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Uncertainty in contact angle measurements from the tangent 
method

C. W. Extrand

CPC, Inc., St. Paul, MN, USA

Introduction

Contact angle measurements are frequently used to assess cleanliness of surfaces and the 
potential for creating a high-quality adhesive bond.[1–3] The most common technique 
employs a sessile drop, where a small volume of liquid is deposited onto a horizontal solid 
surface and allowed to spread. Liquid may be added to or withdrawn from the drop to 
advance or retract its contact line, then an image of the drop is captured, as depicted in 
Figure 1. A base line (b) with a slope of mb ≈ 0 is drawn that passes through the triple point 
on each side of the drop where the liquid, solid and the surrounding fluid meet. Another 
line (t) is drawn tangent to the side of the drop with a slope of mt, which also originates from 
the triple point. Finally, the so-called contact angle (θ) between these two lines is measured.

The uncertainty in contact angle measurements is generally reported to be ±1–2°.[4] 
However, depending on the measurement method and the wettability of the solid, these 
values can vary significantly. A number of investigators have examined the Wilhelmy ten-
siometry method and have shown that uncertainty in contact angles grows asymptotically 
as θ → 0° or 180°.[5–8] Uncertainty in indirect estimates from the dimensions and/or vol-
umes of sessile drops also is higher at the limits of wettability.[9] Relative uncertainty of the 
height–diameter[10–12] and the volume–diameter methods[13] increases as θ approaches 
0°; whereas uncertainty in the height–diameter method grows as θ tends towards 180°.[9]

Even though the uncertainties of many techniques for measuring wettability have been 
well documented, surprisingly, error propagation of the tangent method has received little 
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attention. Therefore, in this work, the uncertainty in direct measurement of contact angles 
by the tangent method was analyzed for 0° < θ < 180°.

Analysis

We begin the analysis by defining several parameters. The absolute uncertainties in the 
measurement of the tangent and base line slopes (mt and mb) are δmt and δmb. Their cor-
responding relative uncertainties are defined as
 

and
 

If it is supposed that the uncertainties of mt and mb are independent of each other and 
random, then uncertainty in contact angle (δθ) can be estimated using standard error 
propagation techniques,[14]
 

where ∂θ/∂mt and ∂θ/∂mb are partial derivatives. Values of θ from the tangent method can 
be determined from the slopes of tangent line (mt) and base line (mb) using the following 
expression,[15]
 

Differentiating Equation (4) with respect to mt and mb, inserting those partial derivatives 
into Equation (3) and assuming that the solid surface is indeed horizontal (mb = 0) produces 
the following expression for δθ,
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Figure 1. A depiction of a sessile liquid drop and its contact angle (θ).
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Because the contact angle (θ) is related directly to the slope of the tangent line (mt) through 
the tangent function,
 

Equation (5) can be recast as,
 

To reduce the complexity of the analysis, it is assumed that the absolute uncertainties in the 
slopes of the base and tangent lines are equal,
 

and Equation (7) simplifies to an expression that allows for the estimation of the absolute 
uncertainty in contact angles from the tangent method in terms of absolute uncertainty in 
tangent and baseline slopes,
 

Often, it is easier to think in terms of relative uncertainty. Therefore, to further simplify, it 
is assumed that relative uncertainties of the slopes are also equal,
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Figure 2. Absolute uncertainty of the contact angle (|δθ|) estimated from Equation (11) as a function of 
the contact angle (θ) and the relative uncertainties in the slopes of the tangent line (Δt) and base line 
(Δb), where Δ = Δt = Δb.
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Substituting Equations (6) and (10) into Equation (9) yields the absolute uncertainty in 
contact angles in terms of relative uncertainty in the tangent and baseline slopes,
 

Results and discussion

Figure 2 shows the absolute uncertainty of the contact angle (|δθ |) estimated from Equation 
(11) as a function of the contact angle (θ), where the relative uncertainties in the slopes of 
the tangent line (Δt) and base line (Δb) are equal, Δ = Δt = Δb. Over most of the range of 
wettability, the uncertainty of the tangent method appears to be quite small. For θ < 60° or 
> 120°, |δθ| ≤ ± 2°, where Δ ≤ ±0.02. However, as θ approaches 90°, from either θ < 90° or > 
90°, |δθ| increases asymptotically. For contact angles in the vicinity of 90°, |δθ| can exceed 
±5°. Why? The slope of the tangent line (mt) and its absolute uncertainty (δmt) grow as θ → 
90°, causing a steep rise in |δθ|. These findings will likely resonate with anyone who has used 
the tangent method to manually measure contact angles – confidence in precise placement 
of the tangent line is generally greater for sessile drops that exhibit θ < 60° than drops where 
θ ~ 90°. Consequently, for surfaces with θ ~ 90°, measurement of contact angles by other 
methods, such as the height–width method with small sessile drops, may be more precise 
than by the tangent method.[9]

When considering uncertainty in contact angle measurements by the tangent method, 
error in the tangent and base line slope is only part of the story. Other experimental fac-
tors also may play a role and could further contribute to uncertainty. For example, precise 
measurements on super hydrophobic surfaces generally are more difficult than surfaces 
with moderate to low contact angles due to difficulties in locating the point of contact, 
positioning of the baseline, gravitational distortion of the drop and erroneous assumptions 
regarding the extent of spreading.[4,9,16–22]

The analysis done here focuses on an axisymmetric drop sitting on a horizontal surface. 
The tangent method is also used to assess contact angles of drops that are distorted by body 
forces, such as those that arise from gravitational (e.g. an inclined plane) or centrifugal 
(e.g. a rotating disk) acceleration.[23–26] This analysis also should be generally applicable 
to distorted drops.

Conclusions

Uncertainty in contact angles measured by the tangent method appears to be quite small 
over most of the range of wettability, but increases asymptotically near 90°.

Disclosure Statement

No financial interest or benefit has arisen from the direct application of this research.

Acknowledgements

Thanks to M. Acevedo, T. Adamson, D. Burdge, L. Castillo, J. Doyon, M. Illikman, L. Jensen, K. Long 
and D. Meyer for their help and support.

(11)�� = Tan�
(
1 + Cos

4
�
)1∕2

Δ.



Journal of Adhesion Science and Technology    1601

References

  [1] � Wu S. Polymer interface and adhesion. New York (NY): Marcel Dekker; 1982.
  [2] � Adamson AW. Physical chemistry of surfaces. 5th ed. New York (NY): Wiley; 1990.
  [3] � Hiemenz PC, Rajagopalan R. Principles of colloid and surface science. 3rd ed. New York (NY): 

CRC Press; 1997.
  [4] � Johnson RE, Jr, Dettre RH. Wettability and contact angles. In: Matijević E, editor. Surf. Colloid 

Sci. Vol. 2. New York (NY): Wiley; 1969. p. 85–153.
  [5] � Miller B, Young RA. Methodology for studying the wettability of filaments. Text Res. J. 

1975;45:359–365.
  [6] � Martin DA, Vogler EA. Immersion depth independent computer analysis of Wilhelmy balance 

hysteresis curves. Langmuir. 1991;7:422–429.
  [7] � Tretinnikov ON, Ikada Y. Dynamic wetting and contact angle hysteresis of polymer surfaces 

studied with the modified Wilhelmy balance method. Langmuir. 1994;10:1606–1614.
  [8] � Extrand CW. Uncertainty in contact angle estimates from a Wilhelmy tensiometer. J. Adhes. 

Sci. Technol. 2015;29:2515–2520.
  [9] � Extrand CW, Moon SI. When sessile drops are no longer small: transitions from spherical to 

fully flattened. Langmuir. 2010;26:11815–11822.
  [10] � Mack GL. The determination of contact angles from measurements of the dimensions of 

small bubbles and drops. I. The spheroidal segment method for acute angles. J. Phys. Chem. 
1936;40:159–167.

  [11] � Mack GL, Lee DA. The determination of contact angles from measurements of the dimensions 
of small bubbles and drops. II. The sessile drop method for obtuse angles. J. Phys. Chem. 
1936;40:169–176.

  [12] � Bartell FE, Zuidema HH. Wetting characteristics of solids of low surface tension such as talc, 
waxes and resins. J. Am. Chem. Soc. 1936;58:1449–1454.

  [13] � Bikerman JJ. Contact angles of “built-up” multilayers. Trans. Faraday Soc. 1940;35:412–417.
  [14] � Taylor JR. An introduction to error analysis. 2nd ed. Sausalito, CA: University Science Books; 

1997.
  [15] � Beyer WH, editor. Standard mathematical tables. 27th ed. Boca Raton, FL: CRC Press; 1984.
  [16] � Mahadevan L, Pomeau Y. Rolling droplets. Phys. Fluids 1999;11:2449–2453.
  [17] � Extrand CW. Model for contact angles and hysteresis on rough and ultraphobic surfaces. 

Langmuir. 2002;18:7991–7999.
  [18] � Dorrer C, Rühe J. Advancing and receding motion of droplets on ultrahydrophobic post 

surfaces. Langmuir. 2006;22:7652–7657.
  [19] � Gao L, McCarthy TJ. A commercially available perfectly hydrophobic material (θa/θr = 

180°/180°). Langmuir. 2007;23:9125–9127.
  [20] � Patankar NA. Hysteresis with regard to Cassie and Wenzel states on superhydrophobic surfaces. 

Langmuir. 2010;26:7498–7503.
  [21] � Extrand CW, Moon SI. Contact angles of liquid drops on super hydrophobic surfaces: 

understanding the role of flattening of drops by gravity. Langmuir. 2010;26:17090–17099.
  [22] � Srinivasan S, McKinley GH, Cohen RE. Assessing the accuracy of contact angle measurements 

for sessile drops on liquid-repellent surfaces. Langmuir. 2011;27:13582–13589.
  [23] � Kawasaki K. Study of wettability of polymers by sliding of water drop. J. Colloid Sci. 

1960;15:402–407.
  [24] � Extrand CW, Kumagai Y. Liquid drops on an inclined plane: the relation between contact 

angles, drop shape, and retentive force. J. Colloid Interface Sci. 1995;170:515–521.
  [25] � Extrand CW, Gent AN. Retention of liquid drops by solid surfaces. J. Colloid Interface Sci. 

1990;138:431–442.
  [26] � Tadmor R, Bahadur P, Leh A, et al. Measurement of lateral adhesion forces at the interface 

between a liquid drop and a substrate. Phys. Rev. Lett. 2009;103:266101.


	Abstract
	Introduction
	Analysis
	Results and discussion
	Conclusions
	Disclosure Statement
	Acknowledgements
	References



