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ABSTRACT

A generalized complex structure, as introduced by N. Hitchin , is a common gener-
alization of both symplectic and complex structures. Generalized complex geometry
provides a natural geometric framework to understand certain recent developments
in string physics, and has developed into an active area of research. Very recently, an
odd dimensional analogue of a generalized complex structure, namely a generalized
contact structure, has been introduced in the works of Vaizman, Poon and Wade.
In this thesis, we survey the recent works on generalized contact structures. More
importantly, we prove a local normal form theorem of a generalized contact structure.

This result, which is a joint work with Yi Lin, is original.
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CHAPTER 1
INTRODUCTION

The goal of this paper is to establish similar results of generalized complex geome-
try introduced by Nigel Hitchin [10] for generalized contact geometry introduced by
Iglesias-ponte and Wade [11]. Our focus is to work toward a working definition of
the Darboux Theorem for generalized contact structures. Dr. Marco Gualtieri had a
similar goal when working on his PhD thesis. He proved that a generalized version
of the Darboux theorem exists for generalized complex structures. We plan to use
his approach in [8] as a guideline in showing the Darboux theorem for generalized

contact structures.

Beginning in the second chapter and throughout the third, we give a brief
overview of common objects and properties. This gives a reader without prior ex-
perience in differential geometry a beginning point in the subject matter. Showing
the connection between pure spinors and maximal isotropic subspaces, will provide
a framework for how we define complex structures. Along, with the B-transform we

can take a generalized complex structure and generate another.

In the next chapter, we show the properties of generalized complex structures.
Most importantly, how Dr. Gualtieri approached creating the Darboux theorem
for generalized complex structures. Dr. Gualtieri represented generalized complex
strucutres using pure spinors. This representation gives a general form for general-

ized complex structures and allowed Dr. Gualtieri to finish his proof.

Using the same spinor representation used in [8] we want to expand on the ideas
of Poon and Wade in [15]. By defining a generalized contact structure using spinors

we can follow [8] and finally create an analog of the Darboux theorem for generalized



contact structures.



CHAPTER 2
Vev:

In this chapter we prepare readers who are unfamiliar with the fundamentals of dif-

ferential geometry. We will introduce the dual space in order to set up V @ V*.

2.1 Dual Space and B-transforms

The dual space of a vector space V is defined as the set of all linear functionals on

V. So, we must first define a functional.

Definition 2.1.1. Let V' be a real vector space. A functional f : V — R is called
linear iof

fQOx +py) = Af(z) + pf(y),Vz, y € Viand ¥V A, peR

The set of all linear functionals on V' is called the dual space of V', denoted as
V*. Suppose that {ej, - ,e,} is a basis for V. Then, v € V can be written as
v=ae + -+ ape,. If f € V*then f(v) = aif(er) + -+ +a,f(e,). Assume V*
has a basis {fi, -, fin} and that f;(e;) = 1 when ¢ = j and 0 otherwise. This will
make f;(v) = a;. We shall prove that {f,.1, -+, fin} are linearly dependent. Now if
{f1, -+, fu} is linearly independent we can conclude that it is a basis for V*. Given
an element f € V* we have f = b;f1 +--- + b,f,. Applying an arbitrary v € V
we have f(v) = bja; + -+ + bya,. Since v is an arbitrary vector the only way for
biay + -+ + bpa, = 0 to be true for all v is if by = --- = b, = 0. Thus, {f1, -, fu}
is a basis for V*. This result demonstrates that V' and V* have the same dimension
and, given a basis {ej, - ,e,} for V there exists a basis {fi,---, fu} for V*, called

the dual basis, such that fi(e;) = 67,1 <4,j < n.



There exists a canonical metric on V & V* which is defined by
1
<X+aY+p[>= §(a(Y) + (X)),

where X, Y € V are vectors and «, 5 € V* are one forms. We need to show that the
signature of the metric is (n,n). We can show this by letting {e1,-- - , e, } be the basis
for V and {ef,--- ,e:} be the basis for V*. Let f; =e;+€f, gi=e€;—e€f, 1 <i<n.
Using the metric, {fi, fo, -, fu, 91,92, - , gn} form an orthogonal basis such that,
< fi, fj >= 5{, < 9,9 >= —5f7 < fi,g; >= 0. This basis shows that the signature

is (n,n).
A B-transform is a linear map e” as follows:

Definition 2.1.2. Let B € Q*(V) be a two form.

B VeV s VeV, X+&— X+E+1xB

Sometimes e” will be used to represent 1 + B +

BB BABAS 4 ... depending

2!
on the context in which it is used. This B-transform is an orthogonal automorphism
of V& V*. The automorphism can be seen if written in the matrix convention used
in [1].
1 0
B .=
B 1

We can also show directly that this B-transform is orthogonal with respect to the

canonical metric.

Lemma 2.1.3.

< X4 EYAn>=< X+t ixB,Y+n+uwB> VX, YEV, VEne V™



Proof. For X, Y € V and for £,n € V*

< X4E+ixBY+n+uB> — %(é(Y)nLLXB(Y)+77(X)+LYB(X))

_ %(5(}/) + B(Y, X) + n(X) + B(X,Y))

- %(g(y) + B(Y, X) +n(X) - B(Y, X))

= S(E0) + ()

= < X+EEY +n>

2.2 Maximal Isotropic Subspace

Given a subspace L of V & V* if the restriction of <,> on L vanishes, i.e., < X +
a,Y+03>=0,VX+a, Y+ € L then L is isotropic. From before it is shown that
the signature of the metric is (n,n), so the maximum dimension of the subspace would
be dimension n. Therefore, when L has dimension n, we call L a maximal isotropic
subspace of V' & V*. Sometimes, we will refer to L as a linear Dirac structure. The
two easiest examples of maximal isotropic subspaces are V and V*. Another example

would be a subspace and its annihilator.

Example 2.2.1. [§] Let E € V' be any subspace. Then the subspace
E® Amm(E)CcVaV*

18 a maximal isotropic subspace.

A maximal isoptropic subspace under the B-transform is also a maximal isotropic

subspace.



Lemma 2.2.2. Suppose that L is a mazximal isotropic subspace of V& V*. Then
Lg={X+¢+1xB| X+ € L},

18 also a mazximal isotropic subspace.

Proof. Let X +&,Y +n € L where L is a maximal isotropic subspace
< X+E+1xB,Y+n+1yB>=< X +&,Y +1n > because L is a maximal isotropic
subspace < X +&,Y +n>=0 ]

The next example will provide a general form for maximal isotropic subspaces.
First we prove it is indeed a maximal isotropic subspace. Then, we will find that all

maximal isotropic subspaces can be written in its form.

Example 2.2.3. Let E C V be any subspace of V', and let € € A2E* be a two form
on E.

L(E,e) ={X +¢&| &|p = txe}

15 a maximal 1sotropic subspace of V& V*.

Proof. Suppose X +&,Y +n € L(E,¢):

< X +i1xe,Y +tye >

(n(X) +¢(Y))

((exe)(Y) + (wre) (X))

+
o

eV, X)+e(X,Y))

O NI N =

Thus, L(E,¢) is an isotropic subspace. In order to show that it is maximal, we will

show that the dimension is n. We need to show Ann(E) C L(E,¢).

Ann(E) ={a e V" a(X) =0, VX € E}
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Thus, for all £ € Ann(E), &g = 0 = 1pe, where O is the zero vector in E. This
proves that Ann(E) C L(E,¢). Choosing a basis {X1,---, X, } of E we are going to
extend each one form on F (1x,e) into one forms on V' (§;), using the following linear
map:

(I)IE—>L<E,€), XZHXZ—FSZ

We canset (). a;X;) = > .(a; X;+a;&) = 0. Then ), a;X; = 0. Since {Xy,---, X, }
is basis of E, a;,- - ,a, are all forced to equal 0. Therefore, the null space is 0. This

shows that ® is an injective map.

Finally, we want to show that the dimension of the image of ® equals dim(FE).
We can do this by showing I'm ®NAnn(E) = {0}. Let X+£ € Im ®NAnn(FE). Since
X+&€ Ann(E) is aone form, X =0. Withé € Im @, £ = >, a; X; + >, a;&;. Since
X =0, then all the a;’s= 0, forcing £ = 0. Now we have the following established

inequalities:

dimL(E, ) > dimIm® + dimAnn(E) = dimFE + dimAnn(E) = n
However, since L(FE,¢) is an isotropic subspace of V @ V*  its dimension can not
exceed n. This will force dim L(E, ¢) = n. O

Now we know L(E, ¢) is a maximal isotropic subspace. We will show that all
maximal isotropic subspaces can be represented in the form L(FE,¢).
Lemma 2.2.4. [8] Suppose that L is a maximal isotropic subspace of V@& V*, and
let E =m(L). Then there exists a two form e € Q*(E) such that L = L(E,¢).

Proof. We will define a two form e on £ C V

e(X,Y) =aY)



where a € V* such that X +«a € L.
To show that ¢ is independant of choice, let aq, s, 5 € V*. With X +aq, X +an, Y +
B € L we have that a; — ag = (X + a1) — (X 4+ a2) € L. Since L is an isotropic

subspace,

= S(ar) —ax(v))
1 1
§ag(Y) = Eal(Y)

Given X,Y € FE, choose o, f € V* such that X + «,Y + € L. We have (Y, X) =

B(X). Using the canonical metric:
1
<X+aY+p[>= §(a(Y) + /(X)) =0.

This gives a(Y) = —f(X), which yields e(X,Y) = —¢(Y,X). Thus, ¢ is anti-
symmetric and shows that L C L(FE,e). Since L is a maximal isotropic subspace,

L=L(E,¢). O

Definition 2.2.5. [8] The type of mazximal isotropic L(E,¢), is the codimension K

of its projection onto V.

2.3 Exterior Algebra

In this section we will review properties on exterior forms. This will be essential to
the following section and following chapters. The space of exterior forms of degree
r is denoted as A"(V*). By design, we have the following conveniences: A'(V) =V

and A°(V) = FF.[4] Where in our practices the field is R.



Definition 2.3.1. Suppose that & € NP(V*), and n € NY(V*). Define

AN = Ap+q(§ ® TI)-
Then & A is an exterior (p+ q) — form, called the exterior (wedge) product of

& andn

The wedge product satisfies common properties.

Theorem 2.3.2. Let £;,& € A¥(V), n1,me € A(V), ¢ € ANM(V). Then:

1)DistributiveLaw (& +&)Am =& Am+E&Am

SAM+m)=Am+E& A
2) AnticommutativeLaw & Ay = (—l)klnl A&

3)AssociativeLaw (&5 Am)ANC=& A (m AC)

The proofs of the laws can be found in [4]. Using the anticommutative law, we

can easily see that if £,n € V = AL(V), then £ A = —n A&, This result implies that

ENE=nAn=0.

2.4 Spinors

Definition 2.4.1. The Spinorial action of elements of V@ V* on Q(V), the space of

exterior forms, is defined by the following formula:
(X+¢& a=ixa+ENa,

where X € V, £ € V*, and o € Q(V).
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Lemma 2.4.2. VX + &€V @ V™, we have

(X+6) (X+6)-a)=<X+&X+E>a.

Proof.

(X+8) - (X+8-a) = wxalixa+Aa)+ A (xa+ENa)

= (x§a

= < X+EX+HE>

Lemma 2.4.3. Given any non-zero form ¢ € Q(V'), define
Ly ={X+& (X +&) -9 =0}

Then L, is an isotropic subspace of V & V™.

Proof. Using the above lemma we know (X +&)- (X +¢)-a) =< X+& X +E& > a.
If X+¢e Ly, wehave that < X +{, X+ > ¢ =0. Since p Z0, < X + &, X +& >
must be 0. Now, given X +¢&, Y +n € L, we need to show <z + £ Y +n >= 0.

Using the identity

<a+ba+b>—-—<a—ba—b>
4 Y

<a,b>=

we can rewrite <z + &,y +n > @ as

<a+ba+b>p—<a—ba—b>¢p
4 Y

where a = X +&§ andb=Y +n. <a+ba+b>¢p=<a—-0ba—-b>¢=0so,

<x+&y+n>p=0. Since p £0, <z +EY +n>=0. 0
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Definition 2.4.4. The form ¢ is called a pure spinor when Ly is a maximal isotropic

subspace.

Of course, being a maximal isotropic subspace, L, would have dimension n.

Lemma 2.4.5. Let E C V have codimension k. The mazimal isotropic L(E,0) = E®

Ann(E) = L, for any non-zero ¢ in the one dimensional space A*(Ann(E)) € AFV*.

Proof. For any X+« € L(F,0) as defined before, X must be in F and «, when applied
to E, equals 0. So, @ € Ann(FE). Therefore, L(E,0) = E® Ann(FE). To show the rest
of the lemma, we will let {v7,--- v} be a basis for Ann(E). Now, we will extend the
basis to a basis for V* {v],---vp,vf, 1.+ ,vi}. So,VX+a € L(E,0) = E®Ann(E),

we have that

(X +a) (0] A Avf) =tx(VF A AvE) +a A (V] A Avj)
= (1) TN (X)W A AVEA - AV a A (0F A A )

=0

If ¢ is annihilated by the spinorial actions of the elemenets in L(E,¢), then
o= D D avi A A
0<r<n i1<-<iy
where a;  are scalars. By the way ¢ is constructed it is forced to have a common
factor of vf A --- A v}, where v}, --- v are all in Ann(E). ¢ can be represented in a
simpler form, once a common factor is pulled out.

@:U;A...AU;/\@@:Z Z a; v A A e V)

r=0 k+1<j;<---<jr<n
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We have the equation

txp = tx(Vi A Avp A B)
= ix(V A Avp) Aex B

= 1xf

Since VX € E, 1xp =0, tx8 = 0. So  must be of degree zero or, in other words, a
constant. This leaves

=] A Avg
where A is a constant. O
Lemma 2.4.6. [8] Let L be a maximal isotropic subspace of V& V*, and let B be
a two form. Suppose that ¢ is annihilated by the spinorial actions of the elements

in L. Then exp(B) A ¢ is annihilated by the spinorial actions of the elements in
exp(—=B)(L).

Proof. Assume that X +¢ € L such that (X +&)-¢ = txp+EAp = 0. By calculation:

(X+E&—i1xB)-(exp(B)ANp) = (exp(B))A(txBANp—i1xBo+ixp+ENQ)
= (exp(B)) AN((X + ) - ¢)

= 0



CHAPTER 3
DIFFERENTIAL GEOMETRY

In this chapter we will define the Lie bracket and show its relation to the Lie derivative
using one-parameter groups of diffeomorphisms. The setup will allow us to explain
the Frobenius Theorem, which will be used in later chapters. Then, using vector
bundles, we will be able to establish a differential structure with tangent bundles
and cotangent bundles. We will then extend the Lie bracket to the Courant bracket,

allowing us to have a defined bracket on sections of T" & T™.

3.1 Lie Algebra

A Lie bracket can be described by
(X, Y](f) = (XY =Y X)(f)

The other way to define the Lie bracket is by using local coordinates.

B 0 B 0
X, Y] = [;aia_wia ijﬁ_xj]

j=1

. " 8()] 8 " 8ai 8
N 2]2:1 al@xi 8xj B Z bjaxj 8;@

ij=1

“ 8bz 0 - 8ai 0
= 2 Yo 2 Yo om

i,5=1 i,j=1
_ Z . b, dai\ 9
B ii=1 Jan ]6xj 81‘,

Lie brackets have the following properties.

L [X, Y] = —[Y, X]
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2. [X, fY] = (XF)Y + fIX,Y]
3. XY, Z)) + [Z,[X, Y]] + [V, [Z,X]] = 0

Definition 3.1.1. Suppose that M is an m-dimensional smooth manifold. If there is

a smooth map ¢ : R x M — M, denoted for any (t,p) € R x M by

vi(p) = ¢(t, p),

such that the following conditions are satisfied:

1. @,(p) =p

2. 050t = oyt for s,t €R

then we say that R acts on the manifold M (from the left) smoothly, and call ¢, a

one-parameter group of diffeomorphisms on M.

Using the above conditions, we see that ¢; ' = ¢_,. So every ¢, is invertible and
a diffeomorphism from M to itself. A one-parameter group ¢, induces a vector field

X on M as follows:

df (¢:(p))

X pr—
vf dt

, VfeC®(M), Vpe M (3.1)

By definition, any smooth function f on M, X, f = lim;_,g w. p:RxM —

M is a smooth function, so X f will be a smooth function. Therefore, X is a smooth

vector field.

Now we can choose p € M and let

Yp(t) = ¢i(p).
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Then v, is a parametrized curve through p on M, called the orbit of ¢, through p.
7y is the integral curve of the tangent vector field X. For any point ¢ = 7,(s) on

the orbit ,, X, is the tangent vector of 7, at ¢t = s. In fact, since v,(¢) = pi(q) =

¢t 0 9s(p) = prrs(p) = Yp(t + 8), we have
i 4 (22(@) = f(9)

pr - t—0 t
_ i [P0 @s(P) = flps(p))
t—0 t
= Xp(fows)
= (o) Xp) [

That is
(05): Xp = X (s)-
We have shown global one-parameter group of diffeomorphisms, now we will show

local representation of one-parameter groups.

Definition 3.1.2. Suppose that U is an open set in the smooth manifold M. If there
is a smooth map ¢ : (—e€,€)xU — M, denoted by ¢,(p) = (t,p) for anyp € U, |t] <,
which satisfies

1. for anyp € U,¢,(p) =p

2. 0f |s| < € |s+t| < e and p,p(p) € U, then vi15(p) = ws 0 pi(p),

then o; is called a local one-parameter group of diffeomorphisms acting on

U.

We can show that a local one-parameter group also induces a smooth vector field

on U. Suppose that p € U, and choose a local coordinate system (V,z),V C U, at
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p. Due to the smoothness of ¢, for sufficiently small positive ¢y < ¢, if |t| < ¢ then

we have ¢;(p) € V. Using the equation 3.1 we have

X;n = ZXq <axz> )
i=1 p

where

i dﬂ?i(V (t))
R

When p and ¢ = 7,(s) are both in V', we also have
%= % (55)
i=1 q
i dro()

e

0
ozt

where

Theorem 3.1.3. Suppose that X is a smooth vector field on M. Then for any point
p € M there exist a neighborhood U and a local one-parameter group ¢, of diffeo-
morphisms on U, |t| < €, such that X|y is precisely the vector field induced by ¢, on

U.

If X, # 0 at the point p, then there exists local coordinates u’ near p such that

X = 8%1. Then ¢; has the very simple expression:
oi(ut, o u™) = (ut +tu? e u™),
in other words, ¢; manifests itself as a displacement along the u!-axis.

Corollary 3.1.4. Suppose that X is a smooth vector field on a smooth compact

manifold M. Then X determines a one-parameter group of diffeomorphisms on M.
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Theorem 3.1.5. Suppose that X, Y are any two smooth vector fields on a manifold

M. If the local one-parameter group of diffeomorphisms generated by X is ¢, then

Y — LY
X, Y] = lim L= (0¥
t—0 t
using a change of variable t = —t we see:
DY —-Y
X, Y] = lim L)
t—0 t

Definition 3.1.6. The Lie Derivative of the tangent vector field Y with respect to X

is denoted by LxY and is equal to [X,Y].

This can be shown by supposing that «, is the orbit through p of the one-
parameter group of ;. Because ;' maps the point ¢ = 7,(t) = @:(p) in v, to
the point p, (¢; '), establishes a homomorphism from the tangent space T, oM to
the tangent space T,M. If Y is a vector field on M defined on the orbit ~,, then
(¢; )Yy, (p) is a curve on the tangent space T,(M). We already know that [X, Y], is
precisely the tangent space of this curve at ¢ = 0, hence it is the rate of change of the

tangent vector Y along the orbit of X.

We can generalize the Lie derivative to any tensor field on M. The map (¢;)*
establishes a homomorphism from the cotangent space Ty M to the cotangent space
Ty M. This map and (¢, 1), together then induce a homomorphism ®; : 77 (4(p)) —

T (p) between tensor spaces so that for any vy, -+, v, € T,y (M), and v, -+ v} €

s

17, (M), we have

ot

P11 @ QU @Vf Q- Q) = ()1 ® -+ ® (07 1 )utr @ 1UF ® - - - Py

Thus given a type (r, s) tensor field £, the Lie Derivative of £ with respect to X

is defined by
Dy(&) — ¢
t

Lt = finy =
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This shows that Lx¢ is also a type (r, s) tensor field.
Definition 3.1.7. For a smooth vector X on M, we define a linear operator vx :
Q" (M) — QM) as follows:

1. Ifr =0, then vx acts on Q°(M) as the zero map.

2. If r =1, w € QY(M), then define

txw =< X,w > .

3. If r > 1, then for any r — 1 smooth vector fields Yy, -+ Y, 1, we have

<YIAN-AYixw>=<XAYIA---ANY,,w>.

Suppose X is a smooth vector field on the manifold M, and that a and 3 are
smooth differential forms of degree p and ¢ respectively. We can use the definitions
of Lie derivative and the definition of the linear operator ¢tx to obtain the following

common properties:

1. Lx(anpB) = (Lxa) A3+ a A (Lxp)
2. ix(aAB) = (txa) A B+ (1) A (1xp)

Theorem 3.1.8. Frobenius Theorem: An r-distribution A on an m-manifold M 1is

involutive if and only if A is completely integrable.

We say that A is involutive if for any X,Y € A, [X,Y] € A. A is completely

integrable if there exists a local coordinate system {zi,---,z,}, such that A =

span{, - 5
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3.2 Vector Bundles

A vector bundle is a topological construction.

Definition 3.2.1. Suppose that E and M are two smooth manifolds, and 7w : E — M
15 a smooth surjective map. Let V = RY be a q-dimensional vector space. If an open
covering U, of M and a set of maps v, satisfy all of the following conditions, then
(E,m, M) is called a (real) q-dimensional vector bundle on M, where E is called the
total space, M is called the base space, 7 is called the bundle projection, and

V =RY is called the typical fiber:

1. Each map @, is a diffeomorphism from U, x RY — 7= 1(U,), and for any p €
Ua, y € RY,

7o Ya(p,y) = P

2. For any fixed p € U,, let

ap(¥) = 0a(p,y),y € R

Then ¢o, : RY — 77(p) is a homeomorphism. When U, N Uz # 0, for any
pelU,N Ug,
gaﬁ(p) = ‘Pgdlg@a,p :R? — R?

is a linear isomorphism of V. =1R, i.e., gop € GL(V).

3. When Uy, NUg # 0, the map gop : Uo N Uz — GL(V') is smooth.

The simplest example of a vector bundle is the trivial vector bundle which is

constant.
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Example 3.2.2. Let M be a smooth manifold. Let E = M x R? and let

m:E— M, (p,v) —p, V(p,v) € M x RY,

While the previous example is the simplest vector bundle, the two most useful
vector bundles are the tangent bundle and cotangent bundle. The tangent bundle
is the collection of all the tangent spaces at every point in a differential manifold.

Similarly, we can define the cotangent bundle.

Definition 3.2.3. Suppose that M is an n-dimensional differentiable manifold, and
that T,M and T; M are the tangent spaces and cotangent spaces of M at a point p.
We can define the tangent bundle (T M) and the cotangent bundle (T*M ) as,
T™ = JT,M, T°M =] T;M.
pEM pEM

We will need to define a topology on T'M in order to define a C'*° differentiable
structure on T'M to make it a smooth manifold. First, we will suppose that V is
a n-dimensional vector space. Denote the group of linear automorphisms of V' by
GL(V). We will choose a basis {ej, - ,e,} then, V is isomorphic to R". We will

represent an element y € V' as a coordinate row

Now, GL(V) is a multiplicative group of n X n matrices, i.e., GL(V') is the general
linear group GL(n;R). We can define the action of GL(V') on V as a multiplication

on the right, with the matrix representation given by
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where det(a) = det(a;;) # 0. Define a map 7 as follows:
7:TM — M, X, — p, VX, € T,M.

For any coordinate neighborhood U, with local coordinates z1, - - - , x,, define

" /0
a:Ua Vv TM7 ) 17"'7 " ' :
@ xV — (p,y y)H;y (a%)p

The map ¢, is a one-to-one map from U, x V onto 71(U,). Now consider all such

coordinate neighborhoods U, and maps ¢,, and define
S ={04|04 = pa(Uy x W,), W, is an open set in R"}.
Then S generates a topology = on T'M.

Lemma 3.2.4. For any coordinate neighborhood U, C M, let v, : Uy, — V, CR™ be

the coordinate map on U,. Define a one-to-one map
Fo:m Uy) — Vo xR, (2,y) — @o(¥; ' (2),y), Vo € V,, y €R",

and define ®, = F;'. Then, (17 1(U,), @) defines a differentiable structure on TM.

«

Proof. Tt suffices to show that for any two coordinate neighborhoods U, N U # 0 of

M, the transition function
Dot (VonVs) x R" — (V,NV;5) x R”

is a smooth map. Now suppose that ®50® 1 (z,v) = (y,w), where x = (21, -+ ,x,), y =

(Y1, 5 YUn) :@bﬁOw;l(xla"' , Tn) eEVoanVg, v= (v, 0n), w= (w1, -+ ,wy,) €

R™. So, y = 15 0 1, () is a smooth function of z. Also, by definition we have that

= 0 = 0
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Ox
Since z— =) ayj a0 We get that
n n n
0 Ox;\ 0
>y =g 3 (S5 )
=1 J i=1 \j=1 ¢
It follows
9rr .. Om
Byl ayn
(wh 7wn> - (Ula 7Un)
Oy .. Otn
oy Oyn
because of the Jacobi matrix we can conclude that @50 &' is a smooth map. []

Similarly, we can find a topology on T*M. Then we would be able to define a

differentiable structure on T*M by making only a few adjustments.

33 TaTr

The Lie bracket is not defined on T' & T, so we will introduce the Courant bracket

which fails the Jacobi identity.

Definition 3.3.1. The Courant bracket is a skew-symmetric bracket defined on smooth

sections of T & T*, where X +&,Y +ne€ C®(T & T"),

(X +&Y +1n] = [X,Y]+LX77—LY§—%d(LXn—Lyf). (3.2)

From the definition of the Courant bracket we can see how vector fields are
affected. In this instance, the Courant bracket will reduce to the Lie bracket. We
would like for the B — transform to preserve Courant bracket. We can show that it

indeed is preserved but only when B is closed.

Theorem 3.3.2. [8] The map e? is an automorphism of the Courant bracket if and
only if B is closed, i.e. dB = 0.
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Proof. Let X +&,Y +n € C®(T & T*) and let B be a smooth 2-form. Then,

[B(X +6),B(Y+1n)] = [X+E+1xB,Y +n+ 1yB]
= [X+&Y +n+[X,owB]+ [1xB,Y]
= [X+&Y 4]+ LxwyB — %dLXLYB — LytxB+ %dbybe
= [X+&Y 4+ LxtyB—wyLxB+ tyixdB
= [X+E&EY 4]+ yxy)B+ tyixdB

= (X +EY +n) + tyixdB

We see that e is an automorphism of the Courant bracket if and only if tytxdB = 0

for all X,Y, which happens only when dB = 0. ]



CHAPTER 4
GENERALIZED COMPLEX GEOMETRY

4.1 Linear structure

Let V be a vector space. A generalized complex structure on V' is an orthogonal linear
automorphism J : V @ V* — V @ V* such that J? = —id (identity)[1]. J extends
naturally to the complexification of V' & V*. This extension will also be denoted as

J.

Definition 4.1.1. Let L C Ve & V& be a mazimal isotropic subspace. Then LN L is
real, i.e. the complezification of a real space: LN L =K ®C, for K CV @& V*. The

real index v of the maximal isotropic L s defined by
r=dimcL N L= dimgK.

Proposition 4.1.2. A generalized complex structure on V is equivalent to the speci-
fication of a mazimal isotropic complex subspace L C Ve @ V& of real index zero, i.e.

such that LN L = {0}.

Proof. If J is a generalized complex structure, then let L be its +i-eigenspace in
Vead V¢ Thenif z,y € L, < 2,y >=< Jz,Jy > by orthogonality < Jz,Jy >=<
1,1y >= — < x,y >, implying that < x,y >= 0. Therefore, L is isotropic and h
alf-dimensional, i.e. maximally isotropic. Also, L is the +i-eigenspace of J and thus
LNL = {0}. Conversely, given such an L, simply define [ to be the multiplication of
i on L and by —i on L. This real transformation then defines a generalized complex

structure on V. ]

Proposition 4.1.3. [8/ The mazimal isotropic L(E,¢) has real index zero if and
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only if E+ E =V ® C and ¢ such that the real skew 2-form wy = Im(e|zp) is

non-degenerate on ENE = A® C.

Proof. Let L have real index zero. Then, since Ve @ V¥ = L @ L, we see that
E+E =V ®C. Also, if 0 # X € A such that (¢ —2)(X) = 0, then there exists
¢ € V¢ such that X + ¢ € L N L, which is a contradiction. Hence, wy is non-
degenerate. Conversely, assume £ + F = V ® C and that wy is non-degenerate.
Suppose 0 # X +& € LNL; then €| = | = 0, hence € = 0 as well, a contradiction.
So it follows that L N L = {0}. O

Corollary 4.1.4. Suppose that a real vector space V' admits a generalized complex

structure J. Then V. must be even dimensional.

Proof. Let L = L(FE,¢e) be the i-eigenspace of the generalized complex structure
T Ve@VE — Ved V. Tt follows from 4.1.2 and 4.1.3 that ENE is even dimensional.

Let W be any subspace of E complement to £ N E. Then it follows that
VeC=(ENEYoWaW.
Consequently dimg(V) = dime(Ve) = dim(E N E) + dim(W) + dim(W) = dim(E N
E) + 2dim(W). So, V must be even dimensional. O
Let w be a two form on V. It induces a linear map
w:V =V X—ixw=w(X,). (4.1)
If 4.1 is an isomorphism, then w is called a symplectic form on V. On the other

hand, a complex structure on a vector space V' is a linear automorphismm 7 : V" — V'

such that I? = —1.
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Example 4.1.5. Let w be a symplectic structure on V. Then
-1

Jow = VeV -Vel*

s a generalized complex structure. The i-eigenspace of J,, is given by
L=A{X —itxyw|X € V¢}.
Example 4.1.6. Let I be a complex structure on V. Then

I 0
Jr = VoV —=VoeV®
0 —-I*

defines a generalized comples structure. The i-eigenspace of Jr is given by

I = ‘/0,1 D V*I,U.

4.2 Complex Structures on Sub-bundles

Let M be a smooth manifold. A sub-bundle L of TcM & T¢M is called an almost
Dirac structure if Vo € M, L, is a maximal isotropic subspace of T @7¢. An almost
Dirac structure L is said to be an integrable Dirac structure, or simplay a Dirac

structure, if its smooth sections are closed under the Courant bracket (3.2).

Proposition 4.2.1. [8] Let E C Tt be a sub-bundle and ¢ € C*(A?(E*)). Then the
mazximal isotropic L(E,€) defines an integrable Dirac structure if and only if E is

involutive and dge = 0.

Proof. Let i : E — T¢ be the inclusion. Then dg : C®°(AFE*) — C®°(AMLE*) is

defined by i* o d = dg o i*. Now let 0 € C®(A*T ® C) be a smooth extension of ,
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i.e. i*oc = €. Suppose that X + &, Y +n € C*(L), which means that £|g = txe and
nlg = tye. Consider the bracket Z + ¢ = [X 4+ &, Y + nl; if L is Courant involutive,

then Z € C*°(F), showing E is involutive, and the difference

" 1 "
C|E_LZ€ = 1 (LxT]—Lyg—Qd(LXn—Lyg)) —L[X’y]l g
" we 1 «
= LxdE’l n— LydEZ f—l— §dE(LxLy€ — Lnyf) —1 [Lx, Ly]O
= ixdgi™n — iydgi*( + dpixtye —i" (txdiyo + dixiyo — tydixo — tyixdo)

= LybxdE€

must vanish for all X + ¢ Y +n € C°(L), showing that dge = 0. Reversing the

argument, we see that the converse holds as well. O

Let M be an n-dimensional manifold. There is a natural metric of type (n,n)

on T'M & T*M given by
1
<X+aY+8>= 5(04(}/) + 4(X))

which extends naturally to TeM & T¢M = (TM & T*M) ® C. A generalized almost
complex structure on a manifold M is a bundle map J : TM & T*M — TM & T*M
which is orthogonal with respect to the natural metric defined above so that J? =
—1. A generalized complex structure on a manifold M is an almost generalized
complex structure J so that the sections of its i-eigenbundle is closed under the

Courant bracket.

A two form w on a manifold M is called a symplectic form if V p € M, the

restriction of w to each tangent space T,M is a symplectic structure, and dw = 0.

Example 4.2.2. Let w be a symplectic form on a manifold M, and let J, be the

almost generalized complex structure defined as in 4.1.5. Then the i-eigenbundle of
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T s given by
L= {X — iLXw|X S quM}

It follows immediately from 4.2.1 that J,, is a generalized complex structure on M.

4.3 Darboux Theorem

Theorem 4.3.1. Darboux Theorem. Letw be a symplectic form on a 2n-dimensional
manifold M. Then for anyp € M, there exists a coordinate neighborhood (U, xy,- - , Toy,)

such that

n
W = Zdl’gi_l VAN d.fEQi.

i=1

Using Moser’s method we can show a slightly stronger result. Suppose that

wo<i<1 1s a family of symplectic forms on M which depend smoothly on t, and that

dwt

gt = doy for a family of one forms oy on M which depend smoothly on T'. We would

like to find a family of diffeomorphisms ¢, which depend smoothly on ¢ such that
Prwp = Wo. (4.2)

Suppose that X, is the flow on M generated by ¢, , i.e., a family of vector fields on

M depending smoothly on ¢ such that

d(f o )

2P =X, v € C () (4.3
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Differentiate both sides of 4.2 to get

d
0 = Egot Wi
~dyy L dwy
S a T ey

= ¢iLx,w +dp;oy
= gO:(det + LXtd)wt + @:dat
= dyjix,w + dp;oy

= dy; (tx,wt + 0y)

Since w; are symplectic forms, one can always find a smooth family of vector fields
X, such that

Lx, Wt + o0 = 0.

Let ¢; be the diffeomorphisms generated by the flow X; by 4.3, then we must have

4.2.

There exists an analogous Darboux theorem for generalized complex structures.

Shown in [8] by Dr. Gualtieri.

Theorem 4.3.2. [8] Any regular point in a generalized complex manifold has a neigh-
borhood which is equivalent, via a diffeomorphism and a B-field transformation, to
the product of an open set in C* with an open set in the standard symplectic space

(R2n72k ) WO) .

Proof. From 4.2.1 in a regular neighborhood, a generalized complex structure can be
expressed by L(FE,e) where E C T is an involutive sub-bundle and € € C®°(A?E*)

satisfies dge = 0. FE determines a foliation of the neighborhood with transverse
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complex structure isomorphic to an open set in R?*~? x C*, where E is spanned
by {0/0z1,- -+ ,0/0x_2k,0/0z1, -+ ,0/0z}, where x; are coordinates for the leaves
R2"=2¢ and z; are transverse complex coordinates. Therefore, by choosing B + iw €

C>*(A?T* ® C) such that i*(B + iw) = €, we may write a generator for the canonical

bundle defining L(E, ¢) as follows:
p= €B+in,

where 2 = dz; A - A dzg; note p is independent of the choice of extension for €. It
is shown that

which means that d(B + iw) € Ann(E), implying finally that

dp = ePTd(B +iw) AQ = 0.

Every maximal isotropic in V @& V* corresponds to a pure spinor line in the sense

of 2.4.5 generated by

@ = eBTvQ, (4.4)
where B,w are real 2-forms and 2 = 6; A --- A 0, for some linearly independent
complex 1-forms (6q,--- ,0;). k refers to the type of maximal isotropic subspace. We

know that dimL NL = 0 if and only if (¢, %z) # 0, in other words

0 7& (eBJriu.JQ’ erin)

— (€2in’§>
_1\2n—k(9;\n—1 o
_ <?n_g? WEAQAT,

So, it suffices to say the maximal isotropic subspace is of real index zero if and only
if
WTEAQAQ A0,
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According to Weinstein’s proof of the Darboux normal coordinate theorem for a family
of symplectic structures, we can fine a leaf-preserving local diffeomorphism ¢ taking

w to a 2-form whose pullback to each leaf preserves the standard Darboux theorem.

So,

2n—2k
*
O WRan—2k 5 fpry = Wo = E dxon_1 A dxa,.
1

Applying the diffeomorphism, we obtain the new 2-forms ¢*B + ip*w. Since, z;

are constant along the leaves, () is unaffected by the diffeomorphism.

Now, we can set up a tri-degree (p,q,r) , by letting K = R*»=?* and N = C¥X.
All components can be separated into three parts (A\PK* ® AIN{, ® A"Ng,). The

exterior derivative will decompose into the sum of three operators.
d=d;+0+0

Each component is of degree 1. € is of type (0,k,0), while the complex 2-form

A = ¢*B + ip*w decomposes into six components:

4200
A0 4101
4020 4011 4002
Only components 4200, A1 A%2 act nontrivially on €2 since each of the other com-
ponents would have an element in common with  causing ¢4 = 0. So, we can
modify A0 AY20 and A%! without loss of generality. The imaginary part of A% is

wp. Since wy is in constant Darboux form, d(A?% — A200) = (.

Using the condition that d(B + iw) A Q = 0, we obtain the following equations

by computing (0, k, 3), (1,%,2), (2,k,1), and (3, k, 0) respectively.

0A" =0 (4.5)
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QA + d,; A" =0 (4.6)
DA 4 d, A =0 (4.7)
d;A* = 0. (4.8)

Now we can work on modifying A, so that ¢*p = ¢4 is unchanged, but A is

replaced with A = B + (A% — A20). B is a real closed 2-form. This gives

QO*P _ GB—HW(’Q,

or, that p is equivalent, via the composition of a B-field transformation and a diffeo-

morphism, to the product of a symplectic with a complex structure.

The most general form for B is represented as

B= %(AQOO + A200) 4 A0 4 ATOL 4 A002 4 7002 4
where C' is a real 2-form of type (0,1,1). Requiring dB = 0 will give the following
constraints:
(dB)™2 = 9A" 4 9C = 0 (4.9)
(dB)" = A 4 A0 1 4,0 =0 (4.10)
Now, we will use these condition to find an appropriate real (0,1,1)-form C. First,
Dr. Gualtieri uses the Dolbeault lemma and 4.5 to obtain that A%? = da for some

(0,0,1)-form c. Then 4.9 is equivalent to d(C' — dar) = 0, whose general solution is
C = 0a + da + 00y,

for any real function x. Now, all we need to do is find a suitable x to satisfy 4.10.
Using 4.6 we obtain that 9(A'"! —d;a) = 0, implying that A°! = d;a + 93 for some

(1,0,0)-form 3. Condition 4.10 then is equivalent to

—id;00x = 00(3 — ),
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which can be solved if and only if the right hand side is d-closed. Using 4.7 we
see that 9(A2° — d;B3) = 0, showing that A2 = d;3 + §, where J is a O-closed
(2,0,0)-form. Hence,

4,008 — B) = 00(A™ — A7)

and the right hand side vanishes precisely because A0 — 4200 = 24, which is closed.

So, y can be chosen to satisfy 4.10, and we obtain a closed 2-form B. O



CHAPTER 5
GENERALIZED CONTACT GEOMETRY

5.1 Review of Generalized Contact Structures

Definition 5.1.1. Suppose V is a 2n+1 dimensional real vector space. A generalized
contact structure on V' is a triple (X,n,®), where X e V.in e V*, and & : V pV* —
V& V*, is a linear map such that

1. n(X)=1,9(X) = 0,and ®(n) = 0;

2. D+ O =0;

3. VY +Ee Ly @L), we have *(Y +&) = —(Y +¢€), where L) = {Y € V|n(Y) =

n’

0}, and LY, = {¢ € V*|¢(X) = 0}.

Now set
Lx = span{X}, L, = span{n},

and set E%' to be the i-eigen-space of ®. Define
L=Lx®E". (5.1)

Lemma 5.1.2. [15] Both E%! and L are isotropic subspaces of Ve & V.

Proof. First note that we have the natural isomorphism
LY — (L)), aw alp, a € LY.
It gives rise to the following metric preserving natural identification

Ld& LS = (L)) & (L))",
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Using the above identification, ®|;, defines a generalized complex structure on L,
and the i-eigenspace of the generalized complex structure is exactly E%!. It follows
immediately that £*' is an isotropic subspace of L)@ L%, and so an isotropic subspace
of Ve @ V¥, Now a check of the definition of L shows that it is an isotropic subspace
of (Ve/Lx) @ (Vo /Lx)* as well. O

In [15] an alternate proof can be found which also shows that E'°, L* and L*

are also isotropic.

A generalized almost contact structure on a (2n 4 1) dimensional manifold M is
a triple (X, n, ®) such that on the tangent space T,,M, for any point z € M, it creates

a generalized contact structure.

Definition 5.1.3. [15] Given a generalized almost contact structure, if the space I'(L)
of sections of the associated bundle L is closed under the Courant bracket, then the

generalized almost contact structure is simply called a generalized contact structure.

However, when I'(L) is closed under the Courant bracket, I'(L*) is not guaranteed

to be closed.

5.2 Pure Spinor Representation

Using pure spinors we can give a representation of generalized contact structures

which allows us to use results from generalized complex structures.

Proposition 5.2.1. Let (X, n, ®) be a generalized contact structure on a vector space

V', and let L be a mazximal isotropic subspace of Vo @ V. Then L corresponds to a
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pure spinor line generated by

GB—HwQ,

where B,w € N2LS are real two forms, Q = 0y A--- A0y for some linearly independent

complex one forms 01,--- 0, € LY, and

WEAQAQ A0,

Proof. From the proof of 5.1.2, we know that E%! is the i-eigenspace of a generalized
complex structure. This generalized complex structure corresponds to a pure spinor

as seen from above.

ew-HBQ’

where B,w € A*(L))* = A’L%, w = 61 A --- A6 for some linearly independent
complex one forms 6y, -+ , 0, € LS. Now, from the isomorphism of 2.2.4 proposition

5.2.1 follows. O

The direct product of two generalized complex manifolds is itself a complex man-
ifold. However, the direct product of two generalized contact manifolds cannot create
a generalized contact manifold since the dimension would be even. The following
construction shows how the direct product of a generalized complex manifold and a
generalized contact manifold is a generalized contact manifold. Suppose that (X, n, @)
is a generalized contact structure on an odd dimensional manifold M, and that [ is

a complex structure on an even dimensional manifold N. Let
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be the generalized complex structure induced by the complex structure /. Now using

the natural identification
T(M x N)®T*(M x N) = (TM & T*M) (TN & T*N),
we define an automorphism
V=0T :T(M xN)®T* (M xN)—-T(MxN)®T*(M x N)

Define a vector field X on M x N by the formula

X@:q) = (ig)+(Xp), ¥V (p,q) € M x N

where
ig: M — M x N, x+— (z,q)
is the inclusion map. Then the triple (X, 7*n,T') defines a generalized contact struc-

ture on M x N, where w: M x N — M is the natural projection map.

Example 5.2.2. Let {zo,z1,y1,%2, Y2, ,Tn,Yn} be the standard coordinates on
R = R x R*, let wy = Y. dx; A dy; be the standard symplectic form on R*",

and let X = ai Choose 1 to be any one form such that n(X) = 1. Note the map

o
# TR — TR Y iywy — n(Y)n

gives us an isomorphism from the tangent bundle to the cotangent bundle. Define a

bivector
7T(Oé, 5) = WO(#_I(Q)7 #_1(ﬁ))7
and an automorphism

d = 0 & : TR2TL+1 D T*R2n+1 N TR2n+1 D T*R2n+1.

wo()

Then, (X,n,®) forms a generalized contact structure on R*"+1,



38

Example 5.2.3. Let (X,n, ®) be the generalized contact structure on an open subset
U C R as constructed in example 5.2.2. Let I be the standard complex structure

on an open subset V. C C™. Then there is a generalized contact structure on U x V.

Theorem 5.2.4. [8] Let L be a complex Lie algebroid on the real n-manifold M with
anchor a, and such that E+ E = Tc, where E = a(L). Let m € M be a regular point
for the Lie algebroid, i.e. a point where k = dim(E N E) is locally constant. Then
in some neighborhood U of m, there exist complex functions zy,--- ,z, € C*(U,C)
such that {dz,--- ,dz;} are linearly independent at each point in U and annihilate
all complex vector fields lying in E, i.e. we have a transverse complex structure to

the foliation, at reqular points.

Lemma 5.2.5. Let (X, n,®) be a generalized contact structure on a (2n+1)-dimensional
manifold M, and let L be the Dirac structure as defined in 5.2.1. Suppose that p is a
reqular point of M. Then there exists an open neighborhood U of p which is isomorphic

to an open set in R*™+1 x C* such that

1. The pure spinor p on U determined by the Dirac structure L can be expressed

as p = ePTwQ, where Q is decomposable of degree 0 < k < n and such that

WTEAQAQ A0,

2. For the real coordinates {x;} on R*™*! and complex coordinates {z;} on C*,

we have that

0 o 0 0 0 0
) 7r( ) Span{a:[;o’ ax17 7ax2m7 8317 782]6}’

w = dezi,l ANdxe;, and Q =dz; N--- Ndz,,
i=1
where m: TM ®T*M — TM is the natural projection map.
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Proof. By Lemma 2.2.4, around an open neighborhood U of a regular point p € M,
L may be expressed as L(F,¢), where £ C T is an involutive sub-bundle and ¢ €
C>=(A?E*) satisfies dge = 0. Therefore, by choosing B + iw € C®(A?T¢) such that
B +iw)|p = ¢, we have a generator for the canonical bundle defining L(E,¢) as

follows:

__B+tiw
p =€ Qv

where () is a decomposable complex k-form. Let ¢ : E — TcM be the inclusion
map. Observe that i*d(B + iw) = dgi*(B + iw) = dge = 0. This implies that

d(B +iw) € Ann*E. As a result, we have that
dp = d(B +iw) NPT AQ = 0.

Now by Theorem 5.2.4 and using the algebroid L from equation 5.1, we may assume
that U is of the form U; x Uy x Us, where U; is an open set in R!, U, is an open
set in R?™, and U; is an open set in C?*; moreover, there exists real coordinates
{Zo, 1,91, Tony Ym } on R¥™TL = R x R?™ and complex coordinates {zy,- -, 2x}
on CF, such that

0 ... .0 0 .. 0}
?

) Oz’ ) Oxom ' 0z1 ’ Oz

1. FE is spanned by {8%0
2. X =2 Q=dz A Ndzy;

Oxg?

3. At point p, w coincides with the closed two form
k
i=0

Note that w|y, is a symplectic form. From [13], the usual argument of the

Darboux theorem for a family of symplectic forms can be used to produce a local
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diffeomorphism ¢ such that ©*w| g xvsx{pty = wo and such that |y, «pey v, is the

identity map on each leave Uy x {pt} x Us. ]

Theorem 5.2.6. Darboux Theorem for Generalized Contact structures Any
reqular point in a generalized contact manifold M has a neighborhood which is equiv-
alent, via a diffeomorphism and a B-transform, to the generalized contact structure

constructed in 5.2.5.

Proof. Let Uy, Us, Uz and ¢ be the same as in the proof of Lemma 5.2.5. This proof

will give us @*(eBHienQ)) = ¢ Btiwo(),

Set K = R*"*! and N = C™. Then differential forms now have tri-degree (p, ¢, )
for components in A’ K*, NINT o, A"Ng . The exterior derivative will decompose into

the sum of three operators

d=dx+0+0,

each of degree 1 in the respective component of the tri-grading. Now following straight
from Dr. Gualtieri’s paper [8], we can modify ¢*B to a real closed two form B such

that

* . > .
ego B+szQ _ eBJr“’JOQ,
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