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1. Introduction

The problem of model reduction is to compute a reduced system for a given system such that the
responses to all feasible excitations of the two systems are comparable and the size of the reduced
system allows the use of simulation, control and optimization in a computationally efficient way. We
consider model reduction techniques for a single-input single-output quadratic-bilinear descriptor
system of the form:

Ex(t) = Ax(t) + Nx(Hu(t) + Qx(t) ® x(t) + Bu(t),
y(1) = Cx(1),
where E,A,N € R"*" Q ¢ R”X”Z, B,CT € R” are the system matrices. x(t) € R" is the state vector
and u(t), () € R are the input and output of the system, respectively. In addition to systems that
naturally appear in the quadratic-bilinear form such as certain discretized Burgers and Navier—Stokes
equations, a large class of nonlinear systems can be written in to quadratic-bilinear form by using exact

transformations [14]. Model order reduction (MOR) of such nonlinear systems constructs a reduced
system of dimension r < n with structure similar to that in (1). That is

Erxr () = Arxr(8) + Nexp (Du(t) + Qrxr(t) ® x,(t) + Bru(t),
)’r(t) = Cx, ().

(1)

(2)
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The reduction approach should ensure that the output response y,(¢) approximates y(f) to a certain
accuracy. Various techniques have been proposed in the literature to compute such reduced order
models, cf,, [2, 7]. Here, we discuss projection-based interpolatory techniques [3, 13] that are widely
used in the linear case and are recently extended to quadratic-bilinear systems [1, 6, 14].

Projection involves the following steps:

e Approximate the state vector: x(¢) ~ Vx,(t), where V € R"*7.
e Ensure Petrov-Galerkin orthogonality condition on the residual:
WTr(t) = 0, where W € R"*" and

r(t) = EVi,(t) — (AVx,(t) + NV, (H)u(t) + QVx,(£) ® Vx,(t) + Bu(t))
is the residual.

The projection is orthogonal if W=V and is often called one-sided projection, otherwise it is
oblique and called two-sided projection. The oblique projection framework leads to a set of reduced
system matrices of the form:

E, = W'EV,A, = WTAV, Q, = WIQ(V® V), N, = WINV, G
3
B, = W'B, C, =CV.

The important question is how to compute the basis matrices V and W. Analogous to the linear case,
the choice of the basis matrices V and W can be linked to the input-output representation of the
system. However, quadratic-bilinear systems involve a series of multivariate transfer functions, each
representing a subsystem of the original system. Thus the problem is how to construct V and W such
that the first K multivariate transfer functions associated with the reduced system are interpolating
the corresponding original multivariate transfer functions, at multiple frequency shifts. To achieve
this, orthogonal projections [14] as well as oblique projections [1, 6] have been used in the literature
with some simplifications. For example, the approach in [6] constructs V and W such that the reduced
system ensures interpolation of the first two subsystems only. Also the choice of interpolation points
for each frequency variable is assumed to be the same. The method in [1] identified a simplified
structure of the generalized transfer functions, which allowed us to avoid the above simplifications.
However, it can be observed that for systems with dominant quadratic part, the symmetric structure
of the generalized transfer functions used in [6] is more stable. Therefore, our focus in this paper is on
the moment matching of symmetric generalized transfer functions. We discuss these results further
in Section 2.

Recently a new framework [9] for quadratic-bilinear systems has been proposed that is based on
generalized Sylvester-type matrix equations. The approach involves truncated solution of two com-
plex matrix equations to identify a good choice for the basis matrices V and W. The idea in [9] is
motivated from the bilinear reduction techniques [4, 11] and the weighted sum of the generalized
transfer functions for quadratic-bilinear systems is regarded. It is not clear how the quasi-optimal
shift frequencies are interpolating the individual generalized transfer functions [6, 14]. Moreover, the
construction of the H,-quasi-optimal truncation matrices is quite time-consuming, leading to large
offline times for constructing the reduced order model. Our target in this paper is to interpolate,
separately, the first two or three generalized transfer functions, so that multiple moment matching
techniques can also be utilized for model order reduction of quadratic-bilinear systems. The involved
computations will in general require much less computational resources than the technique from [9].
Therefore in what follows we will mainly focus on the two-sided moment matching technique of
Benner and Breiten [6].

In this paper, we use a modified sequence of column spaces in the basis matrices V and W and
prove the multi-moment matching properties of the resulting reduced order system. Besides the
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multi-moment matching achieved in [6], the modified sequences ensure that the derivative of the
first subsystem is also matched by the reduced system. The choice of the interpolation points or shift
frequencies is random or linked to the linear part of the system (using IRKA [15] on (E, A, B, C)).
The remaining part of the paper is organized as follows. Section 2 shows the transfer function
representation for quadratic-bilinear systems and the existing multi-moment matching framework.
Section 3 introduces the modified form of the multi-moment matching approach. Section 4 shows
numerical results for some benchmark examples. Finally we present the conclusions and future work.

2. Background

In this section, we briefly review the concept of moment matching discussed in [1, 6] for quadratic-
bilinear systems. Before going into the details of nonlinear moment matching, we begin with the
structure of high-order transfer functions.

2.1. Multivariate transfer functions

The input-output representation for the system in (1) can be expressed by the Volterra series
expansion of the output y(¢) with quantities analogous to the standard convolution operator. That
is,

0t ep te
»(t) = ch / / Bttt — 1) - u(t — 1)ty - - iy, (4)
= /o Jo 0
where it is assumed that the input signal is one-sided, u(t) = 0 for t <0. In addition, each of the
generalized impulse responses, hi(t1, .. ., ), also called the k-dimensional kernel of the subsys-

tem, is assumed to be one-sided. In terms of the multivariable Laplace transform, the k-dimensional
subsystem can be represented as

Yk(Sl, ce ,Sk) = Hk(Sl, v ’Sk)U(Sl) T U(Sk)> (5)
where Hi(s1, . . ., k) is the multivariable transfer function of the k-dimensional subsystem and s; € C
fori=1,...,k. The structure of the generalized transfer functions can be identified by the growing

exponential approach [19]. To this end, we assume that the matrix pencil sSE—A is regular, i.e. sSE—A is
singular only for finitely many values of s € C [12]. The first three transfer functions of the quadratic-
bilinear system (1) can be written as

Hi(s1) = C(s1E — A)™'B,
Hy(s1,52) = C((s1 + 2)E — A) "' X(s1,52), (6)
H;3(s1,52,53) = C((s1 + 52 4+ s3)] — A) ' X (51, 52, 53),

where

1
X(s1,%2) == Q(X1(s1) ® X1(s2)) + EN(XI(SI) + X1(s2))s

X(s1,52,53) :

1
=N [X5(s1,52) + Xa(s2,83) + X2(51,53)]
3! (7)

1
+ §Q [X1(s1) ® X2(52,53) + X1(s2) ® Xp(51,53)
+X1(s3) ® X2(51552)]»

inwhich X, (s) := E — A)7'B, X5(s1,52) := ((s1 + $2)E — A) "1 X(s1, 52) and Q satisfies Q(u ® v) =
Q(v ® u) forallu, v € R". Similarly, if we define X3(sy, 52, 53) := ((s1 + $2 + s3)E — A) "1 X(51, 52, 53),
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the first three symmetric transfer functions can be written as

Hi(s1) = CXi(s1), Ha(s1,82) = CX5(s1,52),
Hj3(s1, 52, 53) = CX3(s1, 52, 83).

Before going into the partial differentiation of the multivariate transfer functions, we briefly describe
the concept of matricization. The process of reshaping a tensor into a matrix is called matricization.

In [6], the matrix Q € R"* " is considered as the mode-1 matricization of a three-dimensional tensor
Q € R™"™" The n x n column components of Q are the frontal slices Q; € R"*" of the tensor Q,
ie.Q=[9; --- Q,]. The mode-2 and mode-3 matricization can be defined as

Q?=[af - QI Q¥ =[vec(@) -+ vec(Qu]'.
It is observed that the following property holds:
W Q) =u' QP ew), (8)

where w, u, v € R" are arbitrary and Q is symmetric in the sense that Q(u ® v) = Q(v ® u), see [17].
Let G(s) := sE — A, then by using

G(s)~! 9G
O - 6 6,
ds Js
and (8), we have
0H,(s1)
81 L = —Z(s)TEX (51),
s1
dH,(s1,52)
S = s+ ) TEXa(s1, ) — X)) E Za (1, 2), 9)
1
0H,(s1,52)
285; L——A (s1 + ) TEXa(s1,52) — X1(s2) TET Zy (52, 51),

where Z;(s) := (sE — A)~TCY and Z,(s1, 52) := (s1E — A)~TZ(s1,2)" in which
1
Z(s1,5) = QP (X1(s2) ® Z1 (51 + 52)) + ENTZI (s1 + 52).

Notice that when s; = s, = o, the two partial differentiations for H,(s;, s2) are the same.

2.2. Moment matching in QBDAE

The goal of a moment matching based reduction approach is to ensure that the high-order transfer
functions are well approximated. In case of symmetric transfer functions, we can represent it as

Hi(s1,. .50 ~ He(s, ... s0), fork=1,...,K, (10)

with Hy (s, . . ., s) being the multivariate transfer functions of the reduced system $ in (3). With
the task in (10) achieved for some K, we can expect that the output y(¢) is well approximated by ().
To recycle vectors for approximation subspaces, it is assumed in [5] that s; = s, = o. The following
proposition summarizes the result introduced in [5].
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Proposition 2.1: Let 0,20 ¢ {A(A,E), A(A, E,)}, where A(A, E) represents the generalized eigen-
values of the matrix pencil \E — A. Also let q1,q2 € N and q; < qi. Assume that Er = WTEV is
nonsingular and Ar, Qr, Nr, Br, Cr are as in (3) with full rank matrices V, W € R"*" such that

span(V) = span{Vy, Van, Vaq}
span(W) = span{ Wy, Won, Waq},
where
Vi = [X1(0),6(0) " X1(0),..., G(0) "M X1 (o),
V;N = [G(6) 'NV1j..., (G(0) ' E)2TG(o) ' NVyy),
Vio = [G(0)'QVi ® Vij,..., (Glo) ' EYE T G(o) I Qv @ Vi,
fori=1,...,q2,j=1:min(qy — i+ 1,i) and Vy; represents the ith column of V. Similarly
Wi = [Z120), G(20)E Z1(20), ..., (GQo)ENT~1Z,20)],
Wiy = [GRONTWy;,..., (GROENETGo)NTWy],
W2Q =
in which GQ20') :== (2o ET — AT)™L. Then the reduced QBDAE satisfies the following conditions:

[G20)QP Vi ® Wij,...., (GRo)ENL™TH1G(20)QP Vy; @ Wyj),

8IH() aH() 8iH(z) aiﬁ[(z) i =0 1
— o —_— o — o) = —— o), 1=0,..., — 1,
asi ! ast ast ! ast n
aH—] 8i+j R

H)(o,0) = -H;(0,0), i+j<2q—1.

85 s] 85"15]2

See [5] for a proof. The above framework of high-order interpolation is not easy to follow in case of
multiple interpolation points. A simplified form of Proposition 2.1 for multiple interpolation points
is proposed in [6] that ensures Hermite interpolation type conditions. These results are presented in
the following proposition.

Proposition 2.2: Let 0j,20; ¢ {A(A,E), A(A, E,)}, where A(A, E) represents the generalized eigen-
values of the matrix pencil \E — A. Assume that Er = WYEV is nonsingular and Ar, Qr, Nr, Br, Cr are
as in (3) with full rank matrices V, W € R™*" such that

span(V) = Span {X1(01), X2(03, 09)},

i=1,...,

span(W) = Span {Z1(20i), Z2(0i, 0i) }.

i=1,...,

Then the reduced QBDAE satisfies the following (Hermite) interpolation conditions:

Hy (o)) = Hi(0y), Hi(209) = Hi(20y),
. B 0 A .
Hy(0i,0i) = H2(03,01), ——Hz(03,0i) = —H3(04,09), j = 1,2.
3Sj BS]'
The proof of this result is available in [6].

Remark 2.1: Propositions 2.1 and 2.2 are applicable to descriptor systems as long as Er is nonsingular
and 0y, 20; ¢ {A(A,E), A(A, E;)}, thatis (0;E — A) and (o;Er — Ar) are invertible. For our proposed
method discussed in the following section, we do not require E to be nonsingular.
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3. Modified two-sided projection

Here we show the interpolation properties of a modified projection framework for model reduction
of quadratic-bilinear systems.

Theorem 3.1: Let 0y,20i,30; ¢ {A(A,E), A(A,, E,)}, where A(A, E) represents the generalized eigen-
values of the matrix pencil .E — A. Let all variables be as defined in (6)-(9) and Er, Ar, Qr, Nr, Br, Cr
are as in (3) with full rank matrices V, W € R"*" such that

span(V) = span;_; {X1(0y), Xz(0},07), X3(0i, 04, 01)},

span(W) = Span,':l:::k{zl (01), Z1(207), Z>(0i, 07) }. an
Then the reduced QBDAE satisfies the following (Hermite) interpolation conditions:
Hy(0y) = Hy(0y), Ha(0i,00) = Hy(01,09), Hs(03,04,09) = H3 (03, 01,09),
H,(20) = H,(207), %Hl(o'i) = aislﬁl(ai)’ (12)

0 0 A
—Hy(0j,0)) = —Hj(0j3,07), j=1,2.
85]' (04, 0%) 3Sj 2(0i, 0%) ]

Proof: The statement is well known for G;(s;) from interpolation-based MOR, however, for com-
pleteness we briefly show how to proceed. Note that for any vector v € range V, we have v = Vz,,
and for any w € range W, w = Wz,,. This implies that

VXi(o;) = V(oik — A)~'B
= V(o;E — A" '"WT(0;E — A)(0;E— A)~'B
= V(0iE — A)T' W (0,E — A)Xi(0y) 13)
= V(0iE — A)T'WT (6iE — A) Vzy,
= V(oiE — AN oiE — A)zy,
= Vzx, = X1(0i),

where the equalities follow by using X, (0;) = Vzx,, since X;(o;) € range V. Also we can show that

Voo = V@ak - 7 (Ao @ K + N )
= VQoiE — A)7'WT (QX1(0) ® X1 () + NX1(07))
= VQoi;E — A)T'WT(20,E — A)Xx(0i, 07) (14)
= V(QoiE — A)T'WTQoiE — A)Vzy,
= VQo;E — A7 20iE — A)zx,

= Vzx, = X3(0i,09).
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Here we have used X, (0j, 07) = Vzx,, since X,(0j, 0;) € range V. Similarly for the third subsystem,
we can write

~ ~ A A A ~ 1Aa
VX;3(0i,01,00) = V(30,E — A)™* (QXl(Gi) ® X5 (0i,09) + ENXZ(UhUi))

N ~ 1
= V(@oiE — A)~'wT (QX1 (0) ® X2(04,09) + szz(a,-,m))

= V(3oiE — A 'WT BoE — A)X3(0;, 04, 07) (15)
= V(3oiE — A)T'WTGaiE — A)Vzy,
= V(B3oiE — A7 (30iE — A)zx,
= Vzx, = X3(0i, 04, 09),
where X3(0y, 0y, 07) = Vzx,, since X3(0y, 04, 07) € range V. Now we write
WZi(0;) = W(oiE — A)~TCT
= W(oiE — A)~ "V (0i;E — A)T(0;E — A)~TCT
= W(oiE — )TV (0iE — A)TZ1(ov) (16
= W(o;E— A TVI(0E — A)TWzy,
= W(oiE— A) T (0;E — A)Tzy,
= Wzz, = Z1(00),
where the equalities follow by using Z; (0;) = Wzyz,, since Z;(o;) € range W. This also means that

WZ,(20)) = Z1(207). (17)

Finally, we have
N N ~ ~ ~ ~ 1 amga
WZs(01,01) = W(aiE — A)~T (Q<2> (X1 (09) ® Z1(207)) + ENTzl (2az-)>

= W(o;E — )~ TvT (Q<2> (X1(09) ® Z1(207)) + %NTZI (20»)

= W(oif — 1)~V (0;E — 4)" Zy (01, 03) (18)

= W(o;E— A) TV (0,E — A)TWzy,

= W(o;E— A) T (0;E — A)Tzy,

= Wzz, = Z,(0i,09).
Here, Z,(0i,0i) = Wzgz,, since Z,(0j,0;) € range W. The first three conditions in (12) follow
from (13), (14) and (15) by multiplying C from the left on both sides and the fourth condition is
due to (17). The first partial differentiation in (12) holds by taking the transpose of (16) and multi-

plying E times (13) from the right. Similarly the final condition in (12) holds by using (13), (14), (17)
and (18). |

Remark 3.1: The result in Theorem 3.1 is similar to Proposition 2.2 but with a different sequence
of column vectors in V and W and therefore different interpolation conditions. Unlike the result in
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Proposition 2.1 (and Proposition 2.2), the idea here is to ensure Hermite interpolation for H(s;)
before proceeding to Hy(s1, 52).

Remark 3.2: There are different possible options for the third column vector of V in (11).
These include X; (207), X320, 207). and X3(oj, 03, 0) ensuring H; (20;) = H,(207), H2(20},20;) =
H,(20i,207) and Hs(oi,0i,0i) = Hs(0i, 01, 07), respectively. It is observed that the choice of
X3(0i, 03, 07) gives better results as compared to other options in terms of relative H; errors.

4. Numerical results

In this section, we compare the results of the existing two-sided projection method given in Proposi-
tion 2.2 (called 2s-gbmor in the following) with the proposed modified two-sided projection method
given in Theorem 3.1 (and represented by m2s-qbmor) for model reduction of two benchmark exam-
ples. In each case, the interpolation points are computed by using IRKA applied to the linear part of
the quadratic-bilinear system.

4.1. Nonlinear RC circuit

The first example is a nonlinear RC circuit [10] as shown in Figure 1. The nonlinearity is due to the
nonlinear resistor with I-V characteristics given as g(v) = €%V + v — 1, where g(v) is the current
function and v is the voltage across the resistor. All the capacitances are fixed to C = 1. The non-
linearity in the RC circuit example can be transformed [14] to quadratic-bilinear form as in (1) by
introducing some auxiliary variables. The transformation is exact, but the dimension of the system
increases to n = 2 - I, where [ is the number of nodes in Figure 1, and is also the dimension of the
original nonlinear system.

We fixed the number of nodes to /=500, so that the size of the quadratic-bilinear model (full
order model (FOM)) is n=1000. We consider two cases for reduction of the FOM. In the first case,
the size of the reduced quadratic-bilinear model is fixed to r; = r, = 6 for both 2s-gbmor and m2s-
gbmor. This means that for 2s-qgbmor we compute three interpolation points using linear IRKA while
for m2s-qbmor we use two interpolation points. Using an input u(t) = e/, where e represents the
exponential function, the transient response of FOM and the two ROM:s along with relative errors
are shown in Figure 2. Notice that the reduced system obtained from the proposed m2s-gbmor has
better transient response as compared to the one obtained from 2s-gbmor. The higher relative errors
for larger ¢ is because y(t) — 0 ast — oo.

The second case involves fixed interpolation points for both 2s-gbmor and m2s-gbmor. We used
five interpolation points to obtain reduced systems of size r; = 10 via 2s-qgbmor and r, = 15 using
m2s-gbmor. Again with u(f) = e, the transient responses and the relative errors for the same
interpolation points are shown in Figure 3.

o 9(v) o, vy 9W) 4

Figure 1. Nonlinear RC circuit.
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Figure 2. Results for nonlinear RC circuit with u(t) = e~ and s; = 3, s, = 2 IRKA points; FOM of size n = 1000 ( ); ROM
via 2s-gbmor of size r; = 6 (- — — ) and ROM via m2s-gbmor of size r, = 6 (. - . — ): (a) transient response and (b) relative error
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Figure 3. Results for nonlinear RC circuit with u(t) = e~ and s; = s; = 5 IRKA points; FOM of size n = 1000 (— ); ROM via
2s-gbmor of size r; = 10 (— — _ ) and ROM via m2s-gbmor of size r, = 15 (. — . _ ): (a) transient response and (b) relative error

et) = (y(® — JO) /y®.

Although the two reduced systems are of different sizes, they are using the same interpolation
points. The same number of interpolation points means the same number of sparse linear systems
need to be solved, so the cost for constructing the reduced model is essentially the same. In that
regard, it is a fair comparison regarding the efficiency of the offline phase. Clearly, for a given set of
interpolation points, the proposed method computes more accurate reduced order models.

4.2. Burgers equation

As a second example, we consider the two-dimensional Burgers equation [6, 18]. The Burgers
equation with domain, I' = (0, 1) x (0, T) along with boundary conditions can be written as

VUt + VUy = V- Uy, InT,
av(0,t) + Bx(0,t) = u(t), ve(1,£) =0, te€ (0,7T),
v(x,0) = vo(x), vo(x) =0, x€(0,1),
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Figure 4. Results for Burgers equation with u(t) = cos(rrt) ands; = 3,s; = 2 IRKA points; FOM of size n = 1000 (—— ); ROM via
2s-gbmorof sizer; = 10(- - — )and ROMviam2s-gbmorofsizer, = 15(. — . _ ):(a) transient response and (b) relative error e(t) =
W(@® =y /y@®.
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Figure 5. Nonlinear RC circuit with u(t) = cos(xt) and sy = s, = 5 IRKA points; FOM of size n = 1000 (— ); ROM via 2s-gbmor
of size i =10 (L - — ) and ROM via m2s-gbmor of size r, = 15 (. - . _ ): (a) transient response and (b) relative error e(t) =

y@® =y /y®.

where v is the viscosity and vg(x) is the initial condition. Semi-discretization of such partial differen-
tial equations naturally leads to a quadratic-bilinear system as given in (1). We set the state dimensions
to n=1000 and compute reduced systems with both 2s-qgbmor and m2s-qbmor having the same size,
i.e. r1 = r; = 6, but different interpolation points (both using linear IRKA for interpolation points).
The results are shown in Figure 4, for an input u(t) = cos(;t). Notice that even though the proposed
method m2s-gbmor utilizes only two interpolation points, it still computes a reduced system with
better accuracy as compared to 2s-gbmor where three interpolation points are used.

Next, we show the results for the same interpolation points. We compute five interpolation points
using Linear IRKA and use these interpolation points to compute reduced systems of size 10 (via 2s-
gbmor) and 15 (via m2s-gbmor). The transient responses of the actual and reduced systems along
with their relative errors are shown in Figure 5. Clearly, the proposed method outperforms the stan-
dard two-sided projection method for a given set of interpolation points and as discussed in the first
example, this comparison is fair because the cost for constructing the reduced model is essentially
the same.

5. Conclusion

A modified sequence of projection matrices is identified in the two-sided projection technique for
model reduction of quadratic-bilinear descriptor systems. The modified approach computes better
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reduced order models as compared to the existing two-sided projection techniques for a given set of
interpolation points. An important future work would be to identify a sequence of projection matrices
that can easily be extended to multi-input multi-output systems. Also, we would like to point out that
despite the applicability of the proposed technique to descriptor systems (i.e. systems of the form (1)
with E singular), we expect that some modifications of the method are necessary to achieve good
approximation properties as in the linear [16] and bilinear [8] cases.
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