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ABSTRACT

The introduction of fuzzy sets by Zadeh has created new research directions in many fields
of mathematics. Fuzzy set theory was originally restricted to the lattice [0, 1], but the thrust
of more recent research has pertained to general lattices.

The present work is primarily focused on the theory of lattice-valued convergence spaces;
the category of lattice-valued convergence spaces has been shown to possess the following
desirable categorical properties: topological, cartesian-closed, and extensional. Properties of
quotient maps between objects in this category are investigated in this work; in particular,
one of our principal results shows that quotient maps are productive under arbitrary prod-
ucts.

A category of lattice-valued interior operators is defined and studied as well. Axioms are
given in order for this category to be isomorphic to the category whose objects consist of all
the stratified, lattice-valued, pretopological convergence spaces.

Adding a lattice-valued convergence structure to a group leads to the creation of a new
category whose objects are called lattice-valued convergence groups, and whose morphisms
are all the continuous homomorphisms between objects. The later category is studied and
results related to separation properties are obtained.

For the special lattice {0, 1}, continuous actions of a convergence semigroup on convergence
spaces are investigated; in particular, invariance properties of actions as well as properties

of a generalized quotient space are presented.
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CHAPTER 1: INTRODUCTION AND PRELIMINARIES

A general introduction is given in this chapter as well as some background information needed

throughout this dissertation.

1.1 Introduction

The notion of a filter of subsets, introduced by Cartan [2], has been used as a valuable tool
in the development of topology and its applications. Lowen [16] defined the concept of a
prefilter as a subset of [0, 1]% in order to study the theory of fuzzy topological spaces. Later,
Lowen et al. [15] used prefilters to define the notion of an L-fuzzy convergence space, when
L = [0, 1], and showed that the category of all such objects has several desirable properties,
such as being cartesian closed, not possessed by the category of all fuzzy topological spaces.
Hohle [6] introduced the idea of a (stratified) L-filter as a descriptive map from L* into
L rather than a subset of L¥ in the investigation of MV-algebras. Stratified L-filters are
shown by Hohle and Sostak [7] to be a fruitful tool employed in the development of general
lattice-valued topological spaces.

In chapter 2, quotient maps in the category of stratified L-convergence spaces (SL-CS) are
shown to be productive; that is : Given (X, ¢;), (Y;,p;) € | SL-CS|, j € J and denote the
(Y;,p;). Assume that f; : (X;,¢q) —

product space by (X, q) (X;,q;) and (Y,p)

jed jed
(Y;,p;) is a quotient map , for each j € J; then f : (X,q) — (Y, p) is also a quotient map,
where f((2;)jer) = (f5(25))jes-
Jager [10] defined and studied the category whose objects consist of all the stratified L-fuzzy
pretopological convergence spaces, denoted by SL-PCS. Moreover, Jager [10] investigated
the notion of a stratified L-interior operator of the form int: L¥ — L% and showed that

the category SL-INT, whose objects consist of all the interior operator spaces, is isomorphic



to the category SL-PCS. Flores et al. [3] introduced a category, denoted by SL-P-CS, and
discussed its relationship to SL-PCS. Jager [10] showed that SL-INT is not isomorphic to
SL-P-CS, and asked what the appropriate interior operators for SL-P-CS might be. The
axioms needed for suitable interior operators which characterize the objects in SL-P-CS are
presented in Chapter 3, and are of the form INT : LXxL — L¥X.

Denote by GRP the category whose objects consists of all groups and whose morphisms are
all the homomorphism between groups. If (X,.) € |GRP| and (X, q) € |SL-CS]|, then (X, ., q)
is called a stratified L-convergence group provided that the group operations, product and
inverse, are continuous with respect to q. In chapter 4, the notion of a lattice-convergence
group is investigated along with some closeness and separation properties. In Particular, it
is shown that SL-CG is a topological category over GRP.

In the case of the lattice L = {0, 1}, the notion of a topological group acting continuously
on a topological space has been the subject of numerous research articles. Park [21, 22] and
Rath [24] studied these concepts in the larger category of convergence spaces. This is a more
natural category to work in since the homeomorphism group on a space can be equipped with
a coarsest convergence structure making the group operations continuous. Moreover, unlike
in the topological context, quotient maps are productive in the category of all convergence
spaces with continuous maps as morphisms. This property plays a key role in the proof of
several results contained in Chapter 5. Given a topological semigroup acting on a topological
space, Burzyk et al. [1] introduced a ”generalized quotient space.” Elements of this space
are equivalence classes determined by an abstraction of the method used to construct the
rationals from the integers. General quotient spaces are used in the study of generalized
functions [14, 18, 19]. Generalized quotients in the category of convergence spaces and
invariance properties of continuous actions of convergence semigroups on convergence spaces
are investigated in Chapter 5.

In summary, the author’s principal contributions to this dissertation are included in Theorem



2.3, 24, 3.1, 4.6, 5.5, and Example 5.1. Preliminary results were needed prior to proving

these theorems.

1.2 Notions in topology

1.2.1 Filters in topology

The notion of filters in topology was introduced by Cartan [2]. Filters are used as a tool in

defining concepts such as point of closure and compactness.

Definition 1.1 Let X and 2% be a nonempty set and its power set. A subset F of 2% is
said to be a filter on X if :

1.0¢F and F #10

2. if A€ F and AC B, then Be F

3. if A,BeF, then ANBeF

Example 1.1 The following are examples of filters
1. v(x), the set of all neighborhoods of z, is a filter provided (X, T) is a topological space.
2. {AC X :z € A} is a filter on X denoted by i.

Let F(X) denote the set of all filters on X. Define the following order in F(X) : F < G
means F C G provided F,G € F(X). In such case, we say that F is coarser that G (or G is
finer that F). (§(X), <) is a poset.

A filter F is said to be an ultrafilter of X if for any filter G on X, F < G implies F = G. As
an example, the filter & is an ultrafilter of X, provided x € X. The set of all ultrafilters on
X is denoted by U(X).

Proposition 1.1 For each filter G € §F(X), there exists an ultrafilter F € F(X) such that
G<F.



The proof of this proposition is based on the Zorn’s lemma. Details of the proof can be

found in [20].

Let {F;, i € I} be a family of filters on X, then ﬂ Fi is also a filter and it is straightforward

to verify that ﬂ]—", is coarser than each F;. Acillally, ﬂ.ﬂ is the finest filter on X that is

coarser than e;eclh Fi. We call ﬂ]—"l the infimum of thées[et {F;,i € I} and we denote it by
iel

'/\I}—i' Similarly, we introduce the supremum of {F;,i € I} to be, when it exits, the coarsest
(S

filter that is finer than each F; and we denote it by '\/1.7-}.
1€
Definition 1.2 A collection B of subsets of X is called a filter base if
(B1) B# 0 and 0 ¢ B;
(B2) A, B € B implies that there ezists C € B such that C C AN B.

Proposition 1.2 We have:

(@) i/E\IE B {z‘LeJIAi’ Ai € Fi}

(b) Let F and G be two filters on X. The supremum of F and G, denoted by F V G,
exists iff AN B # 0 for every (A, B) € (F,G). Under such condition : FNV G has {AN B :
(A,B) € (F,G)} as its base.

If B is a filter base, then the collection of subsets s = {A C X : A D B for some B € B}
forms a filter. Fp is said to be generated by B. Conversely, A subcollection B of a filter F
is a base filter for F if every set of F contains a set of B.

Let S be a collection of subsets of X and let B contain all finite intersections of elements of S.
Then B forms a filter base iff no finite subset of S has an empty intersection. If B forms a filter

base, then the filter Fj is the coarsest filter which contains S and S is called a subbase of Fg.

Let f: X — Y be amap and F € §(X). The image of F under f is defined to be the
filter on Y whose base is {f(F) : F' € F}, denoted by f~F



Let {X; : i € I} be a family of sets and let F; be a filter on X; for each i € I. Let
m : x X; — X; be the i*" projection map, i € I. Then {r; '(F,) : F; Gf}— X F; where
jerI

F; = X;, whenever j # i, forms a subbase for filter on X = x Xj;. The filter contammg this
icl

subbase is called the product of the filters F; and is denoted by x F;. It is straightforward
iel
to verify that the product filter is the coarsest filter F on X such that ;7 (F) = F; for each

1€ 1.

1.2.2 Convergence Spaces

Filters are used as a tool in defining convergence. Let 2% denote the set of all subsets of X.
Assume ¢ : §(X) — 2%, and consider the following conditions:
(CS1) z € q(2) Ve € X
(CS2) if F < G then ¢(F) € ¢(0)
(CS3) if © € q(F) then z € ¢(F N 1)
(CS4) ¢(F) N 4(G) € o(FNG)
(CSH) VF € F(X), z € q(F) iff z € q(G) for every ultrafilter G such that F < G
(CS6) Given v (x) := N{F,z € q(F)}, then x € q(v,(x)) for every x € X;
vg(x) = N{F,F is an ultrafilter and = € ¢(F)}.

Note that (CS6) = (CS5) = (CS4) = (CS3) and the pair (X, q) is called

a convergence space if ¢ satisfies (CS1) and (CS2);

a K-convergence space if ¢ satisfies (CS1), (CS2) and (CS3);

a limit space if ¢ satisfies (CS1), (CS2) and (CS4);

a pseudotopological space ( or Choquet space) if ¢ satisfies (CS1), (CS2) and (CS5).

a pretopological space if ¢ satisfies (CS1), (CS2) and (CS6).

Definition 1.3 A filter F is said to q-converge to x when x € q(F), and x € q(F) is

denoted by F - x.



A function f : (X,q) — (Y,p) between two convergence spaces is said to be continuous

provided F 4 z implies f~F - f(z).

Definition 1.4 (Preuss [23]) A category C consists of
(1) a class |C| of objects (which are denoted by A,B,C, ...),
(2) a class of pairwise disjoint sets [A, Blc for each pair (A, B) of objects (The members of
[A, Blc are called morphisms from A to B), and
(8) a composition of morphisms, i.e for each triple (A, B,C) of objects there is a map
[A, Ble x [B,Cle¢ — [4,C]c
(f.0) = gof
(where X denotes the cartesian product) such that the following axioms are satisfied:
(Cat 1) (Associativity). If f € [A, Ble, g € [B,C]c and h € [C, D]c, then ho(gof) = (hog)of
(Cat 2) (Existence of identities). For each A € |C|, there is an identity (morphism) ids €
[A, Ale such that for all B,C € |C|, all f € [A,B]c and all g € [A,Ble, foida = f and

idpog=g.

f € [A, Blc is denoted by f: A — B throughout this manuscript.

Denote the category of all convergence (K-convergence, pseudotopological, pretopological)
spaces by CONV (K-CONV,PSTOP,PTOP) where the morphisms are all the continuous
functions between the objects. For more details on category theory, refer to [23]. Another
type of convergence spaces called probabilistic convergence spaces was introduced by Florescu
[4] as an extension of the notion of a probabilistic metric space which arose from the work

of Menger [17].

Definition 1.5 Let L = [0,1], F, G € §(X) and a,3 € L. The pair (X,Q), where
Q = (Qa)acr and Qu : X — 28 s called a probabilistic convergence space provided:

(a)iﬁx andX&xforeachxeX



(b)gg}"&ximpliesg&x
(c) F Qe g implies F 9 whenever [ < a.

The probability of F converging to x being at least v is the interpretation given that F LN

A map f : (X,Q) — (Y, P) is said to be continuous whenever F Qe g implies that
e (x) for each F € §(X), =€ X and a € L.

Let PCS denote the category whose objects consist of all the probabilistic convergence spaces
and whose morphisms are all the continuous maps between objects. Properties of PCS can

be found in Kent and Richardson [25]

1.2.3 Initial and Final Structures

A category C has initial structures provided that for any set X and family f; : X —
(Yi,0:), where i € I and (Y;,0;) € |C|, there exists a unique structure 7 such that a map

g:(Y,8) — (X, 7) is a C-morphism iff fiog: (Y,d) — (X, 7) is a C-morphism for each i € .

Given that (X,7) and (X,d) in |C|, 7 is finer than J§, denoted by § < 7, provided idy :
(X,7) — (X,9) is a C-morphism.

Theorem 1.1 Let C be a category possessing initial structures. Given f; : X — (Y, 04),
(Y;,04) € |C|, the initial structure T is the coarsest structure such that f; : (X, 7) — (Yi, 04)

1s a C-morphism for each 1 € I.

PRrROOF: Assume that C has initial structures and let 7 be the initial structure for f; : X —
(Y;,0;) is a C-morphism, i € I. Suppose that § is another structure such that f; : (X,0) —
(Yi,0:) is a C-morphism. Then idy : (X,0) — (X, 7) obeys f; = fioidx : (X,0) — (V;,04)

is a C-morphism and thus idx : (X,d) — (X, 7) is a C-morphism. Hence 7 < § and thus 7



is the coarsest structure such that each f; : (X,7) — (V;,0;) is a C—morphism. B

The category C has final structures provided that for each family f; : (X;, 7;) — Y, where
(X, ) € |C|] and i@ € I, there exists a unique structure o such that g : (Y,0) — (Z,0) is a
C-morphism iff go f; : (X;,7;) — (Z,6) is a C-morphism for each i € I. proof of the following

result can be found in Preuss ([23], pages 34-35).

Theorem 1.2 (/25])Let C be a category.

(a) The final structure o where f; : (X;,7;) — Y, i € I, is the finest structure on'Y such
that each f; : (X;, 7)) — (Y,0) is a C-morphism.

(b) C has initial structures iff it has final structures.
Let (X;, ) € |C|, i€ I, and X :iéXi. Recall that m; : X — X;, i € I, denotes the
i'h projection map. The initial structure 7, related to the family 7, is called the product
structure. Likewise, if f : (Y,0) — Z is a surjection map, the final structure é on Z is called

the quotient structure. Hence a category C possessing initial structures has product and

quotient structures.

Definition 1.6 A category C is called topological provided
(a) C has initial structures
(b) Given set X, the class {(Y,7) € |C| : Y = X} is a set

(c) if X has exactly one element, then there exists exactly one C-structure on X



1.3 Notions in fuzzy topology

Let I = [0,1], A fuzzy set of X is a function from X — I, that is, an element of I*. The
subset ta := {x : a(x) > 0} where a € I¥ is called the support of a. For every z € X,
a(x) is called the grade of membership of z in X. As an extension, I can be any lattice

instead of [0, 1]. More details about fuzzy sets can found in Zadeh [26].

Example 1.2 Let A C X. aly, as defined below, is an example of a fuzzy set.

a, ifreA
ala(z) = ,x € X.

0, ifegA
The introduction of fuzzy sets made researchers interested in revising classic topology by
trying to see what can be done to adopt fuzziness. Namely, new type of filters, new conver-

gence notions, new type of categories...etc were created.

A poset L is a lattice when every finite subset of L has an infimum and has a supremum. Fur-
ther, a complete lattice is a lattice that possesses arbitrary infima and suprema. Throughout
the rest of this manuscript, L is assumed to be a complete lattice unless mentioned otherwise.
Moreover, L is called regular if o A § = 0 iff either « = 0 or § = 0 in L. For example, let
X be any set having at least two elements. Define L to be the power set of X and define
Vas U and A asN. Then 0 = () and 1 = X. Now, let A, B denote two disjoint, non empty
subsets of X. Then A A B = 0, yet neither A =0 or B = 0. Hence, in this example, L is

not regular. A lattice that is totally ordered is of course regular.

Let f: X — Y be amap, a € LX and b € LY. The image of a under f is de-
fined by f~(a)(y) := V{a(x) : f(z) = y} provided y belongs to the range of f; otherwise,
f~(a)(y) =0. Dually, f~(b) :=bo f is called the inverse image of b under f.



An implication operator, denoted by — and called residual implication, was defined in

8] by @« — 5= V{\ € Lla A\ < }. Tt is characterized by d < a — fiff § Aa < 5.

1.3.1 Stratified L-filters and Stratified L-convergence spaces

Working in the fuzzy context, it is natural to replace a subset of a set X by a fuzzy subset
of X. The question is what would be the new form of filters; by analogy, instead of a set
of subsets, a fuzzy filter could be introduced as a fuzzy subset of L*X. This is exactly what

Hohle and Sostak [7] have introduced as a new type of filters and called a stratified L-filter.

Definition 1.7 ([7]) Given a nonempty set X, a map F : LX — L is called a stratified
L-filter provided that for each o € L and a,b € L :

(F1) F(15) =0, Flalx) >«

(F2) F(a) < F(b) whenever a <b

(F3) F(a) NF(b) < F(aAb).

Example 1.3 The following are examples of stratified L-filters
1. [x] : L — L, where [z](a) = a(z), a € L*
2. Fo: LX — L where Fo(a) = A a(z)

reX

3. Assume L is reqular and let ¢ € §(X). Then F, is a stratified L-filter where

1, ifta €y

0, otherwise

Fyla) =

Let §s1.(X) denote the set of all stratified L-filters on X. When L = {0,1}, A : Fsr.(X) —
§(X) defined by A(F) := {A C X : F(14) = 1} is a bijection. For a general L, define
F <G by F(a) < G(a), (jé\J]:j)(a) = jé\JJEj(a) and recall that Fy(a) := Aa(z) : 2 € X},
for each z € X and a € LX. Then (Fs(X), <) is a poset having least element F,. Note

that when L = {0,1}, A([z]) = & and A(F,) = X, where A denotes the filter of all oversets

10



of A. Furthermore, It is shown in [7] that the set (Fsz(X), <) has maximal elements called

stratified L-ultrafilters. The set of all stratified L-ultrafilters is denoted by g (X).

Lemma 1.1 (/8]) Let F; € §s1.(X), j € J. Then .\/J]-"j exists in Fsp(X) iff for each
je
n>1, J\l Fi.(ag) = 0 whenever aj, € LX and k/n\1 ar = 1g. Furthermore, if ‘\/Jf-j exists,
- - je

then -VJ}_J(G) = \/{]j\1 Fi(ag) :ax, € LX,k/n\l ap < a,n > 1} for each a € L.
je = =

Lemma 1.2 ([7]) Let F € Fs1.(X). The following are equivalent:
(a) F is a stratified L-ultrafilter
(b) F(a) = F(a — 1g) — 0, for each a € L.

Lemma 1.3 ([9]) Assume that L is regular, and define 6 : (X)) — Usr(X) by () = Fy.
Then Fy € Usr(X) and 6 is a bijection.

Given F € Fsp(X) and G € Fgr(Y), the image of F under f is defined as f~F(b) :=
F(f=(b)) and the inverse image of G under f is given by f~G(a) := V{G(b) : b €
LY, f=(b) < a} whenever the latter is a stratified L-filter, where a € L*. Furthermore, the

image of an stratified L-ultrafilter under any map is again a stratified L-ultrafilter([7]).

Lemma 1.4 ([8]) Assume that f : X — Y and G € Fsp.(Y). Then f—G ezists in Fsp(X)
iff for each b € LY, G(b) = 0 whenever f~(b) = 1.

Lemma 1.5 Suppose that f: X — Y, ¢ € (X)), and F € Ugr(X). Then f~Fy = Fpyp.

ProoOF: Since f~F, and Fj-, are L-utrafilters, it suffices to show that f~F, > Fr—y.
Let b € LY; then f~F,(b) = Fy(f~(b)). Suppose that Fr—,(b) = 1; then tb € f~1) and
thus f~(ub) € 1. Note that f=1(:b) C +(f—(b)). Indeed, if z € f~1(ub), then f(x) € ub.
Then f=(b)(z) = b(f(z)) > 0 and thus = € «(f~(b)). Hence f~'(ub) C «(f(b)) € ¥,
Fy(f(b)) =1, and therefore f~F, = Fp-y. B

11



Definition 1.8 Assume that F,G € Fsr(X) and o, € L. The pair (X,q), where § =
(Go)acr, s called a stratified L-convergence space whenever the following conditions are sat-
1sfied:

(a) [x] 25 2 and Fy = x for each x € X

(b) G O F X5 x implies G 2%

(¢) F 25 o implies F 2 x whenever 8 < a.

A map f : (X,q) — (Y,p) is said to be continuous provided F % 2 implies that
f=F 2% f(x), for ecach F € Fgr(X),z € X and a € L.

Denote by SL-CS the category whose objects consist of all the stratified L-convergence
spaces and whose morphisms are all the continuous maps between objects. Whenever L =
[0,1], it is shown in Theorem 3.1 [3] that PCS, defined in 1.2.2, is embedded as a full
subcategory of SL-CS. Denote the full subcategory of SL-CS consisting of all the objects
(X,q) € |SL-CS| for which F 2%z (v, (z) := A{F : F 2% z}) implies that F A [z] 2%
z (Vg (x) = ) (1.1) by SL-K-CS (SL-P-CS), respectively.

12



CHAPTER 2: QUOTIENT MAPS IN SL-CS

2.1 Quotient Maps

It is shown in Theorem 5.1 [3] that SL-CS is a topological category and consequently quotient
objects exists; that is, a continuous surjection f : (X,q) — (Y,p) in SL-CS is a quotient
map iff p is the unique structure on Y for which ¢ : (Y,p) — (Z,7) is continuous iff go f :
(X,q) — (Z,7) is continuous. A characterization of p is given in Theorem 2.1, and quotient

maps are shown to be productive in Theorem 2.3.

Lemma 2.1 Suppose that f : X — Y is a surjection, a; € L and b; € LY ,i = 1,2. Then
(a) by A f~(az) =1y provided ay N\ as =1, and f~(b1) < a;

(b) by A f7(ag) < by whenever a; Nas < f7(by) and f~(by) < ay.

PROOF: Clearly (a) follows from (b) whenever by = 1.

(b): Fixy € Y. Since L is a complete Heyting algebra, the assumptions imply that by (y) A
f(a2)(y) = bi(y) A Vias(z) « fz) =y} = V{f(b)(2) Aax(z) : fz) =y} < V{ai(z) A
as(x) : f(z) =y} < V{7 (ba)(2) : f(x) =y} = bo(y) and thus by A [~ (az) < bp. B

Lemma 2.2 Assume that f : X — Y is a surjection and § € §sr(X),H € Fsp(Y) are such
that f~F < H. Then there exists G € Fsr,(X) for which G > F and f~G = H.

PRrROOF: Since f is a surjection, f~H exists. Lemma 1.1 is used to verify the existence of
fTH V F. Indeed, suppose that a; € L~ such that a; A ag = 14; it must be shown that
f~H(ar) N F(az) = 0,7 = 1,2. Since L is a complete Heyting algebra, f~H(ai) A F(az) =
V{H(by) = f7(b1) < a1} A Flaz) = V{H((b1) A Flaz) © f7(b1) < a1}. It follows from
f7(f7(az)) = a2 and f7F < H that H(bi) A Flaz) < H(b) A f7F(f 7 (az)) < H(b1) A
H(f(a2)) = H(by A f~(az)). According to Lemma 2.1 (a), by A f7(az2) = 1, and thus
f~H(ar) AN Flag) = 0. Hence G := f~H V F exists.
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Next, it is shown that f~G = H. Since f is a surjection, f~(f~H) = H and thus f~(f~HV
F) > H. Fix by € LY; it remains to prove that f~(f~H V F)(by) < H(bs). Employing
Lemmas 1.1,1.4,

S7UTHY F)(b) = (fTHNV F)(f(b2))

= V{fTH(a1) AN Flaz) : a1 Naz < [~ (b2)}

= \/{ VAHDy) - fo(b1) < ay} AFlag) tay Aag < fH(bQ)}

{ VA{H(b) A Flag) : f~(by) < a1} :ag Aay < f*(bz)}
<V{VAHE) A FF(f (@) £ () Sar} o Aae < F(0) ]
{v H(b A F (@) F7 () Sar} i Aay < F(0)]

H(by) according to Lemma 2.1 (b). Hence f~(f~H V F) <H and thus f~7(G) =H. B

Theorem 2.1 Assume that (X,q) € |[SL —CS| and f : (X,q) — Y is a surjection. Then
the quotient structure p = (pa)acs is given by: G 2 y iff these exists F —= x, for some

v e f~Yy), such that [~F =G.

PrOOF: Note that [y] 2% y since f~([z]) = [y] whenever 2 € f~'(y). Denote the coarsest
member of Fsr,(Y) (Fsr(X)) by Go(Fo), respectively. Let b € L* and observe that f~ Fy(b) =
Fo(§() = MF(0)@) : w € X} = Ab(y) : y € Y} = GolB). Then f~F = Go 2
since Fy —% z for each # € X. Next, if H > K 2% y, then there exists F —= z € f~(y)
such that f~7F = K. According to Lemma 2.2, there exists G > § such that f~7G = H,
and since G 2% x,H 2% y. Moreover, if 8 < a and § =% y, then G LN y and thus
(Y,p) € |[SL—CS|. It is straightforward to show that f : (X,q) — (Y, p) is a quotient map
in SL-CS. &

Suppose that f; : X; — Y] is a surjection and F; € §g1(X;) for each j € J; denote

X _gZJX , Y—]éJY , }"—jé}]—— = \/ m; F; (2.1), where 7; : X — Xj is the 5t
projection map.

Lemma 2.3 Suppose that f; : X; — Y; is a surjection, j € J. Let a € L* and b € LY.

Then, using the notations given in (2.1),
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(a) Fla —\/{\/{/\ F(ck) - ckELXjk7k/Z\17er(ck)<a}:n>1}
) (ffJ-“- :v{v{/\fjk(j:(dk)):dkeLij /\7TY (dy) <b}:n>1}

=1
() f*f = V{V{A File):en € LY, A 75 (@) < f~(B)} in 21},

PROOF: (a): Using the fact that L is a complete Heyting algebra, and employing Lemmas
1.1,1.4, it follows that
Fla) = x F; Vv F;
(@) = x Fia) = ¥, 75,5)(@
— \/{k/i\1<7r;jkfjk)(ak> cay € LX,IZ\1 ar < a,n > 1}
=V{ A VAT () e e LY, my (o) Sar}: A ap <a,n>1}
=Vv{V {k/z\lj’:]k(ck) L € LXjk,k/:\lw;jk(ck) <a}:n>1}.
(b)-(c): Verification follows from (a) since f;°F;, (di) = F;, (/5 (di)) <f_>f(b) = f(f*(b))),

respectively. H

Lemma 2.4 Assume that f; : X; — Y is a surjection, j € J. Let b € LY. Then, using the
notations listed in (2.1),

(a) 70N 75, ()W) = A f5(cr)(ys), where ¢ € L% and y = (y;)jes €Y

(b) A T, (cx) < f7(b) implies that k& Ty, (dy) < b whenever ¢, € L% and dp = f;(cx)

k=1
(c) k/i\1 Ty, (dy) < b implies that k/i\l X, (cx) < f7(b) provided dy € LY and ¢, = f; (dy).

PROOF: (a): Let y = (y;)jes € Y. Since L is a complete Heyting algebra,
17 (A 7, @) ) = V{( A 7, (@) (@) : f(2) =y}
= V{ A (evomx, (@) : fla) =y}
= V{ A enlw;) : fiu(25) =y, 1<k <n}

W i) = vi)

= A F3 () Ws)-

k=1

(b): Note that k7:\1 X, (ck) < f(b) is equivalent to b= f~(f (b)) > fﬁ(k/i\1 X, (ck))-

I
>
<
—~
o
S
—~
&
ol
x>

Employing part (a), fﬁ(k/i\1 X, () (y) = k7:\1 fio(ce)(y;,) < b(y) for each y € LY. Hence

n

Ay (d)(y) = A dilyy) =

AT, Y AT C(cr)(yj,) < by) for each y € Y and thusk/:\1 Ty, (dy) <D.
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(c): Let x € X. Since k}l:\l Ty, (dy) <b,

= k/z\l f]:(dk)(x]k) = k:/i\l d (f]k (xjk))
= k/Z\I w5 (d) (f(2)) < b(f(x)) = f(b)(x) for each z € X.

Hence k/i\l ﬂ)?jk (cr) < f(b). M

Theorem 2.2 Let f; : X; — Y be a surjection for each j € J. Then, using the notations
given in (2.1), f~F = x (f;"F;).
jeJ

PROOF: Lemmas 2.3-2.4 are used to verify the result. Fix b € LY and suppose that dj, €
LYik 1 < k < n, satisfies k/i\l T, (dy) < b. According to Lemma 2.4 (c), k/Z\I X, (cx) < f7(b)
whenever ¢, = f;-(di). Since Fj, (cx) = F; (f; (dy)), it follows from Lemma 2.3 (b,c)
that f7F(b) > Xjes(f;7F;)(b). Conversely, assume that ¢, € L% for1 < k < n,
obeys k/i\l X, (ck) < f7(b) and let d), = f; (cx). It follows from Lemma 2.4 (b) that
A Ty, (d) <b. Since Fj, (fi7(di)) = Fj (fi7 f57 (k) = Fj,(cx), Lemma 2.3 (b,c) implies

k=1
that ‘XJ(fffj)(b) > f7F(b). Therefore f~F (f;F;). m
je

= X
jeJ
Theorem 2.3 Assume that f; : (X;,q;) — (Y;,p;) is a quotient map in the SL-CS category,
(X’ Q) = X (vaqj')f and (Y7]5) = X
jeJ jeJ

a quotient map.

(Y;,p;),7 € J. Then f = ‘xjfj (X, q) — (Y, D) is also
Jje

PROOF: Suppose that H 2% y, « € L. Then WZTH LELN y; for each j € J, and since
fj is a quotient map, Theorem 2.1 implies that there exists F; LN Tj € fj_l(yj) such that

fi7F; = my’H. Denote F = x F; ; then F 2 2 = (25)jes, and it follows from The-
! jeJ

orem 2.2 that f—F (fi Fj) = x (W%’H) < H. According to Lemma 2.2, there exists
jed

= X
jed
G>F, G2 x suchthat f~G = H. It follows from Theorem 2.1 that f : (X,q) — (Y,5)

is a quotient map in SL-CS. B
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It was shown in [3] that SL-CS is topological, cartesian-closed, and extensional. Then, in

view of Theorem 2.3, SL-CS is a strong topological universe (Preuss,[23]).

2.2 Topological Objects

Géhler [5] proved that the “topological objects” in SL-CS can be characterized by a “diagonal
condition.” These definitions are listed below, and it is shown in Theorem 2.5 that, under a
mild assumption, each object in SL-CS is the image of a topological object under a quotient
map.
Given aset X, 7 C LX called a stratified L-topology [7] if it obeys the following conditions:
(a) alyx €7 foreach a € L
(b) a,be 7 implies that aAb e T
(c) a; €T,j€J, implies that j\G/J a; €.
The pair (X, 7) is said to be a stratified L-topological space, and define v,(x) : LX — L
by v.(z)(a) = V{b(z) : b € 7, b < a}. It is straightforward to show that v.(z) € Fer(X).
A map f: (X, 7) — (Y,0) between two stratified L-topological spaces is called continuous
provided f<(b) € T wherever b € 0. Moreover, it easily follows that f : (X,7) — (Y,0) is
continuous iff f7 (v,(z)) > v,(f(x)) for each z € X. An object (X,7) € |SL-CS|, where
7 = (Ga)acL, 1s said to be topological wherever there exists a stratified L-topological space
(X, 7,) such that v, (z) = v,, (z) = 2 for each z € X, a € L.
Objects (X, q) € |SL-P-CS]| are called pretopological (1.1). Géhler [4] characterized the
objects in |[SL-P-CS| that are topological. Indeed, define the compression operator
G SSL(SSL(X)) — Fsr(X) by G(®)(a) := P(e,), where ¢ € SSL(SSL(X)), and e, :
Ss(X) — L is given by e,(G) = G(a), for each a € LX. Tt is easily verified that G(®) €
§sn(X). An object (X, q) € [SL-P-CS| obeys diagonal axiom D provided:

0:X — Fsp(X) such that
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(D) o(y) 25y for each y € X, F € Fsr(X)
and if F 2% z, then G(o—F) 2% 2, a € L.

The following result is proved by Géhler ( [5], Proposition 20).
Theorem 2.4 (/5]) An object (X, q) € |SL-P-CS| is topological iff it obeys aziom D.

Recall that SL-K-CS denotes the full subcategory of SL-CS consisting of all objects (X, q)
for which F % 2 implies that F A [z] 2% 2, o € L. Given (X,q) € |SL-K-CS|, select
F 2 z,ap € L, and denote j = (F,x,ap). Define ¢; = (g, )acr, as follows:
(1) gj, is the indiscrete structure on X
(ii) if 0 < a < avgy,
G2 iff G > F A Ja] 2.2)
Gy, y#a il G2y
(iii) if @ < ap fails, G 2% y iff G > [y].

Then (X, g;) € |SL-P-CS| wherever j = (F, z, ayp).

Lemma 2.5 Assume that (X,q) € |SL-K-CS|; then (X,q;),j = (F,x, ), as defined in

(2.2) is topological.

PROOF: According to Theorem 2.4, it suffices to show that condition D is satisfied. Clearly
this condition is valid wherever o = 0. Suppose that 0 < o < ap and ¢ : X — Fsr(X)
satisfies o (y) Lo,y for each y € X. Note that if « € LX and y € X, (eq 0 0)(y) =
o(y)(a) > F(a) A [y](a) = (F(a) - 1x A a)(y). Hence e, o0 > F(a) - 1x A a and thus
G(o™F)(a) = Flea00) > F(F(a)-1x Na) = F(F(a) - 1x) A F(a) > F(a). Moreover,
G(o7([y])(a) = [yl(eao0) = o(y)(a) and thus G(c~([y])) = o(y). Likewise, if a < ay fails,
then G(07([y])) = o(y) and thus it follows that (X, ;) obeys condition D, and therefore is

topological by Theorem 2.4. W
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Given a set X, assume that (Xj,q;),j € J, is any collection of objects in SL-CS for which the
X,’s are disjoint copies of X. Let Y = U X, and define the disjoint union (coproduct)

jeJ
as follows:

(Kp) - U(Xj7q_j>7 p= (pa)aGLa

jeJ
H 2y y e X5, iff H > [G] 2.3)
for some G € §Fs1.(Xj), G Loy,

where [G](a) := G(aly,) wherever a € L”.

Lemma 2.6 Fach object in SL-K-CS s the quotient of a disjoint union of topological objects
in SL-CS.

PrOOF: Given (X,q) € |[SL-K-CS|, F 2% 2, denote J = {j : j = (F,z,a), F 25 2} and
define (Xj,q;) as in (*), where the X;’s are disjoint copies of X. Let (Y,p) = U(Xj,qj)
denote the disjoint union defined in (**). Define h : ¥ — X to be the naturaljrer;]ap, and
observe that h : (Y, p) — (X, q) is continuous. Indeed, if H 2% 3,y € X, , then there exists
G € Fsi(X;) such that G 2% y and H > [G]. Let a € LY; then h"H(a) = H(a o h) >
[Gl(a o h) = G(a), and thus h~H > G % 5. Therefore, h : (Y,p) — (X, q) is continous.
Moreover, if F <% x, then [F] == z and h~([F]) = F. Hence h is a quotient map and

each (X, g;) is topological by Lemma 2.5. W

Lemma 2.7 Suppose that (Y,p) = U(Xj,(jj) is the disjoint union of objects as defined in
(2.8). If each (X;,q;) obeys axiom lj)e,Jthen (Y,p) also obeys axiom D.

PROOF: Assume that 0 : Y — Fg(Y) satisfies o(y) 2> y for each y € Y and H 2%
xz,x € X;. Then there exists F Lo, & such that H > [F] and it remains to show that
Glo~H) 2% x. Since o(y) 2% y for each y € Y, there exists G, € Fsz(X;) such that
g, Loy g and o(y) > |G,] whenever y € X;. Define ¥; : X; — Fgr.(X;) by X;(y) = G, for

eachy € X;. Since (X}, ;) obeys axiom D, it suffices to prove that G (o~ [F]) > [G]-(Zj_’f)] ,
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where G denotes the compression operator for X;. Fix a € LY, and let b = al x; € L%,
Then for y € X;, (ea 0 0)(y) = o(w)la) = [S5(0)](@) = S0)(E) = (e 0 £,)(y) and thus
(ea00)lx, > e, 0%;. It follows that G(o7[F])(a) = [Fl(ea 0 0) = Fleqa00)lx, = Fleyo
%)) = Gi(37F)(b) = [G5(3;F)](a) for each a € LY. Hence, G(o~H) > G(o7[F]) >
[G;(Z7F)] P2, g since Gi(X7F) Lo, 2. Therefore, (Y,p) obeys axiom D. M

Since an object (X, q) € |SL-P-CS| is topological iff it obeys axiom D, Theorem 2.4, and

Lemmas 2.5-2.6 imply the following result.

Theorem 2.5 Assume that (X,q) € |SL-K-CS|. Then (X, q) is the quotient of a topological
object in SL-CS.

Given a set X, let C = {q: (X,q) € |SL-CS|}. Define g < p iff F Lo, & implies that
F 2 2 € X,a € L. Then (C,<) is a complete lattice. Indeed, j\e/Jﬁj =p (jé\J(jj =q),
where F 2% g iff F 2% 2 for each j € J (F % z iff there exists j € J such that
F Lo, x), respectively. Fix (X, q) € |SL-K-CS| and denote J = {j cj=(F,x,a), F 2 2l
According to Lemma 2.5, (X, q;) as defined in (2.2) is topological and, by construction,

q= A @j, as stated below.
jeg

Corollary 2.1 Suppose that (X, q) € |SL-K-CS|. Then q is the infinimum of a collection of

topological structures in SL-CS.

Finally, let SL-TOP denote the full subcategory of SL-CS consisting of all the topological
objects. It can be shown that SL-TOP is bireflective in SL-CS. Given (X, q) € |SL-CS], let
(X,Tq) denote the bireflection of (X, q) in SL-TOP. Hence, the result below follows from

categorical properties; for example, see Preuss (Theorem 2.2.12 [23]).

Theorem 2.6 Assume that [ : (X,q) — (Y,D) is a quotient map in SL-CS. Then, using

the notation above, f : (X,Tq) — (Y,Tp) is also a quotient map in SL-TOP.
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CHAPTER 3: LATTICE-VALUED INTERIOR OPERATORS

3.1 Preliminaries

Definition 3.1 (Jager [10]). The pair (X, J), where J : L* — L*| is called a stratified
L-interior space whenever it obeys:

(J1) alx < J(alx) for each o € L

(J2) J(a) < a for each a € LX

(J3) J(a) < J(b) whenever a <b

(J4) J(a) N J(b) < J(aAD).

A map f : (X,I) — (Y,J) between two stratified L-interior spaces called continuous
provided J(b)(f(x)) < I(f~(b))(x) for each z € X and b € LY. Denote by SL-INT the
category whose objects consists of all the stratified L-interior spaces and whose morphisms
are all the continuous maps between objects. Jéager [10] showed that SL-INT and SL-PCS are
isomorphic but are not isomorphic to the category SL-P-CS introduced by Flores et al.[3].
Objects in SL-PCS are the pretopological objects in SL-FCS as defined by Jéager [10]. A

suitable interior operator for objects in SL-P-CS is given in the next section.

3.2 Fuzzy Interior Operators : Pretopological

Hohle and Sostak ([7], p. 233) give the axioms needed for an ” L-fuzzy interior operator” to
characterize an ” L-fuzzy topological space.” A less restrictive interior operator is needed in

this section.

Definition 3.2 The pair (X, I) is called a stratified L-fuzzy interior space whenever
I: L% x L — LX obeys:

(11) f1x < I(Blx, ) for each o € L
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(12) I(a,a) < a for each a € LX, o € L
(13) I(a,3) < I(b, ) whenever a <b and a < 3
(14) I(a,a) NI (b,a) < I(a Ab,a).

Observe that (I3) implies that equality holds in (I4). A map f : (X,I) — (Y, J) between
two stratified fuzzy L-interior spaces is said to be continuous whenever J(b, a)(f(z)) <
I(f=(b),a)(x) for each z € X, b € LY, and a € L. Note that if f : (X,I) — (Y,J) and
g:(Y,J) — (Z,K) are each continuous, z € X, o« € L and b € L?, then K (b, a)(g(f(z))) <
J(g=(0), ) (f(x)) < I(f~(g7(b),a))(x) = I((g o f)7,@)(x), and hence g o f : (X,[) —
(Z, K) is continuous. Let SL-FINT denote the category whose objects are all the stratified
L-fuzzy interior spaces and having all the continuous maps between objects as morphisms.

Given set Y, the powerset is denoted by P(Y).

Definition 3.3 The pair (X,q), § = (¢a)acr, s called a stratified L-pretopological
space provided g, : X — P(Fsp(X)) obeys :

(PS1) [x] % x (that is, [x] € qo(z) for cach z € X, a € L)

(PS2) G > F 25 x implies G %5 «

(PS3) Uy, () = MF € Fsr.(X): F B2} Ba

(PS}) F % x and a < B implies F 5 x.

The ordering in (PS4) is the reverse of that given in Flores et al. [3]. A map f: (X,q) —
(Y, P) between two stratified L-pretopological spaces is said to be continuous whenever
F % 2 implies that f~F % f(x), for each 2 € X and o € L. Equivalently, U, (f(z)) <
[~ U, (x)) for each z € X and o € L. The composition of two continuous functions is again
continuous. Denote by SL-P-CS the category whose objects consist of all the stratified L-
pretopological spaces and whose morphisms are all the continuous maps between objects.

The next result answers a question posed by Jager [10].

Theorem 3.1 The categories SL-P-CS and SL-FINT are isomorphic.
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PROOF: Denote ¢ : SL-P-CS — SL-FINT by 0(X,q) = (X, I3), ¢ = (¢a),er, Where I :
L* x L — L% is defined by I(a, a)(x) := U, (z)(a), for each z € X, o € L, and a € L*. For
sake of brevity, the above is written as : Iz(a, o) = U, (.)(a). First, it is shown that (X, I3) €
|SL-FINT|. It follows from (F1) of Definition 1.7 that f1x < U, (.)(Blx) = [(flx,a) and
thus (T1) is satisfied. Since [z] % z, U, () < [z], and hence I;(a,)(x) = U, (z)(a) <
[z](a) = a(x) for each x € X. Therefore I7(a,a) < a and (12) is valid. If a < b and a < f3,
then using (F2) of Definition 1.7 and (PS4), Iz(a, 8) = Uy, (.)(a) < Uy, (.)(b) = Ig(b, o) and
thus (I3) holds. Finally, if a, b € LX and o € L, then employing (F3) of Definition 1.7,
Ii(a, ) AN Iz(b, o) = Uqa(.)(a) NUGa(.)(b) <Uga(.)(a AND) = Iz(a ANb, ) and (I4) is satisfied.
Hence (X, I3) € |SL-FINT|. Observe that 6 : SL-P-CS — SL-FINT is a functor. Indeed,
assume that f : (X,q) — (Y,p) is continuous, #(X,q) = (X, I3) and 0(Y.p) = (Y, I).
Ifbe LY, a € Land z € X, then I;(b,a)(f(z)) = U, (f(2))(b) < [~ U, (x))(b) =
Uy, (2)(f (b)) = Ig(f~(b), a)(x). Therefore f: (X, I;) — (Y, I;) is continuous and thus 6 is
a functor.

Conversely, denote ¢ : SL-FINT — SL-P-CS by ¥(X,I) = (X,q;), ¢; = (qa.1)acL, Where
F ™ 2 iff I(a,0)(z) < F(a), for each a € LX. Employing (I1)-(I4), it is straightforward
to show that for each fixed z € X and a € L, I(.,a)(x) € §s.(X). Next, it is shown that
(X,q;) € |SL-P-CS|. Using (I12), I(a,a)(x) < a(x) = [2](a) for each a € L¥, and thus
[z] “ 2 and (PS1) is satisfied. Verification of (PS2) and (PS3) follows from the definition
of gos. Assume that a < 3 and F ™ . According to (I3), I(a, 3)(z) < I(a,a)(z) < F(a)
for each a € LX, and thus F 5 z. Hence (PS4) is valid and (X,q,) € |SL-P-CS|. Moreover,
¢ : SL-FINT — SL-P-CS is a functor. Indeed, suppose that f : (X, I) — (Y, J) is continuous,
WX, 1) = (X,q,) and (Y, J) = (Y,D,). Assume that F ¥ z; then I(a,a)(z) < F(a) for
each a € L. Hence for each b € LY, J(b, a)(f(z)) < I(f~(b),a)(x) < F(f=(b)) = f~F(b),
Pa,J

and it follows that f~F = f(x). Then f: (X,q;) — (Y,D,) is continuous, and thus ® is a

functor.
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It follows from the definitions of  and v that ¢ 0§ = idsy.p.cs and 0 o1 = idgr pinT. Hence

0 : SL-P-CS — SL-FINT is an isomorphism. H

3.3 Fuzzy Interior Operators : Topological
Objects in SL-FINT satisfying additional axioms are investigated in this section.

Definition 3.4 The pair (X, 7) is called a stratified L-fuzzy topological space provided
7: LX — L obeys:

(FT1) 7(1y) =1 and B < 7(Blx), for each 5 € L

(FT2) 7(a) AT(b) < T(a AD), a,b e LX

(FTg)jé\J7—(aj) < T(j\G/J(Zj), a; S LX, 1€ J.

Amap f:(X,7) — (Y, 0) between two stratified L-fuzzy topological spaces is called contin-
uous whenever o (b, ) < 7(f7(b), a) is satisfied for each o € L and b € LY. Let SL-FTOP
denote the category whose objects consist of all the stratified L-fuzzy topological spaces and

whose morphisms are all the continuous maps between objects.

Definition 3.5 Let SL-R-FINT (SL-S-FINT, SL-T-FINT, SL-U-FINT, SL-V-FINT)
denote the full subcategory of SL-FINT whose objects (X, I) fulfill the additional property I5
(16-17,15-17,17,15 and I7), respectively, where

(I5) I(a,a) = b for each o € A C L implies that I(a,VA) = b, where a,b € L

(I6) I(a,a) < I(I(a,a),a) for each o € L, a € LX

(I7) I(a,0) = a for each a € LX.

The reader is asked to refer to Hohle and Sostak ([7], Theorem 8.1.2) for the proof of the

following result.

Theorem 3.2 The categories SL-TOP and SL-T-FINT are isomorphic.
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Lemma 3.1 Given (X,I) € |SL-FINT|, a € L, and a € L*. There exists a largest a, € L*

satisfying ao, < a and I(aqy, o) = a,.

PROOF: Denote C' = {c € L* : ¢ < a, I(c,a) = c}. Note that C' is nonempty since 1y € C.
Let b = VC. If c € C, then ¢ = I(¢,a) < I(b,«) and thus b < I(b, ). According to (12),
I(b,a) < b; hence I(b,a) =bandb<a W

Definition 3.6 Let (X, 1) € |SL-FINT|. Define I, : L x L — L by

aq, a>0
I(a,a) = , where a,, is determined as in Lemma 3.1.

a, a=0

The ordering of objects in SL-FINT is needed below. Given (X, I) € |SL-FINT|, I,(a,a) <

I(a, ) for each a € L~ and a € L with a > 0. This leads to the following definition.

Definition 3.7 Assume (X, 1), (X, J) € |SL-FINT|. Then (X, 1) is called coarser (almost
coarser) than (X, J), denoted by I < J (I < J), provided I(a,a) < J(a,a) for each a € L*

and o € L (o > 0), respectively.

Theorem 3.3 Assume that (X,I) € |SL-FINT|. Then
(a) (X, 1) is the finest object in SL-S-FINT which is almost coarser than (X, I)
(b) (X, 1.) € |SL-T-FINT| whenever (X, 1) € |SL-R-FINT].

PrOOF: (a): First, it is shown that (X, I.) € |SL-S-FINT|. Since (X,I) € |[SL-FINT], it
follows from (I1) and (I2) that I(f1lx,a) = flx and thus L.(flx,a) = flx. Hence (X, L,)
obeys (I1). By definition I,(a,«) < a and thus (X, I,) satisfies (I2). Next, assume that
a <band a < (. Denote I.(a, 3) = ag and L. (b, o) = b,. Since (X, I) satisfies (12) and (I3),
ag = I.(a,B) = I(ag, B) < I(ag, o) < ag and thus I(ag,a) = ag < a < b. It follows from the
definition of b, that ag < b,, and thus I.(a,5) = ag < b, = L.(b,a). Hence (X, I,) obeys
(I3). Next, (X, 1) satisfies (I4). Indeed , let I.(a,a) = a4, L.(b,a) = b,, and since (X, I)

obeys (I3) and (I4), aq A by = I(aq, @) A I(by, ) = I(ag A by, ). Moreover, a, Ab, < aAb,
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and thus it follows that I.(a,a) A L(b,a) = aq A by < L(a A b,a). Hence (X, L,) satisfies
(I4). It is shown that (X, I,) satisfies (I6). Let I.(a,a) = ay; then I(a,, @) = a, and thus
I.(aq, ) = a,. Hence I, (I.(a,a),a) = I.(aq, o) = aq = I.(a,a) and thus (X, I,) obeys (16).
Finally, by definition, I.(a,0) = a and therefore (X, I,) € |SL-S-FINT.

Assume that (X, J) € [SL-S-FINT| and J < I. It is shown that J < I,. Since (X, I) obeys
(I12) and (X, J) obeys (I2) and (16), I(J(a,a),a) < J(a,a) = J(J(a,a),a) < I(J(a, ), )
implies that I(J(a, ), a) = J(a,«) < a, for each a > 0. Hence by definition of I,, J(a, ) <
I.(a, ) for each a € L and a € LX. Hence J < I, and thus (X, I,) is the finest object in
SL-S-FINT which is almost coarser than (X, I).

(b): Suppose that (X, I) € |[SL-R-FINT|. It is shown that (X, I.) also satisfies (I5). Assume
that A C L such that I.(a,«) = b for each a € A. Denote I.(a,a) = a, = b for each
a € A. Then b = I(a,a) = I(ay, ) = I(b,a) for each o« € A. Since (X,I) obeys
(I5), b = I(b,VA) = I.(b,VA). Using the fact that b < a and that (X, I,) obeys (I3),
b=1.(b,VA) < I.(a,VA) < I.(a,a) = b when a € A. Hence I,(a,VA) =b and thus (X, I,)
satisfies (I5). Employing part (a), it follows that (X, I,) € |[SL-T-FINT|. H

Theorem 3.4 Assume that (X,1),(Y,J) € |SL-FINT| and f : (X,I) — (Y, J) is continu-
ous. Then

(a) [:(X,I,)— (Y, J.) is continuous

(b) idx : (X, I) — (X, ) is continuous iff (X,I) € |SL-U-FINT]

(¢) SL-S-FINT (SL-T-FINT) is a bireflective subcategory of SL-U-FINT (SL-V-FINT), re-

spectively.

PROOF: (a): It is shown that if z € X, o € L, and b € LY, then J.(b,a)(f(z)) <
L(f=(b),a)(x). Indeed, denote J,(b, ) = by, and by Lemma 3.1, b, is the largest member
of LY such that b, < b and J(by, @) = by, a > 0. Employing the continuity of f : (X, ) —
(Y, J) and the fact that (X, 1) satisfies (I12), f~(by)(x) = bo(f(x)) = J(ba,@)(f(z)) <
I(f~(by),a)(x) < f7(ba)(x), for each x € X. Hence I(f~(by),a) = f(ba), and since
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bo < bimplies that [~ (by) < f(b), [~ (ba) < L(f7(b), ). It follows that J.(b, a)(f(x)) =
bo(f(x)) = [ (bo)(x) < L(f(b),a)(x), and thus f: (X, I,) — (Y, J,) is continuous.

(b): Since I.(a,a) < I(a,«a) for each o > 0, idx : (X,I) — (X,1,) is continuous iff
I(a,0) = a for each a € L~

(c): Verification here follows from parts (a)-(b) above and Theorem 3.3. W

The next result is a refinement of Theorem 3.4. The proof employs transfinite induction but

the details are not provided here.

Definition 3.8 Given that (X,I) € |SL-FINT|. Define inductively , I° : L* x L — L%, for

each ordinal o > 1 as follows:

I(I' Ya,a),a), o—1 exists, a >0

I’(a,a) = ) I’(a, a), o a limit ordinal, o > 0
<o
a, a=0

Theorem 3.5 Suppose that (X, I),(Y,J) € |SL-FINT| and assume that f : (X,I) — (Y, J)
1s continuous. Then for o > 1,

(a) (X,I°) € |SL-FINT]

(b) 1° = I, and J° = J, whenever o is sufficiently large

(c) f:(X,I7) — (Y, J9) is continuous.

It follows from Theorem 5.1-5.2 [3] that SL-P-CS is a topological category. It is shown in
Theorem 3.1 above that SL-P-CS and SL-FINT are isomorphic; hence, quotient objects in

SL-FINT exists. The exact form of quotient structures in SL-FINT is given below.

Theorem 3.6 Assume that (X,I) € |SL-FINT| and f : (X,I) — Y is a surjection. Define
J: LY x L — LY as follows:

J(b,a)(y) = xef/_\l(y)](f*(b), a)(x), where b € LY andy €Y. Then

(a) (Y,J) € |SL-FINT)|

(b) f:(X,I)— (Y,J) is a quotient map in SL-FINT
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(c) f:(X, L) — (Y, J.) is a quotient map in SL-S-FINT.

PrROOF: (a): It is straightforward to verify that axioms (I1)-(I4) are satisfied and thus
(Y, J) € |SL-FINT].
(b): Since SL-FINT is a topological construct, according to Preuss ([23], Proposition 1.2.1.2)
it suffices to show that J is the finest structure for Y such that f: (X, 1) — (Y, J) is contin-
uous. Suppose that f: (X,I) — (Y, K) is continuous in SL-FINT. Let y € Y, b € LY, and
a € L. The continuity of f implies that K(b,a)(y) < I(f~(b),a)(x) for each xz € f~(y).
Hence K(b,a)(y) < xef/_\l(y)[(f‘_(b),a)(x) = J(b,a)(y) for each y € Y. Therefore, K < .J
and thus f: (X, 1) — (Y, J) is a quotient map in SL-FINT.

I(a,a) ,a>0
(c): Since (X, I) € [SL-FINT|, define I'* : LXx L — L* as follows: I*(a,a) =

a La=0

It is straightforward to check that (X, I*) € |SL-U-FINT|, (I*). = I., and SL-U-FINT is
a bicoreflective subcategory of SL-FINT. Since SL-FINT is topological, SL-U-FINT is also
topological. According to the hypothesis, f: (X,I) — (Y, J) is a quotient map in SL-FINT,
and it easily follows that f : (X, I*) — (Y, J*) is a quotient map in SL-U-FINT. By Theo-
rem 3.4(c), SL-S-FINT is bireflective in SL-U-FINT, and thus it follows from Preuss ([23],
Theorem 2.2.12) that f : (X, ([*).) — (Y,(J*).) is a quotient map in SL-S-FINT. Since
(I*). =L, f: (X, L) — (Y, J,) is a quotient map in SL-S-FINT. W

3.4 Examples

Let’s conclude with an elementary example illustrating objects in SL-FINT that fail to satisfy

various axioms (I5)-(I7).

Example 3.1 Let L = {0,1,«, 3} denote a lattice of distinct elements with ordering : 0 < «,
6 < 1. Suppose that X is any set having at least two members. Define the following four

structures for X, where § € L and a € LX:
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A a(x)ly ,6=1
(a) I{a,0) = { **

a 7(52070{76

b) K(a.9) xé\Xa(x).lx ,0=a,1
a,0) =

a ,0=0,0

A a(z)ly ,6=31
(¢) M(a,5) = O ) 1x ’

a ,0=0,«

\

(d) N(a,d) = zé\Xa(.:E).lX .

Observe that (X,I) obeys axioms (I11)-(14) and axioms (16)-(17). Let A = {0,«a,5} C L.
Choose a non-constant a € L and note that I(a,d) = a for each 6 € A. Since VA = 1,
I(a,VA) = mé\Xa(x).lx # a, and thus (X, I) € |SL-S-FINT| but it fails to satisfy (15). More-
over, note that (X, K), (X, M) € |SL-T-FINT| and each is coarser that (X,I). However,
for each § € L and a € L*, K(a,8)V M(a,0) = I(a,8). This implies that there fails to exist
a finest (X, H) € |SL-T-FINT| which is coarser than (X,I), and hence SL-T-FINT is not a
bireflective subcategory of SL-S-FINT. Finally, observe that (X, N) satisfies axioms (I11)-(16)

but fails to obey (17) since N(a,0) = /\Xa(a:).lx # a, whenever a € L™ is non-constant. M
Te
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CHAPTER 4: LATTICE-VALUED CONVERGENCE GROUPS

4.1 Introduction

The notion of a lattice-valued convergence group and some separation properties are inves-
tigated in this chapter. The group operations of product and inversion are required to be
continuous. Lemma 4.1 contains some elementary properties that will be utilized through-
out this chapter. Let GRP denote the category whose objects consist of all groups and
whose morphisms are all the homomorphisms between groups. In order to simplify the
exposition, the same symbol ”.” will be used to denote all group multiplications. Sup-
pose that (X,.) € |GRP|; define v : X x X — X by v(z,y) = z.y and ¢ : X — X by
P(z) =2t Let F,G € §s(X), and denote F.G := v~ (F x G) and F~! := ¢~ F. Recall
that F x G := 7m; F V w5 G, and it is shown by Jager ([8], p. 505) that (F x G)(b) =
V{F(a1) A G(as) : ay X ay < b}, where (a1 x ag)(s,t) := ai(s) A ax(t). Moreover, if b € L,

then define b= € L¥ by b~ (z) = b(x™!) for each x € X.

Lemma 4.1 Assume that (X,.),(Y,.) € |GRP| and let f : (X,.) — (Y,.) be a homomor-
phism. Let F,G € Fs1(X) and b,c;,co € LX. Then

(a) cp x ca <boyiffc' xe' <bloy

(b) foy=rvol(fxf)

(c) [z].ly] = [z.y]

(d) F.le] <F, [e] F<F

(e) (FG) =g F

f) [~ (FG)=1"FfG

(9) [7(F ) =(f"F)"

PROOF: Suppose that ¢; X ¢ < bory. Then (¢ x ¢ ') (x,y) = ¢ () Ay (y) = er(y™) x

c(r™) = (e x &)y N2 < by tat) = b zy) = (b7 o y)(z,y). Hence c;' x
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1 1 1

;' < b 1o, Conversely, if ¢;' x ¢f' < b~' o, then (¢ X ¢o)(z,y) = c1(z) A caly) =
oy A @) = (g xeg )y ha™) < by haT) = b(ey) = (bov)(w,y). Hence
c1 X cg<bon.

(b): Note that [y o (f x f)l(z,y) = v(f(2), f(y)) = [(@).f(y) = [(zy) = f(y(z,y)) =
(foy)(z,y), and thus foy =70 (f x f).

(c): It follows that ([z].[y])(b) = (v~) 7 ([z] x [y])(b) = ([z] x [y])(bo) = V{[z](a1) A[y](a2) :
a1 X as < bory} = V{a(z) Aas(y) : a1 x az < bo~y}. Since ar(x) Aas(y) = (a1 X as)(z,y) <
b(y(z,y)) = bla-y) = [2.y](b), [2].[y] < [z.y]. Conversely, choose a, = b(z.y)1, and as = 1,.
Then (a1 X as)(z,y) = a1(z) A as(y) = b(z.y) = (bo~)(z,y), and thus a, x as < bo .
Hence ([2].[y])(6) > a1(z) A as(y) = b(z.y) = [2.4](b). Therefore [z].[y] > [z.4] and thus
[z].[y] = [z.y].

(d): Assume that b € LX. Then (F.[e])(b) = 7~ (F x [e])(b) = (F x [e])(bo7) = V{F(a1) A
le](as) = a1 X as < bo~} = V{F(a1) Aas(e) : a1 x as < bo~}. Ifa; x as < bor, then
(ay X as)(z, y) < b(z.y) and thus (a1 Aas(e)1x)(z) = ai(z) Aag(e) = (a1 X as)(z, €) < b(x.e) =
b(z), for each = € X. Hence a1 A as(e)lx < b and Fla)) A as(e) < Flar) A Flas(e)lx) <
Flay A az(e)ly) < F(b). Tt follows from the above that (F.[e])(b) < F(b), for each b € L,
and thus F.[e] < F. Likewise, [¢].F < F.

(e): Observe that (G-L.F1)(b) = v~ (G~ x F (b)) = (G x F ) (boy) = VG (er) A
FHey) ierxeg <bor} =V{F ) AGHc1) :e1 xea <7} = V{F(e;) AG(erh) -

' e < b 'or, and thus

c1 X ¢ < bon}. Using (a) above, ¢; X ¢cg < bo vy iff ¢
V{F(es Y)Y ANG(erY) s ep x ey < bory} = V{F(a1) AGlay) : a; x ay < b~' or}. Hence
(GLF ) = V{F(a) AG(az) t a1 xaz <b7H o} = (FxG) (b7 oy) =77 (FxG)(b7) =
(F.G)(b~Y) = (F.G)"(b), for each b € L*. Hence (F.G)' =G L.F L.

(f): Employing (b) above, f~(F.G)(b) = f7[(v"(F x G)J(b) = (f o) (F x G)(b) =
o (f X AT (FxG)b) =7 [f~F x f=F)(b) = (f~F.f~G)(b), for each b € LY. Hence

f7(FG)="F.f6.
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(g): Let b € LY and note that (bo fo)(x) = b(f(x™Y)) = b((f(z))™') = b7 (f(x)) =
(b=' o f)(z), for each = € X. Hence bo foth =b Lo f. Then f~(F1)(b) = f~ (v~ F)(b) =
(fo)"F(b) = Fbo fouy) = Fb~lof) = fFb ) = (f~F)"'(b), for each b € LY.
Therefore f~(F 1) = (f~F)"!. ®

4.2 Stratified L-convergence groups

Let (X,.) € |GRP| and (X, q) € |SL-CS|. Then (X, ., q) is called a stratified L-convergence
group provided v : (X, .,q) x (X,.,q) — (X,.,q) and ¥ : (X,.,q) — (X, .,q) are each con-
tinuous. Moreover, SL-CG denotes the category whose objects consist of all the stratified
L-convergence groups and whose morphisms are all the continuous homomorphisms between

objects.
Theorem 4.1 SL-CG is a topological category over GRP.

Proor: First, fix (X,.) € |GRP|. Then {(Y,.,q) € |SL-CG| : X = Y} is a set. Next,
assume that X = {xzo}. Suppose that F € Fsr(X) and a € L¥; then a = B1x, where
B = a(xy), and thus F(a) = F(Blx) > = a(xo) = [xo](a). Hence F > [z¢] and F L5 g,
for each o € L. Tt follows that there is exactly one (X, q) € |SL-CS| whenever X = {z¢}.
Also, since zg = e, F.G > [0].[z0] = [x¢] and F~! > [z]. Hence (X, .,q) is the only object
in SL-CG provided (X, .) € |GRP| with X consisting of only the identity element.

Finally, it remains to show that SL-CG possesses initial structures. Consider the source
i (X,.) = (Yj,.,q;), j € J, where each f; is a homomorphism and (Y}, .,q;) € |SL-CG|.
Define F 25 z iff I F EER fj(x), for each j € J, a € L, and denote ¢ = (ga)acr- Then
(X,q) € |SL-SC|. It is shown that (X,.,q) € |SL-CG|. Suppose that F %% z and G 2% 2.
Then by Lemma 4.1 (f), f;7(F.G) = [ F.fi7G 2o, fi(x).fi(z) = fj(x.2), for each j € J.
Hence F.G % x.z. Similarly, by Lemma 4.1 (g), fi(F Y = (fF) 2o, (fi(x)™t =
fi(x~1), for each j € J, and thus F~' %% z=1. Therefore (X, .,q) € |[SL-CG].

Since ¢ is the initial structure for f; : X — (Y}, ¢;), j € J, in SL-CS and (X, ., q) € |SL-CG],
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it follows that SL-CG possesses initial structures and is topological over GRP. W

Recall that (X,q) € |SL-CS| is called a-Hausdorff provided that each F € Fs.(X) o~
converges to at most one element in X. Also, z € cl,, A means that there exists F € §s1(A)

such that [F] :=i~F %% 2, where i : A — X is the natural injection.

Theorem 4.2 Assume that (X,.,q) € |SL-CG|. Then (X,.,q) is a-Hausdorff iff {e} is

a-closed.

PROOF: Suppose that (X,.,q) is a-Hausdorff and = € cl, {e}. Then there exists F €
Fso({e}) such that [F] =i~ F L% x, where i : {e} — X, i(e) = e. Observe that [F] > [e].
Indeed, if b € L*, then [F|(b) = i~ F(b) = F(boi) = F(b(e).1(y) > ble) = [e](b). Hence
[F] > [e] and thus [F] 25 e. Since (X, .,q) is a-Hausdorff, z = e and thus {e} is a-closed.

Conversely, assume that {e} is a-closed and F 25 z, 2. Then H = F.F 1 25 271 Tt is
shown that ¢~ H exists, where i : {e} — X, i(e) = e. Note that H(1jee) = (F.F 1) (Lfepe) =
Y (FXF ) (Liege) = (FxF 1) (1geye0y). Observe that (1ye0v)(s,t) = lyeye(s.t) = 15(s, ),
where B = {(s,t) : t # s7'}. Hence 1gge 0oy = 1p, (F x F 1) (1) = V{F(a1) A F (a) :
ay xag < 1} = V{F(aiANay") : a; x ay < 1p}. Moreover (a; x a;')(s, s) = a1(s) Aag(s™h) =
(a1 x ag)(s,s71) < 15(s,s7') = 0, and thus F(a; A ay') = 0. Therefore (F x F~1)(15) =0
and i~ H exists. It follows that K := i~ (i“H) > H, thus K 2% z.27'. Then z.27! € cl, {e}

and hence x = z. Therefore (X, .,q) is a-Hausdorff. W

Theorem 4.3 Suppose that (X,.,q) € |SL-CG|. Let f: (X,.,q) — (Y,.) be an onto homo-
morphism, and choose p such that f : (X,q) — (Y,p) is a quotient map in SL-CS. Then

f(X,.,q) — (Y,.,p) is a quotient map in SL-CG.

PROOF: It must be shown that 7y and vy are continuous. Assume that G; 2% y;: then
there exists F; - z; such that f7F =G, for v = 1,2. Then F|.F, KN Z1.x9, and it

follows from Lemma 4.1(f) that 157 (G1 X Go) = G1.Go = fF.f~Fs = f(FL.F) 2
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f(z1.25) = f(z1).f(22) = y1.yo. Hence vy is continuous. Next, suppose that G £% 4 and
thus there exists F <% z such that f~F = G. Then F~!' %% 2~! and by Lemma 4.1(g),
by G = Uy ([TF) = (f7F) = f7(F) 2 fl@!) = (f(2))™ =y~ Therefore ¢ is
continuous, and (Y] .,p) € |[SL-CG|. Since f : (X,q) — (Y, p) is a quotient map in SL-CS, it

follows that f: (X,.,q) — (Y,.,p) is a quotient map in SL-CG. W

Assume that f : (X,q) — (Y,p) is a continuous surjection in SL-CS. Define R = {(z,z2) €
X x X : f(x) = f(2)}; then R is an equivalence relation on X, and let (z) := {z € X :
(x,z) € R}. Let 6 : X — X/R denote the canonical map 6(z) = (x), + € X. Moreover,
T = (ra)acr denotes the quotient structure determined by 6 : (X,q) — X/R in SL-CS.

Define fr: X/R — Y by fr({x)) = f(z); then fr is well-defined, and fr is a bijection.

Theorem 4.4 Given the notations described above, let f : (X,q) — (Y,p) be a continuous
surjection. Then fr : (X/R,7) — (Y,p) is a homeomorphism iff f is a quotient map in
SL-CS.

PROOF: Assume that f : (X,q) — (Y,p) is a quotient map in SL-CS. It is shown that
fr is a homeomorphism . Suppose that G ~% (x). Since 6 is a quotient map, it follows
from Theorem 2.1 that there exists z; € () and F %% z,, such that #~F = G. Hence
2G=[f7(0"F) = (fro)~F = f~F 2% f(x1) = fr((x)), and thus fg is continuous.

Next, it is shown that fz' : (Y;p) — (X/R,7) is continuous. Assume that H =% y. Since
f is a quotient map, there exist z € f~!(y) and F 2, 2 such that f~F = H. Denote G =
0-F = (z) and thus f'G = fp' (07 F) = f~F =M. Hence (fz')"H = (fz')"(fr9) =
(frlofr)"G = idy,rG =G % (z) = f5'(y). Therefore fg is a homeomorphism.
Conversely, assume that fr is a homeomorphism, and it is shown that f is a quotient map.
Suppose that G X% y, and thus H = (fz)~G = fr'(y) = (x). Since 6 is a quotient map,
there exist z; € (z) and F 2% 1z, such that —~F = H. Hence f~F = (frol)"F = frH =
f7l(fr)~G] =idy’G = G. Therefore f is a quotient map in SL-CS. W
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Lemma 4.2 Assume that [ : (X,q) — (Y,p) is continuous in SL-CS. Then f~'(B) is

a-closed in (X, q) whenever B is a-closed in (Y, p).

PROOF: Denote A = f~1(B) and let = € cl,, A. Then there exists F € Fs1(A) such that
[F] .= iy F % 2, where iy : A — X is the natural injection. Define fy = f|A : A —
B and thus fiF € Fsp(B). Observe that [fyF|] = f~([F]). Indeed, if b € LY, then
[faFIb) = [y F(bls) = Fblz o fa) = F((bo f)la) = [Fl(bo f) = f7([F])(b), and thus
foF) = f~([F]) =25 f(x). Tt follows that f(z) € cl,, B = B, and hence = € f~*(B) = A.

Therefore A is also a-closed. W

Remark 4.1 Suppose that vy € X; define H(a) := a(xo,xo) for each a € LX*X. Then
H = [xo] X [xo]. Indeed, Jager ([8], p. 505) shows that (F x G)(a) = V{F(a1) A G(az) :
a; X as < a}, where (a1 X ag)(s,t) := a1(s) A ag(t). Note that if a; X ay < a, then [xo)(ar) A
0] (ag) = ay(w0) A as(zo) = (ar X as)(zo, 0) < a(wo,20) = H(a). Hence [zo] X [zo] < H.
Conwersely, define ay = ag 1= a(xo, o)1z then (a1 X az)(s,t) < a(s,t). Hence a; X as < a,

[zo](a1) A [xo](a2) = a(zo, x0), and thus H = [xo] X [z].

Lemma 4.3 Assume that f : (X,q) — (Y,p) is a quotient map in SL-CS and let y € cl,, B.

Then there exists x € f~(y) such that x € cl,, f~(B).

PROOF: Let A = f~'(B) and y € cl, B. There exists G € Fs1(B) such that i5G = [G] 2% 4.
Since f is a quotient map , there exist # € f~'(y) and F %% z for which f~F = [G].
Since i ([G]) exists, [G](1p:) = 0. Hence 0 = [G](1gc) = f~F(lge) = F(f (1lge)) =
F(1p-1(pey) = F(lae), and thus i7F exists. Hence iy (i7F) > F 5 z and thus z € cl,, A.

An object (X, q) € |[SL-CS| is called o — T, provided [z] 2% 2 implies z = z.

Theorem 4.5 Using the notation defined earlier, assume that f : (X,q) — (Y,p) is a

continuous surjection, and let R = {(z,2) € X x X : f(z) = f(2)}. Then
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(a) R is a-closed provided (X/R,T) is a-Hausdorff
(b) R is a-closed whenever (Y, p) is a-Hausdorff
(c) (X/R,T) is a« — Ty whenever R is a-closed.

PRrROOF: (a): Let (z) = {z € X : (z,2) € R}, and define A = {((z), (z)) : x € X}. Note
that (0 x 0)"'(A) = R. Since § x 0 : (X x X,gx q) — (X/R x X/R,7 X T) is continuous,
it follows from Lemma 4.2 that (6 x §)71(A) = R is a-closed provided that A is a-closed in
(X/RxX/R,7x7). It is shown that A is a-closed. Indeed, assume that ((s), (t)) € cl,_x, A.
Then there exists H € Fgz(A) such that [H] = ixH 225 ((s), (t)). Observe that m oin =
T oin A — X/R, and thus (7 0in)"H = (my0in)"H = 77 ([H]) = m57 ([H]) == (s), (t).
Since (X/R, ) is a-Hausdorff, (s) = (t), and thus A is a-closed. Therefore R is a-closed by
Lemma 4.2.

(b): Assume that (Y, p) is a-Hausdorff and H ~% (z), (2). Then there exist 2; € (x), 21 € (2),
F 2 xy, G2 2, such that ~F = ~G = H. Since fiH = f5(0°F) = f~F 25 f(21)
and frH = f7(07G) = f~G 2% f(z1), it follows that f(z;) = f(z1). Hence (z) = (2) and
thus (X/R,7) is a-Hausdorff, and by (a), R is a-closed.

(c): Suppose that R is a-closed and [(x)] == (2). Again, let A = {({z),(z)) : € X}
and define H € Fsz(A) by H(a) = a((z),(z)) for each a € L*. it follows from Re-
mark 4.1 that ixH = [((z), (z)))] = [(«)] x [(z)], and thus ixH == ((x),(z)). Then
((x),(2)) € cly xr, A. It is shown in Theorem 2.3 that the product of quotient maps is again
a quotient map, 0 x 0 : (X x X,g¢x q) — (X/R x X/R,7 X ) is a quotient map. Since
((z),(2)) € clywr, A and (0 x 0)"1(A) = R, it follows from Lemma 4.3 that there exist
x1 € (x) and z; € (z) such that (xq,21) € cly, xaR. Since R is a-closed, (z1,21) € R and

thus (x) = (2). It follows that (X/R,7)isa—T;. B

Now, suppose that f : (X,.) — (Y,.) is an onto homomorphism, and recall that R = {(z, z) €
X x X : f(x) = f(2)} and (z) := {z € X : (z,2) € R}, define (z).(y) = (z.y), and note
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that (X/R,.) € |GRP|. Let 6 : X — X/R be the canonical map 6(z) = (z), and denote
fr((z)) = f(z), 2 € X

Theorem 4.6 Given the notations described above, assume that f : (X,.,q) — (Y,.,p) is
a continuous onto homomorphism in SL-CG. Let ¥ denote the quotient structure in SL-CS
determined by 0 : (X,q) — X/R. Then

(a) fr: (X/R,.,7) — (Y,.,p) is a continuous onto homomorphism

(b) fr is a homeomorphism iff f is a quotient map in SL-CG

(c) R is a-closed in (X x X,q x q) iff (X/R,.,T) is a-Hausdorff.

PROOF: According to Theorem 4.3, 0 : (X,.,q) — (X/R,.,7) is a quotient map in SL-CG.
Verification of parts (a)-(b) follows as in Theorem 4.4. Employing parts (a) and (c) of The-

orem 4.5 along with Theorem 4.2 establishes part (¢). W

Let (X,.) € |GRP| and €, C Fs1(X), for each o € L. Consider the following conditions:
cl) [e] € €, and €, C €5 whenever [ < «
c2)Ge,ifG>Fed,

(c1)
(c2)
(c3) F.G € €, provided F.§ € €,
(c4) F~' € €, whenever F € €,
(c5)

ch) (2] F.lr7 | €€, if Fe€,, z € X.

Theorem 4.7 Let (X,.) € |GRP| and assume that €, obeys (c1)-(c5) above, for each o € L.
Define H 25 z iff there exists F € € such that H > [z].F, and denote § = (¢a)acr. Then
(X,.,q) € |SL-CG|. Conversely, if (X,.,q) € |SL-CG| and €, = {F : F 2 ¢}, a € L, then
¢, satisfies (c1)-(c5). Moreover, (X, .,q) is the only object in SL-CG for which {F : F % e

coincides with €, obeying (c1)-(c5), for each o € L

PROOF: Suppose that €, obeys (c1)-(cb). First, it is shown that (X, ¢) € |[SL-CS|. According

to Lemma 4.1 (c), [z] = [z].[¢] and since [e] € €4, [2] L & for each o € L. If K > H X% 2,
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then L > H > [z].F for some F € €,, and thus K 22, 2. Next, assume that < « and
H X% x. Then H > [2].F for some F € &,, and by (c1), F € €5. Hence H 2, z and
(X, q) € |SL-CS|.

It is shown that 4 and ¢ are continuous. Suppose that H - z and K %% y; then H > [v].G,
for some F,G € €,. Employing (¢3) and (c5) along with Lemma 4.1 (a), H.K > [z].F.[y].G =
2] F.([y].G.[y ). lv] = [2] F.Gi.ly] = [2].G2.ly] = [2].[y)-([y~"]-Go-[y]) = [2-y].Gs, for some
G € €, i =1,2,3. Hence H.K % [x.y], and ~ is continuous. Moreover, using Lemma
4.1(e), (c4) and (c5), H™! > ([z].F)t = FLz7Y = [z ([z].F L[z7Y]) = [=7Y.F,
Fi € €, Hence H~' %% [27'] and thus ¢ is continuous. Therefore (X, .,,q) € |SL-CG].
Moreover, if F € €,, then by Lemma 4.1(d), F > [e].F and thus F % z. Conversely,
suppose that H 2% e. Then H > [e].F for some F € €,. Using Lemma 4.1 (d), (c2) and
(c5), H > H.[e] > [e].F.[e] = F and thus H € &,. Therefore G 2% ¢ iff G € €,

Assume that (X, .,5) € [SL-CG| and {F : F 2% ¢} = &, for each a € L. Tt is shown that
G =p. If H ™ x, then there exists F € €, such that H > [z].F. Since F 2% e and
[x].F Posx, H 2% . Hence ¢ > p. Conversely, suppose that H 2% z. Then by Lemma
4.1 (e,d), H > [e]. H = [z].([z7").H). Since [z7'].H % ¢, [z7']H € €, and thus H 25 z.
Therefore p > ¢ and thus (X, ., §) is the only object in SL-CG for which F %% z iff F € ¢,

which obeys (c1)-(c5), a € L. R

Remark 4.2 Assume that (X, .,q),(Y,.,p) € |SL-CG| and f : (X,.,q) — (Y,.,p) is homo-
morphism that is continuous at the identity ex. Then f is continuous. Indeed, if H <% «,
then by Theorem 4.7, there exists F 2 ex such that H > [z].F. According to Lemma
4.1(f), FH > f~(2).fF = [f(@)].f~F 2 f(z).ey = f(z), and thus f is continuous.
[
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CHAPTER 5: CONVERGENCE SEMIGROUP ACTIONS:
GENERALIZED QUOTIENTS

5.1 Preliminaries

Recall that unlike the category of all topological spaces, CONYV is cartesian closed and thus
has suitable function spaces. In particular, let (X,q), (Y,p) € |[CONV| and let C(X,Y)
denote the set of all continuous functions from X to Y. Define w : (X, q) xC(X,Y) — (Y, p)
to be the evaluation map given by w(zx, f) = f(z). There exists a coarsest convergence
structure ¢ on C(X,Y’) such that w is jointly continuous. More precisely, ¢ is defined by :
d 5 fiff w(F x ®) L f(z) whenever F % z. This compatibility between (X, q) and
(C(X,Y),c) is an example of a continuous action in CONV. Continuous actions which are
invariant with respect to a convergence space property P are studied. Choices for P include :
locally compact, locally bounded, regular, Choquet(pseudotopological), and first-countable.
An object (X,q) € |CONV]| is said to be locally compact (locally bounded) if 7 % x
implies that F contains a compact (bounded) subset of X, respectively. A subset B of X is
bounded provided that each ultrafilter containing B g-converges in X. Further, (X, ¢q) is
called regular (Choquet) provided cl,F % x (F % z) whenever F % x (each ultrafilter
containing F g-converges to x), respectively. Here cl,F denotes the filter on X whose base
is {cl,F' : F € F}. Some authors use the term ”pseudotopological space” for a Choquet
space. Finally, (X, q) is said to be first-countable whenever F 4, x implies the existence
of a coarser filter on X having a countable base and g-converging to x.

Let SG denote the category whose objects consist of all the semigroups (with an identity el-
ement), and whose morphisms are all the homomorphisms between objects. Further, (S, ., p)
is said to be a convergence semigroup provided : (S,.) € |SG|, (S,p) € |CONV|, and

v (S,p) x (S,p) — (S,p) is continuous, where y(z,y) = z.y. Let CSG be the category

39



whose objects consist of all the convergence semigroups, and whose morphisms are all the

continuous homomorphisms between objects.

5.2 Continuous Actions

An action of a semigroup on a topological space is used to define ”generalized quotients”
in [1]. Below is Rath’s [24] definition of an action in the convergence space context. Let
(X,q) € |[CONV/, (S,.,p) € |CSG|, A : X x S — X, and consider the following conditions :
(al)  A(x,e) = x for each x € X (e is the identity element)

(a2)  A(M(z,g),h) = Nz, g.h) for each z € X, ¢g,he S

(a3)  A:(X,q) x (S,.,p) — (X, q) is continuous.

Then (S,.)((S,.,p)) is said to act(act continuously) on (X, ¢) whenever al-a2 (al-a3) are
satisfied and, in this case, A is called the action (continuous action), respectively. For sake
of brevity, (X, S) € A(AC) denotes the fact that (5, .,p) € |CSG|) acts (acts continuously)

on (X, q) € |CONV/, respectively. Moreover, (X,.S,A) € A indicates that the action is A.

The notion of ”generalized quotients” determined by commutative semigroup acting on a
topological space is investigated in [1]. Elements of the semigroup in [1] are assumed to be

injections on the given topological space.

Lemma 5.1 ([1]) Suppose that (S, X, \) € A, (S,.) is commutative and A(.,g) : X — X is
an injection, for each g € S. Define (z,g) ~ (y,h) on X x S iff N(z,h) = Ny, g). Then ~

s an equivalence relation on X X S.

In the context of Lemma 5.1, let ((x, g)) be the equivalence class containing (z, g), B(X, S)
denote the quotient set (X x S)/ ~, and define ¢ : (X x S;r) — B(X,S5) to be the
canonical map, where 7 = ¢ X p is the product convergence structure. Equip B(X,S) with
the convergence quotient structure o. Then K = ((y, h)) iff there exist (x,g) ~ (y,h) and

H 5 (x,g) such that ¢~H = K. The space (B(X, S),0) is investigated in section 5.3.
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Remark 5.1 Fiz a set X. the set of all convergence structures on X with the ordering
p < q defined in section 1.2 is a complete lattice. Indeed, if (X,q;) € |CONV|, j € J, then
s1€1§ qj = ¢* is given by F <, x iff F &, x, for each j € J. Dually, ;gfl q; = ¢" is defined by
j

F <, x iff F o, for some j € J. It is easily verified that if ((X,q;), (S,.,p),\) € AC for
each j € J, then both ((X,q'),(S,.,p),\) and ((X,q°),(S,.,p),\) belong to AC. R

Theorem 5.1 Assume that ((X,q),(S,.,p),\) € AC. Then

(a) there exists a finest convergence structure & on X such that (X, q"),(S,.,p),\) € AC
(b) there exists a coarsest convergence structure p° on S for which ((X,q), (S,.,p%),\) € AC
(c) ((B(X,S),0),(S,.,p)) € AC provided (S, .) is commutative and \(.,g) is an injection,

for each g € S.

PROOF: (a): Define ¢ as follows: F 2, & iff there exist 2z € X, G & ¢ such that
r=MNz,9) and F > X7(2 x G). Then (X,¢") € [CONV]|. Indeed, & 2, & since ¢ = Az, e)
and & = A7 (& x é). Hence (CS1) is satisfied. Clearly (CS2) is valid, and (X, ¢*') € [CONV]|.
It is shown that A : (X, ¢") x (S,p) — (X, ¢") is continuous. Suppose that F 2, 5 and
H L h; then there exist z € X, G & ¢ such that © = A(z,g) and F > A\~ (% x G). Hence,
FXxH > XN(2xG)xH, and employing (a2), \"(F x H) > A"(A7 (2 x §) x H) =
{AN{z} x G.H) : G € G .H € H}] = \~(¢ x G.H). Since G.H % g.h and \(z,g.h) =
AA(z,9),h) = Xz, h), it follows from the definition of ¢/ that A7 (F x H) z, Az, h).
Hence ((X,q¢"),(S,.,p),\) € AC.

Assume that ((X,s),(S,.,p),\) € AC. It is shown that s < ¢. Suppose that F <, x;
then there exist 2 € X, G & g such that * = A(z,¢) and F > A~(% x G). Since
A7(2 x G) = Az,g), it follows that F = x and thus s < ¢f. Hence ¢” is the finest
convergence structure on X such that ((X,¢"), (S,.,p),\) € AC.

(b): Define p° as follows: G r, g iff for each F L 2, \7(F x G) 5 A=, g). Then
(S,p°) € |CONV/|. First, it is shown that (S,.,p) € |CSG|; that is, if G 7, g and
H 5 h, then G.H 2 g.h. Assume that F 5 z; then using (a2), A7 (F x G.H) =
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IMFxGH):FeF.GeGHeH) =[{MNFxG xH):FeFGeGHEe
HY = A~ (A\7(F x G) x H). It follows from the definition of p° that A~ (F x G) 5 Az, g),
and thus A™(A7(F x G) x H) 5 A\(z,9),h) = Mz, g.h). Hence G.H LR g.h, and thus
(S,.,p°) € |CSG|. According to the construction, p© is the coarsest convergence structure on
S such that A : (X, q) x (S,p°) — (X, ¢) is continuous.

(c): Define Ap : (B(X,S),0) x (S,.,p) — (B(X,S5),0) by Ag({(z,9)),h) = ((z,g.h)). It is

shown that Ap is a continuous action. Indeed, Ag({(z, 9)), e) = ((z, 9)), and Ag(As({(x, 9)), h), k)

Ag({(z,9.h)), k) = ((x,g.h.k)) = Ag({(x, g)), h.k). Hence Ap is an action. It remains to show
that \p is continuous. Suppose that K % ((x,¢g)) and £ % [. Since ¢ is a quotient map
in CONV, there exists H — (21,91) ~ (z,g) such that o=H = K. Then \5(K x L) =
A7 H x L). Let K € K and L € L, and note that Ag(p(H) x L) C Ap(e(m(H) x
m(H)) x L) = @(m(H) x m(H).L). Hence \g(¢~H x L) > ¢~ (77H x 7y H.L) =
p(1,91:0) = ((21,91:0)) = Ap({(21,01)),1) = As({(x,9)),1). Therefore (B(X,5),5,Ap) €
AC. B

Remark 5.2 Let (X,q) € |[CONV] and let (C(X,X),c) denote the space defined in sec-
tion 5.1. Since ¢ is the coarsest convergence structure for which the evaluation map w :
(X,q) x (C(X,X),c) = (X,q) is continuous, this is a particular case of Theorem 5.1(b),
where A = w, (5,.,p°) = (C(X,X),.,¢), and the group operation is composition. More-
over, it is well-known that, in general, there fails to exist a coarsest topology on C(X,X)

for which w : (X, q) x C(X, X) — (X, q) is jointly continuous (even when q is a topology). W

Assume that (X, S, \) € A; then ) is said to distinguish elements in S whenever A\(z, g) =
A(z, h) for all x € X implies that g = h. In this case, define 6 : S — C(X, X) by 0(¢g)(x) =
A(z, g), for each x € X. Note that 6 is an injection iff \ separates elements in S. Moreover,

0 is a homomorphism whenever the operation in C(X, X), k.l = [ o k, is composition.
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Theorem 5.2 Suppose that ((X,q),(S,.,p),\) € AC, and assume that \ distinguishes ele-
ments in S. Then the following are equivalent:

(a) 0:(9,p) — (C(X,X),c) is an embedding

(b) p=rp°

(¢c) if G4 g, then there exists F > & such that \=(F x G) - Xz, g).

PrROOF: (a) = (b): Assume that 6 : (S,p) — (C(X,X),c) is an embedding. According
to Theorem 5.1(b), p® < p. Suppose that G 7, g; then if F L 2, \7(F x G) & Mz, 9).
It is shown that 6°G < 6(g). Indeed, note that w™(F x 67G) = [{w(F x 0(Q)) : F €
FGeG)=NFxG):FecF,GeG} =M (FxG L Xz g) = w(z,0(g)). Hence
0~G 5 6(g), and thus G % g. Therefore p = p°.

(b) = (c): Verification follows directly from the definition of p°.

(c) = (a): Suppose that G % g and F % 2. Since X : (X, q) x (S,p) — (X, q) is continuous,
A(F xG) L Az, g). Hence w™(F x 07G) = A7 (F x G) L A, g) = w(z,0(g)), and thus
=G = 0(g). Conversely, if G € F(S) such that 6~G < 6(g), then the hypothesis implies
that G & g. Hence 6 : (S,p) — (C(X, X),¢) is an embedding. W

Remark 5.3 The map 6 given in Theorem 5.2 is called a continuous representation of
(S,.,p) on(X,q). Rath [24] discusses this concept in the context of a group with (C(X, X),.,c)
replaced by (H(X),.,7), where (H(X),.) is the group of all homeomorphisms on X with
composition as the group operation, and vy is the coarsest convergence structure making the

operations of composition and inversion continuous. W

Quite often it is desirable to consider modifications of convergence structures. For ex-
ample, given (X, q) € |[CONV|, there exists a finest regular convergence structure on X
which is coarser than ¢ [13]. The notation Pq denotes the P-modification of q. Gener-
ally, P represents a convergence space property; however, it is convenient to include the

case whenever Pq = q. Let PCONYV denote the full subcategory of CONV consisting

43



of all the objects in CONV that satisfy condition P. Condition P is said to be finitely
productive(productive) provided that for each collection (X;,¢;) € |[CONV|, j € J,

P( x q;) = x Pgq;j whenever J is a finite (arbitrary) set, respectively.
jed jeg

Theorem 5.3 Assume that Fp : CONV — PCONV is a functor obeying Fp(X,q) =
(X, Pq), Fp(f) = f, and suppose that P is finitely productive. If ((X,q),(S,.,p),\) € AC
andh : (T,.,&) — (S, .,p) is a continuous homomorphism in CSG, then ((X, Pq), (T, ., P§)) €
AC; in particular, (X, Pq), (S, ., Pp),\) € AC.

ProOF: Given that ((X,q),(S,.,p),\) € AC, define A : (X,q) x (T,§) — (X,q) by
A(z,t) = Mz, h(t)). Clearly A is an action; moreover, A is continuous. Indeed, suppose
that F L z and G = ¢; then A~ (F x G) = [{A(F xG) : F € F,G € G} = [{MF x h(Q)) :
FeF,GeGY=A(FxhG) L Xa,h(t)) = Alx,t). Therefore A is continuous.

Since Fp is a functor and P is finitely productive, continuity of the operation v : (T, .,£) X
(T,.,&) — (T, .,€), defined by y(t1, t3) = t1.t2, implies continuity of v : (7', ., P)x (T, ., P§) —
(T, ., P§). Hence (T, ., P§) € |CSG|. Likewise, A : (X, Pq) x (T, P§) — (X, Pq) is continu-
ous, and thus ((X, Pq), (T, ., P¢),A) € AC. R

Let (S},.,pj) € |CSG], j € J, and denote the product by (5, .,p) = jéJ(Sj’ ., p;). The direct
sum of (5;,.), j € J, is the subsemigroup of (S,.) defined by jGGBJ S;={(g;) €S:9;,=¢;
for all but finitely many j € J}. Denote 6; : S; — ]621 S; to be the map 60;(g) = (gx), where
g; = g and g = e, whenever k # j, and let 0 : jGEBJ S; — jé} S; be the inclusion map. Define

H L (gj) in @JSj ift H > 0,G1.0;,Go...0, Gy, where G; o, gk, in (Sk;, ., pr;) and n > 1.
j€

Then (& S;,.,n) € |[CSG|, and 6 : (& S;,.,n) — (5,.,p) is a continuous homomorphism.
jeT jed

Theorem 5.4 Suppose that Fp : CONV — PCONV is a functor satisfying Fp(X,q) =
(X, Pq), Fp(f) = f, and P is productive. Assume that ((Xj,q;),(S},..pj),\;) € AC for

each 5 € J. Then
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(a) (x(Xj,Pqj), x(S},.,Pp;)) € AC
jeJ jeJ

(b) (,X (X]7PQJ)7(€B Sj>'7p77)) € AC
JjeJ jeJ

PrOOF: (a): Denote (X, q) (Xj,45), (S,.,p) = x(5;,.,p;), and define X : (X, q) x
jeJ

= X
jeJ

(S,p) — (X,q) by A(z)),(9;)) = (N(zj,g)). Clearly X is an action. Then, accord-

ing to Theorem 5.3 and the assumption that P is productive, it suffices to show that

(X, q),(S,p),A) € AC. The latter follows from a routine argument, and thus ( x (X, Pg;),

jeJ

X (S}, Pp), ) € AC,

jeJ

(b): Since 0 : (&S5;,.,1m) — (S, .,p) is a continuous homomorphism in CSG and P is produc-

tive, it follows from Theorem 5.3 that ( x (Xj, Pg;), (®S5;,.,Pn)) € AC.R
jeJ

Corollary 5.1 Assume that Fp : CONV — PCONYV is a functor satisfying Fp(X,q) =
(X, Pq), Fp(f) = f, and P is finitely productive. Suppose that ((X;,q;),(S;,..pj)) € AC for
each j € J. Denote (X, q) = jéJ(Xj,qj) and (S,.,p) = jé}(Sj, ;). Then

(a) ((X,Pq),(S,., Pp)) € AC

() (X.Pa).(& .. Pi)) € AC

Verification of Corollary 5.1 follows the proof of Theorem 5.4 with the exception that since P
is only finitely productive, (X, Pq) and jé](Xj’ Pg;), as well as (S, ., Pp) and jé](sj’ . Pp,),
may differ. Of course equality holds whenever the index set is finite. Choices of P that
are finitely productive, and preserve continuity when taking P-modifications include: locally

compact, locally bounded, regular, and first-countable. The property of being Choquet is

productive, and continuity is preserved under taking Choquet modifications.

5.3 Generalized Quotients

Recall that if ((X,q),(S,.,p),A) € AC, (S,.) is commutative, A(.,g) is an injection, then

by Lemma 5.1, (z,9) ~ (y,h) iff A(z,h) = A(y, g) is an equivalence relation. Denote R =
{((z.9), (y, h)) : (x,9) ~ (y,h)}, r = qxp, and o : (X xS r) = (X x85)/ ~,0) the
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convergence quotient map defined by ¢(z,g) = ((z,g)). Then (B(X, S),0):= ((X xS5)/ ~
,0) is called the generalized quotient space. Convergence space properties of (B(X,.S), o)
are investigated in this section.

For ease of exposition, ((X,q), (S,.,p),\) € GQ denotes that ((X,q), (S,.,p),\) € AC, (S,.)
is commutative, and A(.,g) is an injection, for each g € S. The generalized quotient space

(B(X,S),0) exists whenever ((X,q), (S,.,p),\) € GQ.

Theorem 5.5 Assume that ((X,q), (S,.,p),\) € GQ. Then the following are equivalent:
(a) (X,q) is Hausdorff

(b) R is closed in ((X x S) x (X x S),rxr)

(¢) (B(X,S),o) is Hausdorff.

PROOF: (a) = (b): Let m;; denote the projection map defined by : m;; : (X x.S) x (X x5) —
X xS where mi;(((, 9), (y, 1)) = (,9) when i, j = 1,2 and 73;(((x, 9), (y, h))) = (y, h) when
i,j = 3,4. Suppose that H =5 ((x, g), (y,h)) and R € H. Let H € H; then HN R # 0, and
thus there exists ((x1,91), (y1,h1)) € HN R. Hence A(z1,h1) = A(y1, ¢1), and consequently
A((m1 0 m12) (H) X (mg 0 m34) (H)) N A((71 0 34) (H) X (2 0 m12)(H)) # 0, for each H € H. It
follows that I := A7 ((myoma) " H X (myomss) "H) VAT ((m0mss) 7 H X (m0m12) " H) exists.
However, (momys) " H 5 @, (myomsy) " H 2 h, (miomsy) " H 5 v, (meoms) ~"H % ¢, and thus
K L Xz, h), My, g). Since (X, q) is Hausdorff, A(z,h) = Ay, g) and thus (z,g) ~ (y,h).
Therefore, ((x,9), (y,h)) € R, and thus R is closed.

(b) = (c): Assume that K = {((y;, hs)), i = 1,2. Since ¢ : (X x S,7) — (B(X,S5),0)
is a quotient map in CONV, there exist (z;,¢;) ~ (¥, hi) and H; — (x;,¢;) such that
¢~ H; = K, i = 1,2. Then for each H; € H;, o(H;) N p(Hz) # O and thus there ex-
ists (s;,t;) € H; such that (s1,t1) ~ (s2,t2), ¢ = 1,2. Hence the least upper bound filter
L := (HyxHy) VR exists, and £ =5 ((z1, g1), (2, g2)). Since R is closed, (21, g1) ~ (22, g)
and thus ((y1,h1)) = ((y2, he)). Therefore (B(X,S), o) is Hausdorft.

(¢) = (a): Suppose that (B(X,S),o) is Hausdorff and F 5 z,y. Then ¢~ (F x ¢) 5
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((x,e)),((y,e)), and thus (z,e) ~ (y,e). Therefore, z = A(x,e) = A(y,e) = y, and thus
(X, q) is Hausdorff. W

Conditions for which (B(X,S), o) is T; are given below. In the topological setting, sufficient
conditions in order for the generalized quotient space to be Ty are given in [1] whenever (.5, .)

is equipped with the discrete topology.

Theorem 5.6 Suppose that (X, q),(S,.,p),\) € GQ. Then (B(X,S),0) is Th iff o ({(y, h)))
is closed in (X x S,r), for each (y,h) € X x S.

PROOF: The "only if” is clear since {((y, h))} is closed and ¢ is continuous. Conversely, as-
sume that =1 ({(y, h))) is closed, for each (y, h) € X xS, and suppose that ((z, ¢)) < ((y, h)).
Since ¢ is a quotient map in CONV, there exist (s,t) ~ (y,h) and H — (s,t) such that
p~H = ((x,9)). Then o~'({(x,9))) € H, and thus (s,1) € clo™'(((.9)) = o' ({(x,9))).
Hence (z,g) ~ (s,t) ~ (y, h), and thus ((z,g9)) = ((y, h)). Therefore (B(X,S),o)is T;. W

Corollary 5.2 Assume that ((X, q), (S,.,p),\) € GQ, and let p denote the discrete topology.

Then (B(X,S),o0) is Ty iff (X,q) is T;.

PROOF: Suppose that (B(X,S),0) is Ty and & - y. Then (z,e) = (y,e), and thus
((z,€)) = o~ ((z,€)) S ((y,e)). Tt follows that ((z,e)) = ((y, e)) and hence z = y. Therefore
(X,q) is Ty.

Conversely, assume that (X, q) is Ty and (y, h) € cl,o™'({(z,9))). Then there exists H —
(y,h) such that ¢~ '({(x,9))) € H, m7H L y, mpH 2 h, and since p is the discrete
topology, choose H € H for which my(H) = {h} and ¢(H) = {((x,g9))}. If (s,t) € H, then
(s,t) ~ (z,g9), t = h, and thus A(s,g) = A(z,h). Hence \(m(H) x {g}) = {\(z,h)}, and
thus )x(f, h) = X~ (n7H x §) 5 My, g). Then Mz, h) = Ay, 9), (z,9) ~ (y,h), and thus
0 '({(z, 9))) is r-closed. Hence it follows from Theorem 5.6 that (B(X,S),0) is T;. B
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Corollary 5.3 ([1]) Suppose that the hypotheses of Corollary 5.2 are satisfied with the ex-
ception that (X, q) is a topological space and B(X,S) is equipped with the quotient topology
7. Then (B(X,9),7) is Ty iff (X,q) is Ti.

PRrROOF: It follows from Theorem 2 [11] that since ¢ : (X x S,r) — (B(X,S),0) is a quotient
map in CONV, ¢ : (X x S,r) — (B(X, 5),to) is a topological quotient map, where to is the
largest topology on X x S which is coarser than o. Moreover, 7 =to , and A C B(X,S) is

o-closed iff it is 7-closed. Hence the desired conclusion follows from Corollary 5.2. W

An illustration is given to show that the generalized quotient space may fail to be T even

though (X, q) is a Ty topological space.

Example 5.1 Denote X = (0,1), q the cofinite topology on X, and define f : X — X by
f(x) = az, where 0 < a < 1 is fized. Let S = {f™ :n > 0}, where f° = idx and f" denotes
the n-fold composition of f with itself. Then (S,.) € |SG| is commutative with composition
as the operation. Also equip (S,.) with the cofinite topology p. It is shown that the operation
v (S,p) x (S,p) — (S,p) defined by v(g,h) = g.h := hog is continuous at (f™, f"). Define
C = {f*: k > ko}; then {f™™} UC is a basic p-neighborhood of f™™, where ky > 0.
Observe that if A={f"}UC and B ={f"} UC, then y(A x B) C CU{f™"}. Therefore
v is continuous, and (S,.,p) € |CSG].

Define A : X x S — X by Nx,g) = g(x), for each x € X, g € S, and note that X is an
action. It is shown that X : (X,q) x (S,p) — (X, q) is continuous at (xq, f") in X x S. A
basic q-neighborhood of X(xo, ) = f™(x¢) is of the form W = X — F', where f"(xo) ¢ F and
Fis a finite subset of X. Let yo be the smallest member of F', and choose ko to be a natural
number such that a* < yo. Then for each k > ko, f*(x) = a*z < yo for each x € X. Since
[ is injective, Fy = (f*)"1(F) is a finite subset of X. Then U = X — Fy is a q-neighborhood
of zo, V.= {f"}U{f*: k > ko} is a p-neighborhood of f*, and N(U x V) C W. Indeed, if
x €U and k > ky, then Mz, f*) = f¥(x) < yo, and thus f*(z) € W. Further, if v € U, then
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f™(z) ¢ F, and hence f"(x) € W. It follows that \(U x V) C W, and thus A is a continuous

action.

It is shown that o' ({(zo, idx))) is not closed in (X xS,7). Note that (z, f") € ¢~ ({(xo, idx)))
iff idx(x) = f"(wo). Hence ¢~ (((xo,idx))) = {(f"(x0), [") : n > 0}. Since idx = f° >

1> f2 > ..., it easily follows that cl.o™'({(zo,idx))) = X x S, and thus o~ ({(x0, idx)))

is not r-closed. It follows from Theorem 5.6 that (B(X,S),0) is not Ty even though both

(X,q) and (S,p) are Ty topological spaces. W

A continuous surjection f : (X, q) — (Y,p) in CONV is said to be proper map provided
that for each ultrafilter F on X, f~F £ y implies that F - z, for some = € f~Yy). Proper
maps in CONV are discussed in [12]; in particular, proper maps preserve closures. A proper

convergence quotient map is called a perfect map [13].

Remark 5.4 Assume that ((X,q),(S,.,p),\) € GQ, (X,q) and (S,p) are regular, and ¢ :
(X x S,r) — ((B(X,9),0) is a perfect map. Then (B(X,S),0) is also regular. Indeed,
suppose that H € F(B(X,S)) such that H = ((y, h)). Since o is a quotient map in CONV,
there exists (x,g) ~ (y,h) and K 5 (x,g) such that o~ K = H. Moreover, the regularity of

(X x S,r) implies that cl.K = (x,g). Since o is a proper map and thus preserves closures,

¢~ (cl.K) = clyp™ K = cl, H % {(y,h)). Hence (B(X,S),0) is reqular. B
The proof of the following result is straightforward to verify.

Lemma 5.2 Suppose that (S,.,p) € |CSG| and (T,.) € |SG|. Assume that f : (S,.,p) —

(T, .,0) is both a homomorphism and a quotient map in CONV. Then (T,.,0) € |CSG].

Assume that ((X,q),(S,.,p),\) € AC. Recall that A\ distinguishes elements in S whenever
Az, g) = Mz, h) for each x € X implies g = h. This property was needed in the verification
of Theorem 5.2. In the event that A fails to distinguish elements in S, define g ~ h iff

Mz, 9) = A, h) for each x € X. Then ~ is an equivalence relation on S; denote S; =
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S/ ~={[g] : g € S}, and define the operation [g].[h| = [g.h], for each g, h € S. The operation
is well defined and (S7,.) € |[SG|. Let p; denote the quotient convergence structure on S;
determined by p : (5, p) — Si, where p(g) = [g]. Then p : (S,.) — (Si,.) is a homomorphism,
and it follows from Lemma 5.2 that (S1,.,p1) € |CSG|. Define \; : X x S; — X by

Mz, [9]) = Az, 9)-

Theorem 5.7 Assume ((X,q), (S,.,p),\) € GQ, X\ fails to distinguish elements in S, and
let (B(X x S),0),(B(X x S1),01) denote the generalized quotient spaces corresponding to
(X x S,r) and (X x Sy,7r1), where r =q X p andry = q X p1. Then

(a) A : (X xSi,rm)— (X,q) is a conlinuous action

(b) A\ separates elements in S,

(¢) (B(X,S),0) and (B(X,S1),01) are homeomorphic.

PROOF: (a): It is routine to verify that A\; is an action. Let us show that \; is continuous.
Suppose that F % 2 and G 25 [g]; then since p; is a quotient structure in CONV, there exists
Gi & g1 ~ g such that p~Gy = G. Hence A\ (F x G) = A\ (F x p~G1) = [{M(F x p(Gy)) :
FeFGeG}=[{NFxG):FeF G eG} = (FxG)L Nz, q1) = M(z,[g]),
and thus \; is continuous.

(b): Suppose that \i(z,[g]) = Ai(zx,[h]) for each x € X. Then A(z,g) = A(x, h) for each
x € X, and thus [¢g] = [h]. Hence A\; distinguishes elements in .S;.

(c): It easily follows that the diagram below is commutative:

¥1

X x5 P4 B(X, 9)
(0 (>

X x S 22 B(X, )

where ¢, @, are quotient maps, ¢ (z,9) = (z,[g]), and ¥o((z, 9)) = ((x,[g])). Moreover,
9 is an injection. Indeed, assume that ((z,[g])) = ¥2(((z, 9))) = Y2({(y,h))) = ((y, [h]));
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then Ai(z, [h]) = A (v, [g]) and thus A(z, h) = A(y, g). Hence {(x,g)) = ((y,h)) and 15 is an
injection. Clearly 1 is a surjection.

It is shown that v is continuous. Indeed, suppose that H = ((y,h)); then there exist
(z,9) ~ (y,h) and K = (=, g) such that ¢7"K = H. Since the diagram above commutes with
11 and @y continuous, it follows that 5" H = (Yy0p01) K = (pa0t01) 7K T (wa0t)(x, g) =
(420 01)(@,9) = ¥al{(29))) = ¥al{(y, 1)) Hence 1 is contimuous.

Finally, let us show that t; ' is continuous. Assume that H ~% ((y,[h])). Since ¢, is a
quotient map, there exist (z,[g]) ~ (y, [h]) and K % (=, [g]) such that p;°KC = H. In par-
ticular, F = n7’K 5 2 and G = 75" K 25 [g]. Since p : (S, p) — (Si,p1) is a quotient map,
there exist g1 ~ ¢ and G; % ¢; such that p~G, = G. Then F x G; — (x,g1), and thus
VIT(FxG)=Fxp G =FxG < K. Hence (g2 091) 7 (F x G1) < p37K = H, and
since the diagram commutes, 15 H > (15 o a0 )" (F x G1) = o7 (F x G1) = ((z,9)) =
¥y ({(y, [h]))). Therefore 1), is a homeomorphism. M

Sufficient conditions in order for (X, ¢) to be embedded in (B(X,S), o) are presented below.

Theorem 5.8 Suppose that ((X,q), (S,.,p),\) € GQ. Define f: (X,q) — (B(X,S),0) by
B(z) = {((x,e)), for each x € X. Then

(a) [ is a continuous injection

(b) B is an embedding provided that (X,q) is a Choquet space, p is discrete, and \ is a

proper map.

PROOF: (a): Clearly (3 is an injection. Next, assume that F - x; then 3~F = [{3(F) : F €
FY =[{p(F x{e}): F e F} = (Fxé) > p(z,e) = B(x). Therefore 8 is continuous.

(b): First, suppose that F is an ultrafilter on X such that 3~F % §(z) = {(x,¢)). Since
v (X x S;r) — (B(X,S),0) is a quotient map in CONV, there exist (y,g9) ~ (z,e)

and K 5 (y,g) such that oK = 3~F. Denote F; = 77K L y and G, = 7K & ¢.
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Since p is the discrete topology, g1 = g, and thus K > 77K x 73K = F; x g. Let
Fy € Fi; then o~ (F x ) < ¢~ K = S7F implies that there exists F' € F such that
B(F) C o(Fy x {g}). If 2z € F, then p(z) = ((z,¢)) = ((21,9)), for some z; € F},
and thus A(z,9) = A(z1,e) = 2z € F;. It follows that A(F' x {g}) C Fj, and thus
A(F xg) > F L gy Since F x g is an ultrafilter on X x S and X is a proper map,
Fx g5 (s,t), for some (s,t) € A"1(y). Then F L s and g = ¢ since p is discrete. It follows
that AM(y,e) =y = A(s,t) = A(s, g), and thus (s,e) ~ (y,g). As shown above, (y,g) ~ (z,€),
and thus (z,e) ~ (s,e). Therefore z = s, and F 5 z.

Finally, let F be any filter on X such that 3~F % B(x). If H is any ultrafilter on X
containing F, then f~H % B(z), and from the previous case, H — z. Since (X,q) is a

Choquet space, F - z and hence 3 is an embedding. W

Assume that ((X,q),(S,.,p),\) € GQ, (X,q) is the finest Choquet space such that § < ¢,
7 = ¢ x p, and let & denote the quotient convergence structure on B(X,.S) determined by

q
01 (X x S,7) — B(X, S).

Corollary 5.4 Assume ((X,q),(S,.,p),\) € GQ, p is discrete, and X\ is a proper map.

Then, using the above notations, 5 : (X, q) — (B(X,S),d) is an embedding.

Proor: It follows from Theorem 5.3 that ((X,q), (S,.,p),\) € AC. Since ¢ and g agree on
ultrafilter convergence, A : (X, q) x (S,p) — (X, q) is also a proper map, and (X, g) is a Cho-

quet space. Then according to Theorem 5.8, 3 : (X, q) — (B(X x 5),&) is an embedding. B

Let us conclude by showing that the generalized quotient of a product is homeomorphic

to the product of the generalized quotients. Assume that ((Xj,q;),(S;,..pj), ;) € GQ,

for each j € J. Let (X,q) = x (Xj,q;) and (S,.,p) = % (S},.,p;) denote the product
jet jed

spaces, and define A : X x S — X by A((z;),(g9;)) = (A\j(xj,9/)). According to Corollary

5.1, ((X,q),(S,.,p),\) € AC. Moreover, since each (5;,.,p;) is commutative and (., g)
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is an injection for each j € J, (S,.,p) is commutative and A(.,g) is an injection. Hence
((X,9),(S,.,p),A) € GQ. Let ¢, : (Xj,q;) x (S},.,pj) — (B(Xj,S;),0;) denote the conver-
gence quotient map, r; = ¢; X pj, Y = jéj ¢;, for each j € J. Since the product of quotient
maps in CONV is again a quotient map, ¢ : jé](Xi X Sj,rj) — jé]<B(Xj’ S;),0;) is also a
quotient map. Denote 0 = jé} 0j.

Define ((z;), (97)) ~ ((57), (k) 0 X x S i A((2), (b)) = A((g), (g7)). This is an equiva-
lence relation on X x 5, and it follows from the definition of X that ((z;), (g;)) ~ ((y;), (h;))
iff (z;,9;) ~ (yj, hj), for each j € J. Let (B(X,S), %) denote the corresponding generalized

quotient space, where ® : (X x 5,7) — (B(X,S),X) is the quotient map and r = X r;.
jeg

Theorem 5.9 Suppose that ((X;,q;), (S},.,pj),\;) € GQ, for each j € J. Then, employing
the notations defined above, x (B(X;,S;),0;) and (B(X,S),%) are homeomorphic.
jeJ

PrOOF: Consider the following diagram:

0
X (Xj X Sj,Tj) —_— (X X S,T)
jeJ

© )

X (BX.5).) = (B(X,5).),

where 8(((25,93),)) = ((23), () and A(({(25,95))3)) = {((3), (9;)))- Then & is a homeomor-
phism, and the diagram commutes. Note that A is a bijection. Indeed, if A((((z;,9;));)) =
A(({(ys: hy));)), then ((z;), (9;)) ~ ((y;), (h;)) and thus (x5, 9;) ~ (y;, hy), for each j € J.
Hence ((x;,9)); = (y;,9;); for each j € J, and thus A is an injection. Clearly A is a
surjection.

It is shown that A is continuous. Assume that H = ({(y;, h;));); then since ¢ is a quotient
map, there exist ((;), (g;)) ~ ((y;), (h;)) and K = ((z;,g;);) such that p~K = H. How-
ever, the diagram commutes, and thus A=H = (Ao @)K = (® 0 §)"K = O((x5), (95) =
D((y;), (hj)) = (((y;), (h;))). Hence A is continuous.

53



Conversely, suppose that H (((y5), (h;))); then since ® is a quotient map, there exist
((x;), (g7)) ~ ((y3), (hy)) and K = ((x;), (g;)) such that ®~ = H. Using the fact that § is
a homeomorphism and that the diagram commutes, A“H = (p o6~ 1)"K = p((z4,9,);) =
©((yj,hi);) = ({((yj, h;));), and thus A~ is continuous. Therefore A is a homeomorphism.
]

Remark 5.5 In general, quotient maps are not productive in the category of all topological
spaces with the continuous maps as morphisms. Whether or not Theorem 5.9 is valid in the

topological context is still unknown. W
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