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1. Introduction

In a queueing system, it is important to carry out a statistical analysis. When operating a
queueing system, monitoring and control of the performance measures of the system are
essential to ensure that the system performance is up to design standards. “A model is not
of much use unless it is related with the system through empirical data analysis, parame-
ter estimation and tests of relevant hypothesis” (Bhat and Rao, 1997). In this article, per-
formance measures of the classical single server markovian model (M/E; /1) are chosen to
analyse. The pioneering paper in attempting at statistical inference in M/M/1 queues was
made by Clarke (1957). He developed maximum likelihood estimates of arrival rate and ser-
vice rate. Another notable contribution has been made by Lilliefors (1966), who presented
the confidence intervals of parameters such as traffic intensity for the M/M/1, M/M/2, and
M/Ei/1 queues. Problems of large sample estimation and tests for the parameters in a single
server queue are discussed by Basawa and Prabhu (1988). For a review of statistical analysis in
queueing systems, see Bhat and Rao (1997). There has been recent interest in Bayesian anal-
ysis of queueing models. Armero and Conesa (1998) made inference about the parameters
in stationary M*/M/1 and M/E;/1 queues from a Bayesian point of view. Insua et al. (1998)
analyzed M/E, /1 and M/Hj /1 queues using Bayesian approach. Some references are Armero
(1994), Armero and Conesa (2000), Ausin (2004). Recently, Bayesian inference and predic-
tion of some popular performance measures in M/M/1 queue was carried out by Choudhury
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and Borthakur (2007). Xu and Zhang (2010) derived the uniformly most accurate confidence
bounds and the uniformly most powerful unbiased tests for the mean sojourn time of an
M/M/1 queueing system.

Throughout this article, we consider an experiment in which m interarrival times and # ser-
vice times are measured. Weuse {X;,i =1, ..., m}and {Y;,i =1, ..., n} to denote the posi-
tive random variables of interarrival and service time for the i th customer of an M/E; /1 First
Come First Service queueing system. Hence, X;, X5, .. ., X,, are independent and identically
distributed (i.i.d.) with exponential distribution F(t) =1 — e, ¢t > 0,and Y}, Y,,..., Y,
are i.i.d with Erlang probability density

k
(pk) k=1 p—kut

gt) = %D

, (0<t<o0)

where A and p are unknown positive parameters, k is considered as a fixed constant. Two
samples (X, ..., X,,) and (Y1, ..., Y,) are assumed to be mutually independent.

It is very frequent to assume steady-state in queueing theory. Steady-state implies traffic
intensity p = % < 1. A queue in the steady-state is called the stationary queue. The objective
of this paper is to test hypotheses for five performance measures of the stationary M/E;/1
queue: traffic intensity (o), mean system size (L), the mean queue size (L,), the mean waiting
time in system (W), and the mean waiting time in queue (W,).

Inference for the performance measures in a stationary M/Ey/1 queue is complex. The
restriction p < 1in the parameter space must be incorporated. Note that the five performance
measures are functions of parameters in two populations. With pivotal models deduced from
sufficient statistics of the exponential population and the Erlang population, the generalized p-
value approach for hypothesis testing about parametric functions are proposed. The concept
of the generalized p-value was first introduced by Tsui and Weerahandi (1989) to deal with
some nontrivial statistical testing problems. These problems involve nuisance parameters in
such a fashion that the derivation of a standard pivot is not possible. For the five performance
measures the generalized p-values of hypothesis testing are derived. The frequentist properties
of these p-values with fixed sample sizes are investigated. For the former three performance
measures the tests are just the classical F tests (see Cox, 1965 or Lilliefors, 1966). For the later
two performance measures, given a sample T, we provide a relatively tight upper bound for
P(p(T) < y) of the p-values we derived, for 0 < y < 1. The tests given by us are satisfactory
which will be seen from Theorems 3.2 and 3.3 and simulation results.

The remainder of this article proceeds as follows. In Sec. 2, the generalized p-values of
hypothesis testing problems are derived. The frequentist properties of p-values are studied in
Sec. 3. Simulation examples are presented in Sec. 4.

2. The generalized p-values

In this section, we consider tests of certain hypotheses concerning the performance mea-
sures p, L, Ly, W, W,. Expressions for the steady-state performance measures of the M/E;/1

queue can be found in Gross and Harris (1997). Let6;,i = 1, - - - , 5represent p, L, L,, W, W,
respectively. We will discuss tests for the parameters 0; = g;(A, ), i =1, - - - , 5, respectively,
where
A (k +1)p? (k+1)p?
O =g, W)==2p, =00, n) = " =g )= ——
=g, 1) P P, 6 =g, ©n) '0+2k(1—,0) s =g(h, 1) k(1= p)
1 (k+ 1A (k+ 1)A
9 = )\, = — ) 0 = )\‘? = °
s = ga(h, 1) P + k=) &%, 1) G — )
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The five measures in a stationary M/Ey/1 queue are all functions of A and . In general, they
can be expressed as 6 = g(A, ). Consider hypotheses of the forms:

H:0 <06, vs. K:0 > 6y, (2.1)
H:0 >0, vs. K:0 < 0y; (2.2)
H29=90VS.K19?£90. (23)

As mentioned in Sec. 1, {X;,i=1,2,...,m} and {Y;, j=1,2..., n} are independent
exponentially distributed. Hence, the statistics T, = 2mX =2) " X; and T, = 2knY =
2k 27:1 Y; are sufficient for the parameters (A, 1). They can be expressed in the following
pivotal model

ATy =E;, uT, =E,, (2.4)
where
E, ~ x*(2m), E, ~ x*(2kn), (2.5)
and E; and E, are mutually independent. The pivotal model (2.4) can be inverted into
A=E /T, n=E/T. (2.6)
In order to simplify our notation, denote
T=(h,T), E=(E,E), §=,uw),

and Q is the distribution of E given by (2.5).

In a stationary M/E;/1 queue, A < p is the condition for stationarity. However, due to
the independence of E; and E;, A > p will occur in the expression (2.6). This occurrence is
supposed to be unreasonable. For convenience, we assume that A < w. The model (2.4) can
be expressed as

Tl :El/)\,, T2 :Ez///b

Given (t,, t,), the observations of (T}, 1), and (e;, e,), the observations of (E;, E,), which
distribution in the parameter space 0 < A < p is most likely to generate #;, £,? It is natural
to take the usual least squares method to fulfil it. Consider the following minimum value
problem (Xu and Li, 2006):

min {(T; — Ei/A\)* + (T, — E»/u)*} .

0<Apu
The minimum value can be attained at

= :El/Tl, E\/T) < E,/T,
(E; + E3)/(TLE, + T,E,), Ei/T) > E,/ T,

_ {Ez/Tz, E\/T) < E/T,
(E? + E3)/(TLE, + TLE,), E; /Ty > E,/ T>.

Substituting this in 6 = g(A, ) gives

b &) B _L
0 =0,r(E)2 g<Tl’T2 ’ f 2.7
=01 (E) = (BB E4E \ B _E (2.7)
TE, + TLE,” TIE, +TLE, )’ T T
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Consider the expression of @t(E ) given by (2.7), here t = (,, t,) is the observation of the
statistic T. Substituting E = (AT}, uT,), we obtain

Ry(Ts t, 4, 1) = O WTi, 1 T3). (2.17)

Then:
(1) the observation of Ro(T'; t, A, ) satisfies

Rg(t; t, )"v /’L) = g()‘*v /fL) = 9;

(2) givent, A, u, the conditional distribution of Ro(T'; t, A, ) is free of parameters, that
is

P(Ry(T5 t, 2, 1) < zlt, 2, 1) = Q (0 (B) < 2).

Therefore, the random variable given by (2.17) is a generalized pivotal quantity for 6 =
g(x, ) (refer to Weerahandi, 1993), and also a Fiducial generalized pivotal quantity (refer to
Hannig, 2006). Let

Se(T5t, A, 1) = g(h, ) — Ry(T5 t, &, ),

hence S,(¢; t, A, u) = 0. Moreover, S,(T; t, A, i) is generalized test variable (see Tsui and
Weerahandi, 1989). Therefore, we can get the generalized p value

Pe(t) = Pa ity (Sg(T5 2, 1) = 0) = Q (G (E) < 6p) .

In this way, the p values p;;(¢),i=1,2,---,5 can be obtained by substituting ¢ = g;, i =
1,2,---, 5 into the above expression.

Based on (2.7), the generalized p values for the tests of the hypotheses (2.1), (2.2), and
(2.3) concerning the parameters 6;,i = 1, 2, - - - , 5 can be derived. The generalized p values
for testing (2.1) concerning 6;,i =1, 2, - - - , 5 can be defined by

P1i(T) = Q0,1 (E) < 6), i=1,2,---,5. (2.8)

For testing (2.2), the generalized p values can be defined by
Pri(T) = QB r(E) > 6p), i=1,2,---,5. (2.9)
In the case of testing (2.3), the p values can be defined by
pei(T) = 2min {p(T), p,i(T)}, i=1,2,---,5. (2.10)
It follows from the expressions (2.9), (2.10), and (2.11),

Pri(T) =1—=pii(T), pei(T) =2min{p,(T), 1—p(T)}, i=12,---,5.

Hence, the performances of p; ;(T),i =1, 2, - -+ , 5 are mainly investigated.
Notice that the equilibrium of the system requires p < 1. The constant 6, is constrained
in the problem of testing (2.1) for various 0;,i =1, ---,5. For 6;, 0 < 6, < 1, and for 6,,

i=2,3,4,5,0y > 0. It follows from the expressions (2.5) and (2.8),

E, T knT,
pia(T) = Q< 2 < eo> = Byt (eo - ‘), (2.11)

E2 T1 b mTZ
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where F, ;(-) denotes F-distribution function with degrees of freedom a and b. Let 6, =

k(1460)+k o/ 1463 +260 /k . 26,
P and 0, = —mw(),we have
knT;
Pl,Z(T) ( < 9L> - FZm,an <0L 1) . (212)
mT2
T2 kf’lTl
T ! 2 I S ) . 2.13
pi3(T) = (EZTI Lq> 2m, 2k ( Ly mT2> (2.13)
k+1 E\/T 1
pra(T) = ( Vi + < 0)
E/Ty(Ey/T, — E/T)  E/Ty

_ ( 2k(Ex0y + To) TLE; ) (2.14)

3k + 1) T2 + 2kE;6,T;

where K, (-) is x*-distribution function with degrees of freedom a, the expectation symbol E
is taken with respect to E;:

ET, (E, E k+1 2k E3Th
pis(T) =Q <E1T2 <T2 Tl) 20, ) 2 ((k FD)TZ + 2k6Es T (2.15)

3. Frequentist properties

We start with investigate the frequentist properties of the first three generalized p-values.

Theorem 3.1. For testing hypotheses (2.1) concerning 0;, i = 1, 2, 3, the p values defined by
(2.12), (2.13), and (2.14) have the following properties for i = 1, 2, 3, respectively:

(1) the distribution of p; ;(T) only depends on the parameter 6;;

(2) the p value p; ;(T) is stochastically decreasing in 0;, namely when 0] < 6/,

Py (pri(T) < y) < By (pri(T) <), v €(0,1); and

(3) when 0; = 0y, p1.;(T) distributes according to the uniform distribution over the interval

(0,1).

Proof. Foreachi =1, 2, 3, the pvalue p; ;(T) depends on T only through T, /T, and is strictly
increasing in T,/ T;. Further, the distribution of (pknT;)/(mT,) is F-distribution with degrees
of freedom 2m and 2kn, and 6;, i = 1, 2, 3 are all strictly increasing function of p. Hence,
conclusions (1) and (2) hold. When 6; = 6y, p1.,(T) = By okn((pknTy)/(mT3)), i = 1,2, 3,
thus conclusion (3) holds. The proof is completed. O

ForO0 <y <1,let

D, ={t:pit) <y}, i=12,3.

By Theorem 3.1, the rejection region D; , defines an exact unbiased level-y test, i =1, 2, 3.
For p values p,;(T), i = 1, 2, 3, analogous results in Theorem 3.1 hold. For p values p.;(T),
i =1, 2, 3, the conclusion (3) in Theorem 3.1 hold. Hence exact tests can be obtained.

For the p value p; 4(T), the following conclusions hold.

Theorem 3.2. Consider the problem of testing hypotheses (2.1) concerning mean sojourn time
0y. The p value is given by (2.15). For arbitrary y (0 < y < 1), if the rejection region is taken
as {p14(T) < y}, we have following results.
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(1) The true level of this test is attained on the common boundary of H and K, namely

sup P (pa(T) <y)= sup P (pa(T) <y).
g4 (A, w)<bo 21O p0)=6

The minimum power of the test is also reached on the common boundary, namely

inf P (pa(T) <y)= inf P . (pra(T) <y).
0

84 (A, ) 2060 84 (0, 1) =06

(2) On the common boundary, let ¢, (L) = P, ) (pra(T) < y), where (L) satisfies
(A, (X)) = 6o. Then,

limg, () = lim ¢, (1) =y.
(3) On the common boundary, the test satisfies

<S¢y (A) <y —vylny, A>0.

Proof. Let E* = (E{, E;) be an independent copy of E = (E;, E,). For no confusion, denote
the distribution of E* by Q*. According to (2.4) and (2.15),

£ a5 = (4 PEE —
Pratt) = pua 2k WE/E;(uE:/E; — AE\JE}) | uE,/E;

< 90), (3.1)

where < denotes identically distributed.
(1) For any (A w) satisfying g (A, n) = % < 0y, choose ' < pu and

k
g 1) = o+ sy = 6. By G,

Ef E; < Ef E;
P4 2w Pia )
Hence,

P ((Pl,4(T) < V)) Q (PM( " > < )/) Q* <p14( ,u) < y)

= B (pra(T) < 7).

For any (A, u) satisfying gu(X, n) = i + 215;];&1)_/\,\) > 0y, choose u” > | satisfies

AT ES ﬁ 4 D g Analogously, we have

2k (W =)
P ((pra(T) <)) < Pu(pra(T) < p).

It follows that conclusion (1) holds.
(2) Accordingto (3.1),

X k+1 AE,/E; 1 ) )
M= = <6 . (2
er)=Q (Q< 2k HOVEJE (RO Ea B — AEnED) | OB ) S (.2

where £ (1)? = (M)A + w(r) /6, + (gkg)x Since E and E* are identically distributed.
Because

A
yg(l)l/«()») = 1/6y, hm m =1, XIEEOM()\) =

(3.2) implies

E
lim g, (4) = Q" (Q (— > 1) < 1/) =Q(1 - Ky(E) <y)=v,

=
*
E2
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lim ¢, =@ (Q(2>2) <y)=a (1-F 2 <y) =
am @, = E;‘/ET KY )= 2kn.2m Er Y )=V

(3) Notice that

(k +1 AE, /E} 1 )
2k WOOE/E;(RG)E/E; — AEJE]) | nw(ME,/E;

1—k AE ) E MAE, E ME>\?
-Q ) 1+M()__2+M() 1—2§ M()z (3'3)
2k0y  Ef 6 E: Ef E; E:

For 0 < a < 1, notice that ax + (1 —a) > x".x > 0. Taking a = p(A)A/(L(A)A +
(1 —k)A/2kby), x = E—ﬁ, in the above inequation, we get
2

a 2
(33)<Q ((u(m + (1= k)r/2key) - 2 @) IR <M>

Er \E: 6 Eif \ E;
(3.4)
Apply the inequation again, let a= (u(A)A+ (1 —k)A/2kOy)/ (L), x=

EE (k—1)2/2k8y
Zl (22 M)A+ (1—k)2/2k0
Ef(EE‘)M() (I=k)r/ O,Weget

H)A+(1—k)/2k0y
_(k=Dajakgy N o0
E, [ E, [ E,\ roorra—hu/2kg
GBaH<Ql == =
2

E 2
<(—2> =y (35)
E; \ Ef E;

Notice that

Q

N

1—k My pG) B M(A)AE@<<M<A>E2>2)

2k0y  E* 6, E; Ef Er \ E
E, E E E} _E
>Q —22—1,—221,—222—‘). (3.6)
E; ~ Ef E; E;" " Ef

Let V=E, +E,, W=E,/(E, +E,). We know that V ~ x2(2m + 2kn), W ~
B(2m, 2kn), and V is independent of W. If V* and W* are defined as V and W, then

E, E E E} _ E . L 1-W
Q2o o 2lb—5 2o |=Qva-w)>Vd-Ww,
Er ~ Er E; E2 7 E w
1—W* V21 —W)? _ V*3(1 — W*)?
> : >
W 7% W
>QV 2V W W) =1 — Kyns2n(VF))Bo2n (W), (3.7)

where B, ; () denotes the cumulate distribution function of 8(a, b). Because both 1 —
Komi20(V*) and By 2, (W) are uniformly distributed on (0,1), from (3.2) and (3.3),

¢y (A) < Q" ((1 = Kamy2a (V) Bo 2n(W*) < y) = y — ylny.

The conclusion (3) is true. Thus the proof of the theorem is completed. ]

For the p value p; 5(T'), analogous results to p; 4(T') are established as follows.
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Theorem 3.3. Consider the problem for testing (2.1) of the mean waiting time 0s. The p value is
given by (2.16). For arbitrary y (0 < y < 1), if the rejection region is taken as {p;s(T) < y},

then:
(1) the true level of the test is attained on the common boundary of H and K, namely
sup Pu(pis(T) <y)= sup  Pu(pis(T) <),
85 (L) <0y 85 (%, 11)=0p
and the minimum power of the test is also obtained on the common boundary, namely

inf P (ps(T) <y)= inf P (ps(T)<y);
&5 (2, 1)=by

85 (A, u)=0p
(2) on the common boundary,
lim ¢, (A) = lim ¥, (A) = y;
r—0 JL—>00

where Y, (1) = Py (p15(T) < v), and (1) satisfies g5 (h, iw(h)) = o;
(3) on the common boundary, the test satisfies

<Y,(A) <y —vylny, A>0.

Proof. Take notations E* = (E}, E;) and Q* are same as those in the proof of Theorem 3.2

By (2.4) and (2.16),
' E; MEE; (pnE, Er\ _ 2k+1
T i N — Lttt § = . :

(1) The proof is similar as that of Theorem 3.2(1), and therefore is omitted

2k 9 From (3.4),

Q*(Q( o> A>< ) (3.9)
El(E*)Z/ )E"‘e \J/ ’ .

(2) Letgy = 25

WJ/ ()V) =

where () = 1/2 + \/A2/4 + 1 /6}. Because
’ . T 1’

lim —— =6, lim
=0 u? (1) r=o0 [L(A)

we have

. . E2E; . EX _ (E})? B
Yt =Q (Q(Elwz‘)z 21) <V>_Q (Q<E_1> B )<y)_y
and

lim ¥, (1) = Q" (Q BB >_Q*<Q BBy o)) =
i Y = EErE) 7)) " E-E)SY)T

(3) For0 < a < 1, notice that
{Ce,p)iyzax+ (1 —a),x>0}C{(x,y):y=

Takinga = u(M)A/p(A)? = A/pu(h), x = %,y = E,/E; in the above relationship
2
of two sets. We know 0 < a < 1 because u(1)* = w(A)A + 1/6;. We get

E2E; E\* E;% _ (E})*
< Es <y Q' |lQ E| Ef 14 1

U0 > Q (Q (EI(E;)Z >

x*.x > 0}.
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On the other hand, as the proof of Theorem 3.2(3),

v (M<Q*<Q( BE LB _EE >1)< )
X * = L0 * = XY
4 El(Ez)2 Ez El(Ez)2

<Q*<Q(E2>E1 E2>1>< )
EZ El E2

Sy —vylny.

The conclusion (3) is established. So we complete the proof. O

Now, we explain the results given in Theorems 3.2 and 3.3. Although the fixed level tests
specified by the p values p; 4(T) and p; 5(T) are not unbiased, Theorem 3.2(1) and Theorem
3.3(1) present the properties which an unbiased test must admit. These properties also mean
that the levels of the two given tests depend on the probabilities of the rejection regions under
probability distributions in the common boundaries of the null hypotheses and alternative
hypotheses. When nuisance parameter exists, the common boundary of the null hypotheses
and alternative hypotheses is often a set of probability distributions. We call the set boundary
set temporarily. It is shown in Theorem 3.2(2) and Theorem 3.3(2) that on the boundaries of
the boundary sets, the levels of the two given tests tend to nominal levels. Therefore the levels
of the tests depend on the probabilities of the rejection regions under probability distributions
in the middles of the boundary sets. Theorem 3.2(3) and Theorem 3.3(3) establish the same
upper bound and lower bound of these probabilities. The lower bound is the nominal level and
the upper bound is ¥ — yIny. From simulations in Sec. 4, we can see that this upper bound is
not sharp. However it is important to give an upper bound of the difference between true and
nominal levels of a test. In existing papers about generalized p values, the investigations of
frequentist properties are mostly resort to simulations. Only an exception is the investigation
of generalized p values for Behrens-Fisher problem given by Tang and Tsui (2007). Noting that
y — ylny is the cumulate distribution function of the product of two independent random
variables with same uniformly distribution on (0,1), perhaps the upper bound y — ylny is
the bound for generalized p values in some other hypothesis testing problems.

Simply Theorems 3.2 and 3.3 can be summarized in

sup P ,(pi(T)<y)=y — ylny, inf P,pi(T)<Ly)=y, i=4,5.
(A, 1) <0

&i ()< &i

The former equalities give an same upper bound of the true levels of the two left-sided tests,
and the latter equalities indicate that the powers of the tests are not lower than the nominal
level. From them the frequentist properties of other p values can be obtained. For the right-
sided tests, by the relationship between p,;(T) and p; ;(T), i = 3, 4, we have

sup P (pi(T)<y)= sup P (pi(T)=21-y)

gi () =69 &i(A, 1) 260y
=1— inf P _ (pi(T)<1—1y)
R v
= J/,

Hence, for right-sided tests, true levels equal the nominal ones. For two-sided test,

P (pei(T) <y) =P u(pri(T
=D (pri(T

v/2,pi(T) =2 1—y/2)

) <
)<y/2)+1—-P ,(pi(T) <1—1y/2),
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i=4,51fg(x, ) = 6y, then fori = 4, 5,

Y+ A —y/)In(1—y/2) <P u(pi(T) <y) <y —(v/2)n(y/2).

The bounds of the levels of two-sided tests are obtained.

4, Simulation

Because the p values for testing hypotheses about former three parameters are just the classical
F tests, the simulations are performed only for later two parameters 6, and 6s. For p values
given by (2.15) and (2.16), we provide another convenient computing approach by simulation.
The detailed procedure is given in the following algorithm.

Algorithm 1.

(1) Forgivendata (x1, ..., Xu; Y1, - - -, ¥u), choose alarge simulation sample size, say M =
10, 000.

(2) For j=1,..., M, produce an e,; from the distribution x4, and an e, j from the dis-

tribution XZZM. R

(3) Compute 6;; = gi(A, ) = g,-(%, %), i=4or5hH =2mx=2) ;" xybh =2ky=
2%y

(4) End jloop.

(5) The simulated p values are computed by the frequency of {@j <6, j=1,..., M}for
testing H : 0; < 6pand p,; = (1 — p;;) for testing H : 6; > 6, i = 4, 5. For testing H :
0; = 6, the simulated p values are p.; = 2min{p;;, p,;},i =4, 5.

We evaluate the performances of the proposed tests by their empirical Type I error rates
(TIRs). The Monte Carlo method is used to obtain the empirical TIRs. By Theorems 3.2 and
3.3, the fixed level tests determined by p values for testing 6, and 05 were studied when 6, and
05 are in the boundary sets. The TIRs of the tests for different values of (1, ) are compared
with different sample size (m, n).

The Monte Carlo method applied to obtain TIRs is as follows. Generating Monte Carlo
sample with size N and computing statistic T, we have t,, ,, - - - , ty. For a given p value p(t),
define I; as the indicator of rejection event {p(¢;) < y}for j =1,2,..., N, where y is a pre-
assigned significant level. The p value p(t;) is computed by Algorithm 1, where the simulation
sample size of (e;, e;) is M. Theny = Z;V:l I;/N is a simulated value of the predetermined
size y = 0.01, 0.05, 0.1. We calculate ¥ for varying A by repeating this process.

The simulation example is conducted as follows. We consider testing hypotheses (2.1),
(2.2), and (2.3) concerning 0, and 65, where 6, = 2 for testing 6, and 6, = 1.5 for test-
ing 05, respectively. The Monte Carlo sample size N = 1000 and the simulation sam-
ple size M = 10,000 in computing p value. To ensure (X, u) is in the boundary set,

. o 00)>—2(k—1)/ (kb .
should satisfy pu = °+\/(H1/2°) 2HED/) for testing hypotheses about 6, and yu =

M AZH(;{H) /(o) about 65, respectively. Table 1 contains the results for m = 5, n = 10 and
A =0.01,0.25, 1, 100. The first three parts are about 6, and the later three parts are about 65,
respectively. The empirical TIRs 7 ;, 7.;» and ¥, ; are about testing hypotheses (2.1), (2.2), and
(2.3) concerning 6; respectively, i = 4, 5. The last row shows the values of the upper bound
y —ylIny for y,; and ,;, and ¥ — (v/2)In(y/2) for ¥, ;. From the simulation results in
Table 1, we can see that the proposed tests perform well.
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Table 1. Empirical TIRs for testing W and W, for M/E4/1.

A =0.01 A =025 =1 A =100 y—vliny
f/\,’4 y =0.01 0.009 0.01 0.01 0.009 0.056
y = 0.05 0.056 0.081 0.042 0.051 0.200
y =01 0.103 0nz 0.m3 0.107 0.330
Il
A =0.01 A =025 A=1 A =100 y—vylny
2,4 y = 0.01 0.018 0.006 0.010 0.008 0.056
y = 0.05 0.045 0.032 0.047 0.047 0.200
y =01 0.097 0.076 0.087 0.103 0.330
1]
% =0.01 A =025 =1 A =100 v — (/2 In(y /2)
')7C’4 y =0.01 0.017 0.007 0.010 0.006 0.036
y =0.05 0.045 0.060 0.037 0.049 0z
y =01 0.100 0.104 0.102 0.098 0.250
\%
5’\/,5 y =0.01 0.01 0.008 0.0m 0.010 0.056
y =0.05 0.058 0.064 0.044 0.049 0.200
y =0.1 0.116 0.096 0.094 0.095 0.330
\%
%= 0.01 2 =025 r=1 A =100 y—yliny
5/7‘5 y = 0.01 0.01 0.010 0.010 0.006 0.056
y = 0.05 0.046 0.01 0.047 0.045 0.200
y =0.1 0.088 0.097 0.093 0.093 0330
Vi
% =0.01 A =025 A=1 A =100 ¥ — (/2 Iny/2)
Ves y =0.01 0.01 0.010 0.010 0.003 0.036
y = 0.05 0.052 0.046 0.043 0.048 0n7
y =01 0.097 0.094 0.086 0.112 0.250
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