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studied. An equivalent chart version that requires fewer parameters was given. Some
useful integral equations were derived for determining the run length distribution of the
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rameters unknown version was presented and the performance analysis was studied for
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CHAPTER 1
INTRODUCTION

In the early 1920’s, Walter A. Shewhart (see Shewhart (1925,1931)) introduced the
quality control chart as an aid for practitioners in their efforts to produce quality goods.
The control chart is a time plot of one or more summary statistics plotted against the
time variable, sample number. Control charts are used in two phases of the production
process. In the first phase (Phase I), the practitioner is interested in answering the
question “whether is the data collected from an in control process?” Also, in Phase I,
the chart is used as an aid in estimating what is meant - by the process being in control.
Phase I is also known as the retrospective phase. Control charts used in this phase are
known as Phase I or retrospective control charts. Most Phase I charts are similar to the
ones proposed by Walter A. Shewhart. It is very important to note that the practitioner

does not solely use the Phase I chart to help in answering the posed question.

In the second phase (Phase II or the prospective phase), a control chart is used
to aid practitioners in comparing the data to what is meant by the process being in
control to answer the question “has the process changed from a in control process to an
out-of-control process?”. Charts used in this phase are known as Phase II or prospective
control charts. A variety of Phase II charts and their modifications are discussed in the
literature. The Shewhart charts (with run rules), the run sum chart, the cumulative
sum (CUSUM) chart, and the exponentially moving average (EWMA) chart including

their various modifications are the most common charts discussed in the literature.

In the univariate case, the quality of the process is described in terms of one or more
parameters 04, ..., 0, of the distribution of a quality measurement X to be taken on an

item that is to be output by the process. When X is a continuous measurement, the



quality of the process can often be characterized by the mean p and standard deviation o
of the distribution of X. A simple model of the process being in control is when 6y, ..., 6,
are equal, respectively, to the fixed but unknown values 6,9, ..., 0;0. Some assumptions
are then made about the distribution of X as with most statistical methods. When X
is a continuous measurement, the normal distribution is usually entertained as the data
model. Further, charts in Phase I are typically developed under the assumption that

the X measurements are stochastically independent.

A typical Phase I Shewhart chart is based on the X measurements (univariate case)
with m samples {X;1,...,X;,} each of size n taken from the output of the process,
i = 1,...,m. The samples are collected periodically (over time) from the output of
the process. Assume the quality measurement X is a continuous random variable. At

sampling stage (time) 7, a statistic

is determined and plotted versus ¢ for ¢ = 1,...,m. Assume that E(Y;) = ;. Thus,
the points (7, Y;) should locate randomly about the horizontal line that passes through
the point (0,6;). Since 6, is not known, then one can only judge from a Phase I chart
if the process is stable, that is, if the plotted points appear to be plotting randomly
about “some” horizontal lines. If the process is in control, then we have that 6; = 0;.
Assuming that the process is in control, one then estimates the mean and standard
deviation of the plotted statistic Y; and adds the horizontal lines that pass through the
points
(0, 0, — k;Lay) , (o, @-) _and (o, 0+ kU8Y> ,

where oy is the estimate of the standard deviation of the distribution of Y and the

variables k7 and ky are chart parameters to be selected by the practitioner. The first,



second, and third horizontal lines are known, respectively, as the lower control limit
(LC'L), the center line (C'L), and the upper control limit (UC'L) of the chart. These lines
are provided as aids to the practitioner in attempting to objectively answer the question
“were these quality measurements on the output of an in-control process?” Methods for
designing Phase I Shewhart control charts were given in Montgomery (2008). Selecting
probability limits were discussed in Newton and Champ (1997). Champ and Chou
(2003) examined the use of individual limits and compared these charts to those based

on standard limits.

In Phase II, one assumes that the process is in a state of statistical in control. It is
of interest in this phase to monitor the process for any change from being in control to
an out-of-control state. Once again samples are collected periodically from the output of
the process and the quality measurement (X; 1, ..., X;,,) is to be taken on each item in
the sample. We use the time variable ¢ in this phase witht = m+1,m+2,m+3,.... At
time ¢ one or more chart statistics are computed and plotted against the time variable ¢.
The plotted points define the chart. It is the practitioner’s task to select time between
the (¢ — 1)th and the ¢th samples, the sample size n; at time ¢, and to use the present as
well as the previous sample data to define the chart. Each chart consists of a collection
of chart parameters at time t. Chart parameters are selected by the practitioner. These
parameters include the sample size and the time between samples. If past data is used to
select the chart to be used at the next sampling stage, the chart is known as an adaptive
control chart. Adaptive control charts were discussed by Champ (1986). He suggested
using more stringent runs rules for detecting a shift in the process if there are evidence
the process may be out-of-control and less stringent runs rules otherwise. Since then,
adaptive versions of most of the popular control charts found in the literature have been

proposed.



A family of Phase II control charting procedures proposed by Champ, Woodall,
Moshen (1991) include as subfamilies the Shewhart, CUSUM, and EWMA charts. This
family is known as the family of generalized cumulative sum type control charts. Our
interest is to study the use of these charts for monitoring for a change in the mean of
a quality measurement X that has a normal distribution. Also, we examine the use
of these charts when the quality measurement /statistic has a gamma distribution. We

extend this family of charting procedures to include parameters estimated versions.

The run length 7" of a Phase II chart is defined as the first time ¢ in which the
chart signals. The most typically used measures of a Phase II chart’s performance are
parameters of the run length distribution. These parameters include the mean, standard
deviation, and percentiles of the run length distribution. The mean is often referred to
as the average run length (ARL). Often the performances of two or more charts are
compared by their ARLs. Consequently, charts are often designed to have some desired
values of the ARL when the process is both in- and for some out-of-control scenario(s).
It is common to design charts so that the in-control ARL is some specified value and

the out-of-control ARL for a particular out-of-control scenario is a minimum.

There are three methods that are typically used to evaluate the run length distribu-
tion — simulation, the Markov chain approximation and integral equations. Simulation
is a good method when one is interested in an estimated parameter as the average run
length of the run length distribution. Methods for selecting chart parameters that op-
timize the performance of the chart under some given criteria require more accurate
approximations than the estimate provided via simulation. The Markov chain method
for approximating the run length distribution of a chart was introduced by Brook and

Evans (1972). A chart is observed to be a continuous state, discrete time Markov pro-



cess which is approximated by a Markov chain. Exact results obtained from the Markov
chain become the approximations to the run length distribution and its various param-
eters. The third method makes use of the fact that the run length distribution and
its various parameters can be expressed as exact solutions to integral equations. These
solutions are then approximated. It was shown by Champ and Rigdon (1991) that some
well known integral equations which are useful in evaluating the run length properties
of a chart have approximate solutions that are the exact results obtained by using a

Markov chain to approximate the chart.

The family of generalized cumulative sum type control charts is discussed in the next
chapter. This includes methods for deriving the run length distribution of the chart. In
Chapter 3, a performance analysis is given for the chart used to monitor for a change in
the mean of a normal distribution. The design and analysis of a chart when the quality
measurement follows a gamma distribution is given in Chapter 4. This chapter includes
the design and analysis of a chart for monitoring for a change in the standard deviation
of a normal distribution. Some concluding remarks are given in the last chapter along

with some areas for further study.



CHAPTER 2
GENERALIZED CUSUM TYPE CONTROL CHARTS

2.1 Introduction

A common practice when monitoring for the mean or standard deviation of a continuous
quality measurement is to monitor for increases as well as decreases in these parame-
ters. As an aid to the practitioner, various Phase II quality control charts have been
developed for this purpose. Champ, Woodall, and Mohsen (1991) showed that three of
the most commonly recommended charts, the Shewhart, CUSUM, and EWMA charts,
are members of a family of cumulative sum (CUSUM) type control charting procedures.
Also, included in this family are one-sided versions of the EWMA chart. Members of
this family are used for monitoring for a decrease in a parameter, or increase, or both.

Two-sided charts are the combination of two one-sided charts.

A chart that can be used to monitor for the decrease change in the statistic Y7,

plots the points (¢, L;) for t = 1,2,3,..., where

Lt = min {bo, b1Lt—1 + bQYLﬂf + b3}
with Ly = by and by > 0 for some value of t. The chart signals if L; < b5. The chart may
also be designed to signal if Y ; < bg(Shewhart limit). The values by, by, ba, bs, by, bs,
and bg are known as the chart parameters. This chart is referred to as the lower one-sided
generalized cumulative sum type chart. The upper one-sided generalized cumulative sum
type chart plots the points (¢, U,) for t = 1,2, 3, ..., where

U, = max {ag, a1U;—1 + a2Yy, + as}

with Uy = a4 and ay > 0. The chart signals if U; > a5 or Yy, > ag(Shewhart limit). The

chart parameters are ag, a1, as, as, a4, as, and ag. The chart that results from plotting



the points (¢, L;) and (t,U;) on the same graph is a two-sided generalized cumulative

sum type chart.

In this chapter, several special cases of the family of generalized cumulative sum type
control charts are given. In section 3, an equivalent version of the chart is presented that
requires fewer chart parameters for the practitioner to select. The two methods, Markov
chain and integral equations, are discussed for evaluating the run length distribution of
a generalized control chart in Section 4 and 5. It is shown that the integral equation

approach is equivalent to the Markov chain approach.

2.2 Special Cases

Walter A. Shewhart is credited with the introduction of the quality control chart. A

Shewhart chart is designed to signal at time ¢ if

Vi< Eo(Y)—kyVo(Y)orY, > Ey(Y)+kyvVo (Y),

with £ > 0, where Ey (Y') and V; (Y) are the in-control mean and variance of the statistic
Y;. The two-sided generalized cumulative sum type chart with Y7, ; = Yy, = Y} is defined

by

LO = O, Lt = min {EO (Y) y (0) Lt,1 + 1/;/ + 0} = min {EO (Y) ,YZ} y

Uy = 0,and Uy = max{Fy(Y),0)U;_1 + Y, + 0} =max {Ey (Y),Y;}.
We see that L, =Y, or U; =Y, at time t. Letting

bs = Eo (Y) — ky/Vo (V) and as = Eqo (Y) + k/Vp (Y),

the chart would signal if

L, <bsor U > as.



This is, of course, the same rule that causes the Shewhart chart based on the statistic

Y, to signal.

The cumulative sum (CUSUM) chart was introduced by Page (1956). This chart

signals a potential out-of-control process if
LtS—hOI'Uch,
where

Ly = 0,L,=min{0,L,_; +Y; + &k},

Uy = 0,and Uy =max{0,U;_1 +Y; — k}.
This is a generalized control chart with

YL,t = YU,thybozCLo:O,51252:%:&2:1;

by = —az=k,by=a4=0, and b5 = —as = —h.
Clearly, the CUSUM chart is a member of the family of generalized CUSUM type charts.

Roberts (1971) introduced a family of control charting procedures which he referred
to as the geometric moving average charts. These charts are now referred to as expo-
nentially weighted moving average (EWMA) charts. An EWMA chart can be viewed as

a special case of the generalized control chart by setting

X, —
YL,t = YU,t: g;/\/%o,bo_oo7 ag = —00, blzalzl_r7
by = ay=r,b3=a3=0,by =a4=0, and b5 = —a5 = —h,

where 0 < r <1 and h > 0.

Shu, Jiang, and Wu (2007) examined a Phase Il EWMA chart for monitoring for a



change in the mean that plots the points (¢, L;) and (¢, U;), where

LO = Mo — \;-—20_71_, Lt = (1 — 7") Lt,1 —|—7”X;, and
Uo Mo+&, U=1=r) U +rX],
V2T !

where 0 < r <1,
X, = min {po, X;}, and X;" = max {pg, X;} -

The chart signals at time t if L; < LCL or U, > UCL, where

1 1—(1=-m* 1 1
LCL = Mo — \/—_ k\/ [ ( TT)] 5—% annd
1-1-n* 1 1
UCL = Ho + \/% \/ } 5—% agp.

They also discussed using the lower (LCL) and upper (UCL) control limits

| r 1
LCL = ,ug—< ———)aoand
2—1rV2
1 [ r /1 1
L = —— + k) — = — — )
uc ,u()+< ’_27T+ 5_r\V?2 QW)UO

One can see that these charts are members of the family of generalized control charts
with
YL,t — Xt_a YU,t - Xt+7
bOIOO, apg = —0Q, blzbzzalzagzl, bgz—agzk,
00
by = pp — —= + —, bs = LCL, and a5 = UC'L.
4 = Mo /_27r = Mo /—2 5= 5=

2.3 Equivalent Forms

It will be interesting to examine an equivalent form of a generalized control chart. The

following is a definition of equivalence of two forms of a chart.
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Definition: Two charts are said to be equivalent if and only if at time ¢ either both

charts signal or both charts do not signal for all possible sets of data.

Assume by > 0 and define

L;— by
L = .
t b2
It follows that
Ly = ba = b = b, and
by
¥ — min {bo, blLt—l + bQYL’t + b3} — b()
t b2
. [bo—bo biLi—1 +bYr, + b3 — by
= min ,
by by

Li_1—0
= min {O,bl% + YL,t +
2

= min {b5, bELE + Yo, + b5},

by + (by — 1) by
by

where

bs + (b — 1) by

by =0, b = by, b5 =1, and b = ;
2

The chart based on the sequence {L;} signals if

by — b
L <bi= 5b2 2

This chart is equivalent to the chart based on the sequence {L;}. It is easy to see that

at time ¢ for the same data either both charts signal or both charts do not signal.
Similarly, we can write for as > 0
U = max {0,a;U;_, + Yy, + a3},

with Ug = #4-%, where

ag — Qg as + (ll—l ag as — Qo
ap = =0,a] =a1,a5=1,a; = ( ) ,and ay = :
az a2 a2
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and the chart signals if

a5 — Qo
Uf > a; = :
az

The charts based on the sequences {U;} and {U;} are equivalent.

Theorem(Champ and Wang): A one-sided generalized control chart with six chart
parameters is equivalent to a one-sided generalized control chart with four chart param-

eters.

Proof: The results follow from the previous discussion. Note that the addition of the

Shewhart limit only adds one more chart parameter in both cases.

It may be reasonable to have a relationship between the a;’s and the b;’s. An

example of such a relationship is
by = —ag, by = ay, by = ag, b3 = —as, by = —ay, and by = —as
which is equivalent to the one used in Aparisi, Lluch, and Luna (2008). We see that
b =by =a; =aj, b5 =1=aj, b5 =—a;, by = —aj, and b = —a;.

Thus,

* * gk ok ok ok 1k R * * *
by = —ag, b] = ay, by = as, by = —ag, by = —ay, and by = —aj.

Hence, for this example there are only four chart parameters that need to be determined

by the practitioner.

2.4 Analysis Using Integral Equations

Champ, Woodall, and Moshen (1991) gave some integral equations useful in analyzing

generalized cumulative sum type charts. Champ, Rigdon, and Scharnagl (2001) gave
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a more general study of integral equations that are useful in analyzing quality control
charts. We examine a more general setting integral equations that can be used to analyze

a generalized cumulative sum type charts.

First, we look at the run length distribution of the lower one-sided generalized
cumulative sum type chart with plotted statistic defined by
Lo =1l and Lt = min {0, blLt—l + YL,t + bg}

with b5 < { <0 that signals if L, < b5 or Y7, ; < bs. Assume that the chart parameters do
not depend on ¢t. The probability mass function describing the conditional distribution
of the run length T}, given Ly =1 of an lower one-sided generalized chart is represented
by
p?“L(t”) :P<TL It‘LO :l)
For the case in which ¢ = 1, we have
prr (1“) = P(Ll S b5 or YLJ S b6‘L0 = l)
= P (Y1 <bs —bil—bsor Y, <bg)
= P (YL,I S maX{b5 - bll - bg, bﬁ})
— Fy, (B () =il = by),
where 5y (1) = max {b5, b1l 4+ b + b3}. Note that if the Shewhart limit is not included,
then [, (I) = bs. When ¢ > 1 and the support of the distribution of Y7, is the reals, we
see that the event {7, =t} can be expressed as
{TL = t} = {TL = t,Ll = O,YLJ > bG} U {TL = t7b5 < L1 < O,YLJ > b6}
Thus, the probability mass function for ¢ > 1 can be written as
prr (t|l) = P(TL =1, L, = O,YL,l > b6 |L() = l)

—|—P(TL:t,b5 < L <0,YL,1 >b6|L0:l).
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It then follows that

prL(t|l) = P(TL—lzt—1|L0:l,L1:O,YLJ>b6)
XP(L1:O,YL71>Z?6’LOZZ)
+P(TL—1:t—1’L0:l,b5<L1<O,YL,1>b6)

XP(b5 < Iy <O,YL71 >66’L0:l)

Conditioned on the chart not signaling at time ¢ = 1, the random variable T}, — 1 is
the remaining run length and its distribution given the value of L; is the same as the

distribution of T}, given the value of Ly. Thus,

P(TL—lzt—1|L0:l,L1:O) = pT‘L(t—1|O) and

P(TL—lzt—1|L0:l,L1:l1> = pT‘L(t—1|l1>
Observe that

{Li=0,Y,1>bs} = {bil+Y,1+b3>0,010+Yy1+bs>bil+0bs+0bs}

= {le()},

since regardless of whether the value of b1l + bs 4 b3 is negative, zero, or positive for the

event to occur, the value of b1l 4 Y71 + b3 is nonnegative. We now can write

prr(t|l) = P(Tp—1=t—1|Lo=1,L;=0)P (L, =0|Ly=1)
4P (T, —1=t—1|Lo=1bs < Ly <0, Ly > byl + bg + bs)
XP(bs < L1 <0,L1 >bil+bsg+bs|Lo=1)
= P(TL—1=t—1|Ly=1,L1 =0)P (L, =0]|Ly=1)

0
+/ P(TL—lzt—1|L0:l,L1:ll)fL1|L0 (11 1) dly
max{b5,bll+b6+b3}
0
= prr (t -1 |0) fL1|L0 (0 |l) ‘|—/ prr (t -1 |l1> fL1|L0 (ll |l> dll
BL(l)
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Next, consider the conditional probability mass function describing the distribution of
Ly given Ly = 1.
Trie (L)1) = P(Li=1UL|Lo=1)=P(min{0,b;l + Y1 +bs} = 1)

( 0, if [; >0
= Pl +Yr1+b3>0), ifl;=0
\ Pil+Yo1+bs=10), ifl; <O0.
( 0, if [ >0
= 1—Fy, (=bil—b3), ifl;=0

L fYL (ll_bll_b3)7 if [y < 0.
= [1=Fy, (=il = b3)] Loy (I1) + fvy, (b = b1l = b3) o0y (1) -

Note that the argument [; — b1l — b3 must be in the support of the distribution of Y.

Thus, for the case in which the support of the distribution of Y}, is the reals, we
can express the probability mass function of the run length distribution conditioned on

Lo=1with bs <1 <0 as

pri(L|l) = Fy, (B (1) = bil —bs) and
prr(t|l) = pro(t—1|0)[1 = Fy, (=bil — b3)]

0
+/ pro (t=110) fyy (s — bul — by) dis.
Br()

For the case in which the support of the distribution of Y7, is the positive reals, we have

prp (L|l) = Fy, (Br (1) — bl —b3) and
prr(t|l) = pro(t—1[0)[1 = Fy, (=il — b3)]

ar(l)
+/ prr (t— 1|ll)fYL (ll —bll—bg) dll,
BrL(l)

where ay (1) = min {0, byl + b3}.
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Two parameters of the run length distribution that are the most commonly reported
are the mean (referred to as the average run length (ARL)) and the standard deviation
(SDRL). These parameters are functions of the starting value Ly = [ for lower one-sided
chart and Uy = u for upper one-sided chart. It is convenient to let the M, (1) represent

the ARL of the lower one-sided chart, then

Mo ()= Yt ().

We can write M, (1) as

ML(Z) = prL(1|l)+itprL(t|l)

t=2

= pro (L) + Y (A+t)pr, (L+t]1)
t=1

= pro (L) + Y pro(Q+t]l)+> tprp (1+¢]1)
t=1 t=1

= 1+ tprp(L+t]l).

t=1

Using previous results, we see that

prr(L+t[l) = prp(t|0)[1 — Fy, (—=bil — b3)]

ar,
+/ prL (t|l1)fyL (ll —bll —bg) dll,
Brl)

where ay, = 0 or o, = ay, (1) depending on if the support of the distribution of Y7, is the

reals or the positive reals. Hence, we have that M, (1) is the solution to the following



integral equation

M, (1)

LYt (£10) [~ Py (=bul — )

t=1

+Z/ pro (tl) fy, (I — byl — bs) dly

Br (1)
1+ M, (0) (1 — Fy, (bl — b3)]

/ thTL t|l1)fYL(1_b1l—b3)dl1
Br(l) —
I+ ML 0) [1— Fy, (=bil — b3)]

arg,
+ My, () fy, (I = byl — bg) dly.

Br(l)

To determine SDRL, we first find

M? ()= E(T? |Ly=1) Zﬁm (t)l),

which can be written as

M (D)

[e9]

pro (L) +) prp (tD)
t=2

pri (1[1) +Z(t+1)2PTL (t+1]l)

prL(l\l)+Z(1+2t+t2)prL (t+1]0)
t=1

1—I—QthrL(t—l—Hl)+Zt2pr,;(t+1|l)

t=1 t=1

M, (1) = 14> pro(t+1]1).

t=1

16
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As we continue, we see that

M;(l) = 2Mp (1) -1+ itzpm (t]0)[1 — Fy, (=bil — b3)]

t=1

+Zt2/ pr (t)1) fy, (I — byl — bs) dl
= 2Mp () = 1+ M; (0)[1 — Fy, (—bil — b3)]

/ Zt prr (E) fy, (I — byl — bs) dly
L) ¢

= 2ML (l) —1+Mg (0) [1 _FYL (_bll_b?))]

+ M? (I1) fy, (I = byl — by) dly.
Br(l)

We now can find the SDRL using the familiar formula
VM) — (v (1)

There are similar integral equations that describe the distribution of the run length

Ty of a upper one-sided generalized cumulative sum type chart with plotted statistics
defined by

Up = u and U; = max {0,a,U;—1 + Yy + as}

with 0 < u < a5 that signals if U; > a5 or Yy, > ag. We represent the probability mass

function describing the conditional distribution of Ty, given Uy = u by
pry (tlu) =P Ty =t|Uy=u).
We see that for t =1,
pru(llu) = P(Up >asor Yy > as|Uy=u)
= P(Yyi1>as—au—asor Yy > ag)

= 1— Fy, (min{as — a;u —asas})

= 1-Fy, (B (u) —ar1u—as),
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where By (u) = min {as, a1u + ag + az}. If the Shewhart limit is not used, then fy (u) =
as. If t > 1, then 0 < Uy < a5 and Y1 < ag. Thus, we can express the event {7y, = t}

as

{TU :t} = {TU = t,Ul = O,YUJ < a6} U {TU =t0< U; < CL5,YU71 < aﬁ}.
It follows for ¢ > 1 we have that

pru(tlu) = P(Ty=t,U =0,Yy1 < ag|Uy=u)
+P (Ty =t,0 < Uy < as, Yy1 < ag|Up = u)
= P(Ty—1=t—-1|Uy=u,U; =0,Yy1 < ag)
xP (U =0,Yy1 < ag|Uy=u)
+P(Ty —1=t—-1|Uy=u,0 < U; < as,Yy1 < ag)

XP(O <U; < a5,YU,1 < CL6|U0 :U)

The random variable Ty — 1 is the remaining run length and its distribution given the

value of U is the same as the distribution of Ty given the value of Uy. Thus,

P(Ty —1=t—-1|Uy=u,U; =0) = pry(t—1|0) and

P(TU—lzt—1|U0:u,U1:u1) = prU(t—llul)
Also observe that
{U1 =0,Yy1 <ag} ={au+Yy1 +a3 <0,U; <ayu+as+as}={U; =0}.

If Uy = 0, then we have that a;u + Yy; + ag < 0. Thus, regardless of the value of
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a1u + ag + as, the statistic U; would be set to zero. We now can write

pry(tlu) = P(Ty—1=t—1|Uy=u,U; =0)P(U; =0|Uy =u)
+P(TU—1:t—1|U0:u,O<U1<a5,U1<a1u+a6+a3)
XP<O<U1<CL5,U1<CL1U—|—CL6+CI/3‘U0:U)

Bu (u)
= pro (6= 110) foun Ofu) + [ pror = L) fog, (s ) du,
0

where [y (u) = min{as,a;u + ag + as}. The conditional probability mass function of

U, given Uy = u can be written as follows:

fUl\Uo (u]_ |U) = P(Ul = U7 |U0 = u) = P(maX {0,(11U—|—YU71 + ag} = ul)
(

07 1fU1<0
= § Plmu+Yy1+a3<0), ifu; =0

{ P(a1U+YU71+a3:U1), ifU1>0.
)

Oa lfU1<O

= Fy, (—ayu — a3), ifu; =0

\ vy (g —agu—as), ifu; >0.

Fy, (—a1u — as) Iroy (u1) + fyy (w1 — a1u — as) Io,00) (1) -
Thus, if the support of the distribution of Yy is the reals, we have
prv(llu) = 1—Fy, (Bu(u) —au— ag) and

pru (tlu) = pry(t—10) Fy, (—a1u — ag)

Bu (u)
—l—/ pru (t —1|ur) fy, (u1 — aru — as) duy.
0
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If the support of the distribution of Yy, is the positive reals, then we have

pro(Llu) = 1—=Fy, (Bv(u) — a1u — az) and
pru (tlu) = pry(t—1|0) Fy, (—a1u — a3)

Bu (w)
+/ pru (t —1|u) fyy, (u1 — ayu — as) duy,

u(u)

where ay (u) = max {0, a;u + as}.

The average run length My (u) of the upper one-sided control chart with Uy = w is

represented by

My (u) = thrU(ﬂu)

= pro(L|u)+ ) (1+t)pro (14t |u)

= pru(L|u) —I—ZpTU(l—l—t|u)+thrU(1+t|u)

t=1 t=1

= 1+thrU(1—|—t|u).
t=1

Using our previous result, My (u) is then given as the solution to the following integral

equation
My (u) = 14 tpry (£|0) Fy, (—aju — as)

t=1
0 Bu (u)

+ Zt/ pru (tur) fyy, (w1 — agu — ag) duy
t=1 Jou

o

= 1+ My (0) Fy, (—a1u — a3)

Bu(uw) 2
+/ thrU (t|ur) fyy (U1 — aru — as) duy
au t=1

= 1+ MU (O) FYU (—alu - CL3)

Bu (u)
—I—/ MU (Ul) fYU (Ul — a1u — a3) dul.

U
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where ay = 0 or ay = ay (u) depending on if the support of the distribution of Yy is

the reals or the positive reals.

Further, the expected value M? (u) of the square of the run length T3 given Uy = u

is the solution to the following integral equation
Mg (w) = Y *pry (t]u)
t=1

= pry (1|u) —I—Z(l + 1) pro (1+t|u)

[M]¢

= pry(1|u) + (L+2t+ ) pry (L +t|u)

t

= 14+2) tpry(L+tu)+ Y Ppro (1+t]u)
t=1 t=1

1

= 2My (u) — 1+Zt2prU (I4+tfu).

t=1

Using previous results, it follows that

Mg (u) = 2My (u) — 14> pry (£]0) Fy, (—aru — as)
t=1
Bu (u)

+ Z t? / pru (t|u) fry, (v — a1u — ag) duy
t=1 @

U

= 2MU ('Ll,) -1+ Mgv (O) FYU (—alu — a3)

o0

Bu (u) )
+/ Zt pru (t|ur) fyy (1 — aru — ag) duy
au t=1
= QMU (’LL) -1+ Mgv (O) FYU (—alu — Clg)

Bu (u) )
+/ M (u1) fyy (w1 — aru — ag) duy.

U

We then can find the SDRL of the upper one-sided chart using

VM () — (M ()

Exact solutions for the aforementioned integral equations do not exist. On the other
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hand, very good approximations can be obtained using numerical methods. If the limits
of the integral do not depend on u, the integral equation is a Fredholm equation of the
second kind. Using a quadrature method to approximate the integral leads to a system
of equations whose solution is the desired parameter of the run length distribution. For
those equations in which the one or both of the limits of the integral is a function of u, the
equations are Volterra equations of the second kind. In this case, the collocation method
gives a good approximation of the desired parameter of the run length distribution. The
collocation method approximates the desired parameter with a polynomial which is

determined exactly by the selected values of u.

2.5 Markov Chain Approximation

When the quality measurement X is a continuous random variable, then the generalized
cumulative sum type chart is a continuous state discrete time Markov process. Brook and
Evans (1972) presented a method for evaluating the run length distribution of a one-sided
CUSUM chart using a Markov chain approximation when the quality measurement is
continuous. The run length distribution of the Markov chain is used as an approximation
to the run length distribution of the chart. This method has been demonstrated to work
quite well in approximating the run length distribution of various other quality control
charts. In this section, we will develop Markov chain approximations to both the one-
and two-sided generalized control charts. The Shewhart limit discussion is not included
in this section. Champ and Rigdon (1992) showed that for the one-sided CUSUM chart
the Markov chain and integral equation methods are equivalent in approximating the
solution of the integral equations. An integral equation method for two-sided generalized

cumulative sum type charts has not been developed. On the other hand, a Markov chain
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approach has been developed for the two-sided CUSUM chart by Woodall (1984). In
this section, we will develop the Markov chain method for both one- and two-sided

generalized control charts when the support of the Y is the reals.

First we discuss the lower one-sided chart. We select two sets of numbers vy o, vr1,. .., v,

and 10,811, - -,&L,n, that have the following constraints:

fL,o =0> VLo > fLJ >Vp1 > ... > Vo -1 > éLmL > Vg, = bs

with 77, a positive integer. We label the values £10,¢r.1,...,&,n, as the 7, 4+ 1 non-
absorbing states of the Markov chain L} which will be used to approximate the chart

statistic L; as follows,

. §ro, it Ly >wpp
L; =

£L,i7 if Lt S (UL,iva,ifl] for 1 = 17 2, cee L

If L; < wvp,,, we label the state to be £, ,,+1 which is an absorbing state because the

chart signals and the sampling stops at this time point.

The method presented in Brook and Evans (1972) for approximating the CUSUM

chart as a Markov chain selects these number as

) (+3) (5 51)
=k and vy, = [ k+ =
gL,k (T]L +% Lk 9 nL +%

for k =0,1,...,nz. Another possibility for selecting these values is to choose &, ;s as
—bs
pr = 0 and fL,k: = b5 + T (l’k + 1),
where z4,...,x,, are the Legendre quadrature points for k = 1,...,7,. We then take

the values of the vy, ;’s to be

_ §ok T &Lk

VL k
2

and v, = bs
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for k=0,...,n, — 1.

A third method is useful when the support of the distribution of Y7, is the positive
real numbers. The £, ;’s and the vy ;’s are selected to satisfy
€L,O = 0> Vpo > £L71 >Vrp1 > ... > VLnmpa—1 > €L777L,1 > VLnpa, = —b3/b1
> £L777L,1+1 > VLnpa+1 > > VLnpi+nn,2—1 > fL,ﬁL,1+77L,2 > Vimpatnne = b5>

where 1z, and 7, » are positive integers with 0y, 1 +nz2 = 7. Applying a method similar

to Brook and Evans (1972) method, we select

) (r3) (%)
—k d = (k+= :
L <nL,1 +3 AR VL 2) \npa1+3

for k=0,1,...,nr1; and

b bs + b3/ b 1\ [bs+b3/b
fL,k:__3+k(5—?)/ll) andUL’k:—_3+(k:+_><5 3/ 1)’

by L2+ 3 b1 2 NL2 + 3

for k=0,1,...,1m02.

The nonabsorbing states £, ; are numbered ¢ (i = 0,1,...,7.), and the absorbing
state 1,41 is numbered 7y + 1. Then the approximate conditional probability of

transitioning from the nonabsorbing state k to the nonabsorbing state j is
(PL>k,0 =P (L:H =£Lo |L; = éLk)
= P(blLt‘i‘YL’t—Fbg > VL,0|L: :fL,k)

P (bi€rr+ Yo +bs>vpp)

Q

= 1- FYL,t (l/L70 — blfLJg — b3) s and
(Pr)y;, = P Ly =¢€ns1Li =Euk)

= Pvp; <biLi +Yr:+bs <wpj1|Li=E0k)

Q

Popj <biépp+ Yo +bs<wp;1)

= FYL,t (VL,j—1 - blfL,k - 53) - FYL,t (VL,j - blfL,k - 53)
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for y = 1,...,n,. The approximate probability of transitioning from a nonabsorbing

state to the absorbing state is

(PL)k,nL-H = P (L:-&-l = §L777L+1 |L: = fL,k;)

= P (blLt + YL,t + b3 S VLJ?L |LZ = gL,k)

Q

Pbilrp+ Yo +bs<vpy)

= FYL,t (VL,UL - blSL,k - b?)) .

The probability of transitioning from the absorbing state to a nonabsorbing state, and

from the absorbing state to the absorbing state are given, respectively, by

(PL)HL-HJ = 0, and

Pr)prigr = 1

For the (n; +2) % (nz + 2) matrix P, whose (k, j)th component is the conditional
probability <PL)k,j to be a transition matrix, it must be the case that for all £k =

0,1,...,m +1
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Clearly, this holds for £ = n; + 1. For the case in which £ =0,1,...,n., we see that

nL+1 L
Z (PL)k,j = (PL)k,O + Z (PL)k,j + <PL)k,nL+1

=0 j=1
= 1—Fy,, (vro — 0i&rr — b3)
nL
+ Z [FYL,t (VL,jfl - b15L,k - 53) - FYL,t (VL,j - blfL,k - 53)]
j=1

+Fy,, (VL — 0o — bs)
0o nL vy, j—1—b1€L,k—b3
-/ Fro g+ | i (0)dy

L,0—b1€r k—b3 j=1 7 vL,j=b1€r, kb3

v, —b1€r,k—b3
+/ fYL,t (y) dy
= fyo, (W) dy =1.

Hence, the matrix P is a transition matrix. Let Qp be the (9, + 1) x (nz + 1) matrix
obtained from the transition probability matrix P, by deleting the final row and column,

it is then not difficult to see that all the information in Py is contained in the sub-matrix

Q:.

The number of transitions 77, of the chain that begins in one of the nonabsorbing
states k until it first enters the absorbing state is a random variable known as the run
length. By Brook and Evans (1972), the conditional probability mass functions of 77

(k=0,1,--- ,np) are determined as

P(Tro=t|Lo=¢&1p)

P(Tp,=t|Ly=
L

P (TLJ?L = t ’LO = £L777L) a

fort =1,2,3,..., where Iis the (n+ 1) x (n + 1) identity matrix and 1 is a vector that

has each of its (n+ 1) elements equal to unity. The kth component of Q%! (I — Q)1 is
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then the conditional probability mass function of the run length 77 ;. The conditional

expectations of these iy + 1 random variables are determined by

E (TL,O |L0 = éL,O)

Pl =em) S igeia-aoi-a-qu e
t=1

E (TL777L |L0 = 5L1ﬂL) _

Further, we see that

E (Tio ’LO = gL,O)

E(T?,|Lo=¢01) N g1
7 = t Qt (I_Q )]‘7

E (T, 1Lo=¢&Ly,) |

= itQQtLll +) Qi1

t=1 t=1
= I-Q)7%1+Q,(I-Q,)"1
= I+Qp)I-Qp 1

Hence, one can find the standard deviations of the run length distributions using the

well known formula

\/E (T2, |Lo = €Lk) — [E (Tpw|Lo = Eni))
for k=0,1,2,...,n¢.

For the upper one-sided chart, the values vy o, vy, ..., Vo, and oo, v, - -5 Sy

are selected with the following constraints:

5[]70 =0< Vo < SU,l <y <... < UVypy-1 < SUWU < Vuny = Qs
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with 7y a positive integer. The values v o,&v1,---,8u,, are the ny + 1 nonabsorbing

states of the Markov chain U} that is used to approximate of the chart statistic Uy,

Svo, if Uy <wvyp
Ur = '
Evi, iU € [vyio1,vuy), (0 =1,2,--- ,np)

If Uy > vy, , the state is set to be &y, +1 which is an absorbing state.

Brook and Evans (1972) used the values

as 1 Qs
57:k< )andl/,:<k+—>(—>
U,k T]U—i—% U,k 9 T]U—i—%

when approximating the upper one-sided CUSUM chart as a Markov chain for k =

0,1,...,ny. Another method for the selection of these values is to choose &, ;s as
§U,0 =0 and gU,k = a5+ T ($k + 1) ,
where z4,...,x,, are the Legendre quadrature points for £ = 1,...,7y. The values of
the vy ;’s are then taken to be
~ Suk t+ ks -
Vo= and vy, = as

for k=0,....,np — 1.

As with the lower one-sided chart, a third method is useful when the support of the

distribution of Yy is the positive reals. The &y ’s and the vy ’s are selected as

nyD = 0< Vo < 5U71 <vyp <...< VU1 < §U777U,1 < VUmua = —CL3/CL1

< 6U,77U,1+1 < VUmu,1+1 <...< VUnu+nu2—1 < §U777U,1+77U,2 < VUumyi+nu,e = 05

where 1y and 7y are positive integers with 7y + ny2 = ny. Then we select

—az/ay 1 —az/a;
o) w4 (2.
v Nu,1 + % o 2 Nua + %
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for k=0,1,...,m0.1; and

1
Sup = _ & +k (La?’/lal) and v = _4 + (k + _) (a5 + a3/a1) ’

for k=0,1,...,7p2.

Similar to the approximation to the lower one-sided chart, the nonabsorbing states
are numbered 0, 1, ..., 7y, and the absorbing state is numbered 7y +1. The approximate
conditional transitioning probability from the nonabsorbing state k to the nonabsorbing

state j is given by

Pv)yo = P (U1 = Euo U = Eun)

= P (alUt + YU,t +az < VU0 ‘Ut* = 5(]7].3)

Q

P (aréuy + Yue + as < vyyp)
= Fy,, (v — aiéuk — as) , and
(PU>k,j = P (Ut*+1 = &u,; Ui = ka)

= P(wj1 <a U+ Yy, +as < vy, |US =Eup)

Q

P (vyj—1 < aéup+ Yur +as < vy,)

= Fy,, (v — aéur — as) — Fy,, (vuj—1 — aiéur — as)

for y = 1,...,ny. The probability of transitioning from a nonabsorbing state to the

absorbing state is

(PU)k,nU—i-l = P( t*-',-l = Sumy+1 U = §U,k)

= P(aiU+Yus+as > vyy, U =Euk)

Q

P (ar&uy + Yo + a3 > vyy,)

= 1-Fy,, (Vumy — aiéur —as),
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And the probability of transitioning from the absorbing state to absorbing state, and

from the absorbing state to the absorbing state are given, respectively, by

(Pv)y,11; = 0;and

(PU)UU+1J7U+1 = L

The (ny + 2) X (nu + 2) matrix Py whose (k,j)th component is the conditional

probability (Pr), ; is a transition matrix. Clearly, for k = ny + 1, we have

nu+1
Z (PU>k,j =1
j=0
and for kK =0,1,...,ny, we have
nr+1 nu
Z (PU)k,j = (PU)k,O + Z (PU)k,j + (PU)k,nL-l-l
=0 j=1
= FYUﬂg (VU,o - alfU,k - Cla)
nu
+ Z [FYU,t (VU,j - alfU,k - a3) - FYU,t (VU,jA - alfU,k - as)}
j=1

+1 = Fy,, (Vomy — a1k — az)

vy,j—1—a1éy,k—as3

- /V - Fr, (y) dy + n;U / Sy (W) dy

U,0—018u,k—a3 U, —018U,k—as3

YU,y —016U,k—03
+/ fYU,t (y) dy
= fyo, (y)dy = 1.

All the information contained in Py can be obtained from the (ny + 1) X (g + 1) matrix
Qu by excluding the last row and last column of Py. The conditional probability mass

function of the run length 7775, when the chain begins in one of the nonabsorbing states
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k is then determined as

P(Tyo=1t|Uy = &uyp)

P(Tyy =t|Uo =€) | _ Q' (I-Qu)l,

| P (TUWU =t |U0 = §U777U) ]
fort =1,2,3,..., where the kth component is the conditional probability mass function
of the run length 77;;. The conditional expectations of these 7y 4+ 1 random variables

are given by

E(Tuo |Up = Euyp)

E Ty |Us = &u1) QL (T— Qu)l=(T—Qu) 1.

NE

o~
Il
N

E (TUJ?U ‘UU = gUWU) i

And we have

E(TEo|Lo = up)

2 . o
E (T8, !éo =&u1) | QT I-Qu)1=(1+Qu)(I-Qu) L
t=1

| E (Tgﬁm Lo = gUJYU) ]
Then the standard deviations of the run length distributions can be obtained by the

formula

VE (T3, 100 = &0s) — [E (Tug |Uo = &0
for k=0,1,2,...,ny.
The Markov chain approximation of a two-sided generalized cumulative sum type

chart builds on the methods used to construct the Markov chain approximations of

the one-sided charts. A nonabsorbing state of the two-sided chart is expressed as the
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order pair (£, ,&v.,) of nonabsorbing states of the lower and upper one-sided charts,
respectively, for ¢;, = 0,1,...,n; and iy = 0,1,...,ny. If either &,;, or &y, is the
absorbing state, i.e. iy = ny + 1 or iy = ny + 1, the order pair ({.;,,&v,,) is an
absorbing state of the two-sided chart. There are (9, 4+ 2) X (ny + 2) states of a two-
sided chart and the transition matrix is the [(n, + 2) % (¢ + 2)]° matrix P with (i, j)th

component F; ; being determined by

Pi:j =P [(fL,iLa gU,iU> — (fL,jL7£U,J'U)]

with i =iy (ny + 1) +iy and j = j, (ny + 1)+ ju, where iy, j, = 0,1,...,n5,n,+ 1 and
w,ju=0,1,....nu,nuv + 1.

Since all the information we acquire from transition matrix P can be obtained
by working with Q which is the sub-matrix of P by excluding the rows and columns
that respond to the absorbing states, we here only consider the transition probabilities
among nonabsorbing states. To determine these probabilities, some special cases must

be considered when j;, = 0 and/or j; = 0. We first consider the case in which both

7, = 0 and jy = 0. In this case, we are interested in the probability

Po=P [(fL,iL,fU,z‘U) — (fL,o,fU,o)] .
It follows that
Py = P (L:H =£L.0, Ut*+1 =&uo|L] = i, Ul = fU,iU)

~ P, + Yo+ bs > v, a1éu, + Yo+ as < vuyo)

= P (YL,t > vpo— b€, — b3, Yo < vuo — aiéu,i, — as) .
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Next, we examine the case in which j;, = 0 and jy # 0. That is,

Pi,jU = P [(é-Lﬂ'L7£U:iU) - (£L707€U7JU)]
= P (L:Jrl = £L,07 U:Jrl = fU,jU |L: = gL,iL? Ut* = gUﬂ'U)
~ P&, +Yoi+bs>vio,vuj,-1 < aibui, + Yo +az < vuyy,)
Yo >veo— b8, — b3
—p
VU ju—1 — 0uiy — a3 < Yy < vy, — aiéu,, — as

Our third case is concerned with j; # 0 and jy = 0, in which j = j; (ny + 1) and the

transition probability is

Py = Pl&ir &viv) = (ELjisSvo)]
= P(Li = &0 Ul = oo 1L = € U = vy
~ P(vp;, <bilpi, +Yr:+bs<vpj _1,a1€u., + Yus +as < vyp)
_ p vij, —0ir, —b3 <Yy <wvpj -1 —0ifri, — b3
Yu: <vpo — arduy, — as

If both jp # 0 and jy # 0, the transition probability is then given by

Py = Py &viv) = ErjprEvv)]
= P(vpj, < Lyt Svpj1,Vujp—1 < Ui < vy LY = €0 U = Euig )
~ Pvp, <0, +Yoi+bs <vij-1,vuj,-1 < aiéui, + Yo +as < vuj,)
veg, — 01, —b3 <Yri <wvpj,—1— 01, — bs,
VUju—1 — @iy — a3 < Yuu < vyjy, — a1y — a3

Let

Co = Voo — blgL,iL — b3, dy = Vuo — a1§U,iU — as,
cr, = Vij, — b1§L,Z‘L - 53, dr, = Vi jr—1 — b1fL,¢L - bs,

Cu = Vujy—-1— &16(]72'[] — as, dU = VUjuy — alSU,iU — as,
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then when Y7, = Yy, = Y}, the transition probabilities among the nonabsorbing states

will be expressed as

(

P(co <Y; <dy), if jp =0 and jy = 0;

o P (max {co,cp} <Y < dy), if j;, = 0 and jy # 0;
v P(d;, <Y, <min{cs,do}), if i, # 0 and jy = 0;
\ P (max {cg,cy} <Y, <min{cp,do}), if j, # 0 and jy # 0;

where ¢ = iy (ny +1) + iy and j = jr (ny + 1) + juy with iz,j; € {0,1,...,n.} and

iU?.jU € {0717-"77]U}'

The run length when the chain starts in one of the nonabsorbing states (£, &u,;)
(i=0,1,...,n and j € 0,1,...,mp) is Tyu,+1)4; of which the conditional probability

mass functions are determined as

P (To =t|(Lo, Up) = (£1.,0,&v0))

P(T1 — ¢ ](Lo, UO) = (éL,o,fU,l)) _ Qtfl (I — Q) 1,

P (Tn =1 |(L07 UO) = (ELJ?L? éUﬂ?U)) ]

fort=1,2,3,..., where the kth component is the conditional probability mass function
of the run length T}, and n = (n, + 1) (ny + 1) — 1. The conditional expectations of T},

are determined by

E(To | (Lo, Uo) = (€10, €v0))

E (T |(Lo, Uo) = (1,0, &v1)) QI I-Q1=(I-Q 1

NE

~~
Il
—

| E(T5 (Lo, Uo) = (ELap+1, Eumu+1)) |
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And the conditional expectations of T¢ are computed as

E(T§ |(Lo, Uo) = (1.0, €v0))

E(T?|(Lo, Uy) = (£2.0,€1)) i PQLI-Q) 1= (1+Q) (I-Q) 21,

E (T} (Lo, Uo) = ((nmp+1 Evmp+1)) |

Similarly, the standard deviations of the run length distributions are then given by

VE (T2 (Lo, Uo) = (€6 €03)) = 1B (T (Lo, Uo) = (€14, €0) )%

where k =i(ny +1)+jfori=0,1,...,np and j =0,1,...,ny.

2.6 Conclusion

It was show that the generalized family of cumulative sum type charts introduced by
Champ, Woodall, and Mohsen (1991) requires two less parameters to be specified by the
practitioner. The run length performance of these charts can be studied using simulation,
integral equations and a Markov chain approximation. We have given integral equations
useful in determining the run length distribution of the lower and upper one-sided charts.

The Markov chain methods for the one- and two-sided charts were given.



CHAPTER 3
MONITORING FOR A CHANGE IN THE PROCESS MEAN

3.1 Introduction

One of the most common uses of control charting procedures is to monitor for the mean
of a continuous quality measurement X on the output of a production process. In this
setting, the parameter p is often referred to as the process mean. We make the assump-
tion that X has a normal distribution with mean p and standard deviation o. This is
a common assumption in control chart development when the quality measurement is a
continuous random variable. The process is assumed to be statistically in a state of in
control if y = py and o = oy for fixed constants pg and og. The data available to the
practitioner to make a decision about the quality of the process comes in the form of (1)
the X measurements {X; 1,...,X;,} on m samples each of size n from the output of the
process of a Phase I study for i = 1,...,m and (2) the X measurements {X;1,...,X;,}
taken from fixed periods on the output of the process in Phase Il for t =1,2,3,.... We
assume these measurements are independent. It is our interest to study the use of a
generalized cumulative sum type chart for monitoring for a change in the process mean

w1 from its in-control value pqg.

In the next section, we will discuss our estimates for the in-control values po and
0o. The generalized cumulative sum type X chart with estimated parameters will be
introduced. An outline is given in Section 3 for using integral equations to evaluate the
run length distribution of the one-sided generalized cumulative sum type X charts. In
Section 4, a run length performance analysis of a two-sided generalized cumulative sum

type X chart is given using a Markov chain approximation. Some conclusions are given
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in the final section.

3.2 Parameters Estimated Version

The in-control parameters are typically not known and must be estimated. During Phase
I in which the practitioner brings the process into a state of statistical in-control, we
assume there will be available from this phase m independent random samples each of
size n when the process is believed to be in a state of statistical in control. We represent
these data as X;;,...,X;, for ¢ =1,...,m. From these data, we will estimate j;p and

od respectively with the statistics

where X is the mean of the 7th sample. It is not difficult to show under the independent

normal model that
= 2 -1V
X~N (uo, ﬁ) and "DV
mn
are independent. Also, we have that E (?) = pip and E (V) = 0.

A parameters estimated version of the lower and upper one-sided generalized cu-

mulative sum type X control chart defines L; and U, by

L[) = b4, Lt = Imax {O, blLtfl + th + bg}

Uy = a4, and Uy = max {0,a,U;_1 + Y, + as},

where

X, - X
Vi= o —
V7

The two-sided chart signals if L, < bs, or Y; < bg, or U; > as, or Y; > ag.
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We note that V1/2

is a biased estimator of oy and could be replaced with the
unbiased estimator V' /¢, where ¢ is an unbiasing constant that depends only on m
and n. This is not necessary because the chart can be designed so that the unbiased
constant c¢ is absorbed into the chart parameters. Note that

X ? 1 o X; — — :
1:;2 —s (_ t M_'_\/ENU#O )
/\/_ Voo

Letting )
= —1/2
X — Mo \%4
Zy=———and Wy = —
0 oo//mn and o oo
we can write o
X, - X _
1’;2 =Wyt (A2 +V/nd — Zy/v/m) .

/N1

Under the independent normal model, we have that
Zo~ N (0,1) and m (n — 1) W§ ~ X7 1)
are independent. The values of L; and U; can now be expressed as

L() == b4, Lt = max {0, blLt—l + WO_I ()\Zt + \/5(5 — Zo/\/%) + bg}

Uo = dg, and Ut = max {0, alUt—l + Wo_l (/\Zt + \/ﬁ(g - Zo/\/ﬁ) + a3} s

which give us a clearer picture of how these statistics behave stochastically. Note that
by setting Z; = 0 and W, = 1, we obtain the statistics used as the in-control process

parameters pg and oy are known.

In what follows, the joint distribution of Z; and W, will be needed. From our

previous results, we find that

Fw, (wo) = P(Wogwo):P(m(n—l)WgSm(n—l)wg)

= P(Xhnry Sm(n—1)wj) = Fy (m(n—1)wg) .

m(n 1)
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Hence the probability density function describing the distribution of W} is given by

fwo (wo) =2m (n — 1) wofxgn(n_l) (m (n—1) w2) ‘

Since Zg ~ N (0,1) and Wy are independent, the joint probability density function
describing their joint distribution is

fzowo (20,w0) = fz, (20) fwy (wo) = 2vwod (20) frz, | (vuwg)

_ 2 o812 wg* 6—(w§ /v) /27

vart () (2)°

where v = m(n—1) and ¢ (20) = fz, (20) is the probability density function of a

standard normal distribution.

3.3 Integral Equations Approach

Assume for both the lower and upper one-sided charts, the Y statistics are the same. In

particular, we have

Vig=Yu =Yo =W (A2, +Vnd — Zoy/v/m) .
Using the results from the previous chapter, the probability mass functions of the run
lengths of lower and upper one-sided charts given Zy = 2y and Wy = wq are
prr (L[l z0,w0) = Gragu (bs,1)
prr (t]l, z0,wo) = pri(t—110,20,w0)[1 — GL 2w (0,1)]
+ /OPTL (t—11|l, 20, w0) gr, 200 (115 1) ;

bs

and
Pru (]— |u7 20, 'LU()) - ]- - GU,Zo,wo (a57 U) )
pPru (t |u7 20, 'lU()) = DpPru (t - ]- |07 20 wO) GU,Zo,wo (Oa U)

as
+/ prv (t— 1 |u1, 20, Wo) Gu,20.w0 (U1, ) dug;
0
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where
GLowo (,1) = @ (wo (y = bl = bs)A— Vo + zo/w—n> |
9Lz (11, 1) = @ (wo (i = bil = bS))\— Vno + zo/\/ﬁ) ;
and
Gu.zowo (Y, u) = P (wo (y —au — 03)/\— \V/no + zo/\/ﬁ) |
GU. 20w (U1, U) = ¢ (wO (w1 — aru — as})\ —/nd + zo/\/m> |

Note we do not consider the Shewhart limit here. The unconditional probability mass

functions are obtained as
prp (t|l) = /000 /OO prr (|, z0, wo ) fzy.w, (20, wo) dzodwy and
—0
pru (tlu) = /000 /OO pru (t|u, 20, wo) fze.m, (20, wo) dzodwy
—0
fort=1,2,3,....

Woodall (1983) gave an argument that can be used to show that for large value of
t the “tail” of the probability mass function pry (t|u) (prp (¢|1)) can be approximated

by a geometric distribution. That is,
pro (" +t|u) =~ 0pry (t° |u) (pri (F +t|1) = O pry (t7]1) ).

He recommended approximating 6y by

g o) s >y pru (t|u)
pro (= 1u) i pro (t—1lu)’
<§L: o) g - S (D) )
pri(t*—1]1) Copr (t—110)

When the values of §U and [9VU (§L and §L) are “close,” Woodall recommended using §U

(A.,) to approximate 6y (6).
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The ARL for the upper one-sided charts conditioned on Uy = u, Z; = 2y, and
Wy = wy is determined by

My (u, z0,wo) = » P (Ty = t|Uy = u, Zy = 20, Wo = wy) = Y _ tpru (t[u, z0,wp)

t=1 t=1

As with the previous discussion, we have

MU(U,ZQ,U)()) = 1+ZtP(TU: 1—|—t|U0:U,ZQ:ZQ,W0:’LUO)

t=1

:1+ZtP(TU—1:t>U1:O‘UOZU,ZOZZmWO:wO)

t=1

+) tP(Ty —1=1t,0 < Uy < a5 |Uy = u, Zg = 2, Wo = wp)

t=1

=1+ Y tP(Ty —1=t|Uy=u,U; =0, Zy = 2, Wy = wg)

t=1

XP(U1:O|U0:’LL)

+ZtP(TU—1=t|Uo=U,O<U1<a5720=ZO;W0=w0)

t=1

XP(0<U1<CL5’UOIU>

00 as
= 1—|—MU (O, Zo,wo) FU1|U0 (0‘U)+Zt/ Pru (t|u1,zo,w0)fU1|U0 (Ul |u)du1
t=1 0

as

=1+ My (0, 29, wo) Frryjuy (0 |u) + My (u1, 20, wo) fon vy (wr [u) dus.
0

In summary, the conditional ARL, My (u, zo,wp), of the upper one-sided generalized
control chart given Uy = u, Zy = 29, and Wy = wy is the solution to the integral

equation

as
My (u, z0, wo) = 1+ My (0, 29, wo) Fy, (—aju — az) + / My (uy, zo, wo) fy, (U1 — aqu — as)
0

as
=14 My (0, 20, wo) Gz, (0, u) + / My (u1, 20, Wo) G2 w0 (U1, ) dug.
0
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Similarly, we can derive that the conditional ARL, My (I, zo, wp), of the lower one-sided
generalized control chart given Ly = [, Zy = 2z, and Wy = wy is the solution to the

integral equation

0
My, (1, 20, wo) = 1+ My, (0, z0,wo) [1 = Fryz, O]+ [ My (Ih, 20,w0) frye (11 1) dly
bs
0
=1+ M (0,20, wo) [1 = GL 2w (0,1)] + [ Mg (I1, 20, Wo) G200 (11, 1) dly.
bs

Since the exact solution for the aforementioned integral equations does not exist,
we will use the numerical quadrature to obtain approximations. For the upper one-sided
chart, let (&p;,wu ;) (7 =1,...,nu) be the ordered pairs of the exact nodes and weights

of a numerical quadrature method. This leads to the following system of equations,

pro (1[€u,, 20, wo) =1 — Gz (a5, Ev,) and

pru (v, 20, wo) = pru (t — 11&u.0, 20, Wo ) Guzo,we (0,05 EUi)
nu

+ Y pro (t=1&u,, 20, wo) Gu oo (S0 €v) wurg
j=1

fort > 1 and {yp =0, where 1 =0,1,...,ny.

Letting
pru (€0, 20, o)
pro (v, 20, wo)
Py, =
L pru (t |€U,7]U7 20, wO) ]
and
GU,zo,wo (€U,0a fU,o) 9U, z,wo (fU,l, fU,o) Wl -+ 9U,z0,w0 (fU,nU,fU,o) Wumny
GU,zo,wo <§U,Ou fU,l) 9U,zo,wo (fU,l; §U,1) Wui1 -+ GUzp,w0 (fU,nU7§U,1) WUy
QU,ZO,wO ==

i GU,zo,wo (€U7Oa §U,77U) 9U,z9,wo (SU,lv £U777U) Wuil -+ Gu,zp,wo (gUmUan,nU) wU,nU ]
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Then we note that

1 — Gu,zo.wo (60,05 E0.0) — Doty GU.z0.w0 (Euis EU0) WU

1 — Guzo.wo (§0,0:E01) — Doty GU.z0.w0 (Euis Eut) WU
(I - QU,ZO#UO) 1=

1— GU7z0,wo (5U,0a fU,nU) - Z:]gl 9U,zp,wo (gU,ia éU,nU) Wu,i ]

Thus the system of equations can be written in vector notations as

PU,I = (I - QU7z07w0) 1 and PU,t = QU,ZQ,U)QPU,tfl
for ¢ > 1, where 1 is an (1 + 1) x 1 vector of ones.

Making the transformation y = u; /a5, we have that u; = asy and du; = asdy. If

follows that

pru (t|u, 20, wo) = pry (t — 110, 20, wo ) G20, (0, )

1
+ / pru (t -1 ]a5y, meo) 9U,z9,wo (a5y, U) asdy
-1

= pruy (t -1 |0, 20, wo) GU,zo,wo (O, U)

1
+ / pru (t —1 ]ag,y, meo) U, z9,wo (a5y, U) asdy.
-1

For the lower one-sided chart, the associated system of equations is

prr (L|€L.is 20, wo) = GL 2o (b5, L) and

pri (€L, 20, wo ) = pri (t — 11€L.0, 20, wo ) [1 — GL 2000 (1,05 EL,1)]
nL

+ ZPT’L (t = 1115, 20, W0) GL,20,w0 (€15 EL.1) WL
j=1

which can be expressed as

Pri~Qr.wland Pr,~ Qpr .owPri1



44

for ¢ > 1, where 1 is an (n; + 1) x 1 vector of ones, and

prr (t1€L,05 20, wo)

prr (t|€L1, 20, wo )

P, = :
| prr (t ’£L,T]L7207w0) ]
and
GL oo (60,0,800)  GLzowo (§0,1,600) W01 -+ GLz0wo &Ly E0,0) Wiy,
GL,zo,wo (§L,07 fL,l) 9L, zo,wo (fL,b fL,l) Wr1 -+ GL,zowo (fL,nL, fL,l) WL,
QL,zo,wo =
L GL,zo,wo (fL,Oa £L,77L) gL,zo,wo <€L,1> fL,nL> wL,l cee gL,zo,wo (éL,nL> 5L,nL> WL,nL ]

3.4 Markov Chain Approach

For the two-sided charts, If Y, = Yy, = Y, = Wy ' (A Z; + /né — Zy//m), then as in
the previous discussions, the conditional transition probabilities among the nonabsorbing

states given Z, = 2y and Wy = wy will be expressed as follows.

P (co < W5 (AZy+ /nd — Zo//m) < do | Zo, W) ,

if jp = 0 and jy = 0;

P (max {co,cy} < Wy (AZy + V/nd — Zo//m) < dy |Zo, Wo) ,

if j;, =0 and jy # 0;

P (d, < Wy (AZ+ /nd — Zy//m) < min{cr, do} | Zo, Wo) ,

if jp # 0 and jy = 0;

P (max {co, cv} < Wy (AZ, + /né — Zy//m) < min{cr,do} | Zo, Wy) ,

if jr # 0 and jy # 0;

P j1zom0 =




which can be written as

Pi,j|Z0,Wo =

(

\

P (woco—\/ﬁé-i-Zo/\/m < Zt < WQdo—ﬁ§+ZO/m>
Y >4t > ) ;

if jp =0 and jy = 0;
P (womax{co,cU}A—\/ﬁ(S—i—ZO/\/ﬁ < Zt < deU—\/ics—l—zo/\/ﬁ)

if j, =0 and jy # 0;
p (wodL—\/ﬁAé—i-zO/\/Tn <7 < womin{cL,dO};ﬁa+zo/¢m> ’

if jp # 0 and jy = 0;
P (wo max{co,cU})\f\/ﬁéJrzo/\/ﬁ < 7, < wo min{cL,do};\/ﬁ§+ZO/ﬁ) :

if jp # 0 and ju 7# 0;

Since Z; has standard normal distribution, then

P jizowy =

where

andZ:ZL(UU+1)+ZU7.7 :JL(UU+1)+JU with iL?jL € {0717

{0,1,...,7’](]} .

(

Co

cr

Cu

wodo—+/nd+z0//m woco—/nd+z0/\/m
@(00 )\ 0 )—CI)(OO )\0 )7

if 5, =0 and jy = 0;
d (wodU—\/ﬁé—&-zo/\/rW) _® <wo max{co,cU}—\/ﬁ5+zo/\/771>
A by )

if j; =0 and jy # 0;
@ (wo min{CL,do};\/ﬁ6+Zo/\/m) o (b <’LU0dL7\/T>I/,\5+ZQ/\/m> 7

if jp # 0 and jy = 0;
o (wo min{cL,do})\—\/ﬁ(H—zo/\/ﬁ) _® <w0 max{co,cU}A—\/ﬁ(H-zo/\/E)

if jp # 0 and ju # 0;

= vro— &, — bs, doy = vuo — iy, — as,

VLo — blﬁL,iL — b3, d, = Vrjr—1 — blfL,iL — b,

= VUujy-1— &1§U,iU —az, dy = Vuju — alfU,iU — as,

45

777L} ; Z.U7jU €
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For the [(n; +2) X (nu + 2)]° transition matrix P, ,,, whose (4, j)th component is
the conditional probability P j|.o.w,, all the information contained in P, ,,, can be ob-
tained in the sub-matrix Q. ., by excluding the rows and columns relevant to absorbing

states.

Random variable T, ., is the conditional average run length of the two sided-
chart that starts at one of the nonabsorbing state k. For convenience, we define the

(np +1) (ny +1) x 1 vectors T and t by

TO\zo,wg t
Tl 20,W t
T=| " | andt= — 11,
L Tyjz0,w0 i Lt

where 1 is an (n, + 1) (ny +1) x 1 vector of ones. The conditional probability mass

function of T has the form

P(T=t|Zy=20,Wp =wp) = - (I- QZO,wo) 1,

20,Wo

for t =1,2,3,.... The unconditional transition matrix is

Q :/ / on,wofzo,wo (Zo,wo)dzodwo-
0 —00

Thus, the unconditional probability mass function of T is given by

P(T=t)=Q7'(I-Q)1,
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The conditional expectations of these 1, 4+ 1 random variables is determined by

E (TL,O ‘Zo = 29, Wp = wo)

E(Tpq|Zy = 20, Wo = wy)
E(TL |Z0 = Zo,WO = wo) =

E (TL,nL |Zo = 29, Wy = wo)

oo

= Z thiuo (I - QZoﬂUo) 1

1

= (i_ on,wo) 1.

The unconditional expectations are given by

E(T)=I-Q)1.
3.5 Unconditional Run Length Distribution

The condition probability mass function given Z, = 2, and Wy = wy describing the
distribution of the run length 77, is expressed as

prr (E|1,0, A\, m,n, 2z, wy) = P (T, =t |Log = 1,0, \,m,n, Zy = 29, Wo = wy) .
Its unconditional probability mass function is determined by

brr (t|la57 >‘7m7n) = / / prr (t’l75a )‘7m7n7 ZOawO)fZO,WO (207w0|m7n>d20dw0‘
0 —oo

Similarly, the conditional and the unconditional probability mass functions describing
the distribution of the run length 7y of the upper one-sided generalized control chart

are expressed, respectively, by

pry (t|u, 6, \,m,n, zo,wy) = P(Ty =t |Uy = u, 8, \,m,n, Zy = 29, Wy = wy) and
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pru (t|ua 67 )\,m,n) = / / pru (t|ua57 )\ama n, Zva())on,Wo (207w0 |man)d20dw0-
0 —00o

The run length T of a two-sided generalized control chart is defined as
T = min {TL, TU} .

The conditional and unconditional probability mass functions describing the distribution

of T are, respectively,
pr(t|lu, 0, \,m,n, zo,wy) = P(T =1t|Lo=1,Up =u,0,\,m,n, Zy = 29, Wy = wp) and

pr(t|lu,0,\,m,n) = / / pr(t|l,u, 6, \,m,n, 2o, wo) fz,,w, (20, Wo |m, n) dzodwy.
0 —00

Woodall (1983) gives a method for obtaining a geometric distribution approximation
to the run length distribution for “large” values of t. The large values of ¢ and the
geometric parameters for the conditional probability mass functions will depend on the
values of zp and wy. They also depend on the values of [, u, §, A\, m, and n; but these
values are considered to be fixed in our discussion. For the lower one-sided, upper one-
sided, and two-sided charts, we will represent the pair consisting of the large value of
t and the estimated geometric parameter by (t;zwwo,@,m,wo), (t*U7Z07wO,§U,z07wO>, and
(tzmwo, @mwO), respectively. According to Woodall (1983), the upper tail probabilities

can be approximated by

prr (t*L +1 |l7 57 )‘7 m,n, 2o, wO) R~ é\tLVzo,wOprL (tz,zo,wo ’la 57 )‘7 m,n, zo, U)()) )

* ~ t *
pru (ty +t{u, 6, A\, m,n, z0,wo) = Oy 0 PTU (thzO’wO lu, 0, A, m, n, z, wo) , and

It

pr(t +tllu, 6, \,m,n, z,wo) = O ,.pr (tf’;o,wo |1, u, 9, A,m,n,zo,wo) )

This method yields probability mass functions that are approximation to the probability

mass functions of the run length distributions of the lower one-side, upper one-sided,
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and two-sided generalized control charts. For each chart, the average of these prob-
ability mass functions over the weighted values of Z; and W, give the unconditional
probability mass function of the distribution of the run length. Woodall (1983) method
can again be used to approximate the tail probabilities of the unconditional probability

mass functions. This results in the following approximations.

pbru (t |u) 67 )‘7 m, TL) ~ ijp’f'[] (t?j |U, 57 Av m,n,zo, ’LU()) ; and

pr(tll,u,0,\,m,n) = é\tpr (t* |1, u, 6, N\, m,m, 2, wp ) .

In the Appendix, we give a program that implements this method. Simulation is used

to examine the accuracy of the programs.

3.6 Conclusion

In this chapter we discussed the generalized cumulative sum type X control charts for
monitoring for the mean of a continuous quality measurement X which has a normal
distribution with mean p and standard deviation o. First estimates for the in-control
values o and o were given. Then the integral equation method was outlined for evalu-
ating the run length performance of the one-sided generalized cumulative type X charts
followed by the Markov chain approach for approximating the average run length of a
two-sided generalized cumulative sum type X chart. The unconditional run length dis-
tribution was discussed as a method for measuring the performance of the chart when

parameters are estimated.



CHAPTER 4
MONITORING A SCALE PARAMETER

4.1 Introduction

A gamma distribution can be defined by its probability density function given by

1

k—1 7y/n9]
e’ ¢ oo (v)

fn,@ <y> =

where k > 0 and 6 > 0 are referred to as the shape and scale parameters, respectively. As
can be seen, the support of the distribution of X is the positive reals. The exponential
(k = 1), the Erlang (k a positive integer), and the Chi Square (k = v/2 and 0 = 2)

distributions are special cases of the gamma distribution.

The exponential distribution appears as a model of the quality characteristic X
when modelling the occurrence rate of rare events with a homogeneous Poisson process.
This model results in the time X between events having an exponential distribution.
Further, the X values are independent. When modelling the lifetime X of an item with
an exponential distribution, a sample of n items are placed on test. Because of time
constraints in making a decision about the process, only the minimum lifetime X7, is to
be observed. One can show that the distribution of Xj., is an exponential distribution
with parameter §/n. The Erlang distribution is the distribution of the sum of x (a
positive integer) independent random variables each having an exponential distribution
with parameter 6. In the previous example, if all the lifetimes X3, ..., X, are observed
then their sum X; + ...+ X,, has an Erlang distribution with shape parameter n and

scale parameter nf.

2

It is often of interest to monitor for a change in the variance ¢* of a continuous

quality characteristic. Since the sample variance S? is an unbiased estimator of o2,
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a statistic on which one could based the chart is S7/oj if the in-control value of of
the variance is known or the statistic S? /G2 where 7 is an estimator for the unknown

parameter oa. Under the independent normal model, the distribution of the statistic

2 -1 2 2
5 GAMMA (" 12) and
og 2 og
2 | =2 -1 2 2 2
50190y ~ GAMMA(” % /00).
o5 | oG 2 wo

Our interest is to monitor for a change in a scale parameter. Two examples that
appear in the literature are (1) when monitoring for a change in shape parameter of an
Erlang distribution with positive integer scale parameter that is known and (2) when
monitoring for a change in the variance of a normal distribution. These examples are
special cases of a general setting in which the basic statistic Y; on which the chart is

based can be expressed in the form

W,
Yi= g0
where W; and W; given W, = w, have gamma distributions. The variability described by
the distribution of W} is determined by the variability found in the data to be obtained
from a Phase I study. The variability described by the distribution of W}, is determined
by the variability found in the data to be obtained at time ¢ from Phase II. The data

to be obtained from the Phase I study is assumed to be from an in-control process. We

note here that the parameters known case is equivalent to setting wy equal to 1.

Because the parameters for the charts we will study for monitoring for a change in
the scale parameter are slightly different than for a change in the mean, we redefine the
generalized cumulative sum type charts. The lower one-sided chart is defined as the plot

the statistic L; versus the sampling stage number ¢ with

Lo =bsand Ly = min{0,b;L; 1 + Y; + b3},
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where b; < by < 0, by > 0, and b3 < 0. The chart signals at time ¢ if L; < b5 < 0 or
Y, < bg, with bg > 0. The upper one-sided generalized control chart plots the statistic
U, versus t with

Up = a4 and Uy = max {0, U;_1 + Y, + as},

where 0 < a4 < as, a; > 0, and ag > 0. The chart signals at time ¢ if U, > a5 > 0
or Y; > ag > 0. For convenience, we express the conditional probability mass functions
describing the distributions of the run lengths 7, and Ty of the lower and upper one-

sided chart given Y, = yq, respectively, by

pri (tll,yo) = P(TL=t|Lo=1,Yy=1yo) and

pru (tlu,yo) = P(Ty =t|Us =u,Yo =),
where [ = by and u = ay.

In the next section, integral equations are given that are useful in determining the
run length performance of the one-sided charts. The Markov chain method is used to
analyze the performance of the two-sided charts and this method is presented in Section
3. In Section 4, we apply our results to two examples of monitoring for a change in the
shape parameter of an Erlang distribution and the variance of a normally distributed

quality measurement.

4.2 Performance Analysis Using Integral Equations

In this section, we will derive integral equations whose exact solutions are the conditional

probability mass functions pry, (¢ |l,wo) and pry (¢ |u, wy). We begin with the function



93

prr (t]l,wg). For the case in which ¢t = 1 we have

W 0%
PTL(HLU)O) = P<b1l+W;+b3§b5OI‘W;§b6 |W0:w0)

= P(Wl < Wy max {b5 — bl — b3, b@} |WO = 'wo)
FW1|W0 (w0 max {b5 — bl — b3, bﬁ} |w0) .
Next, we consider the case when t > 1. prp (¢ |l,wy) can be written as

W-
prr (t|l,we) = P<TL:t7L1:O»Wl>b6|LO:laW0:w0>
0

+P(TL:t,b5<L1<O,%>66|L0:l,wozwo)
= P(Tp—1=t—1|Ly=1,L; =0,Wy = wp, L1 > byl + bg + b3)
XP(Ly=0,Ly >bil+bg+bs|Log=1,Wy=wy)
+P (T, —1=t—1|Ly=1,b5 < Ly <0, Wy = wo, Ly > b1l + bg + b3)
XP(bs <Ly <0,Ly >bil+bs+bs|Lo=1Wy=uwy).
Since the remaining run length 7, — 1 given L; = [; and Wy = wy has the same
distribution as T, given Lo = l; and W = wy, we have that
P(T,—1=t—1|Lo=1,Li =4, Wy=w) =prr(t —1]|l1,y0) -

And

P(Ll :O,Ll > b1l+b6+b3|L0 ZZ,WO :U)o)
1% 1%
= P(bll—FW;"‘bg ZO,W; >66]W0:w0)
= P (Wl Z WO maX{—bll — bg,bG} ’WO = ’wo)
= FW1|W0 (’wo max{—bll — bg, b6} |UJO) R
where Fyy,w, (w1 |wo) =1 — Fyy,w, (w1 |we). Thus,

prr (t|l,wy) = prp(t—1 IO,WO)FWHWO (wo max {—byl — b3, b} |wp)

0
+/ pre (t = 1, wo) frypew, (|1 wo ) dly.

max{bs 7bll-i-bﬁ-i-b3}
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Note that setting bg = 0 is equivalent to the chart having no Shewhart limit.

Observe that

Frinow, (Lill,we) = P(Ly <y|Lo=1,Wy=wy)
W
= P(bll+W;+b3§ll|W0:wo)
= P(Wl S W() (ll — bll — bg) |W0 = w0>
= Fwyw, (wo (Iy — byl = b3) [wo),

so the probability density function is

Jryzowo (Il wo) = wo fuwyw, (wo (I — b1l — bs) [wg) .

Hence,

prp (t|l,we) = prp(t—1]0, wO)FWﬂWO (wo max {—byl — b3, b} |wy)

0
+/ prr (t —1 |l17w0)w0fW1|W0 (wo (l1 — b1l — b3) |w0) dly.

max{bs ,b1l+bg +b3}

Recall that b5 < [ < 0. It then follows that

prr (t |l,w0) = prr (t —1 |O, ’LU())FW1|WO (w() max{—bll — bg, b(j} |w0)

+/0 pri (t — 1|1y, wo) wo fwyw, (wo (I — byl — bs) |wo ) dl;.
masc{bs,b1l+bs-+bs }
(o (t = 110, wo) Fuvswy (wo max {—byl — by, b} |uwp)

+ fopre (=11, y0) pro (¢ — 1|11, wp)

Xwo fwywy (wo (In — b1l — bs) [wo) diy,

bs <1 < (bs—bg—b3) /by;

prp (t—1]0, wO)FWﬂWO (wo max {—byl — b3, b} |wo)

+ fb(il—i-b@—i-bg pro (t = 1[h,wo)

Xwo fw,wy (wo (Iy — bil — bs) [wo) diy,

(b5—b6—bg)/b1<l§0.
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As previously mentioned, the ARL of a chart is a commonly used measure for the
performance of the chart. An integral equation useful in determining this parameter can
be derived as follows. Since the ARL for the lower chart depends on the variables [ and
wo, we will represent the ARL by M, (I|wy). It follows that

My, (Lwe) = > tpre (tlwe) = pro (1|l wo) + > tpry (t]1,w)

t=2

Mg

= pri (1|, w) + (14t)pro (1 +t |1, wo)

t

= ZprL (|1, wo) thrL 1+t wp)

Il
—

= 1+ Ztm (10,w0) Frw,wy (wo max {—byl — b, bg} |wo)

t=1

0 oo
+/ thTL (t |11, wo)

max{bs,b1l+be+bs} ;—1

Xwo for,jwy (Wo (I — b1l — b3) Jwo ) dly.
Hence, the function My, (I |wyg) is the exact solution to the integral equation

ML (l |UJO) = 1 + ML (0 |w0)FW1|W0 (’LUQ max{—bll — b37 b6} |w0)

0
Jr/ My, (11 |wo ) wo fwyw, (wo (Iy — bl — bs) [wo) dl;.

max{b5 ,b11+bg +b3}

The standard deviation of the run length (SDRL) distribution is sometimes re-
ported when a performance analysis of the chart is given. To highlight that this param-
eter is a function of the variables [ and wy, we will represent the SDRL by SDRL (I |wy).

This parameter is determined by

SDRL (1]wy) = /M2 (1 wo) — M3 (I wy),
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where My o (I |wg) = E (T? |Lo = 1, Wy = wy). Observe that
Mpo(lwy) = Zt%m(t\l,wo = prr (1|1, wo —1—2 + 1) prL (L+t|l,wp)
t=1

= 1+22tpr,;(1—|—t|l,wo)+Zt2p7“,;(1+t|l,wg)

t=1 t=1
= 1 + 2ML (0 |wO>FW1\WO (U)O max{—bll — bg, b@} |’UJO)
0
+2/ M, (I Jwo) wo fw, wo (wo (i = byl = b3) Jwo ) dly
max{b5,b1l+b6+b3}

+ML’2 (0 |w0)FW1|WO (wo max {—bll — bg, bﬁ} |U}0)

0
+/ My, 2 (I Jwo ) wo fwy wy (wo (I — bil — bs) |wo ) diy.

max{b5 ,b1l+bg +b3}

Hence, the function My 5 (I|wg) is the exact solution to the integral equation

ML72 (l |w0) = 2ML (l |U)0) —
+ML’2 (0 |w0)FW1|WO (wo max {—bll — bg, bﬁ} |U}0)

0
+/ My, 2 (I Jwo ) wo fwy wy (wo (I — bil — bs) |wo ) di;.

max{b5 ,b1l+bg +b3}

Similar results can be obtained for the upper one-sided chart. For the case in which

t =1, we see that

W W,
pTU(1|u,y0) = P(GIU+W;+G326L5 OI‘W;ZCLGH/VO:U}O)
= P(Wl ZWomin{a5—a1u—a3,a6}|Wo:wo)

= 1— Fyw, (womin {as — aju — as, ag} |wo) -

For the case in which ¢ > 1, we derive the following sequence of integral equation of
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which the function pry (¢ |u, wy) is the exact solution. We have

W,
prU(t|u,w0) = P(TU:t,Ule,WI<a6|U0:u,W0:w0)
0

W
+P(TU:t,O<U1<a5,Wl<a6|U0:u,W0:wo)
0

W
UO_U7U1_07W;<G67WO_U)O)

W
x P (U1:0,—1<a6|U0:u,W0:w0)
Wo
Wi
+P TU:t,0<U1<CL5,W<CL6|U0:U,W0:UJO
0
W
XP(0<U1<a5,—1<a6|U0:u,W0:w0).
Wo

Observe that

pry (t—110,wp) = P(TU:t

W.
U0:u7U1:O7W;<a67W0:wO);

W.
Fw,jw, (wocy |wog) = P(U1=O,WI<G6WOZU,W0=1U0);
0

W.
pro(t—1|u,wy) = P(TU=t7U1=U1,WI <a6|U0:U7W0:w0),
0
where ¢y = min {as — aju — as, ag}. Thus, we can write

pro (t|lu,we) = pro (t—110,wo) Fw,w, (wocu |wo)
min{as—aiju—as,ae}
+/ pro (t — 1|ur, wo) foyvewe (U |u, wo) duy.
0
Next, we observe that
FU1‘U0,W0 (Ul |U, wO) - P (Ul S Uy ‘UO =u, WO = wO)
W,
= P(alu—l——l—i—ag SU1|W0:ZU0)
W
XFWl‘WO (’LUQ (Ul —a1u — ag) ‘wo) .
Hence,

fUl\Uo,Wo (Ul |U, wo) = wOfW1|WO (wo (Ul —a1u — a3) |w0) .
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We now see that the function pry (¢ |u, wq) for ¢ > 1 is the exact solution to the sequence

of integral equations

pro (t|lu,we) = pro(t—1[0,w0) Fw,w, (Wocr |wo)

min{as,a1utas+asz}
+/ pro (t—1|uy, wp)

max{0,a1u+as}

Xwofwl\wo (wo (U1 — U — ag) |w0) duy.

As with the lower one-sided chart, the ARL My (u|wy) and SDRL of the upper
one-sided chart are functions of the variables u and wy. We represent the ARL and the
expected value of the square of the run length by My (u|wy) and MZ (u|wy), respec-
tively. The function My (u|wg) is the exact solution to the following derived integral
equation.

My (u|wy) = thTU (t|u,wp) =1 +thrU (14t |u,wp)
t=1 t=1

= 1+ thrU (10, wo) Fw,w, (wocy |wo)
=1

min{as,a1utas+az} X
—l—/ thrU (t Juy, wp)

max{0,a1u+as} =1

Xwo fw, (W (wo (ur — ayu — az) (wo ) duy
= 1+ My (0|wo) Fyw,w, (wocy |wo)

min{as,a1utac+as}
—I—/ My (uy Jwo ) wo furjw, (wo (w1 — ayu — az) Jwo ) duy.
max{0,a1utas}
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The function Mg (u|wg) is the exact solution to the following integral equation.

Mg (u |wo )

ZtQprU (t|u,wp) =1+ Z (2t + t2) pro (1 +t|u, wy)
=1 =1

1 + 2MU (O ”LUO) FWl\Wo (wocU ”LUo) + MU72 (0 ‘IUQ) FW1|W0 (’LU()CU |w0)

min{as,a1u+as+as}
+2/ My (uq |wo ) wo fwyw, (wo (w1 — aru — ag) |wo ) dus
max{0,a1u+as}

min{as,a1utas+as}
+/ My (ur [wo ) wo fwrw, (wo (w1 — a1u — az) Jwo ) duy
max{0,a1u+as}

2My (u|wo) — 1+ Mg (0 |wo) Fyyjw, (wocy |[wo)

min{as,a1utas+as}
+f M2 (u ) wo fu (1 (1 — et — ag) o) dn.
max{0,a1u+az}

One method that can be used to approximate the run length distributions for the

lower and upper one-sided charts is the collocation method. This methods uses a polyno-

mial to approximate the function of interest. For example, the probability mass function

of the lower and upper one-sided chart can be approximated by

nL

prr (t ‘17 U)o) ~ dL,t,wo,O + Z dL,t,wo,ili and
=1

nu
pru (tlu,wy) =~ dU,t,wo,OZdU,t,wo,iul-
i=1

Note that the coefficients of these polynomials are functions of the variables ¢ and wy.

It would follow for the lower one-sided chart for each ¢ > 1, the coefficients of the

approximating polynomial satisfy the equation

nL

dr w0 + Z A twoil' = AL twy0Fwyw, (womax {—bil — bs, be} [wo)

i=1

0 UL A
+/ <dL,t,wo,0 + Z dL,t,’wo,jH)

max{b5,b1l+b6+b3} j=1

Xwo fwy jwy (wo (I1 — b1l — b3) |wo) dly

for any value of b5 < | < 0 given Wy = wy. For the lower one-sided chart for each t > 1,
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the coefficients of the approximating polynomial satisfy the equation

At wo,0 Z Avtwe iV’ = dusweoFwiw, (womin {—a;u — as, ag} |wp)

=1
min{as,a1utas+as} o .
J
+ / v taoo + Y du g 1]

max{0,a1u+as} =1

xwo fvywo (Wo (U1 — aru — az) lwo ) duy .

for any value of 0 < u < as given Wy = wy.

4.3 Markov Chain Approach

In this section, we will apply the Markov Chain approximate method discussed in Chap-
ter 2 to analyze the performance of the two-sided charts that are used to monitor for

the scale parameter of gamma distribution. That is,

Wi

Y. =Yy =Y, =
Lt Ut = Y1 = Wo

As previous discussion, the conditional transition probabilities among the nonab-

sorbing states given Wy = w, are expressed as
(
P<CO<Mng|WOZwO), if i, = 0 and ju = 0:

IIlaX{Co,CU} < =t <dU0|W(]—U)0) iij:Oand jU#O;
Wt <min{cL,d0}0|W0:w0) , if j; # 0 and jy = 0;

Pijiwy = (
R RO
P (

max {cp, cy} < W’ < min{ep,do}, |Wo = w()) if j;, # 0 and jy # 0;
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It follows that

(

P (woco < Wy < wody) if j;, =0 and jy = 0;
P, P (womax {co, cy} < Wy < wody) , if j, =0 and jy # 0;
P (wodp, < Wy < womin{cp,dp}), if j;, # 0 and jy = 0;
\ P (womax {cg,cp} < Wy <womin{cg,dp}), if jp # 0 and jy # 0;
( Fw, (wody) — Fw, (woco) , if j; =0 and jy = 0;
B Fw, (wody) — Fw, (womax {cy, cv}), if j;, =0 and jy # 0;
Fw, (womin{cp,do}) — Fw, (wody) , if j, # 0 and jy = 0;
| Fw, (womin{cp,do}) — Fw, (wo max {co,cy}), if jo # 0 and jy # 0;
where

Co = VLo— blfL,iL — b3, dy = Vuo — GlfU,iU — as,
CrL. = VL, — b1§L,iL — b3, dp, = VLjr—1 — b1fL,z‘L — bs,
cv = Vujy—1— 0ve, — a3, du = vy, — amu, — a3,

and i =i (nu+1) +iv , j = jo(nu+1) + ju with iz, j, € {0,1,...,0.} , v, ju €
{0717"'777U} .

For the [(n, + 2) x (nu + 2)]* transition matrix Py, whose (i, j)th component is the
conditional probability F; jw,, all the information contained in Pyy, can be obtained in
the sub-matrix Quy, by excluding the rows and columns contained absorbing states. Let
random variable Ty, be the conditional ARL of the two sided-chart that starts at one

of the nonabsorbing state k. For convenience, we define the (7, + 1) (ny + 1) x 1 vectors
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T and t by
Toyws t
T t
T= e and t = =11,
L TW|W0 i i t ]

where 1 is an (7, + 1) (nu + 1) x 1 vector of ones. Then the conditional probability mass

function of T has the form
P(T =t|Wy=wo) = Qjy, (I-Quwy)1,

for t =1,2,3,.... The unconditional transition matrix is given by

Q= /000 /_o; Qw, fy (wo) duwo.

Thus, the unconditional probability mass function of T is given by
P(T=t)=Q"'I-Q)1,

The conditional expectations of these 1 4+ 1 random variables is determined by

E (TL,O |W0 = wo)

E (TLJ |WO = w0>
E(TL |W0 = wg) =

E Ty, [Wo =wo) |

o0

- ZtQI‘;ol (I - QWO) 1= (I - QWO) 1.

t=1

The unconditional expectations are given by

E(T)=(I-Q)1.
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4.4 Gamma Distributed Data

In this section, we will assume that the quality measurement X has a gamma distribu-

tion. The gamma distribution can be defined by its density function

Ix (Q}) = T (9) 9 xﬁileix/HI(O,oo) (m) )

where # > 0 and x > 0. The parameters # and s are known as the scale and shape
parameters, respectively. We will assume that the process is in a state of statistical in
control if # = 6y and kK = k¢ for fixed constants 6y and ko. Typically, these in-control
process parameters are unknown and must be estimated. In this case, we assume that we
will have from a Phase I study m samples each of size n of items from the output of the
process believed to come from an in-control process. Further, assume that the mn quality
measurements X, 1, ..., X;, fori =1,...,m are independent and identically distributed
with common distribution a gamma distribution with scale and shape parameters 6, and
Ko, respectively. From these data, we will obtain the estimates 50 and ko of 0y and ko,
respectively. These estimates are then used to define the meaning of the process being

in a state of statistical in control.

Three methods that are commonly used for estimating process parameters are the

methods of least squares, maximum likelihood, and moments. Since
E(X) = kol and E (X?) = kg (ko + 1) 65,

the method of moment estimates é\o and Ko for 6y and kg are the solutions to the system

of equations

m n

/l%()é\(): %ZZX” and 71\0(7%\04—1)@% = %ZZX%

i=1 j=1 i=1 j=1
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The solutions é\o and Ko can be expressed by
2
/0\ % Zi:l Zj:l XiZj - (m%z Zi:l Zj:l Xi )
0 = m n
ﬁ Zi:l Zj:l Xij
2
(ﬁ 221 Z?:l Xij)
5

o S S X = (ke 0 0 X

In the special case of k¢ being a positive integer (Erlang distribution) and ko known,

and

Rog —

then the method of moments gives

m n

~ 1
9() — mn/—go Z ZXZ]

i=1 j=1

It is not difficult to show that in this case that 9\0 has a gamma distribution with scale

parameter 6y/ (mnko) and shape parameter mnky. Further, we see that

Wy = kb canrara (imn) .
0o mn

In the Phase II, information about the quality of the process comes in the form of
the quality measurements X, i,...,X;, on n items from the process output produced
at time t. We take as our estimators for # and x the statistics

o AL -(e X))
% Z?:l th
(% 23;1 Xt,j) 2
L X - (AT X)

For the case in which k¢ is a known positive integer that is not affected when the

and

process changes from an in-control state to an out-of-control state, then we have that

our estimate @ for 0 at time ¢ is

~ 1 )
]:
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Defining the random variable W; = /Q\t, then we can write

nro (6,0
e 000)

)| )

where A = 60/6y. It is not difficult to show that the conditional distribution of W;
given Wy = wy is a gamma distribution with scale parameter A/n and shape parameter
n. Hence, the results in Sections 2 and 3 of this chapter can be applied to one- and

two-sided generalized cumulative sum type charts based on the statistic

4.5 Monitoring for a Change in the Process Variance

Here we return to the case in which the quality measurement X has a normal distribution

2. The mean is a special type of parameter known as a

with mean g and variance o
location parameter. The variance is a scale parameter. We assume that when the process
is in-control, the process parameters p and o2 have the values i and o3, respectively.
Our interest in this section is to examine the use of the generalized family of cumulative
sum type charts for monitoring the process variance for a change from o2 to 0. The
function of the lower one-sided chart is to monitor for a decrease (process improvement)

in the variance and the upper one-sided chart to monitor for an increase in the variance.

Typically, the values o and o2 will not be known and will need to be estimated
from data measured on the output of the process when it is believed to be in-control.
These data can be obtained from a Phase I study. We assume the practitioner will have
available m sets {X;1,...,X;,} for n > 1 and ¢ = 1,..., m of measurements that can

be taken as independent random samples. The statistic

m n

R 1 — 1 &
USZWZZ(X@J‘—XJQ:E;S?

i=1 j=1
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is an unbiased estimator of o2, where X; and S? are the mean and variance of the ith
sample. In the monitoring phase (Phase IT), we assume that periodically the practitioner
will have available a sequence {X;1,...,X;,} of measurements for n > 1 and t =
1,2,3, ... on the output of the process to make a decision about the quality of the process.
We assume that these samples are independent random samples and independent of the
measurements from Phase I. We define the statistic Y; to be used to define our chart

statistics by
~2
o
Y= =5
og’
where 67 = 57 is variance of the sample collected at time ¢ defined by

n

1 —\2
2
St = n_lZ(Xt’]_Xt) .
j=1
We can write Y; as W, /W, where
-1 =2 -1 ~2
Wy = mn =13 5 )% and W, = m)\Q—(n 2)01: :
o o

where \> = 6% /02. Tt can be shown that

Wy ~ GAMMA <2%_1>> and
2)\2 n—l)

wo/m’ 2

Wo

Thus, our previous results can directly be used to analyze the run length performance

of the charts based on the statistic Y; = 67/0¢.

4.6 Conclusion

Our interest in this chapter was the use of the generalized cumulative sum type control

charting procedures to monitor for a change in the scale parameter. Useful integral
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equations were derived for determine the run length performance of the one-sided charts.
The Markov chain method was presented as a way to analyze the performance of the
two-sided charts. For both the integral equations and Markov chain approach, it was
only required that the statistic Y; = W, /Wj is defined such that the distributions of W,
and W, given Wy = w, are both gamma distributions. Two special cases discussed were
in monitoring for a change in scale parameter of an Erlang distribution with positive
integer shape parameter that is known and monitoring for a change in the variance of a

normal distribution.



CHAPTER 5
CONCLUSION

5.1 General Conclusions

Control charts are used in two phases of production process. In Phase I, the chart is
used to estimate what is meant by the process being in control. In Phase II, a control
chart is used to compare the data to detect whether the process changes from a in
control process to an out-of-control process. As an aid to the practitioner, various Phase
IT quality control charts have been developed for monitoring for increases as well as

decreases of the mean or standard deviation of a continuous quality measurement.

The generalized family of cumulative sum type control charts proposed by Champ,
Woodall, Moshen (1991) include several most commonly used charts, such as Shewhart,
CUSUM, and EWMA charts. Equivalent forms of the generalized control chart was
presented that require fewer chart parameters to be specified by the practitioner. The run
length performance of the generalized control charts were studied integral equations and
a Markov chain approximation. We have given integral equations useful in determining
the run length distribution of the lower and upper one-sided charts. The Markov chain
methods for the one- and two-sided charts are given. We discussed the use of generalized
cumulative sum type control charts in monitoring for a change in the mean of a normal
distribution in which a performance analysis is given. We also designed and analyzed a
chart for monitoring the scale parameter when the quality measurement follows a gamma
distribution which includes the design and analysis of a chart for monitoring for a change
in the variance of a normal distribution. As special cases, we discussed monitoring for a

change in scale parameter of an Erlang distribution with positive integer shape parameter
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that is known and monitoring for a change in the variance of a normal distribution.

5.2 Areas for Further Research

We'll continue to work on this topic as we still have plenty to do.There are many in-
teresting areas in the analysis of the family of generalized cumulative sum type control
charts for further research. In our following work, we are intereted in designing efficient
programs for determining the run length properties of a chart. Also, we have interest in
examing the performance of those control charts that take Yy, and Y7, as the following
statistics:

Yy, = max {MO,Z} , Y7 = min {ﬂOth}

Yy = max {05, S;}, Y, = min {07, S7 } .

Adaptive control charts were discussed by Champ (1986). He suggested using more
stringent runs rules for detecting a shift in the process if there were evidence the process
may be out-of-control and less stringent runs rules otherwise. Since then, adaptive
versions of most of the popular control charts found in the literature have been proposed.

It would be useful to develop adaptive versions of the cumulative sum type control charts.

As we discussed, the performance of the generalized cumulative sum type control
charts depends on six parameters. For the equivalent versions, there are four parameters
need to be selected by the practitioners. The selection of these parameters can be
posed as an optimization problem. Aparisi, Lluch and de Luna (2008) showed how the
optimum values of this chart found by employing Genetic Algorithm. We are intereted in
developing better methods to solve the optimzation problem to improve the performance

of our charts.
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In many production processes, the quality measurement of interest is the lifetime
X of the product. In the literature, one can find a variety of lifetime distributions that
could be used to model the distribution of X. For example, the Weibull distribution is
the commonly studied. However, in the production process, one must be able to obtain
information about the quality of the process in a relatively short period of time. One
way to obtain information about the lifetime of the product can be done in some cases
using accelerated life testing along with censored sampling. It is our interest to develop
a design procedure for generalized cumulative sum type control charts when the quality

measurement is a lifetime variable.

Moreover, it is would be very interesting to use generalized cumulative sum type
control charts in medical surveillance and industrial surveillance. Many methods have
been developed for industrial statistical process control. Woodall (2006) showed that
there are many applications of control charts in health-care monitoring and in public-

health surveilance and there can be a connection between the two areas.
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