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ABSTRACT

There had been a number of researches that investigated on the security market without transaction
costs. The focus of this research is in the area that when the security market with transaction costs
is fair and in such fair market how one chooses a suitable portfolio to optimize the financial goal.
The research approach adopted in this thesis includes linear algebra and elementary probability.
The thesis provides evidence that we can maximize expected utility function to achieve our goal
(maximize expected return under certain risk tolerance). The main conclusions drawn from this
study are under certain conditions the security market is arbitrage-free, and we can always find an

optimal portfolio maximizing certain expected utility function.

Keywords: portfolio optimization, arbitrage-free, transaction costs, utility function
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CHAPTER 1: INTRODUCTION

Suppose a person has an initial wealth, denoted by V'(0), a certain dollar amount, at the current
moment ¢ = 0. At a future time ¢ = 1, the initial wealth will become V'(1). We now look at how

the amount V(1) will be.

(i) Leave the initial wealth V'(0) at home. By doing this, the amount will stay the same, i.e.,

(ii) Deposit the initial wealth V/(0) in a bank. Suppose the interest rate for this period of time is 7.

Then, at the end of this period, we have
V(1) =V(0)(1+r).

(iii) Buy certain shares of a stock. Since the stock market is uncertain, we cannot predict the exact
price of this stock at ¢ = 1. To illustrate, let us assume there are just three possible outcomes: the

stock price goes up a%, stays the same and drops down b%. Then the amount V(1) will be:

/

V(0)(1 4 a%), if the stock price goes up a%,

V(1) =qVv(0), if the stock price stays the same,

V(0)(1 —b%), if the stock price drops down b%.

\

(iv) Deposit a portion, AV (0), into a bank and use the rest (1 — \)V(0) to buy a stock. Where



A € [0, 1]. Then the possible V(1) will be

(

AV(0)(1+7)+ (1 —=MNV(0)(1+ a%), if the stock price goes up a%,

V(1) = §AV(0)(1+7) 4 (1 = \)V(0), if the stock price stays the same,

AV(0)1+7)+ (1 —=NV(0)(1 —b%), if the stock price drops down b%.

\

In real financial market, there are thousands of stocks, and people can buy or short these stocks.
Also, the prices are uncertain in the future. A natural question is if it is possible to choose a
portfolio so that the future wealth V(1) will be greater than that if he initial amount V'(0) is just

deposited in the bank? How one can measure and control the risk?

Related Literature

A large literature studies portfolio selection in the absence of transaction costs (for example, Pliska
(1997)). Constantinides (1986) considered a single risky asset with transaction costs. Later, many
treatments have been presented for problems with proportional costs. Optimal portfolio selection
given transaction costs is a complex problem. Even with only two assets, solving for optimal strat-
egy in a continuous time model involves a free boundary problem (for example, Davis and Norman
(1990) and Liu and Loewenstein (2002)). When there are more securities, the multi-asset contin-
uous time model has been solved only in the extreme case of uncorrelated returns and constant
absolute risk aversion (Liu (2004)) or with numerical or heuristic approximations (Leland (2000)
or Donohue and Yip (2003)). Most of them applied mean-variance theory which was originated by
Markowitz (1952), in which the variance is included in the program objective. Some studies state
that maximizing the expected return and at the same time taking care of minimizing the risk can
be approximately achieved by maximizing the expected utility for some proper utility function.

In Yong’s lecture note (2007), the optimal portfolio is determined by using utility function in the
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market with proportional costs. Under certain constraint (transaction costs are large enough), the
existence of optimal solution is proved. In this article, fairness of the market with transaction costs
is studied, which was not discussed in the literature. And we study the optimization problems
with both proportional and fixed costs in a more comfortable condition, and also try to find out the
exact optimal portfolio through maximizing the expected utility function under such comfortable

condition.

A Market Model

Consider two moments: ¢ = 0, 1. At¢ = 0, one could expect to have m > 1 possible situations at

time ¢ = 1. We call them events, denoted by w1, wo, ..., w,,, and define
Q= {wi,ws, ..., Wi },

which is the set of all possible situations at¢ = 1. At¢ = 0 we cannot tell which event will happen
at £ = 1. A standard approach is to use probability to describe and measure the possibilities of

these events. We introduce a function: P : 2 — (0, 1), having the following property:

> Plwy) =1.

J=1

We call P a probability on (2. Suppose there is a bank account with the interest rate r, we denote
B(l)=1+m,

which represents the bank account price at t = 1, if the bank account price at ¢ = 0 is normalized

to B(0) = 1. Thus, if zo dollars is deposited at time ¢ = 0, then 2o B(1) dollars will be received at



time ¢ = 1. There are two important features of the amount deposited in the bank: (i) The interest
rate r is known at ¢ = 0, so the amount at ¢ = 1 is known at ¢ = 0. (ii) The interest rate r > 0,
so the amount received at ¢ = 1 will be greater than the initial amount deposited at ¢ = 0. These
two can be referred to as deterministic and riskless. Next, suppose there are n stocks in the market,

whose prices are certain at current time ¢ = 0. We denote

S(0) = (51(0), 55(0), ..., S,(0))" € R™, (1.1)

where S;(0) is the price of the i-th stock at ¢ = 0. Viewing at time ¢ = 0, the price of i-th stock at
t = 1 is a random variable, and it depends on which event will actually happen. Thus the price of

the 2-th stock at ¢ = 1 should be:

Sz(l) = (Si(l’(")l)a Si(17w2>7 ) Sl(]-awm))T S Rm’ (12)

where S;(1, w;) is the price of i-th stock at ¢ = 1 if event w; happens. We denote:

= (S(1,w1), S(1,ws), ..., S(1,wpm))”

Sl(lawl) 32(17w1) Sn(lawl)
S1(1,w So(1,w e Sl w

_ 1(Lwz)  Sa(1,w2) (1, w2) c R (1.3)
S1(Liwm) So(l,wm) -+ Su(l,wm)

where S(1,w,) is the prices of these stocks if event w; happens. Now, we suppose an investor who

enters the market with z, dollars deposited in the bank and z; shares of the i-th stock at ¢ = 0.



Then he has a initial wealth:
V(0)=Vo=z20+ Y 2S5i(0) =2+ 5(0)"z, (1.4)
i=1

where 2 = (21, 29, ..., 2,)7 € R™. We call Z = (2, 21, 22, ..., zn). € R™*! a portfolio. Suppose
this investor holds such a portfolio between ¢ = 0 and ¢ = 1. Then, viewing at ¢ = 0, the total

wealth at t = 1 will be:
V(1,w,z) 2 20B(1) + iziSi(l,w), w € Q, (1.5)
i=1
which is a random variable. Also, using (1.4), (1.5) can be rewritten as:
V(1,w,Vp,2) = [Vo = S(0)"2]B(1) + ) _ z8i(1,w). (1.6)

Using (1.1)—(1.3) we may write (1.6) as follows:

V(1 w1, Vo, 2)
V(1,Vo,2) =
V (1, Wi, Ve, 2)
= [Vo—S(0)"2]B(1)1 + S(1)z

= VoB(1)1+[S(1) — B(1)15(0)7]z, (1.7)

where 1 = (1,1, ...,1)T € R™. In what follows, we call {(Q2, P), S(0), S(1), 7} a market without

transaction costs, denoted by M.



Fairness of the Market Without Transaction Costs

Intuitively, a market is not fair if someone could make a risk-free profit with zero initial wealth. In
another word, if some one comes to the market with nothing at hand, by borrowing some money
at t = 0 and investing it, at ¢ = 1, he/she could get some positive amount after paying back the
borrowed amount together with the interest, no matter what event happens, then the market is not
fair. Therefore, a market is fair, if the above described thing does not exist. To rigorously study the

fairness of the market, we now introduce some relevant notations.

Definition 1.1. Let My = {(Q2, P),S(0), S(1),r} be given.

(i) The law of one price holds for the market My if any pairs (Vy, ), (Vo,Z) € R x R" of initial

wealth and portfolio satisfying:

V(1w Vo, 2)=V(1,w, V7)), YweQ, (1.8)

must lead to Vy = V.

(ii) Portfolio z € R" is said to be dominant over portfolio z € R" if for some initial wealth V) € R,

V(Lw Ve, 2) > V(Lw,Vpy,2), YweQ. (1.9)

When the above Z and z exist, we say that the market Mg admits dominant strategies. Otherwise,

we say that the market has no dominant strategies.

(iii) Portfolio z € R" is called an arbitrage opportunity in My if the following holds:

V(1,w,0,2) >0, YweQ,
(1.10)

V(1,w;,0,2) >0, forsomew,; € €.
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When the above =z exists, we say that Mg admits arbitrage opportunities. Otherwise, we say that

the market is arbitrage-free, or has no arbitrage.

We also have some criteria helping us to determine whether the market has law of one price,

dominant trading strategy or arbitrage opportunities. (The theorem below is cited from [1]).

Theorem 1.2. Let market Mg be given.

(i) Law of one price holds for My if and only if there exists a vector . € R™ such that:
17 =1, (1.11)

and

B(1)S(0) = [S(1)] . (1.12)

(ii) Market Mg has no dominant strategies if and only if there exists a € R, such that: (1.11)-

(1.12) hold, where

@ é {._'L' € IRWLL’E = (x17$27 -“axm)TrIi > 07 1<i< m}

(iii) Market My is arbitrage-free if and only if there exists a u € R, such that: (1.11)—(1.12)
hold, where

R™ 2 {x € R™|z = (21,29, ... Tm) ", 2; > 0,1 < i < m}.

It is not hard to see that any 1 € @ satisfying (1.11) defines a probability measure. Let us denote
(+) by the following:

p(wi) = py (1.13)



Note that for any p € R’ satisfying (1.11) the induced probability /() defined by (1.13) is equiv-

alent to P(-), in the sense that ;(w;) = 0 if and only if P(w;) = 0.

From the above theorem, we can easily get the following results which gives the relationship among
the law of one price, dominant trading strategies and arbitrage opportunities: (The proposition

below is cited from [1]).

Proposition 1.3. For market My, the following implications hold:

Market My is arbitrage-free = market Mg has no dominant strategies = the law of one price

holds for M.

Here, we should notice that the converse of the above proposition is not true. The following are

some examples show that the converse does not hold:

Example 1.4. Let

Sl<0> = 10,51(1,&)1) = 12, 51(1,w2) = 10.

B(1)S5(0) = 20, and [S(1)]T = (12, 10). Then from (1.11) and (1.12), we get:

p1+ pp =1

It is clear that . = (5, —4), and ;1 € R? but ;2 ¢ R%. According to Theorem 1.2, we know that in



this market law of one price holds, but it has dominant strategies. In fact, we note that (by (1.7)):

V(l,w, ‘/0, 21) = %B(l) + 21[51(1,(,0) - Sl(O)B(l)]
2Vo — 8z, w=uw
- 2% + Zl[Sl(l,w) — 20} -
2Vo — 1021, w = ws

Therefore, if we choose portfolio z; < 0, z; is always a dominant strategy over portfolio 0. From

the above, we can have a market where law of one price holds, admitting dominant strategies.

Example 1.5. Let

51(0) =10, S1(1,wy) = 20, 51(1,wz) = 10.

Then from (1.11) and (1.12), we get:

pa e =1

20411 + 102 = 20

It is clear that ;1 = (1,0), and p € RZ but p ¢ R?. According to theorem 1.2, we know that in

the market has no dominant trading strategies, but has arbitrage opportunities. In fact, we note that

(by (1.7)):

V(1,w,0,21) = z[S1(1,w)— S1(0)B(1)]
0, w = w
= Zl[Sl(l,CL)) - 20] =

—102zq, W = Wy

Hence, any 2z; < 0 is an arbitrage opportunity, but there are not dominant trading strategies.



To be complete, we present the following example which shows that the law of one price might

fail in M.
Example 1.6. Let
m=2n=1r=1,
51(0) = 10,51(1,&]1) = Sl(l,WQ) = 12.

Then for initial wealth V;; € R and z; € R, we have:

V(1,w,Vo,21) = B(1)[Voh — S1(0)z1] + S1(1,w)z

= 2V + [12 — 20]2; = 2V, — 82,

Consequently, by choosing
2V — A
-8

21

for any A\ € R one has

V(]-)w) Vb) Zl) - /\7

which is independent of V{). This means that in this market, the law of one price fails.

10



CHAPTER 2: FAIRNESS OF THE MARKET WITH TRANSACTION
COSTS

In reality, expenses, called transaction costs, incur when people buy or sell securities. Because
the transaction costs are always positive, they diminish returns. If we do not take into account the
transaction costs in real life, a seemingly profitable portfolio would cause serious loss when the
transaction costs are high or we have a very big trading volume. So it is necessary to discuss a
market with transaction costs. Here, we assume that a market just only have brokers commissions

which include proportional transaction cost and fixed transaction cost (or entrance fee).

Market Model with Transaction costs

Let a market M be given. Suppose an investor has an initial position (zg,z) € R x R". The

corresponding market value of the position is

Vo(20,2) = 20 + S(0)" 2, 2.1)

where z; is the amount deposited in the bank, and z = (z1, 22, ...zn)T with z; being the share
number of the i-th stock. Viewing at ¢ = 0, this portfolio in the future moment ¢ = 1 will have
market value

V(1,20,2) = 20B(1)1 + S(1)z (2.2)

Ifat¢ = 0, a transaction is made, so that the position becomes (Zg, z+¥), where y = (y1, ya, ..., Yn)

with y; being the transacted share number of the i-th stock, then under self-financing condition !,

!'A portfolio is self-financing if there is no exogenous infusion or withdrawal of money; the purchase of a new asset
must be financed by the sale of an old one.

11



it is necessary that

n

Zo =20 — S(0)"y =Y (NiSi(0) [yl + cilyyz0y), (2.3)

=1

where \; € [0, 1) is the transaction cost rate for the i-th stock and ¢; € [0, 00) is the fixed cost for

the i-th stock when we have a transaction on this stock. We can rewrite (2.3):

Zo = 20 — S(O)Ty — |yl — <c, l{y}> , (2.4)
where
. C1 1{0}C(y1)
lylly =Y XiSi(0) yil, e=| |, 1yy=|: , {0} =R\{0}.
i=1
Cn Loy (1)

Then the market value of this new portfolio at £ = 1 becomes:

V(1,Zo,z+y) = ZoB(1)1+S(1)(z+y)

= [20= S0y =yl — (e, 1u)IBUL+ S(1)(z +y)  (2.5)

= V(1,20,2,9). (2.6)

Componentwise, we have
V(L,w,Zo,z+y) = [20—S(0)Ty — lylly, — <c,1{y}>]B(1) +S(Lw)(z+y) 27)
= V(l,w,20,2,9), Yw € Q. (2.8)

12



Hereafter, we denote

M\, c) = {My, A, c}

{(2, P),S(0),S(1),r, A\ c} (2.9)

to be the market with transaction costs. Thus, by identifying My = {M,, 0, 0}, we have M(0,0) =

M.

Fairness of the Market with Transaction Costs

The following proposition is from [1].

Proposition 2.1. In the market My, the following are equivalent:
(i) Market My admits dominant strategies.

(ii) There exists a portfolio z € R", such that

V(1,w,0,2) = (=8(0)"2)B(1) + Y zSi(Lw) >0, YweQ. (2.10)

i=1
The above proposition tells us that if there exists a portfolio z € R, such that

[AS(wy)lz = [S(Lw;) = S(0)" B(1)]=

= V(l,w;,0,2) >0, for 1<j<m. (2.11)

where AS(w;) = S(1,w;) — S(0)" B(1), then the market M, admits a dominant trading strategy.
So if a market has dominant trading strategies, one, starting with zero initial wealth, can earn a

positive profit by choosing this dominant strategy no matter which event will happen in the future.

13



This is risk-less.

Similarly, in the market M(\, ¢), if one, starting with zero initial wealth, can always earn a positive
profit in the future without taking any risk, we say the market M(\.c) admits dominant trading

strategies. Mathematically, we have:

Definition 2.2. A portfolio y € R™ is said to be a dominant trading strategy in M(\, ¢), if

V(l,w;,0,0,y) >0, forall 1<j<m. (2.12)

When the above y exists, we say that the market M(\, ¢) admits dominant trading strategies.

Otherwise, we say there is no dominant trading strategies in this market.

From (2.5), it is not hard to see (2.12) is equivalent to:

[AS(w)]y > [llylly + (¢ 1gy)]B(1) for 1< j <m. (2.13)

From Definition 1.1, we see that when the market M, has arbitrage opportunities, one, starting
with zero initial wealth, will not have any risk of losing money, and when some events happen,
he/she will have a positive profit by choosing the arbitrage opportunity as his/her portfolio. Here,

in the market M[(\, ¢) , we have the modified definition of arbitrage opportunity.

Definition 2.3. A portfolio y € R™ is said to be an arbitrage opportunity in M(X, c), if

V(1l,w,0,0,y) >0, Vwe?Q,
(2.14)

V(1,w;,0,0,y) >0, forsomew; € €.

When the above y exists, we say that the market M(\, ¢) admits arbitrage opportunities. Other-

wise, we say the market is arbitrage-free.

14



From (2.5), it is not hard to see that (2.14) is equivalent to:

AS@)y > [yl + (e 1)]B() ,  VweQ, (2.15)

AS@)ly > [yl + (1)) BA) . forsome w, € .

We have the following result:

Proposition 2.4. Suppose M(\, ¢) has no dominant trading strategies (or is arbitrage-free), then

the property remains in M.

Proof. Suppose a market M(\, ¢) admits a dominant trading strategy y € R™. Then (2.13) holds,

which is the same as:

[AS(w))ly > [llylly + (e, 1y)IB(1) >0, for 1<j<m, (2.16)

Clearly y is also a dominant trading strategy in M. The proof for the case of arbitrage-free is

similar. L]

Various Conditions for the Market being Arbitrage-free

Proposition 2.5. In the market M(\, ¢), suppose

[EIAS]] < MSi(0)B(1), V1<i<n 2.17)

Then M(, ¢, ) is arbitrage-free.

Proof. Suppose (2.17) holds. If y € R" is an arbitrage opportunity in M(, ¢), then for each

15



n

V(1L,w;,0,0,y) = AS(w;)y— Y (MSi0)|yil + cilgy,01) B(1)
=1

= D (ASi(w))y = ASi(0)B()]y| — eilgy,201B(1)) = 0,

=1

and the strict inequality holds for some j,. Thus,

0 < E[V(1,0,0,y)]

= Z{E[ASZ-]% — XiSi(0)B(D)]yi| — cilyy,201B(1)}

IN

>_{EAS Iyl = AS:(0)BO) |l — eil oy B1)}

= Z{HE[AS@'H — AiSi(0) B(D)]|ys| — cilyy,200B(1)} <0,

which is a contradiction. Thus, M (), ¢) is arbitrage-free.

Proposition 2.6. Let ¢ € R";, suppose there exists a w € €) such that
|AS; (@) < NSi(0)B(1), foreachi=1,2,..,n.

Then the market M(\, ¢) is arbitrage-free.

16
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Proof. Suppose (2.18) holds for some w € 2. Then for any y € R"™ we have:

V(1,5,0,0,9) = > {ASi@)y; = MiSi(0)B(1)]y| = cilgyizoy B(1)}
1=1

IN

Z{|Asi(w)||yi| = AiSi(0)B(1)[yi| — eilgy,20yB(1)}

= Z{HA&(W = AiSi(0)B(W)]lyi| = eilgyz0yB(1)} < 0.

Thus there does not exist a y € R™, that satisfies (2.16). So the market M(\, ¢) is arbitrage-free.
]

Proposition 2.7. In the market M(\, c), if for every (€1, €z, ....,€,) € {—1,1}", there exists an

w(ey, €, ..., €,) € S, such that:
max{e; AS; (@) — A\ 51(0)B(1), ..., €,AS, (@) — NS (0)B(1)} < 0 (2.19)
Then the market M(\, ¢) is arbitrage-free.

Proof. For any y € R", by (2.19), there exists an w € (2, such that

V(1,,0,0,y) = > {AS@)yi — MiSi(0)B(1)|ys| — i1y, 200B(1)}
=1

= Z{ASZ(E)?J@ - )\zSZ(O)B(l)yZ - Ci]‘{yﬁéo}B(l)}

y; >0

+ ) {AS@)y; + \iSi(0)B(L)y: — cilyy, 200 B(1)}

< ZHASz@N = XSi(0)B(D)]]ys| < 0.

yi#0

Thus the market M (), ¢) is arbitrage-free. O
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Proposition 2.8. If the market M (), c) is arbitrage-free, then for eachi = 1,2, ..., n, there at least

existsa j = 1,2, ...,m depending on i, such that:
AS;(w;) < NiSi(0)B(1) + ¢; B(1). (2.20)
Proof. Suppose there exists a stock ¢, such that:
AS;(w;) > NSi(0)B(1) + ¢;B(1), for 1<j<m. (2.21)
Then taking y = (0,0, ..., v;,0,...,0) € R", where y; > 0. Because we have:

V(1,w;,0,0,y) = Z{Asi(wj)yi — XiSi(0)B(1)y; — ¢i1qy20B(1)}
= AS;(wj)yi — \iSi(0)B(1)y; — ¢;B(1)

> Asi(wj)yi - /\isi(())B(l)yi - CiyiB(l) > 0.

Thus such y is an arbitrage opportunity, a contradiction. [

Theorem 2.9. Let \; > 0, ¢; > 0 for eachi = 1,2, ...,n. The market M(\, ¢) is arbitrage-free if

and only if
sup [ min, AS(w;)n - Nt B(1)] <0, (2.22)
where
X = (A151(0), A255(0), ..., A S (07 (2.23)
and
7" = (Il Inals s ImD)s Y0 = (02 0 m0) € R™. (2.24)

Proof. First of all, the market is arbitrage-free if and only if for any y € R™ \ {0}, there exists an
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j €{1,2,...,m}, depending on y such that
[AS(w))]y < Y (AiSi(0) |il + cilgyr0))B(1). (2.25)
i=1

Now for any y € R" \ {0}, T € 0B1(0) = {n € R"| ||n|| = 1}. Thus by (2.20), we have some

1 < 5 < m, such that:

[AS @)y = Iyl [AS@)] -2 < Iyl AT ()" B(1)

1yl lyll

= lyllB()

< (llylly + (e 1)) B(L)

= ) (ASi(0) il + cilgyr0p)B(1).

i=1
Thus, the market is arbitrage-free.
Conversely, if the market is arbitrage-free, then for any n € R™ with ||n|| = 1, and « > 0, we have
Jo € {1,2,....,m}, such that
alAS(w)n < ATyt B(1) + ¢i1 0 B(1). (2.26)

Thus, dividing by « and sending & — oo, we may assume that j, = j (along a sequence, if

necessary) and

[AS(w;)]n < ATyt B(1). (2.27)
Hence,
‘min [AS(w;)] < Xn"B(1), ¥y € 9By(0). (2.28)
SJsm
Then, (2.22) follows. ]
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Let us look at an interesting special case of the above theorem.

Corollary 2.10. When n = 1 and m > 1, (2.22) is equivalent to the following:

min{o1n, 021, ..., o;mn} < AS(0)B(1), n==+1, (2.29)

where

o =AS(w;), 1<j7<m. (2.30)

The above is equivalent to

min{oy, 09, ...,0,} < AS(0)B(1), max{oy,09,...,0,} > —=AS(0)B(1). (2.31)
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CHAPTER 3: OPTIMIZATION PROBLEMS IN SINGLE PERIOD
MARKETS

In a market M(, ¢), the return is defined to be the difference between the final wealth and the
initial wealth. Since, viewing at current time at ¢ = 0, the final wealth in the future at ¢t = 1 is
uncertain, we need use expected return to measure the uncertain profit. People regard such kind of
uncertainty as a risk. Risk is an uncertainty of gain-loss in some future time. Variance of the return

rate is one of the common risk measurements.

When a rational person enters a security market, he/she always hopes to maximize the expected
return and minimize the risk. We call this behavior risk aversion. Risk aversion is the reluctance
of a person to accept a bargain with an uncertain payoff rather than another bargain with a more
certain, but possibly lower, expected payoff. For example, a person who is very risk-averse would
like to deposit his/her money into the bank with a risk-less but low interest rate, rather than buy
some stocks with high expected return, but embedded a chance of losing value. Our goal of choos-
ing portfolio is to maximize the expected return with a risk tolerance level, or minimize the risk

for a given expected return level. These two problems are dual each other in some sense.

Utility Function

We now introduce a function u(+) as follows
(1) strictly increasing:

u(r) > uly), Vr,y€D(u), x>y, (3.1)

where, u : D(u) € R — R, D(u) is an interval of form (a, o), for some a € R, called the
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domain of u.

(i1) marginal decrease:

w4+ A)—u(x) <u(ly+A)—uly), Vr,y € Du),y<z,A>0. (3.2)

We can also express such properties in the following way when u € C?
u'(x) > 0,u"(x) <0, Va € [D(u)]° = the interior of D(u). (3.3)

We call such a function a utility function, which can be used to measure people’s satisfaction.
For example, u(x) = logz and u(z) = /x are utility functions. Besides these properties, utility
function also has some convenient properties for explaining people’s risk aversion. Since the shape
of utility function is concave, the difference between u(z) and u(xz—y) is greater than the difference
between u(x + y) and u(z), for y > 0. Thus, the greater the y, the greater the risk or uncertainty,
and the more satisfaction is reduced by the difference between u(x) and u(z — y) than satisfaction
added by the difference between u(x + y) and u(x). For example, if a people’s utility function
is u(x) = log(z), and he has half chance to earn 100 + x dollars and another half chance to earn
100 — z dollars, where x is positive and the expected earn 100 is fixed. Then we want to maximize

the expected utility function, e.g.

1 1
—log(100 — —log(1 .
mer%%}éo){ 0g(100 — z) + 5 0g(100 + =)}

It is not hard to check that when x = 0 the expected utility function is maximized. And z = 0
means the risk is minimized. In more general case, If the expected return is fixed, say W, and

totally we have m events, say w;, ws, ..., w,,. The probability for event w; happens is P; and the

22



earn when event w; happens is W + x;. Since the expected return is W, we have:

P(W+a)+P(W+az)+ ...+ P,(WHuz,) = W

P1$1+P2£L'2+...+Pml'm =0

Our goal is to maximize the expected utility function Flu(z)] = Ellog(z)], e.g.

max Py log(W 4 z1) + Polog(W + x2) + ... + Py, log(W + 2,)

subjectto Pix; + Poro+ ...+ Pur, =0

Using Lagrange method:

Let F = Pilog(W + 21) 4+ Pylog(W + x3) + ... + Py log(W + 2,,)

+A(Prxy + Poxg + ... + Ppxy,)

Solve:

Fpy = 5=+ AP =0

F Pn_ 4 AP =0

wm:WJr:tm
\F)\:P1.1'1—|—P2.I'2+...+mem:()

Then we have:
(

.le—%—w
xm:—i—W
\P1$1+P2$2+...+Pm$m:()
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Plug z1, 2, .., x,, into the last equation, we get:

PP P,
eV 1
A A A
1
- - W
A
Sozry =2y =...=xz, =0,and (0,0, ..0) is the only critical point. It is not hard to check at this

point, the expected utility function has maximum value. When z1, x,, ...x,, are all zero, we know

the uncertainty is minimized (Variance is zero). It is similar to check u(x) = /.

Thus, maximizing the expected return for certain risk, or minimizing the risk for certain expected

return can be achieved by maximizing the expected utility function log z or /.

Optimization Problems with Transaction Costs for One Stock

Let us now consider the case with transaction costs, we use the utility function below:
(3.9)

This utility function can describe a risk-averse people who does not want to take any chance to

make him/her in debt. If this happens, his/her utility will become —oc.
In the case of one stock and m events, we denote the expected utility function
fly) = Elu(V({, 2,2 9))
= Piy/(20 — S(0)y = AS(O)]y] — Ly 20) B(1) + S(1,w1)(= + )
+Poy/ (20 = S(0)y = AS(O0)[y] — cLy20) B(1) + S(Lwa) (= +1) + ...

Py (20 = S(0)y = ASO)ly] — cLyso) B(1) + (1, wn) (= + ),
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where zj is the initial amount deposited in the bank, z is the initial share number of this stock, y
is the number of shares transacted at t = 0, S(0) is the current price of this stock at ¢ = 0 and
S(1,w,) is the stock price at ¢ = 1 when j-th event happens. We can rewrite f(y) in the form of
below:

fly) = Eu(V(1,2,2y))
= Py J(AS(n)y = ASO Byl + 20B(1) + (1, w1)2 — Ly B(1)

+P2\/(A5(wz)y — AS(0)B(L)[y| + 20B(1) + S(L,ws)z — s, B(1) + ...

+Pm\/(AS(wm)y — AS(0)B(D)|y| + 20B(1) + S(1,wn)z — 1,20, B(1),

where AS(w;) = S(1,w;) — S(0)B(1). In reality, we can safely assume z, > c, because if a
person’s tolerance is no debt, then he/she must have a certain amount of initial wealth, at least
enough to pay the transaction costs. If we assume that before transaction the investor did not short

n
any stocks (z > 0), then under condition zy > > ¢;, one has
=1

So f(y) becomes

fly) = E(V(L, 20,2,9))]
= Piy/AS(wr)y — AS(0)B(1)y| + K,
+Pyy/AS(wy)y — AS(0)B(1)|y| + Ky + ...
+ P/ AS(wp)y — AS(0)B(1)|y| + K, (3.11)

If there exists an event j € {1,2,...m}, such that

The investor’s utility will become —oo, and he/she does not hope that happens. So from (3.12),
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when y > 0 we should have:

(AS(w;) = AS(0)B(1))y > —K;, V1<j<m.
When y < 0 we should have:

(AS(wy) + AS(O)B()y = —K;, ¥1<j<m.
Proposition 3.1. In market M()\, ¢), if there exist jo, jo € {1,2, ..., m}, such that:

AS(w;,) — AS(0)B(1) < 0,

AS(w;O) + AS(0)B(1) > 0.
Then, any feasible y is bounded.

Proof. Let j(),jo € {1,2,...,m} such that (3.15)—(3.16) hold, we must have:

-K

Jo

Y= AS(w) = ASO)B)

and
— K3,
Y= AS(w )+ ASO)B()
Define
: —K;
0< M= lg}lsnm{AS(wj) —ASOB) |AS(w;) —AS(0)B(1) < 0}
and
_K.
0 >m = max { ‘7 |AS(w;) +AS(0)B(1) > 0}

1<j<m - AS(w;) + AS(0)B(1)

So, y is bounded by M and m.
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Theorem 3.2. In market M(\, ¢), if there exist jo, j, € {1,2, ..., m}, such that:

AS(w;,) — AS(0)B(1) < 0,

AS(w; ) + AS(0)B(1) > 0.

Then the market admits an optimal portfolio.

(3.21)

Proof. From Proposition 2.7, we know the market M (), ¢) is arbitrage-free. From (3.11), when

y >0,

Pi(AS(wi) — AS(0)B(1))
2¢/AS(w1)y — AS(0 ) Ly + K
Py(AS(wz) — AS(0)B(1))

fly) =

2\/AS wo)y — )\S( )B(1)y + K.
P (AS(wm) — (0)3(1))
2/AS(wy)y — AS(0)B(1)y + K,

And it is not hard to see f”(y) < 0, since

"

(Pj\JAS(w))y = AS(O)B(L)y + K;) <0, V1<j<m.

If lim f'(y) <0, then

y—07t

>
.ME

max f(y) = f(0)

y=>0

Pi(z0B(1) +5(1,w;5)2),

<
Il
—

since f(0) > lim f(y).

y—0t

(3.22)

(3.23)

(3.24)



If lim f'(y) > 0, from Proposition 3.1, we know y is bounded above by M. Without loss of

y—0t
generality, we can assume:

_ _Kjo
M= A5 —ASOBO) (32

Asy — M,
PJ'O(AS<wjo) — )‘S(O>B(1))

(3.26)
2 /AS@n)y — MO B0y + K
Because, 1im+ f'(y) < oo and (3.25) holds, we must have :
y—0
lim f'(y) = —oo. (3.27)

y—M

And f'(y) is continuous on the interval (0, M), we must have and only have ay € (0, M) such

that

J'(@) =0. (3.28)

So
max f(y) = max{f(0), f(¥)}. (3.29)

y>0

The proof when y < 0 is almost the same.

So, max f(y) exists, and it is not on its bound M or m.
m<y<M

From the theorem above, we see in market M (), ¢), the optimal portfolio exists, and we can find
out the optimal portfolio, it is either at 7, where f'(y) = 0, or at y = 0. We now present some

examples:
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Example 3.3. Let

;

m=3n=1r=0A=01,c=1,2 =10,z =1,

S(0) =10, S(1,w) = 10, S(1,wy) = 12, 5(1,w3) = 8, (3.30)

P1:P2:§,P3:%.

\

Then by proposition 2.7 the market is arbitrage-free. Now, we use utility function u(-) as follows:

(3.31)

Hence, we need to maximize the following function:

2 2 1
fly) = 5\/—|y| +20 — 1y + 5\/2y = [yl +22 = Ly + g\/—Qy =yl +18 = Lyyz0

(3.32)
Note that:
(
2/ —y+ 19+ 2y +21+ /=3y +17, y>0,
Fy) =1 220 + 2122 + LV/I8 ~ 4,51, y =0, (3.33)
\gm% By +21+ /-y +17, y < 0.
When y > 0,
1 2 2 3
"(y) = —(— - 3.34
T =% T Ay vir=s) (3:34)
as y — 0T, we have
1, 2 2 3
lim f'(y) = —(——= + — ~ —0.075 < 0. 3.35
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Thus,
max f(y) = f(0) ~ 4.51.

y=0
When y < 0,
1 2 6 1
/ _— — —
j(y)_]0(¢y+19*_v3y+21 Nkt
as y — 07, we have:
1, 2 6 1
lim f'(y) = — + — ~ 0.15 > 0.
Jm S =% 7 \/17>

Thus,
max f(y) = f(0) ~ 4.51.

y<0

Hence,

max f(y) = f(0) =~ 4.51.

yEeR
Example 3.4. Let

p

m=3n=1r=0A=01,c=1,2=10,2 =1,

P=R=%P=1

\

We still use utility function as (3.31). Hence we need to maximize the following function:

S<O) = 10,5(1,(,01) = 107S<17w2) = 147 5(17("}3) - 87

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

2 2 1
F) = /=l 20 = Loy + =4y — [yl +24 = L) + 71/ 20 — o] +18 = L0
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Note that:

2/=y+ 19+ 2By +23+L1/=3y+17, y>0,
Fly) = 4 2420 + 2v/24 + LV/18 =~ 4.60, y =0,
2Vy+19+ 25y + 23+ 4=y + 17, y < 0.

When y > 0,
1 2 6 3

- 1_0(_\/19—y HVETE=7 R vty

f'(w) )

as y — 07, we have

6 3

limf’()—l( 2 + ) & 0.0065 > 0
oo T W T 0V 0 T Va3 vir '
Solve for y, when f'(y) = 0,

1 2 6 3

0= f'(y) )-

:1_0(_\/19—yJr 3y +23 JIT—3y

We get y = 0.41, and f(0.41) = 4.50. Thus,

max f(y) = max{f(0), £(0.41)} = f(0) = 4.60.

y>0
When y < 0,
1 2 10 1
/ — _
T =1 s =g
as y — 07, we have:
1 2 10 1
lim f'(y) = — + — ~ 0.23 > 0.
Jm FW =55 7m T T

31

(3.43)

(3.44)
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(3.48)
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Thus,

maéc f(y) = f(0) =~ 4.60. (3.50)
y<
Hence,

max f(y) = f(0) ~ 4.60. (3.51)

Example 3.5. Let

m=3n=1r=0A=01,c=1,2=10,2 =1,

S(0) =10, 5(1,w;) = 10, S(1,w,) = 16, S(1,w3) = 8, (3.52)

P=R=2%P=1

\

We still use utility function as (3.31). Hence we need to maximize the following function:

2 2 1
F) = 2/ =yl 20 = Loy + =6y — [yl +26 = L0y + 71/ =2 — o] + 18— L)

(3.53)
Note that:
2 /=y F 19+ 25y + 2B+ L/=3y+17,  y>0,
fly) = 9 2v/20 + 2v/26 + LVI8 ~ 4.677, y =0, (3.54)
2Vy+19+ 2Ty +25+ :y/—y + 17, y < 0.
When y > 0,
1 2 10 3
f'(y) ( ) (3.55)

= —(— + —
100 V19—y  dy+25 17— 3y

as y — 07, we have

lim /(y) = 1o~ + o —
oo T T 10V /0 Vs VT

) ~ 0.081 > 0. (3.56)
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Solve for y, when f'(y) = 0,

=W =%t A

1 2 10 3

We get y = 3.06, and f(3.06) = 4.70. Thus,

When y < 0,

as y — 07, we have:

Thus,

Hence,

max f(y) = mazx{f(0), f(3.06)} = f(3.06) = 4.70.

y=>0

F0) = (e + e — —)
Vo0 0 Vgt JIT—y

1 2 14 1
lim f/(y) = —(—e 4+ —— — ~ 0.46 > 0,
W =5 n T s v

max f(y) = f(0) ~ 4.677.

y<0

max f(y) = f(3.06) = 4.70.

yeR

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

From Theorem 3.2 we can see that when A and ¢ equal to 0 (the market does not have transaction

costs), we have the proposition below:

Proposition 3.6. In market My, if there exist jo, j, € {1,2,

AS(w;,) <0,
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Then the market admits an optimal portfolio.

Optimization Problems with n Stocks

In the case of n stocks and m events, we still use the utility function u(-) stated in (3.9). So from

(2.5) we denote the expected utility function

fly) = EV(1,2,279)]

- ZPWO— (0)7y = llyll, = (e Le)IB() + S(Lw))(z +y).  (B.64)

f(y) can also be written as:

m

ZPJ ZAS 1,wj)y ZAS Dyl + K (3.65)

where

Kj = %B(1) + S(1,w;)z — (¢, 14y) B(1). (3.66)

As we discussed in the case of one stock, an investor who enters the security market, must have a
certain amount of money that is enough to pay the fixed costs. And suppose the investor did not

short stocks before transaction. So we have /; > 0.

Theorem 3.7. In market M(\, ¢), if the condition in Proposition 2.7 is satisfied, then the market

admits optimal solution.

Proof. We just prove the case when n = 2, the proof for n > 2 is almost the same.
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Our goal is to maximize

f(y1,92) 2 Z Pj\/aljyl + aaiy2 — Bilyi] — Balye| + K (3.67)

J=1

where Q5 = ASZ'(]_,W]‘) s and 6@ = )\ZSZ(O)B(l)

When y; > 0, y» > 0, we have

(1, 12) Z P; \/ (a1 = B)yr + (cgj — B2)ys + K; (3.68)
and since (2.19) holds, there exists a w;» € €2 such that:
Q0 — 51 <0 , Q50 — ﬁg < 0.

Here, for convenience, denote ¢;; = «;; — 3;, and we assume y, = yy;, where v > 0. Then, (3)

becomes:
F) = D Py (O + O + K (3.69)
j=1
Then we have:
Z B (0 + 2,7 (3.70)
e 91] + 027y + K;
It is not hard to see f”(y;) < 0, since
(P (00 + 07 0 + K" <0, W1<j<m. (3.71)

—K
There exists a wj:, such that 61, < 0 and 6,5 < 0. As y — Tty () = —oo.

This tells us that the maximum value, when y;, y2 > 0, is not on the bound 6, jy; +02;y2+ K = 0.
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If there exists y1,, Y2, > 0, such that:

0f(ww2) _
o (3.72)
Of(y1,y2) _
oV
Then y = (y1,, Y2,) is the extreme point when vy, y2, > 0.
When y; > 0, yo = 0, we have
1,0 = 3" Piy/byn + K, + e2B(1). (3.73)
j=1
If there exists y;, > 0, y2 = 0, such that:
f'(y1,,0) = 0. (3.74)
Then y = (y1,, 0) is the unique extreme point when y1, > 0,y = 0.
When y; = 0, yo > 0, we have
F0,92) = 3" P[0 + K + e B(1). (3.75)
j=1
If there exists y; = 0, y2, > 0, such that:
£(0,y2,) = 0. (3.76)

Then y = (0, y»,) is the unique extreme point when y; = 0, yo, > 0. When y; = y» = 0, we have:

1(0,0) = 3" P /K + 1 B() + e:B(1). (3.77)
j=1
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Then

max f(yh y2) = max{f(O, O)? f(yh? 0)7 f(ov y21)7 f(ylov y20>}' (378)

y120,92>0

Similarly, we can find the maximum value when (y; < 0,42 > 0), (y1 < 0,42 < 0) and (y; >

07 Y2 S O) O
From Theorem 3.7 we can see that when A and ¢ equal to 0 (the market does not have transaction
costs), we have the proposition below

Proposition 3.8. In the market My, if for every (€1, €s, ..., €,) € {—1, 1}", there exists ant(eq, €3, ..., €,) €
), such that:

max{e;AS (@), A5 (W), ..., ,AS, (W)} < 0. (3.79)

Then the market admits an optimal portfolio.
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