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ABSTRACT

ASYMPTOTIC ESTIMATES FOR SOME DISPERSIVE EQUATIONS
ON THE a-MODULATION SPACE.

by

Justin G. Trulen

The University of Wisconsin-Milwaukee, 2016
Under the Supervision of Dr. Lijing Sun

The a-modulation space, M7 (R"), is a function space developed by Grobner
in 1992. The a-modulation space is a generalization of the modulation space,
M, (R™), and Besov space, B, ,(R"). In this thesis we obtain asymptotic estimates
for the Cauchy Problem for dispersive equation, a generalized half Klein-Gordon,
and the Klein-Gordon equations. The wave equations will also be considered in
this thesis too. These estimates were found by using standard tools from harmonic
analysis. Then we use these estimates with a multiplication algebra property of
the a-modulation space to prove that there are unique solutions locally in time
for a nonlinear version of these partial differential equations in the function space

C([0,T], M7 (R™)). These results are obtained by using the fixed point theorem.
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Chapter 1

Background

1.1 Introduction

Nonlinear dispersive equations have been studied both in mathematics and physics
due to their importance in describing how waves of different wavelength propagate at
different velocities. The Schrodinger equation, Airy and Klein-Gordon equation are
classic examples of dispersive equations. We will also consider the wave equation
in this thesis too. An intuitive description of what dispersive equations describe
would be the following: as the main wave travels through a medium it will begin
to break into many smaller waves as time evolves. As time continues to evolve,
the waves of different wavelengths propagate at different velocities. A quantitative
understanding of this behavior gives one insight into the behavior of the solution.

Since very few partial differential equations (PDEs) can be solved explicitly other
methods need to be used to establish the existence of a solution. Thus additional
techniques are required to understand when a PDE has a solution and how such a
solution behaves. Some of these analytical techniques are: separation of variables,
method of characteristics, change of variables, the Lie group method, and numerical
methods. In this thesis we are going to focus on one analytical method that would
be classified as an integral transform. Our integral transform relies on using the
Fourier transform to turn the PDE into a differential equation that is easier to solve
explicitly. In this process Fourier multipliers are produced.

As mentioned above, Fourier multipliers arise naturally in the study of PDEs

1



and in the convergence of Fourier series. The fundamental problem in the study of
Fourier multipliers is to relate the boundness properties of the Fourier multiplier on
certain function spaces to properties of its symbol. In 1977 Strichartz [25] found
LP(R™) space decay estimates for the solutions to the Schrodinger equation and the
Klein-Gordon equation with certain conditions on the initial data. In 1995 both
Lindblad and Sogge [21], and Ginibre and Velo [13] found non-endpoint estimates
for the wave equation. Shortly after that in 1998 Keel and Tao [19] found endpoint
estimates for the Schrodinger and wave equation.

In general unimodular Fourier multipliers do not preserve any LP-norm except
for when p = 2. For this reason LP(R") spaces may not be an appropriate space
for this study. In 1983 Feichtinger [8] introduced a new function space called the
modulation space, denoted M, (R"). The modulation space is used to measure the
smoothness of a function or distribution in a different way than the LP(R") space,
and can be understood as a measure of the phase space concentration of a function.
This has made it possible for other Strichartz estimates to be found.

In 2007 Benyi and Grochenig [2] showed that the solutions to both the Schrédinger
equation and the Wave equation are in the non-weighted modulation space M[?’ ,(R")
provided their initial data is in M) (R"). Wang and Hudzik [27] studied the non-
linear Schrodinger equation and the nonlinear Klein-Gordon equation. Supposing
that the initial data is in the non-weighted modulation space, M}?’q (R™), using spec-
ified nonhomogenuous functions they were able to show that both the nonlinear
Schrodinger equation and the nonlinear Klein-Gordon equation have solutions in a
similar non-weighted modulation space. More general results were found by Chen,
Fan, and Sun [5] in 2012 and by Deng, Ding, and Sun [6] in 2013.

Grobner’s Ph.D thesis [15], written in 1992, introduced another function space
called the a-modulation space, denoted by M (R™). This function space was not
only a generalization for the modulation space M, (R"), but also served as an
intermediate space for both the modulation space M;q(R") and the Besov space,
B; (R™). The parameter a € [0, 1] serves as a tuner in the sense that as v approaches

0" the a-modulation space My (R") begins to “look” more like modulation space



M, (R™). As « approaches 17 the a-modulation space, M, *(R") begins to “look”
more like the Besov space B; (R"). Because of this fact, and the fact that Fourier
multipliers can preserve the M *-norm in more general cases this makes the a-
modulation space M+ (R") a more suitable function space to work on.

In the following sections we will present basic equations and definitions that will
be used throughout this dissertation. The goal is to provide a simple introduction
and reference that will serve as a basis for the remainder of the chapters. Other
important notations used throughout this dissertation are as follows: define Z, =
Z, U {0}, for a space X let X' denote the dual space of X, for p € R, denote the
conjugate of p as p’, that is

I
p D
with the modifications that if p = 0, then p’ = oo or if p = oo, then p’ = 0.
For all multi-indices o define |o'| = oy + -+ + oy, for all 2, € R" define 2§ =
&1+ -+ €, we write A < B if there is a positive constant C' such that A < CB,
and define (z) = (1 + |z|)2.

1.2 Fourier Transform

Let LP(R™) denote the usually L function space with the norm

ey = ( [ VfGoPae)”

where 0 < p < co. When p = oo we will make the usual modification of

11l = ess sup,epnlf ()]

Suppose o/ = (af, - ,al) and B = (By,---,3,), where o}, 8 € Z, for all 1 <

/ ’
Lo g% and

. .. . . ! o
¢ < n, are multi-indices. Also, suppose the conventions of 2% = o

7 fx) = 85;1 e afilf(x) The Schwartz Space, denoted by .7 (R"™), is the set of
all smooth functions f(x), meaning functions that are infinitely differentiable, that
satisfy the following

sup
z€eR™

:L‘O/aﬁ,f(x)‘ < Ca/ﬁ/ < 00,
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where C, 5 is a constant that depends on all multi-indices o’ and . The Schartz
space can be thought of as the set of all smooth functions that decay faster than the
reciprocal of any polynomial. With this view point it is clear that .(R") C LP(R")
for all 1 <p < o0.

For all f € (R") define the Fourier transform, denoted by f (&) = ZF (&), by

~

fle) = [ fapeisan, (1)

where ¢ € R" and x€ = z:£; + - - + 2,&,. Since .Z(R") € L'(R") equation (1.1)
makes sense for all f € (R"). Furthermore, the Fourier transform enjoys the

linear property
af +bg(¢) = af(&) +b(8),

where f,g € Z(R") and a,b € C, and enjoys the following other properties as well:

= f
2. () = e ¥ f(©),

3. (™ f(@))7(€) = ()9,

4. (8°)7 (&) =t (),

5. (07 F)7(€) = (i) f(6),

6. (0% 1)(€) = ((—iz)* f(2))~(€),
7. Frg(€) = f(©)a(©),

with a > 0, ¢t > 0, and 7Y(f)(z), 6°f(x), f(x) and f * g(z) are defined as

ko

1.

(f)(z) = flz —y), (1.2)
0 f(x) = flaz), (1.3)
flz) = f(=2), (1.4)
fxg(x) = - (z —y)g(y)dy (1.5)



See [14, 20] for details of the proofs of these properties.

To define the inverse of the Fourier transform, first note that if f € .#(R"),
then f € .7(R") [14]. Because of this fact, we are able to define the inverse of the
Fourier transform for all f € .#(R™). Define the inverse f(x) =.Z ' f(x) b

1

e . )
Gy L e (16)

T f(z) = fla) =
With this definition we have the following Fourier inversion property:
FHUF (D) (@) = F (FHNE) (2) = ().
We also have the important Plancherel’s Identity.

Theorem 1.2.1. (Plancherel’s Identity [14]) For all f € .(R") the following holds

1 e, = || £]] o = 117

[2(R") |L2(R" :

Note that Plancherel’s Identity is often associated with a conservation of energy
estimate.

We are able to define the Fourier transform on L'(R™). This follows immediately
because if f € L'(R) then

fey= | slayear

converges and makes sense. Decay and continuity of such Fourier transforms of

L'(R™) functions are characterized in the following theorem:

Theorem 1.2.2. (Riemann-Lebesque Lemma [16, 14, 20]) If f € L*(R™), then fis

uniformly continuous and

lim |£(¢)] =

§]—o00

This result can also be interpreted as a smoothing effect that the Fourier trans-
form has on L'-functions, which may not be continuous.
Note that we are not always able to define the inversion. To see this, consider

the following example:



Example 1.2.3. ([20]) Let n = 1 and set f(x) = x(a)(2) to be the characteristic
function on the interval (a,b). Clearly f € L'(R). Then it follows that

i) = / " fa)e e

= / e dy
a

o—ibE _ p—iag
i§
o—ilatb)é sin((b — a)§)
—E .

Here we see f ¢ L'(R).

Because of this, the Fourier inverse is defined only when it makes sense, that is,
the integral is convergent in the L'-sense; or when f € LY(R™).

We can also extend the definition of the Fourier transform to L*(R") by con-
sidering a dense subspace of L*(R"™). Such a space would be L'(R™) N L*(R").
Using Theorem 1.2.1, to define the Fourier transform of f € L*(R™) pick a sequence
fn € LY(R™) N L*(R") that converges to f in L*(R"). Since fy € L' N L?, then fy
will be defined for all N. Then it follows that the function f such that

fN—fH — 0as N — oo,
L2(R™)

can be taken as the Fourier transform of f. The existence of f € L*(R") is guar-
anteed since the Fourier Transform is an isometry on L*(R™) [14]. Note that the
definition of f is independent from the choice of fy. See [14, 20].

The final extension we will define is the Fourier transform for all LP(R™) where
1 < p < 2. This is simply done by decomposing an LP-function, f, into the sum of

an L'-function, f;, and an L>-function, f,. One such decomposition is set fi(z) =

F(@)X fzerrnp@)>13(2) and fo(x) = f()X{zerr:|f() <13 (7). Thus f is defined as
J(&) = F1(&) + ().

Note that the definition of f is independent of the choice of f; and f, [14]. Such an

extension leads to the following well-know theorem:
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Theorem 1.2.4. (Hausdorff-Young inequality [14, 20]) For 1 < p < 2 and every
function f € LP(R"™) we have the following estimate:

li

< .
oy < 1l

From the Hausdorff-Young inequality we get the following well known corollary:

Corollary 1.2.5. ([14, 20]) The following estimate holds
f < 1 ny -
HfHLOO(Rn) < 11 pr ey

This result gives one an upper bound for the supremum of f over £ € R", which

is the L'-norm of f.

1.3 Fourier Multipliers

Let €5°(R™) be the set of all functions that are smooth and have compact support.
We call 65°(R") the set of Test Functions. For all f € €5°(R"™) we define the Fourier
multiplier with symbol p, denoted H, f(z), by

oy [ A€ (1.7

First note that €2°(R") C .#(R"). From this, if f € €5°(R"), then H, f makes

sense. Second, the Fourier multiplier is a linear operator. As we will see later,

Huf(x) =

the Fourier multiplier arises naturally in the formal solution of PDEs with constant
coefficients. As mentioned earlier, a fundamental problem in the study of Fourier
multipliers is to relate the boundedness properties of H,, on certain function spaces
to properties of the symbol p. We will now cite a couple well-known theorems about
Fourier multipliers.

The next two theorems give sufficient conditions for the p € L>(R") and when
the operator H, is bounded. These results are known as the Hormander-Mihlin

Multiplier Theorem and Marcinkiewicz Multiplier Thoerem.
Theorem 1.3.1. (The Héormander-Mihlin Multiplier Theorem on R™ [14, 3]) Let

w(&) be a complex-valued bounded function on R"™/ {0} that satisfies either:
7



1. Mihlin’s condition
0%u(&)] < Al¢|7l,

for all multi-indices |a] < [g] +1, or,
2. Hormander’s condition

sup R_"+2°‘|/ 10°u(&) | de < A% < oo,
R>0 R<|¢|<2R

for all multi-indices |a] < [g] +1,

then for all 1 < p < co we have the following estimate

1 Hull oo < Comax (p, (p = 1)71) (A + [l o) -

For the next theorem let [; = (—2/%!, =2/ JU[-2/*!, =27) and R; = I}, x- - -x1;,
for all j = (j1,- -+ ,jn) € Z".

Theorem 1.3.2. (The Marcinkiewicz Multiplier Thoerem on R™ [1]]) Let p be a
bounded function on R"™ that is €", i.e. functions whose n™ derivative exists, in
all regions R;. Suppose there is a constant A such that for all k € {1,--- ,n}, all
Jiso gk € {1, n}, all -, € Z, and all € € I, for s € {1,--- ,n}/
{j1," -+, Jr} we have
| @, g <A<
b1 bk

then for 1 < p < oo there is a constant C,, < oo such that

_1\6n
NHoul e < O (A ||l o) max (p, (p — 1)7) ™

Both theorems are consequences of Littlewood-Paley theory and dyadic decom-
position, see [14, 24] for more details.

In this thesis we will be focused on a special type of Fourier multiplier. The
Unimodular Fourier multiplier is a Fourier multiplier whose symbol has the form
¢ where v is a real-valued function. It is important to note that unimodular
Fourier multipliers in general do not preserve the LP-norm, except when p = 2. In
the case when p = 2, one can simply apply Plancherel’s identity, Theorem 1.2.1. To

better understand this we first need a well known lemma.

8



Lemma 1.3.3. (/20]) Ift # 0 and p' € [1,2], then we have ¢*> : LP' (R™) — LP(R"),

A

where €'® is the Fourier Multiplier with the symbol el s continuous and the

following estimate holds
; _n(l_ 1
€% || pogany < el G5 111 gy
Now we can consider the following example:

Example 1.3.4. ([20]) Consider the Fourier multiplier e=*# with the symbol e/,
then the Fourier multiplier H, is not a bounded operator from LF(R") — LP(R")
for p # 2 and t # 0. If it was a bounded operator from L? — LP it would be
bounded for p’. So without loss of generality, suppose p > 2. Let ¢t # 0 and pick
f e LP(R") N LP(R") € L*(R™). Then it follows

1] Lo ny = HeimeiimeLp(Rn)
< co|le™ ] o am

< coc(t) HfHLP’(R”) )
which is a contradition.

Furthermore, using the same unimodular Fourier multiplier from Example 1.3.4

we have the next example.

Example 1.3.5. Suppose p > 2 and t # 0. Let g € L*(R") such that g ¢ LP(R").
Define f to be

@) = Hyglo) = o [ e aepeide

Note that f € LP(R"). Then the unimodular Fourier multiplier H,

o, With symbol



10(€) = el is not a bounded operator from L?(R™) — LP(R") since

Hoof(@) = Gz | e fte)eas
et ( T / e lg(e)e mﬁdﬁ)< Je'rtde
- & / M (71 (el (0) o)
= (2710” [ e lgegeia
- g L a0
= g(x)

and this is not in LP(R").

Because of these two examples, one sees that LP spaces may not be appropriate
function spaces to study Fourier multipliers and formal solutions to PDEs. Next we
will make the precise definition of what we mean by dispersive equations, and look

at some dispersive equations that we will be considering in this dissertation.

1.4 Dispersive Equations

Consider the general PDE of the form

F(axa at)u(ta 'T) = Oa

where F'is a polynomial in the partial derivatives. We seek to find a solution to this
PDE that takes the form of

u(t, z) = Aelkz=t0),

Note u(t,z) will be a solution if and only if F(ik,—i) = 0, which is called a
dispersive relation. In some cases we can write & = £(k). With this we can define

the group velocity, denoted by ¢,(k), as



If ¢, is not constant, i.e. ¢ (k) = £"(k) # 0, then the waves are called dispersive.

The physical meaning can be interpreted as time evolves waves of different wave-
lengths disperse in the medium at different velocities. That is a wave with one hump
will break into several smaller waves over time. Such equations have been studied in
both mathematics and physics because of this property. In this dissertation we will
consider both Cauchy problem for dispersive equation, a generalized Klein-Gordon,
wave, and the Klein-Gordon equation. First we must introduce the fractional Lapla-
cian.

Let A=A, = ail +---+ 3; the standard Laplacian. Let a, € R;. Now define
the fractional Laplacian with order o, of f, denoted by (=A)% f(z), by

Zo 1 oo £ i
()% fla) = o [ lele e (18)
(27T) R™

Such an operator is formally known as the Riesz potential, and has been studied
independently. The reader is directed to [23] for more details. With this definition

we can state the Cauchy problem for dispersive equation as

{ idwu(t, z) + |A|Fu(t,z) =0, for (t,z) € Ry x R", (1.9)

u(0,z) = up(x), for x € R™.

We can get a formal solution to this PDE by taking the Fourier transform to get

an equivalent system of

dva(t, §) = ilg|™a(t,§), for () € Ry x R,
a<07 g) = a0<€>7 for f € Rna

which is a first order differential equation. Such equation has a solution of the form
o = e g (8).

Now taking the Fourier inverse we have the formal solution to Cauchy problem for

dispersive equation (1.9)

u(t,z) =

it|g]ee o i€ g
e [ e (e
=H it|g|®o UO(I‘)

€

11



For the sake of convenience we will write the formal solution, H_i¢eo ug(x), in the

form
Hugeoun(z) = 17 o (). (1.10)

When o, = 1, 2, 3, the Cauchy problem for dispersive equation corresponds to the
(half-) wave equation, the Schrédinger equation, and (essentially) the Airy equation.
These cases will be of particular interest, and their solution’s asymptotic estimates
will be explored in more detail later in the dissertation.

To understand how the wave equation fits into the big picture, first we have

Owu(t,x) — Au(t,z) =0, for (t,x) € Ry x R",

u(0,x) = uy(x), for z € R", (1.11)
(0, x) = uy(x), for z € R",

and take the Fourier transform we get
attﬁ/(t? 5) + ’£|2ﬁ’(t7£) = O, fOI' (t7£) € ]RJr X an
@(0,€) = a1 (§), for £ € R",
atﬂ(07 5) - ﬁ'l (g)v for 5 € R™

Solving this second order ordinary differential equation we get a solution in the
form

u(t, &) = ¢y cos(t|€]) + cosin(t|€]).

Using the initial conditions we get

io(£) = c1 and @ (§) = c2[¢].

Thus we get a solution of

witn) — [ costilehin(©reied 4 1 [ SREHED G o e
(1) = o [ costiyiote) e+ o I )5 gy

= Heos(tleyuo(®) + H %ul(:c),

where we can take

N[

Juo(2) and Hugenu () = SEER2 o)

Hcos(t\ﬂ)u()(x) = COS(t(-A) H (—A)%

12



The a-modulation space estimate for cos(tA)ug(z) is equivalent to the a-Modulation

space estimate for e?l2! * 4(z). Furthermore, to see why a, = 1 corresponds to what

is called the (half-) wave equation we can rewrite Wave equation (1.11) as

(0 + 1l&]) (0 — tl])a(t, &) = 0,

and if we consider the second factor of this factorized form we have

(0 — il¢])a(t, €) = 0.
Now working backwards we have

iOpu(t, z) + |AZu(t, z) = 0. (1.12)

The other dispersive equation we will consider in this paper is a generalized
Klein-Gordon equation. To familiarize ourselves with this dispersive equation we
will first consider the Klein-Gordon equation of the form

Opu(t,x) + (I — A)u(t,z) =0, for (t,x) € Ry x R",

u(0,x) = up(x), for z € R",

Oyu(0, ) = uy(z), for z € R",
where Tu(t,z) = wu(t,x) is the identity operator. Again we can find the formal
solution of this equation by taking the Fourier transform and writing this equation

in the equivalent form

attﬂ(t7§> + (1 + |§|2)ﬂ<t, 5) = 07 for (ta 5) S R—i— X Rn7
a(0,8) = (), for £ € R,
8,(0,€) = 01 (8), for £ € R™.

The general solution has the form of

(t,€) = evcos (#(1+ [€)3) + eosin (#(1+[¢)?F)
and using the initial conditions to get the relationships

(&) =1 and 41(8) = o (14 |§|2)% ,
13



we obtain the particular solution
sin (#(1+ [¢)?)
1
(1+¢?)

i(t,€) = cos (#(1+ [¢[%)? ) (&) + i (6).

Again, taking the Fourier inverse we get

u(t,x) = /Rn cos <t(1 + ]5\2)%> Gio (&) e™dé+

1
(2m)"

EICET D WP
(2#)”/n 1+ €2)} Uy (€)™ de.

Again we will define these Fourier multipliers as the following operators

Hcos(t(1+|§\2)%)u0<x> = COS <t([ — A2)§> uO(ZE),
and
sin (4(1 — A%)7)
H 1\ g () = —uy ().
selnt) (1 - &%)}
(+16%)2

Now we can turn our attention to the generalized Klein-Gordon equation. First,
we define the Bessel Potential (I — A)* [23] by

AV () = 2)a0 f(£) i€
(1= 8y f@) = s | (e fede (1.13)

Then the Generalized Klein-Gordon equation of order o, by

Opu(t,x) + (I — A)*u(t,z) =0, for (t,z) € Ry x R",
u(0, z) = ug(x), for z € R, (1.14)
Owu(0,z) = uy(z), for x € R™.

Using the same techniques as before for with the Klein-Gordon equation we find

the formal solution

(271r)2 /R cos (t(l + \512)%) i1o(E) e e+

1 sin (H(1+[¢)%) i
B L e O

14

u(t,z) =




using the convention of

sin (¢(1 — A)%)
(I-A)%

cos (t([ — A)%> up(z), and uy (),

correspond to the appropriate Fourier Multipliers.
Furthermore, like the treatment of the wave equation, items (1.11)

through (1.12) we get a generalized half Klein-Gordon equation of the form
idpu(t,z) + (I — A)Fu(t,z) = 0. (1.15)

Again, with the same calculations we arrive at a solution of

[ e e e

Lit(1+1g2) uo(z).

u(t,z) = Gn)

Furthermore, we will use the following convention of

. Qo
eiz(1+|5\2)a70u0<x) = A uo().

We will now close this section by providing in detail some known results of
dispersive equations. The first two results are the original Strichartz estimates that
can be found in [25]. These are non-endpoint estimates and the first of the two deals

with the Schrodinger equation.

Theorem 1.4.1. ([25]) Let u(x,t) be a solution of the inhomogeneous free

Schrodinger equation

{ iowu(t, ) + ANAu(t,z) = g(t,x), for (t,z) € R x R",

u(0,z) = up(x), for z € R",
2 2
where \ be a nonzero constant, ug € L*(R™), and g € LP(R™") for p = %,
n
2 2
then u € LYR"™) for q = HAnt+2) and
n

||uHL(I(R"+1) j ||f||L2(R") + HgHL‘I(R”+1) .

15



The second result deals with the Klein-Gordon equation.

Theorem 1.4.2. ([25]) Let u(t,x) be a solution to the Klein-Gordon, where m > 0

—Opu(t, z) + Au(t,z) — m*u(t,z) = g(t,x), for (t,r) € R x R",
u(0,x) = ug(x), for x € R",
Owu(0, ) = uy (z), for x € R",

where B2ug € L*(R™), B 2u, € L*(R™), where B = (m* — A)%, and g € LY(R™1),
then u € LYR"™™) and

1 _1
all gy = || Bouol| o+ (1B 5|, ol

with the following restrictions on p and q

2(::—31) <p< 2(n+2)’ 2(n+2) <q< 2(n+1)

n+4 n n—1
6
z'fn221<p§g, 6 <q<oo.

ifn=1

Y

After Strichartz results, the non-endpoint estimates for the wave equation were
found by both Lindblad and Sogge [21], and Ginibre and Velo [13].

The last result is one found by Tao and Keel [19]. This finds the endpoint
estimates for both the Schrodinger and wave equation. Though the theorem is stated
in the context of Hilbert spaces, it is easily applied to these differential equations.

First, we need to start with a definition.

Definition 1.4.3. A pair (q,r) that satisfies ¢, > 2, (¢,7,0) # (2,00, 1), and

+

=19

g
§§7

|

is called o-admissible. A pair (q,r) that satisfies ¢, > 2, (¢,7,0) # (2,00, 1), and

1+O'_O'
g r 2’

is called sharp o-admissible.

Now we can state Tao and Keel [19] result.

16



Theorem 1.4.4. ([19]) Suppose t € R, and let U(t) : H — L3(X), where (X, dz)
1s a measure space, be an operator defined on a Hilbert space H. If U obeys the

following estimates:

U@ fll 2y 2 Ml for all f € H, and (1.16)
U () U @) gl Loy 21t =517 Mgl Ly ) » (1.17)

for some o > 0,t # s, and all g € LL(X), then for all sharp o-admissible exponent
pairs (q,r) and (G,7) U obeys the following estimates

WO pary = e

Jwerra

Furthermore, for allt and s, and g € L.(X), if the equation (1.17) in the hypothesis

= ||F||
H

/ ) F(s)ds

!
a rrl
Ly LY,

= || F]]
LiLy

a!
q -
Ly Ly

can be strengthen to

NU)U ()9l oy = (L8 =) M9l 1y gy »

then the conclusion can be extend to all o-admissible exponent pairs (q,r) and (G, 7).

1.5 Thesis Outline

The remainder of this thesis is organized as follows: in Chapter 2 we introduce
the Besov, Modulation, and a-Modulation spaces. We will discuss the construction
of these function spaces, behavior of these function spaces and various embedding
properties of these function spaces. We also discuss some recent developments of
asymptotic estimates of Fourier Multipliers on these function spaces.

In Chapter 3 we state our main results dealing with asymptotic estimates of
several Fourier Multipliers on the a-Modulation space. We will discuss the existing

theory in harmonic analysis needed for this dissertation as well as develop some basic

17



estimates. We present the proofs to these main results followed by asymptotic esti-
mates for homogeneous solutions of several well known PDEs on the a-Modulation
space.

In Chapter 4 we conclude with presenting several results detailing when a unique
local solution exists for some nonlinear PDEs. These results are obtained by using

the results from Chapter 3 and using a fixed point theorem.
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Chapter 2

Function Spaces

In this chapter we will look at the construction of three well know function spaces:
Besov, modulation, and a-modulation. Then we will discuss some properties, em-
bedding and multiplier theorems. First we will give the definition of some basic
function spaces that will be used throughout this chapter.

Let €' (R™) be the set of all complexed-valued, bounded, and uniformly continu-
ous functions on R". Now define €™ (R") to be the set of all functions, f, such that
0°f € €(R") for all multi-indices o/, where |o/| < m. See [26] for a full treatment
of these function spaces.

For k > 0 an integer, define the Sobolev space, denoted WP*(R™), be the set of
all locally integrable functions f on R” such that 8 f exists in the weak sense and
belongs to LP(R") for all multi-indices |o'| < k. See [26, 7, 1] for more information

about this classic space.

2.1 Besov Spaces

First introduced in 1959 by Besov [4] the Besov space is a function space that
measures functions in a different way than the L? function spaces. The Besov space
breaks the spatial domain into different regions using the dyadic decomposition,
that is, on regions localized in {¢ : |¢| ~ 27}. The construction of the Besov space
relies on the Littlewood-Paley decomposition operators, /\j.

Let {¢;}72, be a sequence of functions in .#(R") and o' = (a1, , ;) with
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a; € Z, for all 1 <i < n, be a multi-index such that the following is satisfied:

( supp ¢y C {¢: €] < 2}, .
supp ¢; C {€: 271 < [¢[ <2771}, for j e {1,2,-- -},
211 DY 6,(&)| < Car, where ¢, > 0 is a constant, (2.1)

Z¢j(§) =1

Denote the set of all functions that satisfy condition (2.1) as Xp. First note Xp

\

is not empty. A standard construction of such a function follows by letting p be
a smooth radial bump function supported in the ball centered at the origin with
radius 2 such that p(§) = 1if [] < 1 and p(§) = 0 if |{] > 2. Now define ¢ to be

o(&) = p(&) — p(29).
Define the sequence of functions {¢; (5)}2‘;0 by
0;(&) = 6(277¢), if j €N,
$o(§) =1-— il@(g). (2.2)
j=

The sequence of functions defined in (2.2) satisfies the properties in (2.1). For any

o0

=0 € Xs, define the Littlewood-Paley decomposition

sequence of functions {¢,}
operators, Aj, by

Nj=F1¢;F forall j e NU{0}.

The Besov norm, denoted by ||f]

B (") is defined by

q

I

Bs ,(R™) - <Z 28jq ||Ajf||(]{p(]]§n)>
7=0

Then the Besov space, denoted by B, (R"), is a set of functions f € /(R") where
[1£]

constructions of the Besov space.

Bs &) < 00 The reader is directed to [26, 12, 18] for this and other similar

The Besov space enjoys many properties some of which we will list below. The
reader is directed to [26] for a more exhaustive discussion. First we can make a

statement as to how Cauchy sequences behave in B, (R").
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Proposition 2.1.1. (/26]) If 0 < p,q < o0 and s € R, then B, (R") is a quasi-
Banach space. If 1 <p,q < oo and s € R, then B, (R") is a Banach space.

The construction of the Besov space is independent of the choice of {qu};io

This is formalized in the next proposition.

Proposition 2.1.2. (/26]) If {¢;}2 . {¢;};2, € X5(R"), then they genarate equiv-

alent quasi-norms on By (R").

The Besov space enjoys several embedding properties with some of the other

function spaces discussed already.
Proposition 2.1.3. (/26]) The followings embeddings are valid:
1. SR")C B, R") C L (R") for 0 <p,q < o0,5€R.
2. S (R") is dense in B, (R").
3. By (R") C LP(R") for 1 <p < 00,0 <q<00,5>0.
4. B)1(R") C LP(R") C B) (R") for 1 < p < oo.
5. BY1(R") C €(R") C BY, .(R").
6. BL (R") C€™(R") C By, (R") for1<p<oo,m=1,2,---.
7. By, C By for0<p<oo,0<q <q <o0,5€R.

p;q0

8. B’

p,min(p,q) C B;,max(p,q)for 0< b, q < 00, 8 € R.

9. B3 (R") C WPHR™) C B, (R") for L<p<oo,m=12,---.

Note that ./(R") is not dense in BS (R") or in B, (R"). Next we can say
something about the diversity of B; (R").

Proposition 2.1.4. (/26]) For 0 < po, p1,q0, 1 < 00 and sg, s1 € R, then

B3t (RY) = B3, (R),

Ppo,q0 p1,91

if and only if s = s1, po = p1, and qo = q;.
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This is to say that two Besov spaces coincide if and only if all of the parameters
agree.
The next few propositions describe other types of properties. To start, there are

certain conditions that will make the Besov space a multiplication algebra.

Proposition 2.1.5. ([18]) For functions f,g € B, ,(R") and s > E, we have
’ p

£l B3 ,(R") = f] B3 ,(R™) 1 B3 ,(Rn) *

For a function f € B, (R"), there is a well known scaling property. Recall the
definition of 0 from Chapter 1 Section 1.2 equation (1.3).

Proposition 2.1.6. ([18]) The following estimate is valid

[16%/]

ey SATE M (2N} 111y -

The dual space of B, (R") is well understood. It is formalized as:

Proposition 2.1.7. ([26, 27]) For 0 < p,q < oo and s € R, the dual space of
B, (R™), denoted (B, (R"))', is given by

s n 78+n<ﬁ71)
(B,,[R") =B v

P
B, (R™) has a few isomorphic properties. The next proposition deals with the
Bessel Potential (I — A)? which was defined in Chapter 1 Section 1.4 equation
(1.13).
Proposition 2.1.8. (/26]) I, : B, (R") — B, 7(R") is an isomorphism for s,o €
R and 0 < p,q < 0.

Recall the definition of 7 in Chapter 1 Section 1.2, equation (1.2). Note that

ﬁ_1¢j97yf($) ﬁ_laﬁje_iy&ﬁf
Tyyil(bjyf(ﬂf)

F 9, F f(x—vy).

Thus A; commutes with translation. Then we have the following proposition:
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Proposition 2.1.9. (/26]) 7 : B, (R") — B; (R") is an isomorphism for s € R"
and 0 < p,q < 0.

The next proposition describes a multiplier theorem that is associated with
B, (R™). Define the norm [|-|[ 5 [26] by

\‘1/| o
lully = sup sup(1+[¢[*) = [D* u()],
lo/|<N E€R?

where o' is a multi-index and N is a positive integer.

Proposition 2.1.10. (/26]) Let 0 < p,q < 00 and s € R. If p € €(R"), f €
By (R™), and if N is sufficiently large, then there exists a constant ¢ > 0 such that

1H, Nl gy < el 1]

st,,q(]R") :

Here we see that the Besov norm is preserved.
B, (R") enjoys a couple of real and complex interpolation properties. Let 7 be
a linear complex Hausdorff space. Ag, A1 be quasi-Banach spaces such that Aq C 77

and Ay C 5 where “C” means linear and continuous embedding. Define k(t, a) as

(t,a) = ot (llaoll, + tllarlLy,)-

a1€A1

This is known as the k-functional [3, 26]. Ay + A; is the set defined as
Ao+ Ay ={a € o :a=ap+ a; where ag € Ay and a; € A} .
Define the real interpolation space, (Ao, A1)e.q, by
(Ao, A1)y = {a €Ay + A ||a||(AO7A1)@,q < oo} :

where [|a|[ 4, 4,), , 15 defined as

©,q
o dt\ @
lallga 4. = (/ (t Gk(t,a))q?> |
0

and with the usual modification made when ¢ = oo. For this construction and a
more in-depth treatment of real interpolation see [3]. With the above setup we state

the following proposition.
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Proposition 2.1.11. (/26]) For 0 < © <1, 0 < ¢,q0, 1 < 00, 80,81 € R where
So # 81 and s = (1 — O)sg + Osy, then for 0 < p < oo
(Brao (R, Byl (R™)) o, = By o(R).
Furthermore, if sg,s1 € R with s = (1 —0)sg+ Os; and 0 < pg, p1 < o0 with
1 @ )
p_’

2_9 Do
then
(BZS 2o (R"), Byl (Rn))@,p = B, ,(R").
For complex interpolation, let A = {z € C:0 < Re(z) < 1} and the closure of
A, denoted by A, to be A= {z € R:0 < Re(z) < 1}. We say f is ./(R")-analytic

function in A if it satisfies the following three conditions:
e for fixed 2z € A, f(z) € &' (R"),

F L ¢F f(x, 2) is a uniformly continuous and bounded function in R™ x A for

all ¢ € Z(R") with compact support in R",

F19.F f(x,2) is an analytic function in A for all ¢ € .(R™) with compact
support in R" and every fixed x € R".

For f(z), an .'(R")-analytic function in A, define F (B (R"), B3 (R"))

Po,Po P1,p1
where sg,s1 € R and 0 < pg, p1, g0, 1 < 00 to be

F(Be (R"),Bst (R™)={f: f(it) € By (R"), f(1+it) € € By, (R") for

Po,Po p1,p1 Ppo,Po

all t € R ||f||F ggpo(R )Bm Pl(Rn)) < OO},

and where |[f|[ 5 (B2 o (RP), 31, (R7)) 15 defined as

51 .
Bpg.po By, p, (R™)

1 W38 0y .51y, ey = X SUD [+ 28)]

Note F(B (R"),B:' (R")) is a quasi-Banach space. For 0 < © < 1 define

Po,pPo p1,p1
(B;E)) y2) (Rn) B;} P1 (Rn»@ by
(Bpo o R"), Byl (R™))e
= {9 there exists f € F(Byy,, (R"). By, (R") with g = f(6)}
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Define the norm, ||-||(B;8 oo (E7),B51, (Bn))» 01 this space by

19l 38,4 (). 551, R = feF(ng,pO(g;f),B;im(Rn)) I 1lp(s3g 0 ) B3y oy - (23)

See [3] for more details of complex interpolation. With this setup we have the

following proposition.

Proposition 2.1.12. (/26]) Let so,s1 € R and 0 < po, p1,q0, 1 < 00. If s,p, and q

satisfy
1-0

Po

1-6 ©6
+_7
qo q1

1 e 1
S:(l—@)80+681,—: _{__,_

p b q
then (B2, (R"), B3, (R)o = B, (R™).

Po,Po P1,P1

A recent result for unimodular Fourier multipliers was developed by G. Zhao, J.
Chen, D. Fan, and W. Guo in 2015 [28]. Their result can be summed up as follows

Theorem 2.1.13. (/28]) Let > 0, and p be a real-valued C*(R™\ {0}) function
which is homogeneous of degree (3. Suppose that the Hessian matriz of p is non-
degenerate at R™\ {0}. Let 0 < p;,q; < o0, s; € R for i = 1,2. Then the Fourier
multiplier ) is bounded from B (R"™) to B2 (R") if and only if

P1,91 P2,92

(1 1 1

— < -<—,

P2 27 m

n n+0ﬁ ) {1 11 1} (2.4)

Sg— — = §] — — nmin{ — — =, = — — p | _
? D2 ! D1 P 22 po

1 1

- = 9) <0,
\ <q2 q2>X{0,1}()_

holds for some 6 € [0,1]. Moreover, we have the following asymptotic estimates for

the operator norm

1_1 1 1
(B(OA, (1 - 9)14))‘}2 i, when — > —,

‘ |eZ,LL(D)| ER s9 ~ q2 Q1
By ,q; (R™)—= B3 4o (R™) 17 when l < l

a2 q1

, 0 € [0,1] respectively if condition (2.4) holds, where A =

1 1
nming — — -, - — — ¢ 7 and B(p, q) is the beta function defined as
pr 22 po) - ——

q2 q1

—_

1
B(p,q):/ "1 — ).
0
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1 1 1 1 1
Precisely, for fived — < 3 < — and — > —, we have the following blow-up rates

b2 y4! q2 q

o)

1

Bp}ay (R") B3 (1-— Q)ﬁia, as @ — 1",

p2,92

11
Qa2 ash — 07,
(R™)

2.2 Modulation Spaces

The next function space we will construct will be the modulation space. This func-
tion space was first introduced by Feichtinger in 1983 [8]. There are two com-
mon constructions of the modulation space: a continuous, and a discrete construc-
tion. The continuous definition of the modulation space makes use of the short-time
Fourier transform of a function f with respect to g € .(R"), denoted by V, f(z, §),

which is defined as

V,f(2,€) = / ot — 2 f(t)e " dt,

n

for x,& € R". Here we say ¢ is a window function. For 0 < p,q < oo we define the

norm HfHM;q(R") by

11ty oy = ( [ ([ mswera) o+ |§|2>zng) ,

with the usual modifications if p or ¢ are infinite. Then the modulation space,
denoted by M, (R") is defined as the set of all functions f € .'(R") where
| f]] iy () < 00- The reader is directed to 8,9, 16] for more details about this and
similar continuous construction of the modulation space.

To define the modulation space in a discrete way let Q) be the unit closed cube
with center k, ¢ < 1, C > 1, and {04}z, € C2° be a sequence of functions such

that
lok(&)] > ¢, for all £ € Q,
suppoy, C{£: € —k| < C},

Z o(§) =1, for all £ € R", (2.5)
keZn
0% or(€)] < 1.
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Denote the set of all sequences of functions that satisfy conditions (2.5) by X,/ (R").
Note that X,,(R™) is not empty. To see this let p € #(R") where p : R" — [0, 1]
be a smooth radial bump function with support on the ball B(0,+/n) and p(¢) =1
if €] < g Define p; by

pr(§) = p(§ — k),
for k € Z". Now define o by

(€)= pr(6) (Z m(&)) :

jezr
Thus, the sequence of functions {0}, ;. defined above satisfy condition (2.5).

For any sequence of functions {0y}, ;. in X3(R") and fixed k& € Z" define the
smooth projection of f onto {£ : |§ — k| < C'}, denoted by O, f, as

For 0 < p, ¢ < oo define the norm ||f]],,. (R") by
p,q

||f||M§,q(Rn) = (Z (k)™ ||Dkf||;1;) :

keZn
Now we can define the modulation space, M, (R"), for all f € &'(R") where
HfHngq(Rn) < o0o. Note that M (R") is a quasi-Banach space and when 1 < p,q <
oo, then My (R™) is a Banach space [8, 27]. Furthermore, we have the exact nature
of the modulation space M (R") when we pick different ¢ € X, and a relationship

between the discrete and continuous definitions.

Proposition 2.2.1. (/8)) If {0k} com {9k} pezn € Xu(R™), they generate the same
quasi-Banach space M, (R").

Proposition 2.2.2. ([8]) For 0 < p,q < o0, s € R, then ||-|| - (R") and ||-|| 1z ®R™)
p,q p,q

are equivalent norms on the modulation space M, (R").

We will see later that M7 (R") = M37(R") and other properties of the modu-

lation space M, (R") will be an immediate consequence of the properties for the
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a-modulation space M *(R"). Thus, we will forgo all other properties of the mod-
ulation space M, (R"). Instead we will cover more recent results of the modulation
space M, (R"), as it relates to the study of PDEs and Fourier multipliers. For
convenience let M) (R") = M, 4(R").

Bényi, Grochenig, Okoudjou, and Roders [2] showed the following multiplier

theorem:

Theorem 2.2.3. (/2]) If a, € [0,2], then the Fourier multiplier with symbol 5"
is bounded from M, ,(R") into M, ,(R"™) for all 1 < p,q < oo and for any dimension
n > 1.

As of consequence of Theorem 2.2.3 A. Bényi, K. Grochenig, K. Okoudjou, and
L. Roders were able to establish the following Fourier Multiplier Theorem:

Corollary 2.2.4. (/2]) Let u(t, x) be the solution of the Cauchy problem of dispersive
equation (1.9) that takes the form of equation (1.10). For a, = 2, t > 0, and any

dimension, then

itA

HuHMp,q(R”) - H@ U()’ }Mp,q(R") = (1 T t)5 HuOHMp,q(R") )

Wang and Hudzik [27] used an almost orthogonality argument and simple cal-

culations to show the following multiplier theorem:

Theorem 2.2.5. (/27]) Let s € R, 2 < p < 00, and 0 < ¢ < oo, then

A _n(l_1
12 gy oy = A+ O E D 1y oy

Chen, Fan, and Sun [5] also use an almost orthogonality argument and techniques

for oscillating integrals to show:

Theorem 2.2.6. (/5]) Ifa,=1,t>1,s€R, and 1 < p,q < oo, then

1_1
< "5 )1 11y oy

it|A| S
GitlAl f‘

M 4 (R™)
and:
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1
Theorem 2.2.7. ([5]) Ift >1,s€eR, 1 <p,q< o0, and a, > 5 but o, # 1, then

1

Qo
it|A] 2 n|i-1
‘ fHM;,q(Rn) =M llagg ey + 1+ 1 aggiteo) ey

where

V(o) = (ap —2)n

1 1
2 pl

2.3 «a-Modulation Spaces

The final function space we will look at is the a-modulation space M,'(R"). Much
like the modulation space M, (R"), there are two ways of constructing it. One way
is the continuous definition using an admissible covering, and the other way is the
discrete construction.

Let # denote the cardinality of a finite set. Suppose .# is a set of countable
intervals I C R" denoted by .# is called admissible covering of R" if the following
is satisfied:

LR =J1,

les

2. #{l € I :x €1} <myforall z € R" and where my is some positive integer.

Also, if there exists a constant 0 < o < 1 such that (1 + [¢])* = |[I| < (1 + [€])*
for all I € 7, and for all £ € R", then .7, is called a-covering. For the sake of
convenience, we can let my = 2. See [10] for a more detailed treatment of admissible
coverings.

Without loss of generality, we can construct a bounded admissible partition of

the unity, {7} e, € L (R"), that is associated with an admissible a-covering. Let
/1711 (mn) be defined by

Hf“,ﬁ‘"Ll(R") = H‘gil(f)(g)HLl(Rn) )
then {¢7},c , € F(R") satisfies the following:

L sup |97 701 (mny < 00,
1e.s,
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2. suppyf C I forall I € .7,

Finally, define the segmentation operator, denoted by £}, by
P (f) = F i F(f),

for all I € .Z, and for all f € ' (R").

Let 1 < p,g < oo, s €R,and 0 < a < 1. Suppose .#, is an admissible a-
covering of R" and {¢7'},. , is the associated bounded admissible partition of the
unity. Define the a-modulation space, denoted by M, -*(R"), on the set of tempered
distributions f € /(R") that satisfies:

q

1 gy @ = (Z 127 (P ey (1 + \wf\)sq> < 00,
1es,
where wy € [ for all I € .Z,, and making the usual modification when p and ¢ are
infinite.

First note that the definition of the a-modulation space does not depend on the
choice of {wr},. . See [15, 11] for more details of this construction.

For the discrete construction, let ¢ < 1 and C' > 1 be two positive numbers which
relate to the space dimension n, and 0 < o < 1. Suppose {7} },.c;» be a sequence of

Schwartz functions that satisfies the following:

()] = 1, 3 J¢ = ()77 k| < e ()7
swpi € {€ €R" & — (k)77 k| < C ()T |
Z ne(§) =1, for all £ € R",

kezm
als]

[ (kY=o |[D°np(€)] 2 1, for all £ € R™ and all multi-index 4.

Denote the set of sequences of functions that satisfies (2.6) by X4. Note that

X 4 is not empty. To see this, let p be a smooth radial bump function supported on
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the open ball of radius 2 centered at the origin that satisfies p(§) = 1 when |¢| < 1
and p(§) = 0 when || > 2. For any k € Z" define p{ by
£~ (b kr)

pr(&) =p ( e

Now define 7; by

e (&) = p(&) (Z p?(&)) :

lezn
Thus this 7y satisfies condition (2.6).
For {ny}i—, € Xa define O} by

O0¢ =7 't 7. (2.7)

For 0 <p,q < o0, s €R, and a € [0,1) define the norm [|-[|y/s.0gn) by

||f||M;;:;(Rn) - (Z (k)i ||Dgf”qu(Rn)> : (2.8)

kezZm

We now define the a-modulation space M7 (R") as the set of all f € ., such
that [|f[|y0 @y < 00. When o = 1 it will be understood that we are using the
continuous definition of M (R").

We will now cover some properties of the a-modulation space M *(R"), and by
doing so, add to our understanding of the modulation Space M, (R") as well. The

next few theorems are similar to the theorems we had for the Besov Space B; (R").

Proposition 2.3.1. ([15]) For 0 <p,q < o0, s € R and o € [0,1), then [|-[|yz.0 @n)

and ||| se@ny are equivalent norms on the modulation space My (R™).

Proposition 2.3.2. ([18]) Let {n;},cpn and {7} }czn be in X4, then they generate

equivalent quasi-norms on My (R").

Proposition 2.3.3. ([18/) For 0 < p,q < o0, s € R, and a € [0, 1], then M, (R")
is a quasi-norm. If 1 < p,q < oo, then M *(R") is a Banach space.
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Proposition 2.3.4. ([18]) The following embedding is true
S (R") C Mye(R") € ' (R").
If 0 < p,q < oo, then S (R") is dense in M+ (R").

There are conditions which we have for an embedding from M;!" (R") into

M2 (R™). These results are summed up as follows:

Proposition 2.3.5. ([18]) Let 0 < p; < py < 00 and 0 < q1,q2 < 00. If ¢1 < ¢

1 1
and s; > 89 + no (— — —), then
P D2

MSl,CM (RTL) C MSQ,CM (RTL)

p1,91 p2,92

1 1 1 1
If g1 > q2 and s1 > sy + na (———) +n(l —a) (———), then

P11 D2 q2 q1
M;llg“l (R") C M;;;; (R”)

With this proposition we can say something about the modulation space
M (R™), which takes the form of the following corollary, shown by Wang and
Hudzik [27].

Corollary 2.3.6. ([27]) If s1 > s2, 0 < p1 < py < 00, and 0 < ¢ < ¢ < 00, then

Msr (R™) € M2

P1,q1 Pp2,q2

(R™).

1 1
Furthermore, if ¢ > qo and with s; — ss > n (— — —> , then
a2 G

M (R™) € M2 (R™).

p,q1 p,q2

There are also conditions that guarantee an embedding from M. (R") into
M;2**(R™) and dilation property. To be able to state these results first we need
to decompose R? into suitable regions. These decompositions can be found in [18].

Let 0 < p,q < oo and (aq,az) € [0,1] x [0,1]. Now define R(p, ¢; a1, az) as:

R(p, q: on, o) = max {0, n(a — ) (1 _ %) n(on — as) (]13 e 1) } (2.9)

q p
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Now we decompose Ri into three regions in two different ways. These decomposi-

tions will help us understand and simplify R(p, ¢; a1, az). The first decomposition
is defined as Ri = 51 U Sy U S3 where S7, Sy, and S; are defined as

\

( 1 1)
S1 = - - ) eRrR%:
' {<pq *

1
q

11 1
s={(51)ext i
P q p

| S5 =R2/{S,US,}.

Y

+

11
p'p
1
- >
q

1}
<_7
-2

1

1

1>
7p 2

b

See Figure 2.1 for how Ri is decomposed in this case. The second decomposition is
defined as ]R%r =T UT5 UT5 where 11,15, and T3 are defined as:

( 11)
Ty=1<(-,-)€eRy:
' {<pq *
11
7§:{<ﬂ—>€R1:
P q

| 75 =R%/{S1US:}.

- 1
2 9

See Figure 2.2 for how Ri is decomposed in this case.

1
2 Y

With the above decomposition for Ri we have the following for R(p, q; a1, as).

For oy > a», we have

R(p,q;0n,a9) =

If a1 < an, then we have

R(p, q¢; a1, ) = <

\

n(ay — as)
n(a; — ag)
0,
n(ag — ag)
n(ag — ag)
0,

1 w
qg p)’
1 1
R |
p

q

)

when

when

when

when

when

when

11
—,— ] €51,
11
R ESQ?
¥
-, — | € 85s.
P q
11
N ETla
11
— GTQa
11
-, — | €1;s.
P q

With this understanding of R(p,q; o, a2) we can state under what condition
MLt (R™) is embedded into M$2°2(R™).
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(0,0) (1,0)

=

Figure 2.1: Distribution of s, when A > 1.
Proposition 2.3.7. ([18]) For (a1, as) € [0,1) x [0,1), then
MR € M R,
if and only if s1 > sy + R(p, ¢; a1, az).

Now define s, and s, as

. _ R(p,¢;1,a), A>1,
‘| R(p,gsa, 1), X<,

3p=n<m—1>.

Proposition 2.3.8. (/18]) Let 0 < a <1, A >0, and s + s. # 0, then

and

||5>\f| ‘MS;;"(R") <A (max {max {1, A}, A }) ||f||M;;3(Rn) )
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|

(1,0)

(0,0)

Figure 2.2: Distribution of s, when A <1

for all f € M@ (R™). Conversely, if
> _n
1% gy = A7 EOI S g ey

holds for some F : (0,00) — (0,00) and f € M (R"), then
F(X) = max {max {1, A}, A"},
Furthermore letting s = —s,., then it follows that

H(S)‘f‘ |M5,3(Rn) = )\_%F(A) ||f||M;;;"(Rn) )

where F' is the following:
(ln()\))max{o’ a5 when A > Lp>1,

FO) =14 aGY) (In(\))7, when A > 1,p <1,
(1n()\))max{0’%_%’1_%_% . when X < 1.

1_1
q p’
1
q



The next theorem gives us an understanding of the dual space of the

a-modulation space M *(R").

Proposition 2.3.9. ([18]) For 0 < p,q < o0, s € R, and a € [0, 1], then:

(M) = M D e,

max(1,p)’,max(1,q)’

With this proposition, a similar statement can be made about the dual space of
the modulation space M (R™), which can be found in Wang and Hudzik [27] and
Han and Wang [18].

Proposition 2.3.10. (/27, 18] For s € R and 0 < p,q < oo, we have

(M, (R)) = My (R).

max(1,p)’,max(1,q)’

Proposition 2.3.11. ([18]) For s,0c € R the mapping (I — A)? : Mys(R") —

My 7*(R") is an isomorphism.
This leads us straight to the following corollary:

Corollary 2.3.12. (/27]) For s,0c € R the mapping (I — A)3 : M, (R") —

M, °(R") is an isomorphism.

The next theorem deals with the understanding of the a-modulation space as an

multiplication algebra, i.e. when

19l @y = 1 gz my 1191 g my -

First we must decompose Ri into two regions, this decomposition can be found in
[18]. Define D, as

and define D, as



Define s as
P q 22—« q p

11
when (—, —> € Dy and

pq
11 1 1-— 11
S0 = %—I—n(l—a) (max{l,—,—} ——) —|—M (max{l,—,—} —1> ,
p pal q 2—-a pq
11 . C 1.
when (—, —) € D,. See Figure 2.3 to see such a distribution of sy. Now we are
p g

1
71

D=

(0,0)

Figure 2.3: Distribution of sg for all p and q.

able to state the multiplication algebra theorem.
Proposition 2.3.13. ([18]) If s > so, then for all f,g € M *(R"), then
||f9||M;;{;(Rn) = ||f||M§;g(Rn) ||9||M;;:;(Rn) )

i.e. the a-modulation space M, (R™) is a multiplication algebra.
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Using this result we obtain a similar version for the modulation space M, (R").

Corollary 2.3.14. (/18]) Suppose that

1 11
n 1—1min{1,— , when | —, — | € Dy,

q P q

i 111 11
n|lmax<1l,—, —»——], when | —,— ) € Dy,

P q q b q

then the modulation space M, (R™) is a multiplication algebra, i.e.,

||fg||ngq(R”) = ||f||M1§)q(R”) ||gHM]§,q(R") )
forall f,g € M (R").

There are known results for the a-modulation space M;*(R") when it comes
to complex interpolation. Recall the definition for complex interpolation spaces,
equation (2.3) in Section 2.1. We then have the following result:

1-46
Do

1
Proposition 2.3.15. (/18]) For 0 < a < 1,0< 60 < 1, — =
b

1-6 6
+ —, and s = (1 — 0)sg + 0s1, then
do @1

0
+ 0
b1

|

(Mo (R), M3ve (RM), = MC(R™).

Ppo,q0 P1,91

Next we will cover some of the recent results. First, Guo and Chen [17] developed
Strichartz estimates for the nonlinear Cauchy problem for dispersive equation (1.9)
and the nonlinear Wave equation (1.11) using a 77" and duality argument. The

first result is for the nonlinear Cauchy problem for dispersive equation.

Theorem 2.3.16. ([17]) Suppose s € R, ¢ > 1, a, € (0,2] and f # 1, (r,q) and

(P, q) satisfies
n

2p

S | =

L LA
_47 7»: —47

Sk
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with (r,q,n), (p,q,n) # (2,00, 2), then

(keZn 1a(/”“ ||Lpdt)z) <

| |u0‘ |M§:Z‘S<Tvp)va(Rn)

(s46(rp)+6(7,5))g p)+5(r p))a G
. (Z ) ([ )
kezm

2 1
where 6(r,p) = « (— ——— 2) + (2 = B)— and F(t,z) is a nonlinear term. More
roop r

precisely we have:

(Z e (

kezZm

Q=

?

Yo
N———
Q=

1
q

. !
Lo(r) dt) ) = uollyggsooe oy

and

1

r % q
dt
Lp(R™)
1
(s3(rp) 48P ?
5<Z<k> (/H% Mdt) ) -
kezn

Along similar lines as Theorem 2.3.16, Guo and Chen [17] found Strichartz esti-

/ei(t—s)(—A)afF(s)dS
R

mates for the nonlinear Wave equation, which are as follows:

Theorem 2.3.17. ([17]) Let s e R, ¢ > 1, 0 < o < 1, and (p,r) and (p,7) both
satisfy

1
non 1oy
2 p r
and
1
S
p r p r
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then the solutions to the wave equation satisfy the following estimate:

2\ 4
( SIYA=T ) < ol g0
keZm

+ ’ ’ul | ’MS;G(T,p)fl,a(

R7)

(s400) 4070~ 1)a &
+ <Z<k’> (/I!DaFHLp &™) ) ) ,

kezZm

Q=

where 0 is defined as

0(r.p) n n—1 2 n-1 n n+1
rp) =« - - = R
P n—1 2 r P r(n—1)

More precisely we have the following three estimates:

1

9\ 7
sq 1 T
<Z <k> 1me (/ HCOS 2 UO L3(RM) dt) > j ||u0||M2329(T’Q),a(Rn) )

g\ L
= q

sin(t(—A)z
()2

Uy

S| [

dt j ||u1||M2sj;0(r,q)—1,a(Rn) s
LI(®™)

and

3
Q=

Z (k)i-a / / sin((¢ — 8)(l A)§F(S)d$ » .
kezn R||/R (—A)z R
(s+0(r,)+0(7,4)—1)g +9(T §)—1)q l/ q
kezn

Guo and Chen also found similar estimates for the nonelliptic Schrodinger equa-

tion and the Cauchy problem for Wave equation. Also, this result is in line with
the results that Keel and Tao found in [19] that extended the results that Strichartz

first developed in [25].

Furthermore, Zhao, Chen, and Guo [29] used a direct calculation to find the

following estimates for the Fourier multiplier with symbol &) where wu(€) is a

real-valued function:
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Theorem 2.3.18. (/29)) Let 6 >0, LEN, > [g] +1,8>0 and

5,(8) = Gj - %) max {(3 — 2)n + 2an, 0}

Assume that u is a class C™ (R™) with N > L, [g} + 3 on R™\ {0} which satisfies

OIS Gl o<l <1 =L
7€) < Cylel T, gl > 1, 2< < [2]+3

Suppose also that 1 < p,q < oo, s; € R, a € [0,1], for i = 1,2 and satisfies
51— 52 > |S,(B)], then

in(D
He a )fHM;?q’D‘(Rn) <C HfHM;}q*“(Rn) ]
where the constant C' is independent of f.

Zhao, Chen, and Guo [29] also developed necessary and sufficient conditions on

a similar multiplier theorem.

2.4 Embedding Properties

There are some embedding relationships between these three function spaces, but
such relationships are not clear cut. The various embedding properties between
these three spaces are dependent on the essential parameters that define the function
space. In this section we explore the nature of these embedding properties. The
most obvious relationship is between the modulation space Mliq(R") and the a-

modulation space M+ (R") when o = 0, which is stated as
s ny __ s,0 n
M (R") = My (R").

This is an immediate result from the definition of the a-modulation space M (R").

The next two embedding properties are ones between the modulation space
M (R™), and the Besov space B, (R"). These results state under what conditions
you need for M, (R") to be embedded into B, (R"), and for the reverse direction.
These results were explored by Wang and Hudzik in [27].
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Proposition 2.4.1. (/27]) Define o(p,q) by

o(p,q) = max {O,n (m _ %) } | (2.10)

Let 0 < p,qg < o0 and s € R, then

M;;"(p"” (R™) C B, (R™).

Similarly, Wang and Hudzik in [27] found conditions for the reverse direction
which is summed up as the following:

Proposition 2.4.2. ([27]) Define 7(p,q) as

1 1
max{(),n(———/)}, when 1 < p,q < oo,
(0, 0) =1 , ¢ max{p.p}
-, when 0 <p<lor0<gqg<l.
q

For 0 <p,q <00 ands eR, then

B;;T@vq) (R™) C M (R™).

The next embedding was obtained in Grobner’s Ph.D. thesis [15] and relates the
Besov space B, (R") to the a-modulation space M, (R").

Proposition 2.4.3. ([15]) For 1 <p,q< o0, s €R, and 0 < a < 1, we have

s+ (1—a)n

Byg * (R") C M;,’; (R™).
1 1
Furthermore, for ¢’ that satisfies 5 + — =1 we have

_ (1—a)n

My (R") C Bpg (R,
Note Proposition 2.4.3 shows that as a — 1~ we obtain
s n s,1 n s n
By ,(R") € My (R") € By R"),
which gives us justification for saying
s,1 n\ __ S n
My (R") =B, (R").

There are a few other embedding properties. Using Proposition 2.1.3 from Chap-
ter 2 Section 2.1 we have the following.
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Corollary 2.4.4. The following embedding holds
Mo (R™) C LP(R™),

where o is defined in equation (2.10). Furthermore, we the following embedding
holds
MS'H’(ZL‘]) (Rn> C Wp,k(Rn)

p,1

Proof. These embeddings follow directly from Propositions 2.1.3 and 2.4.1. m

Han and Wang [18] showed another embedding property between the Besov
space B; (R") and the a-modulation space M *(R"). Recall the definition of
R(p, q; a1, as), equation (2.9) in Section 2.3.

Proposition 2.4.5. ([18]) Let 0 < o < 1. Then B, (R") C M;2* holds if and
only if sy > sy + R(p,q; 1, ). Conversely, MJ.*(R") C B2 (R") holds if and only
Zf S1 > S2 + R(p7 q; &, 1)

With the above ideas we can see that the a-modulation space M, *(R") serves
as more of an intermediate space. That means that as « varies from 0 to 1, the
a-modulation space M,**(R™) begins to “look” like the modulation space M, (R"),
or the Besov space B;,q(R") respectively. Note that the term intermediate is not
to be confused with the idea that there is a clear cut embedding between the three
spaces that takes the form of My (R") C M;+(R") C B, (R"). The above results
makes this point very clear.

See Figure 2.4 for the classic picture that relates the three function spaces
My (R™), M>(R™), and B; (R") when p = ¢ and an additional function space
H*(R™), which is defined as

H'R") = {f € #'(R") : ||

Hs(Rn) < OO} ;

where ||f]

13 (R is defined as

1]

Hs(R"®) = H(‘l_ A>%f|‘L2(Rn) .
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M (R™)

H(R")

Figure 2.4: Relationship between M, (R™), M =*(R"), B, (R"), and H*(R").

The diagram above illustrates how the parameter o acts a “tuner” that can
produce a suitable decomposition of R™ that is in between the decomposition of the
modulation space’s M (R") uniformed rectangles, and the Besov space’s B, (R")
annuli of size [2/7!,27). The diagram also show that all four spaces coincide in the
case of

M;o(R") = M35 (R") = B3 o(R") = H*(R™).

This further adds to our understanding of the behavior of these function spaces.

44



Chapter 3

Asymptotic Estimates

3.1 Statement of Main Results

Here we state the main results that quantify the asymptotic behavior for several
Fourier Multipliers. For the remainder of the theorems we will suppose that 0 <
a < 1. The following two theorems specifically deal with the Cauchy problem for

dispersive equation.

Theorem 3.1.1. (Trulen) If a, =1, 1 < p,q, < 00, and t > 1, then

1

1_1
< t”|p 5| ||f||M;;1’Y,a(Rn) + "l | ||fHM;j;f3<a)v“(Rn) ’

it AP
RN f’

Myd (R)
where v > 0 and B(«) is
(3.1)

1
Theorem 3.1.2. (Trulen) If 3 <, witha, #1, 1 <p,q< o0, andt > 1, then

where v > 0 and (v, @) is defined as

11 i3
j tn|p 2| ||f||M;;1’Y’a(Rn) + tn|p 2| ||f||M::§B(ao’a>’a(Rn) )

6it|A\%£f’

Mpg (R™)

B, a) = nla, —2 4 2a) (3.2)

p 2|

1 1 ‘
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The first thing to note is that these estimates are in line with the results found
by Chen, Fan, and Sun [5] when o = 0. The second thing to note is that these
estimates are similar to those found by Zhao, Chen, and Guo [29]. Since we used
different methods to obtain these results, our estimates are a little more general
than [29].

We also obtain similar results for the generalized half Klein-Gordon equation.

The results are as follows:

Theorem 3.1.3. (Trulen) For a, > 1,1 <p,q < o0, andt > 1,

where v > 0 and B(a,, a) is defined as in equation (3.2).

. Qo 1_1 1_1
elt(I_A)TfHMs,a(Rn) =<3l 11 agge oy + i"ls4 1 laggpcooe gy
p,q

Both Theorems 3.1.2 and 3.1.3 say that in the a-modulation space M;(R"),

as t — oo the multipliers trlimaletlal® ang grli-algita-1an? gain a regularity

1 1
n(2 — 2a — a,) 573 when 5 < @ < 2(1 — «a) and «a, # 1 for the Cauchy

problem for dispersive equation multiplier and when 1 < «a, < 2(1 — «) for the

generalized half Klein-Gordon equation multiplier. Both multipliers loss a regularity

n(a, — 2+ 2a)

1 1
- — —‘ when a, > 2(1 — «).
p 2

We also obtain asymptotic estimates for the Fourier multiplier ©(¢) =
1 1

sin(t(=A)}) @A) o sin(tle)
Cayp - ond Oalt) = ==~y which has symbols - and
sin(t(1 + [¢[2)8)

1+ €2 T respectively. These estimates will be used to obtain a unique solu-
-+ 2

tion for a nonlinear wave and Klein-Gordon equations. The results are as follows.

Theorem 3.1.4. (Trulen) For 1 <p <oo, andt > 1,
nll 1|11 nll_1
1009 llagg ey = 21 lgllaggro oy + 2572 g1l s
where v > 0 and [By(«) is defined as

Bl(a):(om—Q)’———‘. (3.3)



Theorem 3.1.5. (Trulen) Let 1 < p,q < oo, and t > 1. If there exists N > 0 such
that

1_1

1580k (gl gy = 152 lg]| L1 gy
when |k| < N and

11 an—2

nli_1 1_1
T8Ok (D9 oany = 152 (k) =172 g1 gy

when |k| > N with by > by > 0, d is a real number, then the following estimate
holds:

1_1 1_1
10kl g amy = 1021 gl oy + 1572 gl gy

where 7y is any positive number, and (1 is defined by
1 1
f1(a) = (na — 2) ‘

p 2|
Before we are able to prove these results there are some known theorems, as

well as a new result relating LP-estimates of a unimodular Fourier multiplier to its

M, -estimate. These topics will be covered in the next section.

3.2 Existing Theory and New Estimates

First we will start with a survey of well known theorems that will be of interest to
us. These results range from general analysis to harmonic analysis and interpolation

theory.

Proposition 3.2.1. (Schwartz Inequality [22]) Suppose f and g are integrable func-
tions on X, then the following holds

[ f@g@s < [ (s [ Lo

Proposition 3.2.2. (Bernstein Multiplier Theorem ([3])) Let L > g be an integer
and H,(f) be the Fourier multiplier defined as in equation (1.7) in Chapter 1 Section
1.8. Then the operator norm of H,, on the space LF(R") satisfies

n
11— 57
Hull oo 2 Ml 2" <§ :H@fi/iHié) )
i=1
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forall1l <p < oo.

In the case when a, = 1 and after a few substitutions, the Bernstein Multiplier
Theorem will produce the t and (k) factors, but using this proposition will produce

singularities.

Proposition 3.2.3. (Sobolev Embedding Theorem ([23])) Recall the Riesz potential
I3(f) = (—A)‘g(f) where 0 < B < n, see Chapter 1 Section 1.4. If we have

)

SR
31

1
q
then the following estimate holds

Hs() o < Al o -

On the surface the Sobolev Embedding Theorem says something about the L9-
estimate of the Riesz potential when applied to an LP-function. This operator
was defined and briefly discussed in Chapter 1 Section 1.4. Our use of the Sobolev
Embedding Theorem is to view it as a statement about the L-estimate of a singular
integral. This will prove useful when getting bounds on such integrals that are

created when using the Bernstein Multiplier Theorem.

Proposition 3.2.4. (Van der Corput Lemma ([24, 14, 20])) Let E C R"™ denote an
open set and ¢ € C°(E). If € C°(F) and the rank of the matrix

(Dij‘DquzS(x))Zj:l?
is at least p > 0 for all x € supp()), then we have

/ M Oy(a)de| 2 A7E W] an -

1
The Van der Corput Lemma is used when a, > 5 and o, # 1, and when

integration-by-parts fails to work.
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Proposition 3.2.5. (Riesz-Thorin Interpolation Theorem ([3, 20])) Let po # p1 and
qo # q1- Suppose T is a bounded linear operator from LP*(R"™) to L*(R"™) with norm
My and from LP*(R") to L™ (R™) with norm My, then T is bounded from LP*(R")
to L% (R™) with norm My such that

My < M3 M?,

with

1 1—-6 0 1 1—-6 0
= + —, and — = + —,

Do Po b1 do do a1

where 0 < 6 < 1.

With the Riesz-Thorin Interpolation Theorem we are able to state and prove a
proposition about how the LP-estimates of a unimodular Fourier multiplier relate
to its M *-estimates. For the next proposition let e™ be the unimodular Fourier

multiplier with symbol e where v(€) is a real-valued function. Note that in our

Qo Qo
) 2 3 — 2 . .
M — gtlAlZ and 01202 are unimodular Fourier

it(1+¢2) T

case we will be interested in e

multipliers with symbols ¢®l** and e respectively.

Proposition 3.2.6. (Trulen) Let t > 0 and Oy be defined by equation (2.7) in
Chapter 2 Section 2.3. Suppose there exists an N > 0 such that

TR ™ F ] =t Nf (3.4)

if |k| < N and
(T2 £]],, =<t R F1a s (3.5)

if |[k| > N, where by > by > 0 and d is a real number, then
i 26|11 2bp |1 -1
6™ Il ey = 22 1A gy + 2772 1l

where v > 0 and [ is defined as
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Proof. By repeated use of Plancherel’s Theorem 1.2.1 we have

152 ] o = || Znk OF (@ )]
= |l ()F (M 1]
= ||Z @]l
= [l 11 s
= |77 07 ]
[0,
— 1251l
— 1,2
Thus we have
|Ee™ f]] e 2 Ml (3.6)

Using estimate (3.4) from the hypothesis and estimate (3.6) we have by the

Riesz-Thorin Interpolation Theorem, Proposition 3.2.5

Oge™ f|],, < (11 f 1) 117

when |k| < N and
1-0
=——+0.

This implies that

Therefore, we have

15 £1] 0 = (11 F11)” 115
- (tbl ||f||L1)2(%_%) ||f||;2(;7§)
—21(5-3) ||f||i(15*5) ||f||;2(57§)
<2 G2 || ],

since f € ..

20



Using estimate (3.5) from the hypothesis and estimate (3.6) we have again by

Riesz-Thorin Interpolation Theorem, Proposition 3.2.5

O™ £]] L, < (kA1) 15
— (k[ £1],) 267 )
:t2b2<%-%><> <% %>r|f|| Go2) ) 26

Ll

if |k| > N. Using duality we get

; 1_1
|ozet™ g |, < 23l

and
15z 1L, < 2 gyl
for all 1 < p < oo.
Since we have 0o
L= )" (9,
k| =—oc

then by almost orthogonality for the family {{J{'} we have

a 1tM e a 'LtM
E : k:Jrl

[1<vo,k

Now for |k| < N we have

o itM o o o itM
HDke fHLP_ E, O e f

[1<ve,k P
< Y |IERae™M O,
[1<ye,x

< =3,

o1



For |k| > N we have

a itM _ «@ o itM
1ERe™f]] = || Do DRaDge™f

<o,k Lr
o itM o
S E HDk+le DkaLP
[11<ve,k

< el =2l o)

where ¢, is a positive constant that depends on C' and k.

Using the definition of a-modulation spaces we have

16 g = |07 |11,
1
_ <Z (k)T=s ||Ogei™ f| \Z)
kezm™

Q=

IN

sq it M q
- HDgelt fHLP

S (e

[k|<N

Q=

v 3w e,

|k|=N

1_1 - a
< (S s o,

|k|<N

Q=

o DR Tl

k|=N

< t2b1|%_% Z ||Dgf||7;p

|k|<N

Q=

N e I DR O Al [[w T

k| >N
1 1_1
< t2b1‘p 2’ ||f||M;:1%a(R") +t2b2|p 2| ||f||M;’Jgﬁ,a(Rn)7
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where v > 0 and [ is defined as

5 = 2d(1 - a) %—%'.

This completes the proof. n

Note that this result corresponds with a result found by Chen, Fan, and Sun [5]
when o = 0, i.e., for the modulation space M, (R").

The last two known results we need are ones that were found by Chen, Fan, and
Sun [5].

1
Lemma 3.2.7. ([5]) For |k| = 0 we have for a, > 5

|77 (™), < 15

Lemma 3.2.8. ([5/) When |k| = 0 we have the estimate for 1 < p < oo

n|i_1 o
1050 () g],, = "2+ D8l

This result was originally stated in the case of the modulation space M, (R")
using a function that satisfy condition (2.5) in Chapter 2 Section 2.2. In the case

when |k| = 0 their results become equivalent to these results.

3.3 Proof for the Asymptotic Estimate for the
Cauchy Problem for Dispersive Equation

Throughout the following proofs let &, |£]¢, and [£[;, ™ denote the following

& = (k)™= (E+ k), (3.7)
€] = (k)T [€ + K, (3.8)
€] = (k)% | + K| (3.9)

To prove Theorems 3.1.1 and 3.1.2 there is an additional lemma and proposition
that needs to be proven. The first is a technical lemma that describes the bound-
edness of various derivatives of the symbol e™€I"* with a translation and scaling of
(k)= 1€+ K.
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Lemma 3.3.1. (Trulen) For all multi-indezes o where || = L > 1, we have the

Qo
it (k) =0 |6+k| oo

following estimates for D* ™ for all a, >0

apa p— l T47 o -
D it R ekl tr <k> TR (¢ 4 k| BT e k) < 1,
L <k> Liv |§ + k|La0 L git(k >m\5+k|a°7 if |§ + /{:| > 1.

Proof. A simple calculation shows that for all multi-index o/, D ™€k is made

up of terms in the form of

n

D Co (it (1) E5)PJe o kpo > TT (6 + k) e 9™,

J1,32 h=1

plus the term

Ca, (it (k) 7=0)E|€ 4 K| Foo™ 2LH£ + k)RR

h=1
where C,, is a constant dependent on «y, |o'| =L, B< L, j; < jo, 1 < j1 < L —1,
L
{5—‘ < jo < L with the following relationship

Bi+- -+ By —2jo=—L, and vy +---+v, —2L = —L.

Thus it follows that

DM < b (1) S <‘§+ KlEe=t 4 ) e+ ke ) o

J1

Now if |€ + k| < 1 we have

D e < b () T <|§+ S D S ) .
Ji

aoaL

A

£ (k)T (€ + RIEOTE 4 |€ + k[T gt
< tL <k>ﬁ ’5 + k‘ao* (|£ + kl(Lil)ao+1) it|g[ e
<t () T | o koo Eee

o4



Now if | + k| > 1 then

e < (e gy bt o
Ji

<5 () T (Jg 4 k| o €+ KB DLy (T
£ ) T kP (1 g k) K
apall a,Qo

< tL <k‘> - |§ + k|Lao—L6it|§\k

«@,0o

This completes the proof. n

With a, = 1 the statement and proof of the next proposition will give us Theorem
3.1.1.

Proposition 3.3.2. (Trulen) Let n; be a function defined that satisfy conditions
(2.6) in Chapter 2 Section 2.3 and t > 1. If a, = 1, then we have

Y

|77 (0 ()e™™)

<o

oS tE

for |[k| =0 and

|7 (€)= £ (k) =ie
for |k| # 0.

Proof. For |k| = 0, the result follows immediately from Lemma 3.2.7.
n+1 n+2
Now suppose |k| # 0 and let L =

when n is odd and L = when
n is even. First, making the substitutions of & = (k)T-= (¢ + k) followed by the

25



/

substitution x = %, then applying Lemmas 3.2.2 and 3.3.1 we get

177 e ]|, = [ 177 (e ) ()] do
= [ [ mr@ereea
=07 [ ][ elieag
= [ ][ ey emeatemlgg
= [ [ ey e eslag

— |7 (g (&) €98 ]|,
< (g (€157 D [|D° (ng (€8) ™) |22

[6]<L

dx

dx

dx

dx

2L

EIES e
D D () 871 (kg kel
p<é

=DY

81<L

2

[6]<L

L2({&:|+k|<1})
3F

Ble  1vra
Z D‘S_Bn? (£9) el <k>m e
B<é

L2({&|¢+k|>1})
Note that

@ « 1-3%
|75 (fk)”LzQL =1

since ng (&) has support || < C. Now for the first norm note

] n+1 1—n>
i — —n
2 2 ’
when n is odd and
n -+ 2 n
1— = ——=>-n,
2 2

26



when 7 is even. Then by Sobolev Embedding Theorem, Proposition 3.2.3, it follows

>

|6|<L

3L

|| peet
D D () 871 (k) g+ e
B<o

L2({&:|¢+kI<1})

<8 (k)T || (€) € + R Ee MR |2
=05 (k)20 [ () €R 22 ey

no

=<5 (k)T

where p satisfies

For the second norm it is clear

>

S D () 19 (k) 25 cilelE

oI<E 5= L2({€:|e+k=1})
=% (k)20 [ [ (60) €[22 ee nimay)
< 12 <k>42(?‘—la) )
This completes the proof. O

To obtain Theorem 3.1.2 we need to prove the next proposition.

1
Proposition 3.3.3. (Trulen) If o, > 5 with oy, # 1 and t > 1, then

n

|77 (e ™)][ 1 = £2,
for |k| =0 and
FZ—1(po it|¢|>o n nlao—2+2a)
|7 (©)e™e)| |, =t (k)5
for |k| # 0

1
Proof. 1f a, > 3 with a, # 1 and |k| = 0, then by Lemma 3.2.7 we have

|ERUAG R

Xt
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Suppose that |k| # 0. Then, making the substitution of & = (k)Ta (€' + k)
/

followed by the substitution x = LL we have

1—a

177 (™)

o= [ 157 @) (@)

F
:/,/ﬁwﬁww%
]Rn

[ et aag

dx

dx

dx

Define @ as
D = )] + €.

Then the first two derivatives are

0P aag
= ot (k) 1= |€ + k[*72(& + ki) + @,
9&;
2
and is equal to
3&-8&
ot (RYE% (€ + k|02 4 aglag — 2)t (k) 55 [€ + K™~ (& + ki),
if j =1 and

ot — 2t (k)14 |€ + k| 7HE + k) (& + k),

= 0 when

0P
if 7 # 4. Note that 7,

xr; = —Oéot <k>% ]5 + k’|a072(€i + ]{?z),
or equivalently,

T = —at (k) 4 €+ k[*72(E + k).

o8



For the case of n = 2 we have

det (Dg, D, @)

1,]= 1‘

= ‘(ao(ao — )t (k >£ €+ k| (€ 4 k)? 4 ot <k>% €+ k’ao—z) y

(o0 = 20t (B) % |€ + kI (6 + k) + agh ()% |€ + ko ~2)
— 020, = 2% (1) T (€ + RPN+ k)26 + k)’
— [a262 () % g + ko

(oo — 2>|£+kr (& + k1) + (a0 — 2)|€ + K| 72(& + ko)? + 1)
— |22 (k) =5 |¢ 4 B2t x

(o = 2)|E+ k72 (&1 + k1)? + (&2 + k2)?) + 1)
= 282 ()52 g+ k2 (0 — 2l + K+ KP4 1)]

= [a2e2 ) |§+k|2%-4<<a0—2>+1>\

= [o2(as = 1) ()T Je + koo

[e%eXe] 2
= (LT g + R1™72) aZla, — 1)

Since «, # 1, we have

—2

(k)

Note, this calculation can be extended for n > 3.
Now define C;(k) and D;(k) as

‘det (DEinj(D)?'

3

Ci(k) = aut (k)25 (|k| + C) < (|k;| + C) ) 2 ,

o(Smi-er)

Now define the intervals F; as the set of all x; € R" such that

and

3

Di(k) — t (k)55 |k|* 2 < |ay] < Ci(k) + t (k) = |k|%~2,
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G, ; as the set of all z; € R" such that

Culk) + £ (kY25 (K02 5 — 1 < || < Culk) + £ (k)25 [k[oo~2 + J,
and H, ; as the set of all z; € R" such that

Di(k) — £ )55 (k12 = < o] < Dy() 8 (6) P55 o — 4 1.

Since

Qoo [e%exe]
11—« | 11—« |

7] = aot (k) 120 |€ + k| 72|¢ + k| = apt (k) 2o |€ + k|71,

it follows that
x; € Fz

It also it follows that
length(F}) < ¢ (k) i-a [k|®2,

and
length(Gm) = length(Hm) = 1.

Now define K ; as
K%,] — GZ,] U Hi7j.
Then .
Xr, () + Z XK, (i) = 1.
j=1

Thus we have
|| (g (£)e™™)

/ ne (&) e 2t ge

/Rn g Xr (i)

Xn: > /Rn .. (x)

je=1 1,

J1=1 Jn=1

:Il+]2+-[3a

| =

dx+

dx+

/ ne (&) e ge
Rn

dx

/ e (&) el et ge
Rn
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where 7, j, is the product of characteristic functions xp,(x;) and xg, ,, (#;), where
there is at least one xp,(z;) and at least one xg, , (2;).

For I, with £ € supp 7} (&) and by Proposition 3.2.4 we have

n n

L < (t 1 7o |]{;’a072> Q/HHXFi(xi)dl’
=1
< (75 k) (25 hg2)”

nao n(apo—2)

£ (i) i
n(ao—24+2a)

(k)"

|3

A

t

The last line follows since

n(ag 2) nago n(ao 2)

(0 [ < (i
aoat(ao—2)(1—a)

— <k‘>§ 11—
_ <k> ap—2+2a

11—«

0|3

Now note for z € K, ; and £ € supp n; (&) we have

0 [R (&)
06 \ @
ggm@m—w@mg%
2
9P
(%)
ot () P25 |6+ |72 (6 + k) + 0y —

<aot (Y150 |€ + K|oo—2(& + ky) + xi)2

1 t (k) T=a ||

= O Qoo ap—2 Qoo
J+ V(R |k (j (k) TS
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Thus, using integration-by-parts twice on each variable &y, - -+ , &, we have

n

LYY " <k>%lk!”%‘2" / T] ., ()
2 1\
ji1=1 Jn—lnz 1<jl+\/_< )20-2) ) =1

n(ao 2)

A

£ (i)
n(ao—242a)

(k™55

w3

IA

t

When ¢ € supp 7y (§), I2 is the sum of integrals of the form

> - Z i) | [ i ) €1 ek
Jipr=1  gn=1 R
where %(x;,) is defined as
tf'CZO H Xon ZO H XKZO j,L xZO
i0=1 10=I+1
By doing integration-by-parts twice on the variables &1, - -- ,&,, the above integral
is bounded by
(n— l)aoa
= l Tia k|- Dao—2n
px ey M WEEE
Ji+1=1 Jn= 1HZ I+1 <jz+\/_< > T ) K
< 48 () [k
n n(ao—2+42a)
<tz <k> T2(-a)
This completes the proof. n

3.4 Proof for the Asymptotic Estimate for the
Generalized Half Klein-(GGordon Equation

Throughout these proofs let (£)* and (§),™ be defined as

(€)™ = (1+ ¢, and (3.10)
()2 = (1+ (k)75 |6 + kP) 7. (3.11)
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Lemma 3.4.1. (Trulen) For all multz mdexes o' where || = L > 1 we have the

following estimates for DY 1+ =5 e+k?) 2 forall ay >0
2a aTo
o Z,(XQ So Laoa | 1+ I-«a 54’,]{;2
D G W B k) gL e (10 ™5 e a?) |

forall £ € R" and k € 2.

Proof. The o' derivative takes the form of

Lozo 2L

(&L + kh)%elt © 7

:j:

Caa™ (k)% (14 (k)75 |6 + KP2)

>
Il
—_

plus terms of the form

31 o J2

(&p + ) e @O

:1:

Cot® (B)T5 (14 ()75 [€ + KP?)

>
Il
—

L
where j1 <o, < L, 1< j3 < L—1, [5—‘ <p<L v+ -+9m—2L=-—L,and
Bid -+ By —2L = —L.
Since 1+<k>1% € +k*>>1and

(jl - L)ao

<0
2 )

then it follows that

n

Cot (KY5 (14 (k) 75 ¢ + K2) =5 T (6 + k) O™

h=1
£ Gt (k)55 (L4 (R) 55 €+ K272 T (6 + h) PO
J1.J2 h=1
< (R (14 (5 [+ kP?)

n (1—L)xo M
X (H(fh + kn) ™" + (1 + (k)T |6 + k|2> (G kh)ﬁh)
h=1

h=1

Lag—2L
2

Loag—2L
2

€+ kI*

B2 (14 (075 J + kP2)
CEl o

< (k)
~ (k)i-a ?
< (h) T g koot

€ + K|
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This completes the proof. O]

1
Proposition 3.4.2. (Trulen) For o, > 5 and |k| = 0, we have the following esti-

mate:
) eit(I—A)%ngc(g)‘ L < t%.
n+1. . n+2 .. . :
Proof. Let L = if n is odd and L = if n is even. First note that

dx

|

iG]

lf/ / 3 (€)™ et dg
L jz|<t |JRn

o
|z|>t

For the first norm by Schwartz’s inequality, Proposition 3.2.1 and Plancherel’s The-

/ nﬁ(&)eit@a"e"“dé‘d:c-

orem, Proposition 1.2.1, we have

[ rw@ereesa
< d 2 ké it(&)*o iz ng)g
() (s

<t2 |5 (©)]]
<tz

dx

For the second norm define E; by
E,={xeR": |z| >t}.
For i,j € {1,2,--- ,n} define E;; by

E;={x € E; :|z;| > |z;| for all j #i}.

64



Now by integration-by-parts and Lemma 3.4.1 we have

/ / g (€)e™™ erredg
|z|>t
=< Z/ / 7,t )"‘Oeirfdg
Etz
fZ/E 2] / Of (15 (€)e"9"™) e'*ede
i=1 t,i n
L
<tL/ / Z (§)[g] o Pe O™ etrédg
- L
Rn |x| 5=
_th/ a |§|Lao L zt Yo ngdf

1o (
In either case of n being odd or even, it follows that

dx

dx

dx

dx

dzx.

1
2L(1 = ap) = (n+ D)1 —ap) < = < T4 1,

Thus by Schwartz’s inequality, Proposition 3.2.1, and noting that 7§ has compact
support || < C and |£] > 1 it follows that

1 « ao—L i o iz
[ o | st i

L d 2 o V(2] 120 (ao—1) );
< ([ ) ([ meopieeseas

=t2.

dx

M\S

This completes the proof. O

Proposition 3.4.3. (Trulen) For |k| # 0 and t > 1. If a, > 1, then we have the

following estimate:

Proof. Suppose k # 0. Like Proposition 3.3.3, first make the substitution of £ =

n n(ao—24+2a)
o < t2 <k>72<1 )

=% )
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/

z
—— to get

k)T

(k)T (&' + k) followed by the substitution z =

Qo
2

’ ’Dgeit(I—A)

|l (rgeraen®))

L L
- / / i (€7) €O e dg | da
Rn n
- / / 0 (&) /(MO +6) e .
Rn n
Define ® as
D = HE)p " + at
Qo _ 2a 2 %g
— ()% ()%l k) T+
Now we have
an Qo _2a 2 9%52
o, = 0ot (05 (6 o+ k) ()55 +le+ k1) T+,
2
and we have equal to
3513&

ap—4

(& + k)& + k) ((B) 7% + le+kP2)

(e — 2)t (k) oa

if i # j and
(o — 2t ()T (& + ko)? ()7 T°% g+ b2)

ap—2

ot (B 5 (RS e+ h7)

o
if 2 = 5. Also note g&

= (0 when

ap—2

zi = —aot (k) T55 (& + k) (<k>—f—% +E+ kP) ’

or equivalently

ap—2

T = —aut (k)75 (€ + k) (</<;>—12—*”‘a + e+ k|2> ’
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Now for the case of n = 2 we have
‘det(D&Dﬁj(I))?,j:1|
ao—4
(a0 = 2085 614 1 (17 k)

2

Fat (k)T (<k>% + e+ k;|2) )

ap—4
2

[e3

(G ko) (R 75 + g+ kP)

X (ao(ao — )t (k)

2

oot (R)F5((0)75 + ¢+ kP) )

2apa
—

—aj (= 2)%% (k) 1m0 (&1 + 1) (62 — Ka)? <</€>_1% — €+ k|2) o

200—4
2

2a

= ot (k)T

X ((ao —-2) ((k)‘l% + €+ k\2) - 1€+ E|? + 1> .

(k)"T5 4 |¢ + k|

Then |det(D§iD5j<I>)ij:1‘ = 0 only if
(0 —2) ()75 4 je +4P) " fe+ AP+ 1=0,
which only happens when
ap=1— (k) Te|e+k2<1.

Thus when o, > 1 and when k # 0, |det(Dg, D¢, ®)7,_;| # 0. Also note that
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when k£ # 0

|det(De, De, ®)?,_, |
2004

2 4

(k)"0 €+ k)

20

= adt? (k)1

X <(ao —9) <<k>,1% +E+ k|2) et kP 1)

1
~ a2t (k) T | kPt (o - 1+ 2o )
L4 (k)= [€ 4 K2

Qo 2 2 1
> (aot (k)% 6+ k%) (a—1+ -
L+ (k) =o€+ k2
> qot (k) oo |k|*2.

Define C;(k) and D;(k) as

ap—2

(Z |k;| + C) ) :
Di(k) = apt (k)1 (Jk] = C) (Z(lkjl - C)2>

J=1

Now define the intervals F; as the set of all x; € R, such that,
Di(k) = ¢ (k) F5 [k|7 < ] < Cilk) + 1 (k)T R,
G ; to be the set of all z; € R such that
Cik) + £ (k) =5 [KJ772 4 = 1 < Jai] < Cilk) + 1 (k) &5 [k]72 4,
and H;; to be the set of all z; € R such that
Di(k) =t ()75 k| = 5 < il < DaCk) + 4 (K) 755 || = 1.

Since
2] = ot (k)75 [€ + k| | (k)75 + € + k|
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then it follows that
xr; € F.

Also, it follows that

length(F;) < ¢ (k)i=a |k[2
length(G; ;) = length(H; ;) = 1.
Now define K ; as
K,;=G;;UH,;,
then it follows that -
xr (i) + Z XK, (zi) = 1.
=1
Thus we have ]

|77 (0 ()e™9™)

/ [ [ () / i (&7) €O dg
" =1 R™

S [ e

je=1 1,

zn:zn:/nzljxxj(l’z)

Jji=1 Jn=1

]1+I2+I37

| =

dz+

dz+

/ e (&) MO it ge
]Rn

dx

/ ne (£2) MO Fint e
Rn

where 7, is the product of characteristic functions xr,(z;) and xk, ,, (z;) where
there is at least one xr,(z;) and at least one g, ;. (7).
For Iy, with £ € supp <<k‘>& &+ k)) and by Lemma 3.2.4 we have

]1 j <t <k}>% |k|a°_2>g/ HXFl(IZ)dl‘
R™ i—1

QO I QUL
(k) 20267 |k "5
n(oo—2+2a)

t2 (k) 20-=

IA

|3

t

PN
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Now note for z € K, ; and £ € suppnj, ((k)ﬁ (€ + k)) we have

O (g (&)
o9& i@

o « 2
22 26k (&) — i (&) %
2

2%
0&;
L ol )R e ko e k)
] ap—2 2
<aot (k) T5 (& + k) |(R) 5 e+ R T+ xz)
| t (k) e [k|o?
Y (k)y== |k|

J+ VR k] (5 + Vi (%

0—2 2
2

Thus, using integration-by-parts twice on each variable &, --- | &, we have

EDIEDD = s [ v
jnlnzl(yz+f<>2w>|k|° “

£ (k)2 [k 0
n(ao—242a)

<k> 2(1—a)

o
1 Oa |k|na072n

IA

w|3

PN

t

When € € suppny (&), then I is the sum of integrals of the form

Z Z/ H Xon xzo H XKlO Jig 10

Jiy1=1 Jn=1 t0=1 io=l+1

/ ne (&7) e e a%ﬂédf dx.

So doing integration-by-parts twice on the variables &1, -+ ., the above integral
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is bounded by

(n—Daoo

n n tn_l k o k.(n—l)ao—Qn
ST Il U

[e%exed ap— 2
Jipi=1  jn=1 H?:Hl (ji + \/f(k>42<1—a> k|2 2)

l n
x/R HXFiO(xiD) H XKio,jiO(xio)da:

0=1 io=Il+1

15 (k)20 ‘k|7n(“3’2’
n(ap—242a)

(k)55

PN

bE

IA

t

This completes the proof. n

Applying both Proposition 3.4.2 and 3.4.3 with Proposition 3.2.6 from Section
3.2 we obtain the proof for Theorem 3.1.3

3.5 Proof for the Asymptotic Estimate for the
Fourier Multiplier O(t)

Now we will present the proof for Theorem 3.1.4.

Proof. First note that by Plancheral’s Theorem, Theorem 1.2.1, it follows

Iol,: = || (0™ o))

g p
- ' o= G )|
< 119l
~ lgll=

Now when k # 0 such that |k| > C, then | + k| = 0 is not in the support of
nE((k)™a (€ + k)). With L defined as

1
PP i nis odd,
L=4ni2 |
5 if n is even.
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Taking multiple derivatives of sin <t (k)75 |€ + k]) we get lead factors of ¢* and

(k:>1% and with k sufficiently large we have for all the factors of the form |¢ + k|~
where j € N is dominated by |¢ + k| ™. Since |¢ + k]! < (k)™
the following

" when |k| > 1 we get

0RO ®)gll s
{

()= €+ R)|[
BRI
(k)™= (€ + k))sin (¢ (k)™= [¢ +&]) ||
xS ||p = o ( ) 1911
|6]=L (k)™= |§ + k| Lo

< 5 (k)M E <k>*&+% (k)~2c (k)ﬁfﬁ gl

Now by Riesz-Thorin Interpolation, proposition 3.2.5, with 1 < p < 2, which

will satisfy the following
I 1-90 Lo
p 2

1 1
1=2(5-3)

which implies that

we have the following estimate

Now by a dual argument we have

1

1
52 1gll -

an72|

1320 t)gll,, < "3 (k) T

for 1 <p < oo.
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Now by almost orthogonality it follows that
Ope) = Y O, 0r0()
lH<ve,k

for some constant ¢ > 0 that depends on C' and k. Then by definition of [J} it

follows

1TFOM9ll, = || D OrOre(tg

‘”SW’C,k p

=|| > Oi.emig

n|i_1 1_1
< t"ls3l )y T2 53 )1 10291

when £ #£ 0 and 1 < p < o0.
Now for k = 0, by Lemma 3.2.8 we have

nli_1
1350 (t) gl = "5 24 gl

or
1_1
1020 () gl = 152 gl

for small k.

73



Now by the definition of the a-modulation space it follows that
19) gl sz mn)

- (Z (k)5 I\Dz“@(t)g\lip(m)

kezn

Q=

Q=

= > el e, | +

|k|<N

Z <k>m |E:0(t)g] |%P(]Rn)

|k|=N
q

el ST () 108l e |+

|k|<N
11 _sq_ glan—2) |1 _ 1
t?’b|p 2 Z <k>lfa <k> -« P 2’ ||D g||Ll"(R”
|k|>N

1
q

<l ST Ol e |+

|k|<N

nll_1 s+(an—2

53 Z (k)T < (s )5 D||D gHLPR"R")
|k|>N

1104, 3
j tn|p 2|+ ||g”M;:1’V’O‘(R") —}-f"lp 2| ||g||M;:gﬂl(a>’a(R")7

where v > 0 and f;(«) is defined as
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3.6 Proof for the Asymptotic Estimate for the
Fourier Multiplier O (t)

Now we will present the proof for Theorem 3.1.5 but first we need two propositions:

Proposition 3.6.1. (Trulen) For 1 < p,q < oo, t > 1 and |k| = 0, then we have

the following estimate:
n|lo1
||Dg@K(t)9||LP(Rn) =t [5-3l+1 ||g||Lp(Rn) :

Proof. Suppose |k| = 0. Let L be defined by
n—+1

, if n is odd,

_ 2
L= n—+ 2

, if n is even,
then by Bernsteins Multiplier Theorem, proposition 3.2.2, we have

56Ok ()91l 1 gn

1
oy sin(t(1+1€2)2) || ™
O e
L2(Rn)
sin(t(1+[¢2)7) |||
x Yy ||D° (né“(&) : 119112 gy -
5|=L (1+[&]%)2 L2(R")
For the first norm we have
Lole N n
woosin(t(1+ e || o osin(t(L+E2)2) || =
770(5) 1 o1 = “70(5) ‘(1 N
D || AT ||
< it

For the second norm, define h as
sin((1+[¢[*)?)
(1+42)

h(l€l) =

By the Taylor expansion of sine we have

bl =1+ 3 (- EDE
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and thus h is a C*° function.

Also, by doing copious amounts of derivatives we have

lim [ D*R(j€)] =0,

€] =00
for all multi-indeces §. Noticing that

sin(t(L +[€]%)?)
(1+[¢[2)2

th(t|]) =
then when || = L we have

D sin(¢(1 + |€[?)2) L -
‘ ( (1+[€2)z =1 ES;RE’ (€D

< ¢t

Now it follows that

: o\ 1 ar
- k(g)smu(ms!l)z)) L (e
;L ( A+1eP: )| &)
s

Therefore we have
850K (D) gl] 11 ny = t3targ! e 91121 Ry

£ |

|g||L1(R")'
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By Plancherel’s Theorem, Theorem 1.2.1, it follows that
180K (gl ey = || <n3<s>smg(i,*ﬂ'f)'?2)g@))
sin(t(L+[€[%)?) .
(1+[¢[?)2
sin(t(1+ [¢)2)
(1+1¢[%)2
Sin(t(1+ )
1+ ¢]%)2

2 t[9]] 2gn)

L2 (Rn)

= [|n5(6)

L2(R™)

IA

L2(Rr)

L2(Rn)

= t||gll 2 (gn) -

Now by Riesz-Thorin Interpolation, Proposition 3.2.5, and a duality argument
it follows that
o n|i-1l+1
1030k (B)g| oy = "2 gl ey -

This ends the proof. O

Proposition 3.6.2. (Trulen) For 1 < p,q < oo, t > 1, and |k| # 0, then we have

the following estimate:

nll_1 an—2|1_1
1050k (B9l oy < #1572 () T30 g
Proof. Again define L to be
L+1
2L i nis odd,
L=9 132 |
— if n is even.

Then by the usual substitutions and Bernsteins Multiplier Theorem, Proposition

7



3.2.2, we have

520 ()91 gy <

m (R == v h) ||
(L4 (B) ™7 1€+ K22 || o any
Y || R ) sine(L ()75 e kY|
l6|=L (1+ (k)T €+ kJ2)z L2(R")
X ||g||L1(R”)‘

For the first norm, noting that for large enough k we have ((kfl% kP <
(k)~" it follows that

‘ e k) ||
(L4 (k)75 |6 + K[2)2 L2(R")

= (k)" Tati e (s (k) ||
(<k)>7ﬁ et k|2)% L2(R™)

< (k)P (k)
For the second norm, D°sin(¢(1 + (k;)l% € + k|?)?2) produces t* and (k;)l%
factors when |0| = L. Also, after taking multiple derivatives we have the remaining
factors of the form (1 + (k)l% € + k|?)"2 for some positive integer j which again

for large enough k we have

O[S,

jo

(L k)55 I+ k)78 < ()55 ()75 + e+ k1)
< (k)T (R

Thus we have

§ || po R (€ + R sin(t(L o () €+ KP))
5= (1+ (k)T |€ + kJ2)z
< 43 ()T (k)T () 4 g1y

n
2L

g |L1(R")
L2(R")
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Then it follows that
ER Ok ()9l L1 mny
< Q) () () () (k) gl

n an—2
=12 (k)20 |[g]| 11 gy -

Using Plancherel’s Theorem, Theorem 1.2.1, we have

sin(t(1+ [€%)2)
(1+[¢[2)2

07Ok (1)l L2 gy = | i (§)

L2(Rn)
= 19/ 2y

= H9HL2(R")-

By Riesz-Thorin and a duality argument it follows that for 1 < p < oo

an—2

nll_1 11
T8Ok (£)9] gy < 1572 (1) T2 574 ]y

and this finishes the proof. m

To obtain Theorem 3.1.5 we need a simple almost orthogonality argument and
the definition of a-modulation space M, *(R").

Proof. By almost orthogonality we have

OO k(1) Z O 0i Ok (t)g

l1<ve,k

> O8Ok (t)05.

[1<ve,k

Then by the Proposition 3.6.1 and when £ = 0 we have

1080k (gl an = 7 E 102011 1o ey -

and by the Proposition 3.6.2 and when k # 0 we have

an—2

nli_1 1
TR0k (E)l] oy = £33 (k) T2 15721 D21y oy
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By definition of the a-modulation norm we have

1Ok ) gllrrs e @n)

lutions

= <Z (ke HDg@K(t)QH%p(Rn))

kezZm
1
q

= Z (k)= HDg@K(t)gH%p(R") +

|k|<N

> (kT [OROx ()9l @n

|k|>N

<l ST T 00l |+

|k|<N

Qe

1_1 _sq , gna=2)11_1
el [ ST s el gy
|k|>N

q

<l ST 10l |+
|k|<N

1
q

el ST el o2l ogg 1

[k|=N

1_1
= gl ey + 7 gl gy

This completes the proof.

3.7 Asymptotic Estimates for Homogeneous So-

Now we will state the asymptotic behavior of the Schrodinger, Airy, wave, and

Klein-Gordon equations. The first statement deals with the Schrodinger equation.

Corollary 3.7.1. (Trulen) Let 1 < p,q < oo, t > 1, and u(t,z) be the solution
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Cauchy problem for the Schrodinger equation
O = 1A, for (t,x) € Ry x R™,
u(0,z) = f(z), forzeR",
then
e agse @y = M agggny + s 11l toacere gny

where Po() is

Pa(a) = 2na

11
p 2|

Proof. The formal solution to this equation is given by

wlt. z) — eit|§\2A eI (oTHA LY (1)
(1) = oz [ Qe = (e pa)

Then by Theorem 3.1.2, we achieve the desired result. O]

Corollary 3.7.2. (Trulen) Let 1 < p,q < oo, t > 1 and u(t,z) be the solution of
Cauchy problem for the wave equation
Onu(t,z) = Au(t,x), for (t,x) € Ry x R",

U(O,.T) :f($)v Jor x € R,
Owu(0, ) = g(x), for z € R",

then we have the following estimate:

1

1 1_1
[t ) aggg ey < E5 21 gy + £ 152 1 s gy +

pl-dhe =

1903z -22 gy + 1772 191l mv0r gy

where 1,72 > 0, B(«) is defined by equation (3.1), and (1(«) is defined by equation
(3.3).
Proof. The formal solution to the wave equation is given by

u(t,z) = cos(t(—A)) f(z) + %g(m)

Then from Theorems 3.1.1 and 3.1.4 the result follows. OJ
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Next we state a similar estimate for the Airy equation.

Corollary 3.7.3. (Trulen) Let 1 < p,q < 0o, t > 1 and u(t,x) be the solution to
the Cauchy problem for the Airy equation

— = |Az|%u, for (t,z) € Ry x R",

uw(0,2) = f(z), forxeR",
then
it|A)3
N e

where v > 0 and P3(«) is defined as

1_1
< Al ey IrEE] 1115500 gy

By(a) = n(2a + 1) '% — %’

Proof. The formal solution to the above equation is given by

o /R e fgerdg
= (3 p)(a).

u(t,z) =

Again, by theorem 3.1.2 we achieve the desired result. O

Corollary 3.7.4. (Trulen) Let 1 < p,q < oo, t > 1, and u(t,z) be the solution to
the Cauchy Problem for the Klein-Gordon Equation

Opu(t,x) +u(t,x) — Au(t,x) =0, for (t,z) € Ry x R",
u(0,z) = f(x), for x € R",
Owu(0, ) = g(z), for x € R",

then we have the followings estimate

1_1 1_1
[l amy = £l gy + £ 2] s g

11 1_1
+ tn‘p 2’—4—1 "g”M;,;727&(Rn) + t”'p 2| HgHM;:;Bl(a),a(Rn),

where 1 and o are positive real numbers, B(1,a) and B1(a) are defined by

ﬁ@aﬁﬂwa—nﬁ—%kaMBM@:ma—%E—%y
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Proof. The formal solution to the Klein-Gordon equation is given by

sin(t( — A)2)

u(t,x) = cos(t(I — A)2) f(z) + 1=A) g(z).

Then from theorems 3.1.3 and 3.1.5 the result follows.
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Chapter 4

Nonlinear Dispersive Equations

4.1 Solution to the Nonlinear Cauchy Problem
for Dispersive Equations

Han and Wang [18] or Chapter 2 Section 2.3, Proposition 2.3.13, state conditions

on p, ¢, and s that makes M;+" a multiplication algebra; i.e. for any f,g € M ¢

F9llarse @y = N agse @y 19l az e ey -

Since Theorems 3.1.1 and 3.1.2 are for values of 1 < p,q < oo this changes the

11 2 1
Dlz{(—,—)eRi:—g—gl},
P q P q

11 11
Dgz{(—,—) eRi\Dlz—,—§1}.
pq pq

See figure 4.1 for the new distribution of sy3. This changes the restriction on sg to

region D; to

and Dy changes to

equal
1 1— 1 2
50:%+n(1_a><1__)+w(___),
p q 2-« q p
11
when (—, —) € Dy, and
pq



(1,1)

(1,0)

(0,0) 1

p

Figure 4.1: Distribution of sy when p > 1 and ¢ > 1.

11
when (—, —> € D,.
P q
Define the function space C' ([O, T], M[f,’;) by

C (10,71, M55) = {uts) : Il o) <

where ||ul| o] is defined as

0,7],M;5)

P ([t N agze@n -

||U||C([0,T],M§,’?) - Oiltl<T

Before we can prove our result we need the following lemma obtained from Fan,
Chen, and Sun [5].
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Lemma 4.1.1. ([5]) The following estimate holds:
[lu(, )P u(r, ) = [o(r, ) [*o(r, )]
< (lu—vlu(r, )[*) + {Z\UV\W ?(Ju(r, )] )+|U(Tw)\k)}-

Now we are able to state our result.

Theorem 4.1.2. (Trulen) For 1 < p,q < 00, s > sg, and T > 1. Suppose k is a

positive integer and there is positive constant ¢y dependent only on k such that

Ck

U S, n S
H OHMp,q(R ) p (1+2k)T2k

1
Suppose 5 < a, < 2(1 — a) with a, # 1, then the nonlinear Cauchy problem for

dispersive equation

i — | AT u+ F(u) =0, for (t,z) € Ry x R™,
u(0,z) = up(x), for x € R",

when F(u) = |u[*u has a unique solution v € C([0,T), M.
Proof. The Nonlinear Cauchy problem for disperive equation has an equivalent form
u(t,) = eitlAlaTouo —1 /t ei(t_T)‘A‘%F(u(T7 ))dr.
0
Consider the mapping
Tu = eitlA‘%uo — i/t ei(t_T)w%F(u(T, ))dr.
0

Let C; where j = 1,2, 3 denote some positive constants that are independent of

all essential variables. By Theorems 3.1.1 and 3.1.2 we have

e

By Proposition 2.3.13 there is a constant Agg,q > 0 for s > sy such that

(e}
it|A] T

nli_1
< Co(1+ "5 gl o gy -

Mpvq (R )

K
|| [u(t, )‘%HHM“(W < Aoy |[uft, )H?wj;%(w-
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Let M, be defined as
M), = max {A2k7 A2k+1} .

Now forany T'> 1 and t < T

t o
/ ei(t’T)lMTF(u(T, ))dr
0

Mpg (R™)
t
1_1
< / W+ (¢ =) || lulr, ) Poul |y oy A7

1_1
< CoM T sup [fu(t, )] 35 e
0<t<T

Thus it follows that
gu s,ay =  SU gu t,‘ 5,0 (mym,
| ||C([0,T],M,,,q) Ogth |7 u( )||M,,,q (R™)
i1
< a5 (ol + T s, 1t B )
: 0<t<T
Now let £ be defined as

1
c= ,

(205l 41) ™ (28 4+ 1)

and let B be the closed ball of radius £ centered at the origin in the space of
C([0,T], M,-). Suppose that

1

< - )
(2k + 1) % (2C3)+ e 7|2 2r) ok

HuoHM;;:;(Rn) =

Thus it follows that

nli_1 k
||=7U||C([0,T],M;;q") < GsT 73 (HUOHM;;;(W) +TL? +1>
<L,

and so .7 is a mapping from B, into B.
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Now it follows that

Tu—Tv

Qo t . Qo
— (AT _/ ez(H)IAITF(u(T’ N))dr
0

Qo t . Qo
. 6it|A\TUO +/ ez(t—T)|A| 2 F(’U(T, ))dT
0
Qo t 3 Qo
= A (yy — vg) — / elt=)IAlz (]u|2ku — |v|2kv) dr.
0
With the above and Lemma 4.1.1 we have that

| Tu— <7U|IC([0,T]7MS:3>

= sup ||Tu— Tz
0<t<T P

1_1
< B (1o = wll g + 500l = ol
’ 0<t< ’

- nli-1|4+1 2k+1
= o753l Sup. (Hu =Vl ny + = 'UHM;:::(Rn))

< C’;),T”E_%’Jr1 sup [|u — vl] e @ny (26 + 1)L
0<t<T

1
<5 5 e = el e
1

= 5 e =vllegom g -

This show that .7 is a contraction map on B,. Thus, by the fixed point theorem

we have a unique solution in B. O

4.2 Solution to the Nonlinear Generalized Half
Klein Gordon Equation

Using the same ideas as in Section 4.1 we have a similar theorem for the generalized

half Klein-Gordon equation.
Theorem 4.2.1. (Trulen) Let 1 < p,q < 00, s > 8o, and T > 1. Suppose k is a

88



positive integer and there is positive constant ¢ dependent only on k such that

Ck

s, n < N
||Uo||Mp7q (R7) = " 11 (1+ﬁ)Tﬁ

Suppose 1 < a, < 2(1 — «), then the nonlinear generalized half Klein-Gordon equa-

tion
idu— (I —AN)Fu+F(u)=0, for(t,z) € Ry x R",
u(0,z) = up(x), for z € R",

when F(u) = [u[*u has a unique solution u € C([0,T], M),

Proof. The the nonlinear generalized half Klein-Gordon equation has an equivalent

form .
u(t, ) = eit(f_‘ADTouo — / ei(t_T)(I_A)#F(u(T, ))dr.
0

Consider the mapping

Qo
2

t ao
Teu = U877 —/ ei(t’T)(I’A)TF(u(T,-))dT.
0

Let C; where j = 1,2, 3 denote some positive constants that are independent of
all essential variables. By Theorem 3.1.3 and by the same argument as in Theorem

4.1.2 the result follows. O

4.3 Solution to the Nonlinear Wave Equation

Theorem 4.3.1. (Trulen) Let p =2, 1 < q < 00, $ > s, where s, is defined as

%, when p =2 and g = 1,

Sw=19 n(2¢+2a —aqg—2)
2q ’

when p = 2,

T > 2, k be a positive integer, and there is positive constant ¢;, depended only on k

such that
Ck,
Hfu||M;;3(Rn) < Eu
and
Ck
gullaze @y < I
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then nonlinear wave equation

Onpu — Au+ F(u) =0, for (t,z) € Ry x R",
uw(0,z) = fu(x), for z € R",
atu(07$) :gu($)7 fOTCL‘ ERna

where F(u) = |u|**u has a unique solution u € C([0,T], M;;(R”)

Proof. Note that My *(R") is a multiplication algebra when s > s,,.

Then the wave equation has a formal solution of the form

u(t, x) = cos(t(=A)?) fu(x) + O(1) u(x)—/o Ot — 7)F(u(r, z))dr.

Consider the map

Fu(t,x) = cos(t(—A)2) fu(x) + O(t) u(w)—/o Ot — 1) F(u(r, ))dr.

Let C; where j = 1,2,3 denote constants that are independent of all essential

variables. Then it follows from Theorems 3.1.1 and 3.1.4 that

cos(t(=2)1) £ + O(t)g

My ()
<G (fullasgeem + (148 lgullagge ) ) -

Also, by multiplication algebra property of a-modulation space MQSqa (R™) we have

2k+1
|Hu( ‘2k+1”MSO‘(R” < Aogy |Jult, )HMja(Rn )

Then it follows that

My, (R)
T
SC'Q/ (1+(t—1)) H|u N [Hu(r
0

< oMy T? [[u(r, I3z gy

EN ‘ |M25‘(‘;‘(R") dr
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where Mj, = max {Ag, Aogr1}. Thus it follows that

H%UHC [0.7], M5 (R™))

= sup ||<7U||MS°‘(W)
0<t<T

k

< (||fu||M;a<Rn) T gullasgo oy + T2 sup [fu(t, )] 2 ) -

»q »q DStST
Now define £,, by

1
(2k + 1)2 (3C3) 2 T'%
and let B, be the closed ball of radius £, centered at the origin in the space
C([0,T], My (R™).
Now suppose that

w —

£l !
“HMy] (2k+ 1)2e (3C3) e Th
and
1
HQUHMSO‘(R ny <

(2k + 1)28 (3Cy) Tar Tt
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Now it follows that

H%UHC’ ([0,1],M5°8 (R™))

= sup |[Tul|pze@n)
0<t<T

2k+1
< (s <||fu||M§;§(Rn) +T ||gu||M§,’§‘(R") +1° OiltlfT [Ju(t, )HM:ra(Rn )

1 T
1 + 1 1 1
((2k +1)26(3C3) T2 Tx  (2k + 1)28 (3C5) T ar Tr Tt

< (s

2 T2
= C’3 1 — 7 + 1 1 1
(2k +1)2r (3Cs) " 2x T% (2K + 1) T2 (3C3) T 2e T2
3Cs

S 1 1 1

(2k + 1)2% (3C5) T2 Tx
B 1

(2k + 1)2% (3Cy) 2w T'%

therefore 7, : L,, — L,,. Furthermore, it follows that
Tttt — Tv = cos(t(=A)2)(fu — f,) + Ot)(gu — 90)
t
- / Ot — )(F(u(r, ) — Flu(r, )))dr.

Again by Lemma 4.1.1 and the fact that we have the hypothesis

1
(2k + 1)2% (3Cs) Tae 7ot

HgHM;’:;(R") <

which implies that

||9||M2S;;’(Rn) < ||f||M2S:;"(R") ’
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it follows that
|| T — %Ul‘M;’;‘(R”)
S 03 <||fu_ffu||M~29:;)‘(Rn)+<1+t)||gu gv||M*°‘(R”)

+T? sup ||lu— UH?\;;% Rn))
0<t<T

S%ONﬂMLﬁMwm+WﬁmW—W%%Q

2k+1
< G572 sup ([ = vllagge gy + llu = vl 3 e )
0<t<T
< C3T? sup ||u — V|l ags = @n) (2k + 1)L
0<t<T
2k+1
< 3T sup |[u — UHM;;;*(Rn)

(2]€ + 1)(303)T2 0<t<T

1

< 3 Sup [|lu — UHM” (R7)

0<t<T
1 .

= 3 |lu — UHC([O,T},MQS;;(R")

Thus .7, is a contraction mapp and by the fixed point theorem we have a unique
solution in the space C([0,T], My (R™)). O

4.4 Solution to the Nonlinear Klein Gordon Equa-
tion
Using the same idea as in Section 4.3 we have a similar theorem for the Klein Gordon
equation.
) 1 2
Theorem 4.4.1. (Trulen) Let 1 < p,qg < oo, t > 1, « < min {5, —}, s > sg where
n

so has been defined early. Suppose k is a positive integer and there exists a constant

¢ that is depended on k only such that

el e < rann g

and

||9u||M§;5(R”)— n|1 |(1+2k)T1+2k
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then the Nonlinear Klein-Gordon equation

Onu(t,x) +u(t,z) — Au(t,x) + F(u(t,x)) =0, for (t,x) € Ry x R",
uw(0,z) = fu(x), for z € R",
Oyu(0,z) = gu(x), for z € R,

where F(u(t,x)) = |u(t,z)[*u(t, ) has a unique solution u € C([0,T], Myd(R™)).

Proof. Let C; where n = 1,2, 3 are all essential constants that are independent of all
essential variables. The nonlinear Klein-Gordon Equation has the following formal

solution
u(t, z) = cos(t(I — A)?) fu(x) + Ok (t)gu(x)
Ok(t — 7)F(u(r,x))dr.
Thus define the map kg by
Ticau = cos(t(I — A)Z) f(x) + O (t)gu ()
t
— / Ok(t —7)F(u(r,x))dr.
0
By the previous theorems and hypothesis we have

Hcos(t([ — A)3) fu + Ok (t)gu

Mg (R)
<o, (s3] n| 53]
< G (2| full ey + 81721+ ) gullyemny ) -

Furthermore, we have

T
< [ (=Bt @ @ = nrB) Py o, dr
0 p.q

< CyM, <T"|’*7|Jrl + Tn|777|+2> H|U|2ku‘ }M;;;‘(R”)

/o Ok(t — 7)F(u(r,x))dr

Mg (R™)

< CQMkT”‘E_5’+ (1+7T) sup Hu||?\§+§ (&)
0<t<T

< oMl 2 sup lul 22
0<t<T ’
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where M is defined by
M]; = 2max {AQk, A2k+1} .

Thus we have

||<7KGU||C([0,T],M;;3(RH))
i1 2%k+1
< Cyrrli (Hfu||M;;:;(Rn) + T llgullasgg @y + T° OE?ETHU( Mg @ ) :

Now define Lgg by
1

Lrxa =

(303)i(2k + 1)i (T”|P 2|+2> >
and define By, be an open ball centered at the origin in C([0, T, M,(R™)) with
radius Lx¢. Suppose that the following estimates hold

1

< 1
( CS)1+% (2]{3—{—1)2an| |(1+2k)Tk

HquM,fjg‘(R") =

Y

and
1

< .
(303)1+ﬁ(2k + 1)ﬁT”|%_%|(1+i)T%+l

||9u||M;;;(Rn) =

So it follows that

|| Tccul |c [O,T],MEJ«?(R"))

1_1 2k+1
< eyl (||fu||MwRn)+T||gu||Man)+T2 sup [l >||M;;<Rn)
3

(3C3) 3% (2k + 1)z 72| (4 2) i
1

1
(3C3) % (2k + 1) (T”\%—%V“’) %

< CT" "53]

Therefore, k¢ : Bz, = Bry,- Furthermore, we have

Tt — Tiav = cos(t(] — A)2)(ful@) — fo(@)) + Ox(£)(gu(x) — gu(z))
— /0 Ot — 7)(F(u(r,z)) — F(v(r,x)))dr.
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Now using the hypothesis we have

ngHMg;g(Rn) < Hfu“M;;,‘;(Rn)v

we have

| Tkau — Tralloomme @y
nli_1
<oyl <||fu — follagg@my + Tl19u = 9ollarge @my

+T? su U—v iji n>
Ogth | HM,,,Q (R")

alio1
< CsT |5-3] ((2+t)||fu fv||M5aRn)+T sup ||u—v||?\§ji Rn))

0<t<T "

< C’ST"’P 3| +2 sup ||u = v||ye0 @y (26 + 1)L%,
0<t<T

SCng%_%‘—ﬂ 2k+1

Ssu u — v 5,0 om
3c3(2k + 1)T"’%_%‘+2 Ogth I HMp,q (R™)

1
<3 Sup [lu = vl| e @y

1
—3 ||lu — U||C([0,T},M;;§(Rn)) ;

therefore Jx ¢ is a contraction map and by the fixed point theorem there exists a
unique solution v € C([0, T, M7 (R™)). O
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