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ABSTRACT ARTICLE HISTORY
Physics, chemistry, biology or finance are just some examples out of Received 24 February 2019
the many fields where complex Ornstein-Uhlenbeck (OU) processes Accepted 12 July 2019
have various applications in statistical modeling. They play role e.g.
in the description of the motion of a charged test particle in a con-
stant magnetic field or ir? the study of rotating waves in time- Ornstein-Uhlenbeck process;
dependent reaction diffusion systems, whereas Kolmogorov used entropy; integrated mean
such a process to model the so-called Chandler wobble, the small square prediction error
deviation in the Earth’s axis of rotation. A common problem in these

applications is deciding how to choose a set of a sample locations in

order to predict a random process in an optimal way. We study the

optimal design problem for the prediction of a complex OU process

on a compact interval with respect to integrated mean square pre-

diction error (IMSPE) and entropy criteria. We derive the exact forms

of both criteria, moreover, we show that optimal designs based on

entropy criterion are equidistant, whereas the IMSPE based ones

may differ from it. Finally, we present some numerical experiments

to illustrate selected cases of optimal designs for small number of

sampling locations.

KEYWORDS
Chandler wobble; complex

1. Introduction

Physics, chemistry, biology or finance are just some examples out of the many fields
where random processes have various applications in statistical modeling. In the current
article we study the problem of optimal design for the prediction of a complex
Ornstein-Uhlenbeck (OU) process on a compact interval with respect to the Integrated
Mean Square Prediction Error (IMSPE) and entropy criteria. A complex OU process
(see e.g. Aratd 1982), defined in detail in Section 2, is used in the study of rotating
waves in time-dependent reaction diffusion systems (Bayn and Lorenz 2008; Otten
2015), it can also describe the motion of a charged test particle in a constant magnetic
field (Balescu 1997), and has several applications in financial mathematics as well (see
e.g. Barndorff-Nielsen and Shephard 2001). An important application of the complex
OU is the so-called Chandler wobble (CW), the small deviation in the Earth’s axis of
rotation relative to the solid earth (Lambeck 1980). It is a famous example of motion
performed by any spinning sphere which is not entirely spherical, and the investigation

CONTACT Kinga Sikolya @ sikolya.kinga@inf.unideb.hu @ Faculty of Informatics, University of Debrecen, Kassai Ut 26,
Debrecen H-4028, Hungary.

Color versions of one or more of the figures in the article can be found online at www.tandfonline.com/Ista.

© 2019 The Author(s), Published by Taylor & Francis Group, LLC

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/
by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


http://crossmark.crossref.org/dialog/?doi=10.1080/03610926.2019.1645855&domain=pdf&date_stamp=2020-08-24
http://www.tandfonline.com/lsta
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://www.tandfonline.com

4860 K. SIKOLYA AND S. BARAN

of the properties of the CW helps in the understanding of the physical processes in the
Earth. The uniqueness of this motion is the change of about 9 meters in the point
where the axis intersects the Earths surface and it has a period of 435 days. Since 1899
the International Latitude Service (ILS) has been measuring the wobble. Recently moni-
toring of the polar motion is done by the International Earth Rotation Service (IERS).
Since its discovery in 1891, a huge number of articles deal with the analysis of the CW
and among them Jeffreys (1942) used first the stochastic difference equation method to
estimate the period and damping parameters of the motion. Later Kolmogorov intro-
duced more realistic approaches and described the CW using the model

Z(t) = Z,(t) +iZy(t) = me™™ +Y(t), t>0 (1.1)

where Z;(t) and Z,(t) are the coordinates of the deviation of the instantaneous pole
from the North Pole (Aratd, Kolmogorov, and Sinay 1962). In this model the first term
is a periodical component, whereas the second one Y(¢) is a complex OU process.

For the complex OU process Baran, Szdk-Kocsis, and Stehlik (2018) derived the exact
form of the Fisher information matrix (FIM) and investigated the properties of D-opti-
mal designs for estimation of model parameters. Here we derive exact form of the
IMSPE already studied e.g. in Baran, Sikolya, and Stehlik (2013), Baran, Sikolya, and
Stehlik (2015) or Crary (2002), Crary (2016) and show that in contrast to the case of
classical real OU process on a compact interval investigated by Baldi Antognini and
Zagoraiou (2010), the equidistant design is usually not optimal. We also investigate the
properties of the optimal design with respect to the entropy criterion (Shewry and
Wynn 1987; Baldi Antognini and Zagoraiou 2010). Note that in some situations the lat-
ter design is equivalent to a D-optimal one, see e.g. Sebastiani and Wynn (2000) or
Wrynn (2004). The article is organized as follows. Section 2 gives the necessary defini-
tions connected to the complex OU process, Sections 3 and 4 contain the results about
IMSPE and entropy criteria, respectively, whereas in Section 5 some simulation results
are presented. The article ends with the concluding Section 6 and to maintain the con-
tinuity of the explanation, proofs are provided in the Appendix.

2. Complex Ornstein-Uhlenbeck process with a trend

Let Y(t) = Y;(t) +iY,(t),t > 0, be a complex valued stationary OU process defined by
the stochastic differential equation (SDE)

dY(t) = —yY(t)dt +odW(t), Y(0)=¢ (2.1)

where y = A —iw with 1>0,0 € R, a>0, W(t) = W, (t) +iW,(t),t > 0, is a standard
complex Brownian motion, with W;(t) and W,(t) being independent standard
Brownian motions, and & = &, 4 i&,, where &, and &, are centered normal random vari-
ables that are chosen according to stationarity (Araté 1982). In the current article we
consider the shifted complex stochastic process Z(t) = Z(t) +iZ,(t), defined as

Z(t)=m+Y(), t>0 (2.2)

where m = m; +imy,m;,m, € R, and Y(t),t > 0, is a complex valued stationary OU
process, observed in design points taken from the non-negative half-line R, .
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In order to simplify calculations, instead of the complex process Y(f) one can use the
two-dimensional real valued stationary OU process (Y;(t), Y5(t))" defined by the SDE

{3§§3}“A[ifg}df+“[3328§] where A := L;i :jﬂ (2.3)

Note that in physics (2.3) is a Langevin equation, see e.g. Balescu (1997). The real
and imaginary parts of a complex OU process form a two-dimensional real OU process
satisfying (2.3), and conversely, if (Y,(t), Y5(t))' satisfies (2.3) then Y;(f)+iY, () will
be a complex OU process which solves (2.1). Naturally, EY;(t) = EY,(t) = 0, and the
covariance matrix function of the process (Y (t), Y,(t))' is given by

o Yt +1) || V) ! 0% 4. 0 [ cos(wn) sin (1)
R(7) '_E[Yz(t—i—r)] [Yz(t)} —2° Tt — sin (wt)  cos (wr) |’ v20
(2.4)

This results in a complex covariance function of the complex OU process Y(t)
defined by (2.1) of the form

. 2

C(r) :==EY(t+1)Y(t) = (;—Ve*”(cos (w7) —isin(w1)), >0

behaving like a damped oscillation with frequency .

In the next steps we will consider the damping parameter A, frequency @ and standard
deviation ¢ as known. Nevertheless a promising direction moving forward could be the
examination of models where the above mentioned parameters should also be estimated.
Note that the estimation of ¢ can be done on the basis of a single realization of the com-
plex process, see e.g. Aratd (1982, Chapter 4). Now, without loss of generality, one can set
the variances of Y;(t) and Y,(t) to be equal to one, that is 6>/(24) = 1, which reduces
R(7) to a correlation matrix function. In Aratd, Baran, and Ispany (1999) we can find
more results on the maximumd-likelihood estimation of the covariance parameters.

3. Optimal design with respect to the IMSPE criterion

Assume we observe our complex process Z(t) at design points 0 < f; <t <...<t,
resulting in the 2n-dimensional real vector Z = (Z(t),Z:(t1),Zi(t2),Z2(t2), ...,

Zl(fn>7zz(fn))T, where
Zit) =m+Yi(t), Z(t) = my+ Yo(t)

The main aim of the kriging technique consists of predicting the output of the inves-
tigated process or field on the experimental region, and for any untried location x € &,
which in our case lies in a closed interval X C R, the estimation procedure is focused
on the best linear unbiased estimator (BLUE) Z (x) of Z(x). Considering again the two-
dimensional vector form of the complex process, the real and imaginary parts Z1(x)
and Z;(x), respectively, of the BLUE are given as
Zy(x m - V4 m
i) = L ewemon([5] -mer[2])
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where (Z; Zz)T = (Z1(t),Z2(th), Z1(t2), Z2(t2), ..., Z1(tn), Z2(t,)) is the real observa-
tion vector, H(n) is the 2 x 2n matrix

1 01 0 --- 10
H(”)‘_[o 10 1 0 1}
C(n) is the 2n x 2n covariance matrix of the observations, Q(x) is the 2 x 2n matrix of
correlations between Z(x) = (Zi(x),Z>(x)) and {(Z(4),Z2(t)),j = 1,2,...,n} defined
by O(x) = (Q(x, 1), ..., Q(x, t,)) with

Q(x, t;) = ;T_,le_m_ti‘ [ cos (w(x —t;)) sin (o(x — t;)) ]

— sin(o(x—t;)) cos(w(x—t;))

and (i1, 7,)" is the generalized least squares estimator of (1, )", that is

5 -1
[’f“] - (H(n)C(n)_lH(n)T) H(n)C(n) ! [Zl}
my ZZ

Thus, a natural criterion is to minimize suitable functionals of the mean squared pre-
diction error (MSPE) given by

2 02 @2 Hn ! T
MSPE(Z(x) ) =t |l (O Q) ;1-)-] (L, O(x)) (3.1)

where [ and Oy, k € N, denote the k-dimensional unit and null matrices, respectively.
Since the prediction accuracy is often related to the entire prediction region X, the
design criterion IMSPE is given by

2 .
IMSPE(Z) := = J MSPE <Z(x)) dx
X

Instead of an arbitrary interval X, without loss of generality, we may consider
X = [0, 1]. Further, as extrapolative prediction should be treated with caution in kriging,
we can set t; = 0 and t, = 1, which results in a reduction of free parameters and sim-
plifies our formula.

Theorem 3.1. In our setup,

IMSPE(Z) = 2(1 - A, + G(n) " 'B,) (3.2)

where

n—-1 —x —2x

1-2 wx) +

G(n) = 1+ g(d), with g(x):= - I C_Ose(,;j,)c S x>0, and g(0):=0

=1
Ay = 0, _,_ni:lgi,i _zniQi;rl,_i‘;;iZQiﬂ,iﬂ

i=1 i

(3.3)

n—1

By= 1-2un+0,,—2)

i=1

(Viji = TiViji41) = Ti(Vig 1 — TiVig1i41)
1 — 7'C,‘2

(3.4)



COMMUNICATIONS IN STATISTICS—THEORY AND METHODS ‘ 4863

" (0ni— ”iQn,iﬂ)(COS (o(di+...+dy_1)) —micos (o(dir1 + ... +dy_1)))

+2Z

1 — z?
—1 1
= (Qi,i — 270 4 1 F T 1 1) (1 —2m; cos (wd;) + ”iz)
+>° 5.
i=1 (1 *7'51‘)
n—1li—1
+ZZZ(Q1'_J' — Qg1 — TQij+1 T ”iani+1,j+1)
i=2 j=1

y ( cos (o(dj+ ... +di—1)) — micos (w(dj+ ... + di)) — mjcos (0(dj1+ ... +di—1))
(1 —7m2)(1 = n?2)

TTT; COS (a)(de + ... +di)) )
(1 — niz)(l — 7'Cj2)

where for inj:= min{i,j},ivj:= max{i,j}, i, j €N,

0, _ i (ze—ﬁ(d]-i—"'-‘rd,‘fl) _e—/l(zdl+"'+2dj71+dj+"'+d,‘71) _e—/’»(dj+"'+d,‘71+2d[+"'+2dn,1))
ij - 1
+(dj+...+di_1)efi(dj+-.~+di71), ISjSiSi’l
24
V,’_j = mCOS(C{)(di,\j—F...—i-di,lvj))
e—/l(d1+~~+d,;1)
o (wsin (o(d+ -+ +dj_1)) — Acos (0(di + -+ +dj-1)))

e~ Mdi+-+du_1)

o (wsin (o(dj+ -+ +dy-1)) —Acos (o(dj+ -+ +dy_1)))
with the empty sum to be defined as zero, and m; = exp(—Ad;) with
d,‘ = t,’+1 —t, i= 1,2, ey B — 1.

Example 3.2. As an illustration consider a three-point design, that is n=3,
t1 = 0,t; := d, t3 = 1. Figure la shows the mean squared prediction error (MSPE) func-
tion for A =1,w =4 together with the corresponding contour plot (Figure 1b). In
Figures 1c and 1d the IMSPE corresponding to the equidistant three-point design for
the prediction as function of A and ® and its contour plot, respectively, are given.

Straightforward calculation shows that in this case d =1 is a minimizer of IMSPE(Z)

for all possible values of 4 and w, that is the optimal design is equidistant.

Example 3.3. Consider now the four-point design {0,d;,d; +d,,1}. In this case the

partial derivatives of IMSPE(Z) with respect to d; and d, at d; = d, = 1/3 are not
necessarily zero, that is in general, one cannot state that the equidistant design
is optimal.

4, Optimal information gain for complex OU process

Another approach to optimal design is to find locations which maximize the amount of
obtained information. Following the ideas of Shewry and Wynn (1987) one has to maxi-
mize the entropy Ent(Z) of the observations corresponding to the chosen design which
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Contour plot of MSPE
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Figure 1. Mean squared prediction error (MSPE) for the three-point design {0,d,1} for A=1,w =4

(@) and IMSPE corresponding to the equidistant three-point design for the prediction as function of A
and o (c), together with the corresponding contour plots (b) and (d), respectively.

in our Gaussian case forms a 2n-dimensional normal vector with covariance matrix
2

% C(n), that is

no?

1
Ent(Z) = n(l + In (l)) + Eln detC(n)
Theorem 4.1. Under conditions of Theorem 3.1 entropy Ent(Z) has the form

n—1
Ent(2) = n<1 + In (%62» + %Z In (1 —2n?) (4.1)
i=1

For any sample size the equidistant design d, = d, = ... = d,,_, is optimal with respect
to the entropy criterion.
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Table 1. IMSPE values (in arcsec?) corresponding to the optimal and to the equispaced design and
relative efficiency of the equispaced design.

A=2452, o= —4.127 A =4997, o= —0.356 A=4937, o= —5777

(estimates from Y2017) (estimates from Y2016) (estimates from Y2015)
optimal 0.8327 1.3179 1.5010
n=3 equispaced 0.8327 1.3179 1.5010
rel. eff. (%) 100 100 100
optimal 1.0740 0.9981 1.3844
n=4 optimal design (0,0.344,0.75,1) (0,0.334,0.671,1) (0,0.394,0.794, 1)
equispaced 1.1284 0.9982 1.4675
rel. eff. (%) 95.18 99.99 94.34
optimal 1.0323 0.6389 0.9621
n=5 optimal design (0,0.019,0.196,0.661, 1) (0,0.245,0.495,0.739, 1) (0,0.206,0.422,0.791, 1)
equispaced 1.4753 0.6395 1.0792
rel. eff. (%) 69.97 99.91 89.15
03l ——Real polar motion 0.02
——Modelled polar motion
Beginning times of blue curve
¢ Ending times of blue curve
0.01F
0.2}
H PR
5 5
> 0.1 >
-0.01r
or -0.02F
-0.05 : ‘ ‘ ‘ -0.025 : : : ‘
0.2 0.3 0.4 0.5 0.6 -0.02 -0.01 0 0.01 0.02
z (arcsec) z (arcsec)
(a) (b)

Figure 2. Real and modeled yearly polar motion (a) for the three-year period 2015-2017 based on
data from IERS EOP CO1 IAU2000, together with the corresponding plot of deviation of the model
from the observation (b).

5. Numerical experiments

In order to compare the performances of the two examined criteria we compare the opti-

mal values of IMSPE(Z) calculated using fmincon function of Matlab to its values corre-
sponding to the equispaced design which is optimal for the entropy criterion. In Table 1
the values of IMSPE are given for both designs together with the relative efficiency of the
equispaced monotonic design with respect to the optimal one for various sample sizes and
combinations of damping parameter 4 and frequency . Observing that for the three-
point design (n=3), the efficiency of the equispaced design is 100%, so in this case the
equidistant design is optimal. In the other cases it is notable, that the optimal values of
IMSPE(Z) are better than the optimal values of entropy criterion. The damping parameter
A and frequency w used for the simulations are estimated based on public pole coordinates
from the IERS EOP C01 IAU2000. This database contains a series of the Earth Orientation
Parameters given at a 0.05year time interval (since 1890), and we consider the x and y
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coordinates of the deviation of the North Pole (in arcsec). We make yearly estimates of 1
and w based on data from the previous three years. As a first step we estimate the regres-
sion model that fits best the real polar motion in the least squares sense, thus we obtain
the coordinates of modeled polar motion (¥ and y coordinates). Then, according to
Kolmogorov’s model (1.1) of the CW, deviation of the real and fitted yearly polar motion
results in the required complex OU process (x = x — X and y = y — y coordinates). The
maximum likelihood estimators for the parameters A and  of the complex OU process
are given in Aratd (1968) or in Arat6 (1982, Chapter 4, pp. 221-223). The required inte-
grals of the realizations of the OU process are calculated numerically with a time step of
0.05 year corresponding to the data frequency. As an example, Figure 2 shows the real and
modeled yearly polar motion based on data from the three-year period 2015-2017,
together with the corresponding deviation modeled as a complex OU process.

6. Conclusions

We derive the exact form of the IMSPE for a shifted complex OU process on a compact
interval and show that optimal design for prediction based on IMSPE may well differ
from the equidistant one. This is in contrast both to the D-optimal design for estima-
tion (Baran, Szak-Kocsis, and Stehlik 2018) and to the case of the classical real OU pro-
cess (Baldi Antognini and Zagoraiou 2010), but similar to the optimal design for the
prediction of OU sheets on a monotonic set (Baran, Sikolya, and Stehlik 2013). We also
investigate the properties of the optimal design with respect to entropy criterion and we
show that these optimal designs are equidistant. Simulations illustrate selected cases of
optimal designs for small number of sampling locations. The damping parameter 4 and
frequency parameter w used for the simulations are estimated based on real data (pole
coordinates from the IERS EOP C01 TAU2000), which is a well known application of
the complex OU process, namely Kolmogorov’s model (1.1) of the Chandler wobble.
Since the above discussed designs depend on values of damping and frequency parame-
ters, obtained optimal designs are only locally optimal. Such knowledge may be crucial
for experiments to increase efficiency of design in practical setups.
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A. Appendix
A.1 proof of Theorem 3.1

To shorten our formulae, in what follows instead of Q(x,f;) we are using simply
Q;,i=1,2,...,n. According to the results of Baran, Szak-Kocsis, and Stehlik (2018)
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I

eAd1

eA(dl +dy)

A(xn
| €

eA(dl +dy+ds)

and the inverse of C(n) is given by

_ U,
_ eAd U,
0
C'n)=|0
_O
where Uy :=

k=2,3,...,n—1.

[ —e@+ANd] "1 k=12 . n—1,

n—1 b
AT d;
eAldi oA (di+d2) eA' (di+dy + ds) e (Ef—l ’)
AT g,
I, e’ eA'(d+dy) e (Zj:z 1)
T n—1
eAd2 I, eATal3 eA (Zj—s d’)
eA(dz +ds) eAd3 I, .
eATd"*l
n—1 n—1
) ) a5
e Z,,z e ijs eAd,,,l Hz ]
.
—er iy 0 0 0
T
V2 — eA & U2 0 0
T
—eAhU, Vs —et By, 0
0 — CAd3 U3 V4
.

: : V-1 *eA d"’]Un,1
0 0 —efd1y, U,

n—1 n—1

and Vi = Uk+e<A+AT>dk’1Uk_1,

Consider first the MSPE(Z(x)) given by (3.1). Short matrix algebraic calculations show

0, :
H': C(n

o 0, (O);rnxz _1 T -1
} = lo “cml'('n')} ~ ()~ Hm)")
I, —H(n)C™!(n)
X ---------------------------------------------

—C '(mH(n)": C~}(m)H(n) H(n)C~'(n)

and according to the results of Baran, Szak-Kocsis, and Stehlik (2018) we have

H(n)C(n) 'H(n)" = G(n)I, = <1 +

x>0, and g(0) := 0. We remark that H(n)C(n) 'H(n)"
(my1,m;)" based on observations {(Zi(t), Z2(t)),j = 1,

MSPE (Z (x))

n—1

=1

2, ...

)

0.2

atr[]lz - Q(x)Cfl(n)QT(x) + G(

g(dg))]lz, where g(x)

_ 1—2e " cos (wx)+e

1 — e—z)x

is the FIM on parameter vector
,n}. In this way, we obtain

n) (I, = H(n)C™'(n)Q" (x)

—Q)C™ (mH(n) " +Q(x)C™ ' (mH(n) H(m)C™'(n)Q" (x))]

o? ¢
—tr
22

x (L~ QC- l(n)H(n)T)T]

[ﬂz ~ 0 Q" (1) +6(n) (L~ Q)C ™ (MH(m)")
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Examining member by member the above expression
tr(Q)C ' (m Q" (x)) =
n—1
= tr (QnQI + ZUi(QiQ,-T — Qe d'QiT+1 - Qi+1eAd[Q,-T + Qi+1e(A+A )d’QiT+1)>
i=1

n—1 2
_ Pii — 2Tipiy 1+ T Piy it
- 2pn,n+2; 1 — TE,‘Z

1

tw(HmC (W Q (x) + Q) (mH(n) ") =
= tr (Qn + QnT + Z(Qi - Qi+1eAd‘) Ui (Hz - eATd‘) + ZUi (Hz - eAd‘) (QlT - eATd’QiTH))

i=1

n—1
GQii — Tidii+1) — Ti(Gi+1,i — Tigi+1,i+1
_ 4qn‘n+4z( 1.1 1.1 ) 1 71(7:-2 1 1 1 )
i=1 i

tr(Q)C (mH(m) H(C (W Q () =
= tr ( <"Z (Qi — Q,-HeAd") U; (]12 — eATd’) + Qn) (QI + riUi (Hz - eAd’) (Q;T - eATdiQiT+1>))

= 2pun+ 4§ (Pri = TiPni+1) (08 (@(tn — 1)) — i €08 (O(tn — ti-1)))

177[,‘2

i=1

n zni:l (Pi,i —2Mpis i+ T Piy it 1) (1 — 2m; cos (wd;) + ﬂiz)

2
= (1=m)
n-li—1
+ 422(}%; = MiPit1j = TiPij+1 T TiTPit1j+1)
i=2 j=1

o cos (w(t,v — tj)) — T; COS (a)(t,-H — tj)) — T CO8 (w(t,v - th)) + T;7j cos (w(ti+1 — tj+1))
(1 - nm2)(1 - )

where T; := €Xp ( — /ld,'), with d,‘ = ti+1 — ti pivj = exp ( — /1(|X— t,‘| + |X — l:]|)), and
gij == exp (— Alx —t;|) cos (w(x —¢;)), i,j = 1,2,...,n — 1. Further, according to the definition of
the IMSPE criterion, we can write

IMSPE(Z) = 2(1— A, +G(n) " 'B,)

where

N =

tr(QT(x)Cfl(n)Q(x))dx
I, —H(n)C

tr( “(m) Q) ~ Q' (WC (mH(n)"

N =

|
|

+Q7(x)C™(mH(n) 'H(n)C™ ' (n)Q(x))dx
In this way, using that for i Aj := min{i,j},ivj = max{i,j}, i, j € N, we have
1
[pzj dx :Je—i(|x—t;\+\x—t]\)dx

X 0

_ 2%(26—-<tx—tj>,e—wiw,e—ﬂ-a—wl—tj))ﬂti,tj)e—z(n—m
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_ 1 (g Hd++dior) _ =22+ 424+ dtotdio) _ o= 2+ dioy 24424, ))

22 —e
+(d+ +d"*1)eiz(d}+w+dkl) =0, 1<j<i<mn,
0 A
),[qu dx — Jelxt" cos (w(x—tj))dx:ﬁ—ﬂmcos (o(ti — 1))
T (esin (8) = A cos (wt))) + S (sin (@(1— 1)) = cos (w(1 - 1))
21 o i Nt T ; ’
- )VZ?F—AU\)ZCOS(w(diAj+"'+divj*1))
e~ Hdi+-+diy)
+ W(a}sin (w(d+ - +dj-1)) —Acos (o(di + -+ +dj_1)))

e Hdit ot dy )

+ (wsin (a)(der +d,,,1)) — A cos (w(dj+ +d,,,1))) = Vi

2+ w2

with the empty sum to be defined as zero, short calculation leads to (3.3) and (3.4). O

A.2. Proof of Theorem 4.1
Following the idea of Baldi Antognini and Zagoraiou (2010, Lemma 3.1) the covariance matrix
C(n) can be written as

C(n) = LDU
where L is a lower, U is an upper block triangular matrix with I, as blocks in the main diagonal
and D is block diagonal matrix with

(Hz Hz_e(A+AT)dl Hz_e(A+AT)dz Hz_e(AA»AT)dnfl)

as main block matrices. In this way

n—1
detC(n) = detl, x det(]Iz - e(A+AT>d‘) X - ~det( ela+al) H 1— Zn
i=1
which proves (4.1). Now, from (4.1) we have

n—1

IndetC(n) = > f(d;), where f(x):= In(1—2e2*)

Since

62 d 8 22 Z/d
5652) - ( Z/Ld 2)? <0 forany de(0,1)
e Ad __

flx) is a concave function of x, and the result follows from Schur-concavity of the entropy
criterion. 0
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