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ABSTRACT

Sampling and interpolation are two important topics in signal processing. Signal processing is a
vast field of study that deals with analysis and operations of signals such as sounds, images, sensor
data, telecommunications and so on. It also utilizes many mathematical theories such as approxi-
mation theory, analysis and wavelets. This dissertation is divided into two chapters: Modified Pal
Interpolation and Sampling Bilevel Signals with Finite Rate of Innovation. In the first chapter, we
introduce a new interpolation process, the modified Pal interpolation, based on papers by Pal, J6o
and Szabd, and we establish the existence and uniqueness of interpolation polynomials of modified
Pal type.

The paradigm to recover signals with finite rate of innovation from their samples is a fairly
recent field of study. In the second chapter, we show that causal bilevel signals with finite rate of
innovation can be stably recovered from their samples provided that the sampling period is at or
above the maximal local rate of innovation, and that the sampling kernel is causal and positive on
the first sampling period. Numerical simulations are presented to discuss the recovery of bilevel

causal signals in the presence of noise.
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CHAPTER 1: Modified Pal Interpolation

A purpose of interpolation is to approximate a function (signal) from its limited information, such
as sampling data or a discrete set. Interpolation has shown to be important in signal processing,
approximation theory, computer aided design etc. There are many classical methods available such
as polynomial interpolation, trigonometric interpolation, fractal interpolation, spline interpolation
and wavelet interpolation.

In the first section of this chapter, we recall the interpolation of P4l type. In the second section,
we introduce the modified Pal interpolation. In third and fourth sections, we modify Szab6 and

Jod’s generalized P4l interpolation.

1.1 Pal interpolation

In this section, we recall Hermite-Fejer interpolation discussed in [ 14], which is now known as P4l
interpolation.
Let X := {x1,...,2,} contain n distinct nodes x; < x5 < --- < x, on the real line, and

define

—=

(z — o). (1.1.1)

wx(r) =

k=1

Between two neighbouring roots of wy (x) there is one and only one root for its derivative w' ().



*

In other words, the roots z1, ..., x, of the polynomial wx(z) and the roots z7,...,z} ; of its

derivative

Wiy () :nH(x—:U?‘) (1.1.2)

has the following interlacing property:
T <] <Ty<Ty< ... <T)_ | <Tp.

In [14], Pél considered the following interpolation problem: Find a polynomial P(z) of lowest

degree such that
P(xy) =y, forall1 <k <n and P'(z))=y; foralll <I<n-—1 (1.1.3)

for any given interpolation data {y;.}?_, and {y;}}=}!

Theorem 1.1.1. ([14]) Let X := {x1,...,2,} contain n distinct nodes on the real line, and
X*:={x3,...,x5_,} be the set of roots of the polynomial W' (x), the derivative of the polynomial
wx(z) = [T (x — x%). Then given any interpolation data {y;}r_, and {y;};~]' there exists a

polynomial P(x) of degree 2n — 1 that satisfies (1.1.3). Moreover,

_ —Zy wx(z) [ o) — o — ) o

(k) QH#;( Ty — ;) (z — )

UJX j;ﬁl j
N / , (1.1.4)
Z ZWX (@7) Hﬁél - )

Observe that for any polynomial P satisfying (1.1.3), P(x) + Cwx/(x) has the same interpo-

lation property (1.1.3) for any constants C'. The uniqueness of polynomials satisfying (1.1.3) is
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established when an additional interpolation condition is imposed.

Theorem 1.1.2. ([14]) Let {x}}7_,, {xi}12t, {yn}io, and {y;}7=}' be as in Theorem 1.1.1, and

let a # xy, for all k = 1,2, ...,n. Then the polynomial R(z) defined by

5 wx (2) [ o
) = ;yk(w&(m»?m#k(m—m) / (t—%)Q( x(@) x (=) k))dt

a

QLX j#l
+ / dt forxz € (a —d,a +9), (1.1.5)
Z lWX (27) Hﬁel Ty — j)

is the unique polynomial of degree at most 2n — 1 that satisfies (1.1.3) and R(a) = 0, where

d = miny<x<y, |z — al.

1.2 Modified Pal interpolation I

In this section, we consider finding a polynomial P(x) of lowest degree for any given interpolation

data {y;}7_, and {y;}=}' such that

T+1
P(z}) =y foralll1 <l <n-—1, and/ P(z)dx = ypyi forall 1 <k <mn—1.

Tk

Theorem 1.2.1. Let X := {x1,...,z,} contain n distinct nodes on the real line ordered by x1 <
To < ... < Ty, and let X* = {af ?:_11 denote the set of the roots of the polynomial W'y (the

derivative of the polynomial wx in (1.1.1)). Given interpolation data {y},_, and {y} 1n=_11’ the



polynomial P(x) of degree 2n — 2 defined by

P) = - _m/ B o) — e — )

dx 2 Wx(xk))Q [Tz ( T — )
. wx(z J#l ] }
+ ; (1.2.1)
zzz; Hwx xl [Luler —25)

satisfies

P(xy) =y, 1<1<n-—1, (1.2.2)
and
Th+1
/ P(z)der = yry1, 1 <k<n-—1, (1.2.3)
Tk

k
where z, = > y,,2 < k < n.
q=2

Proof. Let us show that a polynomial P of the following form

d n n—1
P(x) = — L; 2 AR(z) + ; v By(z) (1.2.4)

has the interpolation properties (1.2.2) and (1.2.3), where polynomials { Ay (z)}?_, and { By(x)}7=}!
of degree at most 2n — 1 satisfy

a) Ap(x;) =0 forall2<k<nandl<i<n
(&)  Ap(z;) = o 12.5)

(b) Au(x}) =0 forall2<k<nand1 <j<n-1,



and

(¢) Bi(z;))=0 foralll<i<n—-land1<i<n
(1.2.6)

(d) Bj(x)=0dy; foralll<lI<n—-Tlandl1<j<n-1
Here ¢;; stands for the Kronecker symbol defined by d,; = 1 if i = j and ¢;; = 0 otherwise.

Set z; = 0. By (1.2.4)(1.2.6),

n

/:i+1 P(z)dxr = (Z 2 Ag() + "z_i yl*Bl(x))

k=2

Ti+1
= Zi+1 — % = Yi+1

Ty

foralll1 <i<n-—1,and

n n—1
P(x}) = aAp(@)) + Yy Bi(x)) =y
k=2 =1

forall 1 < 7 < n—1. This proves that a polynomial P of the form (1.2.4) satisfies the interpolation
requirements (1.2.2) and (1.2.3).

Now it remains to construct polynomials Ax(z),2 < k < n, and Bj(z),1 < < n —1, of
degree at most 2n — 1 satisfying (1.2.5) and (1.2.6) respectively. First we construct polynomials
Bi(x),1 <1 <n—1,of degree at most 2n — 1 satisfying (1.2.6). Take 1 <[ < n — 1. From the
requirement (c) in (1.2.6),

Bi(z) = wx(z)Vi(x) (1.2.7)

for some polynomial V;(z) of degree at most n — 1. Consequently,

Bi(z) = wy (2)Vi(e) + wx (@)} (z) = %Wzm (128)



for some polynomial W;(x) of degree at most n, where the last equality follows from the require-

ment (d) in (1.2.6). Multiplying « — x; at both sides of the above equation leads to
Wi (2)Vi(z) + wx (2)V] (2)](z — 27) = Wy (2)Wi(z).
Rearranging above equation yields
Wi (@) (& — 27 )Vila) — Wil@)) = — (& — o} )wx ()1 (). (1.29)
Recall that wy and its derivative w’y do not have common roots. Then it follows from (1.2.9) that
(x — 2))V/(z) = Wy (x) M (x) (1.2.10)

for some polynomial M;(z). Comparing the degree of both sides of the equation (1.2.10) shows
that M, (z) has degree zero, i.e. M (x) = M for some costant M.

Evaluating (1.2.8) at x = z; and recalling the requirement (d) in (1.2.6) gives
1= wi (27)Vi(a7) + wx (a7)V/(27) = wx (a7)V/(27), (1.2.1D)

and hence
Vi (z) = (wx(ap)) "

Substituting this in (1.2.10) and recalling that M is a constant function, we obtain

1 Hj;él(x_m;> '

(1.2.12)



Therefore

B 1 jule—23) N
Vi(z) _/wx(x e x;)d . (1.2.13)

Substituting the above expression about V;(x) into (1.2.7) yields

W
le: x( / ﬁél r, 1<l<n-—1.
x(27) H];élxl j

The polynomials B;,1 < [ < n — 1, just defined have degree at most 2n — 1. It satisfies the

requirement (c) in (1.2.6), and also the requirement (d) in (1.2.6) since

Bi(x) = / ) d n wx(z) jul@—aj)
i Cwy xl H]ﬂ rf — %) wx (z) H#z(x? - 73)
and hence
Bj(z}) = wx(@p) [ (x5 —a5) ) 1 ifj' =1
: wx (7)) (e —27) 0 ifj/#1L.

This completes the construction of polynomials B;,1 < [ < n — 1, of degree at most 2n — 1
satisfying (1.2.6).
Now we start to find A;,2 < k < n, of degree at most 2n — 1 that satisfies (1.2.5). From the

requirement (a) in (1.2.5) it follows that

A(z) = Si(x),2<k<n (1.2.14)

for some polynomial S () of degree at most n that satisfies



Taking derivative of both sides of (1.2.14) and applying the requirement (b) in (1.2.5), we have

Alr) = <(w§((x) Nt )5k<f’3>+ X0 g1 (1) = (@) Tul)

r—xr) (r—xp)? (x — x)

for some polynomial 7} (z) of degree at most n — 1. Thus
W (2)(x — k) (Se(x) — Th(z) (x — 1)) = wx () (Sk(z) — (x — z) Sy (2)). (1.2.16)

Again, recall that wy (x) and w'y (x) do not share any roots. Then

Si(z) — (v — 2x)Sp(2) = Wy (2)Ui(2) (1.2.17)
and
Si(@) = (¢ = 2 Til2) = =5 (2 Us() (1.2.18)

for some polynomial Uy (x) of degree at most one. Substituting = by zj, in (1.2.18) and recalling

that Ax(zx) = 1 by the requirement (a) in (1.2.5), we obtain

1
Uk(xy) = o (@n) Hl;ék;(xk’ . (1.2.19)

Taking derivative of both sides of (1.2.17) yields

(Wi (2)Uk(2))" = — (2 — 21) 5§ (2),



which implies that

W (xr)Ug(xr) + W (25) U] (25) = 0. (1.2.20)

Thus w’ Uy, has the following Taylor expansion at © = xy:

W (2)Up(2) = Wy (20)U(r) + oz — ) +es(m —a)? + ... Feple —ap)Y (1.2.21)

for some ¢;, 2 <i < N =n — 1+ deg Uy. Dividing both sides of (1.2.17) by (z — x)? gives

T — Tk

W(@)Uk(x) _ Se(z)  Six) _ _(Sk(g”) )

(x — xp)? (x —xg)? o — g

This together with (1.2.21) implies that

r — T

) __ [ eh@le),,

Hence
w () Ug(z)

EEE (1.2.22)

Aula) = —wx(z) [

Now it remains to figure out the polynomial U of degree at most one. Write
Ur(z) =19 + 11(T — 1) (1.2.23)

Then

(1.2.24)



by (1.2.19). From (1.2.20) and 1.2.23 it follows that

w (1)
1.2.25
" T W @) opelee — ) (1:22%)
Therefore
1 / "
) = (P T plar =) e () ekl =)
Substituting this into (1.2.22), we obtain
o wX(:C) wg( ((ﬂ) / "
) = e Tt T s ) — koo —m)dn2 <k <o
(1.2.26)

Finally let us verify that the functions A, 2 < k < n, satisfy (1.2.5). Notice that

"

) {C)) W) o wh@m)
Ap(r) = H#k(xk — ;) / (x — )2 (1 WS((xk)( k))d
___wx(@) (@) o @kl
Hi;ék(xk — xl) (;1;' — ka)2 (1 wg((flik)( k)),

which implies that Aj (z]) = 0 forall 1 <! < n — 1. On the other hand, Aj(z)) = 0 for all
k' # k as wx(zp) = 0, and

= — lim wx () ! W ()2 x —x1))dx
Alo) = = lim (Wi (2))? [Tin (2x — ) / (x — x1,)? (W (@) + Qz — a))d
= lim wx (@) =1

where () is a polynomial such that Q(0) = 0. This proves that polynomials A;,2 < k < n, in

(1.2.26) satisfies (1.2.5). [

10



We remark that there are many polynomials that satisfies (1.2.2) and (1.2.3). Consider a poly-

nomial P of the following form:
P(z) = P(z) + w(z)(a + fwx(z)) (1.2.27)
where «, f € R. Then

/%k+1 P(x)dz = /xm P(z)dx + /mk+1 Wi (z)(a + Bwx (z)) dx

= Y1 + (awx(z) + (5/2)(WX(95))2)}%“ =Yit1, L <k <n—1.

Tk

Also, observe that

P(a}) = Pa}) + W(af)(a + Buox(af) = o, 1<T<n— 1,

Therefore a polynomial P of the form of (1.2.27) satisfies (1.2.2) and (1.2.3). On the other hand,
If ) is a polynomial of degree at most 2n — 1 that satisfies (1.2.2) and (1.2.3), then R(z) :=
Q(z) — P(x) satisfies

Th+1
R(xzf)=0foralll1 <I<mn-—1, and / R(z)dr =0foralll <k <n-—1. (1.2.28)

Tk

From the above requirement, the antiderivative of the polynomial

/R(m)dm =c+wx(z)S(2) (1.2.29)

11



for some polynomial S of degree at most n, and
R(z) = W (z)M(x) (1.2.30)
for some polynomial M of degree at most n. Therefore
Wy (2)S(x) + wx ()5 (z) = Wiy (2) M (). (1.2.31)
Rearranging the above equation gives
Wy (2)(S(x) — M(x)) = —wx(2)S (). (1.2.32)

Recall that wy (x) and w'y (x) do not have common roots, and that S’(z) has degree at most n — 1.

Therefore S'(z) = gwfx(x) for some constant 3. This implies that
M(z) = a+ pux (),

or equivalently

R(z) = P(z) + wx(z)(a + fwx (2)) (1.2.33)
for some constant «, 5. This leads to the following theorem.

Theorem 1.2.2. Let X := {xy,...,x,} contain n distinct nodes on the real line ordered by x1 <
Ty < - < Ty, and let X* = {x;‘}?z_ll denote the set of the roots of the polynomial W'y (the
derivative of the polynomial wx in (1.1.1)). Given data {y.},_, and {y; ?:_11, define a polynomial

P(x) of degree 2n — 2 as in (1.2.1). Then a polynomial R of degree at most 2n — 1 that satisfies

12



(1.2.2) and (1.2.3) if and only if R(z) = P(x) + W (z)(a + pwx (x)) for some constants o, (.

1.3 Modified Pal interpolation I1

Let a, b, and c be real numbers, and let 27, £ = 1,2, ..., n", be the real roots of

Ox(z) == awx(z) + (bxr + c)wy ().
Szab6 and Jo6 [21] [22] [23] [24] generalized the Pal interpolation problem to the following:

Let a, b, ¢ be real numbers, and let x,l = 1,2, ...,n* be the real roots of vx () := awx () +
(bx + ¢)w'y (z). Determine a polynomial R(x) of the lowest possible degree that has the properties
R(zi) =y, 1 <k <n,and R'(z}) = y;,1 <1 <™.

They found general polynomials for the following cases: (1) b = O and 2) a < 0,0 = 1. If
a = b= 0and c = 1, the above interpolation become P4l interpoltion.

In this section, we modify the work done by SZabo and Jo6 [2 1] to fit the following conditions:

and

under the assumption that @ # 0 and b = 0. In this case n* = n. Moreover, roots of wx (z) and

Wy (x) have the following interlacing property:

T <2} <Ty< - <z <

13



ifa/c < 0; and

] <1 <TH << x)p <@y
ifa/c > 0.
Theorem 1.3.1. Let a,c # 0, X := {x1, ..., x,} contain n distinct nodes on the real line ordered
by x1 < x9 < ... < x,, denote by X* := {a},x5,...,x}} the set of real roots of the polynomial

Wx () == awx(x) + cw'y (), and let

Q(z}) = awx(@) + ey (@) (1.3.1)

T —x r=a}

k
Given the interpolation data {yx};_, and {y;}_,, set z, = > y,,2 < k < n, and define the

q=2
polynomial R(x) of degree 2n — 2 by
Ra) = — [Z 2 wx(z) et (13.2)
do L= cw (@) [T, (20 — 1)

<[ ‘”“’X(f)_tcg‘? D - —Zf( Ej:; (t - ap))e tdt

wx (z)ee® awx (t) + cw's (t)
~3 / X
)

T 5 e_%tdt] for x > x,

14



. .i%_ o - Ld)(<1j %x
R(z) = dw[ kz:;zkcwg((xk) H#k(l’k—l’i)e (1.3.3)

[ awx(t) + e (t) . wilay) e
x/ TR (1 wg((xk)(t k))e<dt

. wxl)et [l ed,
+ Yy " " " e edt| forx <ux
; l 7 )] )_Oo (t — ) } 1
if & < 0. Then R(x) satisfies
R(z]) =y, 1<1<n, (1.3.4)
and
Th+41
/ R(z)dr = ypr1, 1<k <n-—1. (1.3.5)
Tk

Proof. We start by decomposing R(x) into a sum of two functions, as in the previous section,
d | < _
R(x) = e [Z 2 Ak(@) + >y Bi@) | (1.3.6)
=1

k=2

where polynomials { Ay (z)},_, and { B)(x)},_, of degree at most 2n — 1 satisfy

(a) Ag(x;) =06 forall2<k<nand1<i<n
(1.3.7)

b) A (%) =0 forall2<k<mnandl<j<n,
k\*j

15



and

(¢) Bi(z;) =0 foralll<l<nandl1<i<n
(1.3.8)
(d) Bj(x}) =10y foralll <l <mnand1<j<n.

Similar to the previous section let’s first construct the polynomials B;(z), 1 < [ < n. From the

requirement (c¢) in (1.3.8) we know that

Bi(z) = wx(x)Vi(x) (1.3.9)

for a polynomial Vj(x) of degree at most n — 1. Recall that roots of awx (z) + cw'y (z) are real and

have a multiplicity of one. Consequently,

awx () + cw'y (x)
(x —a7)

Bj(z) = W (2)V(z) + wx (x)V]/(z) = W(x) (1.3.10)

for some polynomial W;(x) of degree at most n — 1, where the last equality follows from the

requirement (d) in (1.3.8). Multiplying « — x; at both sides of the above equation leads to

Wy (2)[(z = 2])Vi(z) = Wi(2)] = wx (2)[=(z — 27)V/(x) + aWi(z)].

Recall that wy and its derivative w’ do not have common roots. Then

Moy (z) = —(z — a])V/(z) + aW(x) (1.3.11)

and

Mux(2) = (¢ - o)Vilx) — Wi(x) (13.12)

16



for a constant M. Multiplying (1.3.11) with c and (1.3.12) with «, and then adding them together,
we obtain

(z — a7)[aVi(z) — eV (2)] = Mawx (z) + cwiy (z)].

a
e c”

Multiplying both sides by _C(T;;*) gives
l
d, ., Me™e" awx (z) + cw'y ()
%(e V(z)) = — - @) : (1.3.13)
Integrating both sides leads to
Mete [ t (1) e
Vi(z) = 26 / awx (1) + cwi( )e_Etdt, v >al, if L >0, (1.3.14)
c (t —af) c
and .
Mee® t (1) e
Vi(z) = — ¢ / awx (t) + cwi( >e—ztdt, v<ar, if L <o (1.3.15)
c (t — ) c

The next step is to determine the constant M. Note from (1.3.10) and the condition (d) in (1.3.8)
that

By(a) = wx (@)V/(27) + Vi(a))wi (27) = 1. (1.3.16)
Multiplying both sides of (1.3.13) by —c and replacing x with x} gives

awx () + cw'y (x)

xr — J]}k =z

M. (1.3.17)

— V] (]) + aVi(ay) =

Note that the right hand side of the above equation is nonzero because z; is a simple root of the

c
wx (z])

polynomial awx () + cwy (z). Multiplying both sides of (1.3.16) by — and recalling that
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awx (x7) + aw'y (xf) = 0, we get

@) = —cV/(x}) + aVi(x]). (1.3.18)
Let Q(x}) = W . Thus combining (1.3.17) and (1.3.18) determines the constant
i r=x]
M=—2" (1.3.19)
wx (27)Qx]) o
Therefore,
o t L) _a
wx (z7)Q(x}) (t —aj) ¢
and .
e t () _a
Bi(r) = —x@e” / awox(t) £ il —zegy 49 (1.3.21)
WX(%)Q(%[ (t —a7) ¢

The polynomials B;,1 < [ < n, just defined have degree at most 2n — 1. They satisfy the

requirement (c) in (1.3.8) as they have the factor wy, and also the requirement (d) in (1.3.8) as

ooy wx(@)et awy(n) +ewl(z) a,

Bj(z) = wx (2) Uz T — © T

B (awx (@) + (@) [ awx(t) + () o, o
cox (210 / =) e <'dtif — >0,

(&

xT

18



and

Bl(r) — wx(*x)e%‘”* awx () —|—c:u’X(x) o
wx (7)(x7) =
a., / : /
e<”(awx (x) + cwy(x)) / awx (t) + cw'y (1) 2tgr i & <o,
ceox (@) (a}) i~ ) c
Thus
wx () Q%) 1 if ' =1

B/ x%/ = J =
RN K e B IRV

This completes the construction of polynomials B;, 1 <[ < n, of degree at most 2n — 1 satisfying
(1.3.8).

Polynomial Ay (z), 2 < k < n, can be constructed in a similar way. Condition (a) implies that

Ag(z) = S(z), (1.3.22)

r — T

where S(x) is a nonzero polynomial of degree at most n. Taking derivative on both sides of (1.3.22)

gives

A;(aj) _ WX(I) SI(SL’) + |:w3((1') . COX(ZL') 2:|S(SL’) (1.3.23)

T — T T — I ($—$k)
Recall that awx () + cw'y () has all roots being real and simple, we obtained from Condition (b)

that A (v) = (awx(x) + cw’y(x))T'(x) for some polynomial 7" of degree at most n — 2. Thus

(awx () + e ()T () = X 510 + [“’3( (@) _ “X(x)y}sm). (1.3.24)

T — T r—xp (r—xg
Multiplying both sides by (x — x)? and then moving all terms with the factor wx () to the right
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hand side, we obtain

W (2)(z—zp) [S(@)—c(z—21)T(2)] = wx(2)[S(x)—(x—zk)S" (x)+a(z—x;,)*T(z)]. (1.3.25)

Since wx and W'y are relatively prime (i.e. they do not have any zeros in common),

W (2)Uk(z) = S(2) — (v — 21,) 8" () + a(z — 24)°T ()

and
wx ()
T — T

Uk(z) = S(z) — c(x — )T (2)

for a polynomial Uy(z) of degree at most 1. From (1.3.26) and (1.3.27),

e(@Uilr) _ S@) ) | s (S@ N e
(@ —2)? (2= ) T T(@) ($—$k)+ e
and
wx (x)Ug(x) _ S(x) _ T(a).

T — T )2 T — Tk
( )

Multiplying (1.3.29) with a/c, and then adding it with (1.3.28) yields

S) \' | a S() _ lawx(x) + cwi(z) i
_ <x—xk) + cCT — Xy c (aj_l.k)Q Uk( )

Multiplying both sides with e~ =® gives

20

(1.3.26)

(1.3.27)

(1.3.28)

(1.3.29)



Integrating both sides leads to

T — T c

S(x) e [ awx(w) + awi(x) Ry
/ (o —p)? Uk(z) dzx.

The above equation combined with equation (1.3.22) gives

awx () + cw'y ()

ey et

Now it remains to figure out the polynomial U of degree at most one. Write

Uk(l‘) =719+ 7“1(33' — l’k)

Then by (1.2.19)

ro = Uk(zk) =

and by (1.3.26),

wx (zr) Up(zk) + W (21)Up (1) = 0.

The above equation implies that

Therefore

21

(1.3.30)

(1.3.31)

(1.3.32)

(1.3.33)

(1.3.34)

(1.3.35)



Substituting this into (1.3.31), we obtain that

! oz
Ap(z) = ng(<xk)nz¢k(xk x)ec x(z)

o0 "
" / awx (t) + cwX(t) (1- wx(xk>(t —ay))e ¢'dt  forx > a3, (1.3.36)
t— :Uk Wx(xk:)

if £ >0, and

! Cwx(
Ap(r) = _Cwl)((xk)ni;ék<xk_xi)ec x ()

T an(t) + CCUfX (t) w}’((xk) —ay
/ (t — 20)? (1 - wg((xk)(t — $k))e dt forx <z, (1.3.37)

—00

if 2 < 0. Note that Ay (z) satisfies condition (b) because

Ly - ecwx () awx (z) + ewly(z) (o Wi () RS
AW = e T GomP L e @ )
—clge‘iz(an@) + cwx (x))
awx (z) + cw'y ()  wh(zy) v ) e 2% da
/ T — o P TLalon — w0 ) & e

Thus Aj(x}) = 0 because both terms have the factor awx (r) + cw'y(z) which is zero when z is
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replaced by ;. Note that

(awx (x) + cw'y (x))Up(x)
= (awx(w) + cw’y (7)) Ur(wr) + ((awx (2) + e’y (2)Uk(2)) | o=z, (v — 21)

teo(r —ap)? 4 -+ en(x — )Y

B I (xe — i) H(Q;k_gci)(x_wk)+Cz(9€—l’k)2+---+CN(x—xk)

ik itk

by (1.3.33) and (1.3.35). Therefore,

a

awyx () + cw'y (x) ey, ce” ¥ 1 .
/ (o —p)? Up(x)e™ <dx = — 1;[(3% s, pep, + Q(x)e

for some polynomial () of degree at most n. Therefore A;, is a polynomial of degree at most 2n — 1

satisfying
Ap(xzj) =0 forall j#k
and
1 oa, .. —ce”e"  wx(z)
A = —_ec%k 1 - 1
k() OB [[(zx — ;) v —
i#]
[
1.4 Modified Pal interpolation III
In this section, we consider the modified Pél interpolation associated with wx(z) = awx(x) +

(bx + ¢)wy(x) witha < 0 and b = 1.
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Theorem 1.4.1. Let X := {x1,...,x,} contain n distinct nodes on the real line ordered by x1 <
Tog < ... < xp, 0> a ¢ {—1,—n}and 0 # ¢ ¢ —X. Assume that the polynomial vx(z) =
awx () + (x + ¢)w'y (z) has n simple roots, which is denoted by X* := {z}, x5, ... x’}. Then the

polynomial R(x) of degree 2n — 2 defined by

A o wx(@) [+ Gx (1)
Rz) = g~ 1 — au(t))dt
@ dx[ ;Zk\iU—Fd“ t+c w’X(a?k)(t—xk)QH(xk—xi)( ak(t))
a —c itk
ST [lt+e|™ 1 ax()
! X
> vl dt
+,:1 ” Q(-?«"Z‘)WX(:E)/ r+c| t4+ct—ax

satisfies the following conditions

R(xj) =y, 1 <1<, (1.4.1)
and
Tr+1
/ R(x)dr = ypi1, 1 <k<n-—1, (1.4.2)
Tp
where
i (1) = Sx@) s e
2, = , = — L), n,
k < Yq» Ak () k
and
b=t gEn -2 cicn-t,
u}X(ZL‘l) T — I le=ay

Proof. We begin the proof the same way as the previous sections, by decomposing R(x) into a
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sum of polynomials Ay (x) and B;(x), c.f.(1.2.4) and (1.3.6), which satisfy the conditions:

(a) Ag(x;) =0 forall2<k<nand1<i<n

(1.4.3)
(b) Ap(z;) =0 forall2 <k <nand1<j<n,
and
(¢) Bi(z;) =0 foralll<l<nandl1<i<mn
(1.4.4)
(d) Bj(x) =10y foralll <l <mnand1<j<n.
Again, we start by obtaining the polynomial By(x),1 <[ < n. By (1.4.4),
Bi(x) = wx(z)Vi(z) (1.4.5)

where Vj(x) is a polynomial of degree at most n — 1. Taking derivative of the above equality leads

to
awy (x) + (x + c)w'y ()
T —x

By(z) = wx (2)V/ () + Wy (2)V(x) =

Wi(x) (1.4.6)

for a polynomial W;(z) of degree at most n — 1, where the last equality holds by (1.4.4) and the
assumption that all roots of awx () + (= + c)w’y(x) are real and simple. Recall that wx and w’

have no common roots. Hence we obtain from (1.4.6) that

—(z —z))V/(x) + aW(x) = Muwy(x) (1.4.7)

and

(x —2])Vi(z) — (. + c)Wi(z) = Mwx(z) (1.4.8)

25



for some constant M. Dividing (1.4.7) by x — z; and (1.4.8) by (z + ¢)(z — z})/a, and then taking

their sum, we have
M /
a Vi(a) = an(x)—l—(x%—c)wX(x)' (1.4.9)

T +c T +c T — T

Vi(z) -

Multiplying by |z + ¢|~* and then integrating at both sides yields

awx (t) + (t + c)wx (1)

Vi(e) = — Ml + ¢f° / £+ |

J (=t + o) dt. (1.4.10)
To find the constant A/, we note that from condition (d) and (1.4.6)
By(wy) = 1 = wx () V] (27) + wi (27)Vi(a7). (1.4.11)
Replacing x with 27 in (1.4.9) we get
(4 OV () + aVi(a) = MO T EHI @) o0 G

Tr — 1’7 r=z]

We remark that () is nonzero because roots of awx () + (z + ¢)w’y () are simple. Multiplying

both sides of (1.4.11) with =} + c gives

] +c= (z] + )y (2))Vi(x]) + (x] + )V (z] )wx (z]). (1.4.13)
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Recall that z; is a root of the polynomial awx (z) + (z + ¢)wx (), i.e.,

awx (x]) + (2] + c)wy (2]) = 0. (1.4.14)

This together with (1.4.11) implies that

x] + ¢ = —awx (x])Vi(z)) + (2] + c)wx () V] (x]). (1.4.15)

Observe that wx (z;) # 0, as otherwise (2] + ¢)w’ (x]) = 0, which contradicts to the assumptions

on ¢ and the simple root property for wx (x). Therefore,

- — = —V/(z))(x] +c) + aVi(x]). (1.4.16)
(JJ(ZL’I) l l l l
Thus
i +c
M=—-——"1t — 1.4.17
X @) (141D

by (1.4.12) and (1.4.16). From (1.4.10) and (1.4.17) we conclude that

x

t+c
T +c

1 awx(t) + (t + c)wi (1)
t+c t—xf

T +c

Bulw) = wx(m(mmx)/

—C

dt. (1.4.18)

The polynomials B;, 1 <[ < n—1, satisfy the requirement (c) in (1.4.4) as they have the factor
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wy by (1.4.5), and also the requirement (d) in (1.4.4) as

1 awx(z) + (z + c)wi ()

Bi(x) = Mux(2)

T+ c T —xy
+M(wx (2)(z + 1)) i |t + | awx((ttzrt)((tttcx);/){(t) dt
and hence
Bi(x}) = 1 ifyj' =1
0 ifj #1.

This completes the construction of polynomials B;,1 <[ <n — 1.
We finish this section by the construction of polynomials A;,2 < k < n. Condition (a) in

(1.4.3) implies that

Ag(x) = S(x) (1.4.19)

T — T
where S(x) is a nonzero polynomial of degree at most n. The above equation (1.4.19) together

with condition (b) in (1.4.3) implies that

= (awx (2) + (x + )y (2)) T () (1.4.20)

for a polynomial T'(z) of degree at most n — 2. Multiplying (1.4.20) with (x — x,)? and rearranging

the equation yields

W (x)(z — xg) [S(x) —(z+¢o)(x— xk)T(x)}

= wx (z)[S(z) — (x — z4) 9" (2) + a(z — z)T(2)].
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Recalling that wx (z) and Wy (x) have no roots in common, we have

W (2)Ui(z) = S(z) — (x — 3,) 5" (2) + a(x — 2)*T(z) (1.4.21)
and
;u )i(ii Up(z) = 5(z) = (2 + ¢)(z — 2)T(x) (1.4.22)

for some polynomial U}, of degree at most one. Rearranging equations (1.4.21) and (1.4.22) yields

_ <$S_(:2k>’ +aT(z) = %Ia{i;? (1.4.23)
and

S_(x) —(@+)T(z) = % (1.4.24)

T T T Th

Multiplying (1.4.24) by a/(x + ¢) and adding it to (1.4.23) gives

B ( S(x) >'+ a < S(x) > _  Ui(z) awx (z) + (374'0)“3((95). (1.4.25)

r+c\T —xy T+ (x — xx)?

Multiplying both sides of the above equation by |z + ¢|~* leads to

d S U /
v (‘33 + c|_“$_(—:2k> =— xk—f—xc) |z + | (awx (2) + (z + )y (). (1.4.26)
Hence
S(z) . [ 1+ awx(x) + (z + c)wy ()
P |z + ¢ Py o) Uk(z)dz. (1.4.27)
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Comparing (1.4.27) to (1.4.19) yields

|z + c| % awx (z) + (z + ¢)wy (2)

r+c (x — xp)?

Ai(z) = —wx(x)|z + c|“/

From (1.4.21)

From (1.4.19) and condition (a) it follows that
Ak(l'k) = w/X([L'k)S(l‘k) = 1.

Therefore,

and

=5 T )

Multiplying (1.4.21) by  + c and (1.4.22) by a and adding the two gives

Uk(x)dx.

(1.4.28)

(1.4.29)

(1.4.30)

(1.4.31)

(awx (z) + (z + )y (2))Ur(x) = S(x)[(z + ¢) + a(z — x1)] — (x + ¢)(x — ) S (z). (1.4.32)

Replacing x with z;, yields

O(2)Ui(2)|o=z), = (x + ¢)S(2)|p=0), = /

30

(1.4.33)



Now taking the derivative on both sides of (1.4.32) yields

((awx(x)+(:)3+c)w§((93))Uk(x))l = —S"(x)(z+c)(x—2p)+ S5 (2)(z—21) (a—1)+(a+1)S ().

(1.4.34)
Replacing x with ;. in the above equation and then applying (1.4.30) gives
a+1
(awx (@) + (& + ) (2) Un(@)) Loy, = 1. (1.435)
wy ()

Therefore, the Taylor series expansion of w(x)Uy(x) about the point zy, is

T +cC a+1
wy () wy(zk)

oo — ) + - +en(r —ap)Y (1.4.36)

(awx () + (7 + )y (z))Uk(z) = (x — )

for some constants ¢;,2 <1 < N, where N = n + deg U, < n + 1. Hence by (1.4.28)

A(r) = —-x@) Ix+cl“($k+0. 1
g |z + |~ r+c \wy(zy) (z— )2
1 1
a/+ : +02+~--+CN(x—xk)N_2>dx. (1.4.37)
w(zg) = —xp
Note that
—a—1 —a—1 —a—2
/%dm — _(xl —(a+1) / wdw. (1.4.38)
(z — x1) T — Tk T — T
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Therefore for z > ¢

|z + |~ a4+ ¢ 1 a+1 1
< ; : + — . )dav
r+c \wy(zy) (z—x)?  y(z) x—xy
Cwptce(@to !t (a+)(zpto) / (x+c) 22
wy(ze) = W'y (k)
1 —a—1
. cz+ /(x+c) i
W (z,) T — Tk
zp+c (x+c) ! 1
w(ze) = Wiy (Tn)
S C o B

wh (z) (T — 1)

dx

r — Tk

By (1.4.28), (1.4.37) and (1.4.39), we then obtain

wx (z)

wh (x) (x — )

—wx (z)|x + | /(x +0) oo+ +en(z — )V ) da

which implies that A, (z) is a polynomial and

[t + | ()

/) t+c Wzt —ar)? l;[k(xk — ;)

Ag(z) = —wx(x)|z + | Uk(z)dz.

Recall that Uy () is a linear function. Then we may write

Uk(l’) =T+ 7“1(.1' — Q?k)
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(1.4.40)

(1.4.41)



From (1.4.35) and (1.4.31),

(awx (@) + (@ + Oy (@DUp(@)) oy = —F1 (i + C)“X(;"’“) 4 (2 + ) riwhe (%)
why (k) (w%(xk))
1
_ j J{xk), (1.4.42)
X
This together with (1.4.31) implies that
1 W (z)
— d = 1.4.43
" (W (71))? wen (w’X(:Uk))g ( )
Finally,
_wx(@) [l awx() + (kD) < W), )
Ai(z) = |z + |~ t+c Wwylzr)(t —xp)? [](zx — i) 1 Wi (z) (t =) Jdt.

—c itk

(1.4.44)

Using (1.4.37) and (1.4.39), we can verify that A;,2 < k < n, just defined satisfy the requirement

(a) and (b) in (1.4.3).
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CHAPTER 2: Sampling Bilevel Signals With Finite Rate of Innovation

Sampling plays a very important role in signal processing. Many sampling techniques were devel-
oped in past last sixty years and they have been used extensively in engineering and life sciences,
especially in processing audio signals, images and in communication channels. Sampling also
brings into light some mathematical tools from Fourier analysis and approximation theory.
Bilevel signals are one of the simplest of signals but they have many important applications
such as coding image, audio, seismic and ECG data. Some examples of bilevel signals are doc-
uments (where black indicates text and white indicates background), line art, hand-written signa-
tures, bar codes, and vehicle license plates. All of which are frequently handled by machine vision
systems for automatic recognition and identification. Vetterli, Marziliano and Blu show in [30]
that a bilevel signal x can be reconstructed from its samples z * h(nT'), n > 0, when the sampling
kernel h is the box spline xo.7) (or the hat spline (1/7" — |t|)x[~1/7,1/7)) and the sampling rate T’
is at (or above) the maximal local rate of innovation R of the signal z. In this section, we show
that bilevel causal signals « are uniquely determined from their samples x * h(n/T"), n > 1, if the
causal sampling kernel & is positive on (0,7") and the sample rate 7" is at (or above) the maximal
local rate of innovation R (see Theorem 1). Our numerical simulations indicate that the bilevel
signal recovery procedure from noisy samples x * h(n/T) + €,, n > 1, is stable when the number

of transition positions are not too large. This chapter is based on [15].
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2.1 Bilevel signals with finite rate of innovation

A time signal is said to have finite rate of innovation if it can be determined by finitely many
freedoms (free variables) per unit of time [3 | ]. Prototype examples of signals with finite rate of in-
novation include bandlimited signals, time signals in shift-invariant spaces, delta pulses, signals in
ultra-wide band communication, bilevel signals, and mass spectrometry data in medical diagnosis.
There are several ways to define the rate of innovation [3, 19, 20, 29, 30, 31].

A bilevel time signal is a continuous time-signal that takes only two values 0 and 1. Denote by
X e the characteristic function on a set £. In this chapter, we consider causal bilevel signal = of the

following type:
N

B(t) =3 Xftarra (1), 2.1.1)

=1

where N > 0, and transition values (positions) ¢;, 1 < i < 2N, satisfy

A bilevel signal z is said to have finite rate of innovation if its maximal local rate of innovation
is finite. For the bilevel causal signal x in (2.1.1), define its maximal local rate of innovation R
by reciprocal of the maximal positive number 7y such that there is at most one transition position

t;, 1 <4 < 2N, in any time interval [¢,t + 79), t > 0, that is,

1
R= sup —.
1<i<2N biv1 — b

(2.1.3)
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2.2 Recovery of bilevel causal signals

In this section, we provide a necessary condition on the sampling kernel A such that bilevel signals
x can be uniquely determined from their samples. We also propose an algorithm for the stable

recovery of bilevel signals.

Theorem 2.2.1. If h is a causal sampling kernel with h(t) > 0 on (0,1/T'), then any bilevel causal
signal x in (2.1.1) with the maximal local rate of innovation R less than or equal to the sampling

rate T can be recovered from its samples x x h(n/T), n > 1.

Proof. Let
¢

H(t) = /h(s)ds, 0<t<1T. @2.1)

0

Then H(0) = 0 and H is a strictly increasing function on [0,1/7") as h is strictly positive on
(0,1/T). Denote its inverse function on [0,7] by H~' : [0, H(T)] — [0,T).
Let = be a bilevel causal signal in (2.1.1) with transition positions ¢;, 1 < ¢ < 2N, satisfying

(2.1.2). Then its first sample y; = x * h(1/T) is given by

Here the first two equalities hold due to the causality of the signal x and the sampling kernel A,
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and the third equality follows from (2.1.1) and the observation that

1 1
>ty = — > — > —, 1> 2.
t; >ty (tQ t1)+t1_R+O_T,Z_
Thus,
/T
1
Yy = / X[tl,%)(t)h(f — t)dt = H(max{T~" — t1,0}). (2.2.2)

0

Recall that H is strictly increasing on [0, 1/7). Then there exists a transition position in the time

interval [0,1/7") if and only if y; = x % h(1/T) > 0. Moreover, if it exists, we can solve

1
H(=—t) =
(T 1) =
to obtain
ti =1/T — H (). (2.2.3)

Thus for a bilevel causal signal, we may determine from its first sample x * h(1/7") the existence
(or nonexistence) of its transition position on the time period [0, 1/7"), and determine the transition
in that time period if it does exist.

Inductively, we may assume that all transition positions of the bilevel signal = on the time
interval [0,/T) has been determined from its samples v, = = * h(k/T), 1 < k < n. We examine
four cases to determine its transition location (if it exists) on the time period [n/T, (n+1)/7T") from
sample y, 11 = x * h((n+1)/T).

Case 1: There is no transition position on the time interval [0,n/T").

In this case, following above argument to determine transition positions in the interval [0, 1/7"),
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we have that there exists a transition position on [n/T, (n + 1)/7T) if and only if y,; > 0. If it

exists, the transition position is the first one, ¢, of the bilevel signal x and

n+1 _
h=——H Y(Ypg1)- (2.2.4)

Case 2: The last transition position on the time interval [0, 7/T") is t2;,—1 for some 7y > 1.

In this case, to;, > n/T and t; > (n + 1)/T for all i > 2iy. Thus

ni1
n+1 n+1
Ynt1 = x*h( T ):/x(t)h( T —t)dt
0

M
n+1
- / ( Z X[tQZ 1t2z) X[t220 1, +1)(t)>h( T _t>dt
0

1<i<ig

X[mln(tgqo,nT—H),nTH)<t)h( T

|
ﬂ\:\%
3
_l’_
—_
|
=
&

Hence there exists a transition position t;, in the time interval [n/T, (n + 1)/T) if and only if

1<i<g

ﬂ
n+1
yTLJr]. = / ( Z X[t22 1 tZZ + X[tQiO_l,nTH)(t)> h( T - t)dt - yn+1 (2'2'5)
0

is positive. Moreover, if 7,1 > 0, the transition position ¢5;, in the time interval [n/T, (n+1)/T)

is determined by

n+1 -
t?io == T - H 1(yk’+l)~ (226)

Case 3: The last transition position on the time interval [0, n/T") is to;, for some 1 < ig < N.
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In this case, the (n + 1)—th sample y,,.1 = x * h((n + 1)/T) is given by

n/T io 1
n
Yn+1 = /(ZX[tQi—latQi)(t)>h< T _t)dt
0 =1
ntl
[ 1
+ / h("; byt (2.2.7)

min{t2i0+1,nT+l}
Therefore, there exists a transition value t9;,1 € [n/T, (n + 1)/T) if and only if

n/T

_ & n+1
Yn+1 = Ynt+1 — / < Z X[t%,l,tgi) (t)> h‘( T - t)dt (2'2'8)
0 =1

is positive. Also, we see that if y,,1 > 0 then the transition value ?5;, + 1 can be obtained by

n+1 1~
L2ig+1 = T — H  (G41)- (2.2.9)

Case 4: The last transition position on the time range [0, /7)) is ton. In this case, all transition
positions of the bilevel signal, z, have been recovered already. Hence the bilevel signal, x, is fully
recovered.

This completes the inductive proof. ]

From the above argument of Theorem 1, we can use the following algorithm to recover a bilevel
causal signal  in (2.1.1) from its samples x * h(n/T"), 1 < n < K, in the noiseless environment,
where K > tonT.

Bilevel Signal Recovery Algorithm:
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Step 1: If all samples y,, = x*xh(n/T),n > 1, are zero, then the bilevel signal x is the zero signal,
else find the first nonzero sample, say y,, > 0, the first transition location of the bilevel
signal, , is located at ¢ := ng/T — H*(y,, ), and set n = ny.

Step 2: Do Step 2a if the last transition position on the time interval [0,72/T) is to;,—; for some
ip > 1, Step 2b else if the last transition location on the interval [0,n/T) is to;, for some

1 <19 < N, or else Step 4.
o Step 2a: Let y,11 as in (2.2.5). Define ty;, as in (2.2.6) and setn = n + 1 if y,41 > 0.
o Step 2b: Let ,,11 as in (2.2.8). Define ty;, 41 asin (2.2.9) and set n = n + 1 if g,,1 > 0.
Step 3: Setn =n + 1. Do Step 2 if n < K, and Step 4 if n = K.

Step 4: Stop as all transition positions ¢;, 1 <7 < 2N, of bilevel signal = have been recovered.

2.3 Stable recovery of bilevel causal signals from noisy samples

In this section, we consider the stable recovery of a bilevel signal z in (2.1.1) from its noisy samples
{z «h(n/T) + €,} where ¢,, n > 1, are bounded noises.
First, we note that the sampling procedure from bilevel signals z to their samples are stable in

bounded norm.

Theorem 2.3.1. Let T' > 0, h be a bounded filter supported in [0, M /T, x(t) = Zf\il Xitas_1,t00) ()

be a bilevel causal signal with maximal local innovation rate R < T', and

N
j:(t) - Z X[toi—1+62i—1,t2:+02;) (t) (2.3.1)

=N
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be a perturbation of the bilevel signal x with perturbed transition positions {t; + 5;}2Y, satisfying

§:= sup |t; —ti| < —=

232
1<i<2N 2R ( )

Then the sample error between x * h(n/T) and & = h(n/T), n > 1, are dominated by (| %£| +
2)||A||x9, i.e.,
n n MR
=) — 7 < (== 2) 00, n>1, 2.3.
p () = 2 e h()] < (1225 + 2) b, 233)

where ||h|| is the L*° norm of the sampling kernel h.

Proof. By the assumption on maximal local innovation rate R of the bilevel signal x and the
maximal transition position perturbation ¢ between bilevel signals x and Z, we have that
2N

|$<t> - ‘%<t>| - Z Xt;+[min{4;,0},max{d;,0}) (t> (234)

Therefore,

|z« h(n/T) — 2% h(n/T)|

n/T
- ’ / (k/T—tdt’
n/T ON
< d|h]]os / ZXti—&-[min{&;,(]},max{éi,(]})(t)dt-
(=2 =

(2.3.5)
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Therefore,

|z« h(n/T)—Z*h(n/T)|

< Olhlloctt{ti  ti € [(n = M)/T — 6, n/T + 6)}

IN

Of[Alloo (L(M/T +20)/(1/R)] +1)

IN

Of[Plloc (LM R/T] +2),

where the first inequality holds as ¢; € [(n — m)/T — 0,n/T + 0) if the intersection of ¢; +
[min(d; — 0), max(d;,0)) and [(n — M)/T,n/T) is nonempty, the second inequality holds true as
tiv1 —t; > 1/Rforall 1 < i < 2N, and the last inequality follows from the assumptions that
d < 1/(2R) and R < T. This proves that the sampling error estimate (2.3.3) between the bilevel

causal signals = and 7. 0

Now we consider recovering a bilevel signal = from its noisy samples {x*h(n/T)+¢,}, where
€n, N > 1, are bounded noises. Let us start this nonlinear problem by looking at two examples.

Example 1: Take

z1(t) = Z X[2i—1,2i) (t)
i=1

as the original bilevel signal and

ha(t) = X2 (1)

as the sampling kernel. For sufficiently small € > 0, define

Ty = Z X[(14¢)(2i—1),2(14€)3) (1) (2.3.6)
i—1
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Then for every, ¢ > 1, the i—th innovation positions of bilevel signals x; and x; . are ¢ and i(1 + €)
respectively (hence their difference is 7¢ which could be arbitrarily large for sufficiently large 7).
On the other hand, maximal sampling errors for those two bilevel signals x; and x; . are bounded
by € as

|z1 % hi(n) —x1 % hi(n)] = |x1exhi(n) — 1] <€ n> 1.

This leads to the instability of the recovery procedure from samples {z; * hi(n/T) + €,} to the
bilevel signal z; in the presence of bounded noises {¢,, }.
Example 2: Take x; and h; in Example 1 as the original bilevel signal and the sampling kernel

respectively. Define

Toe = Z X[2i—14¢2it¢)(t)
=1

for sufficiently small e > 0. Then the difference between the :—th transition positions of bilevel
signals x; and x5 . is always ¢, for every ¢ > 1, and there is no difference between their n—th sam-
ples except for n = 1. This suggests that the recovery procedure from samples {x; xhi(n/T)+¢€,}
to the bilevel signal x; is not locally-behaved and the reconstruction error on transition positions
could disseminate.

From the above two examples, we see that the recovery procedure from samples {z * h(n)} to
bilevel signals x is unstable in the presence of bounded noises and that it is globally-behaved in
general. In the following, we present some numerical simulations with small number of transition

positions and sampling rate over maximal local rate of innovation of bilevel signals.
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Take a sampling kernel ho(t) = (¢ + 1)/2xp0,1)(t) + (2t — 1)xp1,2), and a bilevel signal

wo(t) = Xjo.3791,1.9885)(f) + X[3.1306,4.3440) ()
+  X[5.7552,7.1820) (t) + X[8.7423,10.1052) (1)

+ X[11.4200,12.6884) (1) (2.3.7)

containing 10 transition positions, see Figure 2.1. Here the transition positions 7, 1 < i < 10,

0&r

06F

0.4r

02r

L I L L I L I I L I L
0 i 10 15 0 02 04 06 08 1 1.2 14 16 1.8 2
Qriginal bi-level signal

Figure 2.1: Bilevel signal x (left) and sampling kernel A (right)

of the bilevel signal z, are randomly selected so that ¢ — ¢ ; € [1.1,1.9],2 < i < 10. The
bilevel signal x( in (2.3.7) has 0.8756 as its maximal local rate of innovation. We sample the
convolution xy * h; between xy and h; every second, which gives the sampling vectors Y, =

(xo*xh(1), -+, xo* h(14)), and then add bounded random noise to the sampling vectors

Y;; :YE)—F(S(El,"' ,614) (238)
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where 6 > Oande¢; € [—1,1], 1 <i < 14, are random noises. We apply the bilevel signal recovery

0s T T T T T

045

0.4

0.35r

03r

0.25r

021

015 r

01r

0.05r

1 1 1 1
0 0.005 0.01 0.015 0oz 0.025 0.03

Figure 2.2: Maximal transition position error

algorithm in Section 2.2 and denote the reconstructed bilevel signal x5 with the first 10 transition
positions being ¢; 5, - - - , t10,5. Define the maximal error of transition positions by

— .40
P(0) = max |tis — 1],

where #0, - -+ 9, are transition positions of the bilevel signal zy. We perform the recovery algo-
rithm 50 times for every noise level 6 € [0, 0.03]. The maximal value of P(¢) after performing 50
times is plotted in Figure 2.2 with a solid line, while the average value of P(9) plotted with dashed
line. Notice that maxi<,<14 |zo * hi(n)| = 0.9796. So this numerical simulation indicates that
our algorithm to recover the bilevel signal z, from its noisy samples xo * ho(n/T) + €,, n > 1,

is reliable when the noise level € + max,>1 |€,| is at (or below) 2% of the maximal sample value
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max,>1 |zo * ho(n/T)|.

In conclusion, we show that bilevel causal signals = could be reconstructed from their samples
x* h(n/T), n > 1, if the sampling kernel h is causal and positive on (0,1/7") and if the sample
rate 7" is at (or above) the maximal local rate of innovation /2. We also propose a stable bilevel
signal recovery algorithm in the presence of bounded noise if the number of transition positions of

bilevel signals is not large.
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