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ABSTRACT

The Weibull distribution is a well known and common distribution. In this thesis,
theoretical properties of weighted Weibull distributions are presented. Properties
of the non-weighted Weibull distribution are also reiterated for comparison. The
probability density functions, cumulative distribution functions, survival functions,
hazard functions and reverse hazard funtions are given for each distribution. In
addition, Glaser’s Lemma is applied to determine the behavior of the hazard functions.
The standardized moments, differential entropy, Fisher information and results based
on the likelihood function are given for each distribution as well. These results are
also shown for the Rayleigh distribution, a special case of the Weibull distribution,

and its weighted versions.
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CHAPTER 1
INTRODUCTION

The usefulness and applications of parametric distributions including Weibull, Raleigh
in various areas including reliability, renewal theory, and branching processes can be
seen in recent papers by several authors including Oluyede (2006) and in references
therein. The Weibull and inverse Weibull distributions are very useful models that
can be used to describe the degradation phenomena of mechanical components such
as pistons, crank shaft of diesel engines. These models also provide a reasonably good
fit to data on times to breakdown of an insulating fluid, subject to constant tension,

Nelson (1982).

Applications of weighted distribution to biased samples in various areas includ-
ing medicine, ecology, reliability, and branching processes can be seen in Patil and
Rao (1978), Gupta and Kirmani (1990), Gupta and Keating (1985), Oluyede (1999)
and in references therein. In a weighted distribution problem, a realization x of X
enters into the investigators record with probability proportional to a weight func-
tion W (t). The recorded z is not an observation of X, but rather an observation on
a weighted random variable Xy,. Thus, the focus of this thesis is weighted Weibull
(Rayleigh) distributions with weight functions w(t) = ¢¢ (which can account for cer-
tain biasedness’) and w(x) = ﬁ(r), where Ax(z) is the hazard function of X (this

weight function yields the renewal distribution).

An introduction to the distributions mentioned above is provided in chapter 2.
The probability density functions, cumulative distribution functions, survival func-
tions, hazard functions and reverse hazard functions are given. In addition, Glaser’s

Lemma is introduced and applied to determine the behavior of the hazard functions



for the weighted Weibull (Rayleigh) and renewal Weibull (Rayleigh) distributions.

The moments are given in chapter 3. Using these results the mean, variance,
standard deviation and coefficients of variation, skewness and kurtosis are computed.

The latter three are graphed for comparison.

Differential entropy and Fisher information are presented in chapter 4. Rigorous
calculations are provided to justify each result. Conclusions are made about the

behavior of each result with respect to the parameters.

The results on likelihood functions are given in chapter 5. The maximum like-
lihood estimates are calculated for each distribution. Likelihood ratio tests for com-
paring parent distributions and their weighted counterparts are presented along with

some test statistics.



CHAPTER 2
DISTRIBUTIONS AND PROPERTIES

2.1 Basic Notions

Suppose the distribution of a continuous random variable X has parameter set 6* =
{61,0,,...,0,}. Let the probability density function (pdf) and cumulative density
function (cdf) of X be given by f(z;0*) = f(z) and F(x;0*) = F(x), respectively.

The survival function of X is given by
Sx(z)=P(X >z)=1-P(X <z)=1-F(z). (2.1)
Note that Sx(x) is monotonically decreasing and, if X is non-negative,
/0 " Sx(x)dz = Ex(X). (2.2)

The hazard function and the reverse hazard function of X are given by

i) = 1 (2.3
and

Tx(x) = ;g; (2.4)
respectively.

If Ax(z) is monotonically increasing (decreasing), then the distribution of X has
a(n) increasing (decreasing) failure rate, denoted IFR (DFR). If Ax(z) is constant,

then the distribution of X has a constant failure rate (CFR). Furthermore, if Ax () is

constant and X is non-negative, then Fx(X) = ﬁ(w) This can be seen by multiplying

both sides of equation (2.3) by Sx (z) and integrating both sides over the support of X.
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If the distribution of random variable Y is the weighted distribution of (non-
negative, continuous random variable) X, with weight function w(¢) > 0, then the
pdf of Y is given by

m%wwuwzmw:%%%%%?m<Eﬂmxn<ax (2.5)

The weight function w(t) = ¢¢ can account for certain biases in the underlying distri-
bution (for example, w(t) = ¢ is used if the underlying distribution is length biased).
A special case of a weighted distribution is the renewal distribution. The renewal
distribution occurs when w(t) = ﬁ(t) If Z has the renewal distribution of X, then

the pdf of Z is given by

(5010l = 5o ) = 10) = 2 26)

2.1.1 Useful Functions

In this section some useful functions are presented. The gamma function is given by

I'(k) = /0 h th=le~tdt. (2.7)

Two important properties of the Gamma function are
L(k+1) =k[(k), (2.8)

and

r(l) _ /T (2.9)

2

Denote I' (%+1> , where (3 is the scale parameter of the Weibull distribution (8 = 2 for
the Rayleigh distribution), by I';. The lower and upper incomplete gamma functions

are given by

y(k,x):/ thte tat (2.10)
0



and

L(k,z) = / th=te~tdt, (2.11)

respectively. Note that T'(k) = ~v(k,z) + T'(k, ).

The error function is given by

n 2n+1
erf(x \/_/ eldt = \/_Z o 2n+1 (2.12)

A special relation of the lower incomplete gamma function and the error function is

1
7(5,30) = /merf(z). (2.13)
Although some functions presented later (for example, the mgf of the Rayleigh dis-

tribution) can be written in terms of the error function, this thesis will not include

the error function outside of this section.

2.2 Glaser’s lemma

Lemma 2.2.1. Let f(z) be a twice differentiable probability density function of a
continuous random variable X. Define n(x) = Jf(( where f'(x) is the first derivative

of f(z) with respect to x. Furthermore, suppose the first derivative of n(x) exist.

1. Ifn'(x) <0, for allz > 0, then the hazard function is monotonically decreasing

(DFR).

2. Ifn'(x) > 0, for allz > 0, then the hazard function is monotonically increasing

(IFR).

3. If there exist xy such that n'(x) > 0, for all 0 < x < zg;, n'(x0) = 0 and
n'(z) < 0 for all x > xo. In addition, lim,_,o f(x) = 0, then the hazard function is

upside down bathtub shape (UBT).
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4. If there exist xy such that n/(x) < 0, for all 0 < x < x¢;, 7'(x9) = 0 and
n'(z) > 0 for all x > xy. In addition, lim,_, f(x) = oo, then the hazard function is

bathtub shape (BT).

5. If ' (x) = 0, for all x > 0, then the hazard function is constant(CFR).

Note that
—f(x d
(o) = L5 = =) (2.14)
It follows that for a weighted distribution with pdf g(y),
) = —Tnlg(y)
ne\y) = dy gy
d d d
= W Infw(y)] — & In[f(y)] + & In(Ex [w(X)])
= nw(y) +nr(y) (2.15)
and
e () = 1w () + 1k (y)- (2.16)
For a renewal distribution with pdf fr(2)
_SK()
e (2) = sEX((f) _Je Ax(2). (2.17)
oy ox)

2.3 Weibull Distribution

Let X have a Weibull distribution with shape parameter 6 and scale parameter 3 (de-
noted by X ~ Weibull(, 3)). The probability density function (pdf) and cumulative

density function (cdf) are given by

f(x) = Q%xﬁ_le_(z)ﬁ, x>0,0>0, 8>0, (2.18)



and

F(z) = / Q%tﬁ_le_(g)ﬁdt =1- e_(%)ﬁ, x>0, a>0, >0,
0

(2.19)

respectively. It follows that the corresponding survival function, hazard and reverse

hazard functions are given by

Ax(7) f;i) = Hﬁﬁ o
and
fl@) — pal!
mx(7) = F(z) 9,3(6(%)5 _ 1)’
respectively.

By observing the fact that

Ne(a) = PO gee

it is easy to see the following:

(1)The Weibull distribution has a DFR if g < 1.
(2)The Weibull distribution has a CFR if g = 1.
(3)The Weibull distribution has an IFR if g > 1.

If Glaser’s Lemma is used to determine the behavior of Ay (x) then

f’(a:) _ B(ﬁ — 2)xﬁ—1e—(%)ﬁ . ﬁxﬁfle,(

g 95
= 1@ (- g

therefore,

_f/(;p) _ﬁxﬁfl_ﬂ_l

MO et T

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)



and

e (x) = %xm + % (2.26)

Equation (2.26) yields the same conclusions reached before. Although Glaser’s Lemma
was unnecessary in this particular case, there are many cases in which the behavior

of the hazard function is not easily seen.

2.3.1 Rayleigh Distribution

If random variable X ~ Rayleigh(c), then X ~ Weibull(v/20,2). Therefore, the
Rayleigh distribution has an IHR and the pdf, cdf, survival function, hazard function

and reversed hazard function are given by

:Be_%(%)Q
f)= ———, 22>0,0>0, (2.27)
o
Fz)=1-e257 2>0,0>0, (2.28)
Sx(z) = e 26 (2.29)
x
Ax(z) = pox (2.30)
and
x
. 2.31
TX('I> 0'2(65(3)2 _ 1) ( )
respectively.

2.4 Weighted Weibull Distribution

Let random variable Y have a weighted Weibull distribution with shape parameter 6,

scale parameter [ and weight function w(t) (denoted by Y ~ Weibully (0, B;w(y))).



If w(t) = t¢, then the pdf and cdf are given by

B eip1 s
g(y):my+5 le=@)" 4y >0, 0>0, >0, (2.32)

and

Gly) = /Oyg(y)dy

1 (HB

= F_/ uBe “du
¢ Jo
75+ L5

S, (1)

respectively. The survival function, hazard function and reverse hazard function are

iven b
: ' L(g+1,(3)")
Syly) = =1, (2:34)
Av(y) = ) yetflem(®” (2.35)
0I5 + 1, (3)7)
and
B +8-1_—(4)8
= ¢ ) 2.
TY(y) ‘954_07(%_'_1 (%)B)y e o ( 36)
respectively.

The behavior of Ay (y) is not as simple to determine as Ax(x). Using the fact

that
c
My (y) = ——— Infw(y)] = e (2.37)
along with (2.26) and Glaser’s Lemma results in

-1 —1 —1+Z(B=1)y
n&(y)=—+ﬁ(ﬁ9ﬁ )y5—2+5y2 _c+B 4;/295(5 )y.

(2.38)

Setting (2.38) to zero and solving for y yields

Yo =0 (%) %. (2.39)
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Equations (2.38) and (2.39) lead to the following conclusions:
(1) If ¢+ B < 1 the distribution has a DFR.
(2) Since y < yo implies 75 (yo) > 0 and y > yo implies 75 (yo) < 0, the weighted
Weibull has a UBTFR if ¢+ 8 > 1 and < 1 (see figure 1.5).
(3) If 8 > 1 the distribution has a IFR.

2.4.1 Weighted Rayleigh distribution

Let random variable Y ~ Rayleighw (o;w(y)), then Y ~ Weibully (vV/20,2;w(y)).
Therefore, if w(t) = t¢, the weighted Rayleigh distribution has an ITHR and the pdf,

cdf, survival function, hazard function and reverse hazard function are given by

1 4l _1(uy2
9W) = ey e Y2 0,0>0, (2.40)
(N 1’ 1ry\2
Gy) = 1 - 2() )7 y>0,0>0, (2.41)
L(5+1,5(2)%
Syly) = ——F ", (2.42)
M (y) = . e (2.43)
Y= 2502 (g + 1, %(g)z)y ’ -
and
1 1ry\2
= etlem2(s) 2.44
TY(y) 250%27(%_‘_17%(%)2)?/ (& ) ( )
respectively.

2.5 Weibull Renewal Distribution

Let random variable Z have a Weibull renewal distribution with shape parameter

and scale parameter § (denoted by Z ~ Weibullr(6,3)). The pdf and cdf of the



11

Weibull renewal distribution are given by

)B

SN

Be~
~ ()

fr(2) , 2>0,0>0, 3>0, (2.45)

==

and

Fa(z) = /O falt)dt
)7
— (1 )/ ws e
0
(5, (2)")
- 2>0,0>0, >0, (2.46)
B

respectively. The survival function, hazard function and reverse hazard functions are

—
®[= =
—~

)
)1

given by
(L, (2)°
Sy(z) = (f; <(f)) ), (2.47)
B
B Be=(3)°
and
B Be=(3)°
Tz(Z) = W (249)
respectively.

Based on the results from (2.17) and section 2.3 the following conclusions are
made:
(1)The Weibull renewal distribution has a DFR if 5 < 1.
(2)The Weibull renewal distribution has a CFR if § = 1.
(3)The Weibull renewal distribution has an IFR if § > 1.



2.5.1 Rayleigh Renewal Distribution

12

If random variable Z ~ Rayleighg(c), then Z ~ Weibullr(v/20,2). Therefore, the

Rayleigh renewal distribution has an IHR and the pdf, cdf, survival function, hazard

function and reverse hazard function are given by

Sz(z> = \/7_1' s
V2e 32
)\ (Z) = z Y
T o (L L(2)2)
and
(5= Y2
Tz\2) = > s
ov(3.3(2)?)

respectively.

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)
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2.6 Useful Graphs

1.5
1_
0.5+
0 T T T T 1
0 1 2 3 4 5
| B=1/2 [;:1 B=2|
Figure 2.1: Weibull pdf with § =1
3 —_
2_
1
0 T T T T T 1
0 1 2 3

|— =12 = p=2|

Figure 2.2: Ax(z) with § =1
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1.57

0.5

(=]
8]
ES
(o}
=)
)

o=1/2 o=1 o=2

Figure 2.3: Rayleigh pdf

0.8
0.7
0.6
0.5
0.4+
0.3
0.2

0.19

Figure 2.4: Length biased Weibull pdf with 6§ =1
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1_
0.8
0.6
0.4
0.2
0 T T T T T T T T T 1
0 2 4 6 8 10
v
c=1/2, p=1/2 c=1,B=1/2 =1, p=1]
Figure 2.5: Ay (y) with § =1
1.5+
1_
0.5
0 T T T T 1
0 2 4 6 8 10

c=1/2 o=1 c=2

Figure 2.6: Length biased Rayleigh pdf
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1.57

0.5

Figure 2.7: Weibull renewal pdf with § =1

| B=1/2 B=1 p=2|

Figure 2.8: Az(y) with 6 =1
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Figure 2.9: Rayleigh renewal pdf
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CHAPTER 3
MOMENTS, MOMENT GENERATING FUNCTION IN WEIGHTED
WEIBULL DISTRIBUTION AND ITS VARIANTS

3.1 Basic Notions

Recall that the n'* central moment is of random variable X is given by

i = Ex[(X = jx)"). (3.1)

The coeflicients of variation (CV), skewness (CS) and kurtosis (CK) are given by

ov =X x40, (3.2)
KX
_ HXxs3
and
CK = EX4 (3.4)
Ox

respectively. Kurtosis and excess kurtosis are easily mistaken for one another. In this
paper, only kurtosis is computed. However, excess kurtosis (EK) is simply given by

EK =CK - 3.

3.2 Weibull Distribution

Let X ~ Weibull(f, $). The moments of X are given by
BE(X*) = / 2F f(x)dx
0

k OO LN )
= f uB e "du
0

— 9T, (3.5)
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The moment generating function (MGF) of X is given by
Mx(t) = E(e™) = / e f(x)dx
0

00 tj oo
- yr / 2 f(z)dx
—oJ /o
00 tj A
= Y 4T, (3.6)

=

The mean, variance and standard deviation are given by

px = 0TIy, (3.7)
0% = 6*(T, — T%), (3.8)
and
ox = 04/Ty — T2, (3.9)
respectively.

The coefficients of variation, skewness and kurtosis are given by

S A i

T , (3.10)
I3 — 30,0 + 213
05— =2 T 2 Ii;): I (3.11)
2 —17)2
and
[y — 4037 + 6051% — 31}

CK = T, -T2 , (3.12)

respectively.

3.2.1 Rayleigh Distribution

Let X ~ Rayleigh(o). The moments of X are given by

B(X*) = 256*T,. (3.13)
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The MGF of X is given by

My (t) = iﬂaﬂ'rj. (3.14)

Jj=0

The mean, variance and standard deviation are given by

Hx = a@, (3.15)
0% = o> (2 - g) (3.16)
and
ox =0 (2 - g) (3.17)
respectively.

The coefficients of variation, skewness and kurtosis are given by

1 1
—21/= — = ~0.522 1
cv -~ 05227, (3.18)

2 -3
o= 2T =3) 6311, (3.19)
(4 —m)2
and
32 — 32
K= -——— =3.2451 2
C p 3.2451, (3.20)
respectively.

3.3 Weighted Weibull Distribution

Let random variable Y have the weighted distribution of random variable X. If X

and Y have pdfs f(x) and g(y|w(y) = y°), respectively, then

/0 ) y*9(y)dy

1 °
NG /0 Y f(y)dy

B EX(Xc—i—k;)
= (X (3.21)

Ey(Y")
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Therefore, if Y ~ Weibully (0, 5lw(t) = t¢), then the moments of Y are given by

L.
By (YF) = ekr—““. (3.22)
The MGF of Y is given by
1 =t
My (t) = o > ﬁe’“rcﬂ-. (3.23)
C ]:0 M

The mean, variance and standard deviation are given by

Fchl

Hy = 0 Fc ) <324)
0\ 2
0'12/ = (F_> (FchQFc - F§+1)7 (325>
and
0
oy = -/ (Tesale = T2,), (3.26)
respectively.
The coefficients of variation, skewness and kurtosis are given by
Lol — T2
CV = +2 e+l (3.27)
Fc—l—l
CS _ Fc+3rg - 3Fc+2rc+1rc + 2F§+1 (328)
(Fc+2rc - 1—‘<2:—|-1)% 7
and
CK - Depal® — 4D 301 T2 + 60012, T — 312, (3.29)
(Fc+2rc - Fg—i—l)Q 7 ‘
respectively.

3.3.1 Weighted Rayleigh Distribution

If Y has a weighted Rayleigh distribution, then the equations for the moments, MGF,
mean, variance, standard deviation, CV, CS and CK are the same as equations (3.21-

29), respectively, setting # = /20 and = 2. If Y has a length bias Rayleigh
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distribution (Y ~ Rayleighw (o|w(t) = t)), then the moments of Y are given by

9k
Ey(Y*) = 20"/ Sl WEE

The MGF of Y is given by

2 o~ i
My(t) = ﬁ Z2§O'JFJ'+1.
7=0

The mean, variance and standard deviation are given by

2
:U’Y_2O-\/j7
s
8

052/ = 02<3— —),
T

/ 8
oy = 04/3 — —,
T

The coefficients of variation, skewness and kurtosis are given by

CV = \/gw — 1~ 0.4220,

CS = \/5(32_—1072> ~ 0.4857,
(3m — 8)2

and

respectively.

and
B 1572 + 16w — 192

CK (37— 8)?

~ 3.1081,

respectively.

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)
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3.4 Weibull Renewal Distribution

Let random variable Z have the renewal distribution of random variable X. If X and

Z have pdfs f(z) and fr(z), respectively, then

Eg(Z5) = /0 " hr(2)de

1 > k
e /0 Sy (2)dz

1 Zk—H - o) Zk—i—l
- EX(X)(k+1SX(Z) Z=0+/0 k+1fX(Z)dz)
EX(Xk—H)

_ ) 3.38
i+ DEx(X) 339
Therefore, if Z ~ Weibullg(0, 5), then the moments of Z are given by
(554
Ey(ZF) = gh—2 = (3.39)
I'(3)
The MGF of Z is given by
I, inf(i+1
My(t) = = Zeﬂr(i). (3.40)
s 5
The mean, variance and standard deviation are given by
['(3)
B
fz = 0=1v, (3.41)
I'(3)

O ILRORTC N
()G e

The coefficients of variation, skewness and kurtosis are given by

JIGING) - 12(2)

and

respectively.

CV =

(3.44)



C5 L3 (5) — 3F(%)F(%)F(%)3+ 2F3(%)7 (3.45)
GG —rG)k
and
_TIIE) - 4PHIEEE) + r3rErE) - sr')
o= TN -T2 B
respectively.

3.4.1 Rayleigh Renewal Distribution

Let Z ~ Rayleighgr(o). The moments of Z are given by

Ey(Z%) = \/Q;Gkr (%) (3.47)

M(t) = %imir(%). (3.48)

The mean, variance and standard deviation are given by

2
=4/— 4
124 \/;0-7 (3 9)

The MGF of 7 is

2
2 =¢%(1-Z= 3.50
p=a(1-2), (3.50)
and
Ji-2 (3.51)
Oz =0 - — .
Z 7T’
respectively.

The coefficients of variation, skewness and kurtosis are given by

oV =, /g — 1~ 0.7055, (3.52)

4 —
CS = \/5(—7!) ~ 0.9953, (3.53)

(m—2)2



and
B 3m? —4r — 12

CK (r =2

~ 3.8692,

respectively.

3.5 Useful Graphs

0 T T T T T T T T T 1
0 1 2 3 4 5

|_ CVy— CVY|c=1 7

Figure 3.1: CV
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Figure 3.3: CK
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CHAPTER 4
ENTROPY AND INFORMATION

4.1 Basic notions

In this chapter (differential) entropy and Fisher Information (FI) are computed for the
Weibull (Rayleigh) distribution and its weighted and renewal versions. The entropy
of a random variable measures its uncertainty. The FI measures the amount of infor-
mation that random variable carries about the distribution’s unknown parameter(s).

The formal definitions for entropy and FI are given below:

Definition 4.1.1. Let the distribution of random variable X have pdf f(z). The

entropy of X 1is given by

hX) = —Ex(In[f(X)]) = - /OO In[f(x)] f (x)dz (4.1)

Definition 4.1.2. The Fisher Information of a continuous distribution (satisfying

standard reqularity conditions) with parameter 6 and pdf f(x) is given by

Ix(6) = —Ex (% 1n[f<X>]). (1)

If the distribution has parameter set 0%, the Fisher information is a matriz (FIM)
with entries

(01,00 = —EX[ [f<X>1]. (43)

4.1.1 Useful functions

Two special functions are common throughout the computations in this chapter.

Recall that

F(x):/ t" e tdLt.
0



28
The following result is well known

dn dTL o0

'™y = —7T = t* e tdt
(z) dx™ (z) dz™ J, c
= / A gty
o dx®
= / t" 1 In"(t)e "dt. (4.4)
0
Another common function is the digamma function given by
d IM(z)
N = In[T = ) 4.
(#) = g W@ = £ (15)

Dentote F(”)(g + 1) and \If(”)(ﬁ + 1) by I'" and W7, respectively (f = 2 in the
Rayliegh sections. The Euler-Mascheroni constant, v, is also part of several results

for this chapter. It is given by

y=-T'(1) =-%(1) = - /OOO In(z)e~"dz ~ 0.5772. (4.6)

4.2 Weibull Distribution

Let X ~ Weibull(6, ) with pdf f(z). It follows that

In[f(2)] = In (0%) +(8-1)In(z) — (g)ﬁ (4.7)
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The entropy of the Weibull distribution is given by

h(X) = —Ex(n[f(X))) = — / " Inf @) f (2)da

_ /Ooo (%)Bf(:c)d:c (1= B) /OOO In(z) f(z)dz — In (é)
= /OOO we du+ (1 — B) /OOO In(fu? )e "du — In <9%>
— 14 (1—B)In() /0 " e vdu + (1 - 1) /O " In(u)e " du

B
B

= 1+1n(f) — BIn(h) + (% - 1) I"(1) — In(B) + S 1n(0)

= e (5)+ (1-5) (1)

It is easy to see that h(X) is a monotonically increasing function of # when 3 is known
or fixed. Since

0 v o1

—h(X)=— — -, 4.9
then %h(X) = 0 if and only if 8 = ~. It follows that h(X) is a(n) increas-

ing(decreasing) function of § when § < (5 > ) and 6 is known or fixed.

The following results will be used to help compute the FIM:

Dl = 24 o = 5[(@5 - 1] , (4.10)
sl@) = - Ll Ll (g)ﬁ}, (4.11)
0

%)ﬁln (%) (4.12)
(@) o
%)6 . 1]. (4.14)
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The entries of the FIM are given by

Rt )

_ /0°° (g {1 - <5+1>(§)6Dﬂx)dw

(B+1)—1] = (ﬁ) (4.15)

— S+T)
= %(14—%—27%—72), (4.16)
and
82
Ix(0,8)]12 = [Ix(0,8)]21 = —FEx (mln[f()()]

e OROIRORIES
<G L) e [ 5 o)

1 /
= 1+ -1

= L T@) =01 (4.17)
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4.2.1 Rayleigh Distribution

Let X ~ Rayleigh(c) with pdf f(z). To find the entropy of X, simply set 6 = /20
and [ = 2 which yields

MX)=—-Ex(In[f(X)])=1+1n (\/750) + % (4.18)

Note that h(X) is a monotonically increasing function of o.

Every computation thus far for the Raleigh distribution and its weighted and
renewal versions have been simple substitutions. If the same substitution is applied

to obtain the FI then

Ix(o) = (%)2 = %-

However, this is not the FI for the Rayleigh distribution. Note that

B +3:—3<3i—1). (4.19)

do? ot o2 02\ 202

Therefore, the FI is given by

o) = s (i)

do?

_ %(/Ooo;%z (:v)d:v—/ooof(x)das)
_ %(3/()00%%—1)

2 4
g

o2

(4.20)

This is because the information the random variable carries about its parameter(s) is

not affected by the constant multiple.
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4.3 Weighted Weibull Distribution

Let Y ~ Weibully (0, f) with pdf g(y|w(t) = t°). It follows that

In[g(y)] = In (%) +(c+pB—1)ln(y) - (%)5 (4.21)

The entropy for the weighted Weibull is

_By(nlg(Y)) = — / " inlg(y)lg(y)dy

_ /0°° (%)Bg(y)dy +(1—c—p) /Ooo In(y)g(y)dy — l”(gﬁﬁpc)

1 [~ 1—c— > c prer
= — witlevdu +(If—5)/ ln(@u%)uﬁe_“du—i—ln (9 3 c)
c 0

+ % wuie “du) +ln( BZFC)
_ G FC t = b) (m(e)rc + %) +1n (eﬁ;FC>
= %-‘r 1+ (1- c—[a’)(ln(@) + %) +In (96;F0>
_ %+1+(1—c—5)%+1n<920). (4.22)
Clearly, h(Y) is a increasing function of # when /5 is known or fixed. Note that
CANSICESL AL ES S0 (4.23)

Figure 4.2 and (4.23) suggest there exists ¢* < 1 such that for all ¢ < ¢*, Zh(Y) = 0,

» 9B
h(Y) has solution f.. Therefore, if ¢ < ¢*, h(Y) is an increasing(decreasing) function
of B when 8 < f.(8 > B.) and @ is known or fixed. If ¢ > 1, then A(Y') is a decreasing

function of S when @ is known or fixed.

Note that
Infg(y)] = In[w(y)] + In[f(y)] — In(Ex[w(X)]).



It follows that

0y = ~Br | gy o]

02 02 0
:_&Qmwmww%mﬁwwwhwﬁﬁw

= v g i) By e )

.95, B w(X)])

Given w(t) = t¢, (4.24) simplifies to

2

32

10 s = =B (g WAV + g Wl (X)L

The following results will be used to help compute the FIM:

o 0
55 lEx (X)) = 22leIn(®) + In(T.)) = 7.
2 c
@IH[EX(XC)] =~
9 By (X)) = L [en(8) + In(T,)] = ——
o5 op o
o2 2 7
g M Ex (X = ﬁ—g\lf ;4 '
5 o P
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(4.25)

(4.26)
(4.27)
(4.28)
(4.29)

(4.30)



C
<41
ustte

34

(4.31)

(4.33)

(o) = - [T (26 n(2) ] Jow
= g :(ﬁ +1) /Ooo (%)Bg(y)dy - /Oog(y)dy]
Gl
Gl
= SlB+DE+0 -8
_ PtcBtc
7
) - [ 3 0w [ o
(e ([
— %(1 + Fi /0 T ln2(u)e_“du>
=)
(i) - L) )] () o
00 B B 0o
M o
_ _% (Pi /OOO W5 In(u)e " du + ri
_ _%(F’(grj 2) P(gF:r 2) B 1)
e
Using (4.11), (4.13) and (4.25-33) the FIM entries are given by

(4.34)



and

4.3.1 Weighted Rayleigh Distribution

Let Y ~ Rayleighy (o) with pdf g(y). The entropy of Y, is a monotonically increasing

function of o given by

2— 1w 2
WY) = —Ey (Infg(V)]) = <& (2” We 1 <§ar6>. (4.37)
If Y has a length biased distribution, then
1 V2T
Note that
d? . c
and
d? 2 < 322 o
B (gl ]) = S( [ et~ [ atay)
_ 2 3 > s+ _—u
= 02<Fc/0 uz e du 1)
2 (. T(5+2)
- ()
2 c 3c+4
s 2(s(5e) )2
Using (4.24) and (4.38-39) we have
2(c+2
Iy(o) = ( p ) (4.41)

Clearly, Iy (o) is a monotonically decreasing function of o.
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4.4 Weibull Renewal Distribution

Let X ~ Weibullg(0, 5) with pdf fr(z). It follows that

z

B
In[fr(2)] = — (5> — In(61,). (4.42)

The entropy of the Weibull renewal distribution is

—Ez(In[fr(2)]) = —/Oooln[fR(z)]fR(z)dz

_ /O - (g)ﬁ Fr(2)dz + In(6T,) /0 N fr(2)dz

1 /OO 1
= — uwfe “du + In(0T
ey o)

B
Iy
B

e + In(61;)

_ % + In(6T). (4.43)

Clearly, h(Z) is a monotonically increasing function of # when /3 is known. Note that

0 1+
%h(Z) =5 (4.44)

It follows that h(Z) is a decreasing function 5 when 6 is known or fixed (see figure

43).

Using similar methods as (4.23), the entries for the FIM for a renewal distribution
can be given by

2 2 2

1609 = (g WlF22]) = (g m(Sx(2)] )+ s Wl (X))
(4.45)

The following results will be used to help compute the FIM:

0 B[z A
%111[5)((2)]:5(5) : (4.46)
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o2 B+1)B ()’
Sk ()] = — (5) , (4.47)
2 o / B
B (%1 [SX(Z)]> _ ;1)5 /0 (5) fr(2)dz,
- (B+1)6 /Ooullfe“du
6T (3)
B+, B+l
- gt no= (4.48)

)
g)ﬁln (g) (4.49)
_ L (g)ﬁw [(g)ﬁ] (4.50)

(4.54)
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1 ry 2 1
[Lz(0, B)]2,2 = 2 <P(%) + B\Pl + E\H)’ (4.55)

and
U, +1
03

[Lz(0, 8)l12=[12(0,8)]12 = — : (4.56)

4.4.1 Rayleigh Renewal Distribution

Let Z ~ Rayleighg(o) with pdf fr(z). The entropy of Z is a monotonically increasing

function of o given by

W(Z) = — By (n[ fn(2)]) = % +n (@Q (4.57)
Note that
a%ln[sx(z)] - —?;—f -2 (%2) (4.58)
and
—Ez(d%m[wn) - 2 [ e

= L/oouée“du
- oAT g
6 6 3
ﬁ— (4.59)

I = — = —.
o2 /m ' o2y 2 o2

Using (4.39), (4.45) and (4.58-59) the FI is given by

I(0) = =. (4.60)



39

4.5 Useful Graphs

3_
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1_
0 T T T 1
2 4 8 10
B
_1_
_2_
_3_
| h(X) h(Y) h()]

Figure 4.1: Entropy with § =1 and ¢ =1
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p
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Figure 4.2: %h(Y)
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Figure 4.3: %h(Z)

Figure 4.4: (2,2) entries of the FIM with # =1 and ¢ = 1
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,10_

[ 1,(0.) —1,(6.5)  1,(6.B)]

Figure 4.5: (1,2) and (2,1) entries of the FIM with § =1 and ¢ =1



CHAPTER 5
TESTS CONCERNING WEIGHTED AND PARENT
DISTRIBUTIONS

5.1 Basic Notions

In this chapter, the maximum likelihood estimates of the Weibull (Rayleigh) and its
weighted and renewal versions are presented. In section 5.5 the likelihood ratio test
is defined and results are presented on tests for the parent distribution versus the

weighted distribution.

Definition 5.1.1. Let random variables Xy, Xo, ..., X, be iid with pdf f(xy;0%). The

likelthood function of 6* is given by

Lx(9*|$1,x2,...,$n) = H:”Zlf(xlw*) (51)

Denote Lx(6*|x1, 22, ...,x,) by Lx(0%). In general, it is much more convenient
to work with the log-likelihood function, In[Lx(6*)]. Maximizing the log-likelihood

with respect to the parameters gives us the maximum likelihood estimates.

Definition 5.1.2. Given likelihood function Lx (6*), the solution for 0 in the system

of equations

53 In[Ly(6%)] =0, 1<i<n, (5.2)

yields the mazimum likelihood estimate (MLE) of 0, denoted by 0.

In many cases, the MLE does not have a closed-form solution and (5.2) must be

solved using numerical methods.
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5.2 Weibull (Rayleigh) Distribution

Let X ~ Weibull(0, 5) with pdf f(z). The likelihood function for X given n inde-

pendent observations is given by

La(0,0) = D T ot (5.9

The log-likelihood function is given by

In[Lx (6, 8)] = nln(B) + (5 — 1) Zln v.) —nfn(6) = 3 (x) (5.4)

Maximizing (5.4) with respect to 5 and 6 yields

% In[Lx (8, 8)] = — + Zln —nn(0) - i <%)Bln (%) =0 (55

and
8 13 n
5 L (0 eﬁﬂ Z — = (5.6)
Solving for € in (5.6) given g = £ yields the MLE for 6 given by
A AN
- <Z=T1x) g (5.7)

Substituting 6 for 6 in (5.5) and solving (numerically) yields 3. For the Rayleigh

distribution, using usual substitution, the MLE for o is

2ia % (5.8)

o =
2n

5.3 Weighted Weibull (Rayleigh) Distribution

Let Y ~ Weibully (0, 8; w(t) = t) with pdf g(y). The likelihood function for Y given

n independent observations is given by

671 _yn 915 n c+B—
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The log-likelihood function is given by

In[Ly (8, 8)] = nln(B) + (c+ 5 — 1) Zln (i) — n(B+c) In(0 i(y> —nn(T,).
. (5.10)
Maximizing (5.10) with respect to 8 and 6 yields
%ln[Ly(é) B)] = = +Zln y;) — nln(0) — Z (%)Bln (%) + 62\1/ —0 (5.11)
pa

and

%m[LY Z ﬁ )y (5.12)

Solving for 6 in (5.12) given 8 = § yields the MLE for 6 given by
A 327—1 yé é
f= (Cg=t¥i)" (5.13)
n(f + c)

Substituting § for 6 in (5.11) and solving (numerically) yields 3. For the Rayleigh
distribution, using usual substitution, the MLE for o is

- 2 Y
= | == 14
? n(c+2) (5.14)

5.4 Weibull(Rayleigh) Renewal Distribution

Let Z ~ Weibullgr(0,8) with pdf fr(z). The likelihood function for Z given n

independent observations is given by

S

Lz(0,5) = gl (5.15)

The log-likelihood function is given by

n 5 B
In[Lz(0,B)] = — Z (é) —nIn(f) — nin(Ty). (5.16)

=1



Maximizing (5.16) with respect to 5 and 6 yields

% In[L(0, B)] = %xpl - i (%)Bln (%) =0

=1

and

9 boN~pom
5 In[Lz(0,5)] = 9B+1 ZZIZ’ T 0

Solving for € in (5.18) given g = 3 yields the MLE for 6 given by

0 — BZ;;Z?%
= ===
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(5.17)

(5.18)

(5.19)

Substituting 6 for # in (5.17) and solving (numerically) yields 3. For the Rayleigh

renewal distribution, using usual substitution, the MLE for o is given by

a_: [Z?:lz’?.
n

5.5 Likelihood Ratio Test

(5.20)

The likelihood-ratio (LHR) test compares the ratios of two likelihood functions that

have a different parameter. This test can also be used to see if a sample came from

a particular distribution or its weighted distribution. Let 6* be in parameter space €2

and let €y be a subset of €2. The compliment of €2 is 2.

Definition 5.5.1. Let the distribution of random wvariable X have parameter set 6*.

Given the hypotheses
HO . 6* € QO
Hy: 0% ¢ Q(c)

and test statistic
_ sup{Lx(0")]6" € Qo}
(l’) - * * )
sup{Lx(0%)|0* € Q}

(5.21)
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the likelihood-ratio test is any test with rejection region {x|0 < A < C < 1}, where C

18 constant.

Note that the test statistic in (5.21) may be written as

sup{Lx(0%)|0* € Qp}

M) = S Tx ()7 € ) (5:22)

without changing the rejection region.

5.5.1 Testing for Weightedness

To LHR test can be used to see if a sample came from a particular distribution or
one of it’s weighted versions by observing the LHR using the likelihood function of
each. Although this does not seem fit the definition of the LHR test it is the case.

The proceeding argument explains why this is true.

Let the distributions of random variables X and Y have pdfs f(x;0*) and g(y; 6*),
respectively, where Y has the weighted distribution of X. Let distribution of random

variable V' have pdf

g (v 0% k) = %, ke {0,1}. (5.23)

Since g*(v; k|k = 0) = f(v) and ¢g*(v; klk = 1) = g(y), g*(v; k) is indeed a pdf and k
is a parameter of g*(v; k). A LHR test for k& can be done with hypotheses

Hy: k=0

Hy: k=1
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and test statistic (given independent observed values vy, v, ..., v, of V)

L * . k: —
py = D050 T s Kk = 0)
Ly (6% 1) g (vis Kl = 1)
L)
z lg( )
z 1’(1]( )
Note that the hypothesis mentioned above is equivalent to
Hy : V has the same distribution as X
H, : V has the same distribution as Y.
Given w(t) = t¢, the test statistic is
Ex|w(X)])" Ex(X9)|"

I w(v;) I v
Recall that a renewal distribution is a weighted distribution with w(t) = 5 (t) There-

fore, the test statistic is

(Ex[w(X)])"

Arl) = T )

= [Ex (X)]" I Ax (vs). (5.26)

5.5.2 Tests concerning Weibull (Rayleigh) Distributions

Let z1, x5, ..., x, be n independent observed value of random variable X which has
either a Weibull (Rayleigh) distribution or weighted Weibull (Rayleigh) distribution.
The test for weight (w(t) = t°) has hypotheses

Hy: X ~ Weibull(0, )

Hy: X ~ Weibully (0, 5; X€)

and test statistic

Alz) = . (5.27)
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The test statistic for testing for length-biasedness and size-biasedness in a Rayleigh

distribution are given by

(V2mo)™
A = - ;2
o) = i (528)
and
(202)"
A = 2
s(@) 0 (5.29)
respectively.

Let z1, 29, ..., 2z, be n independent observed value of random variable Z which has
either a Weibull (Rayleigh) distribution or Weibull(Rayleigh) renewal distribution.
The test has hypotheses
Hy: Z ~ Weibull(6, B)

Hy: Z ~ Weibullg(0, 5)

and test statistic

1—1 n
Az) = (erl)"nyleﬁﬂzf—l - (%) e, 20t (5.30)

The test statistic for testing for the Rayleigh renewal distribution is given by

Ar(z) = ( ! g)nnylzi. (5.31)

o2
5.6 Conclusion

In this thesis several theoretical properties of two cases of the weighted Weibull dis-
tribution were presented. Some areas for further research include:

1. Theoretical properties of combined distributions in the form:

k(x) =pfx(z) + (1 = p)gy(z),



49

where fx is the parent distribution, gy is the weighted distribution and 0 < p < 1.
2. Estimation of parameters based on combined samples. Tests of hypothesis con-
cerning the models parameters based on combined samples.

3. Extensions to multivariate weighted distributions.

4. Stochastic inequalities and dependence results.

Results in these areas could be very useful in real life applications.



[10]

[11]
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