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In this work, we treat the convergence of adaptive lowest-order FEM for
some elliptic obstacle problem with affine obstacle. For error estimation,
we use a residual error estimator from [D. Braess, C. Carstensen, and
R. Hoppe, Convergence analysis of a conforming adaptive finite element
method for an obstacle problem, Numer. Math. 107 (2007), pp. 455-471].
We extend recent ideas from [J. Cascon, C. Kreuzer, R. Nochetto, and
K. Siebert, Quasi-optimal convergence rate for an adaptive finite element
method, SIAM J. Numer. Anal. 46 (2008), pp. 2524-2550] for the
unrestricted variational problem to overcome the lack of Galerkin
orthogonality. The main result states that an appropriately weighted
sum of energy error, edge residuals and data oscillations satisfies a
contraction property within each step of the adaptive feedback loop. This
result is superior to a prior result from Braess et al. (2007) in two ways:
first, it is unnecessary to control the decay of the data oscillations
explicitly; second, our analysis avoids the use of some discrete local
efficiency estimate so that the local mesh-refinement is fairly arbitrary.

Keywords: adaptive finite element methods; elliptic obstacle problems;
convergence analysis

AMS Subject Classifications: 65N12; 65N30; 65N50; 65K 15

1. Introduction
1.1. Prior work on convergence of adaptive FEM

Adaptive finite element methods for partial differential equations based on various
types of a posteriori error estimators have been intensively studied and are now a
standard tool in science and engineering (see, e.g. the monographs [1,2] and the
references therein). As far as a posteriori error analysis for elliptic obstacle problems

is concerned, we refer to [3—11].

In the case of elliptic boundary value problems, convergence of adaptive mesh-
refining algorithms has first been proven in [12], followed by [13]. The latter works
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considered the residual error estimator for a P1-finite element discretization of the
Poisson problem. In [13], the convergence analysis is based on reliability and the
so-called discrete local efficiency of the residual error estimator, which relies on an
interior node property for the local mesh-refinement. The main idea of the
convergence proof then is to show that the error is contractive up to the data
oscillations. This concept attracted quite some attention in the literature for various
applications, e.g. the p-Laplacian [14], edge elements [15], mixed methods [16],
nonconforming elements [17], and obstacle problems [18,19].

For the Poisson problem, optimality of the adaptive algorithm from [13] was first
shown in [20]. Recently, Cascon et al. [21] presented a new convergence proof under
weaker conditions. They showed that a weighted sum of error and error estimator
satisfies a contraction property without requiring (discrete local) efficiency of the
estimator. In particular, their proof avoided the interior node property of the local
mesh-refinement, and they even proved optimality.

1.2. Contributions of current work

We consider the framework in [18], i.e. adaptive P1-finite elements for some elliptic
obstacle problem with affine obstacle. The obstacle problem is a classic introductory
example to study variational inequalities which represent a whole class of problems
that often arise in physical and economical context. One major application is the
oscillation of a membrane that must stay above a certain obstacle. Other examples
are filtration in porous media or the Stefan problem (i.e. melting solids) (see, e.g. [22]
and the references therein).

In order to explain the differences to [18], we first recall their main result: Let
ge=J(Up) — J(u) >0 denote the energy error, where u is the exact solution of the
obstacle problem and U, is the finite element approximation in the £-th step of the
adaptive algorithm. Based on a residual error estimator o, consisting only of edge
jumps and inspired by Morin et al. [13], Braess et al. [18, Theorem 3] states that the
o¢-steered adaptive mesh-refinement leads to

oyl <K&+ Cosc,% for all £eN, (1)

with osc, being the data oscillations (essentially across edges, cf (13)—(14) below) and
with 0 < k¥ < 1 and C > 0 being ¢-independent constants. It is thus a consequence of
elementary calculus that osc, — 0 implies convergence &, — 0 as £ — oco. In [13,18],
however, the convergence osc, — 0 of the data oscillations has to be guaranteed by
the implementation. This is usually done by performing additional local refinements
until oscj,; < ¥ osc] for some fixed constant 0 < ¥ < 1. We stress, however, that [18]
provides no mathematical foundation on this step since the edge oscillations osc, are
non-local. It is a technical byproduct of this work that edge oscillations satisfy a
contraction property (Lemma 3.3), and thus the aforementioned algorithm from [18]
is well-defined (cf Section 3.3).

Moreover, the main ingredients of the proof of (1) in [18] are the reliability of the
error estimator, its discrete local efficiency and the marking strategy introduced by
Dorfler [12] ensuring an appropriate selection of edges and elements for refinement.
The discrete local efficiency, however, strongly relies on the interior node property of
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the local mesh-refinement, and thus the validity of the convergence analysis is
constrained by the refinement strategy.

We follow a different convergence approach, inspired by [21]: our main result
(Theorem 3.4, Corollary 3.5) states that the adaptive algorithm steered by n? =
Q% + osc?, i.e. steered by edge jumps plus data oscillations, leads to

Avsr < kA, forall £eN, Q)

with a weighted sum A, =&, + yn? and with 0 <y, « <1 being ¢-independent
constants. Note that the choice of our combined estimator has another advantage
compared to [18]: from the linear case (cf [21, Section 6.2]), one knows that separate
marking and refinement might lead to suboptimal convergence rates, whereas the
combined marking strategy does not. Moreover, our result is fairly independent of
the chosen mesh-refinement and does not need the interior node property as does the
analysis in [18].

The first step for our proof of (2) is to show that the sequence of the estimators 1,
is contractive in the sense that

Mo < g+ C||Uesr — UA”2 for all £eN, (3)

where C > 0 and ¢ € (0, 1) are certain ¢-independent constants and ||| denotes the
energy norm (Proposition 3.1). To show this, we exploit the definition of the error
estimator 7,, the marking strategy used, and basic properties of the local mesh-
refinement. In addition and contrary to [21], our elementary analysis avoids to
dominate the data oscillations osc, by the element residuals ||/ /2y and is thus
much more accurate if f'is smooth but quantitatively large.

1.3. Outline of current work

In Section 2, we formulate the continuous and discrete obstacle problem, stated as
energy minimization problems. Moreover, we recall the error estimator 7, from [18]
which is later on used to steer our adaptive algorithm, and state its reliability
(Proposition 2.2). In Section 3.1, we recall the marking strategy and the local mesh-
refinement used. As a consequence, we prove that the estimator n, satisfies an
estimator reduction property (Proposition 3.1) (cf (3)). One major part of our proof
is to show that the edge data oscillations are, in fact, contractive (Lemma 3.3).
Finally, Section 3.2 states our version of the 7n,-steered adaptive mesh-refining
algorithm (Algorithm 1) and proves the contraction result (2). In particular, the
generated sequence of discrete solutions U, converges, in fact, to the continuous
solution u (Theorem 3.4). A short Section 3.3 considers the algorithm of [18] and
comments on improvements which are byproducts of our analysis (Theorem 3.8).
A numerical experiment in Section 4 concludes this work.

2. Model problem
2.1. Continuous formulation of model problem

Let © be a bounded domain in R* with polygonal boundary I':= 9. We define
an obstacle on Q by the affine function x with x<0 on Q. By A C H\(Q),
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we denote the set of admissible functions
A={veHy(Q) : v= x ae. in Q}, 4)

which is convex, closed and non-empty. For given fe L*(2), we consider the energy
functional

1
T0) =3 (v = (S, 5)
where the energy scalar product reads
(u,v) = / Vu-Vvdx for all u,ve H)(S) (6)
Q
and where
(o = [ frax ™
Q
denotes the L*-scalar product. By ||-||, we denote the energy norm on H}(R) induced

by ((-,-)). The minimization problem then reads as follows: find u € A such that
J () = min T). (®)

The following well-known abstract lemma, found e.g. in [23, Theorem II.2.1], states
unique solvability of this problem and equivalence to some variational inequality.

LemMma 2.1 Let 'H be a Hilbert space over R with scalar product ((-,-)) and induced
norm ||-|l. For any closed, convex and non-empty subset A of H and any linear
functional feH*, there is a unique minimizer ue A of (8). This minimizer is
equivalently characterized in terms of the following variational inequality: find ue A
such that

{u,u—v) <fu—v) )
for all ve A.

2.2. Conforming discretization

For the numerical solution of (8), we consider conforming and shape regular
triangulations 7, of Q2 and denote the standard P1-finite element space of globally
continuous and piecewise affine functions by S'(7,). The finite-dimensional
minimization problem then reads as follows: find U, € A, := ANSY(T,) such that

JWy) = glirhj(Vz) (10)

Note that A, is a non-empty, convex and closed subset of S'(7,). With the same
arguments as for the continuous problem, (10) admits a unique solution U, € A,.

Throughout all sections, the set of all interior edges E=T+"NT~ for certain
elements 7F, T~ €7, is denoted by &,. The set of all edges of 7, is denoted by &;.
In particular, & r := £;\&, contains all boundary edges and provides some partition
of I'.
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2.3. Reliable error estimator

Now, let u€ A denote the continuous solution of (8) and U, € A, be the discrete
solution of (10) for some fixed triangulation 7,. To steer the adaptive mesh-
refinement, we use some residual-based error estimator

77? = Q% + oscl% with Qﬁ = Z 0¢ (E)* and osc? = Z 0scy(E )’ 11
Ee&, Eeg;

from [18]: first, o,(E)* denotes the weighted L*-norms of the normal jump
0 (E) := hg [0, Ue 32z, for E€& (12)

with hp=diam(E) the length of E and [-] the jump over an interior edge
E=T"NT €&, Second, oscz(E)2 denotes the data oscillations of f over E

osc(E) = |Quel I f —fa12q,, for E€& (13)

with Q@ z=T"UT~ the patch associated with E and fq,, = (1/2.£]) leffdx the
corresponding integral mean of f. Finally, for edges £ on the boundary, 7, involves
the weighted element residuals

0sc(E) = [T 172, for E€&er, (14)

where T €7, is the unique element with £=97TNT. The following proposition has
essentially been shown in [18], where osc,(E) for boundary edges E € £, 1 is, however,
weighted by diam(7)> ~ | T]. We will discuss this, up to shape regularity, equivalent
definition later on (cf Corollary 3.5 in Section 3.2).

ProposITION 2.2 The estimator n, from (11) is reliable in the sense that there holds

1
§|||H—Ue|||2§j(Uz)—j(u)§ Cinj. 15)

The constant Cy > 0 depends only on Q and the shape of the elements in T,.

Proof The upper bound is stated in [18, Theorem 1] and hinges on the fact that the
obstacle is affine. To see the lower bound, we use the variational inequality (9). For
v=U,, this gives

lu = Uell® = (a1 = Uel) + NUll? = (Ue, )

1 1
= <§ IU? = (/. Uz)) - (5 llull® = ¢ £, u))

+ (; U = (U, u) +% |||u|||2)

1
=J(U,) - J(u)+§ llu — Uell®

and concludes the proof. |

Remark 1 Before proceeding we want to comment quickly on other error
estimators for obstacle problems in the literature. In some works (see, e.g. [7,10],
estimators that only contribute within the non-contact set are used. This has some
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advantages since, for example, obstacles with kinks can be treated. The analysis in
this case, however, becomes much more involved. In particular, it is unclear how to
show an estimator reduction, or a contraction property in the sense of
Proposition 3.1 or Theorem 3.4, respectively. As a consequence, for those kinds of
estimators, only a weaker convergence result [10] can be shown, but not a
contraction which is a crucial ingredient for a possible optimality analysis.

3. A convergent adaptive algorithm
3.1. Estimator reduction

As usual, we employ the local contributions of 1, from (12)—(14) to steer the adaptive
algorithm. For marking, we use the marking strategy introduced by Dorfler [12].
Contrary to [12,13,18], we mark simultaneously for o,(£) and data oscillations
0sc(E): given some parameter 6 € (0, 1), we seek a set M, C &, of usually minimal
cardinality such that

00 (E) 4+ oscy(E)  for E€&,

16
osc,g(E)2 for E€&r. (16)

On;< > ne(E)Y  where m(E)ZZ!

EeM,

For the mesh-refinement, we use newest-vertex bisection, where we mark all edges
E € M, for refinement. The refinement rules are shown in Figure 1, and the reader is
also referred to [1, Chapter 4]. Besides uniform shape regularity of 7,,, there is a
certain decay of the mesh-widths:

e Marked edges E e M, are split into two edges E', E” € £ of half length.
e If at least one edge E of an element 7€ 7, is marked, 7 is refined into up to
four son elements 77 € 7, with |T]/4 <|T'| <|T|/2 (cf Figure 1).

These observations are essential to prove the following result.
ProrosiTION 3.1 Suppose that the set My C &} satisfies (16) and marked edges are
refined as stated before. Then, there holds
2
Nesr < qni + Cof|Ueir — Ul (17)

with some contraction constant q € (0, 1) which depends only on 0 € (0, 1). The constant
C> > 0 additionally depends on the shape of the elements in T .

AR A
NSNS

Figure 1. For each triangle 7€ 7, there is one fixed reference edge, indicated by the double
line (left, top). Refinement of 7 is done by bisecting the reference edge, where its midpoint
becomes a new node. The reference edges of the son triangles are opposite to this newest vertex
(left, bottom). To avoid hanging nodes, one proceeds as follows: we assume that certain edges
of T, but at least the reference edge, are marked for refinement (top). Using iterated newest
vertex bisection, the element is then split into 2, 3 or 4 son triangles (bottom).
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For the convenience of the reader, the proof of Proposition 3.1 is split into two
lemmas which estimate the decay of the different contributions of 7, if the mesh 7, is
locally refined.

LemMMmA 3.2 According to the refinement of marked edges E € E,N\ M, there holds
1
> Ul < Y e (B =5 Y o(E) (18)
E €& Ee&, Ee&iNM,

Proof We define the set ﬂg’g = {E/ €&y :IE€E N M, E C E} containing all
edges obtained by refinement of marked edges. Then, one observes

> he 0. Ul e, > he MUl + Y he N0 Udlje,

L€l E €€\ M, Ee Mg,
1
2 2
< D helBUdlig +5 D helEhUdlg
Ee&\M, Ee&nM,
1
= >, aEV+5 Y oalE)
Ee&\/\/lg Ee&ﬂ/\/lg

where we have used that the jump [d,, U,] is zero on all edges E' € £, which lie inside
an element 7€ 7,. |

Lemma 3.3 Suppose that T, is obtained by newest vertex bisection of T,. Then,
independent of the set of marked edges, it holds that

1
oscir] < oscﬁ - = Z oscK(E)2 < oscﬁ. (19)

Ee&)\&

Proof The proof of (19) is considerably longer than for the prior contributions
in (18). The reason is that local mesh-refinement leads to additional edges inside the
refined elements 7€ 7,. This provides additional contributions to oscy,;, which
have to be controlled. For each edge E€&),, and each element T'e€7, with
| TN 2y gl > 0, we define the quantity

2 2
05 1(EIT)” = [Qerrelll /= S Eliag,., o1

For a boundary edge E€ &1 = &), \Eey1, this definition is understood with
Q1. p:=T" and fq,,,, =0, where 7" € 7, is the unique element with E=97"NT.
Throughout the proof, f,,=(1/|o|) [, fdx denotes the integral mean of f over the
measurable set w. Note that the L>-best approximation property of f,, yields

||f_fw||L2(w) <If- a”Lz(w) for all x e R,
whence

If = foll 2 < ||.f—f;||L2@ for all measurable sets @ D w.

For each element A4 €7, only four cases occur: A4 is either not refined, i.e.
A€eT,NT,,, or refined by either one, two or three bisections (cf Figure 2).
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Figure 2. Refinement of an element 4 by one (a), two (b) or three (c) bisections and notation
used in the proof of Lemma 3.3.

First, assume that an element 4 € 7,N7,,, is not refined. Let b, ¢, deE,NEpy
denote its three edges. We then define

00 (b|A)* = osce11(b|A)?, 0¢(c|A)* = oscir1(cl4)’, and oy (d|A)* = osciyi(d|A) .

By definition, we obtain

osce1(E|lA)° <Y oy (E|A)

1ANQy 41 gl >0 Ecad

even with equality.

Second, assume that an element A € 7, with edges b, c,d €&} is refined by one
bisection (cf Figure 2), where the edge c is split into ¢y, ¢; € £, and one additional
edge ae &, is created. Moreover, A4 is split into elements A, 4, € T, with area
|A1|=|A>|=|A|/2. Let B,C,De7, be the neighbours of 4 along the edges
b,c,de &}, where for instance B=0 if b € £\, is a boundary edge. Then,

2
Y oscei(El4)
EeE;
14N 41 gl >0

= 05Ce41(c1]A)” + 05Cr41(c2] ) + 0sCep1 (b] ) + 05Ce11(d | A)* + 0scir1(alA)

= (1Q0s1.00 N Cl+1A1/2) L f = Foin, 1220y + (1Qer1.e VCLH1A1/2) | f = farn, 2010
+ (120416 N BI+ 1A/ 1L f = Farn 720y + (1Res1.a VDL 1AL2) 1 = fanall T2
AL = fall o)

The last term belongs to the new edge a € £}, ;. We define

0e(b14)* = (10416 NV Bl +141/2) ILf = 1204y + (A2 1 f = Fall 20y
0e(cl )’ = (1Qs1.0 N CLH+ A2 1L f = farn, 120

+ (1416 N Cl A 1AI/2) 1 f = fi, 172040y
0u(d4) = (1414 N DI+ 1A1/2) 1| f = T2y + (AU f = Fall T2

and observe that, by definition, (20) holds with equality.

Third, assume that an element 4 €7, with edges b,¢,de€ &) is refined by two
bisections (cf Figure 2), where the edges ¢, d are split into cy,c2,di,dr €&y,
respectively, and two new edges aj,a; € £}, are created. Moreover, 4 is split into
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elements A, A>, A3 €7, with area |4,|=|4|/2 and |A4,| =|A43| =|A4|/4. Let b, ¢, d
and B, C, D be the same as in the previous case. Then,

> oscpyi(El4)

Ecé&*
+1
14NQp 11 gl >0

= 05Ce41(c1]A)” + 05Cr41(c2] ) + 0sCeq1(di| ) + 0scep1(da| A) + 0sces1 (b A)
+0sc41(a1|A)’ + oscy1(ar|A)°

= (1¢41.e VClH1AI/2) [ = farin, 1720y + (1Re41.6o N CLA1A/A) 1 = farr,, 172010y
+ (19010 NDI+1A1/3) 1/ = fars 1204 + (1Re11.0, VDI +141/4)
XN =S 12045+ (1Rer15 N BI+1A1/2) | f = farn 124,
+ GlAYD NS = Lo 2,0 + (AU | = foa 12 00

The last two terms belong to the new edges a1, a; € £, | and are roughly estimated by

GlA/A) | f = Faoa 204,040 + VA2 1S = o 20y < GBS = Fall T2
We define
0e(b1AY = (1115 N BI+141/2) || f = far 7204) + (A2 1 f = Fall T2
0e(clA)* = (1Q41.0 N CL+141/2) 1| f = faron, 1204,
+ (190416 N CLH A1) 1L f = farin 17204 + (AB LS = Fall 12
0e(d|AY = (1Qus1.a4, N DI+ 1A1/4) | f = S 11200
+ (1941 N DI+ 1A1/4) | f = farors, 7204y + A2 NS = FallZ2 -

By definition, we again obtain (20).
Fourth, assume that an element A € 7, with edges b, ¢, d €&} is refined by three

bisections (cf Figure 2), where the edges b, ¢, d are split into by, by, ¢y, ¢2.dy, dr € £ 4,

respectively, and three new edges ai,a, a3 € £}, are created. Moreover, 4 is split
into elements A, A>, A3, Ay € To1, with area |4;| =|A4|/4. For b, ¢, dand B, C, D, we
use the notation from the previous cases. Then,

> osc(ElA)Y

Ee&*
+1
140241 gl >0

= 05C41(b114) + 05ce11(b2] A)* + 0scr1(c1]A)* + 0sceri(c2]A)
+ 08¢ 1(di|A)? + 05ce41(da| A)* + 0scep1(ar|A)* + 0sceq1 (@] ) + oscesi(a3]4)?
< (19015, NV B+ A4 1 f = S Wiy + (1Rex10 0 BI+ 1A1/8) 1L~ Forn, 12204,)
+ (1R¢10 N CIH AV [ = faris, 12ay + (1Rs1.6 N Cl +[41/4)
LS =S 1220y + (19Qer1a N DI+ 1AA) L = farg 17200
+ (1911 N DI+ LAA) 1 f =S 1204y + GLAI2) L = fall 72 -
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Defining

0e(b1AY* = (1Qes16 N BI+ 1A1/4) |f = fearn, 1200

+ (1115, NV Bl + 1A1/4) 1 = S 1oeary + (AN = fall T
0e(clA)* = (1Qus1.0 N Cl+1A1/A) | f = far,, 20,

+ (1410 N CLHTAYA) I = ferin 120y + QA2 1= Fall 2
0u(d|4)* = (1414, N DI+ 1A1/3) 1| f = feron 172010

+ (10410, N DI+ 1A/A) I f = farr 1204 + (A2 1L f = Fall 204y,

we again guarantee (20).
Now, it only remains to show that for non-refined edges holds

> 0 (EIT) <osc(EY forall E€E{NE],,.
(1)

TCcQ g
whereas for edges which are refined, there holds
> o (EITY < 3 osc((E)* for all E€ E\E}, .

TeT, 4
TCQy |

(22)

Of course, there are quite some cases to be considered. Since all follow by direct
calculation, we only consider some particular examples shown in Figure 3, while we
refer to [24, Lemma 3.3.6] for the consideration of all possible cases.

We first consider b:= AN Be&,. According to our definitions, there holds

0¢ (b1B) = (141/2 + |B) || f = fa,08l1 725
0¢ (b14)* = (1Bl + 141/2) | f = fausl 7204,y + QA2 1L = FallZogay:
This implies
0¢ (b4)* + 0y (bIBY = (141/2+ 1B || f = fa,08l1 204,08 + (A1/2) 1| f = Fall T2

< (|12 + 1B | f = fausl 12caum + (A2 L f = fausl T2caus
= osc(b)’.

|
|
|
|
!
!
!
|
|
|
|
7
L

Figure 3. The element 4 € 7, is refined by two bisections. It has two neighbouring elements B,
D e T,, whereas the third edge is on the boundary.
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Next, we consider d:=ANDe&,. We have
00 (d|DY = (|Al/4+ |DI/2) | f = fasun 2, + (14174 + D12 | f = fasom, 172,
0e(d|A)* = (IDI/2 + |A1/4) |.f = fas00, 121y + ID1/2 + LAD I f = Fasuns Iy
+ (A2 f = fallaca)
This implies
00 (d|A)’ + 0 (d|D)* = (|41/4+1DI/2) | [~ fup, | T2 a0p,)
+(A1/4+ DI/ |f = fas00: 124,00 + (AL = Fall T2
< (41/4+ D/ 1|f = faup I 72caumy + (AN = Faun 2
< % oscy(d)>.

Finally, we consider the boundary edge ¢ := ANT €&, r. In this case, there holds

3
00 (el A)* = (A2 1f 724+ AAID IS Wy + (AYA 1 = FallZz) < 7 05ee()’,

and we also observe the contraction property.
Having obtained (21)—(22), we may proceed as follows: we note that (20) provides

2 2 2

E oscey1(E)” = E E osCe41(EIT)” < E ZOZ (EIT)
Ee&) TeT, Eeg TeT, Eeg
ITNQ 41 | >0 EcaT

_ 2

— 2 : Z 00 (E|T).
Ee€; T<Ty
TcQ g

Therefore, (21)—~(22) show

Z osce1(E) < Z osci(E)? —l—% Z oscy(E )

Ee€},, Ee&iNEs,, E€ENES,,
1
= Z oscy(E)? — 7 Z oscy(E )
Eeg; Ee&E\E)
and conclude the proof. |

Proof of Proposition 3.1 First, the triangle inequality in the sequence space £,
proves

172
Nest = <osc%+1+ Y e ||[anUe+1]||iz(E,))

E el

1/2 1/2
< (osc§+1+ > he ||[anUe]||iz(E,>) +( > he ||[3n(U6+1—U£)]||§_2(E/)) :

E €& E €&y



606 M. Page and D. Praetorius

In particular, the Young inequality yields for arbitrary § > 0

77%+1 <+ (oscir] + Z he 1[0, UK]”%J(E))

E el
+(14+67) > hp 10Ut — UM o). (23)

E e

Second, recall that £\, ; 2 M,. Using the estimates (18) and (19), we thus see

osci, + > he .Ul

E €&y
1 1
<osci+ Y helUdliae —7 D oseE) =5 > helBnUdli
Eeé&, Ee&\E;,, Ee&inM,
1
<um-y (Z osclEY' + Y hg ||[anUe]||iz(E)).
EeM, Ee&iNM,

Third, the Dérfler marking (16) is used to obtain

1
osciy+ Y e WUy <t —7 D ne(E)' < (1—6/4ym;.
E €& EeM,

Fourth, according to uniform shape regularity of the generated family (7,),cn. there
holds

Z he N0,(Ugy1 — Uy )]||2Lz(E/) S IV(Ueyr — U€)||i2(gz) = ||Ues1 — Uemz-
E €&y

Plugging the last two estimates into (23), we prove (17), where we finally choose
8 > 0 sufficiently small to guarantee ¢:=(1+6)(1 —6/4) < 1. ]

Remark 1 Clearly, Lemma 3.2 also holds if certain elements T'€ 7, are refined by
five bisections, as is done in [18], or by the so-called red-refinement. We refer to
[1, Chap. 4] for details on different local mesh-refinements.

The same holds for Lemma 3.3 as well. In case of bisecs-refinement this is easily
seen as follows: we theoretically build an intermediate mesh 7/, where elements
marked for bisecs are only refined by three bisections. Then, Lemma 3.3 applies
for the refinement from 7, to Ty4ip. To finally obtain 7,,,, certain elements
T'" €Ty 12 have to be refined by one bisection. Note that this guarantees E;\&7, , =
E\E},, since only certain interior edges E' € £y115\E, are effected. Since (19) states,
in particular, monotone decay of the oscillations, we conclude

1

2 2 2 2

08Cyy| < 0SCyy ) < E osce(E)” — 1 E osce(E),
Ee&; Ee&ENE

where osc,. > denotes the oscillation term associated with the only theoretically
constructed mesh 7, .

Finally, if certain elements of 7, are refined by red-refinement, the proof of (19) is
obtained by similar calculations as in the proof of Lemma 3.3. We refer to [24] for
details.
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3.2. Convergent adaptive algorithm

In this section, we formally state our version of the adaptive algorithm and prove
that it generates a sequence of discrete solutions U, which converge to the continuous
minimizer u.

Algorithm 1 Fix 0 <60 < 1 and let 7, with £=0 be the initial triangulation. For
each £=0,1,2,..., do:

(i) Compute discrete solution U, € A,:= ANS'(Ty)
(i) Compute indicators n,(E) for all E€&j.
(iii) Determine set M, € &£, which satisfies (16).
(iv) Mark all edges E € M, for refinement.
(v) Obtain new mesh 7,,; by newest vertex bisection and increase counter
£— 0+ 1.

THEOREM 3.4 Algorithm 1 guarantees that the combined error quantity

Agi=J(Ue) = T(w) +ym; (24)
satisfies the contraction property
Apvi < kA, forall £eN. (25)

The constants 0 <y, k < 1 depend only on the parameter 6 and the shape of the
elements in To. In particular, there holds limy_ o J(Uy) = J(u) as well as
Zlim flu—Uell =0 = elirn Ne.

Proof According to Proposition 3.1, we have
2
Moy < g1 + Co||[Uesr — U
with certain constants 0 < ¢ < 1 and C, > 0. Therefore,

A1 = T(WUe) = TW) + y gy — (T(Ue) — T(Upsr))
<JWUe) =T +vgm; +yC || Ui — Uy |H2 —(JWU) = T(Up41)).

Using the variational inequality (9) applied for U,, |, we proceed as in the proof of
Proposition 2.2 to see

1
5 0 = Ul = 70 = T (W),
Choosing y sufficiently small to guarantee yC, — 1/2 <0, we then obtain

Acsi < T(Ue) = TW) + ygn} + (vCa = 1/2) || U1 — U|||* < T(Ue) = Tw) + yan?.
According to Proposition 2.2, there holds

CrH (I = Tw) < n;.
For ¢ > 0, we thus observe

T(WUe) =T +yqn; < (1 = yeC )T (Up) = TW) + y(g +ey; <kAe (26)
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with k := max{l — yeC;!, ¢ + ¢}. Since ¢ < 1, we may choose ¢ > 0 sufficiently small
to guarantee ¢+ ¢ < 1. This choice leads to k < 1, and we finally end up with (25).
By induction, this implies

lim Ay =0, whence lim J(U,)=J(u) and lim n, =0.
{—00 {—00 {—00

With reliability ||u — U,|| < n¢, we thus conclude the proof. [ |

In [18], the weighting /3. = diam(7")? instead of | 7] is used in the definition (14) of
0scy(E), 1.e.

i =) (0c(E) +osclEY) + ) GeulEY, 7
Ee&, Ee&yr
where
GSCu(E) = || f N1 ay for E€&ur (28)

and T €7, is the unique element with £=097TNT. Note that this definition does not
necessarily yield a contraction Ay < hy if an edge E€&,rNM, is refined and
T' €T, is one of the resulting sons of 7. Nevertheless, 77, leads to a convergent
adaptive FEM in the sense of Theorem 3.4.

COROLLARY 3.5 Suppose that 7, instead of n, is used in Algorithm 1 for marking.
Then, the modified algorithm still guarantees the contraction property (25).
In particular, there holds limy_..o J(Uy) = J(u) as well as lim;_ o ||lu— U, ||| =
0= limg_>oo ﬁg.

Proof Note that there holds
0sce(E) < 08¢c(E) < Cyosc(E) forall E€ &, (29)

with some constant C;>1 which depends only on the shape regularity of the
mesh 7,. Since newest vertex bisection leads to uniformly shape regular meshes,
C; may be chosen independently of £. The Dorfler marking (16) for 7, thus
implies

One <0 < Y (0e(E)Y +osc(EY)+ Y Ge(E)
EcEiNM, EEgz,rﬂMg

<G| Y (ee(EY +osc(EY)+ D osclE)

Ec&ENM, Ee&rNM,

Put differently, the set M, satisfies the Dorfler marking (16) for (0,7, ) as well as the
Dorfler marking (16) for (5, n¢ ), where 6= 0/C;3 €(0,1). Therefore, Theorem 3.4
applies and (25) holds. In particular, limy,_. 7, = 0 and the equivalence (29) also
concludes limy_, o, 77, = 0. [ ]

Remark 2 The estimator reduction (17) already implies convergence lim, 7, =0,
whence lim,J(U,) = J(u) as well as limy||u — U,|| =0 according to Proposition 2.2.
To see this, it remains to verify that the obstacle problem leads to a priori
convergence lim, U, =u,, with a certain limit u., € H. For linear problems, such a
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result is found in [25-27], and we refer to [24, Lemma 3.3.8] for the proof of the
a priori convergence in our non-linear setting. Then, (17) takes the form

YI%H =< qnf “+ oy

with the zero sequence ap=C> ||Ups1 — Ugl|*>>0. Therefore, elementary calculus
concludes lim,n, =0 (cf [25]). We stress that, contrary to [27], the estimator reduction
concept from [25] avoids any use of discrete efficiency. It is only based on the precise
definition of the error estimator, a uniform decay of the mesh-width locally on
marked elements, and the observation that any kind of mesh-refinement will lead to
a convergent sequence of discrete solutions. We stress, however, that the convergence
results in Theorem 3.4 and Corollary 3.5 are stronger since they include even a
contraction of some error quantity A, >¢e,=7J(U,) — J(u).

3.3. Convergence analysis for the adaptive algorithm from [18]

In this section, we aim to comment briefly on the adaptive algorithm in [18] and
improve their convergence result in several aspects.

Algorithm 2 Fix 0 < 6, 9 < 1 and let 7, with £ =0 be the initial triangulation. For
each £=0,1,2,..., do:

(i) Compute discrete solution U, € A, := ANS'(T))
(i) Compute indicators g,(E)* as well as oscillation terms osc,(E) for all E e &;.
(iii) Determine set M, € &, which satisfies

0y 0 (EY < Y ol(EY. (30)

Ee&y EeM,

(iv) Mark all edges £ e M, for refinement and obtain intermediate mesh 7,/
by newest vertex bisection of 7.

(v) Refine additional elements of 7,.,, and update 7, until the corre-
sponding oscillations satisfy oscy 1, <9 oscy.

(vi) Finally, set 7y :=7,;,> and increase counter £ — £+ 1.

In Braess et al. [18], the authors do not give further information on step (v)
besides their choice 6=1%. In particular, it is not obvious how many levels of
refinement have to be done until osc, | < ¢ osc, is satisfied. In the following, we
comment on a practical realization of (v) and derive a convergence result similar to
Theorem 3.4. Our recommendation reads as follows:

(v.a) Ifosci,,, < (1 —6/4)osc, define Ty : =T
(v.b) Otherwise determine M112 € &7, such that

) 2
osci, < Y osciipn(E), 31)
EeMp1p

(v.c) mark all edges £ € M, for refinement,
(v.d) and obtain new mesh 7,,; by newest vertex bisection.

We first prove that this part guarantees contraction of the data oscillations.
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LEMMA 3.6  The proposed realization of step (v) in Algorithm 2 guarantees 0scy 1 <0
osc, with 9= (1 —6/4)">.

Proof We may assume that oscj,,, > (1 —6/4)osc; since otherwise 0scy1=
0sc, 1 by definition. Using Lemma 3.3 and arguing as in the proof of Proposition 3.1
(but only for the oscillation terms), we see that the marking criterion (31) guarantees
oscl, < (1 —6/4) osc%H/z. Since T¢412 is a refinement of 7, the monotonicity
0sCy4 12 < 0sc, of the edge oscillations concludes the proof. |

Next, we prove an estimator reduction similar to Proposition 3.1.

ProrosiTioN 3.7  The extended Algorithm 2 from [18] guarantees

77%_,,_1 = qn? + Gy <|H Upp12 — U(mz + |H Upy1 — U(Jrl/zmz), Sfor all £ eN, (32)

with constants q € (0, 1) and C4 > 0 which depend only on 0 € (0, 1) and the shape of the
elements in T .

Proof Note that 7, is a refinement of 7, , and 7,y is a refinement of 7.
Arguing as in the proof of Proposition 3.1 (but only for the edge jumps), we see that
the modified marking criterion (30) yields

Y 0 EVY (148 D orp(EY +CU 457 || Uit — Upprpo|?
E" €& Ee&p

<1 +81=60/2)Y 0 (EY +C(1+67")
Ee&,

% (e = Uernpall® + [ Vesr2 = Uel[°).

for all § > 0. As above, the constant C > 0 stems from inverse-type estimates and
depends only on the uniform shape regularity of the meshes involved. In view of the
contraction from Lemma 3.6, we choose §> 0 sufficiently small such that
(148)*(1 —6/2) <(1 —6/4). Adding the estimate of Lemma 3.6, we conclude the
proof with ¢ =(1 —6/4). |

Finally, we argue as in the proof of Theorem 3.4 to obtain the following
convergence result whose proof is omitted for brevity. We stress that our result is
superior to the convergence result from [18] for several reasons: First, we only need
one bisection instead of five per refined element. Second, our recommendation
of 9= (1—06/4)"? satisfies 9> 6 for practical choices of 6, namely 6 < 0.88. Third,
our modification of their algorithm guarantees that at most one additional step of
newest vertex bisection has to be performed to guarantee contraction of the
oscillations.

TueoreM 3.8 The extended Algorithm 2 from [18] guarantees

Apvr < kA with A= JWUp) = Jw)+yn: for all €eN. (33)

The constants 0 <y, k < 1 depend only on the parameter 6 and the shape of the
elements in To. In particular, there holds limy_ o J(Uy) = Ju) as well as
Zlim flu— Ul =0 = Zlim Ne-
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4. Numerical experiment

In this section, we consider a numerical experiment from [18]. The conforming and
shape regular mesh is adaptively generated by Algorithm 1. For the solution of the
discrete obstacle problem at each level, the primal-dual active set strategy from [28§]
has been used. For the initial mesh 7, we choose (U(O), Ago)) = (0,0) for the primal
dual pair as initial guesses for the iterative solver. For 7, we choose the prolongated
discrete solutions associated with the previous mesh, i.e. U(@O) = U,_; as well as
)LE,O) := A¢_1. We stop the iterative solver if the difference of two consecutive solutions
satisfies

Uy — gDl < ¢ NT12 (34)
R

for some tolerance t > 0, where N =#7, denotes the number of elements. We then
define our discrete solution at 7, by U, := Ugj ) and Ao = kﬁj ),

While the numerical results are quite similar to those in [18], we stress that our
approach theoretically includes the data oscillations into the estimator 7,.

We consider the obstacle problem with constant obstacle x =0 on the L-shaped
domain Q:=(=2, 2)*\ [0, 2)x (=2, 0]. The right-hand side is given in polar
coordinates by

4
S(r9) == PP sinQe/3) (07 + 7)) =3 1 Py ) sine/3) = (), 69)

where ()" denotes the radial derivative d/dr. Moreover, r := 2(r — 1/4) and

1, r <0,
nm =1 —-6° +154 -107+1, 0<ri<I,
0, r>1,
0, r<5/4,
ya(r) =
1, else.

Then, the exact solution reads in polar coordinates
u(r, ) = r**yi(r) sin(2¢/3) (36)

and exhibits a corner singularity at the origin. We compare uniform and adaptive
mesh-refinement, where we vary the adaptivity parameter 6 € {0.2,0.4,0.6,0.8} in
Algorithm 1. The quantities of interest are the energy error

e =J(Up) = T ), (37)

as well as the error estimator n, from (11) which includes oscillations and edge jumps.
Since the oscillations are, however, expected to be of higher order, the values of osc,
are explicitly given.

In Figure 4, we plot ./, n, and osc, over the number N =#7, of elements for
uniform and adaptive mesh-refinement with 6 =0.6. Uniform mesh-refinement leads
to a suboptimal convergence behaviour /g, ~ O(N~>/ 12) with respect to the number
N =#T, of elements. Contrary, adaptive mesh-refinement regains the optimal order
of convergence /g, = O(N~!/?). We stress that the given data are smooth so that
uniform as well as adaptive mesh-refinement leads to osc,=O(N~"), which
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L =g adap) T S <
107 F —e— ey (adap.)
—+— oscy (adap.)
10—3 L —+— 1y (unif.)
—— \/a(unif.)

oscy (unif.)

10—4 ) s
10! 102 103 104 109 100 107

Figure 4. Numerical results for uniform and adaptive mesh-refinement with 6=0.6, where
ge=J(U,) — T (u), n, and osc, are plotted over the number N =#7, of elements.

10! . . . . .
100 L

10—1 L

—*—0=0.2 S
——0=04 oWy~
103 F —a—9=06 AN
——0=0.8

=+ Uniform

1074 . . . .
10! 102 103 104 10° 100 107

Figure 5. Numerical results for /g, for uniform and adaptive mesh-refinement with 6 € {0.2,
0.4, 0.6, 0.8}, plotted over the number N =#7, of elements.

corresponds to second-order convergence with respect to a uniform mesh-width. For
both mesh-refinements, we see that the curves of 5, and /e, are parallel. This
experimentally confirms the reliability of 5, from Proposition 2.2 and indicates that
n, 1s also efficient.

Figure 5 provides the experimental comparison for different values of
0€{0.2,0.4,0.6,0.8}. We see that each choice of 6 leads to optimal order of
convergence and that the corresponding curves essentially coincide. Since achieve-
ment of a prescribed precision takes much longer with uniform refinement, the
benefits of adaptive refinement are clearly visible. Additionally, we stress that also
the convergence rate itself is improved.
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(a) (b)

Figure 6. Adaptively generated meshes 75 (a) and 7; (b) with N=1568 and N=22140
elements, respectively, for 6 =0.6.

= 0
2 2 -1

Figure 7. Galerkin solution Ug on adaptively generated mesh 7g with N =3524 elements for
0=0.6.

Figure 6 displays the adaptively generated meshes 75 and 7, respectively for
0=0.6. As expected, refinement is basically restricted to the inactive zone. Due to the
data oscillation terms in the estimator 7,, we also observe certain refinement within
the active zone. Note that the corresponding figures in [18] do not show any
refinement inside the active zone. We stress, however, that those figures are
somewhat misleading in the following sense: the right-hand side f'is non-zero along
the boundary in this example. Therefore, the contraction of the overall oscillations
(as it is postulated by [18]) can only be achieved if (sooner or later) refinements take
place also within the active zone. The algorithm from [18] will thus eventually lead to
the very same refinement along the boundary that we observe here.

Finally, the numerical solutions after eight steps of refinement is shown in Figure 7.
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