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ABSTRACT KEYWORDS

We study the asymptotic behavior of instrumental variable estimators in Bekker standard errors;

the static panel model under many-instruments asymptotics. We provide LIML; many-instruments
new estimators and standard errors based on concentrated instruments as  2ymPptotics; panel data;
alternatives to an estimator based on maximum likelihood. We prove that weak instruments

the latter estimator is consistent under many-instruments asymptotics only JEL CLASSIFICATION

if the starting value in an iterative procedure is root-N consistent. A similar C23; C26

approach for continuous updating GMM shows the derivation is nontrivial.

For the standard cross-sectional case (T=1), the simple formulation of

standard errors offer an alternative to earlier formulations.

1. Introduction

In the standard linear cross-sectional model with endogenous regressors, the Limited Information
Maximum Likelihood (LIML) estimator of Anderson and Rubin (1949) is known to be consistent
under many-instruments asymptotics where the number of instruments increases with the sample
size. Bekker (1994) formulated many-instruments consistent standard errors resulting in more
accurate cover rates of confidence sets in case of many or weak instruments. Recently, Bekker
and Wansbeek (2016) provided a simple formulation of many-instruments consistent standard
errors based on so-called concentrated instruments. As 2SLS is inconsistent under many-instru-
ments asymptotics, in particular when instruments are weak, it would be interesting to look for
LIML-like alternatives for 2SLS in a wider context.'

In panel data models the Generalized Method of Moments (GMM) approach of Arellano and
Bond (1991), or more recently, the 2SLS approach of Arellano (2016), the number of instruments
increases with the time dimension, resulting in many-instruments inconsistent estimators that suffer
from bias (e.g., Bun and Sarafidis, 2015; Kiviet, 1995; Ziliak, 1997). Wansbeek and Prak (2017) observe
that LIML estimators in panel data models, as developed by, e.g., Alvarez and Arellano (2003), Akashi
and Kunitomo (2012) and Moral-Benito (2013) for the dynamic panel data model, are least-variance
ratio estimators just as LIML, but not true ML estimators obtained from maximizing a likelihood
function. They aim at filling this gap by deriving the ML estimator for the static linear panel data
model and investigating its properties in a framework of many-instruments asymptotics.

Here we compare the approach of Wansbeek and Prak (2017), henceforth WP, with continu-
ous updating GMM and a new approach, which uses concentrated instruments. We find that the

CONTACT Paul Bekker @ p.a.bekker@rug.nl; Jelle van Essen @ j.van.essen@rug.nl @ Faculty of Economics and Business,
University of Groningen, Groningen, The Netherlands.

For example, Hausman et al. (2012) and Bekker and Crudu (2015) provide LIML-like many-instruments consistent estimators
for the cross-sectional linear model with unknown heteroskedasticity.
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ML-based estimator of WP is actually many-instruments inconsistent due to an iterative proced-
ure that starts with an inconsistent estimator. We prove that starting with a root-N consistent
estimator indeed produces the claimed asymptotic distribution. However, the result is nontrivial
and a similar procedure for continuous updating GMM produces another result. Starting with
root-N consistent estimators, we distinguish between one-step estimators, using only one iteration
step, and fully iterated estimators. In the ML approach the two estimators have the same asymp-
totic distribution, but for the continuous updating GMM approach the distributions are different.

The new approach can be interpreted as 3SLS based on M concentrated instruments, where
M is the number of regressors. The one-step estimator that we call panel concentrated instru-
mental variable estimator (P-CIVE) has the same asymptotic distribution as the ML-based esti-
mator and the fully iterated continuous updating GMM estimator. Moreover, the estimator has
an appealing form and its simple 3SLS-like standard errors are many-instruments consistent. In
particular for the cross-sectional case, where T'=1, the standard errors offer a simple alternative
to the original formulation in Bekker (1994) and the more recent formulation in Bekker and
Wansbeek (2016).

The section structure of this paper is as follows. Section 2 introduces the model with multiple
regressors and the approach based on concentrated instruments resulting in P-CIVE and its
standard errors. To keep the presentation simple, we provide derivations for the case of a single
regressor. We discuss the WP approach and its issues in Section 3. In Section 4, we present the
continuous updating GMM estimator as an alternative. We find that it can be improved upon by
the P-CIVE estimator, which uses concentrated instruments as discussed in Section 5. The differ-
ences between the fully iterated estimators is discussed in Section 6. Section 7 gives the outcomes
of Monte Carlo simulations in which the performances of the original and corrected WP estima-
tors and the P-CIVE estimator are assessed and compared.

2. The panel model and the P-CIVE estimator

We first discuss the static panel model as considered by Wansbeek and Prak (2017) with multiple
time periods T>1 and multiple regressors M>1. We present the P-CIVE, which is a 3SLS esti-
mator with 3SLS standard errors that are both consistent under many-instruments asymptotics.
The case T=1, where LIML is the ML estimator, will be discussed separately. The case M =1
will be considered to present the derivations of the many-instruments asymptotic distributions.

2.1. The static panel model, T >1and M >1

Consider a static panel data setting with N entities that are each observed at times t =1,...,T.
For multiple regressors the model is given by

v, = Xif+ u, (1)
X[ - ZHt + Vt, (2)

where 8 is an M vector of parameters of interest, y,, ..., y, are observed N vectors and X, ..., X¢
are observed N x M matrices of regressors, which may be endogenous. It is assumed that any
fixed effects have been eliminated by an appropriate data transformation. An N x K matrix Z of
instruments is observed as well, where rank (Z) = K. The disturbances in U = (uy,...,ur) and
V = (Vy,..,, V) are not observed. Conditional on the instruments Z, the N rows of the matrix
of disturbances (U, V) are assumed to be independently normally distributed with zero mean and
covariance matrix X. Furthermore, we use many-instruments asymptotic theory, where the num-
ber of instruments K increases with the number of observations N. It is assumed that K/N — o
and I1}Z'ZII;/N — S and Zthl S = 8>0 as N — oo and T is fixed.
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We consider GMM with continuous updating and an estimator based on maximum likelihood,
as described by WP. In particular, we propose a simple many-instruments consistent estimator
based on concentrated instruments. To introduce the latter approach, let Py = H(H'H) 'H' and
My = I-Py for any matrix H of full column rank. Let C; = P;—A(Iy—P7), where 4 is a scalar.
As a starting point we use the LIML estimator, which ignores the covariance structure of the dis-
turbances. It is given by

-1
ﬂLIML = {ZX C; )LLIML } th (07 iLIML)yt, (3)

t

where ;ILIML is the smallest eigenvalue of the matrix.

T T -1
> (0. X0)'P; yt,Xt){Z(y“Xt)/(IN —PZ)(yt,Xt)} :

t=1 t=1

Let the LIML residuals be given by #; = yt_XtZgLIMU which are collected in the N x T matrix
A R 5 5/ ]

U = (i1, ...,#7). The M concentrated instruments are given by Z = (Z\,...,Z), where Z; =
Cz(Z1mL)MyX,. Let y = (), ...,¥;) and X = (X}, ...,X})', then the P-CIVE is given by

BP—CIVE = [Z’{(f]’f])fl ®IN}X}7IZ/{(0/IA])7 ®IN}y. (4)
The estimated covariance matrix is given by
Vo {00 onzlz{wo) onte 2{wo) enly] o

We show in Section 5 that the many-instruments asymptotic distribution of the P-CIVE esti-
mator is normal, N'/2(BP—CIVE—B)~N(0,Vp_ crve) and the asymptotic covariance matrix
Vp_cive can be many-instruments consistently estimated by Vp_crvE.

2.2. The classic model, T=1

If T=1, the model is the classic limited information instrumental variable model, where 2SLS is
the classic IV estimator and LIML is the ML estimator. LIML is many instruments consistent,
whereas 2SLS is inconsistent a shown, e.g., in Bekker (1994). The estimators are given by

Basis = (X’PZX)TIX,PZ%
B = {X/CZ(}LLIML)X} X'Cy ()LLIML)y

Let 505 = y— XﬁZSLS, then X'Pjiiygrs = 0. Similarly, let dp = y— XﬁLIML, then
X Cz(iLIML)uLIML =0. However whereas yPZuZSLs 75 0 we can show y Cz()uLIML)uLIML =0.
That is to say,

(y—Xb)'P(y—Xb)
(y — Xb)'My(y — Xb)

/LLIML = arg min

is the smallest value 4 such that (y, )(PZ AMz)(y,X) is singular. Consequently, (y,X)'
Cz(luw) (7, X) >0 and  (y—XBing)'Cz(iuwn)(p—XPBrpe) =0, which  implies  (y, X)’
Cz(Zrvp) v = 0. X
Bekker and Wansbeek (2016) used this to reformulate LIML as a 2SLS-like estimator Sy =
(X’PZBWXY X'P; .y, where Zgy = Cz(1mL)(y,X) are M+1 concentrated instruments. They
showed that the 2SLS-like standard errors are many instruments consistent. That is, let 62 =
uLIMLuLIML/N then VLI‘IA\I/IL—&ZN(X/PZBW ) _)VLIML7 where N/ (ﬁLIML ﬁ)NN(O VLIML)
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under many-instrument asymptotics. Consequently, these standard errors may serve as a simple
alternative to the original standard errors in Bekker (1994).

Here we go one step further and formulate LIML as a 2SLS-like estimator based on M concen-
trated instruments. The first-order equations for the optimization to find LIML can be formulated
as X’M;Pzu = 0, or equivalently, X’M@CZ(ELIML)ﬁ =0, where @t = y—Xp . This suggests to
use M concentrated instruments Z = CZ(;ILIML)M,;X. Again LIML can be formulated as a 2SLS-
like estimator By = (Z/X) ' Zy since Z'tip, = 0. We find B = Bp_cive and as a result of
the derivations in Section 5 and Appendix A.4, Vi, = (}ZN(X’P*X)_1 is a many-instruments

consistent estimator of Vi as well. Appendix A.1 derives VLIML\VLIML A separate study may
show how the various standard errors behave in finite samples.

2.3. The model when M =1

WP present the model for M=1. They find that their derivation of the maximum-likelihood-
based estimator is hardly affected when there are multiple regressors and that the generalization
carries on to the many-instruments consistent standard errors. Similarly, this holds for the P-
CIVE estimator with multiple regressors (4) and its standard errors based on (5). In order to
keep the presentation simple, we follow WP and consider the case of a single regressor.

To emphasize that X; and Il; are vectors when M =1, we write x; = Xi,m = II; and x =
Let Y = (y,,...,y;) and X = (xy,...,x7), so that y = vec(Y) and x = vec(X). The model Egs. (1)
and (2) can thus be written as Y = X + U, where f is a scalar, and X = ZI1 + V, where I1 =
(71, ..., wr). Similar to WP, we use many-instruments asymptotics and let IT'Z'ZIT/N — Q>0,
where § = tr(Q)>0.

First, we discuss the ML-based estimator of WP in Section 3 and continuous updating GMM
estimation in Section 4. In Section 5 we discuss the derivations for P-CIVE.

3. The panel LIML estimator of Wansbeek and Prak

WP introduce the panel LIML estimator, which is the maximum likelihood estimator of f under
normality. Using U = Y—X, it satisfies

U'v
B = arg min |l|]'M |U| (6)
—-lrg —lyy v
€ arg solve [tr{(U/U) UX — (UMU) UMZX} = o], (7)

B

«| [»

where indicates the determinant. They show the ratio in the right-hand side of (6) converges
in probability to a function of # with a unique minimum in the true value, leading to the many-
instruments consistency of fy.

In order to find the asymptotic variance, WP consider the infeasible estimator

p=w{A(U)}/u{B(U)},
AU) = (U'U)'YX—(UMU) 'Y M,X, (8)
B(U) = (U'U) ' X'X—(UM,U) ' X' M,X,

and claim that BML and B have the same asymptotic variance.” Using X, Z,, and X, for submatri-
ces of X, with Z,,, = 2 —2wZ, T, they find the asymptotic variance of N 12(B—p) equals

’The result is true as is shown in Appendix A2. The result and the proof are nontrivial. The same approach applied to
continuous updating GMM has a different outcome, as shown in Section 4.



ECONOMETRIC REVIEWS . 185

tr{Z;ul (Q+ AEW)}
(2, Q)

; ©)

VML =

where 1 = o/(1—0). 3 R
As a feasible estimator WP use 8 = tr{A( U)} /tr{B(U)}, where U = Y—XJ3, which is solved

iteratively by using f,qs = (Zt L X/Pyx)” Zt L %/Pzy, as a starting value. WP claim that the
resulting estimator, ﬁ has the same asymptotic variance as 8, or fi,;. However, this claim is
incorrect since ﬁML is not a unique solution to the first-order condition (7). As a result, ﬁ o

many-instruments inconsistent, due to the many-instruments inconsistency of BZSLS'

As an alternative, we suggest to use the LIML estimator defined in (3) as a starting value,
where M=1 and X;=x,. It can be formulated as an extremum estimator, P =
arg min,A(b), where

Yo (3 — xb) Pz (y,—x.b) .
ZrT:1 (J’t - xtb)/(IN —Py) (J’z — xtb)

As y,—x,b = Zn,(f—b) + u, + v,(f—b), and using A = o/(1—0a), we find similar to the steps
taken by WP to prove the many-instruments consistency of the maximum likelihood estimator
(6) that

A(b) =

2
o) =t G=pU+iw@ )
tr(Zuw) +2(f = b)tr(Zw) + (B—0)"tr(Zw)

Consequently, Brn is a many-instruments consistent root. In particular, we find it to be
many-instruments root-N consistent: B = B+ O,(N71/2). As Jume = ABr), we also
have}LIML —A+Op( )

If we use Sy as a starting value, then the iterative procedure would produce B, at least if the
sample size is not too small. In Appendix A.2 we prove the following result. Let the initial estimator
B, be root-N consistent and let the one-step estimator be given by f, = tr{A(U,)}/tr{B(Uy)},
where Uy = Y—XJ,, then N*/2(,— ) 2N (0, var ), where vy is given by (9).

We find the asymptotic distribution is not affected by the choice of 8, as long as (Bo—B)* =
0p(N” ~1/2) 1In particular, for f, = By, we find the asymptotic distribution of the ML estimator.
For 8, =  we find the asymptotic distribution of the infeasible 3 _estimator. For Bo = Brna. we
find the asymptotic distribution of the feasible one-step estimator ffy ;, where further iterations
do not change the many-instruments asymptotic distribution.

4, Continuous updating GMM estimation
Consider the case of a single regressor. Let £ = X(f,I1) = N"'(U, V)'(U, V). The GMM object-
ive function is given by
o -1
Qomm (B, IT) = Vec/{(U, V)} (2 ® Pz)VeC{(U, V)}
_ tr{i’l(U, V)'P4(U, V)}

3For example, consider the case T=1, where BML is the standard LIML estimator, which is the solution to the first-order
condition that produces the smallest eigenvalue 1Pz [iy (I,—Pyz )i, of the matrix
(1,%1) Pz(y1, %) { (31, %1) (In—P7) (y,,%1)} . Another solution is found for the largest eigenvalue. The outcome of an
iterative procedure would depend on the starting value and it need not converge to .
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In order to find the continuously updated GMM (CUGMM) estimator, the objective function
is minimized while U,V and ¥ depend on f§ and II. Appendix A.3 shows that given a value for
B, the objective function Qg (f, 1) is minimized by I1(f) = (ZMyZ) 'Z'MyX, which is the
same matrix function as found by WP for maximizing the normal likelihood. The CUGMM esti-
mator ﬁCUGMM is given by

Beucym = arg min tr (2’1 U’PZU), (10)
B

€ arg solve [tr{(U’U)ilX',MUPZU} = O]. (11)

p
Notice that for T=1, where U'U is a scalar, fij; = BCUGMM. However, for T>1 the functions
are different. Again, similar to (7), the first-order condition (11) may allow for more than

one solution. R A
Let an initial estimator f3, be root-N consistent and let f; be the one-step estimator

A A 71 —
A tr{ (U;UO) X/MUOPZY}
ﬁl = 1 9 (12)
tr{ (ff{)m) X’MQOPZX}

where U, = Y—XBO. Appendix A.3 shows, for the many-instruments asymptotic sequence,
that

{2, (201 4 v (P U}

tr{z;; (Q+ aZW‘u)}
tr{Z;ul (Q+ ZW)} .
tr{E;; (Q+ aZW‘H)} e

N1/2 (B1_ﬁ) :N—l/z
(13)

+aN'/? </}o_ﬂ)

where V* = V-UZ, '%,,. We find, different from maximum likelihood, that the asymptotic dis-
tribution of the one-step CUGMM estimator depends on the initial estimator. As

N*I/Ztr{z;; (zIl + VL)/(PZfocIN)U} — N Vvec(zIl + VY {2, @ (Py—aly) }vec(U)
:i/\/(o, (1— ocz)tr{Z;ul (Q+2Z) }),

we find in particular, when 8, = 8, = Beucw, that

tr{z;u‘ (z11 + VL)’(pZ—aIN)U}
(1- a)tr(Z;ulQ)

N/ (ZgCUGMM*ﬁ) = + 0p(1)AN(0, v,

as in (9). This shows that the fully iterated estimator, BCUGMM, has the same many-instruments
asymptotic distribution as the one-step ML estimator. However, when ﬁo = [, the infeasible esti-
mator B | has a different asymptotic distribution. It shows that the claim of WP that B as defined
in (8) and B,; have the same asymptotic distribution is nontrivial. A similar claim about
CUGMM would be wrong.
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5. P-CIVE

Consider a single regressor. Let z = vec{Cz(4)(ZI1 + V*')} be a single infeasible instrument. As
z is independent of u, we find N™'/2Z'(2 ! @ Iy)u~N (0, v), where u = vec(U) and

o ptm (Y02 (tr{zu: (211 + Vi)l’vcg(z) (201 + v4) })

n—oo n—oo

= tr{Z;ul (Q + ),Zw\u) }

Furthermore, 2'(Z,; ® Ix)x/N = tr(Z,,Q) + 0,(1). Consequently, we find that the infeasible
estimator f = ((Z,] @ Iy)x) "'2/ (T, ! @ Iy)y satisfies N'2(f—B)~N(0,vyr), where vy is
given in (9) and

VML = plim

n—00

—1
<x'<zu; @ Iy)H{Z (22! @ 1)z} "a(,) ®IN>x>
° |

It has the same asymptotic distribution as the one-step ML estimator or the fully iterated
CUGMM estimator.
To make this approach feasible, consider the P-CIVE, (4), which for M =1 amounts to

where U = Y—)_(BLIML and /4 = ijIML, as described in (3). The difference with the one-step

CUGMM estimator is that Pz in (12) is replaced by Cz(4) :

tr{ (IAJ/IAJ)AX'MUCZ(;I)Y}

BP—CIVE = (14)

w{ (0'0) ' ¥Myc (D%}

In Appendix A.4 we show that NI/Z(BP—CIVE—[)))’&N(O,VP_CIVE), where Vp—_CIVE = VML aS$
given in (9). It can be consistently estimated by (5), which amounts to

Vp_cIvE = {x,{(f]/ﬁ)l ® IN}E [2/{

_ tr{X’Mi,cg(i)Mf,X(ﬁ/ﬁ

-1

('
) (15)

w{x'm,c,(x(0'0) "}

6. The iterated estimators after convergence

We already found that for T=1 the three one-step estimators ML, CUGMM and P-CIVE coin-
cide if the starting value is given by LIML. Would this also hold true for the iterated estimators if
T>1? To answer this question we reconsider the first-order conditions. For ML we reformulate
(7), given by

o (0'0) X - (0'M,0) UM =0,

by using
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(0'0) v'x—(0'M0) 'O MX
— (0'0) {Ux - P00 M0) UM - U MX
— (0'0) {0'Px - 0P 0(0'M,0) U MX |
—(0'0) {U'p,Mux - U'P,0(0'M,0) O MMx )
= (f]'fl)il{U/PzMUX +U'P,U(0'M,U) lfJ’PZMUX}
(ﬁ’f]yl{zT + ﬁ'pzmﬁ’MZﬁyl}a’pzMUx
= (0'M,0) U'P,M X,
as
tr[(lAJlMZfJ)illAJ/PZMUX} — 0. (16)
For CUGMM the first-order condition (11) is
tr{(lAJ/U)ilIAJ/PZMUX} — 0. (17)

Using (14) we find iterated P-CIVE satisfies after convergence

Ny ~
L twr0'P,U 7
tr{(U'U) U’{PZ - (%)MZ}MUX} —0.
tr0' MU

iterated P-CIVE satisfies
=1, _
tr{(U o) UPZMUX} —o0,

which amounts to the same first-order condition (17) as CUGMM. Therefore, iterated P-CIVE is
equivalent o CUGMM. Furthermore, comparing (16) and (17), ML is equivalent to iterated P-
CIVE if U U/N is a scalar multiple of U MzU /N, which occurs asymptotically, or when T=1.
In general, when T > 1, the first-order conditions are not equivalent, so that ML is different from
P-CIVE.

7. Simulations

The performance of the WP estimator, the one-step ML estimator and the P-CIVE estimator is
assessed by means of Monte Carlo simulations. We consider the simulation setup of WP, which
uses the model described in Section 2 with T=2, N=500 and =1. They vary an endogeneity
parameter o, an instrument strength parameter F and the number of instruments K to create dif-
ferent simulation settings. However, their instrument strength parameter F is too low to properly
reflect the central location of the F-values as they hold in the simulated samples. The difference
is approximately one, so that the parameter value F=3 produces a median of the F statistics that
on average is close to 4, where the bias is less severe when compared to the case where the
median of the F statistics is actually close to 3. Therefore, we follow the approach of Bekker and
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Table 1. Results of Monte Carlo simulation.

K=10 K=30
w=2 w=0.5 w=2 w=0.5
WP ML P-CIVE WP 1ML P-CIVE WP ML P-CIVE WP 1ML P-CIVE

Fr=2
Median bias (x1000) 59.71 —0.06  0.02 30.78 459 477 2214 020 0.23 185 —032 -0.03
90% range (x10) 5.88 4.30 4.29 11.00 1134 1131 557 221 2.21 5.61 5.66 5.66
5% rejection rate 0.258* 0.070 0.070 0.051* 0.049 0049 0.191 0.052 0.052 0.049 0.046 0.046
Median F 1.96 1.96 1.99 1.98

Fr=3
Median bias (x1000) 422 —044 —-039 086 —059 —036 045 037 0.38 0.34 0.32 0.41
90% range (x10) 2.55 2,62 2.62 5.94 5.98 5.97 146 146 1.46 331 331 3.31
5% rejection rate 0.078%* 0.056 0.056 0.043 0.045 0.045 0.052 0.052 0.052 0.048 0.049 0.048
Median F 2.95 2.95 299 2.98

Fr=5
Median bias (x1000)  0.12 0.1 0.09 033 0.29 039 004 004 001 -017 -0.19 -0.8
90% range (x10) 1.76 1.76 1.76 3.71 3.71 3.71 0.99  0.99 0.99 2.1 2.1 211
5% rejection rate 0.051 0.052 0.052 0045 0046 0.046 0.051 0.051 0.051 0.048 0.050 0.050
Median F 4.95 4.96 4.98 4.98

FF=10
Median bias (x1000) —0.06 —0.06 —0.06 0.49 0.47 048 002 0.02 0.02 0.23 0.23 0.25
90% range (x10) 1.13 1.13 1.13 2.30 2.30 230 064 064 0.64 133 133 133
5% rejection rate 0.049 0.049 0.049 0.047 0048 0.048 0.050 0.050 0.050 0.050 0.050 0.050
Median F 9.93 9.95 9.98 9.98

Note: Number of replications: 50,000. Fixed parameters N =500, T=2, f=1. Other parameters (F*, w, K) are varied as indi-
cated in the table. “WP,” “IML"” and “P — CIVE" refer to the Wansbeek—Prak, one-step ML and panel CIVE estimators, respect-
ively. Estimated variances for the WP estimator were negative in some replications. These variances were counted as zero
variances, resulting in rejections. Parameter settings for which one or more variances were negative are indicated by a
star ().

Wansbeek (2016), so that the strength parameter F*, as we use it, is more in agreement with the
actual median value of the F statistics.

The elements of the matrices Z, U and an N x T matrix E are drawn independently from a
standard normal distribution. Let V = wU + E so that

o ([(Z 1+wa] ®12)'

The matrix IT is defined as IT = (n1,,0)’, where 1, is a 2 x 1-vector of ones. The value of the

scalar 7 is determined by F*. We use 7 = \/ £ (w? 4 1)(F*—1), which solves

. E{x'(I, ® P7)x}/(2K) _ Nr?+K(w?+1)
CEW{L® (L —Py)}x|/2N-2K)  K(w?+1)

for 7.* In order to illustrate how the empirical F-statistics correspond to the specified level F*, we
report the median of the F-statistics for each parameter setting.

We use 16 specifications found for w € {1/2,2},F* € {2,3,5,10},K € {10,30}.” For each set-
ting, we simulate 50,000 replications.

For each estimator, we compute the median bias, the length of the range between the 5th and
95th quantile, and the empirical rejection rate of the hypothesis that f =1 with a theoretical sig-
nificance level of 5%. The latter measure requires computation of standard errors. For the WP
and one-step ML estimators, these are based on the formula for the estimated variance of their
estimator as described in their paper,

WP use . =

: < (14 w?)F, where F = ﬁ('\(';f;f; and R? = n?/(n? + w? +1).
WP use o €

K
N—K
1/2,2},F € {3,5,10} and K € {10,30}.
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Figure 1. Histograms of estimates of f§ from Monte Carlo simulation on the interval [0,2]. Number of replications: 50,000.
Parameter settings: N=1500, T=2, =1, K=10, w =2. Parameter F* is varied as indicated. “WP" and “P-CIVE" refer to the
Wansbeek-Prak and panel CIVE estimator, respectively.

where /. = K/(N—K). This estimator can take on negative values, implying that the standard
error cannot be computed. When this happens, these variances are counted as zero variances,
resulting in rejections. Parameter settings for which one or more variances were negative are indi-
cated by a star (*). For the P-CIVE estimator, the simple standard errors (15) are used.

Results are given in Table 1. We observe that the one-step ML and P-CIVE estimators perform
very similarly. One might conjecture, based on the empirical distributions, that the two estimators
are identical and the differences are due to numerical imprecision. However, the observed differ-
ences between the estimators in 50,000 replications are not only due to numerical imprecision.
The estimators are different, as has been shown in Section 6. They perform well in terms of bias
and inference, with a slight degree of overrejection for w=2. For higher instrument strength,
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F* € {5,10}, the WP estimator performs similarly to the other two estimators, but it is increas-
ingly biased for lower settings of F*.

Figure 1 gives insight into the bias of the WP procedure. It contains histograms of the WP
and P-CIVE estimators; we have omitted the one-step ML estimator, because its distribution is
rather similar to the distribution of P-CIVE. However, all estimators are numerically different. In
particular, we have chosen K=10 and w=2 as an example, and F* = 2,5. We observe that the
WP estimates follow a bimodal distribution when the instruments are weak. This is visual evi-
dence of the issue discussed in Section 3 about the multiplicity of solutions to the first-order con-
dition (7). When instruments are weak, the 2SLS estimator is median biased. This results in the
WP procedure, which uses 2SLS to obtain a starting value, converging to the wrong root with
substantial positive probability.

Interestingly, the inclusion of additional instruments improves the performance of the WP
estimator in most settings. Although the 2SLS estimator is known to be biased for larger numbers
of instruments, the present settings control for F*. As a result the inconsistency of 2SLS does not
increase with K if F* is fixed. That is to say, WP derive the inconsistency as

atr(Z,y,)

plim (stLs_ﬁ) = tr(Q) + atr(Z,,)’

which, in the present setting amounts to

zI=

R »
525Ls:,8+nzJr 1 2)+0p(1) :ﬁ+m+0p(1)-

(

Z|=

+ w

So, indeed, the inconsistency does not vary with K when F* is fixed. Apparently, this fixed
inconsistency of the starting value of the WP procedure causes the biggest problems when there
are few weak instruments.

Appendix
A.1. Standard errors when T=1

How do the standard errors of Section 2.2 based on VEKAL and Vipw compare? To answer this question, first
observe (y,X)A = (4, M;X), where A is nonsingular,

A/
/ u'X

A:( 1 0) 1 7 |-
_ﬁLIML IM 0 IM

N 1
X/PZBWX:X/CZ(;LLIML)(yzx){(}’v ) )VLIML }’7 } Cz jLLIML)X

As X CZ(/LLIML) 0 we find

:X’CZ(ZLIML)(a,M,;X){(u M;X)rC (Janun) (it, My X } (it, MiX)'Cz (A ) X,
= X/CZ(/:LLIML)MﬁX(OvIM){(ﬁvMﬁx)/cé(j~LIML)(ﬁ7MﬁX)}7 (OJM)IX/MaCZ(}»LIML)X,

~ N -1 ~
=X'C, (7~LIML)M:2X{X/M{4 c, (iLIML)MaX} X'M;C; (}LLIML)X
- X'PZX

Consequently, V LIML Vi
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A.2. The asymptotic distribution of the one-step ML estimator
The one-step estimator 3, = tr{A(U,)}/tr{B(U,)}, where U, = Y—Xj, satisfies

N tr{ (U, Uy) ' UX—(U,M,U,) "' UM, X}

1200 _B) — ’
N2 (B, —P) tr{(f]:)f]o)ileX — (U;MZI‘JO)*IXMzX} )

where =+ O0,(N"V?) and so (Bo—B) =0,(N"2). We have U’U/NLZW,U'MZU/(N—K)L

X’X/N—»Q—I— %,, and XMZX/(N—K)LZW. As Uy = U-ZII(B,—B)—V(B,—B), we also find

.
0,0, UU (UV VU .
N TN (N )(/30 ) + o),

UM,U, UMU (UMV VMU 0 (N12)
- - (Bo—8) + ,

N-K N-K N—-K N-K

s0, UyUo/NDE,,, UyM,Uy/(N-K) 22, and

(ﬁ’NfJo> B (UZLIU)’1 . (UI’VU) ! (UI;V+ V]’\]U) (UZ;U)’1 (Bo—ﬁ) 4o, (N1,

with a similar expression for (%)71. We thus find

PP -1 -1
U,U U'vU -
N2 <°—°> - ( ) = 5, (B + Z)ZN (Bo=B) + 0,(1),

N N

N-K

o\t -1
U MU UM,U
N2 ( N 0) B ( - ) :Z;ul(zuv"rzvu) INI/Z(ﬁO ) +0P(1).

Consequently, for the denominator of (A.1) we find

—1 -1
tr{ (U[)UO) X'x - (U{,MZU0> X/MZX}itr(z;ulQ).
For the numerator #, say, we have

-1
n= Nl/ztr{ (U{,Uo) UX— (UQMZUO) UMzX}

— N2u{ (U0 UX-(UM,U) UMLK + 0, (1)
Under normality we have V = UXZ IZW + V*+, where Vs independent of U. We find

n=N"2u{(vv) Uz} + Nl/ztr[{(U/U)’1

For the first term, we have

Neue{ () oz = oz NP rzm | o)
= vec (EWI) ( -l2qr'7 ® IT)Vec(U/) + op(l)
’Q’N(O, V1)7

where v; = vec'(2,1)(Q ® Zy)vec(Z,)) = tr(Z,! Q). For the second term, we find

Nl/ztrH(U’U)’IU’ - (U’MZU)”U’MZ}VL]

= vec(Z ) [({N"2VY - N'VA(N=K) 'V M} @ Ir]vec(U) + 0,(1)

"/./\/'(07 Vz),

U - (U’MZU)_IU/MZ}VL} +0,(1).

(A1)

ZMLH

(A2)

(A.3)

(A.4)

(A.5)

where vy = tr{Z,}(Z,, — Z,,Z, Zu)}. As the relevant terms in (A.4) and (A.5) are uncorrelated, we find the
numerator satisfies n~~A (0, v, + v,). Together with the result for the denominator in (A.3), this gives the desired

result (9).
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3. The asymptotic distribution of the CUGMM estimator
As $ =3(B,11) = N }(U, V) (U, V) and

~ -1 a-la -1
7 (Zw O [ EuEw (5, -2,8,05,) (“2uE 1),
o O Iy
the objective function Qemm(f, IT) = tr{ﬁil(U7 V)'P2(U,V)} can be rewritten as

o1
Qomm(B, 1) = tr<2w U/PZU>
- !/
+tr{ (En-2us.5.) (v-us,)5.) p(v-vus, 5. }
The second term on the right-hand side is nonnegative, and for IT = (p) = gZ’ VAR . CVAARYA ) ;ul 2w,
where X, = U'{X-ZII(B)}/N, it is zero. This amounts to II(B) = (ZIMyZ)~ Z'MyX. The resulting concen-
trated objective function is given by

Q(p) = tr(i;u] U’PZU>.
The first-order condition for minimizing Q(f) is given by tr{(U'U)"'X'MyP,U} = 0.

The one-step estimator in (12) satisfies
A] A -1 -
tr <U0U0) X'M,, P,U

tr{ (000) 71X’Mﬁ0PZX}

where U, = Y- —XB, and Bo=p+ 0,(N%/2), hence (iio—ﬁ)z =0p(N 1/2) Let agaln V=UZL!Z, + V. As
Uy = U-ZII(B,—P)—V(By—P) we find the following results: N(U Uy) ' =x! +op(l) N1XP,X =
Q+ aX,, + 0y(1) and N’IX'Pi,nPZX = 0Z,,Z,) Zu + 0p(1). Consequently, the denominator of (A.6) satisfies

) (A.6)

tr{ (0300) 71X’M00PZX} = tr{z;ul (Q+ ocZW‘u)} + 0p(1). (A7)

For the numerator of (A.6), ngmym, we find

neMM = Nl/ztr{ (IAJE,IAJO)AX’MQOPZU} = tr{Z;;N’l/zX/Mi,OPZU} +0,(1)
Furthermore, using (A.2),

N '2X'P,Uu = N'2(z1l 4+ V") P, U+ N5, 5. UP,U,
N-V2X'PyP,U = N-'2(z11 + V) PyP,U + N"V25,, 2,1 U'P,U
= oaN"VH(ZIT+ V) U + N8, 2 UP,U + 0,(1),
N"V2X'P, P,U = N X'U,(U'U) U P,U

()5 me, <U f,zU)Nl/z(ifoﬂ)w(l)

(b

= N2 X'PyP,U-2(Q+ 2,,— 2,2, 5 )N
o (S + TNV (Bo—) + 0,(1)
= N"'2X'PyP,U—2(Q + wazvuZ;JZw)Nl/z( )
For the numerator we thus find
nens = N~ 2,121+ v (Pl U + ate{ S0 (Q+ Zy) pN'2 (Bo—8) + 0001,

Combining this with (A.7) gives the desired result in (13).
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A.4. The asymptotic distribution of the P-CIVE estimator

Concerning the P-CIVE estimator (14)

BP—CIVE = tr{(ﬁ’mi X'MUCZ(Z)Y}

; (14)
«{ (00) ' XMy 00X )

where 4 = 2 + 0,(N1/2), we find similar to the steps made following (A.6), that NXC,(A)X =Q+ 0p(1) and
N~'X'P;C;(7)X = 0,(1). Consequently, the denominator of (14) satisfies
NP et AN —
tr{(U’U) X’Mﬁcz(i)x} =tr(Z,1Q) +0,(1). (A.8)

For the numerator of (14), np_crve, we find

np-cve = N2l (00) XMy c, (DU = {2, N 2K My G (DU + 0,(1).
Furthermore, using (A.2),
NY2X'C,()U = N~V (zIT + VY ¢, (U + N2, 5. U'c,(2)U,
N2X'PyC,(3)U = N"V2(zI1 + V) PyC,(A)U + N2, 21 U'C,(2)U
=N22, 2 1U'C, (AU + 0,(1),
NV2X'PyC,()U = N"2X'T(U'Y) U (WU

X0\ L (Uc)u -
+ (T) Zuul (Zuv + Zvu)zuul <ZT Nl/z (ﬁLIML7ﬁ> + DP(I)
= N_l/ZXIPUcz(/{)U‘f’ Op(l).

For the numerator we thus find

Np_CIvE = N’l/ztr{E;Ml (z11 + VL)/CZ(Z)U} + 0,(1).

Combining this with (A.8) gives the desired result in N 1/ 2([?P—CIVE— ﬁ)fav./\/ (0, vp_cve), where vp_crve = v,
as given in (9). Finally,

tr{X’M,,cg(i)MvX(ﬁ/U)’l} =tr{2;; (Q+ )szv‘u)} +0,(1),
tr{X/M,}cz(l)X(ﬁ/ﬁ)’l} =tr(Z,!Q) + 0,(1),

and so V. as defined in (15) is many-instruments consistent for vp_cyvE.
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