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Present work concentrates on melting heat transfer in three-dimensional flow of nanofluid over an
impermeable stretchable surface. Analysis is made in presence of porous medium and homogeneous-
heterogeneous reactions. Single and multi-wall CNTs (carbon nanotubes) are considered. Water is chosen
as basefluid. Adequate transformations yield the non-linear ordinary differential systems. Solution of
emerging problems is obtained using shooting method. Impacts of influential variables on velocity and
temperature are discussed graphically. Skin friction coefficient and Nusselt number are numerically dis-
cussed. The results for MWCNTs and SWCNTs are compared and examined.
� 2017 Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://

creativecommons.org/licenses/by-nc-nd/4.0/).
Introduction

It is noted that water, kerosine oil etc. are commonly used as
base fluids for cooling purposes. Heat transfer rate in cooling pro-
cess greatly depends on specific heat, density and thermal conduc-
tivity of the base fluid. One of the methods adopted for the
enhancement of thermal conductivity of base fluid is through the
addition of small sized particles. These small sized particles are
known as nanoparticles. The homogenous mixture of the nanopar-
ticles and basefluid is called nanofluid. Nanomaterials are made of
oxide ceramics (Al2o3, Cuo etc.), carbide ceramics (SiC, TiC etc.),
metal nitrides (AlN, SiN etc.), carbons (diamond, graphite, carbon
nanotubes, fullerene etc.), functionalized nanomaterials and met-
als (Cu, Ag, Au etc.). Initially term Nano was utilized by Choi [1].
The shape of nanomaterials highly affects heat transport rate of flu-
ids. Elias et al. [2] inspected the influence of shape of carbon nano-
materials on heat transfer rate. It is elaborated that tube shaped
nanomaterials shows better performance for heat transfer coeffi-
cients, thermal conductivity and heat transfer rate. This is pursued
by bricks, platelets, blades and spherical carbon nanomaterials
respectively. Nanotubes are seamless cylindrical-shaped material
of carbon with one or more layers of graphene. Carbon nanotubes
with single graphene’s layer are called single-wall carbon nan-
otubes while with more than one graphene’s layer are called
multi-wall carbon nanotubes. There are numerous applications of
CNTs such as preparations of flat-panel displays, structural com-
posite materials, antifouling paint, gas storage, radar-absorbing
coating, micro and nanoelectronics, conductive plastics, technical
textiles, batteries with improved lifetime, ultra-capacitors, extra
strong fibers, biosensors for harmful gases etc. Due to the gamier
chemical compatibility with biomolecules, the carbon nanotubes
are used in biosensors and medical devices i.e. purification of
drinking water, DNA and proteins [3]. MHD flow of nanomaterials
with gyrotactic microorganism in a startified medium is examined
by Waqas et al. [4]. Mixed convective entropy generation in a
heated skewed enclosure of Cu-water nanofluid is numerically
studied by Nayak et al. [5]. Hayat et al. [6] examined stagnation
point flow of CNTs in presence of slip condition. Sheikholeslami
and Ellahi [7] explored heat transfer in three dimensional flow of
nanofluids with mesoscopic simulation of magnetic field. Hayat
et al. [8] studied radiative flow of thixotropic nanofluid in presence
of magnetohydrodynamics and Joule heating. Waqas et al. [9]
explored radiative heat transfer in flow of Carreau nanofluid.

Melting and solidification are the most important phenomena
in the technological processes. There is extensive range of applica-
tions of melting/freezing phenomenon of solid–liquid phase
change materials. These include welding process, crystal growth,
latent heat thermal energy storage, optimal utilization of energy,
thermal protection, the freeze treatment of sewage, magma
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solidification, preparation of semiconductors and thawing of fro-
zan ground. Robert [10] initially described the melting by placing
ice slab the stream of hot air. Melting effect in stagnation point
flow of Maxwell fluid towards a surface with double-diffusive con-
vection is inspected by Hayat et al. [11]. Melting heat transfer and
radiation in MHD boundary layer flow is studied by Das [12]. Melt-
ing heat transfer in flow of micropolar fluid over a stretching/
shrinking surface is examined by Yacob et al. [13] in the region
of stagnation point. Bachok et al. [14] explored heat melting trans-
fer in stagnation point flow over a stretching/ shrinking surface. An
experimental study on melting heat transfer by dispersing paraffin
with Al2O3 nanoparticles is performed by Ho and Gao [15]. Few
recent studies on stretchable surface can be further seen in the
Refs. [16–23].

Homogeneous and heterogeneous reactions are the natural
process of chemical reactions. Homogeneous reaction in fact
occurs between the same phase (gases, liquids, solids) while
heterogeneous reaction is two phase or different phase reaction
(solid and gas, solid and liquid). Some of the chemical reactions
are very slow or not at all in nature in the absence of a catalyst.
Homogeneous and heterogeneous reactions have a complex
interaction which involve the preparation and consumption of
reactant species with different rate in the fluids as well on the
surface of the catalyst such as the reaction occurs during the
combustion. Homogeneous and heterogenous reactions during
isothermal process in the boundary layer flow is explored by
Merkin [24]. The flow and heat transfer of CNTs in the region
of stagnation point with homogenous-reactions and Newton
heating is inspected by Hayat et al. [25]. Kameswarn et al. [26]
discussed the flow of nanofluid over porous stretching surface
with homogeneous-heterogeneous reactions. Flow of micropolar
fluid over a shrinking surface with homogeneous-heterogeneous
reactions is studied by Shaw et al. [27]. The boundary layer flow
towards a stretchable surface with homogeneous -heterogeneous
reactions is considered by Bashok et al. [28]. Oscillatory behavior
in homogeneous-heterogeneous reaction model is investigated by
Song et al. [29]. Qayyum et al. [30] studied convective flow of
third grade fluid over a variable thicked stretchable surface with
chemical reactions. Homogenous-heterogeneous reactions in 3D
flow with double diffusion is examined by Hayat et al. [31]. Tan-
veer et al. [32] elaborated homogeneous-heterogenous reactions
in flow of Sisko fluid with mixed convection. Peristaltic flow with
chemical reactions and Hall current is analyzed by Hayat et al.
[33]. Khan et al. [34] explored homogeneous-heterogeneous reac-
tions in stagnation point flow with Joule heating and viscous dis-
sipation. Flow of nanofluid with chemical reactions over a
stretchable variable thickness surface is analyzed by Hayat
et al. [35]. Chemical reactions in stagnation point flow with
non-Fourier heat flux is explored by Hayat et al. [36]. MHD flow
with homogeneous-heterogenous reactions by a curved stretch-
ing surface is inspected by Imtiaz et al. [37]. MHD flow of an
Oldroyd-B material with chemical reactions is studied by Hayat
et al. [38]. Impact of homogeneous-heterogeneous reactions and
non-Fourier heat flux towards a stretched surface is presented
by Hayat et al. [39].

In order to enhance the thermophysical properties of heating or
enlarging cooling rate the researchers and scientists have concen-
trated only on the dissolution of Ag, Al2O3, Cu nanomaterials in the
base fluid. Here we have considered three dimensional flow with
single-wall and multi-wall CNTs. Heat transfer by melting process
is discussed. The emerging nonlinear system is solved by using
shooting technique [41,42]. Both velocity and temperature are
discussed graphically while skin friction coefficient and Nusselt
are discussed numerically in view of influential variables.
Modeling

Consider three-dimensional flow of nanofluid over an imperme-
able stretchable surface. Fluid saturates theporousmedium. Present
flow subjected to melting heat and homogeneous-heterogeneous
reactions is studied. CNTs are utilized in water. Moreover viscous
dissipation and thermal radiation effect is neglected. Cartesian coor-
dinates are chosen. Heat released during the reaction is also
neglected.

The homogeneous reaction can be defined for cubic autocataly-
sis in the form:

Aþ 2B ! 3B; rate ¼ k1ab
2
; ð1Þ

while isothermal reaction of order first on the catalyst surface is:

A ! B; rate ¼ ksa: ð2Þ
Here a and b show concentration of chemical species A and B.

The rate constants are represented by k1 and ks. These equations
of reactions guarantee that the rate of reacton is zero in the exter-
nal flow as well on the outer edge of boundary layer. After utilizing
boundary layer approximations (oðxÞ ¼ oðyÞ ¼ oðuÞ ¼ oðvÞ ¼ oð1Þ;
oðwÞ ¼ oðzÞ ¼ oðdÞ) one has
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The boundary conditions are

u¼ uw xð Þ ¼mx; v ¼ vwðyÞ ¼my; DA
@a
@z

� �
¼ ksa;

DB
@b
@z

� �
¼�ksa at z¼ 0;

u! 0; v ! 0; T ! T1 a! a0; b0 when z!1:

ð9Þ
In above expressions the velocity components are represented

by u;v , and w in the x; y and z-direction respectively, tnf kinematic
viscosity of nanofluids, anf thermal diffusivity of nanofluids, T and
T1 fluid temperature and ambient temperature, DA;DB diffusion
coefficient of species A and B, kp the permeability while uw and
vw the stretching velocities.

The condition related to melting heat transfer [10–15]:

knf
@T
@z

� �
z¼0

¼ qnf k1 þ csðTm � T0Þ½ �wz¼0; ð10Þ

where qnf is the density of nanofluid and k1 represents fluid’s latent
heat and cs and T0 the heat capacity and temperature of the solid
surface respectively.



Fig. 1. / variation for F 0 .
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Xue [40] elaborated that earlier nanofluid models are only valid
for rotational or spherical elliptical materials with very small axial
ratio. On the basis of thermal conductivity space distribution the
properties of carbon nanotubes cannot be described by these mod-
els. To overcome this void, a theoretical model on the base of Max-
well theory for elliptically rotational nanotubes having larger axial
ratio and balancing the impacts of space distribution on carbon
nanotubes is proposed by Xue [40].

Here

lnf ¼
lf

1� /ð Þ2:5
; mnf ¼

lnf

qnf
; qnf ¼ 1� /ð Þqf þ /qCNT ;

anf ¼ knf
qnf cp
� �
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ð11Þ
where / denotes the nanomaterial volume fraction, anf the thermal
diffusivity, qf the fluids density, knf and kf the thermal conductivi-
ties of nanofluids and fluid while kCNT the thermal conductivity of
carbon nanotubes.

Transformations are taken as follows:
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ffiffiffiffi
m
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Continuity Eq. (3) is satisfied automatically while laws of
momentum conservation and energy give:
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where k shows the porosity parameter, Sc the Schmidt number, Pr
the Prandtl number, K� the strength of homogeneous parameter,
Ks the strength of heterogeneous reaction parameter, M the melting
parameter and d the ratio of mass diffusion coefficients. These
parameters are defined as follows:
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: ð19Þ

Here we assume that DA and DB (Diffusion coefficients of species
Aand B) to be of comparable size. This statement further enables us
to assume that both the diffusion coefficients DA and DB are equal
for d ¼ 1. Hence [26]:

H gð Þ þ J gð Þ ¼ 1: ð20Þ
From Eqs. (16) and (17) we have

1
Sc
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The boundary conditions are

H0ð0Þ ¼ KsH 0ð Þ; H gð Þ ! 1 as g ! 1: ð22Þ
Dimensionless coefficient of skin friction and local Nusselt

number are

CfRe
1=2
x ¼ 1

1� /ð Þ2:5
F 00ð0Þ; CfRe

1=2
y

¼ 1

1� /ð Þ2:5
G00ð0Þ; NuxRe

�1=2
x ¼ � knf

kf
h0ð0Þ; ð23Þ

where Rex ¼ uwðxþ yÞ=mf and Rey ¼ uwðxþ yÞ=mf depicts the local
Reynolds numbers.

Solutions

Built in routine of Mathematica for solving non-linear bvps via
shooting method with an algorithm of fourth order Runge kutta is
used to obtain the numerical solution of the systems consisting of
Eqs. (13)–(15)and (21) and boundary conditions (17) and (22).

Discussion

Aim of this section is to interpret the impacts of influential
variables on the velocity, temperature, skin friction coefficient
and Nusselt number. Figs. (1) and (2) are sketched for the impacts
of nanomaterial volume fraction on both axial and transverse
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components of velocity. Clearly both velocity and corresponding
boundary layer are enhanced for larger nanomaterial volume frac-
tion /. Furthermore the impact of multi-wall CNTs dominants over
single-wall CNTs. Effect of porosity parameter k on axial and trans-
verse components of velocity is portrayed in Figs. (3) and (4). Here
velocity decreases for larger porosity parameter k. In fact the per-
meability of porous medium decreases for larger porosity parame-
ter which leads to reduction of fluid velocity. Also effect of single-
wall CNTs is more than multi-wall CNTs. Figs. (5) and (6) show out-
come of melting parameter M on axial and transverse components
of velocity. Here velocity profiles increase for larger melting
parameter M in cases of both single and multi-wall CNTs. Influence
of nanomaterial volume fraction / on temperature is presented in
Fig. 7. Clearly fluid temperature reduces while corresponding ther-
mal boundary layer enhances for larger nanomaterial volume frac-
tion /. Fig. 8 shows influence of porosity parameter k on
temperature distribution. It is examined that for higher values of
permeability parameter the fluid temperature decreases. In Fig. 9
analysis of melting parameter M on temperature is sketched. Tem-
perature reduces for higher melting parameter M. In fact enlarge-
ment in melting parameter corresponds to convective flow of



Fig. 8. k variation for h.

Fig. 9. M variation for h.

Fig. 10. k variation for H.

Fig. 11. K� variation for H.

Fig. 12. Ks variation for H.

Fig. 13. Sc variation for H.

Table 1
Numerical values of specific heat, density and thermal conductivity.

Physical properties Nanotubes Base fluid

SWCNT MWCNT Water

cp J=kgKð Þ 425 796 4179

q kg=m3
� �

2600 1600 997

k W=mKð Þ 6600 3000 0.613
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heated fluid to the melting surface. Influence of porosity parameter
k on concentration is depicted in Fig. 10. The concentration
decreases for larger k. Fig. 11 shows the effect of strength of
homogenous reaction parameter K� on the concentration. There
is decrease in concentration for larger K� while opposite behavior
is inspected for boundary layer. Also the impact of single-wall
CNTs dominants over multi-wall CNTs. Effect of strength of
heterogenous reaction parameter Ks on concentration is sketched
in Fig. 12. The result for Ks on concentration and associated bound-
ary layer are similar to of K�. Fig. 13. is depicted for the impact of Sc
on concentration. It is inspected that concentration enhances while
the corresponding solutal boundary layer decreases for larger Sc.
The ratio of momentum diffusivity to mass diffusivity is called Sch-
midt number. Thus by increasing Schmidt number, mass diffusion



Table 2
Evaluation of coefficient of skin friction and Nusselt number under influential variables in both single and multi-wall CNTs cases when K� ¼ 0:2;Ks ¼ 1:2 and Sc ¼ 0:8.

SWCNT MWCNT SWCNT MWCNT SWCNT MWCNT
/ M k cf

ffiffiffiffiffiffiffiffi
Rex

p
cf

ffiffiffiffiffiffiffiffi
Rex

p
cf

ffiffiffiffiffiffiffiffi
Rey

p
cf

ffiffiffiffiffiffiffiffi
Rey

p
Nuffiffiffiffiffiffi
Rex

p Nuffiffiffiffiffiffi
Rex

p

0.1 0.5 0.5 �1.68714 �1.63180 �1.68720 �1.63187 �3.63323 �3.55854
0.2 �2.15488 �2.03959 �2.15500 �2.03976 �4.44146 �4.41693
0.3 �2.80679 �2.87050 �2.87050 �2.62161 �5.03448 �5.06319
0.1 0.2 0.5 �2.15488 �1.64363 �1.67920 �1.64371 �3.69830 �3.63775

0.6 �1.69066 �1.62798 �1.68372 �1.63806 �3.61215 �3.53305
1.0 �1.67020 �1.61331 �1.69432 �1.61339 �3.53067 �.43530

0.1 0.5 0.0 �1.42409 �1.35847 �1.42411 �1.35849 �3.75571 �3.67827
0.5 �1.68714 �1.63180 �1.68720 �1.63187 �3.63323 �3.55854
1.0 �1.91740 �1.86883 �1.91742 �1.86885 �3.52595 �3.45443
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decreases which is responsible for an enhancement of concentra-
tion.Table 1 illustrates specific heat, density and thermal conduc-
tivity of the carbon nanotubes and water while Table 2 is made
for the numerical data of skin friction coefficient and Nusselt num-
ber. The skin friction coefficient is more for lager nanomaterial vol-
ume friction /. However it decreases for melting parameter M and
porosity parameter k in both cases of SWCNTs and MWCNTs.
Effects of SWCNTs dominant over MWCNTs. Nusselt number
shows increasing behavior for larger nanomaterial volume fraction
while it has opposite behavior for meltingM and porosity k param-
eters. Effect of SWCNTs on Nusselt number is more when com-
pared with MWCNTs.
Concluding remarks

In the present work we have discussed melting heat transfer in
the flow of CNTs. The outcomes are listed as follows:

� Velocity distributions (axial and transverse components of
velocity) shows increasing behavior for larger nanomaterial vol-
ume fraction /. However such velocities have opposite behavior
for porosity parameter k and melting parameter M. Impact of
multi-wall CNTs dominants over single-wall CNTs.

� Temperature is smaller for larger nanomaterial volume fraction
/, melting parameter M and porosity parameter k. Furthermore
single-wall CNTs are more efficient than multi-wall CNTs.

� Larger strength of homogenous reaction parameter K� and
strength of heterogenous reaction parameter Ks cause reduction
of concentration. However it enhances for higher values of Sch-
midt number Sc.

� Larger nanomaterial volume fraction / cause enlargement in
the coefficient of skin friction for both single and multi-wall
CNTs cases. Also skin friction coefficient reduces for larger melt-
ing M and porosity k parameters.

� Heat transfer rate or cooling process can be increased by utiliz-
ing smaller porosity parameter k and melting parameter M.
However it reduces for larger nanomaterial volume fraction /.
It is seen that SWCNT case is more effective than MWCNT.
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