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✈✐✐



❆❈❑◆❖❲▲❊❉●❊▼❊◆❚❙

❋✐rst ❛♥❞ ❢♦r❡♠♦st✱ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ Pr♦❢❡ss♦r ❈❤❛♦ ❩❤✉ ❢♦r ❣✐✈✐♥❣ ♠❡ t❤❡ ❝❤❛♥❝❡ t♦

✇♦r❦ ♦♥ t❤✐s ♣r♦❥❡❝t ❛♥❞ ❛❧❧ ❤✐s s✉♣♣♦rt✱ ❤❡❧♣❢✉❧ ✐♥♣✉t ❛♥❞ ✉♥❞❡rst❛♥❞✐♥❣ ❞✉r✐♥❣ t❤❡ ✇♦r❦✳

■ ✇♦✉❧❞ ❛❧s♦ ❧✐❦❡ t♦ ❣✐✈❡ s♣❡❝✐❛❧ t❤❛♥❦s t♦ ♠② t❤❡s✐s ❝♦♠♠✐tt❡❡✱ Pr♦❢s✳ ❙♣❛❞❡ ❛♥❞ ❙t♦❝❦❜r✐❞❣❡✳

❆♥❞ ♦❢ ❝♦✉rs❡✱ ♠② t❤❛♥❦s ❣♦ t♦ t❤❡ ♠❛t❤ ❞❡♣❛rt♠❡♥t ❢♦r ❛❧❧ t❤❡✐r ✇♦r❦ ❛♥❞ ❤❡❧♣ ❞✉r✐♥❣ ♠②

st❛② ✐♥ ▼✐❧✇❛✉❦❡❡✳ ❊s♣❡❝✐❛❧❧② Pr♦❢✳ ❲✐❧❧❡♥❜r✐♥❣ ❢♦r ♠❛❦✐♥❣ t❤✐s ❡①❝❤❛♥❣❡ ♣r♦❣r❛♠ ♣♦ss✐❜❧❡

❛♥❞ ❑❛t✐❡ ❲❡❤r❤❡✐♠ ❢♦r ❤❡❧♣✐♥❣ ♠❡ ✜♥❞ ❛♥ ❛♣❛rt♠❡♥t ✇❤❡♥ ■ ❛rr✐✈❡❞ ✇✐t❤♦✉t ❛ ♣❧❛❝❡ t♦

st❛②✳

✈✐✐✐



✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s t❤❡s✐s✱ ♦✉r ❣♦❛❧ ✐s t♦ ❝♦♥tr♦❧ ❛ st❛♥❞❛r❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✱ ✇❤❡r❡ ❛♥② ✐♥t❡r✈❡♥t✐♦♥

✐♥❝✉rs ❛ str✐❝t❧② ♣♦s✐t✐✈❡ ❝♦st✳ ❉♦✐♥❣ t❤✐s✱ ♠❡❛♥s ✇❡ ❤❛✈❡ t♦ s❡❧❡❝t ❛ s❡q✉❡♥❝❡ ♦❢ s❡♣❛r❛t❡

✐♥t❡r✈❡♥t✐♦♥ t✐♠❡s ❛♥❞ ❛♠♦✉♥ts✱ ♠❛❦✐♥❣ t❤❡ r❡s✉❧t✐♥❣ st♦❝❤❛st✐❝ ♣r♦❜❧❡♠ ❛♥ ✐♠♣✉❧s❡ ❝♦♥tr♦❧

♣r♦❜❧❡♠✳ ❍❡r❡✱ ✇❡ ✇❛♥t t♦ ♠✐♥✐♠✐③❡ t❤❡ t♦t❛❧ ✐♥❝✉rr❡❞ ❝♦st ♦✈❡r ❛♥ ✐♥✜♥✐t❡ ❤♦r✐③♦♥✱ ✇❤✐❧❡

❝♦♥s✐❞❡r✐♥❣ ❛ ❞✐s❝♦✉♥t❡❞ ❝r✐t❡r✐♦♥✳ ■♥ ❝♦♥tr❛st t♦ ❍❡❧♠❡s✱ ❙t♦❝❦❜r✐❞❣❡ ❛♥❞ ❩❤✉ ❬✶❪✱ ✇❤✐❝❤

✉s❡❞ ❛ ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤ t♦ s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠✲

♠✐♥❣ ♣r✐♥❝✐♣❧❡ ✭❉PP✮ ✐♥ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ t❤❡ s♠♦♦t❤ ♣❛st✐♥❣ t❡❝❤♥✐q✉❡ t♦ ✜♥❞ t❤❡ ❛♥s✇❡r✳

❚❤✐s ✇✐❧❧ ❣✐✈❡ ✉s ❛♥ ❛❧t❡r♥❛t❡ ❛♣♣r♦❛❝❤ t♦ t❤❡ ♣r♦❜❧❡♠ t❤❛t ✇❡ ❝❛♥ t❤❡♥ tr② t♦ ❡①t❡♥❞ t♦ ❛♥

◆✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ❧❛t❡r ♦♥ ✐♥ t❤❡ t❤❡s✐s✳

✶✳✶ ✶❉ ❙✐t✉❛t✐♦♥

▲❡t W ❛♥❞ {Ft} ❜❡ ❛ st❛♥❞❛r❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞ ✐ts ♥❛t✉r❛❧ ✜❧tr❛t✐♦♥✳ ❆♥ ✐♠♣✉❧s❡

❝♦♥tr♦❧ ♣♦❧✐❝② ✐s ❛ ♣❛✐r ♦❢ s❡q✉❡♥❝❡s (τ, Y ) := {(τk, Yk) : k ∈ N}✱ ✇❤❡r❡ ❢♦r ❡❛❝❤ k ∈ N✱

τk ✐s ❛♥ {Ft}✲st♦♣♣✐♥❣ t✐♠❡ ❛♥❞ ❞❡♥♦t❡s t❤❡ kt❤ ✐♠♣✉❧s❡ t✐♠❡ ❛♥❞ Yk ✐s ❛♥ Fτk✲♠❡❛s✉r❛❜❧❡

✈❛r✐❛❜❧❡ ✐♥❞✐❝❛t✐♥❣ t❤❡ kt❤ ✐♠♣✉❧s❡ s✐③❡✳

❯♥❞❡r s✉❝❤ ❛ ♣♦❧✐❝②✱ t❤❡ ❝♦♥tr♦❧❧❡❞ ♣r♦❝❡ss ✐s ❣✐✈❡♥ ❜②

Xt := x+Wt + ξt,

ξt :=
∞
∑

k=1

I{τk≤t}Yk,
✭✶✳✶✮

✇❤❡r❡ ξ ✐s t❤❡ ❛❝❝✉♠✉❧❛t✐✈❡ ❥✉♠♣ ❛♠♦✉♥t ✉♣ t♦ t✐♠❡ t✳ ◆♦t❡ t❤❛t ∆ξt := ξt − ξt− 6= 0 ✐❢ ❛♥❞

♦♥❧② ✐❢ ❛♥ ✐♠♣✉❧s❡ τk ♦❝❝✉rs ❛t t✐♠❡ t ❛♥❞ ✐♥ t❤❛t ❝❛s❡ ∆ξt = Yk✳

❉❡✜♥❡ t❤❡ r✉♥♥✐♥❣ ❝♦st h ❛♥❞ t❤❡ ✐♠♣✉❧s❡ ❝♦st c

h(x) = x2, c(y, z) = k1 + k2|y − z|, ✭✶✳✷✮

✶



✇❤❡r❡ k1 ✐s t❤❡ ✜①❡❞ ❝♦st ❢♦r ❛♥ ✐♠♣✉❧s❡✱ k2 ✐s t❤❡ ♣r♦♣♦rt✐♦♥❛❧ ❝♦st ❛♥❞ y ❛♥❞ z ❛r❡ t❤❡ ♣r❡✲

❛♥❞ ♣♦st✲❥✉♠♣ ❧♦❝❛t✐♦♥s✳ ❋♦r ❛ ❣✐✈❡♥ ✐♠♣✉❧s❡ ❝♦♥tr♦❧ ♣♦❧✐❝② (τ, Y ) t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧ ✐s

J(τ, Y ; x) = Ex

[

∫ ∞

0

e−αs h(Xs)ds

+
∞
∑

k=1

I{τk<∞}e
−ατk c(Xτk−, Xτk)

]

,

✭✶✳✸✮

✇❤❡r❡ x = X0− ✐s t❤❡ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ❛♥❞ α > 0 ✐s t❤❡ ❞✐s❝♦✉♥t ❢❛❝t♦r✳ ❚❤❡ ✜rst s✉♠♠❛♥❞ ✐♥

✭✶✳✸✮ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ r✉♥♥✐♥❣ ❝♦st ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ t♦ t❤❡ ❝♦♥tr♦❧ ❝♦st ❢♦r ❛♥ ✐♥✜♥✐t❡

❤♦r✐③♦♥✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❝♦♥tr♦❧❧❡r ✇✐❧❧ ❤❛✈❡ t♦ ❜❛❧❛♥❝❡ t❤❡ ❞❡s✐r❡ t♦ ❦❡❡♣ t❤❡ ♣r♦❝❡ss

♥❡❛r ③❡r♦ t♦ ❦❡❡♣ t❤❡ r✉♥♥✐♥❣ ❝♦st ❧♦✇✱ ❛❣❛✐♥st t❤❡ ❞❡s✐r❡ t♦ ❦❡❡♣ t❤❡ ♥✉♠❜❡r ♦r s✐③❡s ♦❢

✐♥t❡r✈❡♥t✐♦♥s ❧♦✇ ❛s t♦ ♥♦t ✐♥❢❡r ❛ ❣r❡❛t ❝♦♥tr♦❧ ❝♦st✳

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡✲❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥ ❜②

V (x) = inf
(τ,Y )∈U

{J(τ, Y ; x)} , ✭✶✳✹✮

✇❤❡r❡ U ✐s t❤❡ s❡t ♦❢ ❛❧❧ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧ ♣♦❧✐❝✐❡s ✭♠♦r❡ ♦♥ t❤❛t ✐♥ s❡❝t✐♦♥ ✷✮✳

❚❤❡ ❣♦❛❧ ♥♦✇ ✐s t♦ ✜♥❞ ❛♥ ✐♠♣✉❧s❡ ❝♦♥tr♦❧ ♣❛✐r (τ ∗, Y ∗) t❤❛t ♠✐♥✐♠✐③❡s t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧✱

✐✳❡✳ ❢♦r ✇❤✐❝❤ J(τ ∗, Y ∗; x) = V (x) ❤♦❧❞s✳

❚❤✐s ♣r♦❜❧❡♠ ❤❛s ❜❡❡♥ s♦❧✈❡❞ ✐♥ ❍❙❩ ❬✶❪ ✉s✐♥❣ t❤❡ ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤✳ ■♥ t❤❡

❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❛❧s♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠ ✉s✐♥❣ t❤❡ ❉PP t♦ ❣✐✈❡ ❛ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤

t♦ t❤❡ ♣r♦❜❧❡♠ ❛♥❞ t❤❡♥ ❡①t❡♥❞ ✐t t♦ ❛♥ ◆✲❞✐♠❡♥s✐♦♥❛❧ ✈❡rs✐♦♥✳

✷



✷ ❆♥❛❧②s✐s ✉s✐♥❣ t❤❡ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ Pr✐♥❝✐♣❧❡

■♥ t❤✐s ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❉PP t♦ s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠ st❛t❡❞ ✐♥ s❡❝t✐♦♥ ✶✳

▲❡t✬s st❛rt ❜② ❧♦♦❦✐♥❣ ❛t t❤❡ s❡t U ✉s❡❞ ✐♥ ✭✶✳✹✮✳ ❖♥❡ ✈❡r② ✐♠♣♦rt❛♥t ♦❜s❡r✈❛t✐♦♥ ✇❡ ❝❛♥

♠❛❦❡✱ ✐s t❤❛t ✇❡ ❞♦♥✬t ♥❡❡❞ t♦ ✐♥❝❧✉❞❡ ❛♥② ♣♦❧✐❝✐❡s (τ, Y ) ❢♦r ✇❤✐❝❤ J(τ, Y ; x) = ∞ ❢♦r s♦♠❡

x✱ s✐♥❝❡ ♦✉r ❡♥❞ ❣♦❛❧ ✐s t♦ ♠✐♥✐♠✐③❡ t❤❡ ❝♦st✳

✷✳✶ ❋♦r♠❛❧ ❉❡r✐✈❛t✐♦♥ t❤❡ ❍❏❇ ❊q✉❛t✐♦♥

❇❡❢♦r❡ ❞✐✈✐♥❣ ✐♥t♦ ✜♥❞✐♥❣ t❤❡ ❍❛♠✐❧t♦♥✕❏❛❝♦❜✐✕❇❡❧❧♠❛♥ ✭❍❏❇✮ ❡q✉❛t✐♦♥✱ ✇❡✬❞ ❧✐❦❡ t♦ ♠❛❦❡

❛♥ ✐♠♣♦rt❛♥t ♦❜s❡r✈❛t✐♦♥ ❛❜♦✉t t❤❡ ✈❛❧✉❡✲❢✉♥❝t✐♦♥ ❛♥❞ ✐t✬s ❛ss♦❝✐❛t❡❞ ♦♣t✐♠❛❧ ♣♦❧✐❝②✿ ❆♥

♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣♦❧✐❝②✱ ❛♥❞ ✇✐t❤ t❤❛t V ✐ts❡❧❢✱ s❤♦✉❧❞ ♥♦t ❜❡ ❞❡♣❡♥❞❡♥t ♦♥ t✐♠❡✱ ❜✉t ♦♥❧②

♦♥ t❤❡ ❝✉rr❡♥t ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ♦♣t✐♠✐③✐♥❣ t❤❡ ❝♦st ❛❢t❡r s♦♠❡ t✐♠❡

t ❤❛s ♣❛st✱ ✐s t❤❡ s❛♠❡ ♣r♦❜❧❡♠ ❛s ♦♣t✐♠✐③✐♥❣ ❢r♦♠ t❤❡ st❛rt✱ ❥✉st ❞✐s❝♦✉♥t❡❞ ❜② t❤❡ ❢❛❝t♦r

e−αt✳

❲✐t❤ t❤❛t✱ ❝♦♥s✐❞❡r ❛ ♣♦❧✐❝② (τ̂ , Ŷ ) t❤❛t ✐♠♠❡❞✐❛t❡❧② ❥✉♠♣s t♦ ❛♥ ❛r❜✐tr❛r② ♣♦s✐t✐♦♥ y ❛♥❞

t❤❡♥ ❝♦♥t✐♥✉❡s ♦♣t✐♠❛❧❧② t❤❡r❡❛❢t❡r✳ ❲❡ ❤❛✈❡

V (x) ≤ J(τ̂ , Ŷ ; x) = c(x, y) + V (y) ∀y ∈ R

❙✐♥❝❡ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ❤♦❧❞s tr✉❡ ❢♦r ❛♥② y ∈ R ✇❡ ❤❛✈❡

V (x)−MV (x) ≤ 0 ∀x ∈ R, ✭✷✳✶✮

✇❤❡r❡ MV (x) := inf
z∈R

{c(x, z) + V (z)}✳

✸



◆❡①t✱ ❝♦♥s✐❞❡r ❛ ♣♦❧✐❝② (τ̃ , Ỹ ) ❛♥❞ ✐ts ❛ss♦❝✐❛t❡❞ ♣r♦❝❡ss X̃ t❤❛t ❞♦❡s ♥♦t❤✐♥❣ ✉♣ t♦ ❛ t✐♠❡

h ❛♥❞ ❝♦♥t✐♥✉❡s ♦♣t✐♠❛❧❧② ❢r♦♠ t❤❡♥ ♦♥✳

V (x) ≤ J(τ̃ , Ỹ ; x) = Ex

[∫ h

0

e−αsh(X̃s)ds+ e−αhV (X̃h)

]

✭✯✮

❋✉rt❤❡r ❛ss✉♠❡ t❤❛t t❤❡ ✈❛❧✉❡✲❢✉♥❝t✐♦♥ ✐s s♠♦♦t❤✱ s♦ ✇❡ ❝❛♥ ❛♣♣❧② ■tô✬s ❋♦r♠✉❧❛ t♦ t❤❡

♣r♦❝❡ss e−αtV (X̃t)✿

e−αhV (X̃h) = V (x) +

∫ h

0

e−αs(−αV +
1

2
V ′′)(X̃s)ds

+

∫ h

0

e−αsV ′(X̃s)dWs

■❢ ✇❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t V ′ st❛②s ❜♦✉♥❞❡❞ ✭✇❤✐❝❤ ✐s ❞❡s✐r❛❜❧❡✱ s✐♥❝❡ ✇❡ ❞♦♥✬t ✇❛♥t t❤❡ ❝♦st

t♦ ❡①♣❧♦❞❡ ❢♦r ❧❛r❣❡ |x|✮✱ t❤❡ s❡❝♦♥❞ s✉♠♠❛♥❞ ❛❜♦✈❡ ✐s ❛ ♠❡❛♥✲③❡r♦ ♠❛rt✐♥❣❛❧❡✳ ❚❤✉s✱ ❜②

t❛❦✐♥❣ ❡①♣❡❝t❛t✐♦♥ ♦♥ ❜♦t❤ s✐❞❡s✱ ✇❡ ❣❡t

Ex

[

e−αhV (X̃h)
]

= V (x) + Ex

[∫ h

0

e−αs(−αV +
1

2
V ′′)(X̃s)ds

]

.

P❧✉❣❣✐♥❣ t❤✐s ✐♥t♦ ✭✯✮ ②✐❡❧❞s

V (x) ≤ Ex

[∫ h

0

e−αsh(X̃s)ds

]

+ V (x) + Ex

[∫ h

0

e−αs(−αV +
1

2
V ′′)(X̃s)ds

]

0 ≤ Ex

[∫ h

0

e−αs(−αV +
1

2
V ′′ + h)(X̃s)ds

]

.

❉✐✈✐❞✐♥❣ ❜② h ❛♥❞ ❧❡tt✐♥❣ h → 0 ❣✐✈❡s ✉s

0 ≤ e−α·0(−αV +
1

2
V ′′ + h)(X̃0)

0 ≥ (αV − 1

2
V ′′ − h)(x) ∀x ∈ R.

✭✷✳✷✮

✹



◆♦✇✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♦♣t✐♠❛❧ ♣♦❧✐❝② (τ ∗, Y ∗) ❛t ❛♥ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ X0− = x ❛t t✐♠❡ ③❡r♦✱

✐t ♦♥❧② ❤❛s t✇♦ ♦♣t✐♦♥s✳ ❊✐t❤❡r ✐t ✇✐❧❧ ✐♠♠❡❞✐❛t❡❧② ♣✉s❤ t❤❡ ♣r♦❝❡ss✱ ♦r ✐t ✇✐❧❧ ✐❞❧❡✳ ■♥ t❤❡

✜rst ❝❛s❡ ✇❡ ❣❡t t❤❛t t❤❡ ♣r♦❝❡ss ❥✉♠♣s t♦ s♦♠❡ z ∈ R✱ s♦

V (x) = J(τ ∗, Y ∗; x) = c(x, z) + V (z).

❙✐♥❝❡ ♦✉r ♣♦❧✐❝② ✐s ♦♣t✐♠❛❧✱ ✇❡ ❛❧s♦ ❣❡t

V (x) = J(τ ∗, Y ∗; x) ≤ c(x, y) + V (y)∀y 6= z,

❣✐✈✐♥❣ ✉s ✐♥ t♦t❛❧✿

V (x)−MV (x) = 0

■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ❢♦r h > 0 s♠❛❧❧ ❡♥♦✉❣❤✱ ✇❡ ❣❡t

V (x) = J(τ ∗, Y ∗; x) = Ex

[∫ h

0

e−αsh(X∗
s )ds+ e−αhV (X∗

h)

]

.

❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ st❡♣s ❛s ❢♦r (τ̃ , Ỹ )✱ ✇❡ ❣❡t

0 = (αV − 1

2
V ′′ − h)(x).

P✉tt✐♥❣ ♦✉r t✇♦ ❝❛s❡s t♦❣❡t❤❡r✱ ♠❡❛♥s t❤❡ ✈❛❧✉❡✲❢✉♥❝t✐♦♥ ♠✉st s❛t✐s❢②

max

{

αV (x)− 1

2
V ′′(x)− h(x), V (x)−MV (x)

}

= 0. ✭✷✳✸✮

✺



✷✳✷ ❋✐♥❞✐♥❣ t❤❡ ❖♣t✐♠❛❧ ❙tr❛t❡❣②

◆♦✇ t❤❛t ✇❡ ❦♥♦✇ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥ ❢♦r V ✱ ❧❡t✬s t❤✐♥❦ ❛❜♦✉t ❤♦✇ ❛♥ ♦♣t✐♠❛❧ str❛t❡❣② ❝♦✉❧❞

❧♦♦❦ ❧✐❦❡✳ ❲❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❛t ✐t s❤♦✉❧❞♥✬t ❜❡ ❞❡♣❡♥❞❡♥t ♦♥ t✐♠❡✱ ✐✳❡✳ ✐t ✇✐❧❧ ❛❧✇❛②s ❛❝t t❤❡

s❛♠❡ ❢♦r t❤❡ s❛♠❡ ♣♦s✐t✐♦♥✳ ❚❤✐s ♠❡❛♥s ✇❡ ❝❛♥ s♣❧✐t ♦✉r s♣❛❝❡ ✐♥ t✇♦ r❡❣✐♦♥s✿ ❚❤❡ ❆❝t✐♦♥

❘❡❣✐♦♥ A ❛♥❞ ❈♦♥t✐♥✉❛t✐♦♥ ❘❡❣✐♦♥ ♦r ❲❛✐t✐♥❣ ❘❡❣✐♦♥ W ✭❲❡ ♣✉s❤ ✇❤❡♥ t❤❡ ♣r♦❝❡ss ✐s ✐♥

A ❛♥❞ ✐❞❧❡ ✐♥ W✮✿

A := {x ∈ R : ∆ξ(x) 6= 0}, W := AC ✭✷✳✹✮

P✉s❤❡s s❤♦✉❧❞ ❛❧✇❛②s ♠♦✈❡ t❤❡ ♣r♦❝❡ss ♦✉t ♦❢ A✱ s✐♥❝❡ ♦t❤❡r✇✐s❡ ✇❡ ✇♦✉❧❞ ♣✉s❤ ❛❣❛✐♥

✐♠♠❡❞✐❛t❡❧② ❛❢t❡r✇❛r❞s✱ ✐♥❝✉rr✐♥❣ t❤❡ ✜①❡❞ ❝♦st t✇✐❝❡✳

❆♥♦t❤❡r ♦❜s❡r✈❛t✐♦♥ ✐s t❤❛t ♦✉r str❛t❡❣② s❤♦✉❧❞ ❜❡ s②♠♠❡tr✐❝❛❧✱ ♠❡❛♥✐♥❣ ✐❢ ✐t ♣✉s❤❡s t♦ z

❢r♦♠ ❛ ♣♦s✐t✐♦♥ y✱ ✐t s❤♦✉❧❞ ♣✉s❤ t♦ −z ❢r♦♠ −y✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ t❤❡ r✉♥♥✐♥❣ ❝♦st h(x) = x2

✐s ❡✈❡♥ ❛♥❞ t❤❡ ♣✉s❤ ❝♦st ❞♦❡s♥✬t ❢❛✈♦r ♦♥❡ ❞✐r❡❝t✐♦♥ ♦✈❡r t❤❡ ♦t❤❡r✳ ❆❧s♦✱ s✐♥❝❡ h ✐s str✐❝t❧②

✐♥❝r❡❛s✐♥❣ ❢♦r ❣r♦✇✐♥❣ |x|✱ t❤❡r❡ s❤♦✉❧❞♥✬t ❜❡ ❛ ♣❛rt ♦❢ W ❢❛rt❤❡r ❛✇❛② ❢r♦♠ ✵ t❤❛♥ A✱ ✐✳❡✳✿

∀x ∈ W , ∀y ∈ A : |x| ≤ |y|

❙♦ ✇❡ s❤♦✉❧❞ ❡①♣❡❝t W t♦ ❜❡ s♦♠❡ ❛r❡❛ ❜♦✉♥❞❡❞ ❛r♦✉♥❞ ③❡r♦ ❛♥❞ A t♦ ❜❡ t❤❡ r❡st ♦❢ R✳

❚❤✐s ✐♠♣❧✐❡s t❤❡r❡ ❡①✐sts s♦♠❡ y∗ > 0 ✭t♦ ❜❡ ❞❡t❡r♠✐♥❡❞✮ s✳t✳✿

W = {x ∈ R : −y∗ ≤ x ≤ y∗}

❚❤❡ ❧❛st r❡♠❛✐♥✐♥❣ q✉❡st✐♦♥ ✐s ❤♦✇ ♠✉❝❤ ✇❡ s❤♦✉❧❞ ♣✉s❤ ✐❢ x ✐s ✐♥ A✳ ▲❡t x > y∗ ✭s♦ x ∈ A✮✳

❙✐♥❝❡ ✇❡ ✇❛♥t t❤❡ ♦♣t✐♠❛❧ str❛t❡❣②✱ ✇❡ s❤♦✉❧❞ ❡①♣❡❝t t❤❡r❡ t♦ ❜❡ s♦♠❡ z∗ ∈ W ✭t♦ ❜❡

❞❡t❡r♠✐♥❡❞✮ t❤❛t ✐s t❤❡ ♦♣t✐♠❛❧ ♣❧❛❝❡ t♦ ♣✉s❤ t♦✳ ■♥ t❤❛t ❝❛s❡ z∗ s❤♦✉❧❞ ❛❧s♦ ❜❡ t❤❡ ♦♣t✐♠❛❧

♣❧❛❝❡ ❢♦r ❛❧❧ x > y∗ s✐♥❝❡ t❤❡ ♣✉s❤ ❝♦st ✐s ❧✐♥❡❛r❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♣✉s❤ ❞✐st❛♥❝❡ ✭❢❛❝t♦r

k2✮✳

✻



❙♦✱ ❛❧❧ ✐♥ ❛❧❧✱ t❤❡ str❛t❡❣② s❤♦✉❧❞ ✐❞❧❡ ✐♥ W ❛♥❞ ❛❧✇❛②s ♣✉s❤ t♦ z∗ ❢♦r x > y∗ ♦r✱ ❜❡❝❛✉s❡

♦❢ t❤❡ s②♠♠❡tr②✱ t♦ −z∗ ❢♦r x < −y∗ ✭❙❡❡ ❋✐❣✉r❡ ✶✮✳ ❙♦ ✐♥ ♠❛t❤❡♠❛t✐❝❛❧ t❡r♠s✱ ♦✉r str❛t❡❣②

(τ ∗, Y ∗) ✐s ❞❡✜♥❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

τ ∗0 := inf{t > 0 : |Xt| > y∗}

τ ∗k := inf{t > τ ∗k−1 : |Xt| > y∗} ∀k ∈ N>

Y ∗
k := sgn(Xτ∗n−) · z∗ −Xτ∗n− ∀k ∈ N≥

✭✷✳✺✮

0 z∗−z∗ y∗−y∗

■♠♣✉❧s❡■♠♣✉❧s❡

WA A

❋✐❣✉r❡ ✶✿ ✶❉ ■♠♣✉❧s❡ ❝♦♥tr♦❧ str❛t❡❣②

◆♦✇ ✇❡ ♥❡❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❛ss♦❝✐❛t❡❞ ✈❛❧✉❡ u(x) := J(τ ∗, Y ∗; x) t♦ t❤❡ ♦♣t✐♠❛❧ str❛t❡❣②✱

❛♥❞ ✇✐t❤ ✐t y∗ ❛♥❞ z∗✳

❋r♦♠ t❤❡ s②♠♠❡tr② ✇❡ ❦♥♦✇ t❤❛t u(x) = u(−x) ✐❢ x < 0✳ ❋♦r x > y∗✱ ✇❡ ❛❧✇❛②s ♣✉s❤ t♦ z∗✱

s♦ u ❧♦♦❦s ❧✐❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

u(x) = u(z∗) + c(x, z∗)

❋♦r 0 ≤ x ≤ y∗ ♦✉r ♣♦❧✐❝② ✐❞❧❡s✱ s♦ ✇❡ ✇❛♥t u(x) t♦ ❢✉❧✜❧❧ αu(x) − 1
2
u′′(x) − h(x) = 0 ✭s❡❡

✷✳✸✮✳

✼



❚♦ ✜♥❞ t❤❛t✱ ✇❡ ✜rst s♦❧✈❡ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣❛rt ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✳

αuh(x)−
1

2
u′′
h(x) = 0 ⇒ α− 1

2
λ2 = 0 ⇒ λ = ±

√
2α =: ±ρ

❲❤✐❝❤ ❣✐✈❡s ✉s t❤❡ ❤♦♠♦❣❡♥❡♦✉s s♦❧✉t✐♦♥

uh(x) = A1e
−ρx + A2e

ρx A1, A2 ❝♦♥st❛♥ts

❙✐♥❝❡ h(x) = x2✱ ✇❡ ❝❛♥ ✜♥❞ t❤❡ ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥ ❜② ❛ss✉♠✐♥❣ ✐t ✐s ❛ q✉❛❞r❛t✐❝ ❢✉♥❝t✐♦♥✱

up(x) = ax2 + bx+ c✿

αup(x) =
1

2
u′′
p(x) + x2 ⇒ (ax2 + bx+ c) =

1

2
2a+ x2 ⇒ a =

1

α
; b = 0; c =

a

α
=

1

α2

❲❤✐❝❤ ❣✐✈❡s ✉s t❤❡ ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥

up(x) =
1

α
x2 +

1

α2
=

αx2 + 1

α2

❘❡♠❛r❦ ✷✳✶

❆ ♠♦r❡ ❣❡♥❡r❛❧ ❛♣♣r♦❛❝❤ ❢♦r ❝♦st ❢✉♥❝t✐♦♥s c(x) ♦t❤❡r t❤❛♥ x2 ✐s t♦ ✉s❡ t❤❡ ❩❡r♦✲❝♦♥tr♦❧ ✭❞♦

♥♦t❤✐♥❣✮ t♦ ✜♥❞ t❤❡ ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥ ✭❙❡❡ ●✉♦ ❛♥❞ ❳✉✱ ✷✵✶✾ ❬✷❪✮✿

up(x) = E

[∫ ∞

0

e−αtc(Xt)dt

]

= E

[∫ ∞

0

e−αth(x+Wt)dt

]

=

∫ ∞

0

e−αt

∫

R

c(x+ y)
1√
2πt

e−
y2

2t dy dt

=

∫

R

c(x+ y)

∫ ∞

0

e−αt 1√
2πt

e−
y2

2t dt dy

=

∫

R

c(x+ y)
1√
2α

e−
√
2α|y|dy

✽



❆❧❧ ✐♥ ❛❧❧✱ t❤✐s ❣✐✈❡s ✉s u(x) = uh(x) + up(x) = A1e
−ρx + A2e

ρx + αx2+1
α2

❋r♦♠ t❤❡ s②♠♠❡tr② ✇❡ ❣❡t✿

u(x) = A1e
−ρx + A2e

ρx +
αx2 + 1

α2
= A1e

ρx + A2e
−ρx +

αx2 + 1

α2
= u(−x)

❙♦ A1 ❤❛s t♦ ❜❡ ❡q✉❛❧ t♦ A2✳ ❉❡✜♥✐♥❣ A := 2A1 ❧❡ts ✉s r❡✇r✐t❡ u(x) t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

u(x) = A cosh(ρx) +
αx2 + 1

α2
∀0 ≤ x < y∗

❙♦ u(x) ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

u(x) =































A cosh(ρx) + αx2+1
α2 0 ≤ x ≤ y∗

u(z∗) + c(x, z∗) x > y∗

u(−x) x < 0

✭✷✳✻✮

◆♦t✐❝❡ t❤❛t ♣❡r t❤✐s ❞❡✜♥✐t✐♦♥ u′(x) ✐s ❜♦✉♥❞❡❞✱ ✇❤✐❝❤ ✇❛s ♦♥❡ ♦❢ ♦✉r ❛ss✉♠♣t✐♦♥s ❢♦r t❤❡

✈❛❧✉❡✲❢✉♥❝t✐♦♥✳ ❆♥♦t❤❡r ❛ss✉♠♣t✐♦♥ ✇❛s ❢♦r V t♦ ❜❡ s♠♦♦t❤✱ s♦ ✇❡ ✇❛♥t u t♦ ❢✉❧✜❧❧ t❤✐s

❛❧s♦✳ ❋♦r t❤❛t ✇❡ ✉s❡ t❤❡ ❙♠♦♦t❤ P❛st✐♥❣ t❡❝❤♥✐q✉❡✱ ✐✳❡✳ s❡t u ❛♥❞ ✐ts ❞❡r✐✈❛t✐✈❡ ❡q✉❛❧ ♦♥

t❤❡ ❜♦✉♥❞❛r✐❡s✿

u(y∗−) = A cosh(ρy∗) +
αy2∗ + 1

α2

= A cosh(ρz∗) +
αz2∗ + 1

α2
+ c(y∗, z∗) = u(y∗+)

u′(y∗−) = ρA sinh(ρy∗) +
2y∗
α

= k2 = u′(y∗+)

✭✷✳✼✮

✾



❲❡ ♥♦✇ ❤❛✈❡ t✇♦ ❡q✉❛t✐♦♥s✱ ❜✉t ♥❡❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤r❡❡ ✈❛r✐❛❜❧❡s ✭A, y∗ ❛♥❞ z∗✮✱ s♦ ✇❡

♥❡❡❞ ♦♥❡ ♠♦r❡ ❝♦♥str❛✐♥t✳ ❲❡ ❣❡t t❤❛t ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ✇❡ ♣✉s❤ t♦ z∗✳ ❇✉t ✐❢ ✇❡ ❛r❡ ❞♦✐♥❣

❛ ♣✉s❤✱ ✐t s❤♦✉❧❞ ❜❡ t❤❡ ♦♣t✐♠❛❧ ♦♥❡✱ s♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s ❢♦r ❛♥ x > y∗✿

∂

∂z
[u(z∗) + c(x, z∗)] = 0 ⇔ u′(z∗)− k2 = 0 ⇔ ρA sinh(ρz∗) +

2z∗
α

= k2 ✭✷✳✽✮

❘❡♠❛r❦ ✷✳✷

❋r♦♠ t❤❡ ❧❛st t✇♦ ❝♦♥str❛✐♥ts ✇❡ ❝❛♥ ❛❧r❡❛❞② ♠❛❦❡ ❛♥ ✐♠♣♦rt❛♥t ♦❜s❡r✈❛t✐♦♥✿ ❙✐♥❝❡ ❜♦t❤

2x/α ❛♥❞ ρ sinh(x) ❛r❡ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥s✱ t❤❡ ♦♥❧② ✇❛② t♦ ❣❡t ❛ y∗ 6= z∗ ✐s ✇❤❡♥

A < 0✳

■❢ ✇❡ ✉s❡ t❤❡ ✜rst ❝♦♥str❛✐♥t ♦❢ ✭✷✳✼✮ ❛♥❞ s♦❧✈❡ ❢♦r ❆✱ ✇❡ ❣❡t✿

A cosh(ρy∗)− A cosh(ρz∗) =
αz2∗ + 1

α2
− αy2∗ + 1

α2
+ c(y∗, z∗)

A =
c(y∗, z∗) +

z2
∗
−y2

∗

α

cosh(ρy∗)− cosh(ρz∗)
(≡ A(z∗, y∗))

❘❡❛rr❛♥❣✐♥❣ t❤❡ ♦t❤❡r t✇♦ ❝♦♥str❛✐♥ts ❛ ❧✐tt❧❡✱ ✇❡ ❣❡t✿

α · ρ sinh(ρy∗) · A = k2α− 2y∗

(

⇒ y∗ >
k2α

2

)

α · ρ sinh(ρz∗) · A = k2α− 2z∗

(

⇒ z∗ >
k2α

2

)

❙♦✿

A =
c(y∗, z∗) +

z2
∗
−y2

∗

α

cosh(ρy∗)− cosh(ρz∗)
=

k2α− 2y∗
α · ρ sinh(ρy∗)

=
k2α− 2z∗

α · ρ sinh(ρz∗)
✭✷✳✾✮

❚❤❡s❡ ❡q✉❛t✐♦♥s ❤❛✈❡ ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❛♥❞ ❛♥ ❛♥❛❧②s✐s ♦❢ t❤❡ ❢✉♥❝t✐♦♥A(z, y) s❤♦✇s t❤❛t ✐t

❤❛s ❛ ✉♥✐q✉❡ ♠✐♥✐♠✉♠ ❧❡ss t❤❛♥ ③❡r♦ ❛t (z∗, y∗) ✭s❡❡ ❍❙❩ ❱■✲❱■■ ❬✶❪✮✳ ❯♥❢♦rt✉♥❛t❡❧② t❤❡r❡ ✐s

♥♦ str❛✐❣❤t❢♦r✇❛r❞ ❛♥❛❧②t✐❝ ❡①♣r❡ss✐♦♥ ❢♦r y∗ ❛♥❞ z∗✳ ■t ✐s ❤♦✇❡✈❡r r❡❧❛t✐✈❡❧② str❛✐❣❤t❢♦r✇❛r❞

t♦ ❣❡t t❤❡♠ ♥✉♠❡r✐❝❛❧❧② ✭s❡❡ s❡❝t✐♦♥ ✷✳✹✮✳

✶✵



■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✜❣✉r❡✱ ✇❡ ❝❛♥ s❡❡ ❛ ♣❧♦t ♦❢ u ✇✐t❤ s♣❡❝✐✜❝ ♣❛r❛♠❡t❡rs✳ ◆♦t✐❝❡ t❤❛t t❤❡

t❛♥❣❡♥ts ❛t y∗ ❛♥❞ z∗ ❤❛✈❡ t❤❡ s❛♠❡ ❛♥❣❧❡ φ ✭❢r♦♠ u′(z∗) = u′(y∗)✮ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ ❝♦♥t✐♥✉❡s

❧✐♥❡❛r❧② ❢♦r |x| > y∗✳

y∗z∗−y∗ −z∗

φ φ

φφ

u(x)

k1 = 10
k2 = 10
α = 0.1

❋✐❣✉r❡ ✷✿ ❙❛♠♣❧❡ ♣❧♦t ♦❢ t❤❡ ❝❛♥❞✐❞❛t❡ ❢✉♥❝t✐♦♥ u(x)

❯s✐♥❣ t❤❡ s❝r✐♣t t♦ ✜♥❞ y∗ ❛♥❞ z∗✱ ✇❡ ❝❛♥ ❛❧s♦ t❛❦❡ ❛ ❧♦♦❦ ❛t ❛ s❛♠♣❧❡ ♣❛t❤ ♦❢ t❤❡ ❝♦♥tr♦❧❧❡❞

❛♥❞ ✉♥❝♦♥tr♦❧❧❡❞ ♣r♦❝❡ss❡s✳

α = 0.1
k1 = 10
k2 = 10

y∗

z∗

−y∗

−z∗

❋✐❣✉r❡ ✸✿ ❙❛♠♣❧❡ ♣❛t❤s ♦❢ t❤❡ ✉♥❝♦♥tr♦❧❧❡❞ ❛♥❞ ♦♣t✐♠❛❧❧② ❝♦♥tr♦❧❧❡❞ ♣r♦❝❡ss❡s✳

✶✶



✷✳✸ ❱❡r✐✜❝❛t✐♦♥

Pr♦♣♦s✐t✐♦♥ ✷✳✸

u ∈ C1(R)∩C2(R \ {−y∗, y∗}) ❛s ❣✐✈❡♥ ✐♥ ✭✷✳✻✮ ❛♥❞ s❛t✐s❢②✐♥❣ ✭✷✳✾✮ ✐s ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ❍❏❇

❡q✉❛t✐♦♥ ❣✐✈❡♥ ✐♥ ✭✷✳✸✮✳

Pr♦♦❢✳ P❡r ❝♦♥str✉❝t✐♦♥✱ ✇❡ ❦♥♦✇ t❤❛t ♦♥ W ✱ (αu− 1
2
u′′ − h)(x) ≤ 0 ✐s ❢✉❧✜❧❧❡❞✳ ■t r❡♠❛✐♥s

t♦ ❝❤❡❝❦ ✇❤❡t❤❡r u(x)−Mu(x) ≤ 0✳ ❋r♦♠ t❤❡ s②♠♠❡tr② ✐t✬s ❡♥♦✉❣❤ t♦ ❝♦♥s✐❞❡r 0 ≤ x ≤ y∗✳

❙✐♥❝❡ u ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ R+ ✇❡ ❦♥♦✇ t❤❛t ❢♦r ❛ z > x✱ u(z) > u(x)✱ s♦ t❤❡ ❛❜♦✈❡

✐♥❡q✉❛❧✐t② ✐s tr✐✈✐❛❧❧② ❢✉❧✜❧❧❡❞✳ ❙♦ t❤❡ ✐♥t❡r❡st✐♥❣ ❝❛s❡ ✐s ❢♦r ❛ 0 ≤ z ≤ x✿

u(x)− u(z)− c(x, z)
?

≤ 0

A cosh(ρx) +
αx2 + 1

α
− A cosh(ρz)− αz2 + 1

α

?

≤ k1 + k2(x− z)

A (cosh(ρx)− cosh(ρz))
?

≤ k1 + k2(x− z) +
z2 − x2

α

A ≤ k1 + k2(x− z) + z2−x2

α

cosh(ρx)− cosh(ρz)

❚❤✐s ✐♥❡q✉❛❧✐t② ❤♦❧❞s✱ s✐♥❝❡ ♣❡r ❞❡✜♥✐t✐♦♥ ♦❢ u✱ A ✐s t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡ r✐❣❤t ❡①♣r❡ss✐♦♥✳

❙♦ ✐♥ W t❤❡ ❍❏❇ ❡q✉❛t✐♦♥ ✐s s❛t✐s✜❡❞✳ ❲❤❛t✬s ❧❡❢t ✐s t♦ ❝❤❡❝❦ A✱ ✐✳❡✳ x > y∗✿

P❡r ❝♦♥str✉❝t✐♦♥ ✇❡ ❦♥♦✇ t❤❛t u(x)−Mu(x) = 0✳ ❙♦ ✇❤❛t✬s ❧❡❢t ✐s t♦ s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣✿

αw(x)− 1

2
w′′(x)− h(x)

?

≤ 0 (w′′(x) = 0)

αw(x)− x2
?

≤ 0

x > y∗ ✐♠♣❧✐❡s t❤❛t

d

dx

[

αw(x)− x2
]

= k2α− 2x < k2α− 2y∗ = α · ρ sinh(ρy∗) · A < 0,

✶✷



❙♦ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t αu(y∗)− y2∗ ≤ 0✳ ❇✉t y∗ ∈ W ✱ s♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

αu(y∗)− y2∗ =
1

2
u′′(y∗)

❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ u ✇❡ ❝❛♥ ♠❛❦❡ t❤r❡❡ ✐♠♣♦rt❛♥t ♦❜s❡r✈❛t✐♦♥s✳ ❋✐rst❧② u′ ✐s ❛ ❝♦♥❝❛✈❡

❢✉♥❝t✐♦♥ ♦♥ R+✱ s❡❝♦♥❞❧② u′(0) = 0 ❛♥❞ u′(z∗) = u′(y∗) = k2 > 0✱ ✇❤✐❝❤ ❣✐✈❡s ✉s t❤✐r❞❧②

t❤❛t u′ ❤❛s ✐ts ❛❜s♦❧✉t❡ ♠❛①✐♠✉♠ ♦♥ R+ s♦♠❡✇❤❡r❡ ❜❡t✇❡❡♥ z∗ ❛♥❞ y∗✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t

u′′(z∗) ≥ 0 ❛♥❞ u′′(y∗) ≤ 0✳ ❙♦ ✐♥ ♣❛rt✐❝✉❧❛r 1
2
u′′(y∗) ≤ 0✳

❙♦ u s❛t✐s✜❡s t❤❡ ❍❏❇ ❡q✉❛t✐♦♥✳ �

Pr♦♣♦s✐t✐♦♥ ✷✳✹

❋♦r u ❞❡✜♥❡❞ ❛s ✐♥ ✭✷✳✸✮ ❛♥❞ (τ ∗, Y ∗) ❞❡✜♥❡❞ ❛s ✐♥ ✭✷✳✺✮✿ u(x) = J(τ ∗, Y ∗; x)✳

Pr♦♦❢✳ ❙✐♥❝❡ u ✐s s♠♦♦t❤✱ ✇❡ ❝❛♥ ❛♣♣❧② ■tô✬s ❋♦r♠✉❧❛ ♦♥ t❤❡ ♣r♦❝❡ss e−αtu(Xt)✿

e−αtu(Xt) = u(x) +

∫ t

0

e−αs(−αu+
1

2
u′′)(Xs)ds

+

∫ t

0

e−αsu′(Xs)dWs

+
∞
∑

k=0

I{τ∗
k
≤t}e

−ατ∗
k

[

u(Xτ∗
k
)− u(Xτ∗

k
−)
]

✭✷✳✶✵✮

❆♣♣❧②✐♥❣ ❡①♣❡❝t❛t✐♦♥✱ r❡❛rr❛♥❣✐♥❣ ❛ ❜✐t ❛♥❞ ❛❞❞✐♥❣ ❛♥❞ s✉❜tr❛❝t✐♥❣ h(Xt) ✇❡ ❣❡t

Ex[u(x)] = Ex

[

e−αtu(Xt)
]

+ Ex

[∫ t

0

e−αs(αu− 1

2
u′′ − h)(Xs)ds

]

+ Ex

[∫ t

0

e−αsh(Xs)ds

]

− Ex

[∫ t

0

e−αsu′(Xs)dWs

]

+ Ex

[ ∞
∑

k=0

I{τ∗
k
≤t}e

−ατ∗
k

(

u(Xτ∗
k
−)− u(Xτ∗

k
)
)

]

✭✷✳✶✶✮

✶✸



❘❡♠❡♠❜❡r t❤❛t ❢♦r t❤✐s ♣♦❧✐❝② ✇❡ ❛❧✇❛②s ✐♠♠❡❞✐❛t❡❧② ♣✉s❤ ✐♥t♦ W ❢♦r ❛♥② x ∈ A✳

❚❤✐s ♠❡❛♥s ❢♦r ♦♥❡ t❤❛t Xt st❛②s ❜♦✉♥❞❡❞✱ s♦ t❤❡ ✜rst t❡r♠ ❛♣♣r♦❛❝❤❡s ③❡r♦ ❛s t ❛♣✲

♣r♦❛❝❤❡s ✐♥✜♥✐t②✳ ■t ❛❧s♦ ✐♠♣❧✐❡s t❤❛t t❤❡ s❡t {t ≥ 0 : Xt ∈ A} ❤❛s ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡

③❡r♦✳ ❋✉rt❤❡r♠♦r❡✱ ❢r♦♠ t❤❡ ❝♦♥str✉❝t✐♦♥ ✇❡ ❦♥♦✇ t❤❛t ❢♦r ❛♥② x ∈ W t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

u(x)− 1
2
u′′(x)− h(x) = 0✳ ❲❤✐❝❤ ♠❡❛♥s t❤❡ s❡❝♦♥❞ t❡r♠ ✐s ❡q✉❛❧ t♦ ③❡r♦✳ P❡r ❝♦♥str✉❝t✐♦♥✱

u′ ✐s ❜♦✉♥❞❡❞✱ s♦ t❤❡ ❢♦✉rt❤ t❡r♠ ✐s ❡q✉❛❧ t♦ ③❡r♦✳ ❆❧s♦✱ ❢♦r t❤✐s ❝♦♥tr♦❧ |Xτ∗
k
−| ≥ y∗ ❛♥❞

|Xτ∗
k
| = z∗✱ s♦

u(Xτ∗
k
−) = u(sgn(Xτ∗

k
−)z∗) + c(Xτ∗

k
−, sgn(Xτ∗

k
−)z∗) = u(Xτ∗

k
) + c(Xτ∗

k
−, Xτ∗

k
)

⇒ u(Xτ∗
k
−)− u(Xτ∗

k
) = c(Xτ∗

k
−, Xτ∗

k
)

❚❤✐s ❣✐✈❡s ✉s ✜rst t❤❛t

u(x) = Ex

[

e−αtu(Xt)
]

+ Ex

[∫ t

0

e−αsh(Xs)ds

]

+ Ex

[ ∞
∑

k=0

I{τ∗
k
≤t}e

−ατ∗
k c(Xτ∗

k
−, Xτ∗

k
)

]

❛♥❞ t❤❡♥✱ ❜② ❛♣♣❧②✐♥❣ t❤❡ ♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠

u(x)
t→∞
= Ex

[∫ ∞

0

e−αsh(Xs)ds

]

+ Ex

[ ∞
∑

k=0

I{τ∗
k
<∞}e

−ατ∗
k c(Xτ∗

k
−, Xτ∗

k
)

]

= J(τ ∗, Y ∗; x)

✭✷✳✶✷✮

❚❤✐s ✜♥✐s❤❡s t❤❡ ♣r♦♦❢✳ �

✶✹



❚❤❡♦r❡♠ ✷✳✶ ✭❱❡r✐✜❝❛t✐♦♥ ❚❤❡♦r❡♠✮✳ ❙✉♣♣♦s❡ (τ ∗, Y ∗) ✐s ❛♥ ❛❞♠✐ss✐❜❧❡ ♣♦❧✐❝② ❛♥❞ t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡ u(x) := J(τ ∗, Y ∗; x) ✇✐t❤

✭✐✮ u(x) ∈ C2(R) ❛♥❞ s❛t✐s✜❡s ✭✷✳✸✮✱

✭✐✐✮ u′(x) ✐s ❜♦✉♥❞❡❞✱

✭✐✐✐✮ ❢♦r ❛♥② (τ, Y ) ❛♥❞ ✐ts ❝♦♥tr♦❧❧❡❞ ❞②♥❛♠✐❝ Xt t❤❡ tr❛♥s✈❡rs❛❧✐t② ❝♦♥❞✐t✐♦♥ ❤♦❧❞s✿

lim sup
t→∞

Ex

[

e−αtu(Xt)
]

≤ 0.

❚❤❡♥

u(x) ≤ J(τ, Y ; x) ∀(τ, Y ) ❛❞♠✐ss✐❜❧❡ ♣♦❧✐❝✐❡s,

✐✳❡✳ V (x) = u(x)✳

Pr♦♦❢✳ ❯♥❞❡r ❛ ♣♦❧✐❝② (τ, Y )✱ ✇❡ ❤❛✈❡

Xt = x+Wt +
∞
∑

k=1

I{τk≤t}Yk

❲❡ ♥♦✇ ❛♣♣❧② ■tô✬s ❋♦r♠✉❧❛ t♦ t❤❡ ♣r♦❝❡ss e−αtu(Xt) ❛s ✐♥ ✭✷✳✶✵✮ ❛♥❞ ✭✷✳✶✶✮ t♦ ♦❜t❛✐♥

u(x) = Ex

[

e−αtu(Xt)
]

+ Ex

[∫ t

0

e−αs(αu− 1

2
u′′ − h)(Xs)ds

]

+ Ex

[∫ t

0

e−αsh(Xs)ds

]

− Ex

[∫ t

0

e−αsu′(Xs)dWs

]

+ Ex

[ ∞
∑

k=0

I{τk≤t}e
−ατk (u(Xτk−)− u(Xτk))

]

✭✷✳✶✸✮

✶✺



▲❡tt✐♥❣ t → ∞✱ t❤❡ ✜rst t❡r♠ ✐s ✵ ❜❡❝❛✉s❡ ♦❢ t❤❡ tr❛♥s✈❡rs❛❧✐t② ❝♦♥❞✐t✐♦♥✳ ❙✐♥❝❡ u(x) s❛t✐s✜❡s

✭✷✳✸✮✱ t❤❡ s❡❝♦♥❞ t❡r♠ ✐s ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ ✵ ❛♥❞ u(Xτk−) − u(Xτk) ≤ c(Xτk−, Xτk) ❢♦r

t❤❡ ❧❛st t❡r♠✳ ❙✐♥❝❡ u′(x) ✐s ❜♦✉♥❞❡❞✱ t❤❡ ❢♦✉rt❤ t❡r♠ ✐s ❡q✉❛❧ t♦ ✵✳ ❲❤✐❝❤ ❣✐✈❡s ✉s ✐♥ t♦t❛❧

u(x)
t→∞
≤ Ex

[∫ ∞

0

e−αsh(Xs)ds

]

+ Ex

[ ∞
∑

k=0

I{τk<∞}e
−ατkc(Xτk−, Xτk)

]

= J(τ, Y ; x)

✭✷✳✶✹✮

❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢✳ �

❆s ✇❡ ❝❛♥ s❡❡✱ ♦✉r u ✜ts t❤❡ ❱❡r✐✜❝❛t✐♦♥ ❚❤❡♦r❡♠ ✐❢ ✇❡ ❝❛♥ s❤♦✇ t❤❡ tr❛♥s✈❡rs❛❧✐t②

❝♦♥❞✐t✐♦♥✳ ▲❡t (τ, Y ) ❜❡ ❛♥ ❛❞♠✐ss✐❜❧❡ ♣♦❧✐❝② ❛♥❞ Xt t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥tr♦❧❧❡❞ ♣r♦❝❡ss✳

❙✉♣♣♦s❡ ❢✉rt❤❡r✱ t❤❡ tr❛♥s✈❡rs❛❧✐t② ❝♦♥❞✐t✐♦♥ ❞♦❡s ♥♦t ❤♦❧❞✱ ✐✳❡✳

lim inf
t→∞

Ex

[

e−αtu(Xt)
]

> K ❢♦r s♦♠❡ K > 0.

❚❤✐s ✐♠♣❧✐❡s t❤❛t Xt ✐s ✉♥❜♦✉♥❞❡❞✱ s♦

lim
t→∞

Ex

[

e−αtu(Xt)
]

= lim
t→∞

Ex

[

e−αtu(Xt)I{|Xt|≥y∗}
]

.

❚❤❡ ❧✐♥❡❛r✐t② ♦❢ u ♦♥ {x : |x| ≥ y∗} ✐♠♣❧✐❡s t❤❛t

lim
t→∞

Ex

[

e−αtu(|Xt|)I{|Xt|≥y∗}
]

> K

lim
t→∞

Ex

[

e−αt (u(z∗) + k1 + k2(|Xt| − z∗)) I{|Xt|≥y∗}
]

> K

lim
t→∞

e−αt(u(z∗) + k1 − k2z∗) + k2e
−αt lim

t→∞
Ex

[

|Xt|I{|Xt|≥y∗}
]

> K

lim
t→∞

Ex

[

|Xt|I{|Xt|≥y∗}
]

> lim
t→∞

eαtk2 ·K

❙♦ Ex

[

|Xt|I{|Xt|≥y∗}
]

✐s ❛s②♠♣t♦t✐❝❛❧❧② ❜♦✉♥❞❡❞ ❜❡❧♦✇ ❜② eαtK̃✳ ❏❡♥s❡♥✬s ✐♥❡q✉❛❧✐t② t❡❧❧s ✉s

✶✻



Ex [|Xt|]2 ≤ Ex [X
2
t ]✳ ❈♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❛❜♦✈❡ ❢♦r ❛♥ ǫ > 0 ❛♥❞ ❧❛r❣❡ ❡♥♦✉❣❤ t ✇❡ ❣❡t

Ex

[

X2
t

]

≥ Ex

[

|Xt|I{|Xt|≥y∗}
]2 ≥ (K̃eαt)2 − ǫ,

✇❤✐❝❤ ✐♠♣❧✐❡s J(τ, Y ; x) = ∞✱ ✇❤✐❝❤ ♠❡❛♥s (τ, Y ) ✇❛s♥✬t ❛♥ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧ t♦ ❜❡❣✐♥ ✇✐t❤✳

❚♦ s✉♠♠❛r✐③❡✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡♦r❡♠ ✷✳✷✳ ▲❡t u ❜❡ ❞❡✜♥❡❞ ❜② ✭✷✳✸✮ ❛♥❞ (τ ∗, Y ∗) ❞❡✜♥❡❞ ❛s ✐♥ ✭✷✳✺✮✳ ❚❤❡♥ u ✐s t❤❡

✈❛❧✉❡✲❢✉♥❝t✐♦♥✱ ✐✳❡✳

J(τ, Y ; x) ≤ u(x) = J(τ ∗, Y ∗; x) ∀x ∈ R, (τ, Y ) ∈ U

▼❡❛♥✐♥❣ ✇❡ ❤❛✈❡ ❢♦✉♥❞ t❤❡ ✈❛❧✉❡✲❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣♦❧✐❝②✳

✶✼



✷✳✹ ◆✉♠❡r✐❝❛❧ ❙♦❧✉t✐♦♥ ❢♦r y∗ ❛♥❞ z∗

❯♥❢♦rt✉♥❛t❡❧②✱ ✇❡ ❝❛♥ ♥♦t ✜♥❞ ❛ s✐♠♣❧❡ ❛♥❛❧②t✐❝ ❡①♣r❡ss✐♦♥ ❢♦r z∗ ❛♥❞ y∗✱ ❜✉t ✜♥❞✐♥❣ t❤❡♠

♥✉♠❡r✐❝❛❧❧② ✐s r❡❧❛t✐✈❡❧② str❛✐❣❤t✲❢♦r✇❛r❞✳ ❘❡♠❡♠❜❡r✱ (z∗, y∗) ✐s t❤❡ ♣❛✐r t❤❛t ♠✐♥✐♠✐③❡s

A(z, y) =
k1 + k2(y∗ − z∗) +

z2
∗
−y2

∗

α

cosh(ρy∗)− cosh(ρz∗)

♦♥ t❤❡ ❞♦♠❛✐♥ 0 < z < y✳ ❙✐♥❝❡ u′(z∗) = u′(y∗)✱ ✇❡ ❛❧s♦ ❣❡t

2y∗ − k2α

sinh(ρy∗)
=

2z∗ − k2α

sinh(ρz∗)
.

■❢ ✇❡ t❛❦❡ ❛ ❧♦♦❦ ❛t t❤❡ ❢✉♥❝t✐♦♥

f :

(

k2α

2
,∞
)

∋ x → 2x− k2α

sinh(ρx)
∈ R+,

✇❡ s❡❡ t❤❛t ✐t ❤❛s ❛ ♠❛①✐♠✉♠ ❛t (x̂, t̂)✱ ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥
(

k2α
2
, x̂
)

❛♥❞ str✐❝t❧② ❞❡❝r❡❛s✐♥❣

♦♥ (x̂,∞)✳

f(x)

x̂

t̂
α = 0.1
k2 = 10

❋✐❣✉r❡ ✹✿ ❙❛♠♣❧❡ ♣❧♦t ♦❢ f(x)

✶✽



❙♦ ❢♦r ❡❛❝❤ s❡❝t✐♦♥ f ❤❛s ❛♥ ✐♥✈❡rs❡ ❢✉♥❝t✐♦♥✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ❞❡✜♥❡ ❛ ❢✉♥❝t✐♦♥ t❤❛t ❣✐✈❡s

✉s ❛❧❧ ❧❡✈❡❧ s❡ts (z, y)✿

p : (0, t̂) ∋ t →







f
∣

∣

( k2α

2
,x̂)

−1
(t)

f
∣

∣

(x̂,∞)

−1
(t)






∈
(

k2α

2
, x̂

)

× (x̂,∞)

❯s✐♥❣ t❤✐s✱ ✇❡ ❣❡t ❛ ♥❡✇ ❢✉♥❝t✐♦♥✱ ♦♥❧② ❞❡♣❡♥❞❡♥t ♦♥ ❛ s✐♥❣❧❡ ✈❛r✐❛❜❧❡ t❤❛t ✇❡ ♥❡❡❞ t♦

♠✐♥✐♠✐③❡✿

Â : (0, t̂) ∋ t → A(p(t)) ∈ R

❙♦ ✐❢ ✇❡ ❞❡✜♥❡ t∗ := arg min
t∈(0,t̂)

{

Â(t)
}

✱ ✇❡ ❣❡t t❤❛t

p(t∗) = (z∗, y∗)
T , Â(t∗) = A

t t∗

k1 = 10
k2 = 10
α = 0.1

Â(t)

t̂

✭❛✮ s❛♠♣❧❡ ♣❧♦t ♦❢ Â ❛♥❞ ✐ts ♠✐♥✐♠✉♠
z∗ y∗

t∗

✭❜✮ t∗✱ z∗ ❛♥❞ y∗ ♠❛r❦❡❞ ✐♥ ❛ ♣❧♦t ♦❢ f(x)

❋✐❣✉r❡ ✺✿ P❧♦ts ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❙♦❧✉t✐♦♥

❇❛s❡❞ ♦♥ t❤✐s ✇❡ ❝r❡❛t❡❞ ❛ ♣②t❤♦♥ s❝r✐♣t t♦ ✜♥❞ (z∗, y∗) ❛♥❞ A ❣✐✈❡♥ α, k1 ❛♥❞ k2 ✭❙❡❡

❆♣♣❡♥❞✐① P②t❤♦♥✲❈♦❞❡ ✶✲❉✮✳

✶✾



✷✳✺ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❋✉❡❧ ❋♦❧❧♦✇❡r Pr♦❜❧❡♠

●✉♦ ❛♥❞ ❳✉ ❬✷❪ ❞✐s❝✉ss ❛ ✈❡r② s✐♠✐❧❛r ♣r♦❜❧❡♠ ✐♥ t❤❡✐r ♣❛♣❡r✿ ❚❤❡ ❢✉❡❧ ❢♦❧❧♦✇❡r ♣r♦❜❧❡♠✳

❚❤✐s ♣r♦❜❧❡♠ ✐s ✈❡r② s✐♠✐❧❛r t♦ ♦✉r ✐♠♣✉❧s❡ ❝♦♥tr♦❧ ♣r♦❜❧❡♠✱ ✇✐t❤ t❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡✱ t❤❛t

t❤❡r❡ ✐s ♥♦ ✜①❡❞ ❝♦st k1✳ ❋♦r t❤❡✐r ❞✐s❝✉ss✐♦♥✱ t❤❡② ❛❧s♦ ✉s❡❞ ❛ ✜①❡❞ ♣✉s❤✲❝♦st ♦❢ ✶✱ ✇❤✐❝❤

✇♦✉❧❞ ♠❡❛♥ k2 = 1 ❢♦r ♦✉r ♣r♦❜❧❡♠✳

❚❤❡ ♦♣t✐♠❛❧ ♣♦❧✐❝② t❤❡② ❢♦✉♥❞ ✇❛s t♦ ❛❧✇❛②s ❛♣♣❧② t❤❡ ♠✐♥✐♠❛❧ ♣✉s❤ ❢♦r t❤❡ ♣r♦❝❡ss t♦ st❛②

✇✐t❤✐♥ [−c, c] ❢♦r ❛ c > 0 ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ✈❛❧✉❡✲❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥ ❜②

vf (x) =































−p′′
1
(c) cosh(x

√
2α)

2α cosh(c
√
2α)

+ p1(x) 0 ≤ x ≤ c

vf (c) + (x− c) x ≥ c

vf (−x) x < 0.

✭✷✳✶✺✮

❲❤❡r❡ p1 ✐s t❤❡ ❝♦st ♦❢ t❤❡ ✧❩❡r♦✲❈♦♥tr♦❧✧✳ ❯s✐♥❣ t❤❡ s❛♠❡ r✉♥♥✐♥❣ ❝♦st ❢✉♥❝t✐♦♥ ❛s ✐♥ t❤✐s

t❤❡s✐s ✭h(x) = x2✮ ✇✐❧❧ ❣✐✈❡ ✉s p1(x) = up(x) =
αx2+1
α2 ✳

❲❡ ❝❛♥ s❡❡ t❤❛t ❜♦t❤ t❤❡ ♣♦❧✐❝② ❛♥❞ ✈❛❧✉❡✲❢✉♥❝t✐♦♥ ❛r❡ ✈❡r② s✐♠✐❧❛r t♦ ♦✉r r❡s✉❧t✳ ❚❤❡ ❦❡②

❞✐✛❡r❡♥❝❡ ✐s t❤❛t ●✉♦ ❛♥❞ ❳✉ ♣✉s❤ t♦ t❤❡ ❜♦r❞❡r ♦❢ t❤❡ ✇❛✐t✐♥❣ r❡❣✐♦♥ ✭t♦ c✮✱ ✇❤❡r❡❛s ✇❡

❛❝t✉❛❧❧② ♣✉s❤ t♦ ❛ ♣♦✐♥t ✐♥s✐❞❡ ✐t ✭t♦ z∗✮✳

❆♥ ✐♥t❡r❡st✐♥❣ q✉❡st✐♦♥ t❤❛t t❤❛t ✇❡ ❝❛♥ ♥♦✇ ❛s❦ ♦✉rs❡❧✈❡s ✐s ✇❤❛t ❤❛♣♣❡♥s ✇❤❡♥ ✇❡ ❧❡t

t❤❡ ✜①❡❞ ❝♦st k1 ❣♦ t♦ ③❡r♦✱ ✐✳❡✳ ✐❢ ✇❡ ♠❛❦❡ ♦✉r ♣r♦❜❧❡♠ ♠♦r❡ ❛♥❞ ♠♦r❡ s✐♠✐❧❛r t♦ t❤❡ ❢✉❡❧

❢♦❧❧♦✇❡r ♣r♦❜❧❡♠✳ ■♥t✉✐t✐♦♥ t❡❧❧s ✉s ✇❡ s❤♦✉❧❞ ❡①♣❡❝t t❤❡ s❛♠❡ r❡s✉❧t✱ ♠❡❛♥✐♥❣ ✇❡ s❤♦✉❧❞

♠♦✈❡ t♦ ❛ str❛t❡❣② t❤❛t ♣✉s❤❡s t♦ t❤❡ ❜♦r❞❡r ♦❢ t❤❡ ✇❛✐t✐♥❣ ✐♥st❡❛❞ ♦❢ ✐♥s✐❞❡ ✐t✱ ♦r ✐♥ ♦t❤❡r

✇♦r❞s✱ ✇❡ s❤♦✉❧❞ ❡①♣❡❝t t♦ s❡❡ z∗ → y∗ ❛s k1 → 0✳

✷✵



❖♥❡ t❤✐♥❣ t❤❛t ✐❧❧✉str❛t❡s t❤✐s q✉✐t❡ ✇❡❧❧ ✐s ✐❢ ✇❡ t❛❦❡ ❛ ❧♦♦❦ ❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥ ❛♥❞

✐ts ❞❡r✐✈❛t✐✈❡✿

G(x) :=
αx2 + 1

α2
+ A cosh(ρx)− k2 · x ⇒ G′(x) :=

2x

α
+ A · ρ sinh(ρx)− k2

❚❤✐s ❛❧❧♦✇s ✉s t♦ ❡①♣r❡ss t❤❡ ❝♦♥str❛✐♥ts ❢♦r u ✐♥ ✭✷✳✼✮ ❛♥❞ ✭✷✳✽✮ ✐♥ t❡r♠s ♦❢ G✿

G′(y∗) = 0, G′(z∗) = 0, G(y∗) = G(z∗) + k1

⇒ k1 =

∫ y∗

z∗

G′(x) dx

❙✐♥❝❡ ✇❡ ❝❛♥ ♥♦✇ ❡①♣r❡ss k1 ❛s t❤❡ ❛r❡❛ ♦❢ G′ ✭✇❤✐❝❤ ✐s str✐❝t❧② ❝♦♥❝❛✈❡✮ ❜❡t✇❡❡♥ z∗ ❛♥❞

y∗✱ ✐t ✐s ♦❜✈✐♦✉s t❤❛t k1 → 0 ❤❛s t♦ ✐♠♣❧② t❤❛t z∗ → y∗ ✭s❡❡ ❋✐❣✉r❡ ✻✮✳

k1 = 10
k2 = 1
α = 0.1

k1

−k2
z∗ y∗

G′(x)

❋✐❣✉r❡ ✻✿ k1 ❡①♣r❡ss❡❞ ❛s ❛♥ ❛r❡❛ ♦❢ G′

✷✶



❙✐♥❝❡ ✇❡ ♥♦✇ ❦♥♦✇ t❤❛t z∗ → y∗✱ t❤✐s ❤❛s t♦ ❤❛♣♣❡♥ ❛t t❤❡ ♠❛①✐♠✉♠ ✭❧❡t✬s ❝❛❧❧ ✐t c t♦ ❣♦

✇✐t❤ ●✉♦ ❛♥❞ ❳✉✬s ❬✷❪ ❝♦♥✈❡♥t✐♦♥ ✮ ♦❢ f(x) = 2x−k2α
sinh(ρx)

✳

f ′(c) =
2 sinh(ρc)− (2c− k2α)ρ cosh(ρc)

(sinh(ρc))2
= 0

2 sinh(ρc) = (2c− k2α)ρ cosh(ρc)

sinh(ρc)

ρ cosh(ρc)
=

tanh(ρc)

ρ
=

2c− k2α

2

(

k2=1
=

2c− α

2

)

■♥ ●❳ ❬✷❪ c ✐s t❤❡ s♦❧✉t✐♦♥ t♦ 1√
2α

tanh(c
√
2α) =

p′
1
(c)−1

p′′
1
(c)

✳ ❚♦❣❡t❤❡r ✇✐t❤ ρ =
√
2α ❛♥❞

p1(x) =
αx2+1
α2 ✱ ✇❡ ❣❡t

1

ρ
tanh(ρc) =

1√
2α

tanh(c
√
2α) =

p′1(c)− 1

p′′1(c)
=

2c
α
− 1
2
α

=
2c− α

2
,

♠❡❛♥✐♥❣ t❤❡ c✬s ❛r❡ t❤❡ s❛♠❡ ✐♥ t❤❡ t✇♦ ♣r♦❜❧❡♠s✳ ▲❡❢t t♦ ❝❤❡❝❦ ✐s✱ ✐❢ t❤❡ ✈❛❧✉❡✲❢✉♥❝t✐♦♥s

❛❧s♦ ❛❣r❡❡✳ ■❢ ✇❡ ❝♦♠♣❛r❡ ♦✉r ✈❛❧✉❡ ❢✉♥❝t✐♦♥ u ✭✷✳✻✮ ✇✐t❤ t❤❡✐r ✈❛❧✉❡✲❢✉♥❝t✐♦♥ vf ✭✷✳✶✺✮✱ ✇❡

❝❛♥ s❡❡ t❤❛t t❤❡② ❛r❡ ❛❧r❡❛❞② s✐♠✐❧❛r ✐♥ t❤❡ ❧❛st t✇♦ ❝❛s❡s✱ s♦ ❧❡❢t ✐s t♦ ❝❤❡❝❦ ✐❢ u(x) = vf (x)

❢♦r ❛♥② 0 ≤ x ≤ c✳ ■♥ ♦✉r ♣r♦❜❧❡♠ ✇❡ ❤❛✈❡ u(x) = A cosh(ρx) + up(x)✱ A = k2α−2c
α·ρ sinh(ρc) ❛♥❞

❢r♦♠ ❜❡❢♦r❡ sinh(ρc) = ρ cosh(ρc)2c−k2α
2

✱ s♦

u(x) =
k2α− 2c

α · ρρ cosh(ρc)2c−k2α
2

cosh(ρx) + up(x)

= − 2

α2α cosh(ρc)
cosh(ρx) + up(x) = − cosh(ρx)

α2 cosh(ρc)
+ up(x)

❘❡♠❡♠❜❡r ❢♦r t❤✐s s❡t✉♣ p1(x) = up(x)✱ s♦ p′′1(x) =
2
α
✱ s♦ ✇❡ ❣❡t

vf (x) = −p′′1(c) cosh(x
√
2α)

2α cosh(c
√
2α)

+ p1(x) = − cosh(ρx)

α2 cosh(ρc)
+ up(x) = u(x).

▼❡❛♥✐♥❣ t❤❡ t✇♦ ✈❛❧✉❡✲❢✉♥❝t✐♦♥s ❛❣r❡❡ ✇✐t❤ ♦♥❡ ❛♥♦t❤❡r ❛s k1 → 0✳

✷✷



✸ ◆✲♣❧❛②❡rs

◆♦✇ s✉♣♣♦s❡ t❤❡r❡ ❛r❡ N ♣♦❧✐❝✐❡s✱ ❡❛❝❤ ❝♦♥tr♦❧❧✐♥❣ ♦♥❡ ♦❜❥❡❝t✳ ❋r♦♠ ♥♦✇ ♦♥✱ ❧❡t✬s r❡❢❡r t♦

s✉❝❤ ❛ ♣❛✐r ♦❢ ♣♦❧✐❝② ❛♥❞ ♦❜❥❡❝t ❛s ❛ ✧♣❧❛②❡r✧✳ ❚❤❡ ❣♦❛❧ ❢♦r ❡❛❝❤ ♣❧❛②❡r ✐s t♦ st❛② ❛s ❝❧♦s❡ ❛s

♣♦ss✐❜❧❡ t♦ t❤❡ ♦t❤❡r ♣❧❛②❡rs✳

❚❤✐s N ✲♣❧❛②❡r ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s ❢♦❧❧♦✇s✳ ▲❡t νi := {(τ ik, Y i
k ) : k ∈ N} ❜❡ t❤❡

♣♦❧✐❝② ❢♦r t❤❡ it❤ ♣❧❛②❡r✱ ✇❤❡r❡ ✭❛s ✐♥ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✮✱ τ i1 < τ i2 < . . . ❛r❡ st♦♣♣✐♥❣

t✐♠❡s ❞❡♥♦t✐♥❣ t❤❡ ✐♠♣✉❧s❡ t✐♠❡s ❢♦r t❤❡ it❤ ♣❧❛②❡r ❛♥❞ Y i
k ✐s Fτ i

k
✲♠❡❛s✉r❛❜❧❡ ❢♦r ❡❛❝❤ k ∈ N

❛♥❞ ✐♥❞✐❝❛t❡s t❤❡ kt❤ ✐♠♣✉❧s❡ s✐③❡ ❢♦r t❤❡ it❤ ♣❧❛②❡r✳ ◆♦✇✱ ❧❡t (X1
t , . . . , X

N
t ) ∈ R

N ❜❡ t❤❡

♣♦s✐t✐♦♥s ♦❢ t❤❡ ♣❧❛②❡rs s✉❝❤ t❤❛t ❢♦r i = 1, . . . , N ✱

X i
t = xi +W i

t + ξit,

ξit =
∞
∑

k=1

I{τ i
k
≤t}Y

i
k ,

✭✸✳✶✮

✇✐t❤ (X1
0−, . . . , X

N
0−) = (x1, . . . , xN) =: xxx✱ ✇❤❡r❡ (W 1

t , . . . ,W
N
t ) ✐s ❛♥ N ✲❞✐♠❡♥s✐♦♥❛❧ st❛♥✲

❞❛r❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ♦♥ R
N ❛♥❞ ξit ❛r❡ t❤❡ t♦t❛❧ ❛❣❣r❡❣❛t❡❞ ✐♠♣✉❧s❡s ❢♦r t❤❡ it❤ ♣❧❛②❡r ✉♣

t♦ t✐♠❡ t✳

▲❡tX t :=
(

∑N

i=1 X
i
t

)/

N ❜❡ t❤❡ ♠♦✈✐♥❣ ❛✈❡r❛❣❡ ♦❢ ♦✉rN ✲♣❧❛②❡rs✳ ❆s ✐♥ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧

❝❛s❡✱ t❤❡ r✉♥♥✐♥❣ ❝♦st ❢✉♥❝t✐♦♥ ✐s h(x) := x2 ❛♥❞ c(y, z) = k1 + k2|y − z|✳ ❚❤❡ ❣♦❛❧ ❢♦r ❡❛❝❤

♣❧❛②❡r i ✐s t♦ ♠✐♥✐♠✐③❡✱ ♦✈❡r ❛❧❧ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧ ♣♦❧✐❝✐❡s ννν := (ν1, . . . , νN) ∈ UN ✱ t❤❡

❢♦❧❧♦✇✐♥❣ ❝♦st ❢✉♥❝t✐♦♥❛❧✿

J i (ννν;xxx) = E

[ ∫ ∞

0

e−αth
(

X i
t −XXX t

)

dt

+
∞
∑

k=1

I{τ i
k
<∞}e

−ατ i
kc
(

X i
τ i
k
−, X

i
τ i
k

)

]

.

✭✸✳✷✮

✷✸



❚❤❡ s❡t UN ✐s ❞❡✜♥❡❞ ❛s

UN :=

{

(

ν1, . . . , νN
)

∣

∣

∣

∣

νj ∈ U j
N ,P(∆ξit(xxx) ·∆ξjt (xxx)) = 0

❢♦r ❛♥② t > 0,xxx ∈ R
N , i, j ∈ {1, . . . , N}, i 6= j

}

,

✭✸✳✸✮

✇✐t❤

U j
N =

{

νj

∣

∣

∣

∣

∃ ν̂νν ❝♦♥tr♦❧ ♣♦❧✐❝② s✳t✳ J j((ν̂νν−j, νj);xxx) < ∞
}

. ✭✸✳✹✮

❍❡r❡ (ν̂νν−j, νj) := (ν̂1, . . . , ν̂j−1, νj, ν̂j+1, . . . ν̂N)✳

❚❤❡ ❝♦♥❞✐t✐♦♥ ✐♥ ✭✸✳✸✮

P(∆ξit(xxx) ·∆ξjt (xxx)) = 0 ❢♦r ❛♥② t > 0,xxx ∈ R
N , i, j ∈ {1, . . . , N}, i 6= j

♠❡❛♥s✱ ✇❡ ♦♥❧② ❝♦♥s✐❞❡r ♣♦❧✐❝✐❡s ✇❤❡r❡ ♥♦ t✇♦ ♣❧❛②❡rs ❛❝t ❛t t❤❡ s❛♠❡ t✐♠❡✳

✸✳✶ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ❍❏❇ ❊q✉❛t✐♦♥

❉❡✜♥✐t✐♦♥ ✸✳✶ ✭◆❛s❤ ❊q✉✐❧✐❜r✐✉♠✮✳ ❆ t✉♣❧❡ ♦❢ ❛❞♠✐ss✐❜❧❡ ✐♠♣✉❧s❡ ❝♦♥tr♦❧s

ννν∗ = (ν1∗, . . . , νN∗) ✐s ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ✭◆❊✮ ♦❢ t❤❡ N ✲♣❧❛②❡r st♦❝❤❛st✐❝ ❣❛♠❡ ✐❢ ❢♦r ❛♥②

i = 1, 2, . . . , N ✱ XXX0 = xxx ❛♥❞ ❛♥② (ννν−i∗, νi)✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② ❤♦❧❞s✿

J i(ννν∗;xxx) ≤ J i((ννν−i∗, νi),xxx).

J i(ννν∗;xxx) ✐s ❝❛❧❧❡❞ t❤❡ ◆❊ ✈❛❧✉❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ννν∗✳

❚❤❡ ✜rst st❡♣ t♦ ✜♥❞✐♥❣ t❤❡ ◆❊ s♦❧✉t✐♦♥ ✐s t♦ ❞❡r✐✈❡ ❛♥❞ ❛♥❛❧②③❡ t❤❡ ❛ss♦❝✐❛t❡❞ ❍❏❇

s②st❡♠✳ ❚♦ ❞♦ t❤❛t✱ ❧❡t✬s ❞❡✜♥❡ t❤❡ ❛❝t✐♦♥ r❡❣✐♦♥ Ai ❛♥❞ ✇❛✐t✐♥❣ r❡❣✐♦♥ Wi ❢♦r ❡❛❝❤ ♣❧❛②❡r✳

✷✹



❉❡✜♥✐t✐♦♥ ✸✳✷✳ P❧❛②❡r i✬s ❛❝t✐♦♥ r❡❣✐♦♥ Ai ✐s ❞❡✜♥❡❞ ❛s

Ai := {xxx ∈ R
N : ∆ξi(xxx) 6= 0},

❛♥❞ ❤❡r ✇❛✐t✐♥❣ r❡❣✐♦♥ ✐s ❞❡✜♥❡❞ ❛s

Wi := R
N \ Ai.

❉❡♥♦t❡ A−i :=
⋃

j 6=i Aj t❤❡ ✉♥✐♦♥ ♦❢ ❛❝t✐♦♥ r❡❣✐♦♥s ♦❢ t❤❡ ♦t❤❡r ♣❧❛②❡rs ❛♥❞ W−i :=
⋂

j 6=i Wj

t❤❡ ❝♦♠♠♦♥ ✇❛✐t✐♥❣ r❡❣✐♦♥ ♦❢ t❤❡ ♦t❤❡r ♣❧❛②❡rs✳

■♥tr♦❞✉❝❡ t❤❡ ♦♣❡r❛t♦r Mif(xxx) := infy∈R{f(xxx−i, y) + c(xi, y)}✳ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ UN

✇❡ ❦♥♦✇ t❤❛t Ai ∩ Aj = ∅ ❢♦r ❛♥② i 6= j✳ ❲✐t❤ t❤✐s t❤❡ ❍❏❇ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ◆❊ ❢♦r t❤❡

N ✲♣❧❛②❡r ♣r♦❜❧❡♠ ✐s



















max

{

αwi(xxx)− h(xi − xxx)− Lwi(xxx), wi(xxx)−Miwi(xxx)

}

= 0, ∀xxx ∈ W−i,

∂

∂xj

wi(xxx) = 0, ∀xxx ∈ Aj, j 6= i,

✭✸✳✺✮

✇❤❡r❡ Lwi(xxx) :=
1

2

N
∑

j=1

∂2

∂x2
j

wi(xxx)✳

❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ✭✸✳✺✮ ❝❛♥ ❜❡ ✐❧❧✉str❛t❡❞ ✇✐t❤ t❤❡ ❝❛s❡ ♦❢ N = 2✳ ■♥ t❤✐s ❝❛s❡✱ ✐❢ xxx =

(x1, x2) ∈ A2 ❛♥❞ ∆ξ2∗ 6= 0✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ◆❊✱ ♣❧❛②❡r ♦♥❡ ✐s ♥♦t ❡①♣❡❝t❡❞ t♦ s✉✛❡r

❛ ❧♦ss ❢♦r ♦t❤❡r✇✐s❡ s❤❡ ✇✐❧❧ ❤❛✈❡ ✐♥❝❡♥t✐✈❡ t♦ t❛❦❡ ❛❝t✐♦♥✳ ❚❤✉s

w1(x1, x2) = w1(x1, x2 +∆ξ2∗).

▲❡tt✐♥❣ ∆ξ2∗ → 0✱ ✇❡ ❤❛✈❡ ∂
∂x2

w1(xxx) = 0 ❢♦r xxx ∈ A2✳

✷✺



■❢ xxx ∈ W2✱ ∆ξ2∗(xxx) = 0✱ t❤❡♥ t❤❡ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ❢♦r ♣❧❛②❡r ♦♥❡ ❜❡❝♦♠❡s ❛ ❝❧❛ss✐❝❛❧ s✐♥❣❧❡

♣❧❛②❡r ✐♠♣✉❧s❡ ❝♦♥tr♦❧ ♣r♦❜❧❡♠✳ ❚❤❡r❡❢♦r❡ w1(xxx) s❛t✐s✜❡s

max

{

αw1(xxx)− h

(

x1 − x2

2

)

− 1

2

2
∑

j=1

∂2

∂x2
j

w1(xxx), w1(xxx)−M1w1(xxx)

}

= 0, ∀xxx ∈ W2.

✸✳✷ ❱❡r✐✜❝❛t✐♦♥ ❚❤❡♦r❡♠

❚❤❡♦r❡♠ ✸✳✸ ✭❱❡r✐✜❝❛t✐♦♥ ❚❤❡♦r❡♠✮✳ ❙✉♣♣♦s❡ ννν∗ = (ν1∗, . . . , νN∗) ✐s ❛♥ ❛❞♠✐ss✐❜❧❡ ♣♦❧✐❝②

❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡ wi(xxx) := J i(ννν∗;xxx) s❛t✐s✜❡s

✭✐✮ t❤❡ ❢✉♥❝t✐♦♥ wi(xxx) ∈ C2(W−i) ❛♥❞ s❛t✐s✜❡s ✭✸✳✺✮✱

✭✐✐✮ ❢♦r ❛♥② ❛❞♠✐ss✐❜❧❡ ♣♦❧✐❝② νi✱ t❤❡ ❝♦♥tr♦❧❧❡❞ ❞②♥❛♠✐❝ (XXX−i∗
t , X i

t) ✉♥❞❡r t❤❡ ♣♦❧✐❝②

(ννν−i∗, νi) st❛②s ✐♥ W−i ❢♦r ❛❧❧ t ≥ 0 P✲❛✳s✳✱

✭✐✐✐✮ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ ui(xxx) ∈ C2(RN) s✉❝❤ t❤❛t ui(xxx) = wi(xxx) ♦♥ W−i✱

✭✐✈✮ t❤❡r❡ ❡①✐sts ❛♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s {βn : n ∈ N} ✇✐t❤ βn → ∞ ❛✳s✳

s✉❝❤ t❤❛t

Mt∧βn
:=

∫ t∧βn

0

e−αs

N
∑

j=1

∂

∂xj

ui(XXX−i∗
s , X i

s)dW
j
s

✐s ❛ ♠❛rt✐♥❣❛❧❡ ✇✐t❤ ♠❡❛♥ ③❡r♦❀ ♠♦r❡♦✈❡r t❤❡ tr❛♥s✈❡rs❛❧✐t② ❝♦♥❞✐t✐♦♥ ❤♦❧❞s✿

lim
T→∞

lim
n→∞

E
[

e−α(T∧βn)ui(XXX−i∗
T∧βn

, X i
T∧βn

)
]

= 0,

❚❤❡♥ ννν∗ ✐s ❛ ◆❊ ✇✐t❤ ✈❛❧✉❡ ui✳

✷✻



Pr♦♦❢✳ ❯♥❞❡r t❤❡ ♣♦❧✐❝② (ννν−i∗, νi)✱ ✇❡ ❤❛✈❡

X i
t = xi +W i

t + ξit, t ≥ 0,

❛♥❞ ❢♦r j 6= i

Xj∗
t = xj +W j

t + ξj∗t , t ≥ 0.

▲❡t βn ❛s ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ t❤❡♦r❡♠✳ ❲❡ ♥♦✇ ❛♣♣❧② ■tô✬s ❢♦r♠✉❧❛ t♦ t❤❡ ♣r♦❝❡ss

e−αtui(XXX−i∗
t , X i

t) t♦ ♦❜t❛✐♥

E

[

e−αT∧βnui
(

XXX−i∗
T∧βn

, X i
T∧βn

)

]

− ui(xxx) ✭✸✳✻✮

= E

[

∫ T∧βn

0

e−αt

(

Lui
(

XXX−i∗
t , X i

t

)

− αui
(

XXX−i∗
t , X i

t

)

)

dt

]

+ E

[ ∞
∑

k=1

I{τ i
k
≤T∧βn}e

−ατ i
k

[

ui
(

XXX−i∗
τ i
k

, X i
τ i
k

)

− ui
(

XXX−i∗
τ i
k
−, X

i
τ i
k
−

)

]

]

+ E

[

N
∑

j=1,j 6=i

∞
∑

k=1

I{τ j∗
k

≤T∧βn}e
−ατ

j∗

k

[

ui
(

XXX−i∗
τ
j∗

k

, X i

τ
j∗

k

)

− ui
(

XXX−i∗
τ
j∗

k
−, X

i

τ
j∗

k
−

)

]

]

.

❇② ❝♦♥❞✐t✐♦♥ ✭✐✐✮✱ t❤❡ ❧❛st t❡r♠ ✐s ❡q✉❛❧ t♦ ③❡r♦✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ❝♦♥❞✐t✐♦♥s ✭✐✐✮ ❛♥❞

✭✐✮✱ ✇❡ ❤❛✈❡

Lui
(

XXX−i∗
t , X i

t

)

− αui
(

XXX−i∗
t , X i

t

)

≥ −h
(

X i
t −XXX t

)

.

❙✐♥❝❡ Ai ∩ Aj = ∅ ❢♦r i 6= j✱ ✇❡ ❤❛✈❡ XXX−i∗
τ i
k

= XXX−i∗
τ i
k
−✳ ❚❤✐s✱ t♦❣❡t❤❡r ✇✐t❤ ❝♦♥❞✐t✐♦♥s ✭✐✐✮ ❛♥❞

✭✐✮✱ ✐♠♣❧✐❡s t❤❛t

ui
(

XXX−i∗
τ i
k

, X i
τ i
k

)

− ui
(

XXX−i∗
τ i
k
−, X

i
τ i
k
−

)

≥ −c
(

X i
τ i
k
−, X

i
τ i
k

)

.

✷✼



P❧✉❣❣✐♥❣ t❤❡ ❛❜♦✈❡ t✇♦ ✐♥❡q✉❛❧✐t✐❡s ✐♥t♦ ✭✸✳✻✮✱ ✇❡ ♦❜t❛✐♥

E

[

e−αT∧βnui
(

XXX−i∗
T∧βn

, X i
T∧βn

)

]

− ui(xxx)

≥ −E

[

∫ T∧βn

0

e−αth
(

X i
t −XXX t

)

dt

]

− E

[ ∞
∑

k=1

I{τ i
k
≤T∧βn}e

−ατ i
kc
(

X i
τ i
k
−, X

i
τ i
k

)

]

.

❚❤❛t ✐s

ui(xxx) ≤ E

[

e−αT∧βnui
(

XXX−i∗
T∧βn

, X i
T∧βn

)

+
∞
∑

k=1

I{τ i
k
≤T∧βn}e

−ατ i
kc
(

X i
τ i
k
−, X

i
τ i
k

)

]

+ E

[

∫ T∧βn

0

e−αth
(

X i
t −XXX t

)

dt

]

.

❙✐♥❝❡ h, c ≥ 0✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ ♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ❛♥❞ t❤❡ tr❛♥s✈❡rs❛❧✐t② ❝♦♥❞✐t✐♦♥

✐♥ ✭✐✐✐✮ t♦ ♦❜t❛✐♥

ui(xxx) ≤ E

[ ∞
∑

k=1

I{τ i
k
<∞}e

−ατ i
kc
(

X i
τ i
k
−, X

i
τ i
k

)

+

∫ ∞

0

e−αth
(

X i
t −XXX t

)

dt

]

= J i
(

(ννν−i∗, νi);xxx
)

.

❚❤✐s ✜♥✐s❤❡s t❤❡ ♣r♦♦❢✳ �

✷✽



✸✳✸ ❋✐♥❞✐♥❣ t❤❡ ❖♣t✐♠❛❧ P♦❧✐❝✐❡s

◆♦✇ t❤❛t ✇❡ ❤❛✈❡ t❤❡ ❱❡r✐✜❝❛t✐♦♥ ❚❤❡♦r❡♠✱ ✇❡ ❝❛♥ st❛rt ✜♥❞✐♥❣ t❤❡ ♣♦❧✐❝✐❡s ❢♦r ♦✉r ♣❧❛②❡rs✳

▲❡t✬s tr② ❛ s✐♠✐❧❛r ❛♣♣r♦❛❝❤ t♦ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ ♠❡❛♥✐♥❣ ♦✉r ♣❧❛②❡r ✐❞❧❡s ❛s ❧♦♥❣

❛s s❤❡ st❛②s ✇✐t❤✐♥ ❛ ❝❡rt❛✐♥ ❞✐st❛♥❝❡ ♦❢ t❤❡ ♠♦✈✐♥❣ ❛✈❡r❛❣❡ ❛♥❞ ❥✉♠♣s ❝❧♦s❡r t♦ ✐t✱ ✐❢ s❤❡ ✐s

❢❛rt❤❡r ❛✇❛②✳

◆♦t❡ ✸✳✹✳ ❚❤❡ ❞✐st❛♥❝❡ ♦❢ ❛ ♣❧❛②❡r t♦ t❤❡ ♠♦✈✐♥❣ ❛✈❡r❛❣❡ ❝❛♥ ❛❧s♦ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢

t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ♣❧❛②❡r t♦ t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ♦t❤❡r ♣❧❛②❡rs ✭❡①❝❧✉❞✐♥❣ t❤❡ ♣❧❛②❡r ✐ts❡❧❢✮✿

X i
t −XXX t = X i

t −
∑N

j=1 X
j
t

N
=

N − 1

N

(

X i
t −

∑

j 6=i X
j
t

N − 1

)

=
N − 1

N

(

X i
t −XXX−i

t

)

✭✸✳✼✮

❯s✐♥❣ t❤✐s✱ ✇❡ ❝❛♥ ❛❧s♦ ❢♦r♠✉❧❛t❡ t❤❛t t❤r❡s❤♦❧❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ ♦t❤❡r

♣❧❛②❡rs✬ ❛✈❡r❛❣❡✳ ❙♦ ✇❡ ❝❛♥ s❛② t❤❡r❡ ❡①✐sts s♦♠❡ ❝♦♥st❛♥t yN∗ > 0✱ s✳t✳ ✇❡ ❝❛♥ ❞❡❝♦♠♣♦s❡

t❤❡ it❤ ♣❧❛②❡rs ❛❝t✐♦♥ ❛♥❞ ✇❛✐t✐♥❣ r❡❣✐♦♥ ❛s ❢♦❧❧♦✇s✿

Ai :=
{

E−
i ∪ E+

i

}

∩Qi, Wi = R
N \ Ai, ✭✸✳✽✮

✇❤❡r❡

E−
i :=

{

xxx ∈ R
N : dNi (xxx) < −yN∗

}

,

E+
i :=

{

xxx ∈ R
N : dNi (xxx) > yN∗

}

,

dNi (xxx) := xi − xxx−i.

✭✸✳✾✮

Qi ✐s ❛ ♣❛rt✐t✐♦♥ ♦❢ RN ✳ ❲❡ ♥❡❡❞ t❤❛t✱ s✐♥❝❡ ✇❡ ✇❛♥t t♦ ❛✈♦✐❞ ❛♥② t✇♦ ♣❧❛②❡rs s❤❛r✐♥❣ ❛♥

❛❝t✐♦♥ r❡❣✐♦♥✱ ✇❤✐❝❤ ❝♦✉❧❞ ❤❛♣♣❡♥ ✐❢ ✇❡ ❥✉st ✉s❡❞ Ai = E−
i ∪E+

i ✳ ❚❤✐s ✐s ❡s♣❡❝✐❛❧❧② ♥♦t✐❝❡❛❜❧❡

✐♥ t❤❡ ❝❛s❡ N = 2✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ s②♠♠❡tr② ✇❡ ❣❡t t❤❡r❡✿

d21(x
1, x2) =

1

2
(x1 − x2) = −1

2
(x2 − x1) = −d22(x

1, x2)

✷✾



❙♦ E−
1 = E+

2 ❛♥❞ E+
1 = E−

2 ✳ ■♥ ❣❡♥❡r❛❧ ✇❡ ❝❛♥ ✉s❡ t❤❡ ♣❛rt✐t✐♦♥

Qi :=

{

xxx ∈ R
N

∣

∣

∣

∣

∣

∣dNi (xxx)
∣

∣ ≥
∣

∣dNk (xxx)
∣

∣ ❢♦r ❛♥② k < i;
∣

∣dNi (xxx)
∣

∣ >
∣

∣dNk (xxx)
∣

∣ ❢♦r ❛♥② k > i

}

,

✭✸✳✶✵✮

✐✳❡✳ ✇❡ ✉s❡ t❤❡ r✉❧❡✿ ❙❤♦✉❧❞ ♠♦r❡ t❤❛♥ ♦♥❡ ♣❧❛②❡r ❜❡ ✐♥ t❤❡✐r ✧❛❝t✐♦♥ r❡❣✐♦♥✧✱ t❤❡ ♦♥❡ ❢✉rt❤❡st

❢r♦♠ t❤❡ ❝❡♥t❡r ♣✉s❤❡s ✜rst✳ ■❢ ♠✉❧t✐♣❧❡ ♣❧❛②❡rs ❤❛✈❡ t❤❡ ❜✐❣❣❡st ❞✐st❛♥❝❡✱ t❤❡ ♦♥❡ ✇✐t❤ t❤❡

❤✐❣❤❡st ✐♥❞❡① ♣✉s❤❡s ✜rst✳

❖♥ t❤❡ ❝♦♠♠♦♥ ✇❛✐t✐♥❣ r❡❣✐♦♥ ♦❢ ❛❧❧ ♣❧❛②❡rs W =
⋂N

i=1 Wi✱ ❡✈❡r② ♣♦❧✐❝② ✐❞❧❡s✱ s♦ ❡✈❡r②

❝❛♥❞✐❞❛t❡ s♦❧✉t✐♦♥ wi s❤♦✉❧❞ s❛t✐s❢②✿

αwi(xxx)− h(xxx)− Lwi(xxx) = 0

❚♦ s♦❧✈❡ t❤✐s✱ ✇❡ st❛rt ❜② ✜♥❞✐♥❣ t❤❡ ❤♦♠♦❣❡♥❡♦✉s s♦❧✉t✐♦♥ wi
h t♦ αwi

h(xxx)−Lwi
h(xxx) = 0✱ ❜②

❛ss✉♠✐♥❣ wi
h(xxx) = eλ·d

i
N
(xxx)✿

α− 1

2

[

λ2 + (N − 1)

(

λ

N − 1

)2
]

= 0

α− 1

2
λ2

[

1 +
1

N − 1

]

= 0

λ = ±
√

2α · (N − 1)

N
=: ±ρN

❙♦ ♦✉r ❤♦♠♦❣❡♥❡♦✉s s♦❧✉t✐♦♥ ✐s ❣✐✈❡♥ ❜②

wi
h(xxx) = Bi

Ne
ρN ·di

N
(xxx) + C i

Ne
−ρN ·di

N
(xxx),

❢♦r s♦♠❡ ❝♦♥st❛♥ts Bi
N , C

i
N ∈ R✳

✸✵



❲❡ ✜♥❞ t❤❡ ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥ wi
p ❜② ❛ss✉♠✐♥❣

wi
p(xxx) = adiN(xxx)

2 + bdiN(xxx) + c✳

αwi
p(xxx) = h(xi − xxx) + Lwi

p(xxx)

α
(

adiN(xxx)
2 + bdi(xxx) + c

)

=

(

N − 1

N
diN(xxx)

)2

+
1

2

(

2a+
2a

(N − 1)2
(N − 1)

)

α
(

adiN(xxx)
2 + bdiN(xxx) + c

)

=

(

N − 1

N

)2

diN(xxx)
2 + a

(

1 +
1

(N − 1)

)

a =
(N − 1)2

αN2
b = 0 c =

a

α
· N

(N − 1)
=

N − 1

α2N

▲❡t αN := αN2

(N−1)2
✱ s♦ a = 1

αN
❛♥❞ c = N3

α2

N
(N−1)3

✳ ❚❤❡♥ ✇❡ ❤❛✈❡

wi(xxx) = wi
h(xxx) + wi

p(xxx) = Bi
Ne

ρN ·di
N
(xxx) + C i

Ne
−ρN ·di

N
(xxx) +

diN(xxx)
2

αN

+
N3

α2
N(N − 1)3

✭✸✳✶✶✮

❢♦r ❛♥② xxx ∈ W ✳

▲❡t✬s t❛❦❡ ❛ ❝❧♦s❡r ❧♦♦❦ ❛t t❤❡ ❝❛s❡ N = 2✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ s②♠♠❡tr②✱ ✇❡

❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐❢ ✇❡ ✉s❡ t❤❡ ♣❛rt✐t✐♦♥ ❢r♦♠ ✭✸✳✶✵✮✿

Q1 =

{

xxx ∈ R
2

∣

∣

∣

∣

∣

∣d21(xxx)
∣

∣ >
∣

∣d22(xxx)
∣

∣

}

= ∅

Q2 =

{

xxx ∈ R
2

∣

∣

∣

∣

∣

∣d22(xxx)
∣

∣ ≥
∣

∣d21(xxx)
∣

∣

}

= R
2.

■♥ ♦t❤❡r ✇♦r❞s✱ ♣❧❛②❡r ✷ ❞♦❡s ❛❧❧ t❤❡ ✇♦r❦✱ ✇❤✐❧❡ ♣❧❛②❡r ♦♥❡ ❛❧✇❛②s ✐❞❧❡s✳ ❚❤✐s ❛❧s♦ ❣✐✈❡s ✉s

W1 = R
2, A1 = ∅,

W2 =
{

(x1, x2) ∈ R
2 : |x2 − x1| ≤ y2∗

}

, A2 = E−
2 ∪ E+

2

E−
2 =

{

(x1, x2) ∈ R
2 : x2 − x1 < −y2∗

}

, E+
2 =

{

(x1, x2) ∈ R
2 : x2 − x1 > y2∗

}

❚♦ ✜♥❞ t❤❡ ◆❊ ❢♦r t❤✐s ♣❛rt✐t✐♦♥✱ ❧❡t✬s st❛rt ✇✐t❤ ✜♥❞✐♥❣ ♣❧❛②❡r t✇♦✬s ❝❛♥❞✐❞❛t❡ ❢✉♥❝t✐♦♥ w2✳

◆♦t✐❝❡ t❤❛t✱ s✐♥❝❡ ♣❧❛②❡r t✇♦ ✐s ❞♦✐♥❣ ❛❧❧ t❤❡ ✇♦r❦✱ ♣❧❛②❡r ♦♥❡✬s ❛❝t✐♦♥ r❡❣✐♦♥ ✐s t❤❡ ❡♠♣t②

✸✶



s❡t✱ s♦ t❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥ ✐♥ ✭✸✳✺✮✱ ✐✳❡✳
∂

∂x1
w2(x1, x2) = 0 ∀(x1, x2) ∈ A1✱ ✐s ❛❝t✉❛❧❧② ♥♦

❝♦♥str❛✐♥t ❛t ❛❧❧✳ ❚❤✐s ♠❡❛♥s ✇❡ ♦♥❧② ❤❛✈❡ t♦ ❝♦♥s✐❞❡r t❤❡ ✜rst ♣❛rt✱ ♠❛❦✐♥❣ t❤✐s ♣r♦❜❧❡♠

✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✳

❋r♦♠ ✭✸✳✶✶✮✱ ✇❡ ❛❧r❡❛❞② ❦♥♦✇ ❤♦✇ w2 ❤❛s t♦ ❧♦♦❦ ❧✐❦❡ ♦♥ W2 = W ✳ ❋✉rt❤❡r♠♦r❡✱ ❢r♦♠ t❤❡

s②♠♠❡tr② ♦❢ t❤✐s ♣❛rt✐t✐♦♥✱ ✇❡ ❣❡t w2(xxx) = w2(yyy) ✐❢ |d22(xxx)| = |d22(yyy)|✳ ❚❤✐s ❛❧s♦ ❣✐✈❡s ✉s t❤❛t

A2
2 = B2

2 ✱ s♦ ✇✐t❤ A2
2 := B2

2/2✱ ✇❡ ❣❡t

w2(x1, x2) = A2
2 cosh

(

ρ2(x
2 − x1)

)

+
(x2 − x1)2

α2

+
8

α2
2

∀(x1, x2) ∈ W2. ✭✸✳✶✷✮

❖♥ A2✱ ✇❡ ❦♥♦✇ t❤❛t ♣❧❛②❡r t✇♦ ♣✉s❤❡s✱ s♦

w2(x1, x2) = w2(x1, x1 − z2∗) + c(x2, x1 − z2∗) ∀(x1, x2) ∈ E−
2 ,

w2(x1, x2) = w2(x1, x1 + z2∗) + c(x2, x1 + z2∗) ∀(x1, x2) ∈ E+
2 ,

❢♦r s♦♠❡ ❝♦♥st❛♥t z2∗✳ ❆s ✐♥ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ z2∗ s❤♦✉❧❞ ❜❡ t❤❡ ♦♣t✐♠❛❧ ❥✉♠♣

❞✐st❛♥❝❡✱ s♦

∂

∂z

[

w2
(

x1, x1 + z2∗
)

+ c
(

x1, x2 + z2∗
)]

= 0

ρ2A
2
2 sinh(ρ2z2∗) +

2

α2

z2∗ − k2 = 0.

❋✉rt❤❡r♠♦r❡✱ ✉s✐♥❣ t❤❡ s♠♦♦t❤✲♣❛st✐♥❣ t❡❝❤♥✐q✉❡ ❛❧♦♥❣ x2 = x1 + y2∗✱ ✇❡ ❣❡t

w2(x1, x1 + y2∗−) = A2
2 cosh (ρ2y2∗) +

y22∗
α2

+
8

α2
2

= A2
2 cosh (ρ2z2∗) +

z22∗
α2

+
8

α2
2

+ c (y2∗, z2∗) = w2(x1, x1 + y2∗+)

∂

∂x2
wi(x1, x1 + y2∗−) = ρ2A

2
2 sinh(ρ2y2∗) +

2

α2

y2∗ = k2 =
∂

∂x2
w2(x1, x1 + y2∗+)

✸✷



●✐✈✐♥❣ ✉s t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠ ♦❢ ❡q✉❛❧✐t✐❡s✿

A2
2 =

c(y2∗, z2∗) +
z2
2∗

−y2
2∗

α2

cosh(ρ2y2∗)− cosh(ρ2z2∗)
=

α2k2 − 2y2∗
α2ρ2 sinh(ρ2y2∗)

=
α2k2 − 2z2∗

α2ρ2 sinh(ρ2z2∗)
.

■❢ ✇❡ ❝♦♠♣❛r❡ t❤✐s t♦ t❤❡ s②st❡♠ ✇❡ ❢♦✉♥❞ ❢♦r t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡

A =
c(y∗, z∗) +

z2
∗
−y2

∗

α

cosh(ρy∗)− cosh(ρz∗)
=

k2α− 2y∗
α · ρ sinh(ρy∗)

=
k2α− 2z∗

α · ρ sinh(ρz∗)
,

✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡② ❛r❡ ✈❡r② s✐♠✐❧❛r ❛♥❞ ❝❛♥ ❜❡ s♦❧✈❡❞ t❤❡ s❛♠❡ ✇❛②✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ❛s

✇✐t❤ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ t❤❡r❡ ✐s ♥♦ s✐♠♣❧❡ ❛♥❛❧②t✐❝ ❡①♣r❡ss✐♦♥ ❢♦r A2
2, z2∗ ❛♥❞ y2∗✱ ❜✉t

✜♥❞✐♥❣ t❤❡ s♦❧✉t✐♦♥ ♥✉♠❡r✐❝❛❧❧② ✇♦r❦s ♥❡❛r❧② t❤❡ s❛♠❡ ✇❛② ❛s ❢♦r t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡

✭❙❡❡ ❆♣♣❡♥❞✐① P②t❤♦♥✲❈♦❞❡ ◆✲❉✮✳ ❆❧❧ ♣✉t t♦❣❡t❤❡r ✇❡ ❣❡t

w2(x1, x2) =































w2(x1, x1 − z2∗) + c(x2, x1 − z2∗) (x1, x2) ∈ E−
2 ,

A2
2 cosh (ρ2 · (x2 − x1)) + (x2−x1)2

α2

+ 8
α2

2

(x1, x2) ∈ W2,

w2(x1, x1 + z2∗) + c(x2, x1 + z2∗) (x1, x2) ∈ E+
2 .

✭✸✳✶✸✮

❲✐t❤ u2(x1, x2) = A2
2 cosh (

√
α · (x2 − x1)) + (x2−x1)2

4α
+ 1

2α2 ✱ ✇❡ ❝❛♥ ❝❤❡❝❦ ❛s ✐♥ t❤❡ ♦♥❡

❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ t❤❛t w2 ❢✉❧✜❧❧s t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ❱❡r✐✜❝❛t✐♦♥ ❚❤❡♦r❡♠✱ ♠❡❛♥✐♥❣ t♦ ✜♥❞

❛ ◆❊ s♦❧✉t✐♦♥✱ ❛❧❧ t❤❛t✬s ❧❡❢t ✐s t♦ ✜♥❞ w1✳

✸✸



❆s ✇✐t❤ w2✱ ✇❡ ❦♥♦✇ w1 ♦♥ W ✐s ❣✐✈❡♥ ❜② ✭✸✳✶✶✮ ❛♥❞ ✇✐t❤ A1
2 := B1

2/2 ❛♥❞ t❤❡ s②♠♠❡tr②

✇❡ ❣❡t

w1(x1, x2) = A1
2 cosh

(

ρ2(x
1 − x2)

)

+
(x1 − x2)2

α2

+
8

α2
2

∀(x1, x2) ∈ W . ✭✸✳✶✹✮

❖♥ A2 ✇❡ ❦♥♦✇ t❤❛t ♣❧❛②❡r t✇♦ ♣✉s❤❡s ❛♥❞ ❢r♦♠ ✭✸✳✺✮ ✇❡ ❦♥♦✇ t❤❛t ♣❧❛②❡r ♦♥❡ ✐♥❝✉rs ♥♦

❝♦st ❢r♦♠ t❤❛t ♣✉s❤✳ ❙♦ ✇❡ s❤♦✉❧❞ ❡①♣❡❝t

w1(x1, x2) = w1(x1, x1 − z2∗) ∀(x1, x2) ∈ E
−
2 ,

w1(x1, x2) = w1(x1, x1 + z2∗) ∀(x1, x2) ∈ E
+
2 .

▼❛t❝❤✐♥❣ t❤❡ ✈❛❧✉❡s ❛❧♦♥❣ x2 = x1 + y2∗✱ ✇❡ ❣❡t

w1(x1, x1 + y2∗−) = A1
2 cosh (ρ2y2∗) +

y22∗
α2

+
8

α2
2

= A1
2 cosh (ρ2z2∗) +

z22∗
α2

+
8

α2
2

= w1(x1, x1 + y2∗+)

❙♦❧✈✐♥❣ ❢♦r A1
2 ❣✐✈❡s ✉s t❤❡ ❧❛st ♠✐ss✐♥❣ ✈❛r✐❛❜❧❡✿

A1
2 =

(z22∗ − y22∗) /α2

cosh(ρ2y2∗)− cosh(ρ2z2∗)
.

❙♦ t❤❡ ✜♥❛❧ ❡①♣r❡ss✐♦♥ ❢♦r w1 ✐s

w1(x1, x2) =































w1(x1, x1 − z2∗) (x1, x2) ∈ E−
2 ,

A1
2 cosh (ρ2 · (x1 − x2)) + (x1−x2)2

α2

+ 8
α2

2

(x1, x2) ∈ W2,

w1(x1, x1 + z2∗) (x1, x2) ∈ E+
2 .

✭✸✳✶✺✮

✸✹



▲❡t✬s ❝❤❡❝❦ ✐❢ w1 s❛t✐s✜❡s t❤❡ ❍❏❇ ❡q✉❛t✐♦♥ ✭✸✳✺✮✳

P❡r ❝♦♥str✉❝t✐♦♥ ♦♥❧② w1(x1, x2)−M1w1(x1, x2) ≤ 0 ♦♥ W ✐s ❧❡❢t t♦ ❝❤❡❝❦✳ ▲❡t q ∈ R✱ t❤❡♥

✇❡ ♥❡❡❞ t♦ ❝❤❡❝❦ ✇❤❡t❤❡r

w1(x1, x2)− w1(x1 + q, x2)− c(x1, x1 + q) ≤ 0.

❙✉♣♣♦s❡ (x1+ q, x2) ∈ E+
2 ✱ t❤❡♥ w1(x1+ q, x2) = w1(x1+ q, x1+ q+z2∗)✳ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥

♦❢ A1
2 ❛♥❞ t❤❡ s②♠♠❡tr② ♦❢ w1 ❛r♦✉♥❞ x1 = x2✱ ✇❡ ❣❡t

w1(x1 + q, x1 + q + z2∗) = w1(x1 + q, x1 + q + y2∗) = w1(x2 − y2∗, x
2).

❇✉t s✐♥❝❡ (x1 + q, x2) ∈ E+
2 ✱ ✇❡ ❛❧s♦ ❦♥♦✇ t❤❛t x1 + q < x2 − y2∗ ≤ x1✱ s♦

w1(x1, x2)−w1(x1+ q, x2)− c(x1, x1+ q) < w1(x1, x2)−w1(x2− y2∗, x
2)− c(x1, x2− y2∗).

❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❢♦r (x1, x2) ∈ E−
2 ✱ ✇❡ s❡❡ t❤❛t ✐t ✐s ❡♥♦✉❣❤ t♦ ❝❤❡❝❦ ❛♥② q✱ s✳t✳

(x1 + q, x2) ∈ W ✳ ❚❤❡♥

w1(x1, x2)−w1(x1 + q, x2)− c(x1, x1 + q)

=

[

A1
2 cosh

(√
α · (x1 − x2)

)

+
(x1 − x2)2

4α
+

1

2α2

]

−
[

A1
2 cosh

(√
α · (x1 + q − x2)

)

+
(x1 + q − x2)2

4α
+

1

2α2
+ k1 + k2|q|

]

?

≤ 0

▲❡t y = x1 − x2 ❛♥❞ z = x1 + c− x2✳ ❚❤❡♥✱ ✐❢ |z| < |y| ✇❡ ❣❡t

A1
2

?

≤
k1 + k2|z − y|+ z2−y2

α2

cosh (ρ2y)− cosh (ρ2z)

❚❤✐s ✐s tr✉❡✱ s✐♥❝❡ A1
2 < A2

2 ❛♥❞ A2
2 ✐s t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡ r✐❣❤t ❡①♣r❡ss✐♦♥ ✭❛s ✐♥ t❤❡ ♦♥❡

❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✮✳

✸✺



◆♦✇ s✉♣♣♦s❡ |z| > |y|✳ ❚❤✐s ❝❛s❡ ✐s ♠♦r❡ tr✐❝❦② t♦ s❤♦✇ ❛♥❞ ✇❡ ❛❝t✉❛❧❧② ❤❛✈❡ ♥♦ ❛♥❛❧②t✐❝

♣r♦♦❢ ②❡t✱ ✇❤✐❝❤ ✇✐❧❧ ❤❛✈❡ t♦ ❜❡ ❞♦♥❡ ✐♥ ❛ ❢✉t✉r❡ ✇♦r❦✳ ❋♦r ♥♦✇✱ ✇❡ ✈❡r✐✜❡❞ t❤❛t t❤❡

✐♥❡q✉❛❧✐t② ❤♦❧❞s ♥✉♠❡r✐❝❛❧❧② ❛♥❞ ✇✐❧❧ ❛ss✉♠❡ ✐ts ❝♦rr❡❝t♥❡ss ❢r♦♠ ❤❡r❡ ♦♥✳

❋r♦♠ ❤❡r❡ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t w1 s❛t✐s✜❡s t❤❡ ❱❡r✐✜❝❛t✐♦♥ ❚❤❡♦r❡♠✱ s♦ ✇❡

❤❛✈❡ ❢♦✉♥❞ ❛ ♣♦ss✐❜❧❡ ◆❊ ❙♦❧✉t✐♦♥✳ ▲❡t

ν1∗ := ✧❩❡r♦✲❝♦♥tr♦❧✧ , ν2∗ := (τ 2∗k , Y 2∗
k ),

τ 2∗0 := inf
{

t > 0 : |X2
t −X1

t | > y2∗
}

τ 2∗k := inf
{

t > τ 2∗k−1 : |X2
t −X1

t | > y∗
}

∀k ∈ N>

Y 2∗
k := sgn

(

(X2 −X1)τ∗n−
)

· z∗ − (X2 −X1)τ∗n− ∀k ∈ N≥

✭✸✳✶✻✮

y∗

y∗
z∗
z∗

W

W A2

A2

x1

x2

❋✐❣✉r❡ ✼✿ P♦ss✐❜❧❡ ◆❊ ✐♠♣✉❧s❡ ❝♦♥tr♦❧ str❛t❡❣② ❢♦r ✷❉

❚❤❡♦r❡♠ ✸✳✺✳ ▲❡t ννν∗ = (ν1∗, ν2∗) ❞❡✜♥❡❞ ❛s ✐♥ ✭✸✳✶✻✮✱ t❤❡♥ ννν ✐s ❛ ◆❊ ✇✐t❤ ✈❛❧✉❡s w1 ❛♥❞

w2 ❞❡✜♥❡❞ ❛s ✐♥ ✭✸✳✶✸✮ ❛♥❞ ✭✸✳✶✺✮ r❡s♣❡❝t✐✈❡❧②✳
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x2

x1

E−
2E+

2

W W

w1(x1, x2)

w2(x1, x2)
α = 0.1
k1 = 10
k2 = 10

❋✐❣✉r❡ ✽✿ ❙❛♠♣❧❡ ♣❧♦t ♦❢ w1 ❛♥❞ w2 ✲ ◆❊ s♦❧✉t✐♦♥s

■♥ t❤❡ ❛❜♦✈❡ ✜❣✉r❡✱ ✇❡ ❝❛♥ s❡❡ ❛ s❛♠♣❧❡ ♣❧♦t ♦❢ w1 ❛♥❞ w2✳ ❚❤❡ ✜❣✉r❡ ✐♥ t❤❡ ♥❡①t ♣❛❣❡

s❤♦✇s ❛ ❝r♦ss✲s❡❝t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ ♣❧♦t ❢♦r (x1 = −x2) t❤❛t s❤♦✇s ✇❤❛t ✐♥✢✉❡♥❝❡ z2∗ ❛♥❞ y2∗

❤❛✈❡ ♦♥ t❤❡ ❢✉♥❝t✐♦♥s✳

❆s ✇❡ ❝❛♥ s❡❡ ✐♥ ❜♦t❤ ♣❧♦ts✱ w1 < w2 ❡✈❡r②✇❤❡r❡✳ ❚❤✐s ♠✐❣❤t s❡❡♠ ✉♥❡①♣❡❝t❡❞ ❛t ✜rst✱ ❜✉t

❞♦❡s ♠❛❦❡ s❡♥s❡✳ P❧❛②❡r ♦♥❡ ♥❡✈❡r ❤❛s t♦ ♣✉s❤✱ s♦ t❤❡ t♦t❛❧ ❝♦st s❤♦✉❧❞ ❜❡ ❧♦✇❡r t❤❛♥ ❢♦r

♣❧❛②❡r t✇♦ ❢♦r t❤❡ s❛♠❡ st❛rt ♣♦s✐t✐♦♥✳

✸✼



x

w1(x,−x)

w2(x,−x)

α = 0.1
k1 = 10
k2 = 10

y2∗
2

z2∗
2

− z2∗
2

−y2∗
2

❋✐❣✉r❡ ✾✿ ❈r♦ss s❡❝t✐♦♥ ♦❢ w1 ❛♥❞ w2 ✲ ◆❊ s♦❧✉t✐♦♥s

❇❡❝❛✉s❡ ♦❢ t❤❡ s②♠♠❡tr② ✐♥ t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ ✇❡ ❛❝t✉❛❧❧② ❤❛✈❡ ♠♦r❡ t❤❛♥ ♦♥❡

◆❊ s♦❧✉t✐♦♥✳ ❖♥❡ t❤❛t ✇❡ ❝❛♥ ✐♠♠❡❞✐❛t❡❧② ✜♥❞✱ ✐s ✐❢ ✇❡ ✢✐♣ t❤❡ r♦❧❡s ♦❢ ♣❧❛②❡r ♦♥❡ ❛♥❞

♣❧❛②❡r t✇♦✱ s♦ ♥♦✇ ♣❧❛②❡r ♦♥❡ ❛❧✇❛②s ♣✉s❤❡s ❛♥❞ ♣❧❛②❡r t✇♦ ❛❧✇❛②s ✐❞❧❡s✳ ❚❤✐s s♦❧✉t✐♦♥ ❛❧s♦

❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣❛rt✐t✐♦♥ Q1 = R
2, Q2 = ∅✳

✸✽



✸✳✹ ❖✉t❧♦♦❦

❆♥♦t❤❡r ♣❛rt✐t✐♦♥ t❤❛t ♠✐❣❤t ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❛♥❛❧②③❡ ✐♥ ❛ ❢✉t✉r❡ ✇♦r❦ ✐s

Q1 =

{

(x1, x2) ∈ R
2

∣

∣

∣

∣

x1 > x2

}

Q2 =

{

(x1, x2) ∈ R
2

∣

∣

∣

∣

x1 ≤ x2

}

x1

x2

Q2

Q1

❋✐❣✉r❡ ✶✵✿ P❛rt✐t✐♦♥ ♦❢ R2

❚❤✐s ♣❛rt✐t✐♦♥ ✇♦✉❧❞ r❡s✉❧t ✐♥ ❜♦t❤ ♣❧❛②❡r ♦♥❡ ❛♥❞ ♣❧❛②❡r t✇♦ ❞♦✐♥❣ ♣✉s❤❡s✱ ✇✐t❤ ♣❧❛②❡r

♦♥❡ t♦ t❤❡ r✐❣❤t ♦❢ x1 = x2 − y2∗ ❛♥❞ ♣❧❛②❡r ♦♥❡ t♦ t❤❡ ❧❡❢t ♦❢ x2 = x1 − y2∗✳ ❚❤✐s ❛❧s♦ ♠❡❛♥s

t❤❛t ✇❡ ✇♦✉❧❞ ❧♦♦s❡ t❤❡ ✐♥❤❡r❡♥t s②♠♠❡tr② t❤❡ ♣r♦❜❧❡♠ ❤❛❞ ✉♥t✐❧ ♥♦✇✱ ♠❡❛♥✐♥❣ t❤❡ ❝♦♥st❛♥t

Bi
2 ❛♥❞ C i

3 ✐♥ ✭✸✳✶✶✮ ✇♦✉❧❞ ♠♦st ❧✐❦❡❧② ♥♦t ❜❡ t❤❡ s❛♠❡ ❛♥②♠♦r❡✳ ❆ ♣♦ss✐❜❧❡ ❝r♦ss✲s❡❝t✐♦♥ ♦❢

t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ w1 ❛♥❞ w2 ❢✉♥❝t✐♦♥s ❝♦✉❧❞ ❧♦♦❦ ❛s ✐♥ ❋✐❣✉r❡ ✶✶✳
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w1(x,−x)w2(x,−x)

❋✐❣✉r❡ ✶✶✿ P♦ss✐❜❧❡ s❤❛♣❡ ♦❢ ❝r♦ss s❡❝t✐♦♥ ♦❢ w1 ❛♥❞ w2 ❢♦r ♥♦♥✲s②♠♠❡tr✐❝ str❛t❡❣②

❆❢t❡r ✜♥✐s❤✐♥❣ ✇✐t❤ t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ t❤❡ ♥❡①t st❡♣ ✐s ♦❢ ❝♦✉rs❡ t♦ ❣❡t ❛ ❣❡♥❡r❛❧

◆❊ s♦❧✉t✐♦♥ ❢♦r t❤❡ ◆✲♣❧❛②❡r ❝❛s❡✳ ❖♥❡ t❤✐♥❣ t❤❛t ❝♦✉❧❞ ❝❛✉s❡ ♣r♦❜❧❡♠s t❤❡r❡✱ ❝♦♠♣❛r❡❞ t♦

❜❡❢♦r❡ ✐s t❤❛t Ai ∩ Aj 6= ∅ ✐♥ ❣❡♥❡r❛❧✱ ♠❡❛♥✐♥❣ t❤❡ ❛❝t✐♦♥✲r❡❣✐♦♥s s❤❛r❡ ❜♦r❞❡rs✳ ▼❛t❝❤✐♥❣

t❤❡ ❞✐✛❡r❡♥t ❢✉♥❝t✐♦♥s ❛❧♦♥❣ t❤♦s❡ ❜♦r❞❡rs ❝♦✉❧❞ ♣r♦✈❡ ❞✐✣❝✉❧t✳ ❆♥♦t❤❡r t❤✐♥❣ t♦ ❝♦♥s✐❞❡r✱

✐s t❤❛t ♣✉s❤❡s ❢r♦♠ ♦♥❡ ♣❧❛②❡r ♠❛② ❝❛✉s❡ ❛♥♦t❤❡r ♣❧❛②❡r t♦ r❡❛❝t✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣

✺✲♣❧❛②❡r s✐t✉❛t✐♦♥✳ XXX0− = (−2
3
y5∗ − 0.1,−2

3
y5∗,

2
3
y5∗,

2
3
y5∗,

2
3
y5∗)✱ t❤❡♥ t❤❡ ❞✐st❛♥❝❡ ♦❢ ♣❧❛②❡r

♦♥❡ t♦ t❤❡ ♦t❤❡rs ✐s✿

d15(XXX0−) = −2

3
y5∗ − 0.1− −2

3
y5∗ +

2
3
y5∗ +

2
3
y5∗ +

2
3
y5∗

4
= −y5∗ − 0.1 < −y5∗.

❙♦ ♣❧❛②❡r ♦♥❡ ❤❛s ✐♥❝❡♥t✐✈❡ t♦ ❛❝t ❛♥❞ ♠❛❦❡s ❛ ♣✉s❤ t♦✇❛r❞ t❤❡ ❝❡♥t❡r✳ ❇✉t t❤✐s ❝❛✉s❡s

♣❧❛②❡r t✇♦ t♦ s❧✐♣ ♦✉t ♦❢ t❤❡ ✇❛✐t✐♥❣ r❡❣✐♦♥✱ r❡s✉❧t✐♥❣ ✐♥ ❛ ♣✉s❤ ❢r♦♠ ♣❧❛②❡r t✇♦✳ ❚❤✐s ❣♦❡s

❛❣❛✐♥st t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ❛❝t✐♦♥s ♦❢ ♦t❤❡r ♣❧❛②❡rs s❤♦✉❧❞ ♥♦t r❡s✉❧t ✐♥ ❛ ❞✐s❛❞✈❛♥t❛❣❡ ❛♥❞

❞❡✜♥✐t❡❧② ✇❛rr❛♥ts ❛ ❝❧♦s❡r ❧♦♦❦ ✐♥ ❛ ❢✉t✉r❡ ✇♦r❦✳
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✹ ❘❡❢❡r❡♥❝❡s

❬✶❪ ❑▲ ❍❡❧♠❡s✱ ❘❍ ❙t♦❝❦❜r✐❞❣❡ ❛♥❞ ❈ ❩❤✉✱ ■♠♣✉❧s❡ ❈♦♥tr♦❧ ♦❢ ❙t❛♥❞❛r❞ ❇r♦✇♥✐❛♥ ▼♦t✐♦♥✿

❉✐s❝♦✉♥t❡❞ ❈r✐t❡r✐♦♥✱ ❙②st❡♠ ▼♦❞❡❧✐♥❣ ❛♥❞ ❖♣t✐♠✐③❛t✐♦♥✱ ❈ Pöt③s❝❤❡✱ ❈ ❍❡✉❜❡r❣❡r✱ ❇

❑❛❧t❡♥❜❡r❣❡r ❛♥❞ ❋ ❘❡♥❞❧ ✭❡❞s✳✮✱ ✭✷✵✶✹✮✱ ✶✺✽✕✶✻✾✱ ❙♣r✐♥❣❡r✳

❬✷❪ ❳ ●✉♦ ❛♥❞ ❘ ❳✉✱ ❙t♦❝❤❛st✐❝ ❣❛♠❡s ❢♦r ❢✉❡❧ ❢♦❧❧♦✇❡r ♣r♦❜❧❡♠✿ ◆ ✈❡rs✉s ♠❡❛♥ ✜❡❧❞ ❣❛♠❡✱

❙■❆▼ ❏♦✉r♥❛❧♦♥ ❈♦♥tr♦❧ ❛♥❞ ❖♣t✐♠✐③❛t✐♦♥✱ ✭✷✵✶✾✮✱ ✺✼✭✶✮✿✻✺✾✕✻✾✷✳

✹✶



❆♣♣❡♥❞✐① P②t❤♦♥✲❈♦❞❡ ✶✲❉

✶ ✐♠♣♦rt ♥✉♠♣② ❛s ♥♣

✷ ✐♠♣♦rt s ❝ ✐♣② ✳ ♦♣t ✐♠✐③❡ ❛s ♦♣t

✸ ✐♠♣♦rt ♠❛t♣ ❧♦ t ❧ ✐ ❜ ✳ ♣②♣❧♦t ❛s ♣ ❧ t

✹

✺ ★ s❡ t ❛s ♥❡❡❞❡❞

✻ ❦✶ ❂ ✶✵ ★ ❃ ✵

✼ ❦✷ ❂ ✶✵ ★ ❃ ✵

✽ ❛❧♣❤❛ ❂ ✵ ✳✶ ★ ❃ ✵

✾

✶✵ r❤♦ ❂ ♥♣ ✳ sq r t ✭✷✯ ❛❧♣❤❛ ✮

✶✶
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