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When two or more fluorescent chromophores are closely spaced in a
macromolecular complex, dipolar coupling leads to delocalization of the excited states,
forming excitons. The relative transition frequencies and magnitudes are sensitive to
conformation, which can then be studied with optical spectroscopy. Non-invasive
fluorescence spectroscopy techniques are useful tools for the study of dilute
concentrations of such naturally fluorescent or fluorescently labeled biological systems.
This dissertation presents two phase-selective fluorescence spectroscopy techniques for
the study of dynamical processes in bio-molecular systems across a wide range of
timescales.

Polarization-modulated Fourier imaging correlation spectroscopy (PM-FICS) is a

novel phase-selective fluorescence spectroscopy for simultaneous study of translational and



conformational dynamics. We utilize modulated polarization and intensity gratings with
phase-sensitive signal collection to monitor the collective fluctuations of an ensemble of
fluorescent molecules. The translational and conformational dynamics can be separated and
analyzed separately to generate 2D spectral densities and joint probability distributions. We
present results of PM-FICS experiments on DsRed, a fluorescent protein complex. Detailed
information on thermally driven dipole-coupled optical switching pathways is found, for
which we propose a conformation transition mechanism.

2D phase-modulation electronic coherence spectroscopy is a third-order nonlinear
spectroscopy that uses collinear pulse geometry and acousto-optic phase modulation to
isolate rephasing and nonrephasing contributions to the collected fluorescence signal. We
generate 2D spectra, from which we are able to determine relative dipole orientations, and
therefore structural conformation, in addition to detailed coupling information. We present
results of experiments on magnesium tetraphenylporphyrin dimers in lipid vesicle bilayers.
The 2D spectra show clearly resolved diagonal and off-diagonal features, evidence of
exciton behavior. The amplitudes of the distinct spectral features change on a femtosecond
timescale, revealing information on time-dependent energy transfer dynamics.

This dissertation includes co-authored and previously published material.
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CHAPTER ]

INTRODUCTION

Performing spectroscopic experiments on biological systems is a difficult
proposition. The use of fluorescent proteins as labels for tracking biological processes has
provided many new avenues for studies on biologically relevant systems, but the
experimental methods used are often limited in dynamic range, sensitivity, and
efficiency. The cellular environment is microscopic, easily photodegradable, and
optically dispersive due to the congested heterogeneous mixture of proteins, organelles,
lipid based membranes, cytoplasm, and other bio-molecular complexes. Due to these
obstacles, it is often useful to apply fluorescence detection based spectroscopic
techniques in an attempt to circumvent many of the difficulties that current methods face
in dealing with biological macromolecules. When using robust fluorophores, such
methods offer a means to generate contrast and enhance signal levels. Furthermore, by
combining phase-sensitive fluorescence detection with phase modulation of the exciting
laser fields, it is possible to obtain additional information while further increasing signal-
to-noise.'™ In this thesis, I describe the development of two fluorescence spectroscopy
methods to study structure and dynamics in biological systems. Two-dimensional phase-

modulation electronic coherence spectroscopy (2D PM-ECS) is an optical analog of 2D



magnetic resonance spectroscopy, and provides information about coupling between
optical modes in biomolecular aggregates on femtosecond to picoseconds timescales.
Polarization-modulation Fourier imaging correlation spectroscopy (PM-FICS)is a phase-
selective approach to fluorescence fluctuation spectroscopy, and can be used to study the
dynamics of biomolecular systems on time scales much longer than the fluorophore
excited state lifetime.

The commercial availability of broadband laser systems has made the study of
femtosecond dynamics over broad spectral ranges a vital technique for the determination
of local structure and dynamics via coupling interactions in complex molecular systems.
The most widely used ultrafast spectroscopic techniques for measuring nonlinear
susceptibilities require the generation of a macroscopic polarization in the sample for
signal detection, which therefore requires optically dense samples. We have developed
the technique of 2D PM-ECS, a high signal-to-noise phase-selective fluorescence
technique, to study the nonlinear susceptibilities in dilute systems from a sequence of
four phase-related ultrafast laser pulses.

Techniques for measuring dynamics on timescales longer than the excited state
lifetime (107 s) of molecular complexes also have inherent limitations. Techniques, such
as fluorescence recovery after photo-bleaching (FRAP) and fluorescence correlation
spectroscopy (FCS) are often limited by auto-fluorescence, narrow dynamic range, photo-
bleaching due to high excitation intensities, and model-dependent interpretation of data.’

To address these shortcomings, the phase-selective fluorescence detection technique of



PM-FICS has been developed to separate the spatial dynamics from internal dynamics,
such as rotation and energy transfer, for a number of complex systems.

This thesis will focus heavily on the PM-ECS technique and its applications
- towards studying spectral fluctuations, with additional information about PM-FICS and
its use as a tool for monitoring the conformational fluctuations of biological
macromolecules. Throughout this dissertation we will use the convention that % =1

unless specifically noted.

Molecular Agpregates

Molecular aggregate complexes are ubiquitous in biological systems.
Photosynthetic complexes of bacteriochlorophylls, for example, contain many
chromophores which transfer excitation energy from an antenna site to a reaction center
for photosynthesis with near 100% efficiency. Membrane-bound protein complexes are
difficult to study using conventional NMR spectroscopy or x-ray crystallography, but
have strongly coupled vibrational modes that are well suited for study by two-
dimensional vibrational coherence spectroscopy.’ There is a vast array of information that
can be gleaned about the function of these systems using two-dimensional spectroscopic
techniques, which will be described briefly in the following sections. Here, we will
develop a qualitative understanding of how the electronic properties of individual labeled
macromolecules are influenced by the formation of molecular aggregates in a membrane.

For the simplest case let us consider a system of two randomly oriented identical

uncoupled monomers with a dipole-dipole dihedral angle of 6,, and a single optical



transition of frequency @, as in Fig. 1.1A. In this case, the linear spectrum will show a
single transition. The solid black line in Fig. 1.1C shows the linear spectrum for a single
inhomogenously broadened transition in solution, centered at @, . If pairs of molecules
are separated by a very small distance, the resulting interaction leads to mixing of the
monomer electronics states into delocalized excitons. In the point dipole approximation,
the degenerate monomer excited electronic levels are split due to the interaction J,

described by the equation

(/fl'lg2)_3(lul'jé12)( 2'1%12) (1.1)

where the individual transition dipole vectors have magnitudes y; and the vector
connecting the dipoles has a magnitude of R;;. This coupling interaction determines the
magnitude of the splitting of the two resulting one-exciton energy levels, each of which is

shifted relative to the monomer frequency by the frequency V;,/#, as shown in Fig.

1.1B. These so-called one-exciton states |+) = 7%([ e,)£|e,)), are superpositions of the

uncoupled monomer states, with one of the monomers electronically excited and the
other unexcited. The two-exciton state ’ f ) corresponds to both monomers
simultaneously electronically excited. The transition dipoles that access the two one-

exciton states |,) and |£,) are determined by the linear combinations of the monomer

dipole moments, L( Y747 ) . The linear spectrum for the inhomogeneously broadened

2



dimer sample, displayed as the dashed line in Fig. 1.1C, will be the sum of two
inhomogeneously broadened Gaussian peaks, centered at frequencies shifted according to

Eq. (1.1) from the monomer center frequency and with relative peak amplitudes that

depend on the dihedral angle.
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Figure 1.1: (A) Schematic of the electronic states of two identical two-level molecules,
each with transition frequency wy. The inset shows the configuration and relative
orientation of the two transition dipole moments. (B) The dipole-dipole interaction
interaction V', from Eq. (1.1), results in a coupled dimer complex, with two non-
degenerate one-exciton states and a single two-exciton state, 1. (C) For uncoupled
monomers, the 1D absorption spectrum shows a single inhomogeneously broadened
feature (solid line). The dimer spectrum (dashed curve) shows additional structure due to
the presence of two one-exciton transitions. Note that there is no contribution from the
two-exciton state because it cannot be accessed with a single absorption/excitation
interaction. (D) A simplified 2D frequency spectrum of a coupled dimer. Direct coupling
information is accessible from the cross-peaks.



Two-Dimensional Spectroscopy

Two-dimensional spectroscopic techniques are useful for discerning information
about local structure and dynamics that is not readily available from linear spectroscopy.
Linear spectra are often congested and provide limited information on structure and
dynamics, especially for molecular complexes in native environments. Linear
spectroscopy can only access states by a single excitation event, determining limited
structural information and no substantial information on coupling processes. Time-
resolved 2D spectroscopy can yield detailed information about the coupling between
monomer electronic states, and hence structural information about the configuration of
interacting monomer dipole moments.

Just as it is advantageous to use fluorescence to separate signals from background,
it is useful to analyze coupling processes via the off-diagonal cross peaks that exist in

two-dimensional spectra, and which can be separated from linear background signals by

virtue of their unique phase signatures. A typical 2D electronic spectrum, S (@,.T.0,),
is a function of excitation and emission frequencies @, and @, , respectively, and the

so-called population time 7.° The 2D spectrum yields information about how the
detection frequency is affected by prior interactions at the excitation frequency. A
simplified illustration of a 2D spectrum is shown in Fig. 1.1D. Designation of the feature
labels S.+, S_, etc, will be explained in chapter VI. Generally, there are diagonal and off-
diagonal cross peaks in a two-dimensional spectrum. The off-diagonal features are of
particular interest, as the presence of cross-peaks in a two-dimensional spectrum is direct

evidence of coupling between distinct optical modes. 7 The features in the spectrum



may depend on the population time 7, providing information about the timescales of
coherent or incoherent coupling processes, optical dephasing, and individual transition
frequency correlations.® Additionally, the sequence of pulses necessary to generate a 2D
spectrum can traverse excited state absorption pathways which access the two-exciton
states.

By extension of the ideas of 2D optical spectroscopy, we will use PM-FICS to
examine slow dynamical processes associated with protein conformation by analysis of
the 2D spectral density of polarized fluorescence fluctuations, and joint probability
distributions. Similar to 2D-ECS, the 2D spectral density yields information pertaining to
the correlation between two successive transition rates, separated by an adjustable time
interval. Unlike PM-ECS, PM-FICS spectra reveal information about dynamics on much
longer timescales (10 — 10? s). The 2D distribution functions provide information about
the joint probability of observing displacements (in our case either center-of-mass
translational or depolarization angle) during consecutive time intervals, which can
contain detailed information about correlated conformational transitions of coupled

dipole complexes.

Two-Dimensional Phase Modulation Electronic Coherence Spectroscopy

2D-ECS techniques are powerful methods for making phase-selective third-order
spectroscopic measurements on coupled systems. These techniques are optical analogs of
multi-dimensional NMR spectroscopy.'™ Specifically, these techniques are very useful

for studying femto- and picosecond timescale transfer and coupling dynamics. The most



widely used ultrafast third-order spectroscopic method is four-wave mixing,™"” with a
simplified pulse diagram shown in Fig. 1.2A, in which a sequence of three pulses in a
noncollinear geometry with wavevectors ,, k,, and &, interacts with a sample, creating
a distribution of coherences that result in fluorescence. The signals in the momentum
conserving rephasing, —k, +k, +k,, and non-rephasing, k, —k, +k,, wavevector
matching directions are detected on top of an attenuated fourth field (a well characterized
local oscillator field), preserving full phase and amplitude. These experiments have found
widespread use, but are not optimum for examining biological systems in realistic
conditions due to the necessity of generating a macroscopic polarization whose radiative
signal is collected in the wavevector matching directions. Additionally, there are more
stringent phase stability requirements as wavelengths get shorter, so many four-wave
mixing techniques that are well suited to vibrational spectra are not easily adaptable to
the visible wavelength range.

As an alternative method to four-wave mixing, we have developed the PM-ECS
technique to remove the requirement of a macroscopic polarization generated in the
sample. By utilizing a sequence of four collinear pulses, as seen in Fig. 1.2B, in
combination with an acousto-optic phase modulation technique, we are able to collect the
fluorescence resulting from this four pulse sequence, simultaneously isolating the
equivalent rephasing and non-rephasing contributions as difference and sum combination

frequencies of the relative phase sweeps applied to pulses 1 and 2, ¢,,, and pulses 3 and

4, ¢43 .
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Figure 1.2: (A) Noncollinear pulse sequence for use in a four-wave mixing experiment.
The signal due to the generated macroscopic polarization is shown to be collected in the
rephasing direction. The non-rephasing signal contribution, not shown, may be collected
in the appropriate direction after changing the pulse ordering. (B) A collinear pulse
sequence for use in a 2D PM-ECS experiment is incident on a sample, and a portion of
the resulting fluorescence is collected. Note that for both experimental geometries that
there are three potentially variable time delays, between each set of successive pulses,
and controllable relative phases between pulses 1 and 2, and pulses 3 and 4.

Fourier Imaging Correlation Spectroscopy

Experiments that probe fluorescence fluctuations of individual molecules, or the
collective fluctuations of a finite population, are well suited to observe the slow (10 —
several seconds) structural changes of biological macromolecules. Direct measurements
of these fluctuations can reveal details of bio-molecular processes that are otherwise
impossible to observe with ensemble-averaged measurements. Unfortunately, many

single molecule measurements must deal with the difficulties of observing a low signal in
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the presence of heterogeneity; for processes occurring on overlapping timescales,
ambiguities can arise in attempting to separate internal from diffusive dynamics.

We will present the PM-FICS technique as a new tool for separating
conformational dynamics from simultaneous diffusive motion. PM-FICS is a
fluorescence imaging technique that probes the length-scale dependence of spatial
fluctuations of an ensemble of fluorescently labeled macromolecules by exciting the
ensemble with a phase and polarization modulated excitation fringe pattern. A large
number (N ~ 10°%) of freely diffusing molecules in solution are excited by the fringe
pattern. Fluctuations of the polarized steady-state emission are continuously monitored,
and we are able to separately isolate the translational and optical anisotropy
contributions. The PM-FICS technique utilizes the phase-selectivity of the approach to
isolate a single Fourier component of the fluorescence signal to increase the signal-to-
noise and accessible dynamic range of the technique at the expense of relatively

unimportant spatial information of individual chromophores or chromophore complexes.

Outline
Chapter II discusses the theory for two-dimensional PM-ECS experiments, and
contains co-authored material with P.F. Tekavec and A.H. Marcus. We start by defining
the system Hamiltonian for a system with # indirectly coupled energy levels and define
the time-resolved signals through perturbation theory and nonlinear response theory.
Additionally, we display the method for transforming the collected data into two-

dimensional spectra in the frequency domain.
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Chapter III also contains co-authored material with P.F. Tekavec and A.H.
Marcus. P.F. Tekavec designed the experimental apparatus and collected all data for this
experiment. In this chapter we utilize the theory developed in chapter II to analyze the
results from proof-of-principle experiments performed on atomic rubidium vapor, a
model three-level system. Experimental and theoretically expected results will be
compared in both the time and frequency domains.

Chapter IV introduces the PM-FICS technique, including material co-authored
with E.N. Senning, M.C. Fink, and A.H. Marcus. Data was collected by M.C. Fink.
Theory and results will be presented, showing that we are able to successfully separate
translational dynamics from internal depolarization dynamics in DsRed, a fluorescent
protein complex.

Chapter V expands upon the PM-FICS technique to four-point correlation
functions, which can be displayed as two-dimensional spectra, analogous to 2D NMR.
We utilize the spectra resulting from these experiments to measure rates of thermally
driven conformation changes in the DsRed complex due to optical anisotropy
fluctuations. Chapter V includes material co-authored by E.N. Senning, M.C. Fink, and
A.H. Marcus. Data was collected by M.C. Fink.

Chapter VI adapts the 2D PM-ECS formalism developed in chapter II to coupled
molecular systems in solution at room temperature. Specifically, we describe the
expected theoretical results for dimeric systems and present experimental results on self-
forming magnesium tetraphenylporphyrin (MgTPP) complexes in lipid bilayer vesicles.

This chapter contains material co-authored J. Utterback and A.H. Marcus.
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CHAPTER I

THEORY OF TWO-DIMENSIONAL PHASE-MODULATION ELECTRONIC

COHERENCE SPECTROSCOPY FOR MONOMERIC SYSTEMS

This chapter examines the theoretical treatment of two-dimensional phase
modulation electronic coherence spectroscopy (2D PM-ECS) for experiments performed
on monomeric systems. This is an extension of the wave packet interferometry formalism
developed by J.A. Cina' and T.S. Humble® to include phase modulation. This formalism
is essential to the understanding of the experiments described in chapter 111, and will
provide the base for the theory expanded upon and utilized in chapter V1. This chapter
contains co-authored material with P.F. Tekavec and A.H. Marcus.

In a 2D PM-ECS experiment, a sequence of four laser pulses is collinearly
incident on a system. This sequence of pulses leads to a multitude of overlaps on the
excited state manifold. We isolate the overlaps that occur between superposition states
generated by one-pulse and three-pulse coherent contributions. These contributions
contain free evolution on the ground and excited states in the intervening periods between
field-matter interactions, and impulsive transitions between ground and excited states at

pulse incidence. These overlaps create excited state populations that generate a
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fluorescence signal®'? with a time-varying phase dependent on characteristic features of
both the laser fields and electronic structure of the sample itself.

This sequence of interactions and resultant fluorescence is a function of two
interpulse delays, 743 and #2; (interchangeably referred to as ¢ and 7, the detection time and
coherence time, respectively), the time delays between pulses 3 & 4 and pulses 1 & 2,
respectively. The third relevant time delay, #3; (interchangeably referred to as 7, the
population time) is held fixed for a single experiment. By varying #3, over a series of
experiments, information about the evolution of features in the 2D spectra as a function
of t5, is collected. !

Finally, we determine the third-order susceptibilities resulting from the
interactions of the laser pulses with the electric dipole moments of the system and its
excited state manifold. We establish the dependency of the results based on the pulse and
sample parameters, finding a time-dependence due to the population time, pulse phases

, ., and ¢, ), and the transition frequencies between the ground and #n™ electronic
(4,9, ¢, s q g

excited state (wpg).

Electric Field of a Four Pulse Sequence

The total electric field, E(¢), of a sequence of four parallel polarized laser pulses

utilized in a 2D PM-ECS experiment can be written as the sum of the four individual

pulse electric fields E (1) = E, (t)+ E, (t) + E, (t) + E, (¢), where the field of the /™ pulse

(7 e{1,2,3,4}) is defined as
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Ej(t)EA/(t—tj)cos[]/j(t—tj)]. @.1)

In Eq. (2.1), 4;(¢) is the temporal envelope, ¢, is the pulse arrival time, and y,(r) is the

temporal phase function

7,(t)=o1+9,. 2.2)

In Eq. 2.2), o, (= 27Z'VL) is the laser center frequency and ¢, is a constant phase. A

diagram of this four pulse sequence is shown in Fig. 2.1. We obtain the frequency-

dependent expression for the pulse electric field from the Fourier transform of Eq. (2.1),

E,(0)=1 J 4,(t-1,) e NN e i+ .[ 4,(t-1,)e" ) gor gy
) -~ 2.3)
=EW (o) + EO (o).
J J

In Eq. (2.3), we define the forward-rotating and counter-rotating spectral Fourier

components of the /™ pulse, Eﬁ” (@) and Eﬁ“) (@) respectively. These functions have

explicit forms

l:;j(+) ( a)) =a, ( a)) PP 2.4)

and
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Ej(f) (0)=a,(-w)e e, 2.5)

where @, (w) is the spectral amplitude and ¢, is the spectral phase of the /" pulse. For

the Fourier transform limited pulses considered here, the spectral phase is a constant,

equal to the temporal phase.

Figure 2.1: Illustration of a train of four sequential phase-modulated pulses. Each pulse
sequence is labeled by the superscript m; the individual pulses are labeled by the
subscripts 1 — 4. A pulse sequence is characterized by the interpulse delays ¢, =¢, —¢,,

t,=t;—t,, and t,=t,—t, and the relative temporal phases ¢, =¢,—¢ and

P =¢4_¢3-
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Hamiltonian of an ‘n’ Excited State Monomeric System

To fully describe the interaction of the previously defined pulse sequence with a
monomeric system, we use knowledge of the system Hamiltonian and third-order
perturbation theory to determine the excited state population after the four field-matter

interactions.

The time-dependent Hamiltonian operator is defined as
H®)=H,+7(1), (2.6)

where H, is the Hamiltonian in the absence of an interaction and V(f) is the time-

dependent potential due to the perturbative action of the laser fields. In the unperturbed

eigenbasis, the Hamiltonian is defined as

2.7)

By =¢|g)(el+ e |minl.

with &, being the energy of the ground state and ¢, the energy of the n™ excited electronic
energy level as shown in Fig. 2.2. The perturbation contribution to the Hamiltonian is

given by the electric dipole approximation

V() =-pE®), 2.3
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where g is the transition dipole moment operator that couples the ground and n™ excited

electronic energy levels,

.9)

>

= ;Inmg (g

where u, = ,ugn'. In Eq. (2.9) we have made the assumption that the energy level

spacing between excited electronic energy levels is small compared to that between the
ground and excited electronic energy levels, and is therefore non-resonant, making the

transition dipole moments g, =0 (7 #n') with respect to the excitation fields.

H g u”?.g “’ng

Figure 2.2: Energy level diagram for a system with one common ground state and n
electronic excited states. Transition dipole matrix elements between the ground state and
excited states are labeled next to the relevant arrow.
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Third Order Time-Dependent Perturbation Theory

We describe the interaction of the four pulses with the system by working in the
interaction picture and utilizing perturbation theory.”*’® To work in the interaction
picture instead of the Schrodinger picture, as we have until now, we use the

transformations

' @) =" |w* ) (2.10)
and

Vi) =e™VS(t)e ™, (2.11)

where the interaction picture and Schrédinger picture operators are denoted by the
superscripts 7 and S, respectively. The temporal evolution of the system in the interaction

picture is given by the equation of motion

ol 2.12)
£ |‘”at(t)> =70l ©),

which one will notice is similar to the Schrodinger picture equation of motion with H
replaced by V' (f). This means that the state ket is fixed in time in the absence of the

potential ¥’ (¢). For a small (perturbative) potential, this equation has the solution
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v ) = [wioy ) +|wi, D) +|w oy O) + |y ). (2.13)

where the numerical subscripts denote the order of the interaction with Vi(¥). This

solution is a Dyson series with the individual terms, up to third order, having the forms

v ®)=|g), (2.14)

e, ®)=—i[" ar'r'@]g). (2.15)
@)= dr j v W (") g)., (2.16)
2.17)

e @)=-if" ar[ ar[ @y @w e @m|e).

for a state initially in its ground state,

g)=|¥'®)-

The zero and second order terms do not contribute to fluorescence, as they are
ground state terms. The first order and third order terms create populations on the excited
states, contributing to the fluorescence signal. By assuming that the system is in the
ground state before the first laser pulse is incident and the state of the system is measured

long after the fourth pulse, we can set the lower and upper limits of integration to
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negative and positive infinity, respectively. Invoking the rotating wave approximation for

rapidly oscillating terms,'? the third order superposition state is

Vo ®)=-i[" [ [ a0 U OE@EW]g). G

The subscripts designate this as a superposition state formed on the electronic excited

state manifold due to the interactions with pulses %, /, and m where k,l,m € {1,2,3,4}.

More explicitly, this is a superposition state caused by excitation from the ground state to
the electronic excited manifold by pulse £, followed by de-excitation back to the ground
state by pulse /, and excitation to the excited state manifold once again by pulse m.
Generally, for a sequence of pulses the indices &, /, and m may repeat, meaning
that a single pulse interacts with the sample multiple times, as long as the indices
maintain proper time ordering. This reduces the indices to four separate cases for
consideration: case i, where a single pulse interacts with the sample three times, k=/=m;
case ii, where a single pulse interacts with the sample twice prior to a second pulse
interacting with the sample, case iii, k=I#m; where a pulse interacts with a sample once
and a subsequent pulse interacts with the sample twice, k#l=m; and case iv, where three
separate pulses interact a single time with the sample, &£/#m. We require the pulses to act
in a time-ordered manner such that ¢;<¢,<¢3<f,, and therefore k</<m, where ¢, is the arrival
time of the /™ pulse. Additionally, we make the approximation that the pulses act in the

impulsive limit, ignoring the effects of pulse overlap and allowing us to approximate
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|, (1)) as a product of three independent Fourier transforms. We thus extend the
remaining upper limits of intergration in Eq. (2.18) to infinity.

Since we are interested only in the terms linear in each of the excitation fields, we

will only be interested in the terms generated in case iv. These terms are given as

320 0)s [V )| Wi (D), and |, (0)) (for k#EEm), which will create an overlap that

is linear in each of the four fields when combined with the appropriate one-pulse
contribution from the ;™ pulse. In conjunction with this information, we use Eq. (2.18)

along with Egs. (2.3) — (2.5), (2.8), (2.9) to find

@) =i[" at'[" dt"[” A" g gty € e € B, (VB (1 E, (1) a)
ab

= ’Z ﬂagﬂlngr(n_) (a)ag )El(+) (_a)bg )EIE—) (a)bg) | a>
2 (2.19)

. Dt iy (=) —i(,, ~
=0 g 10, (0,) (<0, )0t (@, ) g i ),
a,b

where a,be {1,2,...,n} . It can similarly be shown that a one-pulse contribution takes the

form

ot —ig, 2.20
9,0) =1 oy, @, )" ). %20
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Transitions from the ground state to an excited electronic state involve positive
frequencies and transitions from an excited electronic state to the ground state involve

negative frequencies. The rotating wave approximation leaves only the EC(w)

component for positive frequency transitions and the E™(@) component of the
excitation field for negative frequency transitions. The pulse-imparted phase of this state
follows the same rules — a positive phase contribution for upwards transitions and a
negative phase contribution for downward transitions. In the following sections we
demonstrate how this phase information is employed to isolate fluorescence contributions

that are linear in each of the four laser fields.

Quadrilinear Overlaps and Populations

The total amplitude on the electronic excited state manifold after the sequence of

four laser pulses is a sum of the one-pulse and three-pulse contributions,

4 4 2.21
1)) =3 lw,0)+ 3 |wu®). 22D

m>l>ke{l,2}

The population on the excited state manifold is given by the inner product of Eq. (2.21)

with itself,

(p>t)|y>1))= i(wj\wj,>+ 24; (9 [ ) + (e ) (2.22)

J,j'=1 m>>k=1
J=1
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We have dropped the explicit time dependence on the right hand side of the equation for
brevity. The first term on the right hand side of Eq. (2.22) is the linear contribution to the
signal and the second term is the third order contribution. Additionally, there is a fifth-
order contribution to the overall signal (sixth-order in the fields), but it is comparatively
negligible. As stated above, we are only interested in the terms linear in each of the four
signal fields. These quadrilinear terms are those in which there is an interference between

one of the three-pulse superposition states with a one-pulse contribution. These overlaps

are represented as (. |y and their respective conjugates in Eq. (2.22). They can be
J mlk y

determined from Eq. (2.19) and Eq. (2.20) to be

- <‘//432 |‘/’1> = az,b:/ljg/lfgaz(a)ag)az(a)bg)e_i(w"g’“”’"g’ﬂ*(”’"g"“’bg)’sz)ei(¢43+¢u) ] (2.23)
<‘//431 | v, > = aZb: /t,fg/tfga 2 (@, Yo ( ;) o~ (@uglis~0rglar +(0og =1 i) (B3 —h1) ’ (2.24)

<W421 l Y > = az’b: ,ujg,ufgaz (@, Yor? (@, )e_i(”’ﬂg’43‘”’bg’ll)ei(¢4a ) (2.25)

(2.26)

—i(@ugla3 +Ppgl21) i By3+1)
e s

<l//4 |W321> = Zb: /usglulfgaz (a)ag)(l2 (a)bg)e
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for a,b€{1,2,..,n} . Here we have defined ¢, =¢, —¢, and ¢,; =¢, —¢,. It is useful to

recall that the phase contribution from a transition from the ground state to an excited
state on the bra side is negative while on the ket side it is positive. Egs. (2.23) — (2.26)
reveal that the first and fourth overlaps have the same phase factor imparted to them by
the four pulse sequence, as do the second and third overlaps. This allows us to separate

the  third-order  population into two  phase-distinct  contributions -
2Re{(Wup [¥i)+(Walwsn)}>,  With @ phase  of  i(d,+4,), and

2Re{(Way [W2)+ (Wan|W3)} » With a phase of i(dy; —¢,,). We refer to these phases as

occurring at the sum and difference frequency, respectively.

Pulse Interaction Diagrams

We represent the four general wave packet pathways that lead to nonlinear signals
in a simple three level model system using the pulse ladder diagrams in Fig. 2.3. These
diagrams, which are similar in spirit to Feynman diagrams, are useful bookkeeping tools
to visually represent the eigenstate pathways and their associated phases as defined in
equations (2.23) — (2.26). In these diagrams, vertical arrows represent transitions between

energy levels due to pulse interactions at the times ¢, ¢,, t,, and ¢,. Horizontal arrows

represent free evolution on the associated state between pulse interactions. Gray and
white arrows designate actions by third-order and first-order wave packets, respectively.
In the context of the atomic rubidium experiments of chapter III, the term ‘wave packet’

refers to a superposition of excited states, while in chapter VI ‘wave packet’ refers to a
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molecular wave packet evolving on a potential energy surface. Above each vertical arrow
we indicate the phase imparted to the wave packet by interaction with the respective
pulses. For these phases we adopt the conventions for the ket (bra) side that upward
(downward) transitions acquire a negative (positive) phase and downward (upward)
transitions acquire a positive (negative) phase. Additionally, the phase accumulated
during free evolution is positive for kets and negative for bras, as defined in Eq. (2.12).

We define the difference between pulse pair phase factors as ¢, =g, —¢,. For example,
Fig. 2.3A shows the pulse phase accumulated from the overlap (5, |w;). The upward
transitions on the bra side of the overlap, pulses 2 and 4, impart positive phases ig, and
ig, , respectively, while the upward transition on the ket side (pulse 1) and the downward
transition on the bra side (pulse 3) impart negative phases ig, and ig,, respectively. These

phases combine as ig, —ig, +ip, —ig, = id,; +i¢,, , a sum reference phase signature. From

these diagrams it is evident that the four non-linear populations depend on the laser pulse

{dy3—ta1)

~ei(¢43+¢ll), < , and

phase according to <W432|‘//1> ~¢'tor) <‘//4|W321> W431|‘//2> ~e

(Wanlws) ~e® ), as further demonstration of the sum, ¢, +4,,, and difference,

¢,; — &, , relative phase factor associations.

One may note that these ‘sum’ and ‘difference’ terms satisfy identical momentum
conservation conditions as the non-rephasing and rephasing signals collected in four-

ILI424 41d phase-

wave mixing experiments using non-collinear excitation geometries
cycling techniques that utilize collinear geometry.>” These rephasing and non-rephasing

designations can be understood when considering the sum and difference terms
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separately in Fig. 2.3. The difference terms evolve on Hermitian conjugate pathways
during the time delays #;; and t,3; satisfying the rephasing, ‘“echo” condition.'?
Conversely, the sum terms evolve on non-conjugate pathways during the same time
intervals, consistent with the non-rephasing condition.

Each of the general diagrams in Fig. 2.3 has four separate, distinct eigernstate
pathways that contribute to it. In Fig. 2.4 we display the four pathways that contribute to

an example system with two excited electronic levels (n = 2) for the general overlap in

Fig. 2.3B, corresponding to {,,, |w,) . For a system with n excited states, there will be n*

distinct eigenstate pathways. We display the phases accumulated during each of the
periods of free evolution and the amplitude associated with the transitions between
ground and excited state due to the transition dipole strengths, maintaining prior phase

and evolution conventions. In the first two panels, Fig 2.4A and 2.4B, there are
interactions between the ground and a single excited state (|g) «>(2) and |g) ©> 1),

respectively). These are single mode contributions, which lead to diagonal features in the
third-order susceptibility. The latter two panels, Fig. 2.4C and 2.4D, involve transitions
between the ground state and each of the excited states. These pathways involve a
ground-state mediated transition between the two distinct excited states, which leads to
contributions to off-diagonal 