Taylor & Francis
Taylor & Francis Group

firri, e International Journal of Control

CONTROL

ISSN: 0020-7179 (Print) 1366-5820 (Online) Journal homepage: https://www.tandfonline.com/loi/tcon20

Motion planning for control-affine systems
satisfying low-order controllability conditions

Alexander Zuyev & Victoria Grushkovskaya

To cite this article: Alexander Zuyev & Victoria Grushkovskaya (2017) Motion planning for control-
affine systems satisfying low-order controllability conditions, International Journal of Control, 90:11,
2517-2537, DOI: 10.1080/00207179.2016.1257157

To link to this article: https://doi.org/10.1080/00207179.2016.1257157

8 © 2016 The Author(s). Published by Informa
UK Limited, tradingas Taylor & Francis
Group

@ Published online: 06 Dec 2016.

N
CA/ Submit your article to this journal &

|||I| Article views: 350

A
& View related articles '

View Crossmark data &'

@ Citing articles: 8 View citing articles &

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalinformation?journalCode=tcon20


https://www.tandfonline.com/action/journalInformation?journalCode=tcon20
https://www.tandfonline.com/loi/tcon20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/00207179.2016.1257157
https://doi.org/10.1080/00207179.2016.1257157
https://www.tandfonline.com/action/authorSubmission?journalCode=tcon20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=tcon20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/00207179.2016.1257157
https://www.tandfonline.com/doi/mlt/10.1080/00207179.2016.1257157
http://crossmark.crossref.org/dialog/?doi=10.1080/00207179.2016.1257157&domain=pdf&date_stamp=2016-12-06
http://crossmark.crossref.org/dialog/?doi=10.1080/00207179.2016.1257157&domain=pdf&date_stamp=2016-12-06
https://www.tandfonline.com/doi/citedby/10.1080/00207179.2016.1257157#tabModule
https://www.tandfonline.com/doi/citedby/10.1080/00207179.2016.1257157#tabModule

INTERNATIONAL JOURNAL OF CONTROL, 2017
VOL. 90, NO. 11, 2517-2537
http://dx.doi.org/10.1080/00207179.2016.1257157

Taylor & Francis
Taylor &Francis Group

3 OPEN ACCESS

Motion planning for control-affine systems satisfying low-order controllability

conditions

Alexander Zuyev ©*® and Victoria Grushkovskaya © ¢

aMax Planck Institute for Dynamics of Complex Technical Systems, Magdeburg, Germany; PInstitute of Applied Mathematics and Mechanics,
National Academy of Sciences of Ukraine, Sloviansk, Ukraine; “Institute for Systems Theory and Automatic Control, University of Stuttgart,

Stuttgart, Germany

ABSTRACT

This paper is devoted to the motion planning problem for control-affine systems by using trigono-
metric polynomials as control functions. The class of systems under consideration satisfies the con-
trollability rank condition with the Lie brackets up to the second order. The approach proposed here
allows to reduce a point-to-point control problem to solving a system of algebraic equations. The
local solvability of that system is proved, and formulas for the parameters of control functions are
presented. Our local and global control design schemes are illustrated by several examples.

1. Introduction

The motion planning problem for nonlinear systems has
become an important research area over the last three
decades due to its significant geometric features and
applications in robotics. In spite of the number of stud-
ies, it still remains a challenging problem to construct
control laws for general classes of systems, and the devel-
opment of new approaches attracts considerable interest
from both theoretical and applied points of view.

Let us briefly overview some related results in this
area with a special emphasis on nonholonomic systems.
Brockett (1981) proposed an optimal control law that
steers first-order Lie bracket canonical systems. The
construction of such optimal controls is also shown in
the book by Bloch (2003). In Murray and Sastry (1990),
an open-loop algorithm for steering first- and higher
order chained-form systems using sinusoidal inputs has
been proposed. A related method has been described
in Sussmann and Liu (1991) for a more general class of
driftless systems. In Liu (1997), a family of highly oscilla-
tory high-amplitude inputs has been used for solving the
problem of approximate tracking for a driftless control
system. Highly oscillatory sinusoids are also applied
in Gurvits and Li (1993) to compute time-periodic
solutions for the nonholonomic motion planning prob-
lem with obstacle avoidance. A method for steering
chained-form systems by piecewise-constant inputs is
presented in Lafferriere and Sussmann (1991). Such type
of controllers are used for the case of nilpotent systems as
well as for the approximate steering problem of general
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nonholonomic systems. In Chumachenko and Zuyev
(2009), the steering problem is solved for several exam-
ples of nonholonomic systems with piecewise-constant
controls. Sinusoidal and polynomial inputs that steer a
three-input system in two-chained form are constructed
in Bushnell, Tilbury, and Sastry (1995). A globally con-
vergent steering algorithm, based on nilpotent approxi-
mations, is proposed in Chitour, Jean, and Long (2013)
and developed in the monograph by Jean (2014). The
concept of interpolation entropy is introduced in Gau-
thier, Jakubczyk, and Zakalyukin (2010) to measure the
asymptotics of the minimum length of admissible curves
connecting the endpoints for the motion planning prob-
lem. In particular, it is shown that the entropy of a motion
planning problem is equivalent to that of its nilpo-
tent approximation. Estimates of the entropy and the
metric complexity are obtained for generic motion
planning problems by constructing their nilpotent
approximations in Boizot and Gauthier (2013). A Lie
algebraic method for motion planning exploiting the
generalised Campbell-Baker-Hausdorff-Dynkin for-
mula is described in Duleba, Khefifi, and Karcz-Duleba
(2012).

To the best of our knowledge, only partial results
are available for the control design of control-affine
systems with drift. In Godhavn, Balluchi, Crawford,
and Sastry (1999), motion planning algorithms with
band-bang controls are presented for a class of
Lagrangian systems with a cyclic coordinate. Another
time-state controller for such type of systems is developed
in Kiyota and Sampeio (1998). In Bloch and Reyhanoglu
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(1990), open-loop controls are obtained for a small-
time locally controllable (STLC) system describing the
motion of a knife edge on a flat surface. The paper by
Matsuno and Saito (2000) is devoted to the study of a
class of control-affine systems with three states and two
inputs. To produce a control law, the authors use a special
chained-form transformation. The steering problem is
considered in Basto-Gongalves (1999) for control-affine
systems under second-order STLC conditions. A discon-
tinuous control law is developed in ur Rehman (2005)
to steer a class of control-affine systems with zero drift
at the origin. In Michalska and Torres-Torriti (2003),
an approach for solving the stabilisation problem by
a time-varying feedback law is proposed with the use
of sampling strategy and nilpotent approximations of
control-affine systems. The time-varying feedback law
is constructed there by a concatenation of piecewise
constant controllers. The parameters of such piece-
wise constant controllers are obtained from solving the
‘satisficing problem’. An important step in this control
design scheme requires the knowledge of solutions to
the control-affine system with these parameters. Suffi-
cient Lie algebraic conditions for the stabilisability of
control-affine systems have been proposed in Tsinias and
Theodosis (2015) by using sampled-data feedback laws
and infinite partitions of the time interval.

In this paper, we consider a class of control-affine sys-
tems whose vector fields together with their first- and
second-order Lie brackets satisfy Hormander’s condi-
tion. To solve a point-to-point control problem, we use
a Volterra series development for solutions of the system
with time-varying trigonometric inputs. The main con-
tribution of this work concerns the construction of steer-
ing controls in Sections 3 and 4. This construction allows
to compute the parameters of control functions in terms
of solutions to auxiliary algebraic equations (Theorems
3.1 and 4.1). To the best of our knowledge, no solv-
ability results have been available for this class of prob-
lems. Local solvability results (Theorems 3.2 and 4.2) are
proved by exploiting the degree theory, and solutions to
the approximate path-following problem are presented in
Theorems 2.1 and 4.3. In Section 6, the results obtained
are applied to solving the motion planning problem for
several mechanical examples. Some technical details are
presented in the Appendices.

2. Problem statement and approximation
theorem

Consider a control-affine system

X:fo(x)+2uiﬁ(x), xeDCR" m<n, (1)
i=1

where x = (x1,..., x,)* is the state vector,
u= (uy, ..., u,)* € R"is the control, and ‘*’ denotes
the transpose. All vector fields f; : D — R”" are assumed
to be of class C? in a domain D.

For x° € D and an admissible control  : [0, 7] — R™,

we denote by x(t; xX°, u) € D the solution of system (1)
with initial data x|;—¢ = x° and control u = u(t), 0 <
t < 7. We also use the notation B;(x) = {y € R" | ||x —
y|l < e} for an e-neighbourhood of a point x € R”,
p(x> V) = inny y”x - ;V||’ and BE(V) = Uye yBE(y) for
an g-neighbourhood of a set y € R”. Here, || - || is the
Euclidean norm on R". To study the local steering prob-
lem, we introduce the class K whose elements are con-
tinuous strictly increasing functions 6 : Rt — R* such
that (0) = 0, RT = [0, +-00).
Problem 2.1 (Local approximate steering problem): For
agiven x* € D, €y > 0, and x” € B, (x*) C D, the goal is
to construct a smooth control #**’ (t) € R™, defined on
0 <t <7 =1(x* x), such that the following conditions
hold

%

(s %, w) — x| < 7l — x|l 2)
(s 2, ) — x|l < 6 (IIx* = x”|)

forall t € [0, 7], (3)

with a constant r < 1 and a function 0 € K.

It is clear that if system (1) is locally controllable at
a point x* € D, then, for small enough €, > 0 and any
x° € B, (x), there exists a control u**" € L*[0, 7] such
that condition (2) holds with r = 0. However, in this
paper, we treat the construction of controllers in Prob-
lem 2.1 as an algorithm that computes a smooth function
w**"(t) in terms of solutions to certain algebraic equa-
tions whose coefficients depend on the vector fields fy(x),
f1(%)5..., fm(x), and, possibly, their Lie brackets at a point
x = x*. We will also extend such an algorithm in order to
follow a given curve y in the state space D.

Problem 2.2 (Approximate path-following problem): For
a given curve y CD with the endpoints x° and x7, and
a given ¢ > 0, the goal is to construct a piecewise-
smooth control u: [0, T] — R™ such that ||x(T; x°,
u) — x7| < e and p(x(t; %% wu), y) < e for all
te [0, T].

For solving this problem, we use a partition 7 of y
with a finite number of points ¥ € y,j =0, 1,..., N:
7:x0 <x! < ... < xN =xT, where ‘<’ denotes the nat-
ural order on y. We assume for the moment that there
are 1 > 0 and €y > 0 such that Problem 2.1 is solvable
for each x* € B,(y) and x” € B, (x*) by a family of
controls {#**"(-)}, and that the mesh of 7, defined as



Figure 1. Approximate path-following trajectory x(t) = x(t;x°, u_).

A() = max;<j<y ¥/ — x/7!||, is small enough. Under
these assumptions, we introduce the following definition.

Definition 2.1: A 7 -approximating control is the function
Uy : [0, T] — R™ defined as follows:

Uz (t) = ™ (t) for t € [to, t1],
th=0, t; = 7(x°, x),
uy () = % (¢t — tj) for t € (¢, i1l
ti =t +td, ™), j=1,2,...,N—1,

where the family of controls o ) (0<t<
T(xl, x/t1)) solves Problem 2.1, T = ty, x] = x°, and
T = x(r e, Y L, u forj=0,1,..., N— 1

(see Figure 1).

Aswe will show in the proof of Theorem 2.1, the above
construction is well defined if A(rr) is small enough.

Theorem 2.1: Let yCD be a curve with the endpoints
X0 and xT, and let positive numbers 1, €y be such that
Problem 2.1 is solvable for each x* € B,(y)CD and x” €
B, (x%) by a family of controls {*"*" (-)}. Assume, more-
ovet, that the constant r € (0, 1) and the function 6 € K in
formulas (2) and (3) may be chosen independently of x* €
B, (y). o

Then, forany e > &, > 0, thereexistsa A = A(e, 1) >
0 such that, for any partitionmr : x° < x! < ... < xN =T
of y with A(mr) < A, the corresponding it -approximating
control uy (t) is well defined on t € [0, T, and

lx(ts; 20 uz) — x| < &1, j=0,1,...,N, (4)

px(t; % uz), y) <e, tel0,T], (5)

where t; and T are introduced in Definition 2.1.

Proof: Without loss of generality, we assume that
&1 < min{ég, n}, O(e1) < & — &1, (6)

otherwise, we take a smaller &¢; such that condition (6)
holds. As the continuous function 6 € KC is strictly
increasing on R and 6(0) = 0, then the inverse func-
tion 87 '(s) is well defined on some semi-interval s €
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[0, €), & < +00. We choose the following value for A=
A(e, &) > 0:

1
min{(——l)sl,eo—gl}, ife —g > ¢,
r
. 1
mln{ - —1)é&1,€— €y,
r

071 (e — &) —81}, ife —e; <é&.

7)

Let m: x®<x'<...<xN = xT be a partition of y
such that A(w) < A. We prove by induction that the
m-approximating control u,(f), introduced in Defini-
tion 2.1, is well defined. It follows from formula (7)
that ||x° — x!|| < A < €, and thus the control u, (t) =
w'* (t) is well defined for t € [0, #;], t; = T(x°, x!). We
denote x! = x(t;; x°, 4**') and observe that

[x! — &' < rA(m) <rA < (1 —1)e; < & (8)

because of inequality (2) and formula (7). Assume that
the control u,(t) has been already defined for 0 < t <
t;, and that x; = x(t;; x°, u;) € B, (x/) for some j € {1,
2,..., N — 1}. Then, the control u(t) = e (t) is well
defined for 0 < t < t(x}, x/*!) ase; < nand

el = M <l = |+l = ] < &1 + A < €.

€)

Now we extend uy (t) to the segment 0 <t <t;;, =t¢; +
T(xl, xit1) by assuming u, (t) = iu(t —t;) for t € (t,
tj+1]. Then, we estimate the distance between x{“ =
x(tjt1; x°, ur) and ¥ T ! by using inequalities (2), (9) and
formula (7):

[t — T <l — X < 1 (61 + A) < g;. (10)
Thus, by applying the above process forj=1,2,..., N —
1, we construct the control u, () forallt € [0, T], T =
ty. Note that the corresponding solution x(t) = x(t; x°,
uy) of system (1) is well defined on t € [0, T] as x(t) =
x(t —tj; xi, u"%"jﬂ) for t € [t;, tj + 1], and inequality (4)
follows from estimates (8) and (10).

To complete the proof, we consider an arbitrary t €
[tj tj+1] (0 < j < N — 1), and use the triangle inequality
together with inequalities (3), (4) and (9):

p(x(t), y) < llx(t) — || < |lx(t) — x| + |x — %/
< O(lx) — ) 461 < O(e1 + A) + 4.
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Thus, to prove that p(x(¢), y) < &, it suffices to show that
O(e1 +A) <e—e. (11)

If &€ = sup, g+ 0(s) < & — &y, then inequality (11) is
satisfied with any A > 0. Otherwise, as the function § €
K is strictly increasing on R*, inequality (11) is equiv-
alent to A < 07 !(¢ — &) — ;. The above inequality is
satisfied, provided that condition (6) holds and A > 0
is given by formula (7). As0 < j < N — land t €
[tj, tj + 1] may be taken arbitrarily, we have proved that
o(x(t),y) <eforallt € [0, T]. [ ]

Remark 2.1: The proof of Theorem 2.1 remains valid for
general systems of the form x = f(x,u),x € D,u € U,
as the main idea is just based on the group property: the
translation of a trajectory is a trajectory for time-invariant
control systems.

As we see, Theorem 2.1 justifies the possibility of
reducing the approximate steering problem to succes-
sive concatenations of local controllers. Such local con-
trollers will be constructed in this paper by exploiting the
representation of solutions of system (1) by the Volterra
series. Namely, if u(f) (0 < ¢ < 7) is an admissible con-
trol for system (1), then the corresponding solution x(t;
x°, u) may be approximated by the Volterra series as fol-
lows (Lamnabhi-Lagarrigue, 1996; Nijmeijer & van der
Schaft, 1990):

x(t; x°, u)

=X +Zﬁ(x )/u (s)ds + Z afl(x)f]

i, j=0 x=x0
X f/ui(s)uj(p)dpds
0 0
"9 /0 fi(x)
+i;03_x< fi0)fiw|
t
x///u-(v)uj(s)ul(p)dpdsdv
00
+ R(t: 2% u), telo 1], (12)

where we introduce an artificial control uy = 1 for con-
venience of notation, 8@;’” is the Jacobian matrix, and
R(t; %%, u) is the remainder.

In Sections 3 and 4, we will present solutions to the
local steering problem within the class of trigonometric
polynomials as control inputs. Then, we will show how
such controls can be used for solving the path-following

problem in Section 4.

3. Controllability conditions with the first-order
Lie brackets

For the local steering problem, our goal is to propose a
control algorithm that steers system (1) from a given ini-
tial point x* € D to a small neighbourhood of a target
point x* € D at some time 7 > 0. In order to solve this
problem explicitly, we assume that there are sets of indices
SoS{1,2,...,m},$,€{1,2,...,m},and S, {1, 2, ..., m}?
such that |So| 4+ |S1]| + |S2| = n. Without loss of generality,
we assume that the elements of S, are ordered such that i
< j for each pair (i, j) € S,.

Definition 3.1: Control system (1) satisfies the
(So, S1, S2)-rank condition at a point x € D if

span{ fi(x), [fo, fj1(x), [fi, il(0) | i € So,
j€ S, (k1) €S} =R" (13)

Here, and in the sequel, [f;, f;](x) = dJ;j)(cx)fi(x) -
% fj(x) denotes the Lie bracket of vector fields f;(x)
and fj(x).

Note that if system (1) satisfies the (Sy, S1, S)-rank
condition at a point x* € D and fy(x*) = 0, then sys-
tem (1) is STLC at x* due to Proposition 7.4 of Sussmann
(1987).

We consider the following family of controls:

2Kt
u(t) = Z(Skivi + Z(Skiai sin( nr )

i€Soy i€S;

2 K;it
+ Z al]{Sk,cos( J)

(i,/)€S

i 27TI<,'jt
+ 8k;jsin , (14)
T

where k=1,2, ..., m, v, a;, ajj are real coefficients, K; and
Kijj are nonzero integers, and &j; is the Kronecker delta.
For given x*, x” € D and t > 0, we will define the vector
of coeflicients

*
a = (()ies,» (@)ies,» (@ij) (i, jyes,) € R

and parameters K= ((K,-)iesl, (Kij), j)eSz)* €
(Z\ {0})S!HS2 for formula (14) by using the following

system of algebraic equations:

‘L’2 1:2
' (fO(xa) * Zviﬁ(xa)) " 7V20 + EVZI =x —x"

i€Sy

(15)



with
d fo(x“®
Vi = Jo )fo(xa)
0x
9 fo(x%) a (xa)
+Zo,-<f° it + P ))
i€Sy
8 (x“)
+ > f’ fix®),
(i, )€So*
Uia; o
Vo = .Z é—l[ﬁ,fj](x)
(i,7)€S1 xS
a; aij o
- % (for f1G) = > i Lo file)
ies; (.jes,
Vi
+ Z ] f]s fk (x )
(i, jk) €S2 xS0 Kij
1 aj; o
+3 Z K—U[fi, fil(x), (16)
(i,j)€S,
where af‘( ") stands for the Jacobian matrix f’( ) evalu-
atedatx—xo‘

To formulate the basic result concerning the local
steering problem, we need a non-resonance assumption
concerning integer parameters K; and Kj;.

Assumption 3.1: For each |, q € Sy and (iy, j1) € Sy, (i,
j2) € Sy such that | #+ q and (i1, j1) # (i2, j2), the following
inequalities hold: |Kj| # |K,| # |Kij,| # IKi,j,|.

Theorem 3.1: Assume that, for x*, x* € D and posi-
tive numbers T, €, €1, the vectors a € R" and K € (Z \
{02! satisfy the system of algebraic equations (15)
and Assumption 3.1, and that the following conditions
hold:

. 2 £
aﬁ(x) S 1s 8 ﬁ](x) S 2
0x 0%x
forallx € B.(x*) CD, i=0,m, j=1,n,
(17)
M, 1
ﬁ?{ MU 5((M1U+1) +1)}
MyMg/n o)\ 5
M (eM —2) FoMU — 1} <&,
(18)
0 < in (3 +1), (19)
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where

U= 14> loil+ > lal+v2 > layl | 7.

i€Sy €S, (1, j)€Ss

My = max | fi(x*)].
0<i<m

(20)

Then,||x(t; x*, u) — x°|| < &1 and ||x(t; x*, u) —
x*|| < e forall t €0, t], where the control u(t) (0 < t <
) is given by formula (14).

Here, B, (x*) stands for the closure of B.(x%), and
i (J;’z’ ) 5 the Hessian matrix of the j j-th component of f;(x).
The proof of Theorem 3.1 is given in Section 5.

Remark 3.1: By using the Taylor expansion, we conclude
that_ condition (18) is equivalent_to WU3 +
O(U*) < &, for small values of U given by formula (20).

To study the solvability of algebraic equations (15), we
introduce new variables

~ 'L'za,' - Tzalzj
Wi =TV, B = —o s G = s X = |Kijl,
1

ij
(21)

and denote column vectors w = (w;)ics, € R™, a =
(apsn,) €RM &= () € R no = [Sol, m = [1] +
|S2|. As each %; is the square root of a positive integer
in (21), we will use the notation »;; € Ny /5, where N; ), =
Ui, {v/k}. We also introduce the n x n-matrix
AG®) = ((fDiesys Lfos filjesis i fillwnes,) s (22)
whose columns are formed by the vector fields from the
rank condition (13) evaluated at x = x*. Then, we exploit

formulas (16) and (21) to rewrite algebraic equations (15)
in the following form:

A(x")E
w o T afO
=X X o 2 ox "’
T d fo 3f, 1 dfj
I (i gA) -3 X e
ieS, (i, j)€So®
1 - Vil
+- > wialfi fil+ Z [fo- £i]
(i, )€S1 xS N #ij

(23)

_% > prfk

. Hij
(i, j,k)€S> % So

where all fi(x), 2590 and [f,, £](x) are evaluated at x = x*.
If &€ = (%) € R" is a solution of algebraic equation (23)
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with some %;; > 0, then formula (21) implies that

Wi ZJTKI'&{

Vi=—, ai=— )

2
256j,/7 |ajj|
T

. ~ 2 . ~
signaij, Kij = »;signa;

satisfy Equation (15).
We will prove the following local solvability result for
system (23).

Theorem 3.2: Let the (Sy, S,, S3)-rank condition (13) be
satisfied at a point x* € D, and let

1/2

SO fj](x“)nz) <5
(i.))S1%S0

(24)
Then, for any small enough ¢y > 0 and any x* € B, (x*),
the system of algebraic equations (23) has a solution & € R”
with some T = O(e) and »;; € Ny, (i, j) € S, such that
€1l = Oeo) and

TAT GNP - 1o - (

sij # #pp foreach (i, j) # (i, j') € S,.

Proof: If the (S;, S,, S3)-rank condition (13) is satisfied,
then the matrix A(x“) given by (22) is nonsingular, and

« &1l -
[ADEN = AT = c([lwll + llalD,

V2

c=————, forallé = (wa) e R".
2| A7 )| (wd)

(25)
In order to prove the solvability of equations (23), we
show that there exist positive numbers 7, €, i, €,, €, such
that
c(lwll + l1all) > €0 + tho + ks + tha |||
ks .
+ ksllw]* + ?Ilall Nwll

lal

+ (ths + ksllw])) forall £ € OW, (26)

P

where W = {§ e R"| [w]| < €4, llall < €},

118 f 0
ko = Lol kl:i” f‘;; ! foe |
N\ 12
] Df®) . L Af() .
k2=5 Z %—xfi(x)-f- o Sfo(x*)

i€Sy

1/2
1 afi) P
ks == > i) :
(i, j)€So*
, 1/2
|S|14 "
ky = ﬁ AZ Lo, 1P|
(i, j)€Ss
1/2
k= > Ilfo 1]

(i, j)€S1%So

ke — 1S,/ Z
=

(i.j.k)€S3 xS

12

I Al

Let us first consider the limiting case > — oo. Then,
inequality (26) takes the form

g (lall, lwll) > € + tho + Tk, (27)

with g (p,q) = (c — thy)q + cp — ksg® — %pq. To
show that inequality (27) holds for all £ = (Z’) € IW, it

suffices to find positive numbers t, €y, €,,, €, such that

. ~ _ . 2
nf & dlall, lwl) = (p’ql)rélfpulqgf (P, q) > € + tho + ki,
(28)
wherel,: p e [0,e,],q=¢€u, l;: p=€s,q€[0,€,].
We see that g- (p, q) is increasing along [, and I if
8 T LI 1)) k w
M =c— i > 0 and
ap T
0g: (€q, k
M=C—‘L’k2——5€a—2k3q20
aq T

for q € [0, €,]. (29)

If these conditions are satisfied, then formula (28) is
reduced to

i f T y == i T 07 w)s mo
(p,ql)rélpulqg (P, 4) = min {g (0 €w).gel€ )}

= min{(c — tky)€, — k3ei), ceq) > €+ tho + 72k
(30)

In particular, condition (29) holds for

Cc T k2k5 + 2k3C
w =7, €= 7 e . 31
€ a T, € a (c a r> (31)

With this choice of €, and €,, the inequalities
(c — thy)ew — ks€2 > €9+ tho + 2k; and ce, > € +



tky 4+ 7%k, from formula (30) will be satisfied if

c
di=——ky>0 (32)
ks
and

2 €0 2
T—NT > —, T— W > —, 33
7 7 1z 7 (33)
where y; = W, Vi =y + %Ti. Note that

condition (24) implies that d > 0 insformula (32).

To satisfy condition (33), we observe that T — yt? >
;7 forze (O, i), y > 0. This inequality implies that

both conditions in (33) are satisfied for positive y; < y,
if

1 2¢€ 1
eo<—and—0§r§—. (34)
2y, d 2y,

We note also that €, and €,, are positive in formulas (31)
if and only if

0<rt cks (35)
<T<—.
k2k5 + 2k3C

Thus, by putting together the inequalities in (34) and (35),
we conclude that, for any positive € such that ¢ <

. 1 d dck . . .
mm{m, vl m}, inequality (28) holds with
260

T =<2 and positive numbers €,, €, given by for-
mula (31). It means also that property (26) is satisfied pro-
vided that

a(k ks€w
P \/E_( 4T5+ 6€ )’
8 = min{(c — tky)e, — k3ei, ceq)
— €y — Thky — T%k; > 0. (36)

Then, we choose the parameters s;; > i such that s;; €
Ny, for each (i, j) € S; and 5;; # 57 whenever (i, j) #

@, j).
Under our choice of parameters €, 7, €,
€y Mij, property (26) implies that [A(x*)&] >

d,0(£), foreach &€ € 0W, for each x“ e B, (x%),
where &,.(§) denotes the right-hand side of
Equation (23). Thus, the vector fields A(x*)¢ and
V() = A(x*)E — @, (&) are homotopic on OW, so
the rotation of W (&) on OW is equal to sign |A(x¥)| #
0 (Krasnosel'skij & Zabrejko, 1984). Then, the principle
of nonzero rotation implies that there exists a £ € W
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such that W (&) = 0 (Zabrejko, 1997, Theorem 1), which
completes the proof. |

4. Second-order rank condition: nonholonomic
systems

In this section, we consider a driftless control system

3&=Zukfk(x), xeDCR" m<n. (37)
k=1

Although the solvability of motion planning problems
for nonholonomic systems has been already established
under rather general controllability assumptions (Jean,
2014; Liu, 1997), our aim is to propose an explicit control
design scheme and perform all necessary computations
analytically. For this purpose, we restrict our analysis to a
class of bracket-generating systems of step 3.

Let S,S{1,2,..., m}?> and S3S{1, 2, ..., m}* be subsets
of indices such that |S,| + |S3] = n — m. Without loss
of generality, we assume that the elements of sets S, and
S; are ordered as j; < j, for all (ji, j2) € Sz, and [} < b
whenever (I}, L, I3) € S;.

Definition 4.1: Control system (37) satisfies the (S5, S3)-
rank condition at a point x € D if

span{ fi(x), [fj,, f1 GO, [Ufiys fi]s fi,] ()|
i= 1, 2, cel, M, (j], ]2) € Sz, (ll, lz, l3) € S3} =R"
(38)

In order to solve Problem 2.1, we apply the following
family of control functions:

27TK,‘jt

. 27TI<,‘jt
+ &; sin

ur(t) = ap+ Z aij <5ki CcoSs

(i, j)€S2

2w Kyt 2w Kyt
+ Z aijl <8ki CcoSs tll] + (Skj sin TZU

(i, j.))eSs
2w Kyt 2 Kyt
~+ dyicos 1t sin 2 >,
T
k=1,2,....,m, t € [0, 1], (39)

where ay, a;j, a; are real coefficients, Ky, Ky, Ky are
nonzero integer parameters. To define the vector of coef-
ficients  a=(aklxe1,....m) » a’]‘(i,j)esz ’ a1ﬂ|(i,j,l)es3) €R”,
and parameters K = (K’Ji(i,j)esz » Kiiji, K2,11|(i7j’l)653) €

(Z\ {0)I$21+2IS:] for formula (39), we introduce the
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following system of algebraic equations:

m 2
Ty Rt — Y I filx )—
k=1

(i,j)€Ss
3 1‘3‘1
+ > (U i1 A @)
1672 — K
(i, j,1)€Ss 21]1 1ijl
.L.Z
+ EQ(asx(X’T):xw_xa’ (40)

where the expression for  is given in Appendix 2. We
also need an extra non-resonance assumption on the fre-
quencies of the sine and cosine functions, so that there are
no low-order resonances among the frequency multipli-
€rs K,'j, K]iﬂ, Kzlﬂ, and Klz‘jl + Kzijl-

Assumption 4.1: If ¢, cyjji, ..., Cqjji are any integers such

that Z(i,]‘)gsz leijl + Z(i,j,l)es3(|clijl| + leaijil + lesipl +
lcaijil) > 0 and

Z ¢i;Kij + Z

(i,))€S> (i,7,DeSs
+ (caiji + caiji — caij)Kaijt) = 0,

(Ceriji + csijt + caij)Kuiji

then,

( Yoolel+ Y. |Cvijl|>3) or

(i.)€S, @G, j. 1) €Ss,
1<v<4
( Z leijl + Z lcvijil = 3 and Z lcij| > 0)-
(i,/)€S @G, j. 1) €8s, (i, )€S:
1<v<4

Our basic result concerning solutions of the local steer-
ing problem for nonholonomic case is as follows.

Theorem 4.1: Assume that, for x*, x* € D and posi-
tive numbers T, €, &1, the vectors a € R" and K € (7. \
{0}) 52121851 satisfy the system of algebraic equations (40)
and Assumption 4.1, and that the following conditions
hold:

dfi 3 f;
”—f(x) = My, ‘—fzk(x) =M,
1 Z S |

Axy! - - Axy"

||3
forallx e B,(x*) CD, 1<i<m, 1 <k<n,
(41)

M2M; (MU — 1)2
U2

$(U) = /nMuU? (MY — 1) {

MM, M, (eMlU — 1) (Bn32 4+ 2M,0)

+ -
12U
M (M? + 2MyM
1 (M) + 2Mo ”}sel, 42)
6
— 1 M]S
U< —In|— 1 43
< ( e ) (43)
where
= Z|a|+fz laifl +3 > lail | .
(i, J)€Ss (i,j,k)€Ss
My = max || fi(x)]]. (44)

Then,||x(t; x*, u) — x®|| <& and ||x(t;x%, u) —
x| <e forallt € [0, ], where the control u(t) (0 <
t < 1) is given by formula (39).

The proof of this result is given in Section 5.

Remark 4.1: For small values of U, condition (42) is
reduced to the following one:

pU) =

nMoM? (2M? + 12M2 M, M5 4 4MoM, + 302 MyM; M) e
12

+ O(0°) < &. (45)

A crucial assumption of Theorem 4.1 is that the coefhi-
cients of control (39) satisfy the system of algebraic equa-
tions (40). To prove the solvability of system (40), we
introduce new variables

*
N., ~4» n
m) a’f|(i,j)esz’ aUl|(i,j,l)ESs) €R

+ +,.. .. *
and parameters K™ = (K;7| (i jes, Ku;l’ KZ,J,|(,,],1)GS3) €
N\Sz|+2|53\7 where

ar=rtarfork=1,2,...,m,
252

~ j .o

a;i = for (i, j) € S,,

ij 47TI<ij ( _]) 2

3a,
~ ijl .
aiji = for (4, j, 1) € S;,
1672 (K221]l Klztjl)

K.J.r = |K;j| for (i, j) € Ss,

W]l = |K,jji| for (i, j,1) € S3, v=1,2.



In new variables, we write system (40) in the following
form:

D afix) + D aylfi il

k=1 (i.))€S;
+ Z a[Lfis fil. fi] (=)
(i.j.))eSs
+ Q(a, x%) = x° — x%, (46)

where 52(&, x%) does not contain terms of order less than
4/3 with respect to a (see Appendix 2). We assume that the
(S,, S3)-rank condition is satisfied, therefore, the matrix

F(x*) = (fl(x"), e S (), [ i, fj](xa)|(i,j)€5z’
[Lfio £ A1 ) s, ) @

is nonsingular. Then, we define the integers K,JJr and
Kflfjl, KZJ:.].Z according to Assumption 4.1. Thus, if 4 is a
solution of system (46) for given x*, x* € D, then the
components of a solution of system (40) are

ar =1 'a;fork=1,2,...,m,

a,'j = 2t—1sign(a~ij)m for (l, ]) S Sz,

ajji = 2V 27'[21:_1\3/(KJr Kt Z)dijl

2ijl 1ijl
for (i, j, 1) € S,

(48)

Ki; = Kiersign(El,-j) for (i, j) € Sy,
Kyij = K;;jl for (i, j,1) € S3, v=1,2,  (49)
where sign(a;;) = 1 if a;; > 0 and sign(a;;) = —1 oth-
erwise. So, the solvability problem for system (40) is
reduced to the study of system (46). The formula for
Q(a, x) in Appendix 2 implies that there exists a function
C(x) > 0, which is continuous in D, such that

12(a, x)|| < C(x)||a||*? forallx € D, a € B,(0) C R".

(50)
We derive the following corollary of Theorem 4.1 for
solving Problem 2.1.

Theorem 4.2: Assume that the rank condition (38) holds
at x=x* € D and that inequality (41) is satisfied in B, (x*)
for some & > 0. Then, for any r € (0, 1) and v > 0, there
exist g > 0 and 0 € K such that:

(1) for any x® € Be,(x%), there exists a solution a €
R" of algebraic system (40) with some K € (Z \
{0})S217218: that satisfy Assumption 4.1;
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(2) if u(t) is the control given by formula (39) with the
above a € R" and K € (Z \ {0})S21+2S:] then,

lx(T; x%, u) — x| < rllx* —x”[l,  (51)

(s x%, 1) — x|l < O(|Ix* — xII)

forall t €0, 7]. (52)

Proof: Letx* € D, e > 0,7 € (0, 1), and T > 0 be given.
To prove assertion (1), we note that solutions of algebraic
systems (40) and (46) are related by transformation (48).
We choose a vector KT € NI:I*2S:l jn such a way that
Assumption 4.1 is satisfied. Then, we rewrite system (46)
as ®(a) = 0, where

@ (3)=a+F 1 (x*)(Q(a, x*)+x*—x°).

In the trivial case x® = x%, it is easy to see thata = 0 € R"
is a root of algebraic equation (46). If ||x* — x“|| > 0 is
small enough, we will use the principle of nonzero rota-
tion to prove that the equation ®(a) = 0 has a root a €
B;(0) for some d > 0. For this purpose, we show that the
maps ®(a) and W(a) = a are homotopic on the sphere
S4 = 0B4(0). A sufficient condition for the homotopy
equivalence reads as follows (cf. Krasnosel'skij & Zabre-
jko, 1984):

|®(a) —all < ||la|| foralla e S,. (53)
We estimate the left-hand side of inequality (53) by using
estimate (50) and assuming that d < 1:

I&@ —al
= IF G (I8 2+ I — 1)
= IF7 @N(CeEd + 1 — 21).

Thus, inequality (53) follows from the conditions
[x* = x“Il < poa(d), d <1, (54)

where

P (d) = — C(x*)d*”. (55)

IF= ()]

We see that the function .« (d) is positive and increasing
ond € (0, d,ae], where

dmax = min {d, 1},

max’

3
) NI CAES
(56)

4 =< :
me = GF TG G
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As 1« (d) is strictly concave on RT and 1.« (0) = 0, con-
dition (54) is satisfied with ||x* — x*|| = W, 0<
d < dmax, o1, equivalently, if

dmax
= ———[|x* — x°|| < dmax- (57)
My (dmax)
Thus, we conclude that if
X% — x“|l < fye (dmax)s (58)

then, condition (53) holds on the sphere S; of radius d
given by formula (57). Thus, the maps ®(a) and ¥(a) =
a are homotopic on the sphere S;, and the rotation of
®(a) is equal to 1. Applying the principle of nonzero
rotation, we conclude that there exists an a € B,4(0)
such that ®(a) =0 (see, e.g. Krasnosel'skij & Zabre-
jko, 1984). Then, we define the vectors aeR"” and K €
(Z\ {0})!SI1+21S: by formulas (48) and (49) and observe
that the system of algebraic equations (40) and Assump-

It remains to show that assertion (2) follows from
Theorem 4.1. Indeed, for given r € (0, 1) and ¢ > 0,
our goal is to find an €y > 0 such that the conditions of
Theorem 4.1 hold with &; = r||x* — x| if ||x* — x*| <
€o. Condition (43) follows from inequality (59) if

1/3 w1/3
Gl =N _ L, (@ " 1). (61)
Mo (Amax) M, Mo
It is easy to see that the function ¢(U), given by for-
mula (42), is increasing on R™ (as all its Taylor coeflicients
at U = 0 are non-negative). Hence, by exploiting inequal-
ities (58) and (59), we conclude that condition (42) holds
with & = r||x* — x®|| if

Crduacllx — x*|'/*
¢ < e < rllx® = 21| < it (dona)-

My (dmax)
(62)

3 -1/3
Cl d1111/ax€[]/

tion 4.1 are satisfied. This completes the proof of asser- Let €y be the positive root of the equation é(b(ul T ))
. xlX ‘max
tion (1). = r. It follows from the Taylor expansion (45) that
1728, (d
Eo A Hoge (max) 3r3' as r— 0.
n?2CI2dL MM (2M3? + 12MEM M5 + 4MoM, + 3n3/2MoM M,)
Under our choice of the coefficients a € R" of con- Now. we choose
trol (39), the expression U in formula (44) is estimated ’
as follows: d M
- " €9 = min {6_0, Moxe (dmax)s W 1n3 (Milg + 1)} > 0.
U< lal+2v2r Y /K lasl 11 max 0
k=1 (i, ))eS (63)
3 3 2 2\~
+ 6v2m? Z \/(K;ﬂ —Kf,r'jl )aiji Let ||x* — x®|| < €, and let x(t; x*%, u) be the solu-
(i.j.D€Ss tion of system (37) corresponding to the control u =
" u(t) given by formula (39) with the coeflicients a € R"
~ 11/3 oy ~ /3
= Z |ax|'? + 2427 Z Kiﬂaiﬂ and parameters K € (Z \ {0})!%/725:! from assertion (1).
k=1 (. J)€S2 The assumptions of Theorem 4.1 are satisfied because of
5 S . . . ..
NI Z \% ( K;jl _ K1er'j1 ail, 1n-equa11t1es (61) and (§2), whlch.prov.es c0n41t10n (51).
(i,1Dess It is easy to see that estimate (52) is satisfied with the fol-

where we have used formula (48) and the inequal-
ity |lall <d < 1. Furthermore, by applying Hoélder’s
inequality with exponents (6, g) and exploiting condi-
tion (57), we get

_ - 1/3 o 1/3
U <Glla)'? < Ga'r = bl Xl (59)
My (dmax)

G = (m+29/57r3/5 > &

(i,j)€$2
25 5/6
8/526/5._4/5 + 2 + 2
+ 293385 N (K - K ) , (60)
(i,j,1)€Ss

provided that condition (58) holds.

lowing function 6 = 0, (s) of class K:

M, M,CdM3
Oy (s) = =0 exp ZTmax ast g, (64)
Ml M;lcc{s (dmax)

Indeed, let us denote s = ||x¥ — x*| < €, then U <
1/3
5{7;‘2351/2 because of inequality (59), and condition (43) of
& (dma

Theorem 4.1 holds with & = 0,«(s). Thus, Theorem 4.1
implies that

(s x%, u) — x*|| < & = O ([Ix* — x|

forall t € [0, 7],

which completes the proof. |



We will show below that the construction of local con-
trollers in Theorem 4.2 can be used to satisfy the condi-
tions of Theorem 2.1 for solving the approximate path-
following problem.

Theorem 4.3: Let yCD be a curve with the endpoints
%% and x*, and let the rank condition (38) be satisfied at
each x € y. Then, for any T > 0 and ¢ > &, > 0, there
exists a A > 0 such that, for any partition 7w : x° < x' <
.. =< xN = xT ofy with A() < A, the corresponding -
approximating control u,(t) is well defined on t € [0, T,
T = Nt, and

p(x(t; X uz), y) < e,

j=1,2,...,.N, (65)
t € [0, T]. (66)

Here, the control u, (t) is constructed as in Definition 2.1 by
using the concatenation of local controllers u(t) = u* " (t)
of form (39) whose coefficients are defined by the system of

algebraic equations (40).

Proof: As the rank condition (38) holds on y CD and all
the vector fields f;(x) are of class C*(D), there existsan 1 >
OsuchthatT" = B,, (y) C Dand condition (38) also holds
at each x € T'. For a compact subset I' of domain D, we
choose a positive € such that Dy = Bs(I") C D. Then, the
numbers

dfi
M; = max | sup |— ()| |,
i xeDy X
0% f;
M, = max | sup Ji (x) H )
ik \xep, || 0x?
1 3 fi
M; = — max | sup %
6 ik \ xep, s oxy' - 0"
1<i<m, 1<k<n, (67)

are finite by the Weierstrass theorem. We see that the con-
ditions of Theorem 4.2 are satisfied for each x* € I" with
the above choice of M;, M5, and M3. Let us now fix arbi-
trary r € (0, 1), T > 0, and show that the number ¢y > 0
and function 6 € K in Theorem 4.2 may be chosen inde-
pendently of x* € T'.

Since all the vector fields appearing in the rank
condition (38) are continuous on the compact I'CD,
there exists a vector K+ € NI%I+2S:| gatisfying Assump-
tion 4.1 such that the matrix F(x*) is nonsingular
for each x* € T'. As in the proof of Theorem 4.2,
we fix such KT € NI%I*2% and introduce the func-
tion u(d) = £ — ¢d*’?, where ¢, = sup . [|IF~' ()| >
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0, ¢; = sup, . C(x) > 0. It follows from the construc-
tion of (d) that

u(d) < pw(d) forall x* eI, d >0, (68)

and wu(d) > 0 is strictly increasing on d € (0, d_max],

dmax = min {1, (ﬁf} Following the proof of
Theorem 4.2 with the use of inequality (68), we con-
clude that its assertions (1) and (2) remain true for each
x* € I' and x“ € B, (x%) if, instead of formula (63), we
define

7 d_max M 3
€y = min {éo, (dmax), Alnax) In® <—18 + 1)} >0,

M3C s M,

(69)
where €, is the positive root of the equation
1 ((Cduacée” ) _ -
gqb (ﬂl 7 d_mjx) = 1, the constants C; and M, are given

by formulas (60) and (67), respectively, and

My = max sup I fi(x)| > 0. (70)

=M xer

Thus, expression (69) defines the constant €, > 0 for
Theorem 4.2 independently of x* € I'. It remains to verify
that there exists a @ € K such that the estimate

O (s) < 6(s), seRT, (71)

holds for each x* € I' and 6« (s) given by formula (64).
Indeed, straightforward computations with the use of
inequality (68) show that the function

0(s) = % exp Ml—c}dsw’ -1 (72)

satisfies property (71), where M, is defined in (70),
d= min{l, 4infxgr(HF§1(x)HC(x))} > 0. Thus, we have
shown that formulas (69) and (72) define the constant ¢,
> 0 and function 6 € K for Theorem 4.2 independently
ofx* €T.

Now, the assertion of Theorem 4.3 follows from

Theorem 2.1. [ |

In Section 6, we demonstrate the approach of
Theorem 4.3 with several examples, where the system of
algebraic equations (40) will be solved numerically.
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5. Auxiliary results and proofs

To prove Theorem 3.1, we rewrite the Volterra series (12)
by using the first-order Lie brackets as follows:

x(t; X0, u)

m t
=x"+ Z fi(x) / u(s)ds
k=0 0

1 3fix® . o (! t
+3 Z Tﬁ(x )/0 ui(S)deO uj(s)ds

i, j=0

1 t s
#3216 [ uou)
0 0

i<j
— ui(s)uj(v)} dods+ Ry(t), tel0,1], (73)
where R,(t) is the sum of the last two terms of for-
mula (12).
We need two auxiliary lemmas, whose proofs can be
found in Zuyev (2016).

Lemma 5.1: Let D C R” be a closed convex domain, and
let x(t) € D, 0 < t < 7, be the solution of system (1) cor-
responding to initial value x(0) = x° € D and control u
€ CI0, t]. If the vector fields fo(x), fi(x),..., fu(x) satisfy

assumptions

0 i 82 ii
0x 0%x
i=0,m, j=1,n, (74)

in D with some positive constants My and M,, then the
remainder Ry(t) of the Volterra expansion (73) satisfies the
following estimate:

M 1
IRy(1)]| < — {eMl”’ — —((MUT +1)* + 1)}
M, 2

MM [y 2
+4—]\/If{(e ! 1—2) +2M1U‘L’—1}
_ MO(M% + MzMO\/ﬁ) Ui 4+ O(U4‘L’4)
5 .

(75)

Here,My = maXo<i<m || i(x")|, U = 1 + maxo<;<,

i lui®)].

Lemma 5.2: Let x(t) e DCR", 0 < t < 1, be a
solution of system (37) with a control u € C[0, 1],
and let | fi¥) — fi)l < Millx — 2"l My >
0, forall x¥,x" € D, i=1,2,...,m. Then,

lxt) — x| = 200 _ 1y reox), (76)
M

where My = maXj<i<y | i(x(0)]l, U = maxo<;<,

2o lui®)].

Proof of Theorem 3.1: By substituting controls (14) into
formula (73) with xX = x* € D and computing the inte-
grals, we obtain

2
T
X u) = x| fo(x*) + Zviﬁ(x‘*) + 5 Vao
ieSy
.EZ
+ — Va1 + Ry(7), (77)
21

where the terms V,p and V; are given by formu-
las (16) provided that Assumption 3.1 holds. For given
x¥ x® € D and T > 0, we assume that the vector a =
((Di)ieso, (ai)ies, (a,'j)(i,]-)esz)* € R” satisfies the system
of algebraic equations (15) and K € (Z \ {0})!$!*1%I sat-
isfies Assumption 3.1. Then, formulas (15) and (77) imply
that x(t; x*%, u) = x* + R,(t), where x(t; x*, u) is the solu-
tion of system (1) with the control u = u(t) of form (14).
Thus, it suffices to prove that

[Ry(D) < & (78)
and
llx(t; x*, u) — x%|| <,

t e [0, 7]. (79)

We estimate the sum of components |u;(f)| in for-
mula (14) as follows:

> lui(t)]
i=1
<Y i+ lai

i€Sy i€eS;

. (27TKJ>‘
sin
T
+ > |aij|<

27TI<ijt
cos +
= T
(i,j)€S,

< ol 4 lal+V2 ) layl.

i€Sy i€$, (1,7)€S2

(7))
Sin
T

Hence, Ut = (1+ maxoz<r y iy lui(H))) T <
(14 Xics, ol + X, lail + \/EZ(i,j)esz laijl)T = U,

where U is given in (20). As the right-hand side of
inequality (75) is strictly increasing with respect to
U € Rt and Ut < U, inequality (78) follows from con-
dition (18) because of Lemma 5.1 with D = B, (x%). To
show that inequality (79) holds, we apply a modification
of estimate (76) for system (1). Indeed, the assertion of



Lemma 5.2 for system (1) can be formulated as follows:

My -
”x(t7 xa’ u) —_ xOl” S _O(eMlUt/'L’ _ 1)’
1

€ [0, 7],
(80)

where U, M, and M, are defined in (17) and (20). Now,
inequality (79) follows from conditions (19) and (80). W

In order to prove Theorem 4.1, we rewrite formula (12)
by using the Lie brackets as follows:

m t
x(t; 3% u) =%+ ka(xo)/ ui(s)ds

+= Zf, 16 )/f (u(T)ui(s)

l<]

1 m
—ui(T)u;(s))dsdr + 522 [[f,-, fil. ﬁ] D)

i<j I=1

t pT ps
<[] (e
0 J0 JO

—ui(s)uj(p))>dpdsdT+G(t)+R(t). (81)
The proof of this fact is presented in Appendix 1 together
with the expression for G(t), and the remainder R() is
estimated by the following lemma.

Lemma5.3: Let D C R” be a closed convex domain, and
let x(t) € D, 0 < t < 7, be a solution of system (37) cor-
responding to the initial value x(0) = x° € D and control
u € C[0, t]. Assume that the vector fields f(x), ..., fm(x)
satisfy conditions

i 9’
'—f() <M, f"()” My,
1 )
—Z D,fk(x)a <M, 1<i<m 1<k<n,
6 s Xy -+ - 0"

(82)

with some positive constants My, My, Ms, for all x € D.
Then, the remainder of the Volterra expansion (81) satis-
fies the estimate

_ 1)2

IR < VMo

(U — 1) [ MZM; (MU
U U2

MoM; M, (eMlU - 1) Gr3? + 2M,0)
+ 4 +
120
My (M2 + 2MoM _
+ M 16 0 2)}U4t4 if0<Ut<U,

(83)
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where My = maxi<j<m || fi(x")|l, U = maxyejo (|1 (t)]
+ e U ().

Proof: Let us denote by R(NH) (x) the remainder term for
the N-th order Taylor expansion of f;(x) at a point X0 e
D. If fi(x) is of class CN* ! in a convex domain D, then
R™NFD (x) may be represented in the Lagrange form of the
remainder as follows:

1 3 f,(0
N+ D! & 05 90
ij = Xj —X?, 0 e EHAXH(XO),
o= (a,..., o), lal=ar+ -+ ay. (84)

To prove the assertion of Lemma 5.3, we use the inte-
gral representation of system (37) with initial conditions
x(0) = x° and the Taylor expansion for fi(x):

m t
xi(£) :x2+Z/ ui(0) fir(x(0))do = x
i=1 Y0
= 3 fi (x)
. - 0 [
+§/0 u,(v){f,k(x>+ o
p 0 J J ax s
x (Z /0 u (p) (fix®) +R,<”<x(p)>)dp>
=1

x=x°

0

[ [
+R§.2)(x(s))>ds> +3 ]2:1:/(; uj(S)(fj(xo)

* 92 fix(x)
0x?

+ R}”(x(s)))ds)

x=x°

Z[ uj(s)(fj(xo)—I—R;l)(x(s)))ds
j=170

+R§,§’(x(v))}do, (85)
where the gradient % is treated as a row vector.

After several transformation, expression (85) takes the
form (12) with

Ri(t) = Z / R o0+ Y L8

i,j=1

x//R;Z)(x(s))u,-(v)uj(s)dsdv
0

n Z 8fzk(x) 3f](x) ///R(l)(x(p))

0x

0

X=X

i,j,l=1
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X u~(v)uj(s)ul (p)dpdsdv

t v
+ Zf o0y LS 0 ﬁk(x) / (/ uj(s)d5>
x=x0J0 0

i,j=1

X (Z /U ul(s)Rl(l)(x(s))ds) u;(v)dv
1=1 Y0
m ¢ m v
[ (X wony o
2= o j=170

y 9° fix (x)

0x2

Z/ uj(s)Rﬁl)(s)ds
x=x0 j=1 0

x u;(0)db. (86)

By estimating the absolute value of Ri() term-by-term
in (86) with the use of (84), we get

IRk (t)| < Ms]|Ax(t)|*Ut £

M3 M MM
+ AU + = [ Ax U
MM
+ L2 Ax() |PUPE, (87)
- a fa®) ~
where My = 3 sup, 53" 41, T . The Cauchy
Schwarz inequality implies that
M, < nﬁMz (88)

The norm of Ax(t) = x(t) — x° is estimated by
Lemma 5.2 as follows:

M,
lAxOl < 2= 2(MU —1), t=>o0. (89)
1

As the function ¥ (B8) = e — 1 is convex, it follows
from (89) that

Moy (MU — 1 -
IAx(H)] < %Ut, 0<Ut<U. (90)
1

Component-wise estimates (87) together with inequali-
ties (88) and (90), and U%t?> < UUt, 0 < Ut < U imply
estimate (83) for the Euclidean norm of R(t). [ ]

Proof of Theorem 4.1: By substituting the control u
= u(t) of form (39) into the Volterra series (81) with

x% =x* € D, we get

m 2

T
x(t;x%u) =x"+< xa + —
( ) ka( )a i

k=1
2 3
as. T
x L Fl ) —L
Z [fis Fil(x*) %, " ien
(i,j)eS,
3l
< 0 U Fl Al 6D
(i, j,1)€Ss 21]1 1ijl
T2 "

provided that Assumption 4.1 is satisfied (the explicit for-
mula for  is in Appendix 2). It is easy to see that the
system of algebraic equations (40) is equivalent to the fol-
lowing condition in terms of representation (91):

x(t; x*, u) = x” + R(7).

Therefore, if the vectorsa € R"and K € (Z \ {0})S:1+2I5:!
satisfy the system of algebraic equations (40) and
Assumption 4.1, then it remains to show that

My
v (eMl Ut

IR(T)I <& and -1 <e tel07]

1
(92)

because of Lemma 52 with D = B.(x*), where
U =maXj<j<m 3 1oy [i(t)] < U/7, the constants M;
are given in formulas (41) and (44). To complete the
proof, we conclude that conditions (92) follow from
Lemma 5.3 and inequalities (42) and (43). |

6. Examples

6.1 Ball on the plane

Consider a unit ball rolling on the plane. As it was shown
in Li and Canny (1990), the kinematic equations take the
following form:

X =u fi(x) + uz fo(x), (93)

where x = (x1, %2, %3, Xs, Xx5)%, fi(x) = (0, sec xq,
— sin x5, — cos x5, tgx;)*, fa(x) = (-1, 0, — cos xs,
sin xs, 0)*. Here, (x1, x;) € R? and (x3, x4) € R? define
the Gaussian frames, and x5 € (=7, 7) is the angle of
contact. The controls u; and u, are related to components
of the angular velocity. By computing the first- and the
second-order Lie brackets, we observe that

Span{fl (X)a fZ(X)’ [fla fZ](X)7 [[flv fZ]? fl](x)a
([, o], L1} =R,
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Figure 2. (a)—(e) Components x;(t) of the solution of system (93) with the initial condition x(0) = x* and controls (94); (f) time-plot of ||x(t)

—x“||.

for all x € R®> such that x; # %(mod n). Thus, the
(S, S3)-rank condition (Definition 4.1) is satisfied with
S, ={(1, 2)} and S; = {(1, 2, 1), (1, 2, 2)} for all x €
D,D = {x € R°| |x;| < 7 /2}. Following the approach of
Section 4 for steering system (93) from x* € D to x* €
D, we use controls of the form (39):

JTK]zt

ui(t) = a; + a, cos

2w Kyt
+ ain (1 + sin ¢>
T

27TK11221’
+ ajp cOS ———,
T

27TK12t

27TK1121t
X COS —

2 K2121t

T
2w Kyt . 2w Kyt
sin

T T

uy(t) = ap + ap, sin + ajy; sin

. (94)

+ain (1 —+ cos

with the coeficients a = (a1, a2, a1z, d121, d122)* € R®
and parameters K = (Kiz, Ki121, Kz121, K122, Ko122)* €
(Z\ {0})°. For any x* € D and x* € D such that ||x* —
x“| is small enough, there exists a solution a € R of
the system of algebraic equation (40) with some K €
(Z \ {0})° satisfying Assumption 4.1 by Theorem 4.2.

As an example, let us fix x* = (0,0, &, I, ;’—6)*,x‘” =
(;—6, %,0, 0, 0)*, and v = 1. It is easy to check that
Assumption 4.1 is satisfied with

K =1, K1 =3, Kyior =5, Kiop =12, Kypp =19,
(95)

and a numerical solution of the system of algebraic equa-
tion (40) with these parameters is

a; ~ 0.07, a, =~ —0.08, a;; ~ —0.56, a;;; ~ —7.7,
a1z ~ —0.37. (96)

To illustrate that the above controls solve the local
approximate steering problem (Problem 2.1), we solve
the Cauchy problem for system (93) numerically with the
initial condition x(0) = x* and the controls represented
by (94)-(96) (see Figure 2).

The value of ||x(7) — x*|| from Figure 2(f) can be used
to evaluate the relative accuracy of our local steering algo-
rithm: 7 = ||x(z) — x“||/[|x* — x®|| ~ 0.027 < 1. Note
that a theoretical upper bound for 7 is given by the r con-
stant in (2) (Problem 2.1 formulation). This constant can
be estimated from Theorem 4.1 as r = ¢(U)/||x* — x*|,
where the computation of ¢ (U) by formula (42) is based
on the coefficients a of the control (94) and the upper
bounds of the derivatives of f;(x). Similarly, the maximal
overshoot is estimated by inequality (3): [|x() — x¥|| <
O(||x* — x| for all t € [0, 7], where the right-hand side
can be estimated as 0(s) = 6y (s) by formula (64) from
the proof of Theorem 4.2.

6.2 Rigid body with oscillators
Consider a control system

X1 = Uy, X = Uy, X3 = x%ul —xfuz, xeR} ueR?
(97)
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Figure 3. The trajectory of system (97) with controls (98) (left figure) and the helix y (right figure).

These equations describe the motion of a planar
rigid body with two oscillators (Carinena, Clemente-
Gallardo, & Ramos, 2003; Yang, Krishnaprasad, &
Dayawansa, 1996). The vector fields of system (97) are:
filx) = (1,0,x3)%, fr(x) = (0,1, =x})*, [fi, Ll(x) =
(0,0, =2(x1 +x2))*, [[f1, 2], fil(x) = (0,0,2)*. As
one can see, the first-order Lie bracket does not gen-
erate the remaining direction if x; = —x,. However,
control system (97) satisfies the (S,, S3)-rank condition
(Definiton 4.1) with S, =@ and S3 = {(1, 2, 1)}:

Span{fl(x)a fZ(x)a [[fl’ f]]s fl](x) | (lv ja l) € S3} = ]R3
forall x € D = R

In this section, we apply controls (39) to solve the
approximate path-following problem for system (97)
from the point x° = (1, 0, 0)* to xT = (1, 0, 57)* along
the helix y = {(coss, sins, s)*|s € [0, 57]}. The con-
ditions of Theorem 4.3 are satisfied, and we illustrate its
assertion for T = 1 and a uniform partition of the curve y
with N = 200, such that ¥/ = (cos (0.0257), sin (0.0257),
0.0257j)*, j = 0, 200. For this purpose, we construct the
7 -approximating control for t € [0, 200] in the sense of
Definition 2.1 and Theorem 2.1:

u; (t) = il (t) fort e [0,1],
ur(t) =% Y(t—j+1) forte(j—1, ],
j = 2,200, (98)

where u¥ ¥ (t) are defined by formula (39) with Ki5; =
2, Ky121 =3, for all ] € 1, 200:

o S
W ¥ (t) = al + al,, cos4nt(1 + sin6mt),

-y S
u’zd Y(t) = a) + al, sin6rt, te[0,1].

Here, a], a}, aj,, satisfy algebraic equation (46), that
e R e .
isa] =x] —x] ', a) =x) —x) ,anda],,isareal solu-

tion of the following cubic equation:

R S0 S SO o R B0 o TN W PO S S o
X3 — X3 =ajxy —dyX +a1a2(x2 - X )

j j j
12 (‘1 3“2) j—1 j-1
+—=—=— —==)(x; +x
o \3 5 (1 2 )

1 Al
+ ga{aé(aé —al)+ %(a{ + a3)

5 ﬁ N ay (5 —12m)
6 401

P2 i i i3
ap (1lay  38la; N al,,
72 \ 192 1600 402"

Figure 3 illustrates the nature of assertions of
Theorems 2.1 and 4.3: the trajectory of system (97) with
controls (98) remains in some small e-neighbourhood of
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Figure 4. Components of the solution of system (99) with the control u = u_ (t): (a) (x,(£), X,(t), x5(1)), (b) (¢, x, (1)), (c) (&, x5(£)), (d) (£, x¢(2)).

the helix y for all t € [0, T}, and closely approaches the
target xT at T = 250.

6.3 Underwater vehicle

In this subsection, we illustrate the possibility of using
local controllers of Section 3 for the control design
scheme described in Theorem 2.1. For this purpose, we
consider the equations of motion for an autonomous 3D
underwater vehicle:

x= fo(x) + fil)u + L u, + f3(x)us,

x=(x1,...,%)" €R®, u= (uy, up, uz)* € R®, (99)

where x1, x,, x3 are the coordinates of the centre of mass,
and x4, x5, Xg specify the Euler angles,

fo(x) = (0,0, 0, ug cos x4tg x5, —ug Sin x4, Uy COS X4 SECX5)™,
f2(x) =(0,0,0,1,0,0)",
f1(x) = (cos x5 cos xg, COs X5 sin xg, — sin xs, 0, 0, 0)*,

f3(x) = (0,0, 0, sin x4tg x5, COS X4, Sin x4 s€CX5)*.

Note that system (99) is a modification of the equations
considered in Nalamura and Savant (1991) for the case
when the angular velocity component along the x; axis is
not controlled (#y = const). Therefore, our controls are
the translational velocity u; = v along the Ox; axis and
two angular velocity components: u, = w; and u3 = w,.

It is easy to see that

Span{fl(x)’ fZ(x)a f3(-x)v [va fl](x)’ [fla f3](~x)’
[f2. fs1(x)} = R®,

for all xeR® such that x5;£%(mod JT), so that the (S,
S1, Sp)-rank condition (Definition 3.1) holds with Sy =
{1,2,3}L, 8, ={1}, S, =1{(1,3), (2,3)} forallx e D= {x €
RO | |xs| < 7} We illustrate the possibility of solving the
path-following problem (Problem 2.2) for system (99) by
using controls of the type (14):

. 27.[I<1t 27TK13t
u;(t) = vy + a; sin + a3 cos ,
T T

27[K23t)

Uy (t) = vy + ays cos (
T

. 2w K3t . [ 2 Kyt
us(t) = 03 + a3 sin + a,3 sin ,
T T

(100)

coefficients a=
and parameters K =

with the vector of
(01,02, 03, 41, d13, Az3)* € RO
(Ky. Ki3, Kp3)* € (Z\ {0}).

In particular, to steer system (99) with uy = 0.25 from
the origin to the target point xI = (0, 0, 1, 0, 0, 0)*
along the segment y = {(0, 0, x3, 0, 0, 0)* | x3 € [0, 1]},
we construct the control u,;(f) as in Definition 2.1 and
Theorem 2.1 for the partition of y with ¥ = (0, 0, j/4, 0,
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0,0)* j =0, 4. At each step j = 1, 2, 3, 4, we apply con-
trols of the form (100) for (j — 1)t <t < jr, T = 0.1, with
the following parameters:

Step j=1: v; =0,0, ~ 0.087, v3 ~ 0.001,
a; = 0,a13 ~ —17.724, a3 ~ 8.395;
Step j =2 v; & 0.766, v, ~ 0.072, v3 ~ —0.0003,
a; ~ 2.781, a3 &~ —17.336, ay; =~ 7.879;
Step _] =3 v~ 0772, Dy X 0077, V3 X 0,
a1 X 4.923, a13 & —17.312, a3 & 7.924;
Step j =40, ~ 0.771, v, ~ 0.076, v3 =~ 0,
a ~ 8713, apy ~ —17313, ay; ~ 7.923.

The above parameters are obtained by solving the system
of algebraic equation (15) with x* = x((j — 1)7), x* = ¥,
and the integer parameters being chosen as K; = 3, Kj3
= 1, Kp3 = —2 (these parameters clearly satisfy Assump-
tion 3.1). We see in Figure 4 that the controller proposed
is able to solve the approximate path-following problem
for system (99) with the accuracy ||x(T) — xT|| < &; =
0.002 at the final time T = 0.4.

7. Conclusion

In this paper, we have proposed an explicit reduction
of the motion planning problem to systems of algebraic
equations for classes of bracket-generating systems of
steps 2 and 3. To the best of our knowledge, no general
results concerning the solvability of such algebraic sys-
tems of an arbitrary dimension have been published so
far. On the one hand, it has been already proved in Liu
(1997) that any trajectory of the Lie bracket extension
can be approximated by trajectories of the original sys-
tem with highly oscillatory inputs. On the other hand,
we do not use any sequence of trigonometric polynomi-
als with unbounded amplitudes and frequencies here. It
should be also emphasised that our construction provides
explicit formulas for controls and does not use any spe-
cific changes of coordinates (e.g. canonical coordinates
corresponding to the P. Hall basis). Thus, our solvabil-
ity result provides a novel contribution towards the jus-
tification of the use of trigonometric controls for local
and global steering problems. Note that the proofs of
Theorems 3.2 and 4.2 are based on the degree theory, as
the standard implicit function theorem is not applicable
(the nonlinear part of the corresponding vector function
is not differentiable at a = 0).
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Appendices

A.1 Representation of the Volterra series using the
Lie brackets

Lemma A1: Formula (12) for the solution of system (37)
with initial condition x|,—o = x° can be rewritten in the
form (81) with

t t
/ui(s)ds/ uj(s)ds
x=x" J0 0
t
/ui(s)ds
x=x070

/uj(s)ds/ u;(s)ds+— ZZ

_ IR 06
G(t)_zwz::l o filx

1 "9 [(3fi(x)
+2 ; a—( filx ))fl(x)

i<j I=1
d
(P95, 1 422 (U £ o)
t t T
Xful(s)dsf/ (uj(s)ui(p)
0 0 Jo
— u;(s)u;(p))dpds. (A1)

Proof: Indeed, straightforward computations show that

d fi
Z f(x)f]( )// ui(T)u;(p)dpdr

i, j=1
9Jix) f](x)/ Uu; (s)dsf uj(s)ds

-3

i,j=1

1 ¢~ 0 fi(x) trr
+Ei; ];x fj(x)/O/0 (ui(Duj(p) — uj(r)u;(p))dpdr

afi
= 22 f(x)f]( )/ u(s)ds/ uj(s)ds

i,j=1
+= Z ﬁ,f]](x)// (uj(0)ui(s) — uj(T)ui(p))dpdz.

i<j

Analogously, using the formula

t T s
6/ / / ui(t)uj(s)w(p)dpdsde
0o Jo Jo
t t t t
:/ u,-(s)ds/ uj(s)ds/ ul(s)ds—l-/ uj(s)ds
0 0 0 0

t s
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" /Ot u($)ds /Ot /0 (wi(s)uj(p) — uj(s)u;(p))dsds
" 3/; /0 /0 i (0) (uj () ur(p)—ui(s)u;(p))dpdsdr
i ./ot /ot /OS u;j(7) (ur($)ui(p) —ui(s)ui (p))dpdsdr

+/(;t /0 /0 wi (7) (uj(8)ui(p) —ui(s)u;(p))dpdsdr,

we transform the remaining part of (12) and obtain
expression (81) with G(#) defined by (11). [ |

A2. Formulas for (a, x, ) and Q (a, x)
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where K4, = KZqus K1 a5 O’k ) are quadratic forms with
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