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1. Introduction and notation

The goal of this paper consists in deriving, in the framework of Schwartz’ distribution theory [1], fun-
damental solutions and Green’s functions of the operator of ‘generalized axially symmetric potential
theory’ (GASPT), i.e. of

Py(@) =2+ (1 4+2a)t7 0+ Apy 0= (8,01,...,0n), Ap=074+---4+3%, acC. (1)

Fundamental solutions of P, (9) were presented first by Weinstein (see [2,3]). His method of deriva-
tion was based on classical analysis and did not involve distribution theory, which at that time was
not yet state of the art. Weinstein’s method ran along the following five steps:

(a) assume first that 1 4+ 2« is a natural number;

(b) use the known fundamental solution of the Laplacean operator in 2 4 2« + n variables;
(c) introduce polar coordinates with respect to the first 2 + 2« variables;

(d) integrate with respect to the sphere S'+2%;

(e) replacel+2a € Nbyl +2a € C.

Finally , Weinstein checked the ‘nature of singularity’ of the function found by the procedure in
(a) to (e). The resulting fundamental solutions are expressed by definite integrals, and as customary
until 1951, they are defined only up to multiplicative constants.

However ingenious Weinstein’s approach may be, it does not seem satisfactory from the view-
point of modern analysis. In the literature, there are two further treatments of the GASPT operator
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we know of. In [4, Ch. VIII: Degenerate elliptic operators], a formulation of existence and uniqueness
results for a class of operators including the one in GASPT is given. However, the approach is based
on Sobolev spaces and Green’s functions are not expressed by special functions but only as definite
integrals.

A different attempt at constructing fundamental solutions of P, (9) in a distributionally correct way
is contained in the studies [5,6]. Therein, fundamental solutions are set up as infinite series motivated
by the derivation of the fundamental solution of the EPD-operator in [7] (see also [8]). However, no
effort is made of deriving uniqueness results or Green’s functions; furthermore, the result in the case
n=1[6, Theorem 3.4, Equation (3.27), p.507] seems to be incorrect.

For the reasons explained above, we have taken up anew the study of fundamental solutions and
Green’s functions of the operator in (1). In Definition 2.1, we define the notions of temperate funda-
mental solutions and Green’s functions of the Dirichlet problem and the Neumann problem in the
half-space

H=1{(tx) e R" t>0,xeR"

for the singular operator P, (9) in (1). The uniqueness of Green’s functions is investigated in Propo-
sition 2.2, and we represent Greens functions and temperate fundamental solutions of P, (d) by
hypergeometric functions in Theorem 2.3. In the case of even n, we represent these fundamental
solutions by elementary transcendental functions in Corollary 2.4. Of course, some of our formulas
can be found already in [2-6] (see the remarks following Theorem 2.3).

We derive our results by employing the partial Fourier transform with respect to the xvariables
and by using suitable identities for the hypergeometric function. We also make use of the theory of
distribution-valued analytic functions as expounded in [9].

Let us introduce some notation. Besides the spaces D'(U), U C R" open, and §'(R") of distribu-
tions and temperate distributions, respectively, we also use the space

S'(H) ={T € D'(H); 3T, € S R"™Y) : T = T\ |n}
of temperate distributions on the half-space H defined above. Note that the partial Fourier transform
Fy: SRR — S'®RM,

which is extended by continuity from
(Fx)(t,€) = fR pt,x)e X dx, ¢ e SR,

yields also an isomorphism on S’ (H). The Heaviside function is denoted by Y, and we write § (¢ —
1) € S'(R}), T > 0, for the delta distribution with support in 7, i.e. for the derivative of Y (t — 7).

2. Temperate fundamental solutions and Green’s functions in GASPT

As mentioned already in the introduction, the operator P, (9) = 83 4+ ((1 + 2)/t) 0y + Ay, arises in
the so-called GASPT (see [2] for historical remarks and connections to physics). Let us first introduce
the notions of temperate fundamental solution and Green’s functions for P, (d).

Definition 2.1: Set H = (0,00) x R"and fixt > 0and « € C.

(a) E € S'(H) is called temperate fundamental solution of Py (9) if and only if Py ()E = 3(t — 7) ®
8(x) holds in H.

(b) E € §'(H) is called Green’s function of the Dirichlet problem for P, () ifand only if E is a temperate
fundamental solution of P, (9) that satisfies lim;_, o E(t,x) = limp o E(t,x) = 0in S'(R?).
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(c) E € §'(H) is called Green’s function of the Neumann problem for P, () if and only if E is a tem-

perate fundamental solution of P, (d) that satisfies lim;_, o E(t, x) = limp 0(9:E)(t,x) = 0 in
S'(RY).

Remark 2.1: Note that a fundamental solution E of P,(d) is C*° in H\ {(t,0)} due to [10,
Theorem 13.4.1, p.191]. Hence we can fix t in E(t,x) for t # t. For example, the hypothesis
limy— o0 E(t,x) = 0 in 8'(R") in Definition 2.1 then means that E(t, x) belongs, for fixed large ¢, to
S’ (R") and converges therein to 0 if t — oo.

The next proposition will show that the Green functions of the Dirichlet problem and the
Neumann problem, respectively, for Py () are uniquely determined in those cases where they exist.

Proposition 2.2: Fix @ € C and let T € S'(H) fulfill P, (3)T = 0 in H and lim;_. o T(t,x) = 0 in
S'(R™). If, additionally, either limp o T(t,x) = 0 or limpy o(3;T)(¢,x) = 0 hold in S'(R"), then T
vanishes identically.

Proof: The partial Fourier transform U = F, T of T satisfies the ‘ordinary’ differential equation

142
<at2+ taat—|x|2)U=o inH. 2)

For x # 0, let V(t,x) = U(t/|x|,x). Then V € D'(Hy) where Hy = {(t,x) € H; x # 0}. Since V
fulfills (Bt2 4+ ((1 + 2a)/t) 3 — 1)V = 0 in Hy, we conclude that

V=1t ®Vix) +t “Ke(t) ® Va(x), Vi,V2 € D'R"\{0}).

Therefore, U =t %I, (t|x|)W1(x) +t*Kq(t|x|) W2(x) holds in Hp for Wj(x) = |x|"*Vj(x) €
D/(R™\ {0}), ] = 1,2.

Let us use now the boundary conditions for T. The assumption lim;, o T'(¢,x) = 0 in S’(R")
implies lim;—, oo U(t,x) = 01in &’ (R"), and therefore Wy vanishes and U = t~*K, (t|x|) W, (x) holds
in Hy. On the other hand, either of the limits lims o U(t,x) = 0 or limp 0(9;U)(t, x) = 0 implies
W, = 0. Hence Ulp, vanishes and supp U C (0,00) x {0} C H, i.e.

U= ) fro®0Ps(x), meNo, fy € D'((0,00), BeN.

|Bl<m

(Note that U is a distribution of finite order due to U € S§'(H).)

Let us assume that 8 € Njj is such that || = m and that fg does not vanish identically.
Then (2) implies that (37 + (1 + 2e)t~'9;)fs = 0 and hence fg = C; + Cot~** for @ € C\ {0} or
fg = C1 + Cylogt if @ = 0. In both cases, the conditions lim;—, o, U(t,x) = limy U(t,x) = 0 or
lim;— o0 U(t, x) = limp0(9;U) (¢, x) = 0 then imply that fg vanishes and that leads to a contradic-
tion. Therefore U =0 and thus also T'=0 and the proof is complete. [

Theorem 2.3: As before, set H = (0,00) x R". Leta € C\ (—(n/2) —Np), t > 0 and (t,x) € H\
{(7,0)} and set

2 2 2
t
SR s o . Y P S V) 3)

27t
The functions

.[—n/2+1+oz
N —(n+1)/2 ,—i(n—1)m/2
E: )T(t,x) = —(Q2m) ( )/ e i )7/

—(n— —-1)/2
e @ =0Tl )

1/2+«a

1 I'(5+a) i
T 22 T(1+a) e’

F(Z + ! +o31+2 At 4)
-to -t o ——
"\ 2 2 r2
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are C* in H \ {(z,0)} and locally integrable in H. For even n, the mapping o > Eg,t extends to an
entire function

C—SH):a+— Eg],ﬁ
for odd n, this mapping is meromorphic on C with simple poles in the set —n/2 — Ny. Furthermore,

we set Eg)r (t,x) = (r/t)z"[EIfO(’r (t,x) fora € Cifniseven and fora € C\ ((n/2) + No) if n is odd,
respectively.

For those @ € C for which EN_, EP

.0 Eq > Tespectively, are defined, they are temperate fundamental
solutions of

Py (3) = 8} + 12229, + A,

Furthermore, EY) _ is the uniquely determined Green function of the Neumann problem for Pq, (9) if
Rea > —n/2,and EX _ is the uniquely determined Green function of the Dirichlet problem for P, (9)
ifRea < 0.

(In (4) Q) denotes an associated Legendre function and ,F; denotes Gauf” hypergeometric func-
tion. If « is a negative entire number not belonging to —n/2 — Ny, then I'(o + 1) 71, F(...) in (4)
has to be interpreted as a limit.)

Proof: (a) Let us first assume Rea > —#n/2 and represent Eg . by a partial Fourier transform with
respect to x. From

14+ 2«
(af+ . at+An)E£X,=8<t—r)®a<x) and  Sor = Fi(E),),

we obtain

142
(83 + +t - |x|2) Swe = 8(t — 7).

From Sy,; € S§'(H) and limp 0(9;Sq,7) (t,x) = 0 by the Neumann boundary condition, we infer, for
x # 0 fixed, that

| ClotT K (tx) st > T,
Ser () = { Cy(0)t I (tx]) : 0 < t < T

with the jump conditions
Ci) T Ky (t]x]) = G207 Lo (z]x]) =0,
Cr(0)d (r7"Ka(t]x)) — C2(0) (v La(zlx]) = 1.

The ‘“Wronskian’ determinant

T YKy (T]x]) T %y (T]x]) )
W(t,x) = det an _
(rx) = de <af(r “Ra(lxl) 0 (L (T }x])
of this linear system of equations fulfills W (z, x) = D(x)7t 1 72* (see [11, A, 17.1, p.72]), and employ-
ing the series expansions of K, and I, yields D = 1. Thus C; = —t1*I, (t]x|), C; = —t 7K, (t]x|)
and

Sae(t:x) = =T T [Y (¢ — D)o (tIx)Ka (tx]) + Y (T — Y (DKo (T]x)) o (t]x])].
The inequalities
|Ke ()| < Cmin{1,u}~ R (1 +log? wye™, |I,(w)| < Cminfl,u}R%", u >0,

imply that Sy, € S'(H) and Sy (t,x) € LI(RQ) for fixed positive ¢ # v due to the hypoth-
esis Reaw > —n/2. These inequalities also imply that the limits limy (9:Sq,z)(t,x) =0 and
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lim;_, o0 Sgz (£, x) = 0 hold in L} (R?) C S'(R?) by Lebesgue’s theorem on dominated convergence.
Hence Eg =Fy 1(Sy.r) is indeed the Green function of the Neumann problem for P, (d) and
limt\o(BtEfX )t x) = 0and lim;_ Eg +(t,x) = 0 hold even uniformly in x.

(b) In order to calculate Eg . for Rea > —n/2, we apply the classical Poisson-Bochner formula
(see [[1, (VIL, 7; 22), p.259],[12, Satz 56, p.186],[8, (1.1)]]). For 0 < ¢t < 7, Equation 6.578.11 in [13]
then implies

o0
EY (tx) = —(m) "2 — - |x| n/2+1 / P Ko (tp) L (tp)]j2—1(Ix10)  dp
0

Tfn/2+1+oz

— _(271,)—("+1)/2 e—i(f’l—l)ﬂ/z ( ) (n— 1)/4Q(n1 1)—{2( ) (5)

with z as in (3). Equation (5) also holds for t > 7, either by the real analyticity of Ef;{r inH\ {(r,0)},
or by using Equation 6.578.11 in [13] again with ¢ and 7 interchanged. Eventually, we employ formula
[14, 7.3.1.72] for Q("1 /;)4{ in order to derive the representation in (4) of E} ; by the hypergeometric
function. (Note that S, ; and hence also Eg . are continuous functions of ¢ with values in S'(R%), and
hence EYY _ is already determined by its restriction to t # 7.)

(c) Let us next investigate the analytic continuation of EY , with respect to o Ifa € C \ (—n/2 —
Np), then formula (4) yields

1 T'(5+a)

1420 (. 2 2\—n/2—a
ZJT”/Z 1"(1 +a) T (T + |x| ) .

: N
lim EY, (0,) = —

Similarly, for (t,x) — oo, we have — 0 and hence EY . converges to 0 if Rea > —n/2 and else

grows like a multiple r—"72¢,

In order to analyze the behavior of Eg] . (t,x) near (z,0), we employ Equation 9.131.1 in [13]. This
furnishes

N 1 I3+ i
E _=—
«,T 271/2 I+ o) r"—l[(t+r)2+|x|2]1/2+°‘
F(1+ =2 w42 At ) ©)
X - 4o, l—=40u; o —————— ).
21 2 (t+1)2 + |x2

Formula (6) clearly implies, for each & € C \ (—n/2 — Np), that E}, is well defined and depends
® on (t,x) € H\ {(t,0)}. Furthermore, if (t,x) — (z,0), then 4tt/((t + 7)* + |x|?) converges to
1 from below and Equation 9.122.1 in [13] yields that

r(3+a)

2T ("7)
w1 T(1+a)

N

if n > 1. Hence formula (6) shows that Eﬁ’ . (t,x) is bounded by a constant multiple of [(t — )% +
|x|2]0="/2 pear (t,0) for n > 1. If n = 1, we use [14, 7.3.1.30] and obtain that ENr grows like
(4m)"log[(t — )% + |x|?] near (7, 0). In particular, we see that Efx\’ ; islocally integrable, depending
holomorphically in §'(H) on @ € C\ (—n/2 — Np), and by analytic continuation, we conclude that
EN is a temperate fundamental solution of P, (d) for such «.

(d) Let us consider now the behavior of EN

F1< +O{1—E+O{1+2[X u)

. if @ converges to —n/2 —k, k € Ny. If n is even,

then I'(e + n/2)/ I' (@ + 1) is holomorphic, and hence Eg . is an entire function of «. In contrast,
if n is odd, then EY _ has simple poles at —n/2 — k, k € Ny. In fact, [13, Equation 9.134.1] yields the
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representation
1 T((n/2)+a) it o n 1+
EN =— — -4+ —1 .
0t T T2 T4+ a)  (2riz)n/re + i oz
Due to Res,—_I'(u) = (—1)¥/k!, this implies
(=D)L (5 + k) K1k no_
N __ 2 k - - N 2
a:Bne/SZ Far = gy GTR (75 k=32 %

upon using the complement formula of the gamma function. Note that the residue R =
Resy——pn/2— kEo, . is a polynomial in x since the hypergeometric series in (7) terminates, and that
PR = 0.

(e) Let us finally discuss Eg (t/ t)Z“E_a
P, (3)t2* = 0, we infer

Clearly, ED_ € §'(H). From the equation

T

D T\ 2 T\ 20
Py ()ED, =23, <?) BN, .+ <?) Py ()EN,,
T\ 2
= —4aror2es IBtEIL” + <?) . |: _«(3) + _8{| ot

T\ 20
=(?) S(t—1)®8(x) =8(t— 1) ®3(x).

Hence Eg,, isa temperate fundamental solution of P, () for each« € C \ (n/2 + Ny). Furthermore,
(4) shows thatlimp\ o E ar(tx) = 0andlim;, oo Eg) . (t,x) = 0hold uniformly with respecttox € R”"
if Rea < 0. Thus Eg . is the Green function of the Dirichlet problem for Py (9) if Rear < 0. This

completes the proof. [ |

Remark 2.2: (1) By analyzing the partial Fourier transform FE similarly as in the proof of Proposi-
tion 2.2, one readily sees that Green’s functions E of the Neumann problem and the Dirichlet problem,
respectively, for Py (0) can exist only if Reor > —n/2 and Rea < 0, respectively.

(2) The Green function Eg, . of the Dirichlet problem for P, (9) could, albeit more laboriously, also
be derived by the partial Fourier transform. Setting S , = Fy(EY,) and S}, = Fi(EL ) yields, first
for —n/2 < Rea < 0, the equation

Sh. =8N, — T —— - Ku(tlxD K (t]x)).

Since @ > Ky (t]x])Ky (t|x]) € S'(H) is meromorphic with simple poles in +(n/2 + k), k € Ny, we
can conclude from this that EN = ED if and only if « is entire and [#n is odd or || < n/2].

(3) Let us point out that the ﬁnlte parts Pfo—_ /o kEa . and Pfa:n/erkEgJ, n odd, k € Ny,
respectively, are not, in general, temperate fundamental solutions of P_,/,_(9) and of P, >, (9),
respectively. In fact, if, e.g. R = Resy—_p/2— «EN _, then

«,T’

P k(@ Pf EY
n/2 k( )0(:771/27]( o,T

lim k(P_n/z_k(a) — P, (0) + Pot(a)) <Eolj,r #)

a—>—n/2— B 5 +k+o
2k +2
— lim (—u QEN, +8(t—1) ®8(x))
a——n/2—k t

2
= ~3 IR+ 6(t— 1) ® §(x).
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Hence Pf,—_, /z_kEfX . is a temperate fundamental solution of P_,,/, _x(d) if and only if R is constant
with respect to t.
For example, if k=0, then this is the case (see (7)) and therefore Pf,—_, /zEaN, . and

(/)" Ply——y /ZEQ{ 1> respectively, are temperate fundamental solutions of P_,,/5(d) and of P, /,(d),

respectively. For example, if n = 1, we obtain from [14, 7.3.1.30] that

T, = azP_fl/zEg)T = %[log(rz) +log((t+1)* +x%)] — % log(4t?),
which of course fulfills the two-dimensional Laplace equation (Bt2 + 85) Ty =68(t—1)®8(x)inH =
(0,00) x R. Similarly, T, = (z/t) Ty fulfills (9 + 2t718; + 82)T, = 8(t — 7) ® 8(x) in H.

(4) Let us now refer to the literature. The relation E = (t/t)?*F connecting two fundamental solu-
tions E of Py (9) and F of P_,(9), respectively, can be found in [2, (2.11), p.106], where it is traced
back to G. Darboux. Furthermore, the Green function EN of the Neumann problem is given (up to
a multiplicative constant) in the form of Euler’s deﬁnlte 1ntegra1 of the hypergeometric function in
[2, (3.4), p.108], and some hints regarding uniqueness are also given at the bottom of page 108. The
Green function EB,T of the Dirichlet problem appearsin [2, (4.1), p.109] and is referred to M. Olevskii.
Green’s functions for Py () also appear in [4, (8.4), p.217, and Theorem 8.2, p.219].

As discussed in the introduction, the paper [6] already contains some of the above results, albeit in
a less systematic way. First note that the notation in [6] slightly differs from ours: there, s, 5o, &, Qq are
written for our f, T, + %, P1/24«.In [6, Theorem 3.1, Equation (3.2), p.503], in the case of even 1, a
fundamental solution ‘F¢"” of Qq is given by a hypergeometric function, which is verified by termwise
differentiation of the series expansion. In our notation, ‘F;,"”” corresponds to the fundamental solution
3 (EN + ED ) and Equation (3.2) in [6] follows from formula (4) by using [13, 9.132.2]:

1 N D 1 T'(4+a) i+ n Attt
E(Ea’t +Ee) = T 4n/2 I(1+a) rmt 21 3 +a’ + a1+ 20 =
1 T'(5-a) T F <n 1 ., 4rt)
- - - o ——
472 T(1 — ) fapn—2a 2713 2 2

Nty oyz+e | 1 1 3—n 1
=——> (- r "R -4 —a s —— .
47 (412 (t) ? 1(2 e 2 4It>

In [6, Theorems 3.2, 3.3], the case of odd n > 3 is treated and the representation of ‘ng’ in [6,
Theorem 3.3, Equatlon (3.21), p.506] corresponds to the one of E; . in (4) above (Note that the
values o € {— 2, -1,— 2, ...} are excluded in [6, Theorem 3.3, p.506] although EY _ has poles only
fora € {—(n/2),—(n/2) — 1,...}andisafundamental solution of P, (d) for all other complex values
of )

Finally, in [6, Theorem 3.4], the case n =1 is considered. We observe that the fundamental solution
Fé in [6, Theorem 3.4, Equation (3.27), p.507] does not seem to be correct. For example, for Py(9) =
8? + 19, 4+ Bf, Equation (4) in Theorem 2.3 yields

T Tt
S . 5
0,7 0, T ('L'+t)2 +X2 (T+t)2+x2 (

whereas ‘F} /2 in [6, Theorem 3.4, Equation (3.27), p.507] would furnish the function

T Tt
X)) = — E(2,/ :
f 7/ (T + 1) + 22 < (r +1)? +x2)

However, f cannot be a fundamental solution of Py(d) since it is finite at (z, 0) due to E(1) = 1. (The
letters K, E denote, as usually, complete elliptic integrals.)

0['[
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Note that the fundamental solution EON, ;= Eg . for n=11in (8) coincides, up to a multiplicative
constant, with the expressions given in [15, Equation (5.35), p.149],[16, Equation (2.2.16), p.9],[17,
p-1655]. For n = 1, @ = 1, see [18, Equation (17), p.146].

Let us finally express EY , by elementary transcendental functions if the dimension 7 is even. That
this is impossible in the case of odd dimensions is plainly shown by the example in (8).

Corollary 2.4: Let f,(«,7,t,2), a €C, 1 >0, t >0, z> 1, n € Ny, be the function given by
Equation (5), which represents Ef;{, (t,x) according to Theorem 2.3 for (t,x) € H = (0,00) x R",
n € N. Then the recursion formula

1 of,

, € Ny, 9
2wttt 0z " 0 ©)

fn+2 = -

holds. Furthermore, for even n = 2m, m € Ny, € C\ {0}, we have

(_l)mfl.clfi’rhhx

21+ (Zn)ma pmta

me(a> T, t) Z) =

<%> Wz +1—Vz—-1*. (10)

In particular, with the notation r = /(t — ©)? + |x|? and s = \/(t + )2 + |x|?, we obtain (ifa € C

and (t,x) € H\ {(1,0)})

20
_ N _ T(s—171)
Jorn=2 Ear (b = =t s
20
B N _ T(s—71) 5 5
and forn = 4, E, . (t,x) = —m (r* 4+ 2ars + s°). (11)

More generally, for even n = 2m, m € N, € Cand (t,x) € H \ {(7,0)}), we have

(m—Dlt(s—r)*
2n—1+2an-m t2a (rs)n—l

m—1 -1
x 2 (m_ : J) <m_ 1 +O-l) (m-_ 1) (=P +n?m T (12)
par j m—1-—j J

EY (t,x) = —

Proof: (a) The integral representation in [13, Equation 8.712] for the associated Legendre function
i implies that

d%[(z2 — D)@ = (@ - )THIEQIT (), 2> 1.

From this and the representation of f,, in (5), we infer that

. .L,—n/2+oc
— (@)~ I/2 gmilnt /2 (22 — 1)~ TV/AQUED ()

fta(e,7,t,2) = m2 o —1/2+«

:(— ! ~i)fn(a,1',t,z)

2wttt 0z

holds for #n € Ny, and this is the recursion relation (9).
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According to [13, Equation 8.777.2], we have

_ —i/m
@~ DYIQY} () = ﬁf C+V2 D)7 21,
o

and hence

; 1+a 1+a
1 T —1/2 T
fo=——m @ =DV ) =

Together with (9), this implies formula (10) for fo,, m € Ny. The equations in (11) follow from (10)
taking into account that z + 1 = s>/(2t¢t) and z — 1 = r?/(271).

(b) Obviously, the general formula for n=2m in (12) could be proven by induction over m by
employing the recursion formula (9). We prefer to give a direct proof based on one of Kummer’s
transformation formulas for the hypergeometric function.

Let us apply [13, Equation 9.134.3] to formula (6). If we set 4¢/(1 + £)? = 4tt/s* and assume
] < 1,weobtain¢ = (s—r)/(s+r)and 1 4+ ¢ = s(s — r)/(2tt) and hence

Wz +1—+z—-1)%*.

- 21+aa o

SRS N A 1) il Gt it
o, T \" 23—n+20 7 n/2 Ml +a) 2—n+2a (rs)n—l

2 P L (S_r)z (13)

X ——+ol— =1+ .

2 2 2 s+r
If n=2m is even, then the hypergeometric series in (13) terminates, and it readily yields the finite
sum in Equation (12). This completes the proof. |
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