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ABSTRACT

In this thesis, we present a new Infeasible Interior-Point Method (IPM) for monotone
Linear Complementarity Problem (LPC). The advantage of the method is that it
uses full Newton-steps, thus, avoiding the calculation of the step size at each itera-
tion. However, by suitable choice of parameters the iterates are forced to stay in the
neighborhood of the central path, hence, still guaranteeing the global convergence
of the method under strict feasibility assumption. The number of iterations neces-
sary to find e-approximate solution of the problem matches the best known iteration
bounds for these types of methods. The preliminary implementation of the method

and numerical results indicate robustness and practical validity of the method.
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CHAPTER 1
INTRODUCTION

1.1 Problem

In this thesis we shall consider a Linear Complementarity Problem (LCP) in the
standard form:

flx)=s x>0, s>0, 21s=0 (1.1)

where x,s € R" and f is a linear function
flx)=Mz+q=>0

where matrix M € R"" and ¢ € R"™ are given. In other words, the objective of LCP
is to find nonegative vectors (x, s) that satisfy the linear equation s = Mx + ¢ and are
orthogonal i.e. 7s = 0. Though the LCP is not an optimization problem, there are a
plethora of optimization problems that can be modeled as LCP directly or indirectly.
Some applications of LCP in operations research include but are not limited to game

theory, economics, and many more.

The relationship between LCP and optimization problems is very close because
Kurush-Kuhn-Tucker (KKT) optimality conditions for many optimization problems
can be formulated as LCP. We consider the connection between LCP, an example of
which will be given in Example 1 of Chapter 2, and the linear programming problem
(LP). The LP can be formulated as a maximization or minimization problem which

has the form

min x>0
st. A =b (1.2)

x>0



where c € R", b € R™, and A € R™*". Similar to the objective for LCP, the objective

of the LP is to find the vector x that satisfy the equations and constratints of (1.2).

1.2 A Brief Historical Overview

Some instances of the LCP can be traced back to the early 1940’s; however, larger
interest in LCP was taken in the early to mid 1960’s in conjunction with the rapid

development of theory and methods for LP.

In 1947, George Dantzig proposed a famous method, named the Simplex Method
(SM) for solving the LP. Basically, the main idea of the SM is to travel along from
vertex to vertex on the boundary of the feasible region. The method constantly
increases (or decreases) the objective function until either an optimal solution is

found or the SM concludes that such an optimal solution does not exist.

Theoretically, the algorithm could have a worse-case scenario of 2" iteration, with
n being the size of the problem, which is an exponential number. This was shown
in 1972 by Klee and Minty [8]. However, it is remarkably efficient in practice but
an exponential number of iterations is usually never observed in practice. It usually
requires O(n) iterations to solve a particular problem. There exists many resources

and excellent software for the SM.

Another great advancement in the area of solving convex optimization problems
was the ellipsoid method. This method was introduced by Nemirovsky and Yudin
[24] in 1976 and by Shor [20] in 1977. The algorithm works by encapsulating the
minimizer of a convex function in a sequence of ellipsoids whose volume decreases

at each iteration. Later Khachiyan [7] showed in 1984 that the ellipsoid method can



be used to solve the LP in polynomial time. This was the first polynomial time
algorithm for the LP. Unfortunately, in practice, the method was far surpassed by
the SM. Nevertheless, the theoretical importance of the ellipsoid method is hard to

neglect.

In 1984, Karmarkar [6] introduced an Interior-Point Method (IPM) for LP. Kar-
markar used the efficiency of the simplex method with the theoretical advantages
of the ellipsoid method to create his efficient polynomial algorithm. The algorithm
is based on projective transformations and the use of Karmarkar’s primal potential
function. This new algorithm sparked much research, creating a new direction in
optimization - the field of IPMs. Unlike the SM, which travels from vertex to vertex
along the edges of the feasible region, the IPM follows approximately a central path
in the interior of the feasible region and reaches the optimal solution only asymptot-
ically. As a result of finding the optimal solution in this fashion, the analysis of the

[PMs become substantially more complex than that of the SM.

Since the first IPM was developed, many new and efficient IPMs for solving LLP
have been created. Many researchers have proposed different interior-point methods,
which can be grouped into two different groups: potential reduction algorithms and
path-following algorithms. Each of the two groups contains algorithms based on pri-
mal, dual, or primal-dual formulations of the LP. Also, computational results show
that the primal-dual formulation is superior to either the primal or dual formula-
tion of the algorithm. We will focus on the primal-dual path-following IPMs, which
have become the standard of efficiency in practical applications. These primal-dual

methods are based on using Newton’s method in a careful and controlled manner.

Soon after the SM was developed, a similar method for solving LCP was intro-
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duced by Lemke [10]. It is a pivoting algorithm similar to the SM. Unfortunately,
Lemke’s algorithm can sometimes fail to produce a solution even if one exists. Never-
theless, Lemke’s algorithm was extremely useful. However, researchers kept searching
for other methods for the LCP. Much later, in the 1990’s, the tradition of immediate
generalizations from LP to LCP continued even more strongly in the case of the IPMs

and many efficient IPMs have been proposed for LCP.

In this thesis, we will focus on extending a class of IPMs, from LP to LCP. The
main features of this class of methods is that at each iteration a full Newton-step is

taken, i.e., it is not necessary to calculate a step size. These type of IPMs are called

Full-Newton-step IPM (FNS-IPM). They were first discussed for LP by Roos in [18].

In addition, IPMs have been generalized to solve many other important optimiza-
tion problems, such as semidefinite optimization, second order cone optimization, and
general convex optimization problems. The unified theory of IPMs for general convex

optimization problems was first developed by Nesterov and Nemirovski [15] in 1994.

The first comprehensive monograph that considers in-depth analysis of the LCP
and methods for solving it is the monograph of Cottle, Pang, and Stone [3]. More
recent results on the LCP as well as nonlinear complementarity problems and varia-

tional inequalities are contained in the monograph of Facchinei and Pang [5].



CHAPTER 2
LINEAR COMPLEMENTARITY PROBLEM

Chapter 2 shall consist of the introduction of the linear complementarity problem
(LCP). Along with the discussion and defining of the LCP, several direct applications

will also be presented and discussed.

2.1 Linear Complementarity Problem

LCP is a problem of finding a particular vector in a finite real vector space that
satisfies a system of inequalities. In mathematical terminology this means: given a
vector ¢ € R™ and a matrix M € R™", we want to find a pair of vectors x,s € R"

(or show such a vector does not exist) such that

s=q+ Mx
r>0,s>0 (2.1)
xTs = 0.

To insure a solution exists and it is unique, a sufficient condition is that M be a
symmetric positive definite matrix. Since (x,s) > 0, the complementarity equation

2Ts = 0 can be written equivalently as
xs =0,
which represents component-wise product of vectors, as follows,
x5 = (1151, 282, ..., Tp5,) . (2.2)

This product is termed as Hadamard’s product.
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The feasible region (set of feasible points) of the LCP as defined in (2.1) is given in

the following set:
F={(z,s) €R":s=Mz+q,x>0,5s>0}. (2.3)
Furthermore, the set of strictly feasible points of the LCP is the following set:
Fo={(z,s) € F:x>0,s>0}.
The solution set of the LCP is given by
Fr={(2*s)eF:2x"s"=0}. (2.4)

An important subset of the above solution set is a set of strict complementarity
solutions

Fr={(a",s) € F: 2" +5" >0} (2.5)

s

We can now say that the main idea of the LCP is to find vectors z, s (a solution
of the LCP) that are both feasible and complementary. If ¢ > 0, the LCP is always

solvable with the zero vector being a trivial solution.

2.2 Classes of LCP

In general LCP is NP-complete, which means that there exists no polynomial algo-
rithms for solving it. Thus, the problem needs to be restricted to certain classes of
matrices for which a polynomial algorithm exist. We now list several such classes of

matrices M for LCP. They are as follows:

e Skew-symmetric matrices (SS):

(x € R") (2T Mz = 0). (2.6)



Positive semi-definite matrices (PSD):
(x € R*)(zT Mz > 0). (2.7)
e P-matrices: Matrices with all principal minors positive or equivalently

(04 z € R")(3i € I)(z;(Mz); > 0). (2.8)

FPy-matrices: Matrices with all principal minors nonnegative or equivalently

(0 z € R)(3i € I)(z; # 0 and z;(Mz); > 0). (2.9)

Sufficient matrices (SU): Matrices which are column and row sufficient

— Column sufficient matrices (CSU):
(Vz € R")(Vi € I)(x;(Mz); < 0= z;(Mz); =0). (2.10)

— Row sufficient matrices (RSU): M is row sufficient if M7 is column suffi-

cilent.

e P,(k): Matrices such that

(L+4k) > z(Mz)i+ > a(Mz); >0,Vz € R,

ielt(z) el (z)

where

I(z) = {i: x;(Mx); >0}, (x) = {i:2;(Mz); <0},

or equivalently

"Mz > —4k Z z;(Mz);,Vx € R", (2.11)

i€l (x)



Figure 2.1: Relations and examples of the classes of matrices.

and

P, = Pu(r). (2.12)

k>0

The relationship between some of the above classes is as follows:

SScPSDcP.=SUCCSCP, PCP., PnSS=J. (2.13)

Some of these relations are obvious, like PSD = P,(0) C P, or P C P,, while others
require proof. Refer to Figure 2.1, which was first published in [9], to see a visual flow
of how these classes of matrices are related. Also, all of the above classes have the
nice property that if a matrix M belongs to one of these classes, then every principal

sub-matrix of M also belongs to the class.

In this thesis, we will assume matrix M is a positive semi-definite (PSD) ma-
trix. Though the case of positive semi definiteness is not the most general case, it is

definitely the most commonly used both in theory and practice. Hence, this is the



reason why we will focus on this class of matrices in the thesis. The LCP with a PSD

matrix M is called monotone LCP.

2.3 Introductory Examples

LCP has many applications. Some examples of the LCP include but are by far not
limited to: the bimatrix game, optimal invariant capital stock, optimal stopping,
convex hulls in the plane, and the market equilibrium problems. Each one of the
listed problems can be reformulated into the linear complementarity problem. In the

sequel, we will describe several applications.

Example 1: Quadratic Programmaing

Quadratic programming is another application of the LCP. It is the problem of mini-
mizing or maximizing a quadratic function of several variables subject to linear con-

straints on these variables. The quadratic program (QP) is defined as

minimize f(z) = 'z + 327 Qu
subject to Ax >b (2.14)
x>0
where () € R™" is symmetric, ¢ € R", A € R™" and b € R™. Note that the case
where Q = 0 gives rise to a linear program (LP). If z is a locally optimal solution of
the quadratic program (2.14), then there exists a vector y € R™ such that the pair

(x,y) satisfies the Karush-Kuhn-Tucker optimality conditions

u =c+Qr—ATy>0, >0, 27u=0,
(2.15)
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If @ is positive semi-definite (the objective function f(z) is convex), then the con-
ditions in (2.15) are sufficient for the vector x to be a globally optimal solution of

(2.14).
The Karush-Kuhn-Tucker conditions in (2.14) define the LCP where

c Q —AT
q= and M = . (2.16)
—b A 0

Note that M is not symmetric, even though () is symmetric. However, M does have
a property known as bisymmetry. A square matrix A is bisymmetric if it can be
brought to the form

G —AT

A H
where both G and H are symmetric. Also, if ) is positive semi-definite, then so is
M. In general, a square matrix M is positive semi-definite if 2" Mz > 0 for every

vector z.

This convex quadratic programming model, in the form of (2.14), has a magni-
tude of practical applications in engineering, finance, and many other areas. The size
of these practical problems can become very large. Thus, the LCP plays an important

role in the numerical solution of these problems.

Example 2: Bimatrix games

Game theory analyzes strategic interactions in which the outcome of one’s choices
depends upon the choices of others. For a situation to be considered a game, there
must be at least two rational players who take into account one another’s actions

when formulating their own strategies. We consider a game with two players called
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player I and player II and the game consists of large number of plays. Here at each
play Player I picks one of m choices and Player II picks one of n choices. These
choices are called pure strategies. If in a certain play, Player I choose pure strategy
¢ and Player II chooses pure strategy j, then Player I loses A;; and Player II loses
B;;. A positive value of A;; represents a loss to Player I, while a negative value of A;;
represents a gain. Similarly for Player II and B;;. The matrices A and B are called

loss matrices, and the game is fully determined by the matrix pair (A, B).

If A+ B =0, the game is known as zero sum game and if A+ B # 0 game is
known as bimatrix game. Player I chooses to play strategy ¢ with probability x; such
that > x; = 1, and Player II chooses to play strategy j with probability y; such that
> y; = 1, then expected loss of Player I is 27 Ay and expected loss of Player I is

2T By.

A player is changing his own strategy while the other player holds his strategy

fixed to minimize loss. i.e,

TAy <a2TAy Vx>0 elx =1,
(2.17)

Z'By <7T'By Yy >0 ely=1

Y

where the vector e is a vector of ones. The objective is to find (Z,7) that is called
Nash equilibrium pair. Nash equilibrium can be found using LCP as described in the

Lemma below.

Lemma 2.3.1. Suppose A, B € R™*™ are positive loss matrices representing a game

['(A, B) and suppose that (s,t) € R™™ solves LCP(M,q), where

0 A
M = ,§ = —€m4n € R+,

BT 0
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Then (,Y) such that,

is an equilibrium pair of T'(A, B).

Proof. We write LCP conditions explicitly as

0<At—e, Ls>0
(2.18)

0<BTs—e, Lt>0

from the equation (2.1) we have Mx 4+ ¢ = s > 0 and z > 0. So we can write these

inequalities as below,

0 A s €m At €m
+ >0, + > 0. (2.19)

BT 0 t en BTs én

This implies At —e,, > 0 and BTs — ¢, > 0. Therefore ¢t # 0 and s # 0. Then
T=_7;andy = % well define. > 0, 7 > 0, from the definition we have el 7 = 1
and el = 1. Then T and 7 are mixed strategies. By complementarity we have,

T

. S
T (At —ep) = e,Tn_s(At —en) =0. (2.20)

Since T and 7 are mixed strategies, and from the Equation (2.20), we get the following
property.

LAt =7"e, = 1. (2.21)

So we have,

|~

Ay — (T AG)em = 7(At) — (T" AD)en,

(At — (T At)e,,) (2.22)

t

®
ik

|~

3N

ert

|~

= o+ (At —e,,) from (2.21)

ert

Bl
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Since At — e,, > 0 and = > 0, we have 27 (Ay — (z7 Ay)e,,) > 0. This implies,
e Ay > (2le,,) (@' Ay) =71 Ay (2.23)

Similarly we can prove 7' By > T' By. Hence (Z,7) is a Nash equilibrium pair. [

Example 3: The Market Equilibrium Problem

The state of an economy where the supplies of producers and the demands of
consumers are balanced at the resulting price level is called market equilibrium . We
can use a linear programming model to describe the supply side that captures tech-
nological details of production activities for a particular market equilibrium problem.
Econometric models with commodity prices as the primary independent variables
generates the market demand function. Basically, we need to find a vector x* and
subsequent vectors p* and r* such that the conditions below are satisfied for supply,
demand, and equilibrium:

Supply conditions:

minimize 'z

subject to Ax >b
(2.24)

Bx > r*

x>0
where c is the cost vector for the supply activities, z is the vector production activities.
Technological constraints on production are represented by the first condition in (2.24)
and the demand requirement constraints are represented by the second condition in
(2.24);

Demand conditions:

r*=Q(p")=Dp"+d (2.25)
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where Q(+) is the market demand function with p* and r* representing the vectors of
demand prices and quantities, respectively. @(-) is assumed to be an affine function;

Equilibrium condition:

pr=r" (2.26)

where the (dual) vector of market supply prices corresponding to the second constraint

in (2.24) is denoted by 7*.

Using Karush-Kuhn-Tucker conditions for problem (2.24), we see that a vector
x* is an optimal solution of problem (2.24) if and only if there exists vectors v* and

7* such that:

y* =c—ATv* —BTn* >0, 2>0, (y)lz*=0,
u* = —=b+ Az* >0, v >0, (u)Tv* =0, (2.27)

§* = —r*+ Bz* >0, ™ >0, (677 =0.

If for r*, we substitute the demand function (2.25) and we use condition (2.26),
then we can see that the conditions in (2.27) gives us the linear complementarity

problem where

c 0o —-AT —_pBT
q=1| -b |, M= A 0 0o |- (2.28)
—d 0 —D

Observe that the matrix M in (2.28) is bisymmetric and if the matrix D is
symmetric, as it could have been seen, the Karush-Kuhn-Tucker optimization condi-

tions of the market equilibrium problem, and in fact the linear problem in general,
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can be expressed in the LCP framework. This can also be extended to quadratic

programming problems as discussed below.

maximize d’z + %xTDx + 0Ty
subject to ATy + BTz <c (2.29)

x>0, y=0

On the other hand, if D is asymmetric, then M is not bisymmetric and the connection

between the market equilibrium model and the quadratic program above fails to exist.



CHAPTER 3
LEMKE’S METHOD

In this chapter, we review a well known algorithm called Lemke’s algorithm. Lemke’s
Method, derived in 1965, is the first algorithm proposed for solving LCPs. This is a
pivoting algorithm introduced by Lemke [10] and it is a generalization of Dantzig’s

Simplex Method developed earlier for LP.

3.1 Basic Definition

We consider a LCP in the standard form as described in (2.1) Chapter 2. We denote
it here as LCP(M,q) and claim that (z,s) is feasible for LCP(M,q) if all conditions

of the following system are satisfied.

s=q+ Mx
(3.1)
x>0, >0.

Proceeding, we assume that M is a positive semidefinite (psd) matrix. For the
description of Lemke’s method for solving LCP(M,q), we introduce the following

definitions.
Definition 3.1.1.

Consider the problem LCP(M,q) (3.1).

1. A component s; is called the complement of x;, and vice versa, for: = 1,2, ..., n.

2. A pair (z,s) is complementary if z > 0,s > 0, and z7s = 0. (Note that a

complementary pair must satisfy z;s;, =0 for i = 1,2,...,n.)
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3. A pair (z,s) is almost complementary if x > 0,s > 0, and z;s; = 0 for ¢ =

1,2, ...,n, except for a single index 5, 1 < 7 < n.

3.2 Lemke’s Method

For a positive semidefinite matrix M, Lemke’s method generates a finite sequence of
feasible, almost-complementary pairs that terminates at a complementary pair or an
unbounded ray. That is, for any feasible solution x with objective, a multiple of the
unbounded ray can be added to x to give a feasible solution with objective z-1 (or
z+1 for maximization models). Thus, if a feasible solution exists, then the optimal

objective is unbounded.

Similar to the Simplex Method, an initial pair must first be obtained, usually via
a Phase I scheme. There are different Phase I schemes depending on the particular
structure of LCP. We will describe a commonly used Phase I scheme, which requires

only one pivot.

Phase II generates a sequence of almost-complementary vector pairs. It performs
a pivot at each iteration, selecting the pivot row by means of a ratio test like that of the
Simplex Method, whose purpose is to ensure that the components of x and s remain
nonnegative throughout the procedure. Phase II finishes when the complementary

pair is found or we end up on the unbounded ray.
This outline can be summarized as follows.
Lemke’s Algorithm

Phase I: (Generates a Feasible Almost- Complementary Table).
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1. If ¢ > 0, STOP : x = 0 is a solution of LCP(M,q); that is, (z,s) = (0,q) is a

feasible complementary pair.

2. Otherwise, add the artificial variables zy and sy that satisfy the following rela-
tionships:

s = Mz + exy+ q, so = To, (3.2)

where e is the vector of ones in R"™. Create the initial tableau,

T 2o |1
s= | M e|q
So = 0 1 0

3. Make this tableau feasible by carrying out a Jordan exchange on the xy column

and the row corresponding to the most negative g;.

4. Without removing the artificial variables from the tableau, proceed to Phase II.

( Phase II: Generates a Feasible Complementary or Unbounded Tableau).

1. Start with a feasible almost-complementary pair (x,s) and the corresponding

tableau in Jordan exchange form,

S[l $J2 1
'rJ1 - H11J1 HllJQ hfl
S, = H12J1 H12J2 h12

Record the variable that became nonbasic (i.e., became a column label) at the
previous iteration. At the first step, this is simply the component of s that was

exchanged with zy during Phase I.
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2. Pivot column selection: Choose the column s corresponding to the complement

of the variable that became nonbasic at the previous pivot.

3. Pivot row selection: Choose the row r such that,

_hr/Hrs = mm{—hl/st|Hw < 0}

If all H;;, > 0, STOP: An unbounded ray has been found.

4. Carry out a Jordan exchange on element H,,. If (z, s) is complementary, STOP:

(x, ) is a solution. Otherwise, go to Step 2.

Remarks

1. Step 2 maintains almost-complementarity by moving a component into the basis
as soon as its complement is moved out. By doing so, we ensure that for all
except one of the components, exactly one of x; and s; is basic while the other
is nonbasic. Since nonbasic variables are assigned the value 0, this fact ensures
that x;s; = 0 for all except one component which is the almost complementary
property. When the initial tableau of Phase II was derived from Phase I, it is
the variables sy and z( that violate complementarity until an optimal tableau

is found.

2. The ratio test in Step 3 follows from the same logic as in the Simplex Method.
We wish to maintain non negativity of all the components in the last column,
and so we allow the nonbasic variable in column s to increase away from zero
only until it causes one of the basic variables to become zero. This basic variable

is identified by the ratio test as the one to leave the basis in the current iteration.
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3. In practice, it is not necessary to insert the sy row into the tableau, since s

remains in the basis throughout and is always equal to z.

The following important theorem assures that Lemke’s algorithm terminates at

the solution of the LCP(M,q) if M is positive semidefinite.

Theorem 3.2.1. 1. If M € R™*" s positive definite, then Lemke’s algorithm ter-

minates at the unique solution of LCP(M,q) for any q € R™.

2. If M € R"™" is positive semidefinite, then for each q € R™, Lemke’s algorithm
terminates at a solution of LCP(M,q) or at an unbounded ray. In the latter

case, the set {x|Mx + s > 0,2 > 0} is empty; that is, there is no feasible pair.

The proof can be found in [4].

3.3 Example

We consider a quadratic programming problem

min 123 — 20 + 123 + 4oy — 29
st. x14+12—2>0 (3.3)

x1,x9 2 0.

The KKT condition of this problem are described in Example 1, Chapter 2,
(2.15) and (2.16). In this case we have
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which leads to the following LCP

1 -1 -1 4 1 1
M = —1 1 -1 y 4 = -1 ) ) = i)
1 1 0 —2 T3 Uq

Below are the steps of Lemke’s algorithm applied to this problem.

Phase [
Step 1: According to Phase I of Lemke’s Algorithm, here we add the artificial variable
xo that satisfy the following relationship, s = Mx + exy + ¢, so the initial table is as

follows.

Ty T2 T3 X9 1

s; =11 -1 -1 1] 4

s9=] —-11 -1 1]|-1

s3=| 1 1 0 1 | -2

We make this table feasible by carrying out a Jordan elimination on the z( col-

umn (pivot column, s=4) and the row corresponding to the most negative entry in the

_A'rj

last column (pivot row, r=3). Here s = 4 and r = 3. Since B, = A%g and By; = o~

, Bis = jT and B,; = A;; — B;sA,; we find the entries of the second table below.

Try T2 T3 S3 1

s;=10 =2 -1 116

s9=| —-20 -1 11

To=|—-1 =1 0 1|2
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This table yields almost complementary solution xy = 2, 1 = 0, x5 = 0, z3 = 0 and

8120, 82:1, 83:().
Phase 11

Step 2: In Phase I we obtained the following table.

Ty To9 T3 S3
si=]0 -2 -1 1
Sa=| —20 -1 1
z=|-1 -1 0 1

Since s3 became non basic at the last pivot, here we choose z3 as pivot column.
. . . . . _6 _ _1 _ _
Minimum ratio test gives min {_—1 =6,= = 1} =1.

Thus pivot row is 7 = 2 (from minimum ratio test). When s = 3 and r = 2 we
find the entries in the third table by using the Jordan elimination. Using formulas

indicated in Step 1 we obtain the following table:

r1 To S9  S3
s1 2 -2 1 0
z3=] -20 -1 1
z=|-1 -1 0 1

This table yields almost complementary solution xy = 2, ;1 = 0, x5 = 0, z3 = 1 and

81:5,82:0,8320.

Step 3: By continuing the same process as in Step 2 we get s = 2 and r = 3.

After performing Jordan elimination we obtain the following table.



Ty X9 S2 S3 |1
s;=|4 2 1 =2 |1
3= —-20 -1 1|1
To=|—-1 =1 0 1]2
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This is a final table, because it contains a solution that is fully complementary,
2o =0,21 =0, 290 =2, 23 =1and s; =1, sy =0, s3 = 0. Hence, the solution of the

original problem (3.3) is x; = 0 and x5 = 2.

Alternate Lemke Method We shall now proceed to show how Lemke’s Method

can be performed by avoiding traditional Jordan Exchanges on individual components

but entire rows and columns are updated simultaneously.

Let us consider once again, example (3.3). We know that the initial table with

artificial variable 2° included is

Ty To T3 Xo | 1
s1;=11 -1 -1 1] 4
ss=]—-11 -1 1]|-1
83 = 1 1 0 1 -2

Now to make this table feasible:

(1) Pivot row (old) chosen by the most negative entry of the last column.
(2) Pivot element is the element of the pivot row (old) corresponding to the artificial variable,

also identifying the pivot column.

Calculations: (Pivot, Row, and Column updates)
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(3) Pivot Element,,.,, = 1

PivotElement g

. _ —(PivotRowyq) . . .
(4) Pivot Row,e = Bivot Blement.rs excluding elements corresponding to pivot column

: _ (PivotColumn,q)
(5) Pivot Columny,e,y = “pr o iratd Element

(6) Rowpew = Rowgq — (Corresponding Pivot Element e,,) X (Pivot Row,q)

excluding element corresponding to pivot column

(7) Input pivot column,,,, where excluded column is located.
Step 6 updates all remaining elements of the table, and below we apply the above

calculations to the given example.

1)PivotR owyg =row3 =[1101 — 2]

2) Pivot Element,q =1, and pivot columngy = [1 1 1]7

1

4)Pivot Rowpey = M =[-1 —10 % 2] = row3,ew

5) Pivot Column,,,, = (L

(1)

(2)

(3) Pivot Element,e, = + = 1
(4)

(5) T
(6)

6) Rowppew = [1-1-1 % 4]-(1)x[1 10 *-2] = [0 -2 -1 * 6]
RoWanew = [-1 1 -1 % -1-(1)x[1 10 *-2] = [12 0 -1 * 1]

Once the Pivot Column,,,, is input, the table is now feasible, and we have
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r1 X2 T3 83 1

s1; =10 =2 -1 16

So=| =20 -1 11

rp=|-1 -1 0 1|2

which satisfies the almost complementary solution specified by Phase I of Lemke’s
Method. Thus we can proceed to Phase 2 where all rules of Phase 2 hold and once
again update the table by following steps 1 through 7 of (3.3). We can easily see
that the same tables will be obtained. Repeat Lemke’s phase 2 and (3.3) until a

complementary solution or unbounded ray is determined.



CHAPTER 4
INFEASIBLE FULL NEWTON-STEP INTERIOR-POINT METHOD

The purpose of this chapter is to discuss and explain the IPM method for solving a
monotone LCP. Step size calculations are not considered because this method utilizes
full-Newton-steps. In this chapter we introduce and explain the concept of the IPM

with full-Newton-steps, followed by the analysis of the convergence.

4.1 Main Idea of the Method

We consider the monotone LCP:

s=Mz+q
z>0,5>0 (4.1)
Ts=0&25=0
where M € R™" is a positive semidefinite matrix, ¢ € R™ is a vector. We say that

(x, ) is an e-approzimate solution of (4.1) if

l|s — Mz —q|| <€ and z7s <e¢ (4.2)

It is easy to see but important to note that because x > 0,5 > 0

's=0<xs=0

where xs = (z181, ..., T,S,) represents the component-wise (Hadamard) product of
vectors z,s. The main idea of IPM is to solve the system (4.1) using Newton’s
method. However, it is well known that Newton’s method can “get stuck” at the

complementarity equation x”s = 0. In order for us to avoid this, we perturb the
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complementarity equation and consider the system:

s=Mx+q
(4.3)
rs = pe

for some parameter p > 0. Another known fact is that for a positive definite matrix
M, (4.3) has a unique solution (z(u),s(u)) for each p > 0. These (parametric)
solutions are called p-centers and the set of all u-centers of (4.1) is called the central
path. We can clearly see that when p = 0, we have found the solution for (4.1).
Now, the main idea of IPM is to trace the central path by gradually reducing u
to 0. However, tracing the central path exactly is very inefficient; it is enough to
trace it approximately, as long as the iterates are "not too far” from p-centers. A
clear understanding of “not too far” will be discussed more precisely later. The
above outline of the IPM implicitly requires the existence and knowledge of a strictly
feasible starting point (2%, s%), that is s = M2° + ¢ where 2° > 0,5° > 0. The
existence of a strictly feasible point is often called the Interior-point condition (IPC).
However, finding a strictly feasible interior-point may be as difficult as solving the
entire problem. Therefore, our goal in this thesis is to design an Infeasible IPM, this
is an IPM that can start from an infeasible point and still converge and moreover

converge relatively fast.
Let us consider an arbitrary starting point (z°,s°) > 0 such that 2°s° = ple for

some p° > 0. Most likely for this point, s° # Mz° + ¢ so we denote the residual as:

s — Mz% —q=r°. (4.4)

The main idea of the infeasible IPM is to consider the corresponding perturbed

LCP,

s—Mx—q=uvr®
(4.5)

x>0, s>20, zs=0
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for any 0 < v < 1. Note that when v = 1, (z°,s°) is a strictly feasible solution of
LCP,_;. Thus LC'P,_; satisfies the IPC. The following lemma connects feasibility of

the original LCP with feasibility of the corresponding perturbed LCP,.
Lemma 4.1.1. If the original problem (4.1) is feasible, then the perturbed problem

(4.5) is strictly feasible for v € (0,1]

Proof. Suppose that (4.1) is feasible. Let (Z, 5) be a feasible solution, i.e.,

For v € (0, 1] consider convex combinations

r=(1-v)z+v1® s=(1-v)5+uvs
Note that z,s > 0 because Z,5 > 0 and 2°,s° > 0 and v > 0. We have

s—Mz—q = M((Q1-v)z4+va®)+q—((1—v)5+vs)

1—v)Mz+vMz®+q— (1 —v)s—vs®

—_
T

(1-v)

(1—v)(Mz—35)+v(Mz®— 5% +¢q

1—v)(Mz+q-5—q) +v(Ma"+q—3s"—¢q)+q
= (1-v)(-9)+v(’—q) +q

( (—q) +v(=q) +v(1°) +¢

(

—)(1—v+v)+vr+gq

1—v)

Thus (z, s) is strictly feasible for (4.5). O

It is worth mentioning that LC'P, — LC'P as v — 0. Similarly, as for LCP (4.1),

the perturbed problem LCP, (4.5) can be solved using IPM which would require
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solving the system

s—Mx—q = vr'°

xs = pte

using Newton method. If M is p.s.d. this system has unique solutions (x(u, v), s(u, v))
of p-centers for LC'P,, which are also called (u,v)-centers. As before they form a
central path for LC'P,.
We seek not to find an exact solution of LC'P, yet our goal is to locate an e-
approximate solution of the original problem LCP. That is achieved by finding an
approximate solution (z,s) “close” to the (u,v)-center for a certain p. Next, we si-
multaneously reduce the values of p and v for a certain parameter 6 € [0, 1], called
the barrier parameter, i.e.,

pto= (1=0)pu

vt = (1-0)
As v — 0 and g — 0 we will obtain an e-approximate solution of the original LCP.
Since the initial g is @ = po and the initial v is ¥ = 1, pu and v are connected as
follows:

v =4 (4.6)

Ho

The variance vector defines the closeness of (z, s) to the y-center and is denoted
as follows, v = , /%. One can easily see that if (z,s) is a u-center, which means that
xs = pe, it immediately follows that v = e. Now, we define closeness (z,s) to the

1

p-center as 0(x, s; 1) = 6(v) = 3||v —v7!|], here we notice that

d(v) =0 v=-e< (z,5) is a p-center.

As seen in figure 4.1 to obtain an approximate solution (z*,s%) in LCP,+ that

is close to the p'-center, we perform one feasibility step and a few centering steps
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LCP.

u-center

Central path

Centering Steps

u-center -
)\ < c-approximated solution

T-neighborhood

LCP-,._ -

Figure 4.1: IIPM Graphical Representation

starting from the approximate solution (z, s) in LCP,, close to u-center. The feasibility
step will assure that we obtained a solution (x/, s/) that is strictly feasible for LCP,,+
but may not be sufficiently close to the u*-center. Therefore, a single iteration consists
of one feasibility step followed by several centering steps. In what follows we first

describe the details of the feasibility step.
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4.2 Feasibility Step

Let x,s be an approximate solution of LCP,+ that is known. Our goal is to find a
strictly feasible solution of LCP,+. Thus we want to approximately solve LCP,+ (4.5)
using one iteration of Newton Method that will find the search direction Afz, Afs.

We re-write (4.5) in the form:

Mz +q—s—uvr?
F(z,s) = =0 (4.7)
xs — pte

When we apply Newton method to (4.7) it yields:

Az
VF = —F(z,s) (4.8)
Afs

where F'is the Jacobian of F'. The above system is equivalent to the following system:

MA Tz — Afs = Ouvr®,
(4.9)
sAz+2A's = (1 —0)ue— xs.

Once the Newton directions Az, Afs are known, the feasible solution is obtained by

performing a full-Newton update, i.e,

vl =2+ Az

sf =s+ Afs

We want to be assured that 27, s/ is strictly feasible and moreover, §(x/, s/; u*) < \/ig

4.3 Centering Step

Once (2/,s') is obtained, we seek to obtain a solution (x,s) that is closer to u*-

center than \/Li’ that is we want to find (z,s) such that §(z/,s/;u*) < 7 for some
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“small” 7 > 0. This is achieved by performing a few centering steps within LCP,+
without moving to new LCP,+ denoted as LCP,++. Since we stay in LCP,+ we are
not changing v* nor u* and therefore we can call v and u* simply v and u. So they
are named in this manner:

vevt o op—put
Also, 27, s/ can be called z,s and this is the starting point for our centering steps.

Since zf, s/ is strictly feasible we have
Mzl +q—s' =0 (4.10)

or because of renaming just

Mz+q—s=0 (4.11)

Once we have a strictly feasible solution, feasibility of the centering steps of the IPM

is maintained. Thus one centering step consist of solving the system

Mz+qg—s = 0 (4.12)
rs = ue

using Newton’s method. The “centering” Newton direction is found by solving the

following system

MA‘x — A°s = 0
(4.13)
SA°c + XA%s = pue—uxs

Then the new centering solution is obtained by taking a full Newton-step
© = x4+ A%
s¢ = s+ ASs
We will show that (x¢, s¢) is closer to u-center than (z, s), actually we will show that

proximity to the p-center is reduced quadratically. This outline is summarized in the

following algorithm.



Infeasible Full Newton-step Interior-Point Algorithm for LCP

Input:
Determine input parameters:
threshold parameter 7 > 0,
fixed barrier update parameter 6, 0 < 6 < 1,
accuracy parameter € > 0.
begin
Set 1u® = (pCp, (p > 0 and (p >0

while max(x’s, ||s — Mz —q||) > ¢ do

Feasibility Step

Calculate direction (Afxz, A's) by solving (4.9);
Update z := x + Ax and s := s + As;

Update v := e

Calculate: §(v) = 3|jv —v™|;
poo=(1=0)p;
V= (1 — 0)1/;

Centering Step

while §(v) > 7 do
Calculate original direction (Ax, As) by solving (4.13);
Update x := x4+ Az and s := s + As;
Update v := %;
end do
end do

end

Table 4.1: Infeasible Full Newton-step Interior-Point Algorithm for LCP
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CHAPTER 5
ANALYSIS OF THE ALGORITHM

This purpose of this chapter is to analyze convergence and to estimate the number
of iterations needed to find an e-approximate solution of LCP. We start out with the
analysis of the feasibility step, followed by the analysis of the centering steps, and

conclude with overall number of iterations.

5.1 Feasibility Step

Let us recall from Chapter 4 the system (4.9) for the feasible step.

MAfz — Afs = Our?,
(5.1)
sAx +2A's = (1—0)ue— xs.
In order to analyze the above system it is useful to transform it into an equivalent

system using the following scaled directions.

A
vi= E, d, = u, ds = (5.2)
I x s

Note that the pair (z,s) coincides with the p-center (z(u), s(p)) if and only if v = e.

Substitution of (5.2) into the above system yields

M%—%‘is = Ouvr®
(5.3)
S¥de X539 = (1 —0)pe — xs

Writing system (5.3) in matrix form we have:
MV~ Xdx — SV~'ds = vr® (5.4)

SVXdr + XV~1ds = (1 — 0)ue — xs, (5.5)
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where

X =diag(z), V~'=diag(v™"), D, = diag(d,)
S =diag(s), V =diag(v), Ds=diag(ds).
Left multiplication of (5.4) by S™'V yields:
STV (MVTXd,) — SV (ds) = (S7V)(0vr?)
STMXd, —d, = vSTVir® (5.6)
SV2XV2N[S12X12, — ds = QuS-lXY281,-1/20

Let D := S~%/2X'/2 therefore the third equation in (5.6) is written as

MDd, — ds = QuvDp~"/?r0. (5.7)

Let M := DMD therefore (5.8) is written as

de —ds = QvDpu~*0. (5.8)

If we left multiply (5.5) by S™'X 'V we obtain

STXW(SXVd, + XSV~ld,) = ST'X V[l - 0)ue — xs]
d+d, = X 'STW[(I - 0)ue — xs]
do+d, = 2 [B(1-f)e— X1S1XSV

s "

do+d, = JE(1—-0e—v
dy +d, = (1—=0)v—w.

Thus, system (5.3) transforms into the following system

Md, —ds = 0v-LDy0
Vi (5.9)
d; +ds = (1—0)v ! —w

Recall that after the feasibility step,

=+ ANz, sf=s+As.
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where A/z, A’s are calculated from system (5.1). We want to guarantee that 2/ > 0,
s/ > 0, so our goal is to find the condition that will guarantee strict feasibility of
x/ s/, Recall that we start with (z,s; i) such that d(x,s;u) < 7. We reduce p to

pt = (1—0)u. Now , using v := %, dl = %, dl = vas ”Afs we obtain

wfsh = xs+ (aATx 4+ sATs) + AlaAls

(
= s+ (1 —0)pe —xs + AfzAls

= (1-0)ue+ ATzA7s - 10
= (1—0)pe+ Zdid! 10
= (1—0)ue+ %didi
= (1= 0)pe + pdldf,
which implies
CORE
_ <1—2e_;§l£d£5 (5.11)
= e+ 44,
or equivalently
()2 =1+ dzldfl' (5.12)

Lemma 5.1.1. [terates (z/, s') are strictly feasible if and only if (1 —0)e+dld! > 0.

Proof. (:=) If zand s’ are both positive then (1 — 6)e + d,ds > 0
(<)

let
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therefore, 2°s° > 0. We need to show z! and s' are nonnegative if 2%s® is positive

for all « € (0, 1).

5% = (z+aAfz)(s + aAls)
= s+ xalAls+ saAfz + a2 ATz AT s
= xs+alzAlz + sASs) + a?AfzATs
= xs+al(l —0)pe —xs) +a?ATzAls
= xs+a(l —0)ue — ars + o®udld!
= s+ aue — abue — axs + o udld!
= ws(1 —a) + aue(l — ) + odld!

= pl(1 —a)v? + ae(l — 0) + o*dld!]

Suppose (1 — 6)e + d/d! > 0 then dfd! > —(1 — 0)e. Substitution yields

"0 > (1 a)
= u[(1 — a)v? + ae — ael — e + a*be]
pl(1—a)

(1

= u(l —a)v?+ ae — ael]

a)v? + ae(1 —0) + a*(1 — 0)e]

a)v? + ae(l — a) — aef(1 — a)]

= p(l—a)w?+a(l —0b)el.
Since v?, e > 0 this implies z*s* > 0 for « € [0,1). Therefore none of the entries of
2® and s* vanish for a € [0,1). Since 2, s° > 0, this implies that * > 0 and s* > 0
for a € [0,1). So by continuity the vectors ! and s' cannot have negative entries.
Assuming (1 —6)e + d,ds > 0. Similarly 2%s* > u[(1 — a)v? 4+ ae(1 —60) + a?(1 — 0)e]

implies z's! > 0; therefore by continuity z* and s' must be positive. O

Lemma 5.1.2. (27, s7) are strictly feasible if ||dld!||.c <1 —0
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Proof. By Lemma 5.1.1 (2/, s/) is strictly feasible if and only if
(1—0e+dld > 0
(1-0)+ dg;_dfi > 0
didl > —(1-0).

Given the definiton of co-norm, ||d£d£Hoo = max {‘df_df =1, .., n} the assump-

tion ||d£d£Hoo < 1 — 0 can be written as Hdidi H < 1 — 0 or equivalently
—(1—-0)<dld <(1-9).

The left inequality above can be written as df d/. + (1 — @) > 0 for any 7 or
ddl(1— 0)e > 0.

By Lemma (5.1.1) this implies that (z/,s/) is strictly feasible. O

Now we seek to find conditions that would lead to the required upper-bound for

S, o) < &5

fal ||
Lemma 5.1.3. If ||d£d£Hoo < 1—0 then 46*(v’) < 1_”{;%-
Proof. Recall that
o) = o(al,sh, )
- 4 -

Then we have
46%(v!) = 4" = (1) 7HP)

= |/ = @)

Z?zl(vzf - Lf)2

U’L

= Z?:I(sz)z -2+ (ﬁ)z

df .l
= Z?:l(l + 95t djl‘ o 2)7
1+

Ty 54
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where the last equality is obtained using (5.12).

df.df.
Let us denote z; := —7—*; therefore, we have
i (l+ 2+ lel —2) = Y (s+ 1Jizz- - 1)
— TL Zi(l-‘rzi)-i-l -1
> o ) (5.13)
= Z?:l( i1+;i - 1)
= Zi:l(l-{-zzi)

Now z; < |z| and 2z; > —|z]. So |z < ||z, this implies

=]zl > 1—l

1+Zi > 1—‘ZZ|

Therefore,
1 1 1
> > . (5.14)
1+ Zi 1-— Zi 1+ Zioo
By substituting (5.14) into (5.13) we get
?(f) < Zi:l(lffz”)
n 2-2
< i)
2
= 1_\\;”00(”2“2)
_ (H‘fn%)
1125 oo
o (5.15)
=
— 2
- al al
1—|[ i
O

Norm Facts

We introduce the following known facts about the norms to assist us in the analysis
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of the feasibility step.

IN

lazdi]l, < [lafedl]
(CAEA| (5.16)

< (e + )

IN

Where |||| represents the 2-norm. Using (5.16), the last equation of (5.15) can be

written as )
(L]l |
il s v

46%(v7) <

2 2
ol ][]
2 -6

Recall that we want §(v/) < \/Li which implies 462(v/) < 2. Using Lemma 5.1.3 this

will be satisfied if

1<Hd£|\2+ o )
2\ 16
_s (5.17)
1,%Hda’ﬁlljj 4|’
This implies that
%Ildé\\jfgdfw <1 (5.18)

However, we should not forget that Lemma 5.1.3 must hold, and therefore (5.18)

deds

X
1-6

holds if

. < 1. So the problem of finding conditions for §(vf) < \/Li to hold

reduces to finding an upper bound on

" + ] (5.19)

To assist us in finding this bound, we have the following condition: ||d£d§c HOO <1-46

[
= =0 <1

f11? f11?
BN 4 [

The question we ask ourselves now is “how do we find the upper bound for Hd£||2 +

Hdéc H2?” In order to do so we need the following lemma.
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Lemma 5.1.4. Given a system

Mu—z=ad, ut+z=D0 (5.20)
the following hold

(1) Du=(Q1+DMD) Y a+b), Dz=(b— Du)
2)  |Dull < fla+ b
(3)  IDull® + Dz]” < [IBlI* +2 la + 0] |a] .

where D, b, a, and M are defined as follows:

D= S8"Y2XY2 b:=Db, a:=Da and M := DMD.

Proof. Left multiply both equations in (5.20) by D which gives us

DMDDu— Dz = a
(5.21)

Du+DZ = b,

and by adding the 2 above equations we deduce equation (1) of Lemma 5.1.4. Since
the matrix I + DM D is positive definite, inequality (2) of Lemma 5.1.4 follows. From
(5.21) and by using Cauchy-Schwartz inequality and inequality (2) of Lemma 5.1.4

and the positive semidefiniteness of DM D we have

|Du||® + |Dz||* = || Du+ Dz||* —2(Du)* Dz
= b)) — 2(Dw)T (DM DDu — a)

6] = 2(Du)T DM DDu + 2(Du)Ta

IN

2
1ol + 2 [ D] ||all

VAN

16l° +2 fla + bl |||
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We will apply the above lemma to the system (5.9)

f_df = 0_L
Mdl —d! = HI/D’I‘\/E

dl+df = (1-0)w!—w.

Let
a: = D(@VDT();%) = D2<(91/7”0i)
b: = D((1—60)v!—v)
u: = df
z: = dl.

Then system (5.9) transforms to system (5.20). Substituting into equation (3)
of Lemma 5.1.4 we have

IDd!||” + ||Ddl|| < D1 — o) — ]|

(5.22)
+ 2 HDQ(QUTO\/LE +D((1—0)v~! — U)H HDQQVTO\/LE
Using norm properties, we have that
1pdi|l < IDIlaz]l . [[Ddi]l < 1D af
|D2oro |l < DIP o) & (5.23)
IDI =yt = ol < D] | ovro
where ||D|| represents a matrix norm. Thus
IDagl + e < U1 (el + ) 521

Using inequalities (5.23) and (5.24), inequality (5.22) becomes
2 2 - 5
1D (Jl164]* + [ld£]*) < IDIP 11 = 8y — o

+ 2 (HDQW‘O\/LE ’ + (1 =)ot — v||> HD@I/TO\/LEH
(5.25)
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Cancelling || D||* we get

2|+ [|))* < 11—yt — o)

+ 2(||povro L] + (1 - 00 — o) || DovroL. (5.26)
We now seek an upper bound for
|ovDr°|| (5.27)
and
o (5.28)

First we give a bound for (5.27). We have

e I
= LX)
= wlvEl —e=5
< i VAL
= valvErl,
= e,
= SIVEl, = |Rad| < o lward] < S e
= oo 2l
therefore
ZDr0| < I el (5.29)
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Since we assumed z° = (e and s = (ye we have that py = (,(4. We can choose

¢y and ¢y such that |2 < ¢, and ||s°|| . < 4. Then we have

0 = 09— Mz —gq
= (e —GMe—q
= (g (e—%Me—éq)
= g5,

IN

G (142G IMel o+ £ lall.) -
By assuming max {||s|| .., [|Mell ., |l¢ll.} < (4 the last inequality above becomes
170 < Ca(1+1+1) = 3.

Thus, (5.29) becomes

|

[ 0 6 1
o Dy H < L3¢ e,

N
=0 _ 36 Izl
= c3Gllel, = 2 (5.30)

Now, we give an upper bound for (5.28). We have

I(1=0) v — o = [[(1=0)o7Y* = 2(1 = ) (v™") (v) + [|v]
= (1=02 v =201 = O)n + |||’
= (1—=0)2|v7 > = 2n+ |jv]|* + 2n0
< o U* =20+ [lol® + 260n

= ot —v|* +20n

= 46%*(v) + 26n (5.31)
Thus

(1 —6)v=! — o] = \/46%(v) + 20n.
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By substituting equations (5.30) and (5.31) into (5.25) we get

laf]f* + [l ]* < (40%(v) + 20m) +2 (2L 1 \/257(0) 4 20m) 21 (5.32)

CP Umin

Next, we need an upper bound on ||z||, and a lower bound on v,,;,. This is given in

the lemma below.

Lemma 5.1.5.

(1) ¢'(0) < wi < q(9)
(2) zlly < (2+q0)nG, sl < (2+4q(d))ng,

where

g(6) =6+ V&2 + 1.

Proof. Since v; is positive for each i, we have
—26v; <1 —0v? < 20v;
This implies
v? — 20v; — 1 <0 <02 4 260 — 1

Rewriting this, we have

(v; =0 —1-02<(v; +d)*—1-42
we obtain

(v; —0)* <1+0% < (v;+0)%,

which implies

Ul—dg ‘Ul—é‘ S\/1+52§UZ+5

Thus we arrive at

—0 4+ V1402 < <0+ V1402 = q(0).
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For the expression on the left-hand side we write

_ </ 3 _ 1 1
0+ V1+06%= 152~ q(9)

o+

G

thus proving number (1) of the above lemma. To prove (2), since z, s, z* and s* are

positive, it implies that s”a* + 27 s* is positive. Therefore,
(s9)Tz + (29)7Ts < v(x®)Ts" + xTTS + (1 =) (") z* + (2°)Ts%)
since 20 = (e, s* = (pe, ||z*|| < ¢ and ||s*]|, < (p, we have
(9T 4 (2°)"s* < Cp(e"s?) + (p(e"a®) = 2nlp(p.

Also (2°)7s® = n(p(p. Hence we get

(s9)Tz + (297Ts < % + 2n(,Cp — vnlyCp
< 2549t p
- g,

= CpCD(eTU2) + 2”CpCD7

where the last equality follows because of v = ;% and p° = (,(p. Now,

CCo(eTv?) +2n6Cp = CoCp(eTv? + 2n)

= GCn(Xvf +2n)
< GCp(32¢*(0) +2n)
= GCp(¢?(0) 31+ 2n)
= (Cp(q*(0)n + 2n)
= GCon(g?(0) +2).

Therefore, (s%)7z + (z°)Ts < (q(0)? + 2)n¢,(p. Since 2°, s, x and s are positive we

(
(

obtain
< (¢*(6) +2)n¢yCp
(@) Tz < (¢*(9) + 2)nGpCp-
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Moreover, since z° = (e and s = (pe, we obtain

zll, < (‘12<5)+2)nCp

Isll, < (@*(5) + 2)ny,

thus part (2) is proven, which concludes the proof of the lemma. ]

Using Lemma 5.1.5, (5.32) becomes

lZll” + ez
< (462 + 20m) + B 5L 4 00 /g5 o el
P “min men

— (46 4 20m) + 2 (2 + g(0) Pn?C2)q*(6) + LV/A57 + 20n(2 + (6))nGa(9) )
= (40% + 20n) + 186?n2(2 + ¢(6))%¢*(0) + 60n/462 + 20n(2 + q(5))q(d)

Therefore,
2 2
laz]|” + |
< (462 4 20n) + (186*n%(2 + q(8))?*¢*(0) + 60nv/462 + 20n(2 + q(5))q(9).
(5.33)
We want 6(v/) < \/Li this implies that 46%(v/) < 2. From (5.17) we have
L (de||2+||df||2)
4 1-6
2 < . i~ < 2. (5.34)
1-1 (WW)
122 laf ||
Let us set u := ||dz||+0ds then we have
W < 21— 3u)
< 2—uw
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Solving for u, we have

Uy = —4i\/216+32
= —24++12
=~ 1.46.
» : l|a4]|*+]|4¢]|*
Hence, we only choose the positive u-value. Thus, if v := *—5——- < 1.46, then

inequality (5.34) holds. The condition was also that (5.34) holds if ||dfd! ||OO <1-46

which implies

e
- 155l <1
o [l | et
= 5 1 =1
]+ )"
= i =2
Thus both conditions are satisfied, and we have
a2 ||” + ||df||* < 1.46(1 —6) . (5.35)

Combining equations (5.33) and (5.35) we get

(462 4 20n) + 180*n%(2 + q(06))?¢*(9) + 60n\/462 + 20n(2 + q())q(6) < 1.46(1 — 0).
(5.36)
We know that old §(z,s;u) < 7 < \/Li We also see that ¢(d) = 6 + V0241 is

increasing in § and therefore the entire left side of equation (5.37) is increasing in 6.

If we call (2+ ¢(0))q(0) = g, we have

46% + 20n + 187°n20% + 6qno/462 + 20n < 1.46(1 — 0). (5.37)

Finally, we have to find 7 and @ such that (5.37) is satisfied. The following table gives
the answer. Explanations of tabular solutions: p,.;, represents the solution of the left
inequality of (5.37) and fyu, represents the solution of the right inequality of (5.37).
The statement “f is less than p” implies that the 6 parameter failed the inequality

(5.37) for the specified 7 value.
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: g : %

0 Psoln Jsoin Psoln Jsoln Psoln [soin
wLn 1.0621274 1.314 f is less than p f is less than p
ﬁ 0.8520225 1.3383333 | 1.3134135 1.3383333 | f is less than p
ﬁ 0.7124501 1.3557143 | 1.1303083 1.3557143 | f is less than p

Tab.1, Choice of Parameters 7,6

Thus, 7 = %1 and 6 = ﬁ are the best chosen parameters that satisfy inequality (5.37)
for any n, although practically for n > 2.

The above discussion can be summarized in the following theorem.

Theorem 5.1.6. Let 6 = ﬁ, T = %, and (x,s, ) be the starting iteration with
§(x,s,u) = 5. Then after the feasibility step, we obtain (x/,s') that are strictly
feasible for P+ and §(x/, s/, ut) < \/Li

5.2 Centering Step

After the feasibility step we have (x7, s7) feasible for LCP,+ such that §(x/, s/; ut) <

. Our next goal is to perform several centering steps to get sufficiently close to the

o

2

+

pt-center of the LCP,+. Since (z/,s/; u*) is the starting iteration we denote them
as (z, s; ) respectively and we denote 6(z/,s’,; ") as §. To obtain our centering

directon, we use the following system:

MAz—As = 0
(5.38)
SAxr + XAs = pe—xs.

Also, recall that

v= /% Ap =2 Ag= % (5.39)
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Then (5.38) becomes
Mdz —ds = 0
(5.40)
Sdr + Xds = v '—w.

Before we continue the analysis we give several helpful equations and inequalities.

Helpful Equations and Inequalities

From Chapter 4, we have that Mdz = ds. Since M is positive semi-definite, we can

write dzTds = deT Mdz > 0, so dzTds > 0. Let p, = dz + ds and g, = dx — ds then

Ipoll® = llaoll® = pip0 — 070
= (dz +ds)T(dx + ds) — (dx — ds)" (dx — ds) (5.41)
= 4dz"ds.

Since dz"ds > 0, we conclude that ||p,|* > ||qu||*. Furthermore, we can write

2
dz'ds < 7llp.|

= 1z + ds||? (5.42)
= &2
Therefore we have
0 < dx"ds < 62 (5.43)

From the equation (5.41) we get

2 2
Hva _HQv” = 4dxTds

lgol® = llpol* — 4daTds
< |poll*, since dzTds >0 (5.44)
= ||dz + ds|

= 46%



Now we consider p? — ¢2:

p2— ¢ = (dv—ds)? — (dv + ds)?

= 4dxds
deds = 3(p2—q2)
dzds] = 5 |(p2 —q2)| -

Case I: p? — ¢> > 0. Given that p? — ¢* < p? it follows that

|dzds| = |p? — 43
=3 — @)
< ip?
=1 lpol”.

Case II : p?2 — ¢ < 0. This implies ¢*> — p? > 0, i.e. [p? — ¢*| < ¢

Thus,
max; |dz;ds;| < § max {|pu|2 ; |Qv|2}7
which leads to
max; |dz;ds;| = ||dzds]|| < %max{||pv||2 ; ||Qv||2}

Therefore, from equation (5.44) we have,

|dzds]|, < 6%

ol

(5.45)

(5.46)

(5.47)

(5.48)
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Next, we have

|dzds||® = (dxds)T (dzds)

= (dx1ds1)? + (dwodse)? + ... + (dzpds,)?

< (dzydsy + dradsy + ... + dr,ds,)? (5.49)
= (dx"ds)?

< ot

Hence, ||dzds|| < &2

Now, we can easily obtain similar inequalities for Az and As:
AzTAs = (zv=tdx)T (sv~tds)

= (do/T ) (ds/V/R)
= p(dz/E)"(ds /2) (5.50)
= pdzTds

< pd?,

|AzAs||, = max; |Az;As;|

= max; |pdx;ds;|

= pmaz; |dx;ds;| (5.51)
= p || dzds]|,
< po?,

[AzAs|? =30 (AzAs;)?
=" A (dwds;)?
= 123" (dx;ds;)?
ILL Zz—l( ) (552)
= 122 ||dzds||?,
|AzAs|| = p||dzds]|

< pd?.
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Continuing with the analysis we have that the new centering iterate is 27 =

z + Az and s = s+ As. Then,

xtst = (z+ Azx)(s+ As)
= xs+ cAs+ sAx + AxAs
(5.53)
= xs+ (pe — xs) + AzAs

= pe+ AzAs.
using equation (5.39) we have

2dg sds

rtst = ped T2

= pe+ pudvds (5.54)

= ple+ dzds).

Lemma 5.2.1. (z)Ts™ < u(n + §?)

Proof. We have
(z%)Tst = eT(atst)
=el(z + Az)(s + As)
= el'(ue + AzAs)
= pele + e AzAs (5.55)
= un + AzTAs
< pn + pd?

= p(n + 62).

The immediate consequence is the following corollary.

Corollary 5.2.2.

lol|* < n+ 6%
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Proof. We have

lo]]* =T
= (/=) (/%)
= L(w1s1 + 252 + o+ Tnsn) (5.56)

< 4 (p(n +6%))

=n+ 6%

We know the initial iterate of the centering step is feasible because the requirement of
the feasibility step is to get strictly feasible iterates for the full Newton step; therefore,
e+ d,d, > 0 or strictly feasible when e + d,d, > 0. Also from the feasibility step we

1
know5<7§<1.

Lemma 5.2.3. If 6 < 1, then xt and s™ are positive, i.e., they are strictly feasible

and o(z*, 5%, ) < 5 o2

V18
Proof. Let 67 = d(z*, s, p) and vt = % Since 6(v) = % [lv~! — v||, we have
5t = Ll(pt)1 — ot
i)t - o] -

=3l e = @D

From (5.53) we have z7s™ = pu(e + dxds), and v™ becomes v™ = Ve + dxds. By

substituting this value into the equation (5.57) we get



267 = ||(Ve+duds)™t — (e — e — duds)||

— H dzxds

Ve+tdzds
< ||dzds]|
- ”\/e—i-dzds H

< ||dzds||

T y/1—||dzds||
52

1-62°

IN

Thus,

2
ot < 0

T2yl =462

Corollary 5.2.4. If §(x,s, 1) < —= then §(zt, s, p) < 6%(z, s, ).

1
V2
Proof. From Lemma 5.2.3 we have

S(zt st ) < 62(w,5,1)

- 2 V 1_62(1’787”)

< 82 (x,s,10)
— 2y/1-1
_ 82(x,s,10)
V2
< 0%(x, s, 1),

which proves the corollary.

95

(5.58)

(5.59)

Corollary 5.2.4 actually indicates that we have quadratic convergence if the iterates

are sufficiently close to the u center.

To determine the necessary number of centering steps, we use the fact that

5(zT,sT; ) < 6%, and we continue with centering steps until §(z™,s™;p) < 7 =
7 p

1
1
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How many do we need? Let k denote the number of centering steps. Then we have

52 < 92
log 6% < log272
2klogd < —2log?2 (5.60)
2k log % < —2log?2
—klog2 < —2log?2
kE > 2

Therefore, we require only two centering steps per each feasibility step. Thus, all the

iterates of the algorithm are guaranteed to be in the same neighborhood (7 = ) of

1
4
the central path. This leads to the following estimate on the number of iterations to

obtain e-approximate solution of the LCP.

Theorem 5.2.5. If0 = ﬁ, o = CpCp, and T = }1 then the Infeasible Full Newton-

33(2%)7 (s°)
32¢

of LCP(M,q) or equivalently O(nlog ) iterations.

step IPM requires at most 12nlog iterations to obtain e-approximate solution

Proof. At the start of the algorithm, the duality gap has a certain value and in each
iteration the duality gap is reduced by the factor 1 — 6. The duality gap can be

transformed as follows

IN

visk < p(n+0%)

IN

pe(n + 1)

= (1—0)"uo(n+ 1)
(1—6)*CpCp(n+ 1_16)
CPCp(n + g5n)

(1 - 0)5 (") (s9) 2 < e

IA

IN
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This is satisfied if

logl(1 — OO ()] < loge
log(1 — )% +log()"(s°) +1log 33 < loge
log(1 —0)F < loge—log(z%)"(s") —log 22
klog(1—6) < loge—log(a®)"(s°) —log 2
—klog(1—0) > —loge+log(z?)"(s") + log 53

since —log(1 — 6) > 6, we have

(20)7 ()%

kO > log .
k Z % IOg (a“O)T(SO)%
k> + log M
= = p
33(z%)"(s°)

concludes the number of iterations needed for the feasibility step. Since we need
two centering steps per each feasibility step, the total number of iterations needed is
k> 2 x 12nlog w which equals 24n logw. It is easy to see that the

2e 32¢

number of iterations are O(nlog ).



CHAPTER 6
NUMERICAL RESULTS

In this chapter, the Infeasible Full Newton-step interior-Point Algorithm for LCP,
as given in Table 4.1, is implemented in MATLAB. We performed numerical tests
of our implementation of the algorithm for a set of problems of various dimensions.
Some problems were generated “by hand” and others were randomly generated. The

summary of results is given in tables below. Note that for all tables below, excluding

table 2, (p =1 and (p = 1.

6.1 Generating Sample Problems

Generating Matrix M

Before we go into the numerical data, we briefly describe how the test problems
were generated. The first group of problems were manually generated. The PSD

matrices of the problems were generated by using “rand” function as described below.

A =rand(k,n), where 1 <k <n

M = ATA.

Starting points and initial conditions

To initiate the progress we first choose z° and s° as vectors of ones. We also

0 0

examine the more general case z° = (pe, s° = (pe for some parameter (,,(p > 0. For

1

our first testing, we set (p = 1 and (p = 1, and we take the set of parameters 7 = ;

and 0 = ﬁ as required by the algorithm in order to guarantee convergence. After

the test for ('s of the same value, we test different ¢ values to show the efficiency of

the algorithm converging from different (feasible/infeasible) starting points.
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Parameters

As will be shown, several sets of parameters were tested. We take action on
a T-neighborhood (7 = 411> and more aggressive reduction of p-parameter at each
iteration, by taking the barrier parameter to be a fixed value independent of the size
of the problem (6 = \/%7) In this case we can not guarantee convergence, however,

in most instances the algorithm still converges.

Finally, we try a wider 7-neighborhood (7 = %) and more aggressive reduction
of pu-parameter at each iteration, by taking the barrier parameter to be a fixed value
independent of the size of the problem (6 = \/Lﬁfn) This case again, does not guarantee

convergence, however, in most instances the algorithm still converges.

6.2 Summary of Numerical Results

We generated 9 test problems. Two of them were generated manually (denoted as
EH) with dimensions up to n = 5 and seven were randomly generated (denoted ER)
with dimensions up to n = 200. This set of test problems were solved with the

following set of parameters.

1. 7=%and § = -,
1 1

2. 7=;and 0 = =,
_ 1 _ 1
3.’7’—5811(:10—\/?—”

The number of iterations as well as CPU time (CPU time in seconds) for each case

are listed in the tables below.
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Problem Size CPUtime | Iterations
EH1 3x3 1.9912¢72 374
ER2 3x3 1.6756e 2 366
EFH3 5 XD 2.102¢72 644
ER4 5x5 2.4774e™2 709
ER5 5X5H 2.5357e 2 714
ERG6 10 x 10 7.082¢72 1609
ER7 50 x 50 1.919146 10559
ERS8 100 x 100 | 12.953707 23197
ER9 200 x 200 | 139.182232 50548

Tab.1, 0 = ﬁ, T = i

To further show the efficiency of the algorithm, we also tested example EH1 with

different i starting point values, where again y = (p(p. Hence we have the following:

Problem | (p | (p | Size | CPUtime | Iterations
EH1 2 3 | 3x3| 241802 430
EFH1 7 |15 | 3x3 | 2731872 532
EH1 100 | 48 | 3 x 3 | 3.2984¢~2 667

Tab2, 0=+ =1

12n° 4

Table 2 shows us that no matter where our starting point is, rather it be feasible
or infeasible, the ITPM Algorithm will converge on these problems. The number of
iterations slightly increase; however, the algorithm converged to the same solution.

Note: We would also like to point out that the solution of EH1 obtained using our

IPM matches the solution obtained from using the classical Lemke’s algorithm. This
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is a strong indicator of the correctness of our implementation of IIPM.

In the Table 3 below we fixed the barrier update parameter 6 for all the examples
and we did not change the threshold parameter. So 7 = 411 and 0 = \/%7 Though this
update of § = \/%7 does not guarantee convergence, if it converges, the convergence

is much faster.

Problem Size CPUtime | Iterations

EH1 3 %3 4.471e3 58
ER2 ) 3.102¢73 33
ER3 DX D 6.087¢3 86
ERA 10 x 10 8.689¢3 144
ER5 50 x 50 8.9837¢ 2 423

ER6 100 x 100 | 3.73567¢* 661

ER7 200 x 200 | 2.949483 1023
_ 1 _ 1
Tab.3, 0 = \/T—n, =1

Although the convergence is not guaranteed, we see that the algorithm still con-
verges for all test problems, and that there is a significant reduction of CPU time as

well.

In the Table 4 below we increase both the threshold parameter and the barrier

update parameter. So 7 = 3 and 0 = \/L67n'



Problem Size CPUtime | Iterations
EH1 3x3 5.816e3 57
ER2 3x3 4.642¢73 39
ER3 5%x5 5.082¢73 59
ER4 10 x 10 7.377e3 98
ER5 50 x 50 | 9.1837¢~2 297
ERG6 100 x 100 | 2.65103¢™* 464
ERT7 200 x 200 | 2.089771 720

Tab.4, 0 = \/LGTL’ = %
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The increase in the paramaters 6 and 7 leads to a further reduction of iterations

and CPU time. FEven this preliminary implementation shows that the method is

computationally competitive with IPM methods that require calculation of a step size

and very often feasbility condition for the starting point. Both of these conditions

are not required here.



CHAPTER 7
CONCLUSION

In this thesis, we consider the Monotone Linear Complementarity Problem (LCP)
defined by (2.1) with positive semidefinite matrix. Although LCP is not an optimiza-
tion problem, it is closely related to many important optimization problems and it

has many important applications.

The LCP problem can be solved using classical simplex-type (pivoting) Lemke’s
algorithm that is described in Chapter 3. However in the last two decades a new class

of Newton-type IPM have been developed and successfully applied to solve LCP.

We propose a new IPM to solve the Monotone LCP. The algorithm is given in
Table 4.1 in Chapter 4. There are two main features of the IPM. First is that there
is no calculation of a step-size, i.e., we use full Newton step at each iteration. The
second feature is that we can start from any point. This point may or may not
be feasible, and that is why we call the algorithm Infeasible Full-Newton-Step IPM
(IIMP). We show that the convergence of the algorithm is guaranteed by appropriate
choice of parameters 6 (barrier parameter) and 7 (threshold parameter). We prove
that if # = ;- and 7 = § then the iteration bound is O(nlog %) which matches the

best known iteration bound for these types of methods. This convergence analysis is

the emphasis of the thesis and it is provided in Chapter 5.

If 6 depends on n such as in our algorithm, 6 = O(%), then the algorithm call a
short-step algorithm. If # is independent of n such as § = O(1), then the algorithm
is called a long-step algorithm. In our method, in order to prove convergence result,

parameter 6 depends on n, therefore the method is a short-step algorithm.

Furthermore, in Chapter 6 we also provided an initial implementation of the
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method and tested it on a small set of test problems of various dimensions and var-
ious starting points. Several sets of parameters were tested in the implementation

of the algorithm. First we set the parameter to be 7 = % and 6 = as required

o
by the algorithm in order to guarantee convergence. Next, we maintained all pa-
rameters and changed the starting position by changing the starting points. Lastly,
we tried a wider 7-neighborhood, 6 = \/% , T = % and this yielded more aggressive
reductions of u-parameter at each iteration and quicker convergence;(the number of
itererations reduced significantly) however, in general, convergence in this case may

not be achieved.

The results we obtained show that the method converges for all test problems
even in the case when choice of parameters does not theoretically guarantee conver-
gence. Now, the initial implementation although not sophisticated still show promis-
ing results. Even more importantly, the fact that convergence was reached no matter
the starting point shows the robustness of the algorithm. Though the number of
iterations increased somewhat with respect to greater infeasible starting points, the
increase in CPU time was minimal. Overall, the proposed algorithm is both theoret-

ically and practically promising.
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APPENDIX A
MATLAB Codes

The following is the listing of the main program of the Infeasible Full Newton
Step IPM for LCP. The input data is generated either randomly or manually. The
results are yield by using the subroutine IPMtre.m which implements the Algorithm

to solve the problem.

A.1 Main Program : mainIPM.m

%program Thesis

epsilon=10"-4;

%The following Load commands inputs the data to be

%calculated by hand.

% load M.txt

% load q.txt

% For the Matrices generated by using random generater (for the second set of examples)

%choose n>=2

A = rand(k,n);

%k is in the interval [1,n]

%We create a positive semidefinite matrix M from matrix A
M= A’A;

n=length(M);

gq=rand(n,1);

eig(M);

% theta=1/(12%n);

% theta=1/sqrt(12*n);
theta=1/sqrt (6*n);

% tau=1/4

tau=1/3;

[x s] = IPMtre(M,n,epsilon,theta,tau,q);



A.2 1IPM Algorithm

function [x,s]= IPMtre(M,n,epsilon,theta,tau,q)

zetap=1;
zetad=1;
x=(zetap) *ones(n,1) ;
s=(zetad)*ones(n,1);
mu=(zetap) *(zetad) ;

nu=1;

%outer loop
r=(-M*x-q+s) ;
count1=0;
count2=0;

Tu=nu*r;

while max(x’*s,norm(ru))>=epsilon
countl=counti+1;

v=sqrt(x.*s./mu) ;

X = diag(x);

S = diag(s);

Dx = (S+ X*M)\( X#theta*nu*r + (1-theta)*mu*ones(n,1) -XxS*ones(n,1));
Ds = M*Dx - theta*nuxr;

x=x+Dx;

s=s+Ds;

mu=(1-theta)*mu;

nu=(1-theta)*nu;

v=sqrt (x.*s./mu);

delta=norm(v.~(-1) - v)/2;

Tu=nu*r;

%inner loop
count2=0;
while delta >= tau

count2=count2+1;

Dx = (S+ X*M)\(mu*ones(n,1)-X*S*ones(n,1));

Ds = MxDx ;

x=x+Dx;
s=s+Ds ;
v=sqrt(x.*s./mu);

delta=0.5*norm(v-v." (-1));

end

IPMtre.m
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count2
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APPENDIX B
MATLAB Output

Below we provide the entire output for Example 3.3.

B.1 Owutput of EH1

% Mathlab output of the example describe in both Lemke’s method and the Infeasible IPM

countl =

374

count2 =

o

.0000

N

.0000

-

.0000

.

.0000

o

.0000

o

.0000

Elapsed time is 0.019912 seconds.
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