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ANALYSIS ON SHARP AND SMOOTH INTERFACE
by
ELIZABETH HAWKINS
(Under the Direction of Zhan Chen)

ABSTRACT

In biology, minimizing a free energy functional gives an equilibrium shape that is the most
stable in nature. The formulation of these functionals can vary in many ways, in particular
they can have either a smooth or sharp interface. Minimizing a functional can be done
through variational calculus or can be proved to exist using various analysis techniques.
The functionals investigated here have a smooth and sharp interface and are analyzed using
analysis and variational calculus respectively. From the latter we find that there exists a
minimizing surface for the functional; from this numerical and variational approaches to
the problem can be justified. Comparatively, from the former we find the condition for
extremum and its second variation. The second variation is commonly used to analyze

stability of a surface that is a solution to the functional so having a surface is necessary.

INDEX WORDS: Geometric analysis, Variational Calculus, Partial differential equations

2009 Mathematics Subject Classification: 15A15, 41A10



ANALYSIS ON SHARP AND SMOOTH INTERFACE
by
ELIZABETH HAWKINS
B.S., Georgia Southern University, 2018
A Thesis Submitted to the Graduate Faculty of Georgia Southern University in Partial
Fulfillment of the Requirements for the Degree

MASTER OF SCIENCE



ANALYSIS ON SHARP AND SMOOTH INTERFACE
by

ELIZABETH HAWKINS

Major Professor: Zhan Chen

Committee: Martha Abell
Yuanzhen Shao
Shijun Zheng

Non-Voting: Yi Hu

Electronic Version Approved:
July 2020



TABLE OF CONTENTS

LISTOF SYMBOLS . . . . . .. . e

CHAPTER

1 INTRODUCTION . . . . . . . . . .
2 EXISTENCE OF A MINIMIZER ON A SMOOTH INTERFACE

2.1 Full Existing Solvation Free Energy Functional . . . . . . ..

2.2 New Extended Non-Polar Model . . . . . ... .. ... ...

3 SHARPINTERFACE . . . . .. .. ... .. ... .. ... ...

3.1 Perturbationof [g| . . ... ... ... ..

3.1.1 Derivatives of the perturbation of [¢| . . . . ... .. ...

3.2 Variation of Area and Volume . . . . . . ... ... ... ..

3.2.1 Variationof Area . . . . . . . ... ...

3.2.2 Variation of Volume and other Volume Functionals . . . . .

33 Variationof G, . . . ...

34 Variationof G . . . ... ..o

3.5 Variation of Area with constant Volume . . . . . . . .. ..

4 CONCLUSION . . . . .. s

REFERENCES . . . . . . .

APPENDIX . . . . . . . .o e

Page

20
23
24
25
27
27
29
32
33
34
36
37

38



LIST OF SYMBOLS

LP(U) p-integrable functions on a region U

WP(U) | p-integrable functions with p-integrable derivatives on a region U

WyP(U) | for p > 1, functions in W?(U) that vanish on 9

C>*(U) | smooth functions on a region U

C®(U) | continuous and compactly supported functions on a region U

| fllzp@y | LP norm of a function, f, on a region U

f-g Inner product of vector valued functions f and g
f®g Cross product of vector valued functions f and g
S Shape operator of a point on a surface

K Gaussian curvature of a point on a surface

H mean curvature of a point on a surface

Wy First variation of a functional

621 Second variation of a functional I

cl(U) The Closure of a region U




CHAPTER 1
INTRODUCTION

When a solute is placed in a solvent there are many interactions occurring and hence
many different models. These models can be categorized into two different categories,
implicit solvation models and explicit solvation models. The explicit model represents the
solvent in atomic detail, so it requires extensive sampling. The implicit model replaces
the solvent with a dielectric continuum so it is comparatively less accurate but does not
require extensive sampling. Furthermore implicit solvation models result in less degrees of
freedom compared to the explicit which makes them the preferred model.

Interactions within the implicit model is described by solvation energies. These en-
ergies are defined to be the free energies of transferring the solute from a vacuum to the
solvent environment. Now these interactions include the electrostatic interactions. Electro-
static interactions occur whenever a charged molecule exists in an aqueous environment, an
environment containing water. Note that this means the solvent is aqueous by assumption
for the model. This assumption is allowed since most biological processes occur in water.

Now assuming that the solute is charged, electrostatic interactions occur in the solute-
solvent model. These interactions are important for analyzing the structure of the molecule
and modelling the macro-molecule. Furthermore, the model can be arbitrarily separated
into a polar and non-polar part; the polar part being the collection of electrostatic energy
related terms and non-polar the converse. This means that if an uncharged solute is placed
in a solvent, it would be modelled only by a non-polar part; otherwise considering only the
non-polar part does not give a complete picture.

Now within the implicit solvation model there must be a beginning and end of the
solute. This separation of the solute atoms and the solvent is called the interface of the
model. The most recent definitions of the interface are influenced by the fundamental laws

of physics. They utilize PDE to generate a surface for the macro-molecule. This is done



by embedding the atomic information instead of using a given surface. Additionally, in
biology, minimizing the free energy reduces the possibility of a reaction occurring thus
resulting in an equilibrium shape. Consequently it is natural for the interface to be deter-
mined by this minimization. Thus a series of differential geometric based interface models
was introduced which minimizes a surface free energy functional.

Within these definitions there are two types of interface, sharp and smooth. Sharp
interfaces can be naturally imagined to be the physical surface of a molecule while smooth
interfaces allows an overlap of the solute and solvent regions. For sharp interfaces, the
solvation model is based on differential geometry. From this model, variational analysis
derives a PDE which generates the surface of the macro-molecule. Comparatively, smooth
interfaces are more the true boundary because it allows an overlap of the solute and solvent
regions.

In this work, I will prove the existence of a global minimizer for a general functional
based on an existing solvation free energy functional with both polar and non-polar parts
as well as an extended new non-polar energy functional within the framework of smooth
interface. Then for the sharp interface model proposed in [7] I will re-derive the perturba-
tions of the first fundamental form, area, and volume. This will be used to give the first and
second variation of an energy functional on a sharp interface. The proof and variation are
the basis for a numerical approach to the energy functional. The variation in particular is

useful for analyzing the stability of equilibrium.



CHAPTER 2
EXISTENCE OF A MINIMIZER ON A SMOOTH INTERFACE

2.1 FULL EXISTING SOLVATION FREE ENERGY FUNCTIONAL

Let © C R? be a bounded and connected Lipschitz domain composed of three disjoint

subdomains with Lipschitz boundaries:
e (2,,: solute (molecular) region;
e (),: solvent region;
e (),: solute-solvent mixing region.
We define a characteristic function for the solvent u : R? — R :

.
1 for x € ()

u(z) = 0<u<1 forxe

0 for z € €
\

such that €, is the subset of €2, where u = 1 everywhere and (2 is the subset of (), where
u = 0 everywhere. We will consider the functional proposed by Z. Chen, N.A Baker, and
G.W Wei [6]

Iu,¢] = /§27|Vu| + putpo(1 — w) U™ + up,tp — %e(u)V@ZP

Ne
- (1- u)kBTZ Ci (e’wqi/kBT —1)dr
i=1
with the amendment of |Vu|? for 1 < ¢ < 2. The amended functional is then
1
) = [ A1Vl + putpo(1 = U + upyd = 5e(u)V?
Q

Ne
—(1- u)kBTZci (e‘wqi/kBT —1)dr
i=1



where [, y|Vu|?dr is used to describe the surface energy of the macromolecule. It mea-
sures the disruption of intermolecular and/or intramolecular bonds that occur when a sur-
face is created. Of interest, p is the hydrodynamic pressure. It is the mechanical work of
creating the vacuum of a biomolecular size in the solvent. pg is the solvent bulk density
and U is the attractive portion of the van der Waals potential at point r. It represents the
attractive dispersion effects near the solvent- solute interface.

We have that ¢ is the electrostatic potential whose domain is the whole computational
domain €). The term associated with u is the electrostatic free energy of the solute and
that with (1 — u) is the electrostatic free energy of the solvent. We define ~ to be surface
tension, €, and ¢, the dialectic constants of the solvent and solute, 7' temperature, kg the
Boltzmann constant, ¢; and ¢; the bulk concentration and charge of the ith ionic species
respectively, V. the number of ionic species, and p,, = >_; Q;0(r — x;) as the density of
the molecular charges with (); being the partial charge on an atom located at ;. Note that
em < €s and U™ < 0. Also we denote e(u) = ue,, + (1 — u)es and 1 the electrostatic
potential. Clearly e; > ¢(u) > €, and €(u) > 0 a.e.. in € since v > 0 in 2. Now the polar

and non-polar part of [[u, )] are

Nc
fut] = [ upns = Sl VO = (L= kT Y (/4T ~ 1) ar
=1

and
Iyl = [ A1Vl put 1 = )
respectively, so that [[u, ¥] = I)[u, ¥] + I7 [u].
Taking the 1st variation with respect to ¥ gives the following boundary value problem
of the generalized Poisson Boltzmann equation

V(e(w)Vy) — (1 —u) vazcl Ci%’(equ"/kBT) = —ppuin € o

= 14 On OS2



From this we can determine for each u € W4(Q2) a¢) € A% So minimizing I,[u, ¢] is

equivalent to minimizing

N,
1 c
L[u] = / upm — §|V¢]26(u) —(1- u)kBTZci (6_¢Qi/k3T —1)
Q i=1
such that 1) = 1, on 0. The admissible functions for each 1 < ¢ < 2 for v and 1) are
Xt={ueW"(Q):0<u<Tlae on,u=iond}

A1 ={v e H () : v = 14 on 00N},

respectively, and 1), € C*(cl(Q)).
We have that /,[u] may have a maximum, not a minimum. So we will denote for any

given u € X9,

N,
1 c
Bulv) = ~Llul = [ —upns + 5 [VOPew) + (1= wkaT 3 (e /T~ 1).
Q@ i=1
Theorem 2.1. For any u € X9, there exists a unique 1, € A? such that

B[] = gél/g B[] < o0

Moreover, 1, is the unique solution to the Poisson-Boltzmann boundary value problem with

Proof: We have u € Wh1(Q) so e(u) € W4(Q) and it is bounded since and ¢, <

€(u) < €. By elliptic theory, the boundary value problem

V- (e(u)VY) + ppu =01in Q

= 1) On O

has a unique weak solution 1/;u satisfying

H@Z)uHHl(Q) + H@Z}uHoo <C= C(¢OO)'



So we have that
/ e(u)Vlﬂu -Vn = / upmn, Vn € H&(Q) (2.3)
Q Q

Now denote B(v) = kpT S_r¢, ¢;(e*%/*8T —1). Then B'(v) = — S ¢, ciqze % /%57,
Since the system is neutral, we have B'(0) = — 3% ¢ig; = 0. Consider then B'(+00);
given the system is neutral we have an equal negative charge for each positive charge. So
then B’(+00) = +o0. Similarly, B’(—oo) = —oo. We have that,

Nc

Z cl-(qi)Qe’“qi/kBT > 0.

=1

1
" -
(U> - kBT

So B is strictly convex with min,cg B(v) = B(0).

Define B[] : HL(€2) — R U {o0} by

—~

1 .
Blv) = [ Sl VOP + B + ). 4

Q
We have for ., 1) € A that ) — ), € HL(). Then,

_ R 1 .

Bl — b = [ 3|V - )F + Bw)

Q
= [ ITUF + Vi) = () V- T+ B

Also by (2.3) we know

/ (W)Y - V(i — ) = / (W) - Vb — e(u)| V] = / ot — wpmibe.
Q Q Q
So,
/ e(u)V, - Vip = / ()| Vibu|? + upmt) — upmiba.
0 Q

Then combining these we get,

__ . 1 R .
Blv =l = [ 5eIV6F = Se@IV P = upns + upn + ()

Q

= Bl = [ SeI VL = upni.
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Hence,

Bl = Eulv — ) + [ 5e)| Vil = upih

0
Now consider the Lagrangian of (2.4), L[p, z] = e(u)|p|* + B(z + Uy) so Llp, z] >
2em|p|? 4+ Cp since min B(v) = B(0). Hence, L[p, z] is coercive. Now, p = (p1, pa, p3) s0

Lip, 2] = 3e(u)(p? + p3 + p3) + B(z + ¢b,) and
D Ly [p. 21665 = () (€ + 8 +6) 2 0

So the map p — Llp, z| is convex for all z. Thus by calculus of variations and the strict

convexity of Evu, there exists a unique global minimizer v, of Evu so that,

Eu¢] = min E[¢] < oo
WeH ()

Consider b, = 1), + 1, € A%. We have that,
— 1 . .
Buid = Bl + [ 3eIV0? ~ upndudr
Q

N 1 . .
= min E,[{] +/ —e(u)|Vu|* — upmibudr
YEH(Q) Q2

and since 1/Aju € H'() is a fixed unique solution to (2.1) for a given u,

Eul¢] = gélﬁl E,[Y] < occ.

Since B(v) is strictly convex, there exists a A > 0 such that
B'(A+1,) > 1and B' (=X + 1,) < —1.
Let m be the Lebesgue measure, and suppose m{t, > A} > 0 or m{—\ > ¢, } > 0. We

define

p

A on{y, >N}

V=9, on{-A<, <A}

—XA on{y, < —=\}
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We have then that /EVU[J] < E[@Eu] which contradicts the uniqueness of 1,. So,

[Va] < A ae..

So 1), is essentially bounded and

[thuloe < 0. (2.5)

For the next theorem, we will need the following lemma from S. Dai, B. Li, and J. Lu [2].

Lemma 2.1.1. Let 1 < p < oo and )y, € LP(2) be such that

Sl;p |’1DkHLp(Q) < 0. (2.6)

Let i € LY(Q)). Assume either 1y — 1 a.e.. in Q or in L'(Q). Then ¢y € LP(Q) and

Wy, — 1 in L) for any q € [1, p).
Proof: [3, Lemma 3.1]

Theorem 2.2. Let uy,u € X? such that
sup ||ug||lwiaq) < oo and u, — win LY(Q).
k
Let Yy, 1 € A correspond to

E, VK] = eij}z E,, [w] and E,[¢)] = min E,[w].

w we AT

Then iy, — v in H'(Q) and E,, [Vx] — E.[¢).

Proof: By Theorem 2.1, v, and v are solutions to the Poisson Boltzmann equation

(2.1) for all k&, so we have

/ e(ug) Vo - Vi + (1 — ug) B' (¢ )ndr = / uppmndr Vn € Hy(Q) and Yk (2.7)
0 0

/ e(uw)Vip - Vn+ (1 —u)B' (¢)ndr = / upmndr Vn € Hy(Q) (2.8)
Q Q
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Clearly we have that {1} is bounded in H'() so there exists a subsequence {1;, } that
converges weakly in H'(£2). Then by the Rellich-Kondrachov, strongly in LP(2) for any
p € [1,6), and a.e. in Q to some ¥* € H'(Q2). Note that )* may not be v). Furthermore,

the corresponding subsequence {uy, } converges a.e.. in Q2. By (2.2)
kel ) + 1nll (@) < M < oo VEk (2.9)

(1l @) + 1Yl o)) < oo.

A? is convex and strongly closed in H'(2), so A? is sequentially weakly closed. Hence
Y* e Al

We have by definition of uy; that
e(ur;) < €. (2.10)
Then by the Dominated Convergence Theorem and uy,;, — u* a.e. in €2
€(ug;) — €(u) a.e. in Q.

Similarly by (2.2)
|B'(¢r,)] < C

then by the Dominated Convergence Theorem and v, — 9" a.e. in
B'(¢r,) = B'(¢*) in L*(). (2.11)
by the triangle inequality,

lim [ (€(ur, ) Vb, — €(u) V") - Vi + (1 = u, ) B' (e, )n — (1 = w) B'(4)")n

j—o0 Q

< lim [ (e(ur,) — €(u)) Vb, - Vi + e(u)(Viby, — VO*) - Vi + (u — ug,,) B (v, )0

Jj—00 Q

+ (1= u)(B'(¢,) = B'(¥"))n.
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Recall that €(uy, ) is uniformly bounded and e(uy, ) — €(u) in L'(2) then
e(uk,) — €(u) in L*(Q). (2.12)
then by Holders inequality we get

lim [ (e(ug;) —€(u))Vipy, - V=0

Jj—00 Q
By (2.11),

lim [ (1 —u)(B'(¢x,) = B'(¥"))n =0

Jj—0o0 Q
Now using (2.2), we have that we have that Vi), — V9" in L?*(Q) . Furthermore by,
Yy, = ¢* in H'(Q) and (2.2) we have that

g, — *—0in L*(Q) (2.13)

so that

lim [ e(u)(Vip, — V™) -V =0

J—00 0

Finally by (2.11)

lim [ (1 —u)(B'(¢,) — B'(¥")n = 0.

Combining these we get

lim [ (€(ur, ) Vipr, — €(u) V") - Vi + (1 = ug, ) B' (¢, )n — (1 = w) B'(¢)")n = 0

i—= Jo
Q)

/Qe(u)vw* -Vn+ (1 —u)B' (¢ )n = /Qupmndr vn € CH(R), (2.14)
where C! () is the set of compactly supported C'! mappings. C}(€2) is dense in H}(£2) so
(2.14) is true for any n € H} (). However, we previously established the uniqueness of
the solution v for . Thus, ¢ = ¢* in AL

Now consider, lim;_, [, €(ux,)| Ve, — Vi)|?. We have by (2.2) that

|B(th,)] < D < .
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Combining this with (2.2) and bound of wy;, we apply the Dominated Convergence Theo-

rem so that

lim [ (1= ) B, ), — oc)dr = / (1= ) B) (6 — thoc)dr-

j—00 Q

Now by replacing 7 with ¢, — Yo € Hj(Q) in (2.7)

lim | e(ug,) Vg, - V(i — Yoo) + (1 — ug,) B'(Ug, ) (Yr, — oo )dr

Jj—o0 Q

= lim [ e(ur,)|Vr,|* — €(ur,) Vi, - Yoo + (1 — wg,) B (n,) (g, — toc)dr

j—)OO Q
= lm [ ug, pm(Vr; — Poo)dr
Jj—=oo Jo
SO we can write
lim / e(u, )| Vb, [* (2.15)
J—=> Jq

= lm [ e(ug; ) Vi, - oo — (1= ui) ) B' (0, ) (0, — thoo) + tth; (0 — o)l

Jj—o0 Q

(2.16)

Now consider

lim [ (e(ux,)Vir, — €(u)Vp) - Vibg

Jj—o0 Q

By the triangle inequality

lim [ (e(ur;)Vibr, — €(u) V) - Vihyg

Jj—00 Q

< lim]| /Q (e(un,) — e(u) Ve, - Voo + /Q e(u)(Vib, — V) - Vi

j—00

By (2.12) and V¢, — V¢ in L*(Q), we apply Holders inequality so that

lim [ (e(ug;) — €(u)) Vi, - Vihoo = 0.

Jj— Jq
By, (2.13)
lim [ e(u)(Vipg, — VY) - Vipoo =0

J—00 [¢)
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Now combining these,

lim [ (e(u,)Vir, — €(u)Vip) - Viboo = 0

j—o0 Q
So
lim em%)vw%-vwm—:/e@ovw-vww
Q

j—o00 Q

Then by this and (2.14), equation (2.15) becomes

lim e(ukj)lvwkj\zdr

j—00 Q
:]lggo Qukjpm(/l/bkj - 1/’00) + €(ukj>v/l/)kj : woo - (1 - uk])B/(¢]k)(¢k] - ¢oo)dr
— [ upnl =) + @V~ (1= B @)W — v 217)
Similarly, replacing n with ¢ — v, € H}(Q) in (2.8)
[ Ve =)+ (1= ) B @) — v
= [ w0 0 - )V b (1= 0B~ )i
= / Uﬂm(w _ww)dr
Q

So we can write,

/Q (1—u)B' () (¢ — thoo)dr = / Wpi (1) — o) + (W) Vi) - toe — () Vb - Vipedr (2.18)

Q

Then replacing (2.18) into (2.17),

lim / e(ur, )|V, P = / U () — o) + (W)Y Yoo — U (1) — o)
I J0 Q

— e(u) VY - 1o + €(u)| V| ?dr

:/dmww%r (2.19)
Q
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We know that for {u;} and corresponding {4}, we have a subsequence {us,} and
corresponding subsequence {1, } such that u;, — v a.e. in  and ¥, — ¢ in L*(Q) and

a.e. in €). Then replacing ¢)* with ¢ in (2.11), we have

lim [ —ug, pmtor, + (1 — up, ) B(Yr,) = / —upm + (1 —u)B(y).

Jj—=oo Jq Q

Then combining this and (2.19) we have Euk]. [Vr;] — Eu[¢] and so By, [1] — E,[¢]. O

Theorem 2.3. For each 1 < q < 2, there exists a u € X? such that

18, [u] = min 19, [u] < oo

Proof: Since u € W4(Q)
Iyl = [ A1Vl put po(1 =00 = [ 9l = pj)
Since m(2) < oo we have that [, po|U*"| < co; hence there exists a § > 0 so that,
Iiplu] = 7 VullZaq) — 8- (2.20)

So I7 [u] is coercive for any ¢ € (1,2] and there exists an inf,c x4 [} [2]. We may choose a
sequence of uy, € X7 such that I7 [uy] — inf.cxq [7[2].
Then

| Dunlzs < inf, I3, [2] < o

so M > 0 such that
||DUk||Lq(Q) < M Vk.

We have that u = 0 on 0f2, so by Poincare’s inequality there exists a C' > 0 so that
url|zo) < CllDug|| Loy < CM.

Hence

url|lwra) = llurllLa@) + Cl|Dug|| Loy < CM + M.
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Hence {uy} is bounded in W4(£2) and there exists a subsequence not relabeled such that
up — u*in WhH(Q) (2.21)

We have then by Soblev embedding that W1(Q) — L34/3-49(Q)). By Hellys selection

theorem there exists a bounded subsequence, not relabeled, such that
up — Ut € L3‘1/3_q(Q) pointwise a.e. in €2 (2.22)

So by (2.22) we have that

k—o0

lim [ pug + po(1 — up) U™ = /pu*—i—po(l —u*) U™,
Q Q

Finally by (2.21),

/|Vu*]q Sliminf/ |V |?.

Now given that u* € X1

nf I3[ < IL[u] < inf I7[2].

So I [u*] = inf.exq IZ,[2].

g

Theorem 2.4. There exists a v € X9 such that

I[u] = min I[w] < oo
weX 1

Proof:

u] = I3, — Eu[¢)]

= /Q [Vul” + pu + po(1 — u)U™ + upptp — %\VMQE(U) — (1 —u)B(y)
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Given for any u € X we have E,[¢,] < E,[¢s]. Consider —I,[u] = E,[¢], we have that

Eu[¢] < Elth]
Bultre] = [ =tpuite + 51 V0e(w) + (1= 0B(0)
< plléllec+ 6 [ 1Vl + BTVc])

then by (2.2) and ¢, € H'((2), there exists a C' > 0 so that

Eu V] < C < o0
and by coercitivity there exists a D > 0 so that

Tu] = I [u] + L[u,¢] = I7 [u] — E,[¢] > D —C > —oo Yu € X1

So there exists a minimizing sequence {uy, } such that

lim I[ug] = inf I[z] = M.

k—o00 zeX4q

Now for each v € X¢

Bulv] = [ =upns + 5IV0elu) + (1 = 0)B(w)
> [ ot~ uB(v)
> [ pulltlle— B)

€ A? is the corresponding electric potential for u. By (2.2) and given that B(v) is a

strictly convex function, B(¢)) € (—o0, 00) for any ¢ € A% Then

1MMZAﬂMWR—ﬂW>—W

~EJ] = Lju, 9] < oo
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Now
gl /|Vulq+pu+po(1—u)U““

< lallwraey + / p
0

< 00
Hence for an arbitrary u € X1,
Ifu] = I fu) + Lfu. 0] < oe.
So inf,c x I[z] = M < oo and for k sufficiently large
Tup] <M +1

Thus by coercitivity ,

||Vuk||‘iq(g) <M+1+p<o00

and by Poincare’s inequality there exists a C' > 0 so that,
|l ukl| Lo < C||Vug| L@y < oo.
So for k sufficiently large
k|l wragq) < oo and uy, — u* in WH9(€2). (2.23)

And given that X7 is weakly closed in W4(Q2), we have that u* € X 1.
Now by (2.23),

/|Vu |7 < hmlnf/ |Vl (2.24)

and by the Rellich-Kondrovachov Theorem, W1¢(Q) is compactly embedded into L?(2)

forany p € [1 5--) so that uy, — u” in LP(€2) and

up — u* a.e.. in Q (2.25)
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Then by (2.24), (2.25), and Fatou’s Lemma, we have

Il < li}gg}f I Tug]. (2.26)
By Theorem (2.2),

So combining this and (2.26), we have

M < 1] = I ] + Il
< liminf [ [ug] + klglgo I, [ug]

k—o00

< lim [Tfug] = M.

k—ro0
So, I[u*] = min,exq I[2] < o0.

g

2.2 NEW EXTENDED NON-POLAR MODEL

We denote €2, the macro-molecular domain and 2, the solvent domain within the
computational domain §2 to be Lipshitz with Q@ = Qg U Q,, and m(€2) < oco. Then the
region 2, = 2, N €2, is the region of molecules and solvent. We define a characteristic

function for the solvent u : R3 — R :
1 for x € ()
u(r) = u>0 forx €

0 for x € Qg

\

such that €2, is the subset of €2, where u = 1 everywhere and (2 is the subset of (), where

u = 0 everywhere. Consider the energy functional proposed by Z. Chen and Y. Shao [8].

Tl = [ [9uP + 18w(u) + pu+ p(1 = 0)Us 0
Q
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where w(u) = u?(1 — u)?, p, is a constant, and p is the pressure difference. We define the

admissible functions to be
A={uc H(Q):u>0ae. inQandu = 0on d; and u = 1 on 9 }.
Now consider that
Iu] :/Q |Vul® + 18w(u) + pu + ps(u — 1)|Us|dQ
> /Q IVul? + ps(u — 1)|Uss|d2
> [ IvaPae - [ pu.ao
Q Q

= 1Dl = [ PV

Given that m(§2) < oo and [, |Us|dQ2 < oo, we have that there exists 5 > 0 such that
Iu] > || Dul| 20y — B

Thus []u] is coercive and there exists an infimum, inf,c 4 I[z]. So then we may choose a
minimizing sequence u; € A so that I[ug] — inf,c4 [[2] as k — oc.

We have by coercitivity that
so there exists an M > 0 such that

Furthermore since u = 0 on 9, u;, € H} (). Then by Poincare’s identity there exists a
C' > 0 such that

HukHL2(Q) < CHDukHL2(Q) < CM.

Hence,
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so {uy} is bounded in H'(2) and there exists a subsequence, not relabeled, so that
up, — v in H'(Q). (2.28)

Because A is convex and weak, sequentially closed, we have u* € A.

Now by the Rellich-Kondrachov, H'(2) is continuously embedded into L5(€2). By
this and Helly’s selection theorem, there exists a bounded subsequence, not relabeled, such
that

up — u* in L*()) and pointwise a.e. in €. (2.29)

Furthermore, we have wy, is bounded in LP(2) for 1 < p < 6, so

/Q wluy) = / 21— ) < / a2+ b = gl Bay + sl ey < o0

Then there exists a subsequence not relabeled so that
w(ug) — w(u”) a.e. in Q. (2.30)
Returning to I[uy,], by (2.28),

/ |Vu*[2dQ < lim inf/ |V [2d2.

By (2.29), the boundedness of |Us|, and Fatou’s lemma we have,
/pu* + ps(u® — 1)|Uss|dQ2 < liminf/ puk; + ps(ug, — 1)|Uss|dS2.
0 1— 00 O

By (2.30) and Fatou’s lemma,

/ w(u)dQ < lim inf/ w(uy, )dSL.

o) 11— 00 Q

Now combining these we have

Tu*] < liminf fuy]

1—00

and u* € A. So,

I[u*] = inf I[z] = min I[2].

z€A zEA
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CHAPTER 3
SHARP INTERFACE

We define the region of computation 2 = €2,,, U €2, for solute region €2,,, and solvent

region 25. We then consider the functional of solvation as defined by Z. Chen [7],

Nec
1 c

G = 7(Area) +p(Vol) + / puU ™ — Se| VUl —kpT Y je; (e70/HeT —1)
2 =1

1
—l—/ Pt — =€ |V |2dr.
O 2

Here Area and Vol represent the surface area and volume of the macromolecule and

/ p UYMW dr, / pmt dr

Qs Qm

/emwwdr,/ €|V dr
m QS

Nc
/ k:BTZ ¢ (6_¢Qi/kBT — 1) dr
Qs i=1

are other volume functionals of the form fQ F(r)dr. The y(Area) term is the surface
energy; it measures the disruption of intermolecular and/or intramolecular bonds that occur
when a surface is created. The p(V ol) term is the mechanical work of creating the vacuum
of a biomolecular size in the solvent. The other terms represent the same as previously
mentioned. We use the same notation for constants as the previous functional with the
addition of solvent density p, and U""W(r) the attractive portion of the van der Waals
potential at point 7.

By calculus of variations, given a functional /[u fU (Du, u,x)dx on aregion U.
We define [[u + v] fU (u+ v),u + v, x) for an increment given by the arbitrary
function v(z) € C°(R). Then Al = I[u+ v] — I[u] and we expand I [u+v] using Taylor’s

theorem about v = 0,

T + ) =I[u] + Lofu]v + Inu[u] Dv + %qu ] (0)? + %zDuDu ) (Dv)?

1 1 3
+ §]uDu[u]U(DU) + §]Duu[u]U(Dv) + O(U )
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We denote 7; and 7, the first and second order terms from the Taylor’s expansion, then
AT =m [v] + 1a[v] + O(0?).
For an arbitrary constant 7 € R, the variation of [ is defined to be

0
o = mv] = o= Iu+7v][;=0

or
and the second variation to be
1 0?
621 = ] = §ﬁ1[u + 7]|r=0.

3.1 PERTURBATION OF |g]

We know from calculus that for a real manifold = and a region 2

Area = / do and Volume = / dVv
= 0

Because both area and volume depend on |g| where ¢ is the first fundamental form. Their
variations include the perturbations of |g|. This can be found generally thus simplifying
later calculations of the variation of volume and area.

We define the interface I' to be a closed surface in real euclidean space and U an
open set contained in I'. We then define f : U — R3 to be a surface patch on I' and
f? = f + pN (uy,us) to be a surface patch on the perturbed surface with p = e¢ for an
arbitrary function ¢(uy,us) € C°(Q2) and ¢ € R. We have then from J. Pruss and g.

Simonett [3] that the perturbation on g by p is given in the equation,
g(f?) =g —2pl+p’lg~ "1+ V=zp @ Vzp

where [ denotes the second fundamental form and Vz is the surface gradient. For com-
pactness, we denote g(p) = g — 2pl + p*lg~'l. Then denoting S = g~'I as the shape

operator,

g(p) = glI —2pg "1+ p*[g 1] = g[I — 2pS + p*S?| = g[pS — I]>.
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So we have the perturbation of g is given by,

9(f?) =g(p)lL + g7 (p) V=p @ V=pl,

and the determinant |g( f*)| of the perturbed ¢ gives the perturbation of |g|
l9(f) = 19T + 97" (p) V=p @ Vz=p).

3.1.1 DERIVATIVES OF THE PERTURBATION OF |g|

We can then quickly take the derivatives of the perturbations of |g| to simplify later

calculations. The first order derivative is

19 = o (9IIT + 97 (9)V=p © V) oz

0 0 _
=>c19(P)lle=olT + 971 (p)Vap © Vapllemo + 5|1 + 97 (0)Vap @ Vapllemolg(p)l|=o-

Clearly, |g(p)|le=o = |g| and |I + g7 (p)Vzp ® Vzp|lemo = |I| = 1. Then £|g(f?)]

simplifies to

2100 = Zgpllco + el + 97 (9)V=p © V=l

Furthermore, we know that for any two vectors a,b € R" we have [ +a®b| = (1+a-b),

)
0 —1 d 9 1
EIIJrg (p)Vzp ® Vzplle=o :&U*' €9 (p) Vz¢ ® Vzo|e=o
0 _
:§<1+€2(|g| Y(p)Vz¢ - Vz0))|emo

0
=2¢(|g| " (p) V=6 - V=0)|e—o + 62&(|9|_1(P)VE¢ - Vzo)|e=0

=0.
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Hence,

0

0 0 0
B — p —_— = — — 2 N = B — — 2_
19 lemo =519} lezo = 5= (IgllpS = I1%) o = lgl 1S — I]eco

0
=2g|pS — I|[e=07-pS — I|[e=0
Oe

0
=29—1|pS — I||c=o0-
99e P [le=o0
Now using Jacobi’s formula and notating adj(A) for the adjunct of A,

0
&|p5 — I||e=o0 =tr(adj(pS — I)|c=0®S)
=tr(adj(—1)pS)

= — otr(9).

We then have the first order derivative of the perturbations of |g| is

0

0
glg(f”)l = &’9(0)He=0 = —2g9¢tr(S) = —4gpH (3.1)

where H = %tr(S ) is the mean curvature at a point. Now the second order derivative of

the perturbation of |g|*/2 is given by
o o 1
52190 Nl=o = 5519(p)lle=ol 1 + 97 (p)Vap @ Vzpllmo
0? _
+ |9(P)||e:0@|f + 97 (p)Vzp @ Vap||e=o
0

a —1
+ 2alg(p)|&|f + 97 (p)Vzp @ Vzp|ezo.

Since 2|1 + g~ (p)Vzp ® Vzp|lc—o = 0, we get that g—;|g(fp)||€:0 simplifies to

* 5 *
@fg(f Ne=o = @!9@)”6:0 + |g|@’[ + 9 (p)Vzp ® Vzpl||=o



Consider now 83—22 lg(P)||e=0
82 02
5 19(P)lle=0 =55 (|9||pS — 1) |-
—Igl IpS Il

(9
—2g2 (|ps 125 - f|) o

) 2 02
:29 [(EWS_IHEO) + |S| |IO S 1||e 0]

=2g (¢°tr* (S) + 2¢°|5]) .

1tr(9),

Then given that Gaussian curvature K = [S| and mean curvature H = 3

82
5c219(P)lle=0 = 8g¢°H” + 4¢*|g| K

Now it remains to find 82 |I + 97 (p)Vzp @ Vzp|c=0s

2

0’ -1
@\f +97 (p)Vzp ® Vzpl||=o =

=2(lg1 (p)V=é - Vzo)l=o

=2(|g|'Vz¢ - V=9)

—229 L.

8_2(1 +(|9I7 () Vo - V=¢))le=o
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(3.2)

(3.3)

Finally by (3.3) and (3.2) we have that the second order derivative of the perturbation on

|g] is
2

0

5a19(F) =gl <8¢2H2 +4¢°K +2) g m) :
4,J

3.2 VARIATION OF AREA AND VOLUME

3.2.1 VARIATION OF AREA

(3.4)

We have that Area on a real euclidean manifold, =, is given by Area = fE do =

s |9]*/2duydus. Clearly then the perturbation of Area is given by

/ (7)Y 2dur dus.
U
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So using (3.1), the first variation of Area is

0 1 _
srea =2 [ lo(") bdusdual.o = [ SlalIZE S Ao llodund
U

U

1, 150
= [ Sla o) o
U
1
= [ Slal A agordudu
U

dArea = —2/¢>Hda (3.5

And by using (3.1) and (3.4), the second variation of Area is

0 0
#area o ([ 1o Paudue ) Lo = 5 ([ 41l Lot dudie)

— 2 —1/2 a
-/ (glg(f”)l‘?’“ (srlatrl) + latIZ @Ig(fpﬂduldUQ) -

-1
= / — 1917 (—4go )" + 1ol (8¢2H2+4¢2K+2§ 95 m) dusduy
U

2

1 _
:/U ’9’1/2¢2K+ 5’9’1/2 E gij1¢i¢jdu1du2
i7j

Consider the operator Vz¢ = ¢;du’, where u = (u1,us9) is the coordinates in the local

patches. Then
> g5l did; = V=02,
(V]
Because ¢ € C2°(R), we use integration by parts so that

/ V=olydo = / (V= - V=6)ddo.
then
/E(VE Vz)gdo = — / (8,6)édo

for the Laplace-Beltrami operator related to g, A,. Then combining the above,

/E ;ggl@@da: /: V=o|2do = — /: (A,d)do.

SO

62 Area = [¢2K — %(Aggb)gbda (3.6)
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3.2.2 VARIATION OF VOLUME AND OTHER VOLUME FUNCTIONALS

Let x = (x1, 22, 73) be coordinates in R3. Denote the reference domain by ,,, its
boundary by =. Let N, be the outward point unit normal field of =. Given ¢ € C°(=),
consider the normal variation f¢ : Zx (—a,a) — R : (p, €) — p+epN,, for a sufficiently
small positive constant a. Set =Z._ e (= ) and denote by (). the region enclosed by = with
do. the surface element of =.. Let /N, be the outward point unit normal field of =..

The perturbation of Volume is given by

Volume(p):/ dzx.

€

Here (5 and a denote

a(p) =(I = pl)~'Vzp

Blp) =1+ la(p)) 712

with V= being the surface gradient operator on =, [ and .S being the second fundamental
form and the shape operator on =, respectively. By the Continuity Equaiton, c.f. the book

Partial Differential Equations by Emmanuele DiBenedetto [9],

0 0
EVolume(p) =9 /Q dx

(Ne| Ny do.

€

— [ (Bleo) (N ~ alco)| N ) do

—

=/:¢<u>|f—p51do,

and

2

0 0
@Volume(p) :&/Eqb(uﬂ] — pS|do

0
= —II — .
/Ecbael pS| do
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Clearly then
0
dVolume = 3_/ dx|e—o = / o(u)a(0) do = / ¢do. (3.7)
€Ja. E E
Recall
9,
5l — €dSlle=0 = —otr(S).
€
Then
2 107 2
“Volume ——mVOZume ¢—|] pS|le=odo = —= <b tr(S

6*Volume = — / ¢*(v)H do (3.8)

Recall that the full energy functional g is given by

G =v(Area) + p(Vol) +/ P — em\VMQ + / ps UYMW

Ne
—/ kBTZci (e_qﬁq"/kBT —1) —/ es| V.
Qm i=1 2

So to take the variation of g, we must find the variation of the other volume functionals.
Consider a general function F' : 2 — R. In a tubular neighbourhood of =, we can write
F(uy,us,€), where (uy, us) are coordinates in local patches of = and € is normal variation

parameter. Then, the perturbation of a general volume integral is

/ﬁmm

By the Continuity Equaiton, c.f. the book Partial Differential Equations by Em-
manuele DiBenedetto [9] and N, = ((e¢)(N,, — a(ep)), we have that

Qﬁfmw:LWMWW%e

Oe
- / (B(ed)(Now — a(e6))|Non)OF dor

/gb F(u,€)|l — pS|do.
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Then

d
6/ F(rydr=— | F(x)dx —/QSFdU.
O de Jo = B

We have that over the entire computational domain €2, § fﬂ F(r)dr = 0. Furthermore,

= Q,, U, so that

5/QSF(r)dr:5(/Q F(r)dr—/gm F(r)dr) = —/E¢da (3.9)

So the first variations of the volume functionals are:

) / p UMW dr = — / ops UMW do
5 / ptbdr — /: bpmibdo
[ eul vl = [ oe,lvufds

o [ crvu == [ ocivuldo

Ne
5 / kpT Y i (e7Vo/msT —1) = — / ksT¢ Y ci(e V' — 1) do
: j = i=1

Similarly, the second variation is given by

52/ﬂm F(r)dr —%g—;/ Fz)da

)L —
Qae/gb F(u,€e)|l — pS|do

/¢ a 004(0)+F2\I—pSHE:0]dU
/¢ S(VE - Np) + F |1 = pS]|oldo

Recall
0
a—|f — €pS||e=0 = —tr(S).
€

So finally we find the second variation of an arbitrary volume fumctional is

2 Y o N - P = ~ [ G2V E N — .
5 /ﬂm F(r)dr = Q/Egb (VF-N,)— Ftr(S)d 2/E¢> (VF-N,) - 2F Hldo.
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Now over the entire compuational domain €2, we know that 6 [, F/(r)dr = 0, so

given that 2 = Q, U €,
1
52/ F(r)dr = 52(/ F(r)dr—/ F(r)dr) = -5 / ®*[(VF-N,,)—2F H]do. (3.10)
Q, Q U =
We can now find the second variation of all the remaining volume functionals:

1
52 / p U W dr = / ¢2(—§psVU”dW~Nm+pSU”dWH)da

Ne

Ne
52/ kBTZ ¢ (6—1/)Qi/kBT — 1>dT = — / QSQ]{;BT(—%V(Z C; (e_sz‘/kBT _ 1)) . Nm
o Py =

=1
Nc
+ Hzcz (e*T/JQi/kBT _ 1))d0-
=1
1
1 1.1
52/9 Sm VO dr = /_¢2em§<§V|w|2 - Ny — HIVY[*)do

1 1 1

52/ —e,| VY| Pdr = — / Prey= <——V|V¢]2 Ny + H|V¢]2) do
Q. 2 = 2 2
3.3 VARIATION OF G,

We will first simplify g by considering just the non-polar part G,

Gnp = v(Area) +p(Vol) + / ps U dr.

s

For the non-polar case, we have that the first and second variations are
0Gp = [¢(—27H +p— p U )do,
and
PGy = [ 0K — Hp = Sp U™ Ny p HUM™) = 5(Ag0)0d
Now the neccessary condition for extremum in this case is G,,, = 0 which gives the equality

—2vH +p — p, U™ = 0.
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Using this the second variation can be simplified to

1
Py = [ 0K ~ Hp+ yVH - Ny + H-2H +5) = 51(8,0)6do

= [ POK 4 AVH Ny = 20H) = 52(8,0)0do
:y/_ ¢*(K +VH - N, —2H?) — %(qub)gbda

3.4 VARIATION OF (G

We now take the first and second variation of GG using the formulas previously found

and denote €, = |e; — €,,|. The first variation is then

1
6G :%("}/(A’]"ea) —{—p(vol) + / pmw — §Em‘vw‘2d’f' + / pstdW

m S

s

N,
- 1
- kBTZCi (e_d}(h/kBT - 1) - / §€s|vw|2dr)|e:0
i=1 Q

1 1
= /_ —20H~ + pd — dpp U™ + dpmih — 5gzsem|v¢|2 + §¢€S|v¢|2

Nc
+ kBT¢Z ¢ (e’wq"/kBT - 1) do
i=1

N,
1 c
:/ H(=2vH +p = p U™ + ) + 5| VPec + kT > i (et~ 1))do,

=1
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and the second variation is

2

5*G :a—[v(Area) +p(Vol) +/

1 2 vdW 1 2
Oe2 o Py 2€m|v¢| +\/S25 psU 268|v¢|

Nec
— kBTZ 1 (e’wq"/kBT — 1) dr]
i=1

1

1
_/:7(¢2K - §(Ag¢)¢) - ¢2Hp + ¢2(—§,03VUUdW -N,, + pSUUdWH)

+ oGV - Ny = HY) = P (GVIVI - N — HITUP)

1 1
— ¢2€s§ (—§V\w|2 -N,, + H|w|2>
Nec

N,
1 c
_ ¢2]€BT(—§V<§ ¢ (equi/kBT _ 1)) -N,, + H ;_1 C; (efwfh‘/kBT . 1))d(7

i=1

Ne
:/ O*[(VE + H(pU*™ —p — pmt) — 62—C|V1/)|2 —kpTY e (e7Va/hsT — 1))
. =1
€ e
VI=ps U™ + pmtp + §C|V@/J|2 + k’bT(Z C; (e_wqi/kBT —1))] - Ny

i=1

_l_

N~ DN~

7(Ag¢>¢d0-

Now the necessary condition for a minimizer is 6G = 0, so we get two equalities

N,
1 c
QVH =P — psUUdW + ,Oml/) + §Ec|v¢|2 + kBT § Ci (e_d)qi/kBT - 1)

=1

N,
1 c
2VH =V (=pU"™ + prtp + €| V[ + kT > i (emvulteT — 1))

=1

Then using these, we can simplify §2G to

522G =~ [ »*(K —2H?>+VH-N,,) — %(Aggb)qﬁda

3.5 VARIATION OF Area WITH CONSTANT Volume

Now we consider the variation of Area with the constraint that Volume = C for a

constant C' > 0. So the equation p(Volume) = p fﬂm dV is the isoperimetric constraint of
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this problem. Then utlizing Lagrangian multipliers method,
VA=AVVsoVA-A\VV =0.

This is equivelant to ,

S(A—\V)=0

then from the previous formulas we have that

l(—ZvH — Ap)opdo = 0.

Then for an extremum,

A
—9yH = Ap hence H = —2—p - D G.11)
v

for a constant D > 0. A. D. Alexandrov proved that a compact embedded surface in R3

with constant mean curvature and H # 0 must be a sphere. So we have that

1 1
H=-and K = — (3.12)
T r

Now we substitute A\ =

_2;’]{ . Then using the previous formulas for Area and Volume,

the second variation is

5 (A — pAV) = / VK —15(8,0)6 — 216°Hdo

— / FIK — 28] — (Ay6)0do

So using polar coordinates for a point (u;, ug, 2) = (1 cos 0y sin Oy, r sin 6 sin 6y, r cos 05),

(3.12), and the usual Laplace-Beltrami operator on the sphere A,

VWA—pmo:vﬁ¢cl—2lw—;A@w

r2

— [ 65 - 58000
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CHAPTER 4
CONCLUSION

This work approaches the problem of minimizing an energy functional on a smooth
and sharp interface utilizing analysis and calculus of variations respectively. First we con-
sidered the functional proposed by Z. Chen, N.A Baker, and G.W Wei [6] with a smooth
interface; however we amended the term [, v|Vu| by [, v|Vu|?. The resulting functional
is coercive and we proved that it has a minimizer for 1 < ¢ < 2. This means for ¢ ~ 1, the
amended functional has a minimizer which supports approaching the problem numerically.
In further work, I will pursue proving the original functional in [6] has a minimizer using
the results from this. After this functional, we considered the an extended non-polar energy
proposed by Z. Chen and Y. Shao [8]. This functional was shown to have a minimizer, and
in further work we can combine this result with the associated polar part to minimize the
full energy functional.

For the sharp interface we considered the functional defined by Z. Chen [7]. The
variations of a functional can be used to prove the existence of a minimizer, but this seldom
works because the second variation needs to be strictly positive. However, the variations are
always useful for finding the necessary conditions for extrema and analyzing the stability
of a minimizer. Before approaching the stability of entire energy functional, we consider
a simpler case of area with constant volume. This constraint is allowable in our model
because the protein’s volume won’t change if only the shape is changed. We were able
to infer from the necessary condition for extrema that the minimizing shape is a sphere;
this is a well known result for this isoperimetric problem. From here we can use spherical
harmonics and the second variation to analyze the stability of the sphere. In a future work

we can apply the same approach to GG,,, and G under the constraint of constant volume.
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APPENDIX

Theorem A.1. (Rellich-Kondrachov Theorem)

Let 2 C R™be an open, bounded Lipschitz domain, and let 1 < p < n. Set p*:= "2,
n—p

Then the Sobolev space W “P(Q) is continuously embedded in the LP space LP" (§)) and is

compactly embedded in L($2) for every 1 < q < p*~.

Theorem A.2. (Holders Inequality)
Let (S, %, 1) be a measure space and let p, q € [1, oo| with 1/p + 1/q = 1. Then, for all

measurable real- or complex-valued functions f and g on S,

gl < (| £l lgll e

Theorem A.3. (Fatou’s Lemma)

If {f.} is a sequence of non-negative measurable functions, then

/lim inf f,dy < lim inf/fndu
n—oo n—oo

Theorem A.4. (Poincare’s Identity)

Let p, so that 1 < p < oo and €2 a subset bounded at least in one direction. Then there

exists a constant C, depending only on Q) and p, so that for (u)q = fQ udjs
[u = (u)allr@) < ClVullL@).

Theorem A.S. (Helly’s Selection Theorem)
Let U be an open subset of R and let f,, : U — R, n € N, be a sequence of functions. Sup-
pose that ( f,,) has uniformly bounded total variation on any W that is compactly embedded

in U. That is, for all sets W C U with compact closure W C U,

< 00,
LY(W)

dfn
sup (anuy(m + %

neN
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where the derivative is taken in the sense of tempered distributions; and ( f,,) is uniformly
bounded at a point. Then there exists a subsequence f,,, k € N, of f, and a function
f U —= R, locally of bounded variation, such that

. converges to f pointwise; and f,, converges to f locally in L', i.e., for all W compactly
k k

embedded in U,

k—o00

lim [ o) ~ 7)) = 0
w
and, for W compactly embedded in U,

4 Ui
dt dt

< lim inf
LY(W) k—o0

Ly

Theorem A.6. (Dominated Convergence Theorem)
Let {f.} be a sequence of complex-valued measurable functions on a measure space
(S, %, p). Suppose that the sequence converges pointwise to a function f and is dominated

by some integrable function g in the sense that

[fn(@)]] < g()

for all numbers n in the index set of the sequence and all points x € S. Then f is integrable
and

iy [ 152 flde =0

n—oo S

which also implies

i [ ud = [ fau
Theorem A.7. Assume the the Lagrangian L satisfies the coercitivity inequality and is
convex in the variable P. Suppose also that the admissible set A is nonempty.

Then there exists a u € A so that

I[u] = min Iw].

weA

Theorem A.8. (Jacobi’s formula)

For any differentiable map A from R to n x n matrices, ddet(A) = tr(adj(A)dA).
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