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In this paper, we discuss the derivation of the first and second moments Received 2 June 2017
for the proposed small area estimators under a multivariate linear Accepted 19 February 2018
model for repeated measures data. The aim is to use these moments
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and for prediction error that reflects the uncertainty when the unknown Small area estimation.
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1. Introduction

Reliable information about various population characteristics of interest are needed by policy
and decision makers for planning. Therefore, there is a great need to estimate these charac-
teristics of interest via survey sampling, not only for the total target population, but also for
local sub-population units (domains). However, most sampling surveys are designed to target
much larger populations. Then, the derived direct survey estimators obtained using data only
from the target small domain of interest have been found to be with lack of precision due
to small sample size connected to this domain. The development of estimation techniques
that provide reliable estimates for such a small domain or small area and standard errors of
estimates have been a big concern in recent years. These techniques are commonly known as
Small Area Estimation (SAE) methods. For comprehensive reviews of SAE, one can refer to
Rao (2003); Rao and Isabel (2015); Pfeffermann (2002, 2013).

Longitudinal surveys with repeated measures data over time are developed to study pattern
of changes and trends over time. The demand for SAE statistics is not only for cross-sectional
data, but also for repeated measures data. Ngaruye et al. (2017) have proposed a multivari-
ate linear model for repeated measures data within small area estimation settings which
accounts for grouped response units and random effects variations. One of the methods to
ensure the precision of model-based estimators is the assessment of its mean-squared error
(MSE). There is an extensive literature about the approaches used for the estimation of MSE
of model-based small area estimators. The second-order approximation of asymptotically
unbiased MSE based on Taylor series expansion has been considered by various authors such
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as Kackar and Harville (1984); Datta et al. (1999); Das (Jiang); Baillo and Molina (2009),
among others. However, as pointed out by Kubokawa and Nagashima (2012), the Taylor
series expansion is sometimes complicated to implement for complicated models with many
unknown parameters since it requires the computation of asymptotic bias and asymptotic
variance and covariance for estimators of unknown parameters.

In this paper, we aim to derive first and second moments of the proposed estimators for
unknown parameters in a special case of the model considered by Ngaruye et al. (2017) and we
use these moments to derive the MSE for the predicted small area means. Further, following
Butar and Lahiri (2003); Kubokawa and Nagashima (2012) we propose an unbiased estimator
of MSE based on the parametric bootstrap method.

The article is organized as follows. In Section 2, the description of the considered model
is reviewed. In Section 3, the approach used for estimation and prediction is presented. In
Section 4, some preliminary basic results that are referred to in the next sections are provided.
The first and second moments of the proposed estimators are presented in Section 5 and in
Section 6 an unbiased estimator of MSE of predicted small area means under a multivariate
linear model for repeated measures data is derived.

2. Description of the model

Consider the multivariate linear regression model for repeated measurements as defined in
Ngaruye et al. (2017). Assume that a p-vector of measurements over time for a finite popu-
lation of size N divided into m non-overlapping small areas of size N;, i = 1, ..., m together
with r-vector of auxiliary variables are available for all units in the population. Suppose also
that the target population is composed of k group units and denote by Nj, the population size
of the g-th group units,g = 1, ..., ksuch that Z§=1 Nj, = N;and that the mean growth of the
jthunit, j=1,..., N, in area i for each group to be a polynomial in time of degree q — 1.
Then, the unit level regression model for the j-th unit coming from the small area i at time ¢
which applies for each one of all k group units can be expressed by

Yijt = Bo + But A+ A Bt T+ Y'xi; + ui + e,
i=1,....m j=1,... Nt =t,..., 1,

where the random errors e;j; and random effects u; are independent and assumed to be
iid. normal with mean zero and variance o? and o, respectively. The y is a vector of
fixed regression coefficients representing the effects of auxiliary variables. The By, ..., B, are
unknown parameters. For all time points, the model can be written in matrix form as

yij=Aﬂ+1py’xi]-+u,-—|—eij, i=1,....,m; j=1,...,N;

where 1, is a p-vector of ones and #; is assumed to be multivariate normally distributed with
zero mean and unknown positive definite covariance matrix X,. In this article we assume
A = I,,, meaning that we do not consider trends over time.

Hence, the associated multivariate linear regression model for all units coming from the
i-th small area belonging to the g-th group units can be expressed by

Y= ,Bgl}vig + 1,y X, + uizgg +E, i=1,...,mg=1,...k (1)

and the model at small area level for all k group units together, belonging to the i-th small area
can be expressed as

Y,‘ = BCl + lpy/Xi + uiz; + Ei, u; ~ NP(O, Zu)’ Ei ~ Np,N,' (05 Zea IN,')? (2)
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where Y= (Yi,....Ya); B=(B..... B Xi=Xu,....Xu); 2= gly; Ei=
(e, - - -, ex); and C; = blkdiag(1y, , ..., 1}\,”{), where the notation blkdiag(A;, ..., Ax) isa
block diagonal matrix with the given matrices A; on the diagonal. The corresponding model
combining all disjoint m small areas and all N units divided into k non-overlapping group

units is given by
Y=BC+1,yX+UZ+E, (3)

where Y = (Yy,...,Y,); C=(1, & ,)Cp = (Cy, ..., C,); Cp = blkdiag(Cy, ..., C,);
X=X....Xpn);U=(uy,...,u,); E=(E,,...,E,); Z=blkdiag(z}, ..., z,) and

ENNp,N(Oy Ee» IN), UNNp,m(Oa Em Im)’

with p < m and X, is an arbitrary positive definite matrix. The symbol ® denotes the Kro-
necker product. It can be worth to point out that the matrix Cp (index D for diagonal) is used
later for an orthogonal transformation and partitioning of the model for estimation purpose.

The matrices Z, C, Cp are of full row rank, ¢ (Z') € ¢ (Cy) and ZZ' = I,,, where where
¢ (A) denotes the column vector space generated by the columns of an arbitrary matrix A.

In model (3), Y : p x N is the data matrix, B: q x k is unknown parameter matrix,
Cp : mk x N with rank(Cp) + p < N and p < m is the between individual design matrix
accounting for group effects, the matrix U : p x m is a matrix of random effects, Z : m x N
is the design matrix for random effects and E is the error matrix. The matrix C is the between
individual design matrix that captures all k group units. More details about model formulation
can be found in Ngaruye et al. (2017).

3. Estimation and prediction

Model (3) is considered as a random effects model with covariates. For a comprehensive
review of different considerations of the random effects model, see for e.g., Yokoyama and
Fujikoshi (1992); Yokoyama (1995); Nummi (1997); Pan, Fang, and Fang (2002). The esti-
mation and prediction are performed with a likelihood based approach. In what follows, for
an arbitrary matrix A, A° stands for any matrix of full rank spanning € (A)*, i.e., € (A°) =
% (A)*, where €' (A)* is an orthogonal complement to € (A). Moreover, A~ denotes an arbi-
trary generalized inverse of the matrix A such that AA”A = A. We also denote by P, =
A(A’A)"A’ and Q4 =1 — P, the orthogonal projection matrices onto the column space
% (A) and onto its orthogonal complement %’ (A)=, respectively. Derivation of estimators and
predictors of model (3) are developed in Ngaruye et al. (2017).

We make an orthogonal transformation of model (3) and partition it into three indepen-
dent models. This partition is based on orthogonal diagonalization of the idempotent matrix
(CpCpy)*CpZ'ZC}(CpCl) /> by T = (I'; T,), the orthogonal matrix of eigenvectors for
mand N — m elements. We use the following notations to shorten matrix expressions:

K; = CR,, R, =C,(CpC)) VT, i=1,2. (4)
With this orthogonal transformation, we obtain the three independently distributed models

Vi =YR, ~N,,(BK, + 1,yXR,. 5, + %,.I,,).
Vo=YR, ~ p,mk—m (BK; + lpy/XRZ, Yo Lnk—m),
Vi = ch ~ Np,N—mk(lpy,Xng Ee’ IN—mk)-
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In the following the estimation of mean and covariance is performed using a likeli-
hood based approach while the prediction of random effect is performed using Henderson’s
approach consisting of the maximization of the joint density f (Y, U) with respect to U under
the assumption of known X, and X, (Henderson 1973). We now have the following theorem
for the estimators and predictor.

Theorem 3.1 (Ngaruye et al. (2017)). Consider the model (3). Assume that the matrices X and
KS'K, are of full rank. Then the estimators for y, X, the linear combination BC and the predictor
of U are given by

o~ 1 I\ — !
Y= ;(XPIX) 'XPY'1,,

~ 1 -
BC = (Y - 51 S, YPX (XPX') 1X) R,K,(K,K},)"C + WK P,C,

where
P, = CH(Cp) + RoQR,,
P, = K}(K)K,K,K$)"'KY,
1 _
W= (Y - ;lpl;YPlX/(XPlX’) 1X>GR1,
G = Iy — R,K,(K,K})C.
and

=~ 1
¥y, = —1WQK’1K% W' — X,, assumed to be positive definite,
m J—

U=(+ Eu)—lquQK,lKgR;ZC

For the details of the proof we refer to Ngaruye et al. (2017). A particular case of model
(3) with empirical data analysis for p = g has been discussed by Ngaruye (von Rosen). Here
we have corrected the estimator fu to be an unbiased estimator for X,. We note that the esti-
mators given in Theorem 3.1 are unique. The following two lemmas discuss the uniqueness
of estimators BC and U, the proof of the uniqueness of other estimators is straightforward.

Lemma 3.1. The estimator BC given in Theorem 3.1 is invariant with respect to the choice of
generalized inverse.

Proof. By replacing W with its expression in the Theorem 3.1, we can rewrite BC as
~ 1 -
BC = (Y — ]—31 1Y P X (XPX') ‘x) (R,K,(K,K})™ + GR,K/P,)C
1 -
= (Y - ;1 S YPX (XPX) 1X> (R,K,(K,K,)™ (I, — K,K,P;) + R,K,P,)C.

We can put

K,K,P, = K,K,K}(K{K,K,K})'KY
= I — Ky (K, (K, K}) 7' Ky) " K, (K K) ™ (5)
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Therefore,
~ 1 -
BC = (Y - I—)IPI;YPlX/(XPIX') 1X) (RZK;(KZK;)7K2(K;(K1K1)71K2)7
x K,(K,K})™" + R K| P,)C
is unique, which completes the proof of the lemma. O
Lemma 3.2. The predictor U given in Theorem 3.1 is invariant with respect to the choice of
generalized inverse.
Proof. From the expression of U in Theorem 3.1, inserting the value of 3, yields
[ I 1% ’ N1 / gl
U= (X +ZX,) 1ZuWQK/1KgR1Z/ =, —(m— 1)022 (WQK’IKgW) )WQK’IKgRlz-

First observe that
1 ) _
WQgixs = (Y — ;lpl;YPlX (XP,X") 1X> R, Qs
1 o _
— (Y — I—)IPI;YPIX’(XPIX) ‘X) RyK, (K2K}) ™Ky Qg ks

and also note that K| P,K; = PK’l Ky- From relation (5), it follows that
KIQK’IKg =K, - K1PK’1Kg = (Ik - KIK/lpz)Kl
= K,(K,(K:K})"'K,) K, (K,K})'K;.

Thus, WQg; kg does not depend on a choice of a generalized inverse and the uniqueness of
W Qg k3 implies the uniqueness of U. O

3.1. Prediction of small area means

The prediction of small area means is based on the prediction approach to finite population
under model-based theory. By this approach, the target population under study is consid-
ered as a random sample from a larger population characterized by a suitable model and the
predictive distribution of the values for non sampled units is obtained given the realized val-
ues of sampled units (Bolfarine and Zacks 1992). The model (3) considered in this paper
belongs to the extensions of unit level model, often known as nested linear regression model
which was originally proposed by Battese, Harter and Fuller (1988) for prediction of mean
per-capital income in small geographical areas within counties in the United States. Following
these authors, the estimation of a population mean from the sample returns to the prediction
of a mean of non-sampled values.

For k group units in all small areas, we consider the partition of N; units into Nj,, g =
1,..., k and n; sampled units into n;, such that N; = Zzzl Nj; and n; = Z§:1 nig and simi-
larly for Y; such that Y; = [Y 1, ..., Y4]. Then the corresponding target small area means at
each time point for each group unit are given by

1 -
~ (s) (r)
”’ig - N_ig(Yig ln,‘g + ng lN,‘gfnig)a (6)
where Y¥ = (y,,, ..., Yin,) t P X 1;, standing for the sampled n; observations from the i-th

small area and ?,@ = Wiy - o> Yiny) + P X (N; — my), corresponds to the predicted values
for non-sampled (N; — n;) units from the i-th small area. The first term of the expression
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(6) on the right side is known from the sampled observations and the second term is the
prediction of non-sampled observations obtained using the considered model (Henderson
1975) and is given by

. j o Njg — njg__
Y()an,g—(l——g)ﬂ'*‘N (/5 Vi Mg

- i Ui (7)
tg nig= 18 Z\Iig ’

where X, ) stands for the matrix of auxiliary information of non-sampled units in the i-th area
belongmg to the group units g.

Note that /3 is the estimator of B, which is the g-th column of the estimated matrix Bandu;
is the i-th column of the predicted matrix U. Throughout this article, we are interested in the
estimation of mean-squared errors (MSE) for the predicted small area means given in above
relation (7). Therefore, we need to calculate the moments of the proposed estimators in order
to derive an estimate of the MSE.

4, Preparations for moments calculation

In this section a lemma is given for some technical results that are referred to later on for the
moment derivations and other calculations. The following standard definition of the covari-
ance between two random matrices, will be used:

cov(X,Y) = E[vecXvec'Y] — E[vecX|E[vec'Y],

where vec is the usual columnwise vectorization. Note that the dispersion matrix D[X] is
defined by D[X] = cov(X, X).
To simplify our calculations later we present the next technical results.

Lemma 4.1. From the definition of the matrices K, K,, R, and R, given in (4) together with
the fact that ¢ (Z') C € (Cp) and ZZ' = 1,,, the following identities hold:
(i) RRZ=Z,
(i) ZZR, = R,,
(iii) K\K| = CZ'ZC,
(iv) R,R, = R,Z' = 0 and hence P,Z' = 0, where P, is defined in Theorem 3.1, and
(v) CP, = 0.

Proof. We prove the first three identities, the others are obtained by straightforward calcula-
tions. From the orthogonal diagonalization

(CpC)) Y*CpZ' ZC(CpC) > =TDI' = (I, T,) r} .
o 0 r,
It follows that
', (CpC)) *CpZ' ZC\,(CpC))) '’T, = R\Z'ZR, = I,,.

Furthermore, since ZZ' = R|R, = I,,, it follows that ZZ'Z = R|R,Z = Z. Similarly, from
R\Z'ZR, = R|R,;, we deduce that Z’ZR, = R,. Moreover, since K is a full row rank, then
KIKII = KlR/lz/ZRlK/l = CRlR/IZ/ZRlR/IC/ = CZ/ZC, |:|

5. Moments of proposed estimators

In this section, we present the first and second moments of the proposed estimators. All proofs
will be given in the end of this article in an Appendix.
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5.1. Theoretical moments with known X,

For the purpose of moment calculations, from now on, we suppose that we have complete
knowledge on the covariance matrix X, or it has been estimated previously so that it is taken
to be as known. In that regard, we use the following predictor of U

U= (Z+Z) ' ZWQ R Z. (8)

Theorem 5.1. Given the estimators in Theorem 3.1. Then, ¥ = BC + 1,yX + UZ is an unbi-
ased predictor, i.e, E[Y] = E[Y].

The following two theorems give the main results of the paper about moments of the pro-
posed estimators.

Theorem 5.2. Given the estimators in Theorem 3.1. The dispersion matrices D[], ]D)[ﬁC] and
D[U] are given by
2
O] e
D[y] = ?(XPIX) Y
D[BC] = CP,C® (T, + Z.) + (C (I, — P,K,K}) (K,K}) ™
2
o
X (Ik — KlKllpz)C) ® Ze + ?ec/((KzK/z)_KzR/z + PzKlR/lG/)

x X' (XP,X") "' X (R,K}(K,K},)™ + GRK/P,)C® 1 o1
D[U] = ZR, Q; 3 (In + Ky (K2K;) K1) Qg is R Z' ® Ty (e + Z0) ' 2,
2
n %ZRIQK/I xR GX (XP.X') ' XGR Qo R, Z'
® Ty (e + Zu) 11 (T + Z,) ' T,

In Theorem 5.2 the dispersion matrices for the estimators and predictor are given. How-
ever, for prediction purposes, it is also of interest to derive the covariances between them.

Theorem 5.3. Consider the estimators given in Theorem 3.1. Then, the covariances cov[ﬁ, Y1,
cov[BC, U] and cov[BC, Y] are given by
2
T o, Wk i N— —
cov[U, 7] = —?ZRlQK/IKgRlGX XPX) ' ® T (T +Z,)7'1,

2
o~ ~ o —
COV[BC, U] = ?ecl((KzK;)_KzRIZ + PZKIR/l G/)X/(XPIX,) 1XGR1 QK’lKgRllzl

® 1,1, (5. + ) ' E,.
2
cov[BC, 7] = —%C’((KZK;)’KZR’Z +P,KRG)X' XPX) ' ®1,.

In the next section we will use Theorem 5.2 and Theorem 5.3 to derive the mean-squared
errors of predicted small area means.

5.2. Simulation study with the empirical moments

To put some light on the moment expressions in Section 5.1 we provide a simulation study
comparing the first and second moments of B and y. Assume we have 8 small areas, i.e, m = 8
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with k = 3 groups and given sample sizes

nyp=2, np=3 n3=6,
ny =7, np=29, mny=13,
ny =10, nz;p =4, nz; =5,
Ny =3, Np=9, ng=7,
nsy =4, n5 =6, ns3=2,
ngt = 10, ng =11, ng =18,
np =7, np=4, np=4,

ng =6, ng =29, ng=>5.

Furthermore, let p = g = 2 with

e )

X, =1I, e, (782 = 1, and the design matrix X is chosen randomly as x;; ~ U[0, 1]. Given
model (3) we simulate the observation matrix Y for different sample sizes, where we multiply
the sample sizes above with the factors 1, 2, 4, 8, 12, 16, 20, i.e., we have n;; = 2, 4, 8, 16,
24, 32, 40, and so on. For 10 000 replicates, for each set up of sample sizes, we calculate the
estimates B and 9, respectively. Based on these simulated estimates we derive the empirical
moments and the Frobenius norm of the difference between the empirical (E[ ] and D[ 1)
and true moments (E[-] and D[-]) given in Section 5.1. As we can see in Table 1, the estimates
are close to the true values and getting better when the sample sizes increases (i.e., estimators
seems to be consistent).

6. Mean-squared errors of predicted small area means

6.1. Derivation of MSE(r,g)

In this section, following Butar and Lahiri (2003) we estimate the mean squared error for pre-
dicted small area means in two steps. At the first step, under the assumption of known covari-
ance matrices X, and X, the derivation of MSE is presented. At the second step, a parametric
bootstrap approach is proposed for bias correction and approximation of the uncertainty due
to the estimation of X,,. Put

[ " Nig — g
K=(1-22)1 L=—1,1, , X0, Mm=Y"_"¢p
N,g Nig g Nig
i=1,...,mg=1,...,k (9)

Table 1. Frobenius norm of the difference between the empirical (E[-] and ﬁ[-]) and true moments (E[-] and
DL-D).

Factor [|B — E[B]||, ||DIB] — DI[BI||¢ lly — EllIe [IDIY1 — DYl
1 0.0106 0.0176 0.0072 0.0039
2 0.0202 0.0037 0.0074 0.0025
4 0.0052 0.0026 0.0045 0.0008
8 0.0084 0.0012 0.0038 0.0005
12 0.0035 0.0005 0.0034 0.0002
16 0.0036 0.0005 0.0020 0.0002

20 0.0031 0.0005 0.0016 0.0001
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Then, the linear prediction and empirical linear prediction quantities from small area means
given in (7) can be written by

Ty =KB, +Lyp+Mi, i=1,...,mg=1,.k

Ty =KB,+Ly+Mu, i=1...mg=1..k (10)
Lete, : k x 1and f, : m x 1be the unit basis vectors, i.e., kandmvectors with 1 in the gth and
ith posmon, respectively, and 0 elsewhere. Put o, = C'(CC') "¢, so that ﬂ = BCocg, u=U f;
and u; = Uf

Furthermore, let us write T;; — 7;, = (T;y — Tig) + (Tig — Tjp) and the MSE of Tj, can be
obtained by

MSE(Tjy) = MSE(Typ) + 2E[(T;; — Tip) (Tig — Tip)'] + E[(Tyg — Tjp) (Ty — Tp)']. (11)
The first term of the right hand side of (11) has the form
MSE(?ig) = ]E[(:Eig - Tig) (:Eig - Tig)/]

= E[(K(B, — By) + L7 — y) + MG, — u))
x (K(B, — By) + L(¥ — ¥) + MGGi; — u)']

= KD[B,JK' + Kcov[B,, PIL' + Kcov[B,, %]M + LD[p|L’
+ Leov[y, u;)M' + MD[u;, ﬂg]K/ + Leov[y, BIK'
+ Mcov[u;, YIL' + MD[u; — u;|M'. (12)

Observe that, from the definitions given to :B\g = ﬁCotg, wu=Uf cand u; = Uf ; the covari-
ances presented in Equation (12) are expressed by

cov[ﬂg, u) = cov[ﬁCocg, fjfi] = (océ ® Ip)cov[ﬁc, U] (f;®1I,),
cov[u, Pl = cov[Uf,, 7] = (f; ® Ip)cov[fj 71,
cov[ﬂ 7]l = cov[BCozg, Y]l = (a ® Ip)cov[BC 1.
Similarly, the dispersion matrices presented in Equation (12) are expressed by
[ﬁ ] = D[BCoy,] = (e, ® IP)D[’B‘C] (@ ®1,),
[w] =DIUf,] = (f; @ I)DIUI(f,  I,),
and
D — w] = (f; ® [,)DU —UI(f;® I,)
= (f,®1,)(D[U] - 2c0V(U U) +DIUD(f; ® I)
= (fi®I,)(D[U] - DUD(f; ®1,).
Altogether we can give the following theorem.
Theorem 6.1. The MSE of the linear prediction from small area means Ty is given as
MSE(7;,) = K(el, ® I,)D[BC](etg ® I,)K' + K (et, ® I)cov[BC, L
+K(a, ® I,)cov[BC, U] (f, ® I,)M' + LD[P]L
+Leov[U, P (f, ® I,)M' + M(f, ® I,)cov[BC, U] (@, ® I,)K’
+Leov[BC, 7] (0, ® I,)K' + M(f, ® I))cov[U, PIL’
+MEM — M(f,® 1,)D[U](f, ® I,) M, (13)
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~

where the dispersion matrices D[y], ]D)[EC], ]D)[ﬁ] and the covariance matrices cov[ﬁ', 71,

COV[EC, fj], cov[ﬁC, ¥] are presented in Theorem 5.2 and Theorem 5.3, respectively.

6.2. Estimation of MSE(T,g)

The second two terms of the right hand side of Equation (11) are intractable and need to be
approximated. It is important to note that in practice, the covariance matrix X, is unknown.
As pointed out by different authors (see for example Das (Jiang)), a naive estimator of MSE
obtained by replacing the unknown covariance matrix ¥, by its estimator 3, in (13) that
ignores the variability associated with 3., can lead to underestimation of the true MSE. There-
fore, we propose a parametric bootstrap method to estimate the MSE when X, is replaced by
its estimator.
The approximate estimator of MSE (?ig) given in Equation (11) can be decomposed as

MSE(Tp) = G1i(Z,) + Gri(Z,) + G3(X,), (14)

where
Gii(Z,) + Gx(X,) = MSE(Ty)
G3i(2u) = 2E[(?zg - ?ig) (?ig - rig)/] + ]E[(?zg Ttg) (Azg ng)

For known X, the quantity G,;(X, ) + G2i(X,) is given in Equation (13). When X, is replaced
by its estimator, the quantity G; (): ) + GZI(Z ) introduces an additional bias related to Zu,
ie., E[Eu] ¥, (see Datta and Lahiri (2000)). Following Butar and Lahiri (2003); Kubokawa
and Nagashima (2012), we propose a parametric bootstrap method to estimate the first two
terms of (14) by correcting the bias of G,;(X,) + G,;(X,) when X, is replaced by its estimator

¥, in Equation (13) and secondly for estimating the third term G;(X,) of Equation (14).
Consider the bootstrap model

Yi | uf ~N,(BC+ 1,7 Xi+u'z, 2, 1,), i=1,...,m, (15)

where uf ~ N, (0, 3.). If we put
Ty (Yi; B . B) = KB, + Ly + Mi, (16)
(Y B, 7. 2,) = KB, + Ly* + M, (17)

'r,g(Y,,ﬂ, Z)—Kﬂ +Ly*+Mu’, i=1,....mg=1,...,k (18)
then the quantity Gy;(Z,) + G;(X,) can be estimated by
Gii(Z) + Gu(E,) — E[Gu(E) + 64(Z)) — Gu(T,) — Gu(Z,)]
and the quantity G;;(X,) estimated by
2E*[('Eig(Yi§ E*’?*, ’E\i) _?ig(Y;k; E*’ 7", /E\u))(?ig(Yi; ﬁ*, 7, /Z\u) _?ig(Yi; ﬁ 7 /E\u))/]
+EG(Yis By 7' ) — TVt B, 77 T O],
where E, is the expectation with respect to model (15), and the calculation of y*, ﬁ* fz is

performed similarly to that of p, /ﬁ , /Z\u except that y*, /ﬁ*, fz are calculated based on Y}
instead of Y;.

Thus, when the unknown covariance X, is replaced by its estimator in MSE (fig) of Equa-
tion (14), we obtain the proposed estimator of MSE whose results are summarized in the
following theorem.
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Theorem 6.2. Consider the model (3) and assume that the matrices X and K K are of full rank.
Consider the bootstrap model (15) and the estimated quantities (16)-(18). Then the estimator of
MSE for predicted small area means given in (10) can be expressed by

MSE(Ty) = 2[Gii(Z,) + 6x(T)] — E.[Gii(Z}) + Gu(Z))]
F2E [T (Y5 B, 77, Z,) — T (Y By, 77, Z)
X @ (Yi By 7, ) — T (Yis By 7. 20))]
FE[@ (Y5 B, 7, 20 — T (Y By, 7, Z0) O], (19)

where Gh(Z ) + Gz,(): ) and Gl,(Z )+ Gz,(Z ) are given by Equation (13) with X, replaced
by Z and Zu, respectwely In addztlon, the dzsperszon matrices D[], [BC] D[U] and the
covariance matrices cov[U, Y1, cov[BC, U], cov[BC, Y1 involved in Equation (13) are presented
in Theorem 5.2 and Theorem 5.3, respectively.
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Appendix
In this Appendix the proofs for the theorems in Section 5 are presented.

Proof of Theorem 5.1. First we show that ¥ is an unbiased estimator. We have

1 1
E[y] = ;(XPIX’)’lXPI]E[Y’]IP = E(XPIX/)*IXPI (CB +X'y1)1,

1
= I—)(XPIX’)_lXPlX’yI}IP =y.

Therefore, E[1,Y’X] = 1,y'X. Moreover, from the expression of BC given in Theorem 3.1
and (5), it follows that

- 1
E[BC] = (E[Y] _ J?—)1 Pl})E[Y]PlX’(XPlX/)IX) (R,K,(K,K},)™ + GR,K/,P,)C

_ (BC +1,yX — %11,1;(30 + lpy’X)PlX’(XPlX’)_1X>
x (R,K,(K,K,)™ + GR,K/,P,)C
= BC(R,K,(K,K},)~ + GR,K|P,)C
= B(K,K,(K;K,)™ + KK P, — K;K,, (K,K)” KK/ P,)C
= B(K,K,(K,K},)™ + I — K, (K, (K,K})"'K,) " K,(K,K}) ™!
— KoK (Ko K)) ™ + KoK (KGK) ™K (K5 (K KG) ™ K) ™K (K K) THC
= BC.
Hence, also BC is an unbiased estimator. Finally, we have for U given in (8) the mean
E[UZ] = (% + %) BEW]Q R ZZ
= (% + 57 BB — KoK (KoK, K Qe s R Z Z, (A1)
since from the expression of W, it follows that
E[W] = BCGR, = B(I; — K,K,(K,K,) K.
Recall that from the proof of Lemma 3.2, we have
KIQK’IK’Z’ = Kz(K/z(KlK/l)71K2)7K/2(K1K/1)71K1
and plugin this expression into E[ﬁZ], given in (A.1), leads to
E[UZ] = (2. + Z.,) ' .B(I; — KK, (K>K}) ™)
x K> (K, (K, K)) "' K>) K, (K\K}) 'K\R|Z'Z = 0.
Hence, it is straightforward to see that
E[Y] = E[BC+1,7X + UZ] = BC+1,y’X = E[Y],

which completes the proof of the theorem. O
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In what follows, we use the notation (A)Q()’ instead of (A)Q(A)" when it is possible and
no confusions, in order to shorten the matrix expressions.

Proof of Theorem 5.2. Recall thaty = %(XPIX’)*IXPlY’l »- Hence, it follows that

o1 ,
D[y] = S (1, ® (XP,X")"'XP))D[Y']()
p
1
= 1;(1;, ® XPX) ' XP)(Z,®ZZ+ % ®In)()

Gez /\—1 / N—1 Gez N\—1
= ? ® (XPX) " XP X (XPX) )= ?(XP1X) )

since P,Z' = 0. Moreover, replacing W by its expression in the Theorem 3.1, we can rewrite
BCby

~ 1 _
BC = <Y - ;1 21 YP X' (XPX) 1X) (R,K,(K,K},)~ + GR,K,P,)C

and therefore, the dispersion matrix D[BC] is given by

D[BC] = (C/((KZK;)_KZR; +P,K\R,G)®I,
1
_ ;C/((KZK/Z)_KZR/Z + P2K1R/1G/)X/ (XP1X/)—1XP1 ® lpl;,)

X (Z/Z ® z:u + IN ® Ze)()/-
Using the results from Lemma 4.1, we obtain

D[BC] = CP,C ® (X, + ) + (C (I — P,K,K))(K,K},)~
2
O
X (Ik — KlKllpz)C) ® Ze + ?ec/((KzK/z)_Klez + P2K1R/1G/)

x X' (XP,X") " X (R,K, (K,K})™ + GR K| P,)C ® 1,1,

Moreover, from U = Y, (X, + ZL,)‘IWQK/l KgR’l Z',and replacing W by its expression, we can
rewrite

- 1 _
U=3,(% +3,)" (Y - EIPI;YPIX/(XPlX’) 1X> GR, Qi 3R\ Z'.
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Given this, the dispersion matrix D[U] has the form
~ 1 _
D[U] = (ZRIQK/IKZR;G/ ®Tu(Z, +Z)! — EZRIQK/IKZR;G/X/(XAX/) 'xp,

® Zu(Ee + ) 1,1,)(ZZ 8 By + Iy ® T ()
= ZR, Qg k3 (Inn + K1 (K:K3) " K1) QxR Z' ® Ty (X, + z)7'E,
2
+ %ZRlQK/l R GX (XPX") ' XGR, Qs R\ Z/
® Tu(Ee+ T) 1 (B + 2) T,

Proof of Theorem 5.3. By using the results from Lemma 4.1, we get

o~ 7 — 1 !~ v N
cov[U,y] = (ZRIQK’IKgRlG QX (T +Z,) ' — Z_)ZRIQK’IKSRlGX (XP,X") 1XP1

1 _
QT (T, + zu)—11p1;) (ZZRT,+1Iy®3,) (I—)PIX’(XHX’) '® 1p)

2
g _
= =5 PRiQu g R GX (XX 'O E(Z+ ),
and
cov[BC, U] = <C’((K2K’2)K2R’2 +P,K,\RG)®I,
1
- I—)c’((KzK;)*KzR; + P,K\R,G)X'(XP,X')'XP, ® 1 P1;>
X (ZZ®T,+1Iy® ) (GRIQKaKgRQZ/ ® Ty(Te + %) !

1 _
- P.X'(XP,X') 'XGR, Qg iR\ Z' ® 1,1/(, + ):u)—lzu>

2
a - / !
= ?EC/((KZK;)*KZR/2 + P,K,R,G)X'(XP,X") IXGRlQK/lKgRIZ
®1,1,(Z, + T)IE,.

Similarly we have the last covariance as
cov[BC, 7] = (C’((KZK/Z)KZR; +P,KRG)QI,
— %C’((KZK’Z)‘KZR’Z + P,K,R,G)X'(XP,X')"'XP, ® 11,1;,)
X (ZZRX, +Iy® Ze)(%PlX/(XPlX/)‘l ® 1p>

2
o / ’ N—
- —?“’C/((KZK’Z)‘KZR’Z—|—P2K1R/1G)X XPX)'®1,
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