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ABSTRACT

Frames have been useful in signal transmission due to the built in redundancy. In recent years, the
erasure problem in data transmission has been the focus of considerable research in the case the
error estimate is measured by operator (or matrix) norm. Sample results include the characteriza-
tion of one-erasure optimal Parseval frames, the connection between two-erasure optimal Parseval
frames and equiangular frames, and some characterization of optimal dual frames.

If iterations are allowed in the reconstruction process of the signal vector, then spectral radius
measurement for the error operators is more appropriate then the operator norm measurement.
We obtain a complete characterization of spectrally one-uniform frames (i.e., one-erasure optimal
frames with respect to the spectral radius measurement) in terms of the redundancy distribution
of the frame. Our characterization relies on the connection between spectrally optimal frames and
the linear connectivity property of the frame. We prove that the linear connectivity property is
equivalent to the intersection dependence property, and is also closely related to the well-known
concept of k-independent set. For spectrally two-uniform frames, it is necessary that the frame
must be linearly connected. We conjecture that it is also necessary that a two-uniform frame must
be n-independent. We confirmed this conjecture for the case when N = n+1,n+2, where N is the
number of vectors in a frame for an n-dimensional Hilbert space. Additionally we also establish

several necessary and sufficient conditions for the existence of an alternate dual frame to make the
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iterated reconstruction to work.
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CHAPTER 1: INTRODUCTION

In the study of Hilbert spaces, an orthonormal basis, possessing some desirable properties, is one
of the most important concepts. One such property is that each element in Hilbert space can
be written uniquely as a linear combination of the elements in the basis. For instance, in the
signal transmission, a signal is thought as a vector in a Hilbert space that is represented as a linear
combinations of orthogonal basis vectors. The signal is transmitted to a receiver by transmitting
the sequence of coefficients that represents the signal. These coefficients can be computed by
taking some inner products. The receiver on the other side reconstructs the signal. However, if
one of the coefficients is lost during the transmission, the receiver cannot recovers the signal. The
orthogonality property of the basis is restrictive in this sense. This brings us the notion of frame
that has redundancy so that if some pieces of information is lost, it is recovered with the other
pieces that are received.

A vector in a Hilbert space can be represented by the elements of a frame but not necessarily
uniquely as in the case of an orthonormal basis. Thus, frames are considered as a generalization of
orthogonal basis. The redundancy property of frames makes it more robust than orthogonal basis
in some applications such as signal processing, image processing, coding and sampling. These
applications have naturally led to the investigations of optimal frames or dual frames that yield

better approximations to the original signals. Typically there are two types of investigations on



optimal dual frames: one of them is to find (characterize) and construct optimal frames among a
class of frames. Examples of this kind include the known theory established for erasure-optimal
Parseval frames (i.e. frames that are erasure optimal in the class of all Parseval frames, (c.f. [7,

, 12,13, 18, 22, 34, 35, 36, 50]). The other kind is the investigation of optimal dual frames
for a given frame. This case addresses the applications when a particular frame that models the
nature of the application is preselected for encoding (decomposition) of the signal. In this case the
theory of optimal dual frames (for the purpose of better decoding) all needs to be established (c.f.
[38, 41, 42, 44, 45, 46]).

When comes to the terminology of optimal we mean the reconstruction error is minimal with
respect to some prescribed measurement. So far most of the investigations use the operator (matrix)
norm as the measurement for optimality, and assume the “one-step” (without iterations) recon-
struction procedure. However, in real applications, a few steps simple iterations may significantly
improve the reconstruction accuracy and in this case the spectral radius (of the error operator) mea-
surement seems to be more natural choice. This idea was first explored by Holmes and Paulsen in
[35]. The main focus of this dissertation is on the investigation of spectrally optimal frames. We
point out that the spectral radius measurement is the same as the norm measurement if the error
operator is positive. For example if we are only interested in Parseval frames and their standard
dual frames, then the spectral radius measurement is the same as the norm measurement. There-
fore, the novelty of this work is on the spectrally optimal frames that admit an alternate dual frame,
not necessarily standard dual frame, which is erasure spectrally optimal dual frame.

The main contribution of this dissertation is to establish the connections between spectrally
one-uniform frames and the so-called linear connectivity property of the frame. This leads to the

concept of redundancy distribution of a frame. With the help of a characterization of linearly con-



nected frame in terms of intersection dependence property and k-independent property, we are able
to completely characterize the spectrally one-uniform frames.More importantly this characteriza-
tion also provides a method to calculate the minimal-maximal error in terms of the redundancy
distribution of the frame, and to construct frames, i.e., spectrally one-uniform frames, that admit
minimal-maximal reconstruction errors. As a consequence we obtain that the minimal-maximal
error only takes rational values, and in some special cases only linearly connected frames give us
the best minimal-maximal reconstruction errors.

Additionally, we provide some partial results on spectrally two-uniform frames. When the
number of frame vectors is one more than the dimension of the space, we give the characterization
of spectrally two-uniform frames in terms of n-independence property of the frame. Moreover, we
give a sufficient condition for a frame to be spectrally two-uniform frame in the case the number
of frame vectors is two more than the dimension of the space. Finally, it is shown that there is no
spectrally two-uniform frame with four vectors in two dimension.

The rest of the dissertation is organized as follows. In chapter 2 we will review some ba-
sics/background related to the frames and dual frames. In chapter 3, we discuss the erasure prob-
lem, optimal frames, and optimal dual frames with respect to matrix norm measurement and spec-
tral radius measurement, and we introduce k-erasure spectrally optimal dual frames. In chapter
4, we give some conditions on frames so that their standard dual frames are one-erasure or two-
erasure spectrally optimal dual frames. Chapter 5 is devoted to one-uniform frames in which the
characterization and construction of one-uniform frames are presented as well as the relation be-
tween the linear connectivity property of a frame and one-uniform frame is mentioned. In chapter
6, we examine two-uniform frames for some specific cases. In Chapter 7 and 8, we give some

examples on frames and mention future study, respectively.



CHAPTER 2: PRELIMINARIES

In this chapter, we will review some fundemental concepts and results from frame theory in Hilbert
space that will be used throughout the thesis. we refer to [20, 31, 32] for more details about the

basic theory of frames.

2.1 Frames in Hilbert Spaces

Let H be a Hilbert space with inner product (, ), and norm || - ||. We will begin with the formal

definition of frame which is valid in both finite and infinite dimensional Hilbert spaces.

Definition 2.1.1. A collection { f;};cn of elements of a Hilbert space H is called a frame for H if

there are positive constants 0 < A < B < oo such that

ANFIP <Y I )P < BIIfIP, forallf € H. (2.1.1)
‘€N
In the above definition, A and B are called lower and upper frame bounds, respectively.
A frame is called a tight frame if A = B, and if A = B = 1, it is called Parseval frame. If
the norm of frame vectors are equal, it is called uniform frame and if additionally norm is one, it
is called unit norm frame.

Now lets see some frame examples on /2.



Example 2.1.1. i) Standard orthonormal basis is a Parseval frame with A = 1.
ii) F={0,0,0,0,0,¢y,es,e3,...} is a Parseval frame with A = 1.
i) F = {e1,e1,e1,€1,€9,€3,€4,...... } is a frame with bounds A = 1 and B = 4.
v) F { 1 1 1 1 1
v = q€],—=€y, —=€y, —=€3, —=E€3, —=€3, ......
1 \/i 2 \/i 2 \/g 3 \/5 3 \/g 3

The definition given in (2.1.1) is true for both finite and infinite dimensional Hilbert spaces.

} is a Parseval frame.

However, there is an alternative definiton to frames in finite dimensional Hilbert spaces.

Theorem 2.1.1. A family of elements {f;}, in a finite dimensional Hilbert space H is a frame

for H if and only if {f;}~, spans H;i.e., span{f;}Y = H.
Proof. Assume that H = span{ f;},. We can find nonzero h € H with ||h|| = 1 such that

N N

A=Yl )P = min{ 3OUFFIP ¢ f e HLIfl = 1], 212)

i=1 i=1
where Y, |(f, fi)|? is a continuous function of f. We see that A > 0 and

N N

S RE=S |<ﬁ,fi>|2||f||2 > AllfI 2.13)
=1 =1

Note that by Cauchy-Schwarz’ inequality, we have

N N

STUL <D IAIPIFIR, (2.1.4)
i=1

i=1

N

and since the sequence of vectors { f;} 2 is finite, B = Z || fil|]> < oo. Hence, {f;}¥ is a frame
i=1

for H.



For the other direction, assume that F is a frame and {f;}, does not span H. Then there
exists a vector f € M+ where M =span{f;}?,. Note that f is orthogonal to each f;. Thus,
SV IS, f:)] = 0. This implies that the lower frame bound is 0, which contradicts to the fact that

F'is a frame. ]

Note here that, particularly, this definition implies that every basis for a Hilbert space H is a

frame for H. Moreover, a finite collection of vectors { f;} is a frame for its span, span{ f;} V.

Proposition 2.1.1. Let { f;}}¥, be a frame with a lower and upper frame bounds A and B, respec-
tively. Then, || f;||* < Bforalli =1,..., N. If || f;||* = B for all 4, then f; is orthogonal to every

f; for j # i. Moreover, if || f;||* < A, then f; € span{f; ;V#l

Proof. Let {f;}¥, be a frame with bounds A and B. Then from the frame definition, for every

j€{l,..., N}, we have

N
Bllf;II* = Z ({5 Fl* = 15 £ = (1Al (2.1.5)

Thus, Hle2 S B.
For the second part of the proposition assume that ||f;||* = B, then, from the definition of

frame,

N N N
BISIE = Y15 ) = K fi) P+ 3 S = B+ 3 i fal's - 21.6)

i#] i#]

and, this implies that 2%1 [(f;, fi)|* < 0. Therefore, (f;, f;) = 0 for all i # j.
1#]

To show the last part of the proposition, suppose || f;||> < A for all 4, and assume for a contra-



diction that there exist j € {1,..., N} such that f; is not in the span of {f;}..;, in other words,

(fi, fj) = 0 for every i # j. Then, from the definition of frame, we have
N N
AP <D 1E £ = 165 £ 1P+ D1 £ = 111 (2.1.7)
=
that is, || f;||* > A. This contradicts with the assumption. Hence, f; € span{f;},; for all i €
{1,...,N}. [
As particular cases of the proposition, we state the following two corollaries:

Corollary 2.1.1. Let {f;}Y, be a tight frame with frame bound A. Then,

|fil|? < A for all

¢ =1,..., N, and the inequality holds if and only if f; is orthogonal to every f; for j # i.

Proof. It is enough to show that if f; is orthogonal to every f; for j # i, then || f;||*> = A, the
rest follows from the proof of the above proposition. In fact, assume that f; is orthogonal to every
I?

f; for j # i. Then, by the last part of the proposition, we have ||f;||? > A; moreover, we have

|| fi]|?> < A from the first part of the proposition. Thus, || f;||> = A foralli € {1,..., N}. O

Corollary 2.1.2. Let {f;}, be a Parseval frame. Then, |

fil2 < 1foralli=1,...,N, and the

inequality holds if and only if f; is orthogonal to every f; for j # 1.

Proposition 2.1.2. If one of the vectors f; of a Parseval frame { f;}1Y , is removed, then the family

of the vectors { f;},; is either a frame or an incomplete set.

Proof. By Corollary 2.1.2, the norm of vectors of a Parseval frame is either one or less than one.
If || f;]| = 1, then f; is orthogonal to span{ f;},;; thus, { f;};2; ceases to be a frame. On the other
hand, when || f;|| < 1, f; € span{f;}..;. Hence, { fi}i.; spans the Hilbert space H, thus, {f;}i.;

is a frame for H. O]



2.2 Frame Operators

In this section, we will try to develop a reconstruction formula for frames similar to the reconstruc-
tion formula for orthonormal basis. To find a formula, we first define the analysis and synthesis

operators.

Definition 2.2.1. Let {f;};c; be a frame for a Hilbert space H and {e;};c; be the standard or-

thonormal basis. The analysis operator © : H — /(5(I) is defined to be

O(f) =Y (f. fiye; forallf € H. (2.2.1)

iel

The adjoint of the analysis operator is called the synthesis operator that is given by

By composing synthesis operator ©* with its adjoint operator ©, we get the frame operator S
which is given by

Sf=00f=> (ffif: (2.2.3)

i€l

Remark 2.2.1. S is self-adjoint and positive operator which follows from

S* = (0°0)" = 0"0 = S, (2.2.4)



and

(S£.8) = (D45 £)fin f) 225)
el
= > {F F) i f) (2.2.6)
el
- Z|<f7 fl, (2.2.7)
el

respectively.

Remark 2.2.2. By the definition (2.1.1) of frame and (2.2.7), we have A||f||* < (Sf, f) < B||f||?
forall f € H,or, AI < S < BI. If {fi }ies is a tight frame; i.e., A = B, then S = Al, and if

{fi}icr is a Parseval frame; i.e., A= B = 1,then S = I.
Next, we give some properties of analysis operator.

Proposition 2.2.1. Let O be an analysis operator for the set of vectors {7'f;},c; where T : H —

H is alinear operator. Then, ©prh = ©T™h.

Proof. Let h € H. By the definition of analysis operator we have,

Orrh =Y (h,Tfi)e; =Y (T"h, fi)e; = ©;T"h. (2.2.8)
i€l i€l

O

Proposition 2.2.2. Let O, be an analysis operator of the set of vectors {af;}ic; where « is a

scalar. Then, O, = @Oy.

Proof. Letting T' = a in Proposition 2.2.1, the result follows. [

9



Following couple propositions show the relationship between frames and its corresponding
analysis and frame operators, respectively. In other words, frames can be characterized by analysis

and frame operators.

Proposition 2.2.3. Let H be a finite dimensional Hilbert space. Then, { f;}¥, is a frame for H if

and only if the analysis operator © is one-to-one.

Proof. First, suppose that {f;}, is a frame for H. And assume that © f = 0 for some f € H.
N

Then, Z(f, f:Ye; = 0, which means that (f, f;) = 0 forall i = 1,..., N because {e;}Y, is the
i=1

standard orthonormal basis. On the other hand, since { f;}}¥, is a frame, we can write every f € H

N
as a linear combination of frame vectors such that f = Z ¢; f; for some constants ¢;. Then

=1

N N

i=1 =1

Hence f = 0, and f is one-to-one.
Now, suppose that © is one-to-one, and assume for a contradiction that { f;})¥, is not a frame
for H;i.e., {fi}, does not span H. Then there exist nonzero f € H such that {f, f;) = 0 for all
N
t=1,...,N. Thus, we have O f = Z( f, fiye; = 0. This contradicts with © being one-to-one.

i=1
Hence, {f;}, is a frame for H. O

Proposition 2.2.4. Let H be a finite dimensional Hilbert space. Then, {f;}¥, is a frame for H if

and only if the frame operator .S is invertible.

Proof. First assume that { f;}2 | is a frame for H. To show that S is one-to-one, assume further that
N

Sf = 0. Then by (2.2.7), we have Z |(f, fi)] = 0. This implies that || f|| = 0 by the definition

i=1

10



of frame. Hence, f is one-to-one. Now, to show that S is onto, assume that there exist nonzero
element f in the orthogonal complement of the range of S. Then (Sg, f) = 0 for all g € H. Thus,
(Sf, f) = 0. Again, from (2.2.7) and the definition of frame, f = 0. Therefore, range of S is the
entire space H.

To show the opposite direction, assume that S is invertible with the inverse operator S~!. Then,

foreach f € H

N N
F=8S =Y UST i =D (ST ) fee (2.2.10)

i=1 i=1
This shows that { f;}¥ | spans H and, therefore, { f;}Y, is a frame. O
If the inverse S~! of frame operator is applied to the frame vectors f; fori = 1,..., N , then

the new collection of vectors { S~ f;})¥, is a frame and its frame bounds are characterized by the

frame bounds of {f;},.

Proposition 2.2.5. If {f;}~, is a frame for a finite dimensional H with corresponding frame
operator S and frame bounds A and B, then {S'f;}Y, is also a frame for H with lower and
upper frame bounds B~! and A~!, respectively. Moreover, the frame operator for {S~1f;}V, is

S—L

Proof. Recall from Remark 2.2.2 that A < S < BI. Now, applying S~ to each side, we have

STlA<SIS=1 =851<A] (2.2.11)
I=51'5<S5'B =¢51>B"] (2.2.12)

which is
BlI<st< A, (2.2.13)

11



or,

BUYIP=(B ', f) (ST ) < (AT fy = ATY|fI)? forallf € H.  (2.2.14)

On the other hand,

ST =585 f = 512 R fi= Z<f,s-1fz->s-lfi. (2.2.15)
=1

This implies that
(ST f) = <Z<f: SRS f> = Z [(f, ST 2 (2.2.16)

i=1 =1

From (2.2.14) and (2.2.16), we have

N
BTUIFIP <Y [fST )P < ATY|fIP forallf € H. (2.2.17)

i=1
Therefore, {S~!f;} | is a frame with lower and upper frame bounds B~! and A~!, respectively.

Note that (2.2.15) shows that S~! is the frame operator for {S—!f;}}¥,. O

Now, we shall show the relationship between frame bounds and the eigenvalues of frame oper-

ators.

Proposition 2.2.6. Let { f;}¥, be a frame with frame operator S for a finite dimensional H. Then

the smallest and largest eigenvalues of S are a lower and an upper frame bounds, respectively, for

{fiti

12



Proof. Assume that {f;}Y, is a frame for H with frame operator S and n is the dimension of H.
Forany f € H, we can write f =Y ", (f, e;)e;, where {e;}7, is the standard orthonormal basis.

Then
Sf= Z<f7 e;)Se; = Z)\i<f7 €i)€i, (2.2.18)
i=1 i=1
where {\;}I_; are the eigenvalues for S corresponding to the eigenvalues {e;}? ;. And,

(SF.£) = <ZA fredei ) (22.19)

_Z)\ (f, e e, f Z)\|fez . (2.2.20)

Note that in (2.2.7), it is shown that (Sf, f) = SN |(f, fi}|?, and we also have

n

A2 = (£ 1) = (Do (e f) = z| (fren)P @221)
i=1

Thus, by (2.2.20) and (2.2.21),

>\min||f||2 = Aminz |<f> €i>|2 (2222)
n - N
<SONF e =31 P (22.23)
=1 =1
< Amax Y (fr€0)? (2.2.24)
=1
= Amaxl| f|? (2.2.25)

13



2.3 Parseval Frames

In this section, we shall show that Parseval frames have the reconstruction property of orthonormal
bases. For the rest of the dissertation, we assume that / is finite dimensional Hilbert space. First,

we need to observe the following:

Remark 2.3.1. If the collection of vectors {f;}2, is a Parseval frame then the corresponding

analysis operator O is an isometry; that is

(©f,0f) =(0°6f, ) = (Sf, [) = Z|ff@ > =117 = (f. f) (2.3.1)

which follows from (2.2.7) and the definition of Parseval frame (A = B = 1). Furthermore, ©

preserves inner products; i.e., (O f, Og) = (f, g) forevery f,g € H.

Theorem 2.3.1. A family of vectors {f;}, is a Parseval frame if and only if it satisfies the

reconstruction property, that is, for every f € H,
N
F=> (1)1 (2.3.2)

i=1

Proof. Assume that {f;}¥, is a Parseval frame, and let {¢;}Y, be the standard orthonormal basis

for CV and {v;}"_, be an orthonormal basis for H. Then, from the reconstruction property of

14



orthonormal basis and Remark 2.3.1, we have

n

f=Y (foiv (2.3.3)

=1

= i@f , Oviv; (2.3.4)
zzl N .

- Z<Z f1ie; Z i, fx) €k>Uz (2.3.5)
L

:ZZZ £ 1) (i, fi) (e, exhus (2.3.6)
LT

:ZZ £+ 1) (i, fioi (2.3.7)
P

= AL L) D v (2.3.8)
]]; 1=1

= Z(f fi)fi (2.3.9)

.
\ [

Thus, {f;}, satisfies reconstruction property in (2.3.2).

For the converse, assume that (2.3.2) holds true for the family of vectors { f;}¥,. Then

612 = 6.0) = (1. 300505 23.10)

=1

Mz

1

2

M=

[(f, f)]?. (2.3.12)

=1

15



Therefore, { f;}I¥, is a Parseval frame. O

Proposition 2.3.1. If the collection of vectors { f;}¥| in H is a frame for H with frame operator

S, then {52 f;}Y, is a Parseval frame for H.

Note 2.3.1. The frame operator .S being a positive invertible operator has a positive square root
1 . . 1 .. . . ..
operator Sz. Similarly, since S~ is positive operator, there is a corresponding positive square root

operator S ~3. Both S2 and S™2 are self-adjoint operators.

Proof. Let {f;}, be a frame for H with frame operator S. Then, from Note 2.3.1, we have

N
f=8728S72f =572 (ST )i (2.3.13)
N Z:11 1
=D (S7:f, fi)S72 s (2.3.14)
Z;l
= fS_ﬁfz S7Ef, (2.3.15)

=1

) N ) ) N .
which means that {S ~3 fi}i: satisfies reconstruction formula; hence, {S -3 fi}z‘:1 1s a Parseval

1

frame for H.

2.4 Dual Frames

For every frame, we have a general reconstruction formula similar to the reconstruction formula
(2.3.2) for Parseval frames. To define reconstruction formula, we need a new set of vectors called

dual frames.
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Definition 2.4.1. Let {f;}, be a frame for a Hilbert space H. A set of vectors {g;}, which

satisfies the following formula
N N
F=Y Af 900 i = _(f, figi, forall f e H (24.1)

i=1 i=1

is called a dual frame for {f;}Y,. The set of vectors { S~ f;}I¥, is a dual frame (will be shown
later) for {f;}¥,, and is called standard or canonical dual frame. If {g;})¥, is not a standard

dual, it is called an alternate dual frame.
Proposition 2.4.1. Let F' = {f;}~, be a frame. Then {S~! f;} ¥, is a dual frame for F.

Proof. Recall that the frame operator S for a frame { f;}¥, is given by

N
Sf = (f. f)f;, forall f € H. (2.4.2)

Since S is a positive and invertible operator, we can substitute S~* for f in Equation (2.4.2), and

we get the reconstruction formula

N

=808 = A, fi) fi (2.4.3)
v

= (.St (2.4.4)

=1

using the fact that S~ is self-adjoint. Similarly, if we apply S~! to both sides of Equation (2.4.2),
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we obtain the dual of reconstruction formula

N
f=57SH =57 ( DU ) (245)
N =1
= (. £)S7' . (2.4.6)
=1
Thus, by (2.4.4) and (2.4.6), we conclude that { S~ f;}% is a dual frame for l

Remark 2.4.1. Standard dual of a tight frame F is A~'F. Indeed, using the fact that S = AI,
the inverse of frame operator is A~11; thus, S™'F' = A~'F. In particular, the standard dual of a

Parseval frame F is itself because S = [ in Parseval case.

Remark 2.4.2. Standard dual of the frame {S~'f;}, is { f;} Y, because of the fact that the frame

operator for the frame {S~!f;}}¥, is S~

Definition 2.4.2. Let F = {f;}¥, and G = {g;} Y, be sequences in a Hilbert space H, and let O
and O be the corresponding analysis operators for F' and G, respectively. Then, if O 1 Og, F
and G are called orthogonal sequences. If these sequences [’ and GG are frames, they are called

orthogonal frames.

Proposition 2.4.2. Let F' = {f;}¥, and G = {g;} Y, be sequences in a Hilbert space H. Then F
and G are orthogonal if and only if ©7,0; = 0, where O and O are the corresponding analysis

operators for F' and G, respectively.
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Proof. Let F' and G be sequences in H with analysis operators Oz and O, respectively. Then

030 = 0 & (O f,069) = (f.030a9) =0, forall f,g € H 2.4.7)
& Ofr 1L O¢. (2.4.8)
O

Now we shall show the relationship between standard dual and alternative dual by giving the

characterization of duals.

Proposition 2.4.3. Let I/ = {f;}YY, be a frame with frame operator S. Then, G = {g;}Y, isa
dual frame of F if and only if there exists a sequence H = {h;}Y, such that 50 = 0 and

{g:}N, = {S7 f; + h;} Y|, where O and Oy are the corresponding analysis operators for F' and

H.

Proof. Assume that G = {g;}Y | isadual of F = {f;}¥, and let h; = g; — S~' f;. Then

N N N

ST e =Y (g = > A F)S7H: (2.4.9)

—f—f=0 (2.4.10)

This implies that, for every f,h € H
N N
(32U b b)) = ST F fidhis B) = (Orf, Oxh) @411)

=1 i=1

= (030Ff,h) = 0. (2.4.12)
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Therefore, 03,0 = 0.

Conversely, assume that there exist a sequence {h;}Y¥, such that {g;}, = {S7'fi + hi} Y,

with ©3,0r = 0. Then, forall f,h € H

(OLOFr [, h) = (Opf,Onh)

= > b By = 0.

This implies that S~ | (f, f;)h; = 0 for all f in H. Thus,

N N N

S g =D (ST i+ ) (S fidha

=1 =1 =1

which implies that G is a dual of F'.

2.5 Traces of Frame Operators

2.5.1 Traces of Operators

(2.4.13)

(2.4.14)

(2.4.15)

(2.4.16)

Theorem 2.5.1. Let 7' be a linear operator on a Hilbert Space H, and n be the dimension of H.

Assume that &k > nand N > n. If {v;}}_, and {f;} Y, are frames for H with corresponding dual

frames {w; }*_, and {g;}}¥,, then

(2.5.1)



Proof.

k k N
> (Topw) =) < > (Tvi,g) fi, wi> (2.5.2)
1=1 i=1 i=1

k Nj
=3 AT, g;)( fi,wi) (2.5.3)
i=1 j=1
N jk
=2 (S wi)(Tui,g;) (2.5.4)
i=1 i=1
JN
- Z< Z fiswijvi, T ga> (2.5.5)
_];]1 =1
=> (fi.T7g;) (2.5.6)
=1
]N
= (Tfj,9)- (2.5.7)
j=1
O

Corollary 2.5.1. Let T be a linear operator and { f;} | be a frame for H with dual frame {g;} .

Then
N
tr(T) = > (Tfi,9)- (2.5.8)
i=1
Proof. In Theorem 2.5.1, let k = n and {v;}?_; be the standard orthonormal basis; i.e., {e;} ;.
Since tr(T) = Z( Te;, e;), the result follows from the Theorem. O
i=1

Corollary 2.5.2. Let {f;}, be a frame of H with dual frame {g;}Y,. Then

N
n=> (fg)- (2.5.9)
=1

21



Proof. In Corollary 2.5.1, let 7" be an Identity operator I,,. Then, the result is immediate. U

Remark 2.5.1. As a special case of the above Corollary, for Parseval frames { f;}Y |, we have
N N
n=> (fify=>_lIfilP (2.5.10)
i=1

i=1

that is, the dimension of Hilbert space H is the sum of the squares of the lengths of frame vectors.

2.5.2 Uniform Parseval Frames

Proposition 2.5.1. If { f;}Y, is a uniform Parseval frame, then

| fll = \/% for all 4, (2.5.11)

where 7 is the dimension of H.

Proof. Since the norm of vectors is uniform , for any j € {1,..., N}, we have
1 N n
2 2
1 = — E 5= —, 2.5.12
where the last equality follows from Remark 2.5.1. O]

Proposition 2.5.2. Let H be a Hilbert space with dimension n, and let n < N. Then, if one of the

vectors f; of a uniform Parseval frame { f;}, for H is removed, then { f;},; is a frame for H.

Proof. Assume that { f;}¥, is a uniform Parseval frame. Then, by Cauchy-Schwarz inequality, for
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anonzero f € H, we have

N
112 = [{f, £) P +Z (f, f)l? (2.5.13)
=
N
Al +Z|<f, fi . (2.5.14)
=1
i#j

This implies that

N
AP =I1AIP) < DOKF P (2.5.15)

i=1
7]

We need to have 1 — || f;|? > 0 so that { f; }:; is a frame. Indeed, 1 — || f;||* > 0 because {f;} Y,

I =

is a uniform Parseval frame where || f; % by Proposition 11, and n < N by assumption.

2.6 Group Representation Frames

Special structured frames have significance in applications and in theory. One of these frames has
a group structure, and is gained by applying a unitary group representations to a fixed vector in a
Hibert space.

To define group representation frames, first we define unitary representations which are related

with unitary operators.

Definition 2.6.1. Let 7/ and K be two Hilbert spaces, and 7' : I — K be a linear operator. Then

T is called a unitary operator if it is an isometry; i.e. ||Tf| = || f]|| for every f € H, and is
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surjective.

Proposition 2.6.1. Let 7" : H — K be a linear operator. Then the following are equivalent:
(i) T' is an unitary.
(ii) T preserves the inner product; i.e., (Tx, Ty) = (z,y) for x,y in H, and T is surjective.

(iii) T* = T~

Let G and G be two groups. a mapping from G to G is called a group homomorphism if

m(g192) = 7(91)7(g2) and w(g~ ') = (w(g)) " forall g, g1, g2 in G.

Definition 2.6.2. Let G be a group. A group homomorphism 7 from G into the group of all the
unitary operators on a Hilbert space H is called a unitary representation. This means that 7(g),

7(h) are unitary operators on H with 7(gh) = 7(g)m(h) and (w(g)) ™' = 7(¢g~') forall g, h in G.

Proposition 2.6.2. For any unitary representation 7, we have
(i) m(e) = 1.
(i) m(g)* = w(g~t) forall g € G.
(i) [I7(9)6]| = |6 forall g € G.

Proof. (i) m(e) = w(gg™") = w(g)m(g~") = 7(g)(w(g))~" = I, because of the fact that 7 is a
homomorphism.
(i) 7(g)* = (7(g))~* = 7(g~"') because 7 is a unitary operator and group homomorphism.

(1i1) Since 7 is a unitary operator, we have

In(9)oll* = (r(9)¢, (9)¢) = (&, d(9) 7 (9)0) = (¢, 9) = [4]*. (2.6.1)
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Definition 2.6.3. A unitary representation 7 of a group GG on H is called a frame representation
if there exist a vector ¢ € H such that {7(g)¢},cc is a frame for H. In this situation, it is said that

{m(9)¢}4ec is a group frame and ¢ is a frame vector for 7.

Note that any group frame is a uniform frame since ||7(g)¢|| = ||¢|; in other words, every
vector in the group frame has the same norm that is the norm of the frame vector ¢.

The following proposition tells us that the canonical dual frame is a group frame.

Proposition 2.6.3. Let {7(g)¢} 4 be a group frame for H. Then the canonical dual of {7 (¢)¢},ecc

is of the following form: {7(g)&} e for some & € H.

Proof. Let S be the frame operator for {m(g)¢},cc. Then by the definition of frame operator .5,

we have

Sr(g)f = ;W(g)fﬂr(g’)@ﬂ(g’)cb (2.6.2)
= m(g)m(9)”" Zeg(f, w(g) "7 (g)e)m(d")o (2.63)
=7(g) %U, (g~ g)o)m(g "' (2.6.4)
=(g) ;U, m(g")o)m(g") (2.6.5)
_ (g)Sf (2.6.6)

forall f € H and ¢,¢',¢9” € G. Therefore, Sm(g) = w(g)S for all ¢ € G. This implies that
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S=1m(g) = m(g)S~! since

S7(g) = n(9)S < Sn(g)S™" = m(9)SS™! < Sm(g)S™' = 7(g) (2.6.7)

& S718Sn(g)S™ = ST n(g) & 7w(9)S™t = S 7 (g). (2.6.8)

Let £ = S~'¢. Then for every g € G, we have S™'7(g)¢ = 7(g)¢. Thus, the canonical dual of

{7 (9)¢}4ec is a group frame of the form {s™'7(9)¢},ec = {7(9)E}gea- O
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CHAPTER 3: ERASURES

3.1 The Erasure Problem

The property of frames that the number of vectors, N, greater than or equal to the dimension,
n, of the Hilbert space has a great significance in applications. For instance, in coding theory,
the information of a vector f is transmitted, or encoded, by the analysis operator © f, that is,
Of = {(f, f;)}X,, where {f}, is a frame for a Hilbert space H. On the other side, the receiver
reconstructs, or decodes, the vector f, by the help of synthesis operator, ©*O f. If there is no
erasure, the receiver is able to reconstruct f completely. If there is loss of data or any erasure,
however, the receiver still may be able to reconstruct f perfectly with the help of redundancy
property of frames, which is the quantity .

To deal with the erasures, maximum errors for erasures are to be minimized. To minimize the
maximal errors for erasures, two approaches are provided in [35] and [44]. One approach provided
by Holmes and Paulsen in [35] is to select an optimal frame for erasures. On the other hand,
second approach provided by Lopez and Han in [44] is to select optimal dual frames for erasures
for a given frame. Second approach is motivated mainly, because of the limitations on optimal
frames, to give more freedom to frames that are to be used in coding. To find optimal frame means

to find a best frame that minimizes the error on reconstructed vectors; however, to find an optimal
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dual frame for a given frame is to find a best dual frame that minimizes the error on reconstructed
vectors.

To make the notion of optimal frames and optimal dual frames precise, let us first define the
error operator I/, for erasures. Let D be an N x N diagonal matrix with m ones and n — m
zeros, and D,, be the set of all such diagonal matrices, D. For any frame pairs F' = {f;}, and

G = {g;}}¥,, where G is the dual frame of F’, and ©  and O are the respective analysis operators

for F' and G, the error operator for m-erasure where A = {i1, ..., 4, } is defined by
Ex(f)=f =Y {f. fi)gi =D {f. fi)gi = O4DOF . (3.1.1)
igA i€A

and the maximum error when m-erasures occur is defined by

max{||©0;DOF|| : D € D,,}, (3.1.2)

where || - || is a measurement for the error operator (it could be the usual matrix norm, Hilbert-
Schmidt norm or some other measurement). The goal is either to characterize the dual frame G
that minimizes the maximum error if a frame F is preselected, or to characterize Parseval frames
F such that max{||©;DOp|| : D € D,,} is minimal among all the Parseval frames. The similar
setup can be used for other applications (e.g. optimal for sparsity, noise control). In the following
sections, we will give precise definitions for optimal frames and optimal dual frames, and give

some results.
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3.2 Optimal Frames for Erasures

From now on, for a frame F' = {f;}, for a Hilbert space H of dimension n, we will call F' an
(N, n) frame, and we will let || - || be a matrix norm. Throughout this section, we let F' be a Parseval
frame.

A Parseval frame F” is called optimal frame for 1-erasure if it satisfies
§p = ml;nmax{H@}D@FH : D e D}, (3.2.1)

and a Parseval frame F”’ is called optimal frame for any m-erasure if it is optimal for (m —

1)—erasure and
o = mFinmaX{H@*FD@FH : DeD,}. (3.2.2)

In other words, a Parseval frame that is optimal for m—erasures is optimal for m or less era-
sures.

One erasure optimal Parseval frames are characterized in [35].

Proposition 3.2.1. An (NN, n) Parseval frame is 1-erasure optimal if and only if it is uniform.

Moreover, minimum error, 5}0,, isn/N.

Proof. Let F' = {f;}Y¥, be an (IV, n) Parseval frame. Note that for one erasure case, we have that

1053DOk| = [I{fi, fi)ll = Ilf:II, (3.2.3)
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where D € D;. Therefore,
max{||©5DOr|| : D € D} =max{||fil|*> : i=1,...,N}. (3.2.4)
Moreover, we note that

N
tr(00*) = Z fi i) = Z 1017 = (32.5)

which implies that || f;]|> > n/N for some i. Thus,
6 = m};nmax{||fi||2 ci=1,...,N}=n/N. (3.2.6)

This means that if F is 1-erasure optimal Parseval frame, then by 3.2.5 we have || f;||> = n/N for
allz =1,...,N,ie., Fis auniform frame. By the same arguments, if /' is a uniform frame, then

it is 1-erasure optimal Parseval frame. [

Definition 3.2.1. If F is an (/V,n) uniform Parseval frame and ||©*DO)|| is a constant for all D
where D is a diagonal matrix with 2 ones and N — 2 zeros on the diagonal, and ©* and © are
synthesis operator and analysis operator of F, respectively, then F' is called 2-uniform Parseval

frame.

The following Theorem provides an alternative definition for a 2-uniform Parseval frame that

is given in [35].

Theorem 3.2.1. Assume that F' is a uniform (N, n) Parseval frame. Then, F' is 2-uniform if and
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only if [(f;, f;)| = cis constant for all i # j where

n(N —n)

C =

|> = &. Assume that ith and jth coefficients

Proof. Let F be a uniform Parseval frame, then || f;
are erased. And let D be a diagonal matrix with 2 ones and N — 2 zeros on the diagonal. Because

of the fact that D? = D = D*, we have

|©°D8|| = [[©"D"DO| = ||[DO(DO)"|| = [|[De6"D|| (3.2.8)
<fz;fz> <f]7f1> TL/N <f]7f1>

_ _ . (3.2.9)
<fi7fj> <fj7fj> <f27f]> n/N

The norm of the matrix above is the spectral radius of the matrix because it is positive definite.

Then, the spectral radius of the matrix is

max{]n/zw s )| [/ = !<f¢,fj>!’} =n/N+I(Ff)l (3210

Therefore, F' is a 2-uniform Parseval frame if and only if |(f;, f;)| = c is a constant for all i # j.
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To find the exact value of ¢, note the followings

N N
SO U i i) = ZZ i ) F0 £3) Z(f“m(fz,fz)

=1 j5=1 i=1 j=1 =
J#i

N
_N)C+Z|<fi»fi>|2

2
= (N2~ N)c+ N—,

N2
and

N N N

ZZ fo, I, fi) = Z(fmfi> =n

=1 j=1 i=1
From (3.2.13) and (3.2.14), it follows that

n(N —n)
‘TN -1y

(3.2.11)

(3.2.12)

(3.2.13)

(3.2.14)

(3.2.15)

]

The proof of the theorem implies that 2-uniform Parseval frames are 2-erasure optimal Parseval

frames.
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For a 2-uniform (N, n) Parseval frame, ©©* can be written in the following way:

(fu,fu) (f2 fr) -0 (fn, o) -n/N +c ... Zc

(fifo) (fos fo) -0 fn, f2) +c n/N ... =c
00" = ‘ . . . = . . . ' . (3.2.16)

(fi, vy (fas fn) oo (fns ) +c +c¢ ... n/N

In other words, ©0* = L1 + @) where () = (g;;) is a self adjoint matrix with ¢;; = 0 for all i and

|gij| = 1 foralli # j.

Definition 3.2.2. Let F' be a 2-uniform (N, n) Parseval frame. Then, the (N x V) matrix () derived

above is called signature matrix of F'.
In [35], the characterization of 2-uniform Parseval frames is given in the following way:

Proposition 3.2.2. Let () be a signature matrix of a 2-uniform (/V, n) Parseval frame F. Then

Q> = (N — 1)1+ pQ, (3.2.17)
where
N -1

Conversely, let () be a signature matrix of the form

Q*= (N — 1)+ pQ, p*>#—4(N—1). (3.2.19)
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N N
Then, () is a signature matrix of a 2-uniform (N, n) Parseval frame withn = — — a
2 24N — 1)+ p2

and OO0 = &1 + Q.

Proof. Let F be a uniform (N, n) Parseval frame with analysis © and synthesis ©* operators.
Suppose (@ is the signature matrix of F'. Note first that (@@*)2 = O0"O0* = OO* since

©*0 = Iy. Using the definition of signature matrix and the note above, we have

2

2
(007)" = (1 +Q) = 151 +202Q+*Q* = =1 +cQ. (3.2.20)

This implies that
N -1

Q*=(N—-1I+(N-2n)Q WV )

(3.2.21)
For the second part of the proposition, let P be a matrix of the form P = al + ¢() where

1 1 , a—a? 1

a=—=— and ¢ = =
2 2\/4(N —1) + p? N—1 4N —1)+pu2

(3.2.22)

Note that P is self-adjoint matrix because () is so. For () to be a signature matrix of a frame F/,
it is sufficient that P satisfy P? = P so that P can be factored as ©©* and we obtain a frame. In

fact,

P? = (al + cQ)* = a1 + 2acQ + 2Q* (3.2.23)
= a’l 4 2acQ + (N — 1)1 + pQ) (3.2.24)
= (a® + Nc* — )1 + (2ac + uc®)Q (3.2.25)
= al +cQ = P. (3.2.26)
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where the last equality follows from

>+ NE—F=a +c(N—1):a2+N 1(N—1):a (3.2.27)
and
2ac—|—u02:c(2a+uc):c(1— ,u ! ) =c (3.2.28)
VA(N — \/4 — 1)+ p?
by 3.2.22. ]

3.3 Optimal Dual Frames

Given a frame I, we search for a dual frame G of F', which makes the error of erasures minimum.
Now, in the following subsections, we will look at the optimal dual frames with respect to matrix

norm measurement and spectral radius measurement.

3.3.1 Optimality with respect to Matrix Norm Measurement

Let a frame I be given. Then a dual frame G’ for F' is called optimal dual frame of F’ for 1-erasure

if

Syt = minmax{||0;DOx| : D € D}, (3.3.1)
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and a dual frame G’ for F' is called optimal dual frame of F' for any m-erasure if it is optimal for

(m — 1)—erasure and
Sficy = minmax{||©O5DOF| : D € Dy}, (33.2)

In [44], the condition in which the standard dual of a frame is the unique optimal dual frame

for m—erasures is given.

Theorem 3.3.1. Let F' = {f;}V, be an (N, n) frame for a Hilbert space H. If ||S™Lf;|| - ||.f:]| is

constant for all 7, then the standard dual is the unique optimal dual frame for m—erasure.

In particular, the standard dual of a uniform tight frame is the optimal dual frame for m—erasures.
In fact, because the frame operator S of a tight frame is of the form S = AI, where A is the frame
bound, ||S~* f;|| = %|| ;|| for all . Using the uniformness of the frame, we obtain the conditions
of the Theorem.

The necessary and sufficient condition for the standard dual of a frame to be the 1-erasure
optimal dual frame is given in [41]. Let F' be an (N, n) frame and ¢ = max {||S7Lf]| - || fil| : i €
{1,...,N}}. Define H; = span{f; : i € A;} for j = 1,2, where Ay = {i : [S7'fi|| - [|fsll = ¢},
and Ay = {1,..., N}\A;.

Theorem 3.3.2. The standard dual is the unique 1-erasure optimal dual if and only if H; N Hy =

{0} and { f;}:en, is linearly independent set.

Proposition 3.3.1. For an (N,n) Parseval frame F' = {f;}, for H, the standard dual is the

unique optimal dual frame for m—erasure if and only if || f;|| is constant for all 7.
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3.3.2 Optimality with respect to Spectral Radius Measurement

Most of the research so far (c.f [41, 35, 44]) have focused on measuring the error of the recon-
structed vector by operator norm. For example, it is known that a Parseval frame is one-erasure
optimal if and only if it is uniform, and it is 2-erasure optimal if it is equiangular ( c.f. [35]).
For the case when a frame F' is preselected, optimal dual problems for erasures were studied for
example in [41, 42, 44], optimal dual frame for sparsity was investigated in [38], and some other
optimality was also studied for different purposes (c.f. [16, 17, 30, 40, 45, 46]).

Now consider the case when iterations are applied in the reconstruction process: Let F' =
{f:}X, be a frame and G = {g;}¥, be a dual frame of F in a Hilbert space H with dimension n.

For any f € H, we have

N

N
f=2 fgifi=) aifs (33.3)

=1

where (f,g;) = a;. Let A = {i : a;islostorerased} and A° = {1,..., N}\A. Now, we can

rewrite the reconstruction formula for f in the following way;

F=Y (o fi+D (fa ks (33.4)
ieA ieAe
or equivalently,
J=Exrf+ B, (3.3.5)
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where Ey f = Z(f, gi)fiand Ry f = Z(f, g:) fi- Note that £y + Ry = I. This implies that

€A SIS

the receiver knows both operators £/, and R,. The first step approximation of f is given by

fM = R, f. However, we can achieve higher approximation accuracy by employing the following

iterations:

fY =Ryt

f? = ExfV + Raf
f® = Exf® + Raf
f" = Exf" Y + Ry f.

Then, the error of the reconstruction is

f— f(n) = Enf — EAf(nfl) = E\(f — f(nfl))
= Ex(Epf — Exf™™ ) = E3(f — fn72)

= B (S0 - ) = B,

Thus, we have

Lf = FU = BRI < IERINA-

To measure the error, we need to look at the norm of E},
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(3.3.10)

(3.3.11)
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(3.3.13)

(3.3.14)
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spectral radius of Ey. Recall that
r(Er) < || Eall- (3.3.15)
In the case that F, is positive or normal, £\ Ey = FEyE}, we have ||Ey|| = 7(E,), thus,
[l = max A, (3.3.16)
where J; is an eigenvalue of F. But, it could happen that r(Ey) << || E}4||. In this case,
Tim | BR[| = r(Ey), (33.17)
where 7(F, ) is the spectral radius of E. Therefore, the spectral radius r(FE,) of F, satisfies
r(Ey) =max{|A| : A€ a(Ep)} = Jim | ERM™. (3.3.18)

Definition 3.3.1. Let /' be a frame and G be a dual frame of F'. For each k, let

i = max{r(Ex) : [A] = &} (3.3.19)
and
ri) = min{r{), : G is a dual frame of F}, (3.3.20)

where |A| denotes the cardinality of A. A dual frame G of Fis called 1-erasure spectrally optimal

if rg)G = rg). We say that GG is k-erasure spectrally optimal if it is (kK — 1)-erasure spectrally
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(

optimal and r Fk )G = rl(mk)

Clearly we have r%k)G < 5}’“)0 In the iterated reconstruction introduced in this section, the

reconstruction error of a signal f is dominated by ||E}|| - || f||. Therefore in order to completely
recover f as n — 0o, we need the necessary condition that T(F]?)G < 1 (or a more stronger 6%’% < 1.
In this section we present two conditions to ensure this inequality. The first one is a necessary
and sufficient condition on the frame F' such that this happens for one of the dual frames GG. The
second one is a necessary and sufficient condition on the triple (N, n, k) such that there exists a
dual frame pair (F,G) for H with the property that r}’f)G < 1. Both results involve the standard

dual frames. So at the end of this section we give a sufficient condition under which the standard

dual frame is 1-erasure spectrally optimal.

Proposition 3.3.1. Let /' = {f;}, be a frame for a Hilbert space H of dimension n. Assume that
k represents the number of erased coefficients in the frame expansion, and S is the frame operator
of F'. Then the following are equivalent:
(i) Every (N — k) vectors span the Hilbert space H,
.. k
(11) 5‘(5‘7)1/2]:'75'71/21:' < 1’
v (k)
(i11) Tpo—1p <1,

(iv) There exists a dual frame G of I such that r;-lf)G < 1.

Proof. Let A and A° be the set of indices associated with erased coefficients and received coeffi-
cients respectively with |A| = k and |A°| = N — k.
“(17i) = (iv)” is obvious.
“(i) = (i1) " Let En = ©

DA@S*U?F and RAc =0 DAC@S*U?F' Assume that

* *
S-1/2F S-1/2p
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5(k)

s1/2pg-12p = 1. Then, there exists a A; with |Aj| = k such that ||Ey, || = 1. Because F,, is

a positive definite matrix, |[Ej,|| = r(E,,). This implies that 1 is in the spectrum of £, . Thus,

there exists 0 # f € H such that Ey, f = f. Since Ey; + RA§ = I, we get that RA§f = 0. Thus,

0=(f,Racf) (3.3.21)
= <f, > LS S—l/2fi>5—1/2fi> (3.3.22)
iEAJC.

= (fSTVRRN(f ST (3.3.23)

ieAJC.
=[S (3.3.24)

ieAJC.

This implies that

fL STV forall i € AS. (3.3.25)

Therefore, we can find (N — k) vectors { f; : i € A§} that do not span H. Hence

5(k)

571/2F75’71/2F < 1
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“(17) = (dit) ” Assume that 5A(S'k*)1/2FS*1/2F < 1. Then
7(By) = 0(0%-1 pDrOF) (3.3.26)
= (S0} 12, DrOF) (3.3.27)
= (0% 12, DAOFS?) (3.3.28)
= 0(O4 125 DrOg-1/2p) (3.3.29)
= o (Ay). (3.3.30)
Because A, is a positive definite matrix, we have || A, || = 7(Ax). From (3.3.30) we have,
r(Ba) = |[Aall < 1. (3.3.31)

So, rgf?g,lF < 1.

“(iv) = (i) :” Assume that there exist (N — k) vectors { f; : i € A°} that do not span H. Then

there exist 0 # f in H such that
f L f; forall i € A, (3.3.32)

which implies that Rxc f = 0 where Rye = O DpOp. Since Ry + Ey = I, for Ey = O5D\Op,

we have f = E,f. Thus, 1 € o(E)), which implies that rg% > 1. O

Proposition 3.3.2. Let n be the dimension of H. Then the following are equivalent:

QON-—-k>n,
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(i1) There exists a frame F' such that 5;@1 s2pg-1/2p < 1,

(ii1) There exists a frame F' such that 7t

k)
F?

gip <1,

(iv) There exists dual pair (F, G) such that T(F]'C)G < 1.

Proof. The equivalence of (i1), (ii1) and (iv) has been established in the proof of Proposition 3.3.1.
Hence, it is enough to show that (i) = (i7) and (iv) = (7).
“(i) = (ii) :” Assume that N — k > n. Let 1, 25,...,xy be distinct nonzero real numbers.

Construct an n X N matrix A in the following way:

1 1 1
i @ Ty
x2 x2 P P :L'
A= ! 2 N (3.3.33)
x"f_l ajg'_l e e x’xf_l

Any n X n matrix, say V/, consisting of any n columns of A, is a Vandermonde matrix. Thus,

Vi= [ (@i-z)#0. (3.3.34)

§,§=i1,i2,0-sin
1>)

This means that every n column vectors of A are linearly independent, i.e., every n column vectors
of A span H. Let F' be the frame consisting of all the columns of A. Then every N — k vectors
from F' span H. Therefore, by Proposition 3.3.1, we get 5;@1 fepg-12p < L.

“(iv) = (i)” : Let (F,G) be a dual frame pair with the property that r*) < 1. Then, by

FG
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Proposition 3.3.1, every N — k vectors in F' span H. Thus, N — k > n.
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CHAPTER 4: SPECTRALLY OPTIMAL STANDARD DUAL FRAMES

In this chapter, we provide some conditions on frames so that their standard dual frames are one-

erasure or two-erasure spectrally optimal dual frames.

4.1 1-Erasure Spectrally Optimal Standard Dual Frames

The following Theorem provides a large class of frames for which the standard dual is 1-erasure

spectrally optimal.

Theorem 4.1.1. Let ' = {f;}, be a frame with the frame operator S in a Hilbert space of

dimension n. Then, if ||[S~/2f;||> = 2, standard dual S~'F of F is one erasure spectrally optimal

o
dual.

Proof. Recall that for a frame £ and any dual G of I’ we have
N

> (figi) =n. (4.1.1)

i=1
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Then,

[{fis i)l = 1{fi ™" fi + )| (4.1.2)
= [(fi ST fi) + (fi, 1) (4.1.3)
= (ST £i, STV L) + (fir )| (4.1.4)
= [[[S™Y2( + (fi, ha)l (4.1.5)
= ‘% + (fis hi) (4.1.6)

From Equation (4.1.1), we have

n
L)Y > —. 4.1.7
emax {Ifugal} = 5 (4.17)
The minimum of (4.1.7) among all dual frames G of I is
. n
i g, (00} = s

This together with (4.1.6) implies that (f;, h;) = 0 for all 4, i.e.,

(fi,9:)| = n/N for all i. If not
there would be a j such that (f;, h;) < 0, i.e., |{fi,9:)| < n/N which contradicts with the fact in
4.1.1. Thus, S~ F is an one erasure spectrally optimal dual frame.

]

We have derived a sufficient condition for standard dual to be 1-erasure spectrally optimal in
the following proposition; however, we are still missing a necessary condition.

Let F' = {f;})¥, be an (N, n)-frame, and ¢ = max{||S™V2f;|| : i =1,...,N}. Set A; = {i :
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|S7Y2f|| = ¢} and Ay = {1,..., N}\A,. Let H; =span{z; : i € A;} forj =1,2.

Proposition 4.1.1. Let F' = {f;}}¥, be a (N, n) frame for H. If H; N Hy = {0}, then S~'F is

1-erasure spectrally optimal dual frame.

Proof. Assume that G = {g;} | is a 1-erasure spectrally optimal dual of F'. Write g; = S~! f;+h;.

Then

D (fha)fi=0.

=1

Hence, we have

ST f+ S (fha) fi =0,

€N 1€A2

By assumption, this implies that

D=0 and Y (fh)f=0.

1€A €A

Then, we have

SN 1€No

Note that
(ST i+ by fi)l = STV iy fi) + (hay £i)] = [I1ST2Fill* + (R, £3)]
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Because G is a 1-erasure spectrally optimal dual frame we have

Fori € Ay : [(S™'fi+ h, fi)| = | + (i, fi)] S (ST i, fi)] = & (4.1.14)

Fori € Ay = [(S7Vfi + h, f)] = |IISTV2£I1 + (i, £3)] < & (4.1.15)

This implies that |¢? + Re(h;, f;)| < ¢ and |c? + Im({h;, f;)| < ¢ fori € Ay. Thus Re(h;, f;) <0
and Im(h;, f;) < 0 forall @ € A;. We claim that Re(h;, f;) = 0 and Im(h;, f;) = 0 for all
i € Ay. In fact, if Re(h;, f;) < 0 for some ¢ € Ay, then there must be some j € A; such that
Re(hy, f;) > 0because ) ;. (hi, fi) = 0 (3 ;cp, Relhs, fi) = 0). Thus, Re(h;, f;) = 0 for all
i € Ay. Similarly, we show that Im(h;, f;) = 0 for all i € Ay. Thus, (h;, f;) = 0 for alli € A;.

(1) (1) (1)

Moreover, [|S~'/2fi|| < cforalli € Ay. Therefore, 1y ¢ = ¢ < 7y = 7, and consequently

ng,l = rg). Thus S~ F is a 1-erasure spectrally optimal dual frame. 0

Proposition 4.1.2. If S~ F is 1-erasure spectrally optimal, then there exist f; (i € A;) such that

fz' ¢ HQ.

Proof. Assume the contrary that f; € Hs for all i € A;. Then, for Ay = {iy,... i} and Ay =

{ik+1,-.-,in}, we have

N

fo=>_ dVf or (4.1.16)
j=k+1
N

fio— > P fi =0 (4.1.17)

j=k+1

wherep = 1, ..., k. Note that the set {1, —cP) ...,—cl(-i)} is orthogonal to the set { f; , fi,.,, - - -, fix }

k41"
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forall p =1,..., k. Then, there exist sets such that

{hzla 9. Ovhszrl)"'vhz(]l\,)} uE {fiu"'7fik7fik+1a"'7fiN}
: : (4.1.18)

(k k) k)
{O O7hzk)7h’§k+17"'7hz(1v} 1 {fllv"'>fik>fik+17"'7fi]v}

Letv = [vy,..., Uk, Ukt1,- . ., Un| be a vector such that

k

v—[“,---, Zk,Zhw...,th (4.1.19)
p=1

Then, Zfil( fi,vi) = 0. We can rescale the vector v by ¢, sufficiently small, so that we have

(fi,v;) <Oforalli=1,..., N. Thus,

[(fi, STUEY + (fi tud| < |(fi, STHf)| < max{||S™Y2fi|? :i=1,...,N}. (4.1.20)

This implies that there exist 1-erasure spectrally optimal dual of £ which is not S~ F. Therefore,
if the standard dual S~ F of F is 1-erasure spectrally optimal dual frame then there exists at least

one j € Ay such that f; ¢ H, O

Throughout the thesis, we will be using the following property of linearly independent sets in

some of the proofs.

Proposition 4.1.3. Assume that {f1,..., fx} is a linearly independent set in a Hilbert space H.

Then, there exists a vector v € H such that (f;,v) < Oforalli =1,... k.

Proof. Let {ey,..., e} be the standard basis for a k— dimensional Hilbert space and 7" be the
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linear transformation such that Te; = f; fort = 1,..., k. Note first that there exists a vector

h € H such that (e;,h) < Oforalli =1,..., k. Then, we have

(fi,v) = (Tey, (T*) 7 h) = {e;, T*(T*)'h) = (e, h) < 0 (4.1.21)

This implies that (f;,v) < 0, where v = (T*)'h. O

4.2 2-Erasure Spectrally Optimal Standard Dual Frames

The following proposition provides a sufficient condition for a standard dual to be a 2-erasure

spectrally optimal dual frame.

Proposition 4.2.1. Let ' = {f;}}¥, be a frame in H with frame operator S. Assume that

IS=V2f]? = &, Thenif (f;,S7'f;) = ,/]\%?T*ﬁ) for i # j, then ST'F = {S71fIN s

2-erasure spectrally optimal dual frame.

Proof. Let F be a frame with ||S™Y2f;||> = 2 and (f;, S7'f;) = ,/A%?T_ﬁ) for i # j. Assume
that S~'F is not a 2-erasure spectrally optimal dual frame. Consider the error operator £, for

|A| = 2. Then the spectral radius of error operator is
T(EA) = T<@*571FDA@F) = T<@*571FD7\DA@F) = T(DA@F@Z«,lFDR) (421)

where O and Og-1 are analysis operators for F' and G, respectively, and D, is an N by N

diagonal matrix with d;; = 1 for ¢« € A and zero otherwise. For the spectral radius of E,, we
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consider the characteristic function of A, ;;

Ao | ST A ST & WO o
(S7U i £5) (ST 1) et B
fori # jandi,j € 1,...,n. The characteristic function is
(N =X = (ST NS ) = (=Nt g @2)
N N N N2(N —1)
which leads to
A= 2 ST NS i) = o ]\QZ”LT__”Z) (4.2.4)
Then
Assume that G is a 2-erasure spectrally optimal dual frame. Thus,
S g g fi) = < e = 5+ ]\iZ?T_—nj) (4.2.6)
This implies that
Nn —n? o
(95, fi){gis £5) < V=T for all i # j. 4.2.7)
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Note that

N

D> o fidlais fi) = 20D Aas Fidloss fi) + 3 as )

j=1 i=1 =1 i#j

N_2 2
U N

<N(N—1)—N2(N_1> e

However, this contradicts to the fact that

N

N
ZZ 93> firlgi fi) _Z<gj7fj> =n

j:l =1 j 1

Therefore, S~ F is a 2-erasure spectrally optimal dual frame of F.
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CHAPTER 5: SPECTRALLY ONE-UNIFORM FRAMES

In this chapter, we define and investigate spectrally one-uniform frames that admit one-erasure
spectrally optimal dual frames. Our investigation is based on the characterization and construction
of such frames. Doing so we show that spectrally one-uniform frames are closely related to the
linear connectivity property of a frame. By the linear connectivity property of frames, we are able
to define what we call uniform redundancy distribution of frames. With the help of redundancy

distribution of a frame, we show that we can construct a spectrally one-uniform frame.

5.1 Spectrally One-Uniform Frames

In this section, we define spectrally one-uniform frames and show the relationship between spec-
trally one-uniform frames and one-erasure spectrally optimal dual frames.

Recall that for the 1-erasure case, spectral radius of the error operator satisfies TS)G =
max{|(g;, fi)| : 1 < ¢ < N}. Therefore, for one erasure spectrally optimal dual frame we have
7‘%1) > n/N since .~ (gi, f;) = n. This leads to the question of characterizing all the frames F

such that 7"%1) = n/N, and the questions of how to compute rg) and how to construct frames F' and

their duals G with prescribed maximal error r%k)G It turns out that the answers to all these questions
rely on an interesting connectivity property for finite sequences (or subset) of nonzero vectors in

H. From application point of view we are only interested in frames consisting of nonzero vectors.
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So we will assume this property throughout the rest of the dissertation.

Definition 5.1.1. Let F' be an (N, n) frame. Then F is called spectrally one-uniform frame if

there exists a dual frame G of F' such that (g;, f;) = cforalli =1,..., N where ¢ = n/N.

Theorem 5.1.1. Let F' be an (N, n) frame. Then F is spectrally one-uniform frame if and only if

there exists a dual G such that rg) = rg)G =n/N.

Proof. If we assume that [ is spectrally one-uniform frame then there exists a dual frame G such
that (g;, fi) = n/N forall © = 1,..., N by definition. This implies that rg)G = n/N. Note that
rl(pl) = ming{|{g;, fi)| : i =1,...,N} =n/N, where G is a dual frame of F' since we have the
fact that SV (gs, fi) = n, ice., max{|(gi, fi)] : i=1,...,N} > n/N. Thus, rg) = TS)G

Now assume that rg) = n/N. Then there exists a dual frame G such that r}l)G = n/N
which implies that max{|(g;, fi)| : ¢ = 1,..., N} = n/N. Assume that there exists j such that
(g, f;) < n/N. Then there must exists a j" such that (g;/, f;/) > n/N since S0 (g;, f;) = n.
However, this contradicts to max{|{g;, f;)| : ¢ =1,..., N} = n/N. Thus, foralli =1,..., N,

(gi, i) = n/N. Therefore, F is spectrally one-uniform frame. U

5.2 Linearly Connected Sequences

In this section, we define three properties of frames; linear connectivity, intersection dependence
and k-independence properties, on which the characterization of spectrally one-uniform frames
rely. We prove that the linear connectivity property is equivalent to the intersection dependence
property, and is also closely related to the well-known concept of k-independent set.

We say that two vectors f and g in a sequence F' of vectors are linearly F'-connected (or

simply, connected) if there exist vectors {uy, ..., uy} from F' such that {g, us, ..., u,} are linearly
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independent and f = cg + Zle ciu; with ¢, ¢; all nonzero. Clearly connectivity is reflexive and
symmetric. We will show that it is also transitive which turns to be a key property needed to prove

our main results. We will use the notation f < ¢ if f and g are F'-connected.

Definition 5.2.1. Let F' = {f;} | be a finite sequence of nonzero vectors in H. We say that F’

(1) is linearly connected if every two vectors in /' are F'-connected.

(ii) has the intersection dependent property if H, N Hy. # {0} holds for every proper subset
Aof {1,..., N}, where H, is the subspace spanned by {f; : i € A}.

(ii) is k-independent if every k vectors in F’ are linearly independent.

The following theorem 5.2.4 states that all these three properties are closely related. While
this result is needed as one of the main ingredients in characterizing and constructing spectrally
one-uniform frames, it is also an independently interesting property that may have applications in
other area of research.

To prove Theorem 5.2.4 we need the following definition of support of a vector f and some of
its properties.

Let B = {fi,..., [,} be abasis for a Hilbert space H and f = 3" | ¢;f; € H. We define the

support of f with respect to the basis B by

supps(f) = {i : ¢ # 0}, (5.2.1)

We first need to prove the transitivity property for F'-connected vectors.

Theorem 5.2.1. Let F' be a finite sequence in H. Assume that f;, f> and f3 are vectors in F' such

that f; & fyand fo & f5. Then fi & fo.

55



Proof. By the definition of connected vectors, we have

fi=afs+ Z a; fi,  with o, a; all nonzero and (5.2.2)
€A

fo=0fs+ Z Bifi;,  with 3, 3; all nonzero, (5.2.3)
i€No

and {fs, fi : ¢ € Ay} and {fs, f; : ¢ € Ay} are linearly independent subsets of F. Solving the

equation in (5.2.3) for f3 and then substituting it to the equation (5.2.2), we obtain

:_fQ__Zﬁzfz_l'Z ; fi- (5.2.4)

ZEAQ €A

Set M = span{f; : i € Ay U As}. Then there exists a subset A}, of Ay such that B = {f; : i €

A = A; U AL} is a basis for M. Thus the equation in (5.2.4) can be rewritten as

fi= —fz + > ki (5.2.5)

1EA

To show that f; is F'-connected to f5, we consider two cases depending on whether f, is in M or

not.

Case 1: Assume that fo ¢ M. Since {f; : ¢ € A} is linearly independent, we get that
{fa, fi : i € A} is linearly independent. Moreover, «, (3, 7; all are nonzero by the assumptions in

(5.2.2) and (5.2.3). Hence, by the definition of connected vectors, we have f; & fa.

Case 2: Assume that fo € M. In this case, we take the relations between the supports of the
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vectors fi and f, into account. Let €; = suppy(f;) fori =1,2,3.

(i) Assume that 2; N Qy # (). Then there exist i, € Q; N €. By the definition of supports of

f1 and f5, we have

1= ai fi, + Z a;f; and (5.2.6)
1€
ii,

Ja = by, fi, + Z bifi. (5.2.7)

1€Qo
iiy

Solving the equation in (5.2.7) for f;, and substituting it to (5.2.6), we obtain
fi=dbfo+ > aifi (5.2.8)

1€Q1UQs

We note here that fo ¢ span{f; : i € Q; UQy, i # i)} and @y = “& s nonzero. Thus, by Case 1,

biy,

the result follows.

(ii) Assume that Q; N Qy = (. Let f3 = > icq, Cifi- Then, if we replace fi, f; and f3 in
equations (5.2.2) and (5.2.3) with the sums associated with the supports of the vectors, we have

the following two equations:

Z a;fi — Z cifi = Z o fi (5.2.9)

1€ 1€Q3 €A1
S bifi—B> cfi=) Bifi (5.2.10)
1€Qo 1€Q3 i€No
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These imply that A; C ; U Q3 and Ay, C Q5 U Q3. We claim that neither £2; N Q3 nor Q5 N 3
is an empty set. In fact, if Q; N Q3 = ), then A; = Q; U Q3 which implies that Q3 C A;. Thus,
fs € span{f; : i € A;}. This contradicts to the assumption that {f3, f; : i € A;} is linearly
independent. Therefore, Q; N Q3 # (). Similarly, it is shown that Q5 N Q3 # ().

Now, let i; € Q; N Q3 and i € Qy N Q5. Consider, A = (A\{i1,42}) U {1,2}. We want to

show that {f; : 7 € A} is linearly independent; thus, a basis for M/. Assume that

difi +dafs + Z difi = 0. (5.2.11)
171511}12

Substituting f; and f> with their associated sums, we have

1€ €82 ;gA‘
141,12

After pulling out f;, and f;, from the summations, we obtain

dia;, fi, + doby, fi, + di E a; fi + do E bifi + E difi =0. (5.2.13)
1€Qq S 1EA
i;ﬁil i;ﬁig ’i;ﬁil,iQ

Since €2y and (), are subsets of A, the above equation can be reduced to the following;

1722{\22

This implies that dya;, = dob;, = 0 because { f; : i € A} is linearly independent. We note that a;,

and b;, are nonzero since they are associated with the supports of f; and f5. Thus, dy = dy = 0.

58



Therefore, the equation in (5.2.11) is reduced to

> difi=0. (5.2.15)
iEA
i1 2

Since {f; : i € A, i # iy,i5} is linearly independent, we get that d; = 0 for all i € A\{i,i2}.

Thus, B = {f; : i € A} is linearly independent, and hence it is a basis for M. So, f; can be

written in terms of the vectors in B as

fs=cfi+cfo+ E ¢ fi. (5.2.16)
)
#Gil,%

We claim that both ¢] and ¢}, are nonzero. Indeed, if ¢| = 0, then ¢}, # 0 because otherwise,
Q3 C Q3\{i1, 72} which is not possible. Recall that the support of f3 with respect to the basis B

is {25. We have the representation: f3 = ¢;, fi, + ¢i, fi, + Z{iegg ¢; fi, where all the scalars are

1£11,02
nonzero. Combining this with (5.2.16), we obtain
fs=cfo+ Z cifi = cifi +cifi + Z ¢ifi- (5.2.17)
1€Q3 i€Q3
111,12 111,12
This implies that
c c 1
fo= a2t 5 D (=) (5.2.18)
C2 C2 “ o,
i£i1 iz

Since ¢ , c;

i, and ¢, are nonzero, we get that iy,i; € (2. Recall that iy € ;. So we have

i1 € €3 N Q. This contradicts to the assumption that 2; N Q5 = (). Hence, ¢} # 0. Similarly, it
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can be shown that ¢, # 0.

By the equation in (5.2.16) for f;, we get

1 c 1
fi= —,fg _ _/2 5 — — E C;fz (5.2.19)
il “ “ i€Q3
i#i1,12

To show that f; and f, are F' connected it is sufficient to show that { f3, fo, fi : @ € Q3,4 # 41,42}
is linearly independent since we already know that ¢, ¢, ¢, for i € Q3\{i,i2} all are nonzero.
Note that {2,7 : i € Q3,7 # i1,i} C B, so it is enough to show that f5 ¢ span{fo, f; : i €
Q3,1 # i1,12}. Indeed, if f3 € span{fo, fi : @ € Q3,7 # 01,12}, then by (5.2.16), suppg(f3) C
suppg(f3)\{1} which gives a contradiction. Hence, {fs, fo, fi : i € Q3,7 # 4,42} is linearly

independent, and thus f; R fa. [

As a result of the transitivity property of connected vectors, we have the following conse-

quence:

Corollary 5.2.2. Let F' = {f1,..., fn} be a connected sequence of H. Then for any nonzero

vector f € span{fi,..., fn}, the sequence {fi,..., fn, f} is connected.

Proof. Let f € span{fi,..., fy}. To show that {f1,..., fv, f} is connected, we show that f EiR
fiforall j € A =1,...,N. Write f = >_,_,, a;f; with o; nonzero for all i € A’, and {f; :
i € A" C A} is linearly independent. This implies that f & fi for any fixed i € A’. Because
{f1,..., fn} is connected, f; R fj forany i € A’,j € A. Therefore, by transitivity property of

connected vectors, f & fjforall j € A. ]

Let I/ = {f;}}¥, be a frame of H andlet ) # A C {1,...,N}and A° = {1,..., N}\A.
Define Hy = span{f; : i € A} and Hye = span{f; : i € A}.
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Proposition 5.2.3. If Hy N Hyc # {0}, then there exists i; € A, i5 € A° such that f;, & fio-

Proof. Since Hy N Hye # {0}, there exist 0 # f € Hy N Hye. So, there exist ) # A; C A and
() # Ay C A° such that

f= Z i fi = Z B (5.2.20)

i€EAY Jj€EA2

with o; and ; all are nonzero, and {f; : ¢ € A1} and {f; : j € Ao} are linearly independent sets.

Then for a fixed i; € A, we have

1 1
fo==—=) oifi+—> Bif (5.2.21)
" z;iA,l jens

which implies that f;, € span{f; : i € A U Ay, i # i1}. Thus there exists A3 C (A; U Ao)\{i1}
such that f;, = > ;.\, vifi withy; # 0 (i € Az) and {f; : i € A3} is linearly independent. Since
fiy & span{f; : i € Ay, i # i1}, we have Ay N Az # 0. Letiy € Ay N Az C A°. Then, f;, and f;,

are ['-connected. L]

Now, we are ready to prove the first main Theorem of this section that gives the relationship

among the three concepts; connectedness, IDP and {—independence of sets.

Theorem 5.2.4. Let F' = {f;} | be a sequence of H and let £/ =dim span{f; : 1 <i < N}. Then

the following are equivalent:
(i) F'is linearly connected.
(i1) F' has the intersection dependent property.
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(iii) F' contains an {—independent subset of cardinality of at least £ + 1.

Proof. We can assume that F'is a frame for H and dim H= /.

“(i) = (¢9) -” Assume that F'is connected. Let ) # A C {1,...,N},and A° = {1,..., N}\A.
By assumption, for any fixed j € A and j' € A°, f; & fj. In other words, there exist a sequence
of vectors {f; : i € Ay UMy, Ay C A, Ay C A} such that {f;, f; © i € Ay U Ay} is linearly

independent and

fi=afy+> aifi+ Y bifi (5.2.22)

€A 1€A2

with o, «; and (; all are nonzero. If we move the vectors associated with A; to one side and keep

the rest in the other side, we have

fi=Y aifi=afy+ Bifi (5.2.23)

€N €A

Note that the right hand side of the equation in (5.2.23) is nonzero because {f;,, f; : i € Ao} is
linearly independent and «v and [3; are nonzero for i € A,. Moreover, the right side of (5.2.23) is in

H - while the left side is in H,. Therefore, Hy N Hye # {0}

“(11) = (i1i) " Let N = ¢ + k and we prove the statement by induction on k. For k& = 1,
we show that every ¢ members in F are linearly independent. Without losing the generality it
suffices to show that { f1, ..., f;} are linearly independent. Assume to the contrary that { fi, ..., f;}

are linearly dependent. Then dim Hy < ¢ — 1, where A = {1, ..., ¢}. This implies that f,,, ¢ Hj
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since dimspan{f; : 1 < i < ¢+ 1} = (. Therefore Hy N Hx = {0}, which contradicts to the
assumption that F' has the intersection dependence property.

To complete the rest of the proof, we only need to show that if F' has the intersection depen-
dence property but does not have the /-independent property, then there exists a proper subset
Q of {1,..., N} such that has F' = {f; : i € Q} has the intersection dependence property and
dim spanF”’ = /.

Since £’ is not ¢-independent, there exists £ members from £’ that are linearly dependent. With-

out losing the generality we can assume that f; = > ._, «;fi;, where Ag is a subset of {2,..., N} of

i€Mo
cardinality less than ¢, and a; # 0. Let F' = { fo, ..., fn }. We show that F” still has the intersection
dependence property. Assume to the contrary that /” does not have the intersection dependence
property. Then there is a nonempty proper subset A of {2,..., N} such that Hy N Hy. = {0},
where A® = {2,..., N} \ A. This implies that both A; := AN Ag # 0 and Ay := A°N Ay # 0.
If fact, for example, if Ay := A°NAg = (), then Ag C A. So f; € H, and therefore we have
Hyopy N Haugyye = HANHpye = {0}. This leads to a contradiction since F" has the intersection
dependence property.

Write Ay = {i1,...,1;} and Ay = {Jj1, ..., i }. Then k +m = |Ag| < ¢. This implies that either
dim Hy > k or dim Hpe > m since dim Hp + dim Hye = £. We can assume that dim Hx. > m.
Extend Aj to abasis {j1, ..., Jm, Jmi1s - Jar } (M > m) for Hye and A; to abasis {iy, ..., ig, ..., ix }
(K > k) for Hy. Then B = {f; : i € B} is abasis for H, where B = {1, ..., i Jmi1s s jar } U
{t1, .. ik, .yix}. Let A = {i: f; € span{fj, ..., fj } }. Note that suppg(fi) = Ao, and A
and {j,41, ..., jm } are disjoint subsets of B. Moreover, {fj,, ..., fi..} U {fi, ..., fir, ., fic J is @
basis for H 4.. (Here we use the assumption that f; € span{f; : i € Ay} and A, is a subset of A°).

By the intersection dependence property we obtain that H 4 N H 4 # {0}. Therefore there exist
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vectors g1 € span{ fj,...; .-, fin }» 92 € span{ fj,, ..., f;,.} and g3 € span{f;, ..., fi, } such that

g1 = g2 + g3 # 0. This is impossible since

{fjm+17 ) ij} U {fju "'7fjm} U {fim ceny fzK} (5224)

are linearly independent.

“(#ii) = (i) :” Let S be an ¢ independent subsequence of F. Without losing the generality,
we assume that S = {f; : i € A} for A = {i : 1 < i < ¢+ 1}. First we show that S is
connected. Then the rest follows from Corollary 5.2.2 since f;; € spanS for any f; € F with
i" > £ 4 2. Assume that S is not a connected subsequence. Then there exist f; and f; in S such
that f; is not F' connected to f;. Note that f; € span{f; : i € A,i # j} because, otherwise,
if f; ¢ span{f; : i € A,i # j} then dimS = ¢ 4 1 which contradicts to the assumption that
¢ =dimspan{f; : i =1,..., N}. Write

fi=Y_aifi (5.2.25)

1N

with o; # 0 and A’ C A\{j, k}. Then [A’ U {j}| < (. This, by (5.2.25), implies that { f; : i €
AN U{ j}} is linearly dependent set, thus, gives a contradiction to /-independence of S. Therefore,

S is a connected subsequence. 0
As a consequence of Theorem 5.2.4 we obtain the following partition of frames:

Corollary 5.2.5. Let F' = {f;} | be a sequence of H. Then there exists a (unique up to permuta-

tions) partition {A;}7_, of {1,2, ..., N'} such that each { f; }ic, is linearly connected, and H is the
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direct sum of the subspaces H; =span{f; : i € A;}.

Proof. If F is not connected, then by Theorem 5.2.4, there exists a nonempty proper subset A of
{1,..., N} such that Hy N Hye = {0}. If both { f; };ca and { f;};cac are connected, then the result
follows. If not, by the same argument we can decompose the unconnected part until we obtain
connected subsets. By this decomposition, we obtain a partition {A;}7_, of {1,..., N} such that

the direct sum of the subspaces H; (1 < j < .J) is the original space H. [

5.3 Redundancy Distribution of a Frame

In this section, we introduce redundancy distribution of frames that helps us to characterize and

1l iform f d i (). Usi
construct spectrally one-uniform frames, and to compute maximum erasure errors, 7. Using

Corollary 5.2.5, we introduce the following definition:

Definition 5.3.1. Let ' = {f;} | be a frame for H, and let H;, A; be as in Corollary 5.2.5. Then

[A;

the redundancy distribution of /' is defined to be { } . We say that £ has the uniform
1<j<J

redundancy distribution if % is a constant for all j.
J

Let G = {g1,...,gn} be a dual frame of a frame F' = {f,..., fy}. Define Aq = {i :

(g, i) = n/N} and AG, = {1,2,..., N}\Aq.

Lemma 5.3.1. Let |AL| > 1 and iy, io € Af. If f;, and f;, are F-connected, then there exists a

dual G’ such that |A¢/| > [Ag].

Proof. Assume that f; and f;, are F'-connected. Then there exist a basis B C {fi,..., fx} such
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that fiQ € Band i, € SuppB(fh)’

fi, = cafi, + Z crfi, (c2 #0). (5.3.1)

ir.€supp(fiy )
k#£2

We can select G’ in such a way that either (g; , f;;) = % or (g;,, fi,) = . Indeed, since { fin -
ir, € suppg(fi,)} is linearly independent, there exists v € H such that (u, ¢, fi,) = (G, fi,) =0

for ik € Supp(fil)\{iQ} and <u7 C2f2'2> + <gi27 f12> = <52u7 f12> + <gi27 f12> = %

Now, let u;, = ¢u for iy, € supp(fi,), w;, = —u and u;, = 0 otherwise. Then
N
S {fow) = > (f.au)fi + (f.-u)fi (53.2)
k=1 i €supp(fi, )
= > (fwafi — (L (5.3.3)
ir€supp(fiy)
= (f, U>( > af, - f) =0. (5.3.4)
ir€supp(fiy)

Note that (g; , fi,) = (g, fi,) for all iy # 1,43 and (g;,, fi,) = . Thus, {g; } = {gs, + s} is

a dual frame of I such that [A¢/| > |Ag| + 1.

]

Remark 5.3.1. If [A%| = 1, thenforalli = 1,..., N (g;, f;) = &. Indeed, by assumption N — 1
vectors, say fi,. .., fx—1, have the property (g;, f;) = +. Because Zi]\il(gi, fi) = n, we also have

<gN7fN> = %

Corollary 5.3.2. If F is a connected frame, then there exists a dual G’ = {g/}}¥, such that

(g}, f;) = n/N for all i.
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Proof. Since F' is connected, we apply Lemma 5.3.1 successively to any dual frame G that is
constructed as a result of Lemma 5.3.1 until we obtain a dual frame G’ with (g, f;) = n/N for all

i. ]

Example 5.3.1. The converse of Corollary 5.3.2 is not true. Consider the frame ' = {ey,e1,e;} U
{eg, €9,62} in C2. It has a dual G = {e1/3,e1/3,e1/3} U{esa/3,e5/3,e2/3} with (g;, f;) = 1/3

fori = 1,2,3. However, f5 = e; and f; = e; are not F'-connected.

Let FF = {f;}}X, = U/, F; be a frame with a partition {A;}7_, of {1,..., N} and F; = {f; :

i € A;} is linearly connected. Let n; = dim H; = dimspan{f; : ¢ € A;}, N; = |A;| and

Proposition 5.3.3. There exist a dual frame G; = {g; }ica; of F; with (g;, f;) = d; forall i € A;.

Moreover, there exist a dual frame G’ of F' such that (g, f;) = d; forall i € A;.

Proof. Since for a fixed j = 1,...,J, F} is a connected frame for H;, by Corollary 5.3.2, there

exist a dual G; = {g;}ica, of Fj such that (g;, f;) = % = d; for all i € A;. This completes the
J

first part of the proof. For the second part, let h € H. Then h has a unique representation:
h=hi4-+hj+--+hy, (5.3.5)
where h; € H;. For afixed j € {1,..., J}, define a projection
P, - H— H; suchthat P;h = h;. (5.3.6)

Now set g; = P7g; fori € A;, where P} is the adjoint operator of ;. Since P;f; = f; for all
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i € A;, we get that

(9, fi) = (P}gi, fi) = (9i, Pifi) = (gi, fi) foralli € A;. (5.3.7)

Thus, it is enough to show that U‘jjzlG; isadual for F. Forany h = hy+---4+h;+---+hy € H,

we have
N
S hgfi=S (g fit -+ S g fit o+ Y (kg (5.3.8)
i=1 = i€A, i€y
=S Pigh it Y (PR fit o+ D (b Plgi) fi (5.3.9)
ieAy e i€A
= Z(Plf%gi)fi +- Z<Pjh>gi>fi + Z(Pjh,gi>fi (5.3.10)
i€ i€A; ieAy
=S b g fit o+ hygdfot o+ Y (hugi) fi (5.3.11)
i€A1 e i€Ay
=h+--+hj+---+hy=nh (5.3.12)
Therefore, U‘] 1 G is a dual of F' with (g;, f;) = d; forall j € A;. ]

The following lemma gives us the precise value of rg) for any given frame F'.

Lemma 5.3.4. Let F' be a frame and {d; }/_, be its redundancy distribution. Then rg) = max{d, :

j=1,...,J}. In particular, rg) only takes rational values.

Proof. Let G be a dual of F' with rg)G = rg). By Proposition 5.3.3, there exists a dual {g/}Y, of
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F with (g}, fi) =d; foralli € Ajand 1 < j < J. Then

r < max |(g}, fi)| = max d;. (5.3.13)

T I<i<N 1<5<J

For the other side of the inequality, let (); be the orthogonal projection from H onto H;, where
H; = span{f; : i € A;}. Then we show that for any dual G = {g;}\_, of F', {Q;g;}ica, is a dual

of {fi}iea,. Let ' € H;. Then we have that

N N N
W= (W)t =Y Qi g0 fi =Y (W, Qg f: (5.3.14)
=1 =1 =1
= (W, Qig) i+ D (W, Qug) i+ + ) (W, Qi) (5.3.15)
i€ i€EA; iEAy
= > (M, Qi) f:, (5.3.16)
icA;

where in the last equality we use the fact that / is the direct sum of H}’s. Thus, {Q;gi}ica, is a
dual of { f;}ica,, as claimed.
Since max;eq; [(@;9:, fi)| > % = d; and (Q;9i, fi) = (9:, Q;fi) = (g, fi) foralli € Ay,

for each j we get that maxien, [(g;, fi)| > d;. This implies that

] ] > i oJe
ax |{gi, fi)| 2 max d;; (5.3.17)
hence, rg) > max{d; : 1 <j < J}. Therefore we obtain rg) =max{d; : 1 <j < J}. O
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5.4 Characterization and Construction of Spectrally One Uniform Frames

In this section, we give the characterization and construction of spectrally one-uniform frames.
In the following theorem, with the help of Theorem 5.2.4, we are able to characterize all the

frames that admit dual frames so that the maximal one-erasure reconstruction error is minimal.

Theorem 5.4.1. Let F' = {f;})¥, be a frame for H. Then the following are equivalent:
(1) [ is spectrally one uniform frame;
(i1) F' has the uniform redundancy distribution;
(iii) There exists a dual frame G = {g;} Y, of F such that {g;, f;) = n/N for all i

(iv) There exists a dual frame G = {g;}¥, of F such that |{g;, f;)| = n/N for all i.

Proof. Clearly we have (iii) = (iv) and (iv) = (7).
“(1) = (i) ” Let rg) = %. Assume for a contradiction that F' does not have the uniform
redundancy distribution. Then, there exists jo € {1,...,.J} such that d;, <  since d; < % for

all j by Lemma 5.3.4. Then, for n; = dim H; and N; = |A,|, we have

J J
n:an:Zdej:Zdej—l—Njodjo (541)
j=1 i=1 i#io
n n
< (N = Np)55 + Njozg = (5.4.2)

which is a contradiction. Thus, " has the uniform redundancy distribution.

“(17) = (447):” Assume that F' has the uniform redundancy distribution. Then d; = d for each

j=1,...,J. Since G; is a dual of F; with (g;, fi) = d; = dforalli € Aj, (g;, f;) = d for all
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i € {1,...,N}. The fact that n = Zfil(gi,fi} implies d = n/N. Thus (g;, f;) = n/N for all
i. O

Our third main result tells us that frames with any prescribed redundancy distributions can be

easily constructed.

Theorem 5.4.2. Let d; = 3+ € (0,1) with the property that Z}J=1 n; = n and Ejzl N; = N.
J
Then there exists a frame F' = { f;})¥, such that its redundancy distribution is {d, }3]:1. Moreover,

such a frame F' can be explicitly constructed out of any given basis of H.

Proof. Letd; = ;—2 € (0,1). Let F' = {f;}!~, be a basis for an n-dimensional Hilbert space H.
Then we can decompose F into J subsets F; = {f;}icn; With Aj = {n;_1 +1,...,n;_1 +n;}
so that Z}]:1 n; = n. Clearly, F} is a basis for H; = span{f; : ¢ € A;}. For any j, pick any
N; — n; vectors, say hj, for 1 < k < N; —n; with h;; = Z:Z;i:ljrl fi, from H;. Note that the
set {h;1, fi : i € A;} is connected. Indeed, since h;; is connected with every f;, i € Aj, by the
way it is chosen, f; is connected with f, for all ¢ # k, 7,k € A; by the transitivity of connected
vectors. Then, by Corollary 5.2.2, Fj = {fi vieN;}U{hjr : 1 <k < N;—n;}isaconnected
frame for H; with cardinality N;. Hence, % = K,—Jj = d;. By the construction of F7, for any

fixed j none of the vectors in FJ’ is connected with any of the vectors in F;, with ¢ # j; thus, we

have a frame F’ = U7_, F/ for H with redundancy distribution {d;}7_,. O

Let G be a group and 7 is a unitary representation of G on a Hilbert space H. Then a group
representation frame is a frame of the form {7 (g)¢},cg, where ¢ is a fixed vector in H. This
type of frames have played important roles in establishing the connections of frame theory with

representation theory, operator algebra theory, operator valued measures and applications (c.f.
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Corollary 5.4.3. (i) If F is a uniform Parseval frame, then it has the uniform redundancy distribu-
tion.

(i1) If F is a group representation frame, then it has the uniform redundancy distribution.

(iii) Assume that F' has the uniform redundancy distribution and N and n are co-prime to each

other. Then F' is connected.

Proof. (i) Let F' = {f;}}¥, be a uniform Parseval frame and S be the frame operator of F. Then,

for all 7,

(57 e = 10Fis )] = 2 = - (54.3)

By Theorem 5.4.1, F' has the uniform redundancy distribution.

(ii) For a fixed vector ¢ € H, let F' = {m(g)¢}4eq be a group representation frame with
associated frame operator S where 7 is a group representation of a finite group G on H. Then,

since {S™'7(9)¢}yeq = {7(9)S ' ¢},eq is a canonical dual of F', we have that

(m(9)S "o, m(9)¢) = (S'p, ¢) = (529,57 %¢) = ||~ (5.4.4)

is a constant for all ¢ € G. Hence, by Theorem 5.4.1, F’ has the uniform redundancy distribution.

(ii1) Let » and N be coprime and F' be a frame with the uniform redundancy distribution. For

72



n; = dim H; and N; = |A,|, by Theorem 5.4.1, we have that

1

N;

for1 <j;<J (5.4.5)

n
N

with n, = 37

j=1

n; and N = Z‘j]zl N;. Then n;N = nN; for any fixed j € {1,...,J}. By
assumption n does not divide N; so n divides n;. Since n > n;, we get n = n; . This implies that

J = 1. Thus F'is a connected frame. O]
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CHAPTER 6: SPECTRALLY TWO-UNIFORM FRAMES

The main aim of this chapter is to characterize spectrally two-uniform frames that have 2-optimal
dual frames with respect to spectral radius measurement. At this moment, we do not have a com-
plete characterization of two erasure spectrally optimal dual frames but we will present some partial

results.

6.1 Spectrally Two Uniform Frames

In this section, we define spectrally two-uniform frames and give their relationship with two-

erasure spectrally optimal dual frames.

Definition 6.1.1. Let F' be an (N, n) frame. Then F is called spectrally two-uniform frame if

Nn—n?

there exists a dual frame G of F' such that (g;, fi)(g;, f;) = c is constant where ¢ = VT

Theorem 6.1.1. Let F' be an (N, n) spectrally one-uniform frame. Then F' is spectrally two uni-
form frame if and only if there exists a dual G such that rg) = rg)G =5t/ ]ég?T_f; In other
words, F'is spectrally two uniform frame if and only if /' admits 2-erasure spectrally optimal dual

frame.

Proof. Let F be a spectrally two uniform frame and G be a one-erasure spectrally optimal dual

frame of F' with (g;, f;){(gi, ;) = ]\%?T’fi) for all 7 # j. Consider the error operator F, for
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|A| = 2. Then the spectral radius of error operator is
r(Ex) =1(05DaOF) = 1(0G Dy DrOF) = r(DAOrO D} ). (6.1.1)

where O and O are analysis operators for F' and G, respectively, and D, is an N by N diagonal
matrix with d;; = 1 for ¢ € A and zero otherwise. For the spectral radius of £, we consider the

characteristic function of A, ;;

s [t s 612

(96, f5) {95, f3)
fori # jandi,j € 1,...,n. The characteristic function is
((gi, fi) = Mg, f5) = A) = (g5, fi){gis £5) = 0. (6.1.3)

Since G is 1-erasure spectrally optimal dual frame, i.e., (g;, f;) = n/N, the characteristic function

becomes

(% ~ N = g5, filgi ;) = 0, (6.1.4)

which leads to

A= %i,/@j,fixgi,fj). (6.1.5)
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Since F is spectrally two uniform frame, (g;, fi)(9:, f;)

2) n nN —n?
e TN T\ N 1)

nN—n?

= N2(N-1)

Assume that ¢;; = (g;, fi) (i, f;) is not constant for all j # i. Then

N — 2
Z |¢jil > Zcﬂ = %
g gy

This implies that

nN — n?
max |cji| > 5 = C.
Z?J

N2(N — 1)

Thus, there exist joy, i such that |c;,;,| > ¢. Then

n n ;
|N + (Cj0i0)1/2} - |N + |cj0io|1/2e 0/2‘

0 . .0
1/2 cos 5 + i|cjpip |/ sm§‘

6

n
= |N + ’Cjolb’

N

2 0 n
~35 T |cj0io| COS2 == 2_|Cj0io|

(N2 2 N
(

1/2

COS —

n
+ |cj0i0| + 2N|Cj0io| 9

N2
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n 0\ 2 .
((— + |ij.0|1/2 COS 5) + |Cj0i0| sin”“ —

" 12,05 2

9 )1/2
2

6 ANE:
cos = + |Cjyio| SR —>

7

2 2

for all 7 # j. Therefore,

(6.1.6)

(6.1.7)

(6.1.8)

(6.1.9)
(6.1.10)
(6.1.11)
(6.1.12)

(6.1.13)



Hence

n
max ‘N + (Cj0i0)1/2|

n? O\1/2 /s n? n Oy 1/2
= masc{ (55 + leal + 2wl 05 5) (7 + lesol = 257 leaa 05 5)

(6.1.14)

2
(6.1.15)
n? 2n 4 2 1/2
Z<ﬁ+c+ﬁc/> :N+c/. (6.1.16)
This implies that
) n n nN —n?
r%) = memaX{T(Ai )= N + 2= N + NN -1 (6.1.17)
Hence, Tg) = rg)G

such that (2) n

For the other side of the proof, assume that /' has a one-erasure spectrally optimal dual G
nN—n?2

Nevoqy- Assume that there exist a pair of indices (10, Jo) such that
(Gjos fio) (Gios fio) < % Because of the fact

N N
ZZ g]afz gZ)fj _Z<gj7fj> =n. (6.1.18)
7j=1 i=1 j=1

there exist a pair of indices (i1, j1) such that (g;,, fi,){gi,, 1) > =2 —n?

NN-T)" This implies that

@ n N 6.1.19
RGN A NN — 1) (O

However, this contradicts to the assumption. Therefore, (g;, f;)(g:, f;) has to be constant for all
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1,7, # j. This implies that F' is spectrally two uniform frame. U

6.2 Spectrally Two-uniform Frames for N =n+ 1land N =n + 2

In this section, we give the characterization of spectrally two uniform frames when N = n + 1 and

give a necessary condition on frames for N = n + 2.

Proposition 6.2.1. Let ' = {f;}Y, be a spectrally one-uniform frame for an n-dimensional H. If

N = n+ 1, then F'is a spectrally 2-uniform frame if and only if F' is n-independent.

Proof. First of all, we assume that /' is an n-independent frame and we show that [ is a spectrally

n

2-uniform frame. Let F' = {e1,...,e,, > i, a;e;} be a frame where {e;}7, is the standard

orthonormal basis for an n-dimensional Hilbert space. Because F'is spectrally one-uniform frame,

it has a 1-erasure spectrally optimal dual, say GG. Then by the definition of frames we have

n+1
€ = Z(em fi)9i = 9i + QiGn+1, fori=1,...,n. (6.2.1)
i=1

Since G is 1-erasure spectrally optimal,

n

<fi;gi> = <€i,9z‘> = ntl

n

<fn+17gn+1> = Zai<€iagn+1> =

i=1

fori=1,...,m, (6.2.2)

n
n+1

(6.2.3)
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Moreover, by 6.2.1 we have ,

(€i,€:) = (€is 9i) + ai(€is Gnt1) = 1 fori =1,...,n, (6.2.4)

(ej,€i) = (€5, 9i) + ai(€j, gnt1) =0 for j # 1. (6.2.5)

Therefore, for k # 0, k, 0 =1,... n,

(fr> 9e)(fo, gr) = (ex, ge){ee, i) (6.2.6)
= —ay(ek, gn+1) - —ak{€r; Gn+1) (6.2.7)
_ 0= (ex; gr) i (ee, g0) (6.2.8)
ay ay
:(1_nil><1_nil>:(ni1)2’ (6.2.9)
which is equivalent to % where in this case N = n + 1. Furthermore, for k = 1,...,n we
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have

<fk7gn+l><fn+1>gk: ek gn+1 Zazezagk (6210)
=1
= (er gns) | D ailes, g ) (6.2.11)
=1
_ 1ot (Z (i g +ak<ek,gk>) (6.2.12)
i£k
6 )
= b gk (Z apa; ezagnJrl) + ak(l - ak<ekagn+1>)) (6213)
ik
R G ( az (e:, gn+1>) (6.2.14)
1 n 1
a1 - ) _ 6.2.15
ak(n+1)ak( n+1 (n+1)2 ( )

since (ey, gx) =n/(n+ 1) and > a;{e;, gnt1) = n/(n+1).

This proves that if F'is n-independent then F' is spectrally 2-uniform frame.

For the other side of the proof, assume that F' is not n-independent such that F' = {eq, ... ,e,, Y i a;e;}
for s < n. Let G be a 1-erasure spectrally optimal dual frame. Then by the definition of frame we

have

€ = Ggi + a;igni1 fort=1,...,s (6.2.16)

€ = g fori=s+1,...,n, (6.2.17)
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and

(e5,e:) = (€, gi) + ailei, gnr1) = 1 fori =1,...,s, (6.2.18)
(ej,ei) = (ej,9i) + ai(€j, Gnt1) =0 fori=1,...,s, j #1, (6.2.19)
(e;,e;) = (€5, 0i) =1 fori=s+1,...,n, (6.2.20)
(ej,e;) =(ej,9:) =0 fori=s+1,...,n, j#i. (6.2.21)

Since G is l-erasure spectrally optimal dual of F', we have (f;, ¢;) = (e;,9;) = n/(n + 1) for

i=1,...,n+1and

s
n

(fas1s Gnt1) = ; ai{ei, gnir) = ~ R (6.2.22)
Note that since (e, g,) = Ofor j # n by 6.2.21 we have
(frt1sGn) = Z%’(ei,gn) =0 (6.2.23)
i=1
Thus, {f, gn+1)(fns1, gn) = 0. Therefore, F is not spectrally 2-uniform frame. O

Proposition 6.2.2. Let F' be a spectrally one uniform frame. For N = n + 2, if F'is a spectrally

2-uniform frame, then F' is n-independent.

Proof. Assume that F' is not n-independent. Let F' = {ey,...,e,, > . | ae;, > o, bie;} fors <n
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and G be a 1-erasure spectrally optimal dual of F'. Then by the definition of frame we have

€ = §i + Qigns1 + bigne fori=1,... s

ei:gl-—i—bignﬂ fori:3+1,...,n

Moreover, we have

(€, €i) = (€is 9i) + ai(€is Gnt1) + bi(€is Gny2) =1 fori =1,...

<€j7€i> = <€j7gi> + ai<ej7gn+1> + bi<€j7gn+2> =0 fori = 17 B P

(e, ei) = (€, gi) + bi(ei, gny2) = 1 fori=s+1,...,n,

(ej,e;) = (ej,9i) +bi(ej, gnia) =0 fori=s+1,...,n, j #i.
Since G is 1-erasure spectrally optimal dual frame, we have

(fi g = (i gi) = ——  fori=1,....n,

n -+ 2
fn—l—la gn—l-l Z a; ezy gn+1 _I_ 2
fn+27 gn+2 Z b eza gn+2 n+ 2
Note that by 6.2.28 we have
1—n/(n+2) 2
<f8+17 gn+2> - <€S+17 gn+2> - b5+1 - b5+1<n + 2)
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(6.2.24)

(6.2.25)

(6.2.26)
(6.2.27)
(6.2.28)

(6.2.29)

(6.2.30)

(6.2.31)

(6.2.32)

(6.2.33)



and since D, bi(€i, gn+2) = n/(n+ 2) — bspi1(€st1, gn2) by 6.2.32, we have

fn+2> gs+1 Z bi(€i, gs+1) Z bi€i, gs+1) + bs+1<es+17 gs+1> (6.2.34)
i#s+1
n
= > bilei, o) + ber1—— (6.2.35)
) n+2
i#s+1
n
= > bi(=bes1(€i, gns2)) + baga (6.2.36)
n -+ 2
i#£s+1
= byi(e= D biles gusa) (6.2.37)
i£s+1
= bys (n/(n+2) = (0/(n+2) = besr{enst, gus2)) ) (62.38)
1—n/(n+2) 2
Y A Nt A A : 6.2.39
s+1 b3+1 +1n + 2 ( )

where the last equality follows from 6.2.28. Thus,

2 2 4

S y JINn n I - S = . 6.2.40
(fst1, gnt2) (fs2, Grt1) bnt2) M ht2 . (nt2p ( )
However, if ' were a 2-uniform frame then (an)Q = (Z(jj)ig;jl) But this is impossible since

2n # 4n + 4. Hence, F is not a 2-uniform frame. O]

Let F' = {ey, €3, a161 + agea, biey + baea} be a frame and G = {g1, g2, g3, ga } be a l-erasure

spectrally optimal dual frame of F'. In the frame definition letting f = e; and f = ey, respectively,
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we have

e1= g1+ aigs + bi1ga

ey = g2 + a2g3 + baga.

Since G is 1-erasure spectrally optimal dual frame,

<€1>91> = % = <€2,g2> = <f3,93> = <f4,94>-

Then we have

(e1,€1) = (e1, 1) + ar(er, g3) + bier, ga) = 1
(€2, €2) = (€2, 92) + az(e2, g3) + ba(e2, g4) = 1
(€2, €1) = (€2, 1) + ar(e2, g3) + bi(ez, g4) =0
(e1,€2) = (e1,92) + az(er, g3) + baer, g4) =0

(f3,93) = ai{e1, g3) + azlez, g3) =

[l Y

(f1,94) = bi(e1, ga) + baea, ga) = =.

(\]

Set (e1, g4) = x and (eq, g4) = y. Then by 6.2.44 and 6.2.45, we obtain

< > 1 by
e1,03) = — — —=x
1,93 2, a
1 by
(e2,93) = %0y a_2y'
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(6.2.41)

(6.2.42)

(6.2.43)

(6.2.44)
(6.2.45)
(6.2.46)
(6.2.47)

(6.2.48)

(6.2.49)

(6.2.50)

(6.2.51)



By 6.2.48 or 6.2.49, we get a relation between x and y such that

1 b
ST
Thus, 6.2.50 becomes
. 1 b1 1 b2 o b2
<61,93> N 2@1 aq (2b1 b1 y) aq

(6.2.52)

(6.2.53)

Now we find the pairs by solving the identities in 6.2.46 and 6.2.47 for (es, g1) and (e, g2) respec-

tively.

(e1, g2) (€2, 1) =(—bax — az(e1, g3))(—ai(e2, g3) — b1y)

B 1 by by 1
—<—52(2—b1 - ay) _a2a_1y)<_a1(2_a2__

b b2 b a ab
=<——2+—2y—a2—2y)(——1+%y—bly
2

2b1 bl ai 2a,

y) — bw)

 —a1by — 2a3b1bay + 20105y 2a1byy — 2ab1y — ay

2&1()1 2@2

. —2a%b§y + 2@1@2[)1()23/ + a%bg - 4a1a2b1b§y2 + 4@%[)?1)23/2

4@1&2()1

n 2a1a9b1boy + 4a3b3y? — dayasbib3y? — 2a3b3y

4@1@2[)1

(4a2b3by + 4a2D3 — 8ayasbib3)y? + (4ayasbiby — 4a2b2)y + a2by

4@1&2[)1
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(6.2.54)

(6.2.55)

(6.2.56)

(6.2.57)

(6.2.58)

(6.2.59)

(6.2.60)



(e1,93)(f3, g1) =(e1, g3)(ar{er, g1) + az(e2, g1))

bg aq
2
bQ aq ( 1 b2
aly 2 e 2&2 (ZQy
b
:—Q?J(albw — asbyy)
a
_bQ 2
=Y (a1b2 — CL261>.
a1

(e1, 9a)(f1, 91) =2 (b1{e1, g1) + bale2, g1))

o 1-— ngy (Igbl — Cblbg + 2alb§y — 2a2blbgy

1 by by

:a_ly(_ + ax((— ar{e2, g3) — bl<€2»94>))

) — agbly)

(Z_bl — b_ly) <§ -+ bQ( — a1<627g3> - bl<€27g4>)>

1—2b b 1 b
= 2y (—1 - albz(— -2 ) - blbzy)

2b1 2 2@2 a9 4

2b1 2(12

(6.2.61)

(6.2.62)

(6.2.63)

(6.2.64)

(6.2.65)

(6.2.66)

(6.2.67)

(6.2.68)

(6.2.69)

_CLle — a1b2 + 2a1b§y — 2a2b1b2y — 2a2b1b2y + 2a1b§y — 4&1[)%]./2 -+ 4@2[)1[)3@/2

4@261

(4@2[)1()3 — 4(11b%)y2 + (4&1[)3 — 4a2b1b2)y + agbl — albg

4@261
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(e2,93)([f3, g2) =(ea, g3)(ai{e1, g2) + az(ez; g2)) (6.2.71)

1 by as

:(2_@2 - a_2y> (a1(—az(e1, gs) — baler, g4)) + 5) (6.2.72)
1—2b b a
— 20s 2y< - &1a2a_21y — ajbyx + 52) (6.2.73)
1-— 2b2y 1 bQ a2
= — agboy — arby(— — — — 6.2.74
Sy ( a202y — ay 2(2b1 bly)+ 2) ( )
_ 1-— 2b2y —Q(Ilebgy — albg + 2alb§y + CLle (6275)
2as 2by
—26L2b162y — a1b2 -+ 2a1b§y —+ agbl —+ 4&2[)1[)33}2 —+ 2a1b%y — 4&1[)%3/2 — 2a2b1b2y
N 40/2171
_ (4a2b1b§ — 4a1b§)y2 + (4a1b% — 4a2b1b2)y + CLle — (llbg . (6276)
4@2[)1
b
(€2, 94)(f1, 92) =y (b1 (e, g2) + balez, g2)) = y(bi(—az(er, gs) — baler, ga)) + 52) (6.2.77)
b b
=y( — asbi—y — bibyr + =) (6.2.78)
aq 2
a2b1b2 1 b2 b2
—ul — —biby(— — 2= = 6.2.7
y( p_— 12(2b1 bly)+ 2) (6.2.79)
b1b
—y( - “2a1 2y + b2y) (6.2.80)
1
2 ba
=y a—l(albg — agbl). (6281)
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(f3,94)(fa, g3) =(a1(e1, gs) + az(e2, ga))(b1{e1, g3) + ba(e2, g3)) (6.2.82)

by 1 b

=(ayz + agy) (bl—y + b2(2— — —2y)> (6.2.83)

a9 a9

aq &162 albg — 2a162y + 2&2b1b2y
(o by 6.2.84
(261 by v+ ay) 2a1az ( :
:a1 + 2a2b1y 2a1b2y a162 — 2alb%y + 2a2b1b2y (6285)
2b; 2a1a9
_a%bg 2a1b§y + 2a1a2blbgy 4a1agblb§y + 2a1agblb2y (6286)
4a1a2b1
N 4a2b3byy? — 2a2b3y + 4atbsy® — 4ayasb bay? 62.87)
4&1&2[)1
(4a2b2b2 + 4a2b3 — 8ayasbib3)y? + (4ayasbiby — 4atbl)y + CleQ

(6.2.88)

4&1&2[)1

We observe that equation in 6.2.60 is equal to equation in 6.2.88, equation in 6.2.65 is equal to

equation in 6.2.81 and equation in 6.2.70 is equal to equation in 6.2.76. If (F, ) is two uniform

frame pair, then all these six equations has to equal to 1/12 since % = % Now set equation

in 6.2.65 to 1/12 and solve for 3%, we get

2 ai
= . 6.2.89
y 12()2((11()2 — agbl) ( )
Substituting 32 to equation in 6.2.60 and setting equation in 6.2.60 to 1/12, we have
2
i b —a Ab2(a1be — asbi)? + daiba(azby — arbe)y + aib _ 1 (6.2.90)

4@1(12()1 12
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After simplification, we get

ale — G,le + 1262y(a2b1 — ale) + a,lbg = (Igbl. (6291)

Solving the equation for y, we get

1
= —. 6.2.92
Y= 50 ( )

By 6.2.89 and 6.2.92, we have
ay 1 .
= €., 6.2.93

12b2 (CleQ - a2b1> 366%’ e ( )
a2b1 = —2a1b2. (6294)

Finally, substituting the values of y2, y and a»b, into the third equation 6.2.70, we get

Y = ey A03 (asby — arb) + 4bz(arby — azby) gz + azby — aib
(e1,94)(fs, 1) = dagh
201
o % + §3a1b2 — 3a1by (6.2.95)
—8a1b2
1 1
_ 1,1 6.2.96
6 7 12 ( :

We get a contradiction. Therefore, F' is not spectrally two uniform frame.
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CHAPTER 7: EXAMPLES

In this chapter, we give some examples on frames. First one is an example on the frame whose
standard dual frame is one erasure optimal dual frame with respect to norm measurement but the
standard dual frame is not one erasure spectrally optimal. Second example is on a frame that
attains a dual frame that is 1-erasure optimal dual frame with respect to norm measurement but not
a 1-erasure spectrally optimal dual frame. The last one is an example on how we find a one-erasure
spectrally optimal dual frame of a given frame using the partition idea of frames with respect to
the redundancy of partitioned frames.

The following frame in two dimension is an example whose standard dual is 1-erasure optimal

with respect to norm measure but it is not 1-erasure spectrally optimal dual frame.

Example 7.2.1. Let F" be a (3, 2) frame such that

s : (7.2.97)
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. Then, the frame operator S and its inverse S~! are given by

where a® =

1++/3
2

2 2 1+a? a?
g [Pt @ and S1= | P2 12 (7.2.98)
(12 1 + a2 a? 1+a?

T 1+2a2 1+2a2

respectively. Thus, the standard dual S~ F of F' is

1+a? __a? a
1+2a2 14+-2a2 1+2a2
) : (7.2.99)
__a? 14-a? a
1+2a2 14-2a2 14-2a2

Note that
VI+2a2+2a% V14202 +2a* 24
MS=1 1) —
Zrznl%XIB{HﬁHHS fill} max{ o2 11202 142 (7.2.100)
1 1 1
:max{ +\/§, +\/§, +\/§} (7.2.101)
2+v3 2+v3 2+3
1 3
= +\/_%0.7321. (7.2.102)
2+/3

Therefore, by Theorem 2.3 in [44], we conclude that S~ F is the optimal dual of I with respect

to norm measure. Furthermore,

1+CL2 1—|—a2 a?
11’21115}2}’(3{|<S f27f2>|} maX{1+2a27 1+2CL27 1+2CL2 (72103)
3 3 3 3 1 3
ImaX{ +\/_, +f, +f} (7.2.104)
4423 442324+ /3
1
_LHV3 s (7.2.105)
2+ /3
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Thus,

6F,S*1F =TFrs-1F ~ (0.7321.

On the other hand, F" has an optimal dual G that is

1+a® __a® _ _a
G . 1+2a2 + b 1+2a2 + b 1+2a2 ab
- 9 9 I
__d? 14-a? a®>
gz T 0 oqz T 0 a2 — ab

V3-1

where b = ) And,

(2+V3)(4+2V3

max {[(gi, fi)|} = max

{4+3\/§ 4+3/3 4+3\/§}_4+3\/§
T+4V3 T+4V3 T+ 43 7+ 43

Hence,

rrG <Trs-1F.

~ 0.6603.

(7.2.106)

(7.2.107)

(7.2.108)

(7.2.109)

Therefore, we can find a frame F whose standard dual S~!F is optimal under norm measure and

has an optimal dual G under spectral radius measure that is not the standard dual .

Let GG be a 1-optimal dual of a frame F' with respect to norm measure. This does not imply that

G is 1-erasure spectrally optimal dual We can find a dual H, different than GG, which is 1-erasure

spectrally optimal dual frame. There exists frames whose optimal dual frames with respect to norm

and spectral radius measure are different. Lets see the following example.

92



Example 7.2.2. Let H = R?. Consider the frame F' = {f;}?_, given in which is

1 0 1

S = , VR (7.2.110)
1
o 11 |+

This is a uniform non Parseval frame. In ([44]) it is given that the standard dual of F'is

3 _1 1
Sp = N R (7.2.111)
_1 3 1
4 4 2v2
It is shown that the frame

3—/3 1—V/3 V3-1
G = 200 (7.2.112)

1-v3 3-v3 V3-1

4 2 V2

is the unique optimal dual for F' with respect to norm measure. We claim that the frame

(7.2.113)

Il
wl=
Wi
W=
SSEEN

is an optimal dual frame for F' with respect to spectral radius measure.

Proof. First note that to find the spectral radius of frames with 1-erasure, we find the maximum of
eigenvalues of the operator O DO, where © and OF, are the analysis and synthesis operators of

the frame F’ and the dual frame G of F', respectively. In other words, we maximize the eigenvalues
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\; for i = 1,2, 3 which are of the form
(z, fi)gi = N\ for x € R?. (7.2.114)

Let x = g; in (7.2.114), then (g;, f;)9; = A\ig;. If we take the inner product of both side with the

frame vector fi, we get

(g6 fi) 9> i) = Nilgi, fi), or (gi, fi)(gi, fi) = Nilgis £i) (7.2.115)

which implies that \; = (g;, f;)

An optimal dual frame is the sequence {S~' f; + h;}2_, such that
max{[(S™"f; + hs, f:)|} (7.2.116)

is minimal for all {h;}_, where S_°_, (x, f;)h; = 0 and 2 € R2. Then, all {h;}?_, must be of the

following form ([44]),

a —V2a
hl = hg = s and h3 = (72117)

b —/2b

Thus, the function that is to be minimized is
L(h) := max {|<5-1f1 Ry O (ST o+ Ry fo)], (ST s — V2R, f3>} (7.2.118)

where h = [a, b]T.

To simplify the calculations, we first show the existence of an optimal dual frame with respect
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to spectral radius measure with @ = b. To show the existence of such a dual frame, we show that
7 ~ T
at+b a+b
L(h) < L(h). where h =0, }* and b = [52, #2]

Let T : [a, b] — [b, a]. Note that (S~1f;)T = S71fy and (S~1f3)T = S~1f;. Therefore, we

obtain

9

<S_1f1 + hot b f1>

5 7'<S_1f2+h+m f2>

2 )

L(h) = max {

—2(h + hi)
AL j)

‘<S‘1f3 n } (7.2.119)
= max{%|(25'_1f1 +h+ AT, f1)], %|<25’_1f2 +h+ 0T, f2)],

;@S4ﬁ—vﬂh+m%ﬁﬂ} (7.2.120)

—_

— max{—|<51f1 + R, f1) + (ST A+ RE ), %|<Slf2 + R, fo) + (ST fa + B, fo)],
1

[\

(S fs — V2, fa) + (S fs — V20T, f3>\} (7.2.121)

(7L b f)] + ST+ 1))

VAN

=

&)

"
—N

NN N = NN o= N

/N 7 N /N 7N 7N /™

(57 o+ b ) + (57 + W 1))

(571 = V3, 23] + 157 = VR )] } 72122

(57 + by ) + (ST i+ T A )
(57 fa = V3 )| + (57 s = V2T, £)]) (72.123)

(ST 1+ Ry f)| + (ST + B)E, £3)

:max{
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= max{%(‘(Slfl +hy f)| (ST o+ By fo) )

(S b ) (57 + 1 1)),

%(\(S‘lfg — V20, f3)| + (S fs — V/2h, f3>\) (7.2.124)
< max { (S 4 by )], [0S o+ By )], [ (S fs = V20, f)] } (7.2.125)
= L(h), (7.2.126)

where the last inequality follows from the fact that x—gy < max{z,y} for z,y > 0.

Now taking a = b, we will find a that minimizes the following function

3 3 1
L(a) := max{(rra), Z—l+a‘, 5~ 2 } (7.2.127)
We show that for a = —1/12, we have
2 22 2
L(a) :=max{ =,=,= p = =, (7.2.128)
3°'3°3 3
minimal, and therefore,
2 _1 V2
L O L O (7.2.129)
1 2 V2
3 3 3
is an optimal dual with respect to spectral radius measure for F. In fact, letting a = —1/12 + ¢,
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L(a) becomes

3 1
— 5 te€

3+
1412

3
L(a) == 2
(a) max{4 12+e

7‘%_2(_1_12“)‘}, (7.2.130)

In order to maximum less than 2/3, |2/3+¢| < 2/3 and |2/3—2¢| < 2/3. However, |2/34¢| < 2/3
when —4/3 < e < 0and |2/3 —2¢| < 2/3 when 0 < € < 2/3. So, equations never simultaneously

less than 2/3.
Hence, we have found an optimal dual K of F' with respect to spectral radius measure that is

not exactly the optimal dual GG with respect to norm measure such that

2
ek = 3 <V3—-1=rpg=0drgc. (7.2.131)

]

Now lets see how we can construct a spectrally 1-erasure optimal dual frame for a given frame

using redundancy distribution of frame partitions.

Example 7.2.3. Let F' be a (6, 4) frame such that

¢ I 7 ] ] ] ] R
1| {o| [o] lo| 2] |o
ol (1] |o| o] [1] o
0 I e S e O A : (7.2.132)
ol (o] |2| o] |o] |1
ol (o] |o| || |o| |1
\ L L — L L L d /

We can construct a 1-erasure spectrally optimal dual frame G of F' in the following way:
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First of all, we partition [’ such as

¢ I - 7] r 1)) (I 7 . 7 )
1| [2] |o ol |o| o
ol 1] |1 ol |o|l |o
F=FUF= 1t U N . (7.2.133)
ol |o|l |o 2| 1] o
ol |o|l |o ol 1] |1
\ L L L d J \ L . L L d J

Then, we find 1-erasure spectrally optimal dual frame G and G5 for F} and F5, respectively, so

that G = G; U G5. The standard dual frames of /) and F3 are respectively;

¢ T r T B T ) ¢ T B T B T )
1/3 | |1/3| |-1/3 0 0 0
~1/3| |1/6] | 5/6 0 0 0
S_lFl = / ) / ) / ) S_1F]. = ) )
0 0 0 4/9 | [1/9] |-1/9
L o] o] [o]] L [-2/9] [4/9] [ 5/9 ]
(7.2.134)

Then any optimal dual frames G; and G, of F; and F; are the sequences {S™* fi(l) + h;}?_, and
(S P 4 k3 with 2 (2, Y% = 0and S22 (2, fP)k; = 0 for # € R%. Then, all
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{h;}?_, and {k;}?_, must be of the following form,

/r

{hh h2; h3} -

—2b

—2a

S
bl |-b
o] | o
_O_ L 0 .

Thus, GG; and G5 are of the form, respectively;

G

For (G; and G, to be 1-erasure spectrally optimal dual for F; and F3, we need (f;

1/3 - 2a
~1/3—2b
0

0

0
0

4/9+c

—2/9+d

0

o Ak ko kst = !

C

\ _d_

[1/3+a| [-1/3- 4]

1/64+0| | 5/6—b

0 0

L 0 J | 0 .

c o
0 0

1/9 —2c¢ —1/9+2¢

4/9 - 24| | 5/9+2d |

(1)

(2

1
9"

4

(7.2.135)

(7.2.136)

(7.2.137)

) =2/3and

(P, ¢®) = 2/3 forall i = 1,2, 3. This holds true if a = —1/6,b = 1/6,¢ = —1/9,d = 1/18.

7
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Hence,

2/3 | |-1/3 0 0 16| | 0
—2/3| | 2/3 0 0 1/3| | 0
G = / : / , : , / , . (7.2.138)
0 0 1/3 | |-1/3| | 0 1/3
(Lo | [ o] [-e] [2/3] |o] [1/3]]
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CHAPTER 8: FUTURE STUDY

8.1 Spectrally Two Uniform Frames

Problem 8.1.1. Characterize the frames F' = {f;}¥, that has a dual G = {g;}, such that

n—n? n—n? : :
e = % ie. (fi,9))(fj,0i) = % for all i # j.

Problem 8.1.2. Let F' be a spectrally two-uniform frame and G be a 2-uniform spectrally optimal
dual frame of F'. Is it true that F’ is n-independent if and only if G is n-independent? Do they have

the same redundancy distribution? (i.e., 7rg = rp = rg)

Problem 8.1.3. Does the following statement hold true? There exists an (V, n) equiangular frame

if and only if there exists spectrally 2-uniform frame.

8.2 Weighted Spectrally Optimal Dual Frames

8.2.1 Weighted 1-Erasure Spectrally Optimal Dual Frames

In erasures, it is not always necessary for each coefficient to have same possibility to be erased.
Some coefficients might be more likely to be erased while some have less possibility to be erased.
This brings the notion of weighted dual frames and their optimality question as well.

Let ¢; be the maximal error allowed for the 7—th coordinate being erased with €; > €5 > ... >
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en > 0. Define €= (€y, €9, ..., ex). A dual frame G = {g;} ¥, of F = {f;}}, is called 1-optimal

with respect to €if (f;, g;) < ¢; for all 4.

Problem 8.2.1. Given € such that

> ei=n, (8.2.1)

characterize the frame F’ such that there exists a dual G with (f;, g;) = €;.

8.2.2 Weighted 2-Erasure Spectrally Optimal Dual Frames

Let € = (€1, €9, ..., en2_p) be the vector for which each coordinate represents the maximum error

allowed for the 7jth coordinate being erased such that
€1 Z €9 Z e Z EN2_N- (822)

A dual is called 2-optimal with respect to €if |(f;, g;){(fj, 9:)| < €;; forall i # j.

Problem 8.2.2. Characterize frames that has a dual such that (f;, g;)(fj, ;) = €;; for a given ¢

N N N
with Y 3 el =n—Y ¢ wheree; = (f;, g;).
i=1 j=1 i=1

J#i

8.3 Signal Processing, Quantization and Spectrally Optimal Dual Frames

In application point of view, we are interested in investigating the relationship between k-erasure

spectrally optimal dual frames and the quantization of frames in signal processing.
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In signal processing, it is of interest to obtain digital representation of the signal. Let the signal

be represented by

f= Zciei, (8.3.1)

iel
where ¢; are real or complex numbers. To reduce continuous range of this sequence to a discrete

or finite set, we need quantization. A quantizer, say P, is a map such that
P:T'—>T1y (8.3.2)

where I' = {3, ;ce; : ¢ € Roreg € Cland Ty = {>°. ;¢ © ¢ € A}, and Ais a

il

discrete/finite set called quantization alphabet. Then

f= Z e (8.3.3)
iel

is called quantized expansion where the approximation error is measured by matrix norm, || f — f||.
In quantizations, the goal is to choose ¢; close to ¢;. One way of choosing ¢; is to choose the
closest point in A to ¢;. Quantizers chosen in this form are called pulse code modulation (PCM)
algorithms. PCM has some limitations and poor robustness properties. This leaded alternative
quantization model that uses frame redundancy. It is shown in [5] that Sigma Delta (¥ A) quanti-

zation outperforms PCM.

The alphabet in XA quantization is generally the midrise quantization alphabet

Ab = {(—K +1/2)8, (=K +3/2)5,...,(=1/2)8,(1/2)5, ..., (K — 1/2)5},  (8.3.4)
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for K € N and § > 0, that consist of 2K elements. The 2K-level midrise uniform scalar quantizer

with stepsize ¢ is defined by

Q(u) = argminge 45 |u — ql. (8.3.5)

Let {f;}¥, € R" and p be a permutation of {1,2,..., N}, called quantization order. The first

order XA quantizer is defined by the following iteration

wp = Ui—1 + fpa) — G, (8.3.6)

¢ = Q(ui—1 + fp@)), (8.3.7)

where uy is prescribed constant. Equation 8.3.6 is simply

wi =g+ Y _(for) — @)- (8.3.8)

k=1

In [5], an upper bound for the approximation error in the first order XA quantization is given
by
- . 5
1 = FI = S Mlop | o (£ p)5 + fun| + Juol ) (8.3.9)

for |up| < 6/2 and ||(K — 1/2)4||, and where S™! is the inverse of frame operator for F' and
o(F,p) is the frame variation defined by o(F,p) = Zf\;l | fotiy = fo@+1)||- For a (N, n) uniform

tight frame £, this bound can be reduced to

17— Il < S(o(Fp) +2). (83.10)

In [6], it is shown that second order XA outperforms first order XA quantization and PCM in
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many settings. And an improved upper bound for approximation error is given.
Under the same assumptions as in the first order XA quantization, the second order XA quan-

tizer algorithm is given by

w; = Ui—1 + fpa) — G, (8.3.11)
V; = Ui—1 + Vim1 + fpe) — G (8.3.12)
q; = Q(F(uiflyvifla fp(i)))u (8.3.13)

where 1y = vg = 0, () is a quantizer and F is a specified quantization rule. For a (N, n) finite unit

norm tight frame, an upper bound for the approximation error is

~ n
I = 71 < 5 (WoloatF) o llA vl + vl ). @30

where ¥2;(F,p) = 207 | A fom |, called jth order frame variation of F' and A7 is the jth order
difference operator defined by A'f; = Af; = f; — fiy1and AJ f; = AT7LALf;.

For future research, we are interested in studying on the optimal alternate dual frames to re-
duce approximation error under both quantization of signal and erasures in signal transmission.
Recently, an alternative dual frame is designed for the reconstruction of signals from Sigma-Delta
quantized finite frame coefficients [39]. In real settings, beside quantization errors, we expect to
have some erasures during transmission. To have better approximations to original signal under
both quantization errors and erasures in transmission process, I am planning to examine alternate

dual frames, that we reconstruct signal from Sigma-Delta quantization algorithm.
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