and 33, the small-scale log-

irradiance variance for a plane wave in the presence of a finite inner scale is

Lo 2
on, (L) =87k [ [10.033C} k™G, (K‘){l = cos( Kkzﬂdi(dz (Q6)
00
In moderate to strong irradiance fluctuations, & , >> Vk/L,let

L o
ol (L) = 87r2k2_[ j x0.033C2 kG | (k)dnidz (Q7)
00
Substituting

E=z/L —> dz=Ld¢&

2
Lx — dk = La’77
2Lk

77:

1 o
k
2 (Y= 87k | | k0.033C k3G (k)——dnLd
ol (L)=8z H 2 () —dnLdg
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1
=47k [ [0.033C G (1)dndé
00

=1.30k°C? lﬁ ‘”SILW]dndf
00 y

=1.30k°C? j

0 _(Kz + /{j)”é ]dn

1.23) »(,7/6 11/6\L”/16 T
=1.30 C\k'""k dn
(1 23 ( ll/lﬁj ( )1/6

200 kll/é
_ 1.060R£ me(xz - KZ)“ dn

y

11/6
° k k
:1.O6O'§ (—+ ] dn
-([ Lx* Lk’

y

= 1.060‘,2!(77 +77y)"”/6d77
0

=1.O60',2{_56 (n+n,) 5/6‘ o

-6 _ )
:1.060-,2{? [(c0+7,)" = (0+17,)"°]
-6 .
:1060';(? [— (Uy) 5/6]
=1.27204n,"° (Q8)
where
K,ll/3
Gy(K) =( 2 2 \11/6
K +K‘y)

oy =123CkK"°L'"*

Asymptotic Comparisons

For constants ¢, ¢,, ¢;, and c¢,, assume the following functional form of 7, and 7, [see
Appendix S].
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1 1 L

3 1 A +¢,(0) ¢ kpy (Q9)
Yoo +oLlkpl 1 _kpj L o1
0+c,L/kp’ c,L’ ko,
c; +¢,(0)=c,, - <<l
¢ P
7, =¢ +k;2 =ig, ek _al (Q10)
’ kljg ky?é k}7§ :>>.1

Weak Turbulence

The log irradiance variance, o, ,, is defined under the Rytov approximation for weak turbulence

8

by
L o 2
or, =87k [ | x®, (K){l—cos(%ﬂdxdz Q1)
00
where
@ (xk)=0.033C "> (zero inner scale)
Substituting

E=z/L — dz=Ld¢

n=Lx’/k ->x*=nk/L,

-1/2 1/2
2\ L L 20k ) \L

Then
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o (L) =87k j j (k1 L), (s0)[1 - COS(né)]%(;—kJ (%jdnLdg

1o

37k 00l - costnr}ina

1o

8”2"31 Jooscie " 1 -costfns

31w

_8z (0.0233Cn X[ [ 1= cos(re Hnae

872(0.033)(1.23 LV
= > [1 23)C3(k7/6k11/6{T/6 J‘J‘K “/3[1—005(775)}1'7%1’5

87°(0.033) o 76116 AL
W( 23CKTL )_”( 1176 11/3}[1 COS(Ué:)PUdéZ

e

=1.0607 [ [ 77" [1 - cos(né) Hndé (Q12)

] [1—cos(m&) indé

where

o, =123Ck""°L"°

Using the relationshipsin® (i) = %[1 —cos(2u)], the previous equation reduces to

ofﬂ(L) :2.12(a§)anll/6 sinz(g)dndf (Q13)

Recognizing™

(-)'(u)cos ur
x""sin® axdx = Y 2 (Q14)

S ey 8

where
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leads to

L (DT(=5/6) cos(_s”j
2 2 12
or (L) =2.120; | d

0 21/6(§j_5/6
2

=(-)2.12I'(-5/6) cos(

S

j(2—1/6 (2j5/6 I§5/6d§

:(_)2.12r(—5/6)(2‘”6)(%j Jﬁ(%j

= (—)2.12(-6.680)(0.259)(0.89)(0.5 61)(%};;

=0y (Q15)

Assume in equation Q5 that /[, >0, O, — ©

7/6
o2 (1) =0.1657 (%]

7/6
~ 0 16 [nme J
O,
=0.16077]"¢ (Q16)
Under weak irradiance ﬂuctuationsg, ali ; <<1,
0-1?11 = O-lix + O-liy (Q17)
Equating equations Q15 through Q17, and using equations Q8 and Q16, results in
0.167,"° +1.2725,7"° =1, o} <<1, I, >0 (Q18)
Assuming 77, =7, ,then 7, =7, =3 is an approximate solution.

Plugging this into equations Q9 and Q10
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1 oo 1

7= e, +e,Llkp’ ¢, +¢,(0) ¢

—>c =1/3 (Q19)

c,L
77})=C3+k4—EC3+C4(0)=C3=3 (Q20)

2
0

Thus, ¢, and c¢; are now established using behavior of the scintillation index in the weak

turbulence regime.

Saturated Turbulence

First, perform an asymptotic comparison for small-scale turbulent cell effects. Normalized
irradiance® can be expressed as I = xy where x is associated with large-scale turbulent eddy
affects, y is associated with small-scale eddy effects, x and y are statistically independent random
quantities, and <x>=<y>=1. Given these conditions, <[> =<x><y> =1. The second moment of
irradiance takes the form®
<I>=<>9"> =(1+02)(1+02) (Q21)
where o and O'y2 are the large scale and small scale normalized variances of x and y,
respectively. Based on equations 5 and Q21, the implied scintillation index is
ol =(1+01+02)-1
=0, +0,+0.0, (Q22)
Per equation 17, the asymptotic behavior of the scintillation index in the saturation regime is
described by o7 =1+3.40/ (G]%Q;/é)% , 020]'° >>100 which approaches an asymptotic limit of
one. Therefore, in saturated turbulence
ol =0+ O'y2 + O'fayz =] (Q23)
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In strong fluctuations, expect the large-scale scintillation terms to die out.
o/ ~o, =1 (Q24)
The small scale irradiance is given by®
o, = exp(aliy)—l (Q25)
As a result, in strong fluctuations
2 o1 _ 2
o,=l= exp(O' V,)—l (Q26)
-0l , =In2 (Q27)
The plane wave spatial coherence radius, p,, when C; is constant and [, << p << L,can be

approximated by’

-5/3

=(La6ckL)’” —c?=_Fo 28
p=(ld6cii’L) "1 46k°L (Q28)

-5/3

Plugging this into the Rytov Variance, o) =1.23C2k""°L'V = 1.23[1’206WJIC7/6L”/6 ,

ki =1.22(c3)°" (Q29)

2
Lo
In saturated turbulence, equating equation Q27 to equation Q8 results in

In2=127204(n,)""°

L -5/6
2 c
:1.2720‘R(k4 ZJ

Lo

5/6

_ 1.272612204—5/6 [1.22(0_12e )6/5 ]_
=1.272¢,7'°(1.22)>'¢

e, =17 (Q30)

where
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L .
n, = % (equation Q10)
0

L

-=1.22(c;)*”  (equation Q29)
0

Now determine an asymptotic comparison for large-scale turbulent cell effects. For saturated

optical turbulence®
o =explo?, )-1 (Q31)
— exp(alf”): ol +1
Also® o =exploi, + 02, )-1 (Q32)
Therefore,

o) = exp(alflx + 1n2)—1
= 2exp(a§1x>—1

=267 +1)-1
—207 41 (Q33)
Under weak fluctuation (O'f << 1),
2 _ ( 2 ) ~ 2
O, =CXP\On. —-l= Olnx (Q34)

Note in equation Q16 that 4 —n_ as [, >0 (ie., [, >0 and L, - o). Therefore, for

determining c,, assume

6

ol =0.16c2u""° =0.1652n." (Q35)
Then
o} =220 +1
=2(0.1602n,""°) +1
=0.3202n.""° +1 (Q36)
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For plane wave von Karman spectrum, with inner scale effects, the plane wave spatial coherence

radius is' p, = (1.64ka2Llof”3)7m.

L _
L/kp; :;po2

_ %[(1 64C2K* LI )]
=1.64C kL1,

_1'64(1.23C3k7/6L11/6)( L1/6 J

1.23 k'L’
1/6
_ 133 ,(3505L
(35.05)"° F\ kI
=0.7375,0.° (Q37)
Reference equation Q9, assuming —>>1
Lo
1 1 1
_ ~ _ 38
T YLl oLlkp® 0737520 (Q38)
and
1 7/6
o, =0.320,; +1
! *¢,0.737520"¢

7/6

1 1 7/6 1 7/6 1 7/6
= 1+O320—12€[_ [m) (—Zj [ I/GJ

c, . O 0,

1 7/6 1 1
=1+0.460, (Z (_0';/3 ](—an”"’j

1 7/6 1 1
‘”“"‘6(2] _j[Q—] (@3

Compare this to the existing scintillation expression (equation 17) for a plane wave in saturated

turbulence.
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7/6
1 1 1 3.40
¢,) oz’ \Q, (o207
Y1 Y 1 3.40
— 0'46(_j ( 173 ]( 7/36j= N '7/6 76
) Or 0, (O'RQm )|

e 046((0)"" (0,
340\ o) Q1

— ¢,=0.18 (Q40)

Thus, ¢, and c,are now established using behavior of the scintillation index in the saturated
turbulence regime.

“All” Turbulence Regimes

Applying constants ¢, ¢,, c¢;, and ¢, results in the following expressions for predicting

scintillation behavior in all turbulence regimes (including inner scale effects)

1

¢ +c,Llkp?

_ 1

T 1/3+0.18L/ kp?

~ 1

T 1/3+0.18(0.737520"°)
~ 3
 140.40020!/°

.

(Q41)

and

7/6
oﬁlx ;0.160'§ —UXQ’” J
n.+0,

3 7/6
(1+0.400§Q}n/6jgm

3
|+
[1+0.400,§Q},,/6] O

=0.160;
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7/6
3
=0.160> O -
3+0,(1+0.40520!°)

30 7/6
3+Q, +0.400;0/'° ]

= 0. 160,3,( (Q42)

From equations Q10 and Q29

c,L

n,=c¢5+

2
0
1.7L
ko,
=3+1.7)1.22(62)"" |
=3+2.07(c;)""
=3(1+0.695") (Q43)

=3+

on, (L) =127203n,"°

=1.2720, [3(1 +0.695123 )]—5/6
0.509c,
(1+0.69525)"°

1N

(Q44)
For a plane wave in weak turbulence (equation 10), let

/12
o) = 0'[27 =3.860, {[l + leJ Sin[161 tan™' Q’”j _ 161Q';5/6} (Q45)

To apply inner-scale effects to the von Karman derived scintillation index, impose

., _ 0509}
O, = 12/5
(1+0.69512"%)

—=0.5lo; =0.5lo, (Q46)
Recall that alzny (L) = 1.2720,§n;5 '°. Then,

1272 5 6/5 5 6/5

2720, o

) ey R 47
T (0.510‘2] [02] (Q47)

Reference equation Q44, under strong fluctuations, inner-scale effects tend to diminish such that

189



7, =3(0.69)0%°

=2.07(c2)" (Q48)
As a result, for all fluctuations

5 6/5
n, = 3[0-—1;J "‘2-07(0'123 )6/5

O

12/5
= 3{ﬁ] (1+0.6907"%) (Q49)

Sy

As a test of this expression, notice that under strong fluctuations

O

s 6/5
n, = 3(0—1;} (0.690';2/ ’ ) = 2.07(0'§ )6/5 is in agreement with equation Q48.

The small-scale log-irradiance variance becomes

12/5 -5/6
Uliy(L) = 1.2720'}22 [3[&} (1 + 0.690';32/5 )]

Op

_ 05lo,
(1+0.69525)" (@30

Recall from equation Q33 that o} = exp(of” +op y)—l

Therefore, for a plane wave in moderate turbulence using an “effective” von Karman spectrum

30 e 05102
o; = exp| 0.160; = + — ! ~1 51
! p[ ’{3+Qm +o.40m§QZ/6j (1+0.69a;2/5)5/6} @b

m

11/12
where o’ =3.860, [(HleJ sin(l61 tan ™! Qm}_lggms/s}
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APPENDIX R: MODERATE TURBULENCE, VON KARMAN, SPHERICAL WAVE
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Large-Scale Log-Irradiance Variance

Using the “effective” atmospheric spectrum (equation 23), the large-scale log-irradiance variance

for a spherical wave in the presence of a finite inner scale is®
7 K° z
Oy = 8ﬁ2k2IIK0.033C,fK_] ”SGX(K){I - cos{k z(l - Lﬂ}d/cdz (R1)
00

2

1(x’z) . . . U
Let 1- cos{%} = 5(%} (its Taylor expansion estimate). The approximation is valid for the

large-scale log-irradiance variance because filter function G (x)eliminates high spatial

frequency contributions in moderate-to-strong fluctuations. Consequently
o 1] «° Al
on. =877k [ [ K0.033C; G, (1) 1-1-— {1-} — \xdz
' ’9 ' 2| k L
7 1| x? N
=87z2k2”;«0.033@3;(*“”@(;()7 L 20-2)| dxdz
’e 2| & L

L o 2
=47 [ [ K0.033C2x G, (K)K4zz[l—zj dxdz (R2)
00

Substituting

E=z/L > dz=Ld¢&

Lk’ k
= dx =——d
g k 2Lk d
then
1 © B X Lé 2 k
ol =4;z2MKo.o33ch G (K)K4L2§2[1—L) o dmds

1o

= 27°kI? j 0.033C2x™"3G (K)k* £ (1- &V dndé
00
=0.651kL°C;} [ [ K"°G, (1) (1 - £ )'dndé
00

1 5 © K2 —K'2
=0.651kL°C} [ £*(1- &) dz[ k" exp| == |exp| —5— [0
0 0

K

m
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76 2 _ 2
=0.651k""°L""°C? If 1-<% dg‘J. K exp(—K—zjexp( Lkx jdn

=0.651k"°L"°C; j ga-¢ydé| (L]’:
1 0
=0.651k""°L"°C; j E(-&ydg j 7' exp(‘Q—”Jexp(‘—”]dn
-0 651[1 23jk7/6L11/6C _[é: (1-&) dé;.[nl/é exp( ﬂJeXP(_—ann
23 o

= 0.5390'2J‘§2(1 - &)’ déjn”ﬁ exp(_Q—nJ eXp(ﬁ]dn

m

_ 0.5390§j(§ - gz)zdg]on”"’ exp(_Q—nJ exp(_—njdn (R3)

m X

where

G.() = (i, expl-x7 /2
= exp(— KK )exp(— KK )

Q, =Lk /k

K‘_z_ Li? k \_n
K’i k LK"%! Qﬂ’l

op=1.23Ck"°L"

Using a binomial series expansion (x + y)" = x" + nx""'y + ———

3

(n 1) 112 2
2 7

where x=¢&, y=-¢7, n=2,and (£-&7)> =2 —28° + &7 results in

(0205303 (6 22 i o] G foe]

m

B 2 1)\ e n -1
cos 35 en( g2

=0.530 Z[Q—E —j nl/ﬁexp(ﬁjexp(_—n]dn
60 60 60 0 -

m X

X
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o0

J’UI/() exp

0

-n

é—:} exp( 7

= 0.530,2(%j

=0.01807 [ exp
0

|
Sl
‘_’7+ﬁjd,7

X

0,
=0.0180, | "% exp
R! 0, 1.

Jon

=0.0180; [ exp| - n(i +ij dn
o 9,
2T 16 [ n.+0
=0.0180" j n" exp| - n(—} dn (R4)
7 1.0,
Recognizing'
Ie—sﬂnx—ldn — F(f) (RS)
0 S
where
ot
7.9,
x-1=1/6 > x=7/6
Equation R4 can be written as
o2 (L)=0.01807 LQM
m+%j
1.9,
7/6
~0.01802| %5 | 1(7/6)
n.+0,
7/6
_0.01802| %] (0.9277)
n.+0,
7/6
—0.0160% 1L
n.+0,
=0.0160,4"° (R6)
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7/6
.0, ]

where u, =
[m +0,

Small-scale log-irradiance variance

Using the “effective” atmospheric spectrum (equation 23), the small-scale log-irradiance

variance for a spherical wave in the presence of a finite inner scale is®
ol = 8;%181 I K0.033C2 "G, (lc){l - cos[’;: 2(1 - zﬂ}dicdz (R7)
In moderate-to-strong irradiance fluctuations, K, >> \/m , let
Oy = S;zzkzj ]O x0.033Ck "G (k)d iz (R8)
00

Substituting

E=z/L - dz=Ld¢

2
Lx —)dl(:Ldn

= k 2Lk

ol (L) =87k K0.033C3K_”/3Gy(K‘)%d?ﬂdf

7°k*|10.033C, "G, (k)dndé

I
]

=1.30k°C? ﬁ ””[Lm]d"df
00 y)
1
=1.30k°C ——d
n I[{(K2+Ki)m6:l n

1716
=1. 30(1 ZSJC (k7/6k11/6)L11/1sj ! e @1
1.23 L (> +2)

0

200 kll/é
_ 1.060-R£ L11/16(K2 - szw dn

y
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11/6
° k k
= 1.060'§ (—+ ] dn
-([ Lx* Lk’

y

= 1.060‘,2!(77 +77y)‘”/6d77
0

= 1.060‘,2{_?6 (n+ ny)‘S/é‘ij

-6 B )
— 1.060-,2{? [(c0+7,)" = (0+17,)"°]

- 1.060',2;,(_?6 [— (ny)_s“’]

=1.2720;n,'° (R9)

where

11/3
K

11/6
(K2 + K‘yz)

oy =123Ck"°L'"*

G, (k) =

Asymptotic Comparisons

For constants ¢, ¢,, ¢;, and c¢,, assume the following functional form of 7, and 7, [see

Appendix S].
1 1 L
_ =, — <<l
1 et 0) ¢ kp,
n=——— = 5 (R10)
¢, +c,L/kp, 1 _kp, oo 1
0+c,L/kp} c¢,L ko,
L
c; +¢,(0)=c,, - <<l
—e, S o %0y RI11
ﬂy—c3+kp =~ 0+c4L:c4L . (R11)
’ kljg ky?é k}7§ :>>>1
Weak Turbulence
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Assume in equations 13 and R6 that /[, >0, O, — ©

o;,(L) = 3.860§[{0.4(1 +0)''" sin[(l 1/6)tan-1(oo)]}— %(0)}

=3.8652{0.4sin[(11/6)(z/2)]}

= 0'40-12e
and
7/6
o2 (L) = 00160 (&j
) m7/6
~0.0160° [M)
an

=0.016027,"°

Weak turbulence, assuming 0',2 << 1, results in
o) = exp(ofl,)—l =],

Under weak irradiance fluctuations®, o2, <<1,

0-111 = O-lix + Gliy
Equating equations R12 and R14 and using equations R9 and R13

0.0167,"° +1.272n,7"° = 0.4

Assuming 7, =7, , then 7, =7, =8 is an approximate solution

Plugging this into equations R10 and R11

1 1 1
n, = > = =—=8
¢, +c,Llkp; ¢ +c,(0) ¢

—>c =1/8

c,L
n,=¢ +k4_2 = ¢, +¢,(0) =c,=8

0
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Thus, ¢, and c; are now established using behavior of the scintillation index in the weak

turbulence regime.

Saturated Turbulence

First, perform an asymptotic comparison for small-scale turbulent cell effects. Normalized
irradiance® can be expressed as I = xy where x is associated with large-scale turbulent eddy
affects, y is associated with small-scale eddy effects, x and y are statistically independent random
quantities, and <x>=<y>=1. Given these conditions, <[> =<x><)> =1. The second moment of
irradiance takes the form®
<I>=<>9"> = (1+o2)(1+02) (R19)
where o’ and O'y2 are the large scale and small scale normalized variances of x and y,
respectively. Based on equations 5 and R19, the implied scintillation index is
o} = (l-i—Gle-i—G}Z,)—l
=0, +0,+0.0, (R20)
Per equation 20, the asymptotic behavior of the scintillation index in the saturation regime is
described by o; =1+10.36/ (GﬁQ;/6)1/6 , 6207"° >>100 which approaches an asymptotic limit
of one. Therefore, in saturated turbulence
o; :O'f+0§+0'30'}2,;1 (R21)
In strong fluctuations, expect the large-scale scintillation terms to die out.
o/ ~0o, =1 (R22)
The small scale irradiance is given by®

o> =explo?, )-1 (R23)
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As aresult, in strong fluctuations
2 o1 _ 2
o? =1 =explo?, )-1 (R24)

o2 =In2 (R25)

The spherical wave spatial coherence radius, p,, when C? is constant and /, << p << L,can be

approximated by’

-5/3

-3/5 P,
po =(055C2k* L) > ¢ = Y (R26)

Plugging this into the Rytov Variance, o =1.23Cn’k”'°L'"® results in

p—5/3
O‘?\, :123 0 - k7/6L11/6
1.46k°L

— Lz =0.38(c;)""” (R27)
kpy

In saturated turbulence, equating equation R25 to equation R9 results in

In2=127204(n,)""°

I -5/6
- 1.2720,{64 - j
kpq

=127202¢,”0.38(c2)* [*"°
=1.272¢,7°(0.38)™'

—>c, =545 (R28)
where

c,L
kpy

(equation R11)

y =
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L2 =0.38(c;)°°  (equation R27)

kpq

Now determine an asymptotic comparison for large-scale turbulent cell effects. For saturated

optical turbulence®
2 ( 2 )
Gx - eXp O-lnx _1 (R29)
- exp(oﬁx)= ol +1
Also® ol =exploi, + 02, )-1 (R30)
Therefore,

o) = exp(alflx + 1n2)—1
= 2exp(0§1x)—l
=267 +1)-1
=20’ +1 (R31)

Recall from equation R13 that o2, =0.0160.7,"" as I, = 0.

As a result

o} =20 +1
=2(0.016627," )+1
=0.03202."° +1 (R32)

Under weak fluctuation (O'f << 1),
2 _ ( 2 ) ~ 2
o. =explo,,.)-1=0,. (R33)
For spherical wave von Karman spectrum, with inner scale effects, the plane wave spatial

coherence radius is' p = (0.55C2k>Li;"*)™"? for p <<1,

L _
L/kp, :;/002
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- 2
:%[(O.SSCjkleg”) ”2}

= %o.sscjkzuol”

1/6
= o.ss(ﬂchkmg”

1.23k"¢

=04470;| ———
35.046kl;

0447  ,(10.89L) "
= 176 ORr 2
(35.046) ki

=0.2475;0!'° (R34)

1/6
35.046L ]

Reference equation R10, assuming Lz >>1, then
Lo

kes _ 1
s = c,L ¢,02475;0!°

and

ol 20.03202n,"° +1

7/6
=0.0320; : —— | +1
¢,(0.247)0;0,

{ 7/6 e 7/6 { 7/6
c, 0.247 (o 0,
1 7/6 1 1
=140.1630:| — — | ==
) Grla
1 7/6 1 1
_140.063 — | || —— (R35)
(CJ (GL/SJ{QLUJ

Compare this to the existing scintillation expression (equation 20) for a spherical wave in

saturated turbulence.

7/6
af=1+0.163[i] (%J(%J:H 1036 -
&) \a’ \o, (o207
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716
1 1 1 10.36
_)0'163[_J [ 1/3}( 7/36]: 2 ~76\/6
& Op Qm (o-RQm )|
/ /
INALTAT AN 1
1036 " o’ | 0y ’

—> ¢, =0.0285 (R36)

Thus, ¢, and c,are now established using behavior of the scintillation index in the saturated
turbulence regime.

“All” Turbulence Regimes

Applying constants ¢,, ¢,, c;, and ¢, results in the following expressions for predicting

scintillation behavior in all turbulence regimes (including inner scale effects)

1
7= ¢, +c,L/kp?
N 1
T 1/8+0.0285L/ kp?
~ 8
T 1+0.228L/ kp?
~ 8
1+0.228(0.247520!°)
~ 8
T 1+0.056520"°

(R37)

and

6

O-lix = 0'0160-12€1ﬂx7/

7/6
=0.016072 i (R38)
8+0, +0.056520!"°)

where
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8
B [1 +0.0560;0, Q’"j

- ; >
1+0.0560,0)° ="

_ 80,
8+0Q, +0.0560,0'°

From equation R11 and R27

=8+5.45(0.38(c2)""|
=8+2.07(c;)°"’

For a spherical wave in weak turbulence (equation 9), let

n, = 2.07(0'12z )6/5
=3(0.69)0; "’

For all fluctuations, impose the following expression

O_z 6/5 Ny
12/5
m, :3(1;} (1+0.695>'%)

Oy

As a test of this expression, notice that under strong fluctuations

. i i 11/12 . ; & _E L
;=0 3.860‘RH0.4(1+Q3J s1n[(1l/6)tan ( 3 H} . 0. ]

Under strong fluctuations, inner-scale effects tend to diminish such that

(R39)

(R40)

(R41)

(R42)

P 6/5
n, = 3(0—’;] (0.695>5)=3(0.69)5>'* = 2.07(c2 )" in agreement with equation R41.

Oy

The small-scale log-irradiance variance becomes
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-5/6

12/5
(Tliy(L) = 1.2726?{3(%} (1+0.69o';2/5)]
0.510;

) (1+0.695125)" R43)

Recall from equation R31 that o = exp(alix +o. ) )— 1

Therefore, for a spherical wave in moderate turbulence using an “effective” von Karman

spectrum
0.51c;
o) = exp[aﬁm + (1 0 6591012/5)5/6 J -1 (R44)
+0.690,
where
8 7/6
o, =00160; 9, 7%
8+0,+0.0560,0,)

, i i 11/12 . ; & _E »
o —3.86O'RH0.4(1+Q;J s1n[(11/6)tan ( 3 ﬂ} 6 0., ]
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APPENDIX S: ASYMPTOTIC COMPARISONS
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This appendix rederives equations that were developed by Andrews, Phillips, and Hopeng’14 for
performing asymptotic comparisons of known scintillation behavior in weak and turbulent
regimes to create scintillation index models for all turbulence regimes.

In the absence of inner and outer scale effects, irradiance is mainly affected by cell sizes

l,, 1,, I; and corresponding wave numbers x,, k,, k;, where k =1// .

Spatial coherence radius [, = RS = P, (S1)
K
. 1
Fresnel zone size l, = = =~L/k (S2)
2
. ) 1
Scattering disk [, = P = L/kp, (S3)

3
In weak fluctuations, irradiance is most affected by cell sizes proportional to the Fresnel
zone,~L/k . In moderate-to-strong fluctuation regimes, irradiance is most affected by cell sizes

proportional to the scattering disk, L/kp, .

In terms of ratio of areas

Lx} L
K, ;L—> fs 5 (S4)
Po k- kpg
k Lk
K== > ~1 S5
> "L i (S5)
L 2 2
K, ;kpo N ;kpo (S6)
L k L

2

< lj, kK, =k, and kK, Zk,. In strong fluctuations ( Lz >1J,
kp, Lo

In weak fluctuations (

K, 2k and K, = K.
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Assume that at any distance L into the random medium there exists an effective scattering

disk 1/x, =L/kl and an effective correlation width / that identify the spatial frequencies «,

and «,. These scale sizes are defined, respectively, by

«/L/k,ki2 <<1

L P
P L &7
¥ YL kpy,—5 >>1
k 0
VL k,— <<1
1 L kp,
—=—= (S8)
K, K, P L -
" kp;

As a result, for some constants c,, c¢,, c¢;, and ¢, to be determined on the basis of known

asymptotic behavior of the scintillation index, expect

1 LY ¢, L LY
— = 2—+c| —
K ki, k kp,

—> K. = ! -~ forall L2 (S9)
L [ L kpq
k kpq
K.Y
sz( ] =S L% foran-t (S10)
L Lk p; kp?
let 7, = LK L,
€ = 5 .=
1, X n, A
Lk} ~ 1
77)( k k(Kx)_ k CIL L
ko “ kp,
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1

e — S11
¢ +e,Lkp? 1D
1 1 L
S —— ~<<1
N _|atea 0) ¢ kp;
= 1 kp? L
—= ,— >>1
0+c,Llkp} c,L kp,
Lk’ L
ny=—y=£(f<§)=£ T (S12)
kK k k\L/'k p kp,
¢; +¢4(0) =c, 7 <<l
—>n, = c,L _ c,L ’
kog  kpg , 7 >>1
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