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1. Introduction

Popular models for the fluctuation of the underlying process in finance and energy mar-
kets are determined by Brownian motions and are therefore continuous in the sense
that they do not generate jumps in the sample paths. Their popularity follows from the
fact that they are easy to handle. However, as it turns out from observed data, the
absence of jumps is not realistic. Therefore, the use and study of discontinuous models
have seen an important boost in the last decades.

In this article, we consider the problem of computing conditional expectations of
functionals of Lévy processes and jump diffusions which are involved in pricing and
hedging procedures as, e.g. of American options, and which usually require numerical
evaluation techniques. In general, it is not possible to obtain analytical expressions for
conditional expectations and thus numerical methods are called for. Fournié et al. [1]
derive expressions for the conditional expectations in terms of regular expectations for
models which have a density and for diffusion models using, respectively, the density
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method and the Malliavin calculus. In this article, we generalize these two approaches
to obtain representations for conditional expectations and their derivatives (with respect
to the underlying) in a jump-diffusion setting. The representations we derive are
expressed in terms of regular expectations without conditioning but involving a
Heaviside step function and some weights. We apply the developed theory to the
numerical estimation of American option prices and their deltas.

There is a wide literature on the use of Malliavin calculus in finance, see, e.g.
Montero and Kohatsu-Higa [2]. For an overview, we refer to Nualart [3] for continuous
processes and Di Nunnio et al. [4] for jump processes. As for the numerical computa-
tion of American options, several approaches appeared in this field. von Sydow et al.
[5] compared some approaches grouped as Monte Carlo methods, Fourier methods,
finite difference methods, and radial basis function methods but only for continuous
underlying processes when pricing American options. Broadie and Glasserman [6] built
up a tree in order to obtain a discretisation of the underlying diffusion on a grid (see
also Barranquand and Martineau [7]). Longstaff and Schwartz [8] use a regression
method on a truncated basis of L*> and then choose a basis of polynomials for the
numerical estimation of conditional expectations. Shu et al. [9] and Kovalov et al. [10]
use a partial differential equations approach. Zhang and Oosterlee [11] use a Fourier
method based on Fourier cosine-series expansions. We follow an approach similar to
the one by Mrad et al. [12] and Bally and Pages [13] based on a Monte Carlo method.

Considering a random variable F, a scalar random variable G, and a function f on R,
Fournié et al. [1] provide the following representation for the conditional expectation

E[f(F)|G = 0] _E

where 7 is a random variable called weight and H is the Heaviside step function
increased with some constant, H(x) = 10 +¢,¢c € R. The authors use two
approaches: the density method and the Malliavin method (MM). The density method
requires that the couple (F, G) has a density p(x, y), (x € R,y € R) such that its log is
C' in the second argument. In the Malliavin approach, they use a Malliavin derivative
of the Wiener process and provide expressions for conditional expectations, where F
and G are modeled by continuous diffusions. One of the goals in the present paper is to
relax the conditions imposed on the random variables F and G and in particular to
allow for random variables which do not necessarily have a known density and which
might originate from processes with jumps.

We recall that the density method introduced in [1] requires the knowledge of the
density of (F, G). However when F and G are random variables generated from jump
processes, the density of the couple (F, G) is in general not known or very hard to com-
pute. To overcome this shortcoming, we use the conditional density method introduced
by Benth et al. [14]. For example, in the case of a geometric Lévy process, we only need
the knowledge of the joint density of the continuous parts, which we do know. Thus, to
apply the conditional density method a separability assumption on the random variables
F and G will be required. F and G should consist of a part with known density. The
density of the other part is not necessarily known.
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For the Malliavin method, we work with the Malliavin derivative for jump processes
developed by Petrou [15]. The idea is to use the Malliavin derivative in the direction of
the Wiener term in the jump-diffusion process. Using this approach, there is no separ-
ability assumption imposed, since the Malliavin calculus as presented in [15] does not
require any, as opposed to the Malliavin calculus used in Davis and Johansson [16] or
in Benth et al. [17]. We use this approach to compute conditional expectations in our
setting as was developed in [1] in a continuous set up.

Furthermore, we provide expressions for the derivative of conditional expectations
using both approaches and we illustrate our results with several examples of models
which are commonly used in financial and energy markets. Notice that we present our
study in the one-dimensional case for the ease of notation, although all results can be
extended to a setting in higher dimensions.

The representations that we develop are interesting from a probabilistic point of view.
Indeed we derive expressions for the conditional expectations of functionals of random
variables involving only unconditional expectations of these functionals. Moreover, these
representations are interesting from a numerical point of view. In this article, we apply
them to the numerical estimation of American option prices and their deltas, the delta
being the sensitivity of the option price with respect to the state of the underlying asset.

To perform the numerical experiments, American options are approximated, through
a time discretisation, by Bermudan options as in Bally and Pages [13] or Abbas-Turki
and Lapeyre [18]. We make use of a localization technique and a control variate to min-
imize the variance, see, e.g. Glasserman [19]. To reduce the memory capacity of the
algorithm for the estimation of the American option price and the delta, we suggest to
simulate the underlying stock price process backwards in time. This backward simula-
tion technique turns out to be a specific application of Lévy bridges, see Baldeaux [20].

To check the accuracy of the proposed algorithms, we first compute European option prices
and their deltas at time ¢ > 0 where we assume a Merton model for the price process. We
compare the values obtained by our algorithm to the analytical solutions proposed by Merton
[21]. Then considering the same model we estimate the prices and the deltas of American
options, which we in turn compare to estimates found in the literature. In addition we com-
pute for the prices a confidence interval according to Bouchard and Warin [22].

In their article [22], Bouchard and Warin performed a numerical comparison and dis-
cussed the efficiency and the level of complexity of the regression based Longstaff and
Schwartz [8] algorithm and the Malliavin approach algorithm in the continuous setting. In
our numerical examples, we investigate how the CDM and the MM perform in the discon-
tinuous setting. The fundamental difference between the Longstaff-Schwartz approach and
the (conditional) density or Malliavin approach is the way the conditional expectations are
approximated. However, the Longstaff-Schwartz method may show rank deficiency for a
certain choice of the parameters of the model (see Mostovyi [23]) and is unable to provide
an ad hoc method for the computation of the delta. It has to be combined with other meth-
ods such as the likelihood ratio method or pathwise sensitivities based approaches in order
to obtain an approximation of the delta. The approaches presented in this article allow the
computation of the price of the American option for any parameters choice and lead to rep-
resentation formulas for the derivative of conditional expectations and consequently provide
an estimation of the delta using its own specific method.
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The article is organized as follows. In Sections 2 and 3, we develop a representation
for conditional expectations via the conditional density method and the MM, respect-
ively. In Section 4, we present variance reduction techniques to obtain acceptable con-
vergence results in numerical applications. In Section 5, we present numerical examples
to illustrate our results. Section 6 concludes the article.

2. Conditional expectation via the conditional density method

Let (Q, F,P) be a complete probability space equipped with a filtration F := {F},c(, 1y for
time horizon T > 0, satistying the usual conditions (see Protter [24]). We introduce the generic
notation L = {L;},.,.;» for a Lévy process on the given probability space. We set Ly = 0 by
convention and work with the right-continuous with left limits version of the Lévy process.
Let AL; := L;—L,_ indicate the jump of the Lévy process L at time ¢. Denote the Lévy meas-
ure of L by £(dz). Recall that £(dz) is a o-finite Borel measure on Ry := R {0}.

In this article, we express the realization of a conditional expectation E[f(S;)|Ss = «]
in terms of regular expectations. Here f is a Borel measurable function (think for
instance of the payoff function of a call option), S is an F-adapted price process which
may have jumps, and o is a real number. We also rewrite its differential w.r.t. o, i.e. the
delta, by only using unconditional expectations.

2.1. Representation results

First, we state a general result for the conditional expectation E[f(F)|G = o], where F
and G are two random variables satisfying the following separability assumptions.

Assumptions 2.1. (Separability). Let F and G be two random variables such that
F=g(X,Y) and G=g(U,V). (2.1)
The couple (X, U) is independent of (Y, V). Moreover

1. (X, U) has a density p(x,uy with respect to the Lebesgue measure,
log p(x,uy(x, -) is differentiable, for all x € R, and

3. a%logp(X’U) S LZ(RZ,‘D(X‘U)), ie. E[(a%logpmm (X, U))z} < 00.

The functions g; and g, are Borel measurable and there exist a Borel measurable func-
tion g* and a strictly increasing differentiable function h such that

u,v) =h"(u+g'(v)), 2.2)

for all (u,v) € Dom g N (R x Dom g*).

We apply the conditional density method (CDM) as it is developed in Benth et al. [14]. The
CDM method is based on the density method (DM) introduced in Glasserman [19] and used
in Fournié et al. [1], but allows for more general dynamics than the latter. Indeed, given F and
G as in (2.1), the CDM does not require the knowledge of the density of the couple (F, G) as it
is the case in the DM but only the knowledge of the density (X, U). The density p(x v) of (X,
U) plays the most important role in this method. The results follow from straightforward
computations based on properties of (conditional) expectations.
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We denote the Heaviside step function increased by an arbitrary number ¢ € R by
H(X) = 1{x20} +c, (23)

and its distributional derivative, the Dirac delta function by J.

In the upcoming theorem, we present the first representation result of this paper. In
order to make the proof comprehensible, we follow a formal approach. The formal
proof follows similar derivations as in [1, Section 4.1] by Fournié et al. The main differ-
ence is that we apply the CDM instead of the DM by conditioning on ¢(Y, V). A rigor-
ous proof is included in Appendix A.

Theorem 2.2. Let F and G be as described in Assumptions 2.1 and let f be a Borel meas-
urable function such that f(F) € L*(Q). Then it holds for any « € Dom h that
E[f(FH(G-0)nxu)]

E[f(F)|G=«] = EH(G = Drxo)] (2.4)

where

0
TE(X,U) = —alogp(}(’(]) (X, U)

Proof. Formally, for the conditional expectation, we know that

EUU@&KG—aﬂ_

E[f(RIG= o] ==p=re—0)

(2.5)

Moreover we have that

E[f(F)oo(G—a)] = E[f (g1(X, Y))do(g2(U, V) )]
=E[E[f(g1(X, Y))do(g2(U, V)=o) |o(Y, V)]],

where (Y, V) is the o-algebra generated by Y and V. From Assumptions 2.1(1) we derive
E[f(F)dy(G~a)] = E“ f(&1(x,Y))00(82(u, V) =)px.v) (x, u)dxdu -
RZ

For a function ¢ € C' with a single root, the composition rule for the Dirac delta
function (see Raju [25]) states that
50(14—1/!1)
Oo(p(u)) = —57—=,
0( ( )) |(f)/(1/11)|
where u; is such that ¢(u;) = 0 and ¢'(u;) # 0. Because of relation (2.2), we apply this
composition rule to the function ¢(u)=h"'(u+g"(V))—ax with root
u; = h(o)—g*(V), and obtain that

JRéo(gz(u, V)—o)pex,u) (%, u)du = J % (u +g*(V)_h(a))P(X,U) (x, )du

= () (h(2)
= h/(OC)JRéo (L{ + g*(V)—h(OC))pQ(’U) (x, u)du.

The Dirac delta function is the distributional derivative of the Heaviside step func-
tion. Hence by integration by parts, we find that
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JRéo (&(u, V)—a)pex,u)(x, u)du

— i)

H(u+ g (V)—h(x)) %p(x’[}) (x, u)du
R

- —h’(u)JRH(gz(u, V)—a) ((%logp(xw (x, u))p(X’U) (x, u)du.

Finally we conclude that

E[f(F)éo(G—a)] =E [E []‘(F)H(G—oc){—(%log pexu) (X, U)}h’(oc)|a(Y, V)H

=E [f(F)H(G—oc){— %logm,m (X,U) H W ().

Applying the latter result with f = 1 for the denominator of (2.5) we prove the state-
ment. =

Note that the weights 7(x i) in the representation (2.4) are not unique and one can derive
infinitely many of them. This was discussed in the result (4.25)-(4.26) in [1] for random vari-
ables admitting a density. In Proposition 2.1 of this latter article, the authors discussed also
the optimality of the weights in a minimal variance setting. The extension of these results to
our jump-diffusion setting using the CDM is straightforward and follows similar derivations
as in the proof of Theorem 2.2. For more details we refer to Daveloose [26].

In the next theorem, we deduce a representation for the sensitivity of (2.4) with
respect to a.

Theorem 2.3. Let F and G be as described in Assumptions 2.1, where log p(x,uy) possesses
a second order derivative in its second argument and let the Borel measurable function f
guarantee f(F) € L?(Q). Then it holds for any o € Dom h that

EE[JC(PHG _ OC] _ BFG[f](“)AF,G[X&“;[_I]?:)(;V](OC)BFG[l]((x)

- (@),

where
Apg[](2) = E[-(F)H(G—a)mx,u)]
Br[](2) = E [.(F)H(G—oc) (—nfxw n n’gxm)} ,

0
Tx,u) = _%logp(xﬁu) (X, U), and

2
* p—

Txu) = — wlOgP(X,U) (X, U).

Proof. From Theorem 2.2, it follows immediately that
9 o AAr6lf](@) } Ar (1] (0) —Arclf](0) 5 {Arcll](=) }
dot Arg[1](2)? .

For the derivatives in the right hand side, it holds by the square integrability assump-
tion for f(F) that

E[f(F)|G=«] =



STOCHASTIC ANALYSIS AND APPLICATIONS @ 287

0

%E [f(F)H(G—Of)TC(X.U)] =-E U(F)50(G—a)ﬂ(X,U)] .

Along the lines of the formal proof of Theorem 2.2, we derive

0
J 00(g2(u, V)—a) (8_ log px.u) (%, u))p(xﬁu) (x, u)du
R u

o+ (V) () (2) 3 pco s )

ﬁ

J u+g h(oc))h (oc)aaszU (x, u)du

B, 2o
J (&2(u, V)— )h’(a){<%10gp<x,m(xvu)> +Wlogp(X¢U)(xvu)}p(X,U)(xvu)d“7

which concludes the proof.

2.2. Examples: Jump-diffusion models

In many applications in mathematical finance, one can make grateful use of Theorem
2.2. In fact, we are able to express a realization of the conditional expectation of the
form E[f(S;)|Ss = o] in terms of regular expectations. Here, f is a function e.g. a payoff
function, (St>te[o,T] represents a Markovian stock price process, 0 <s<t<T, and o is a
real number. We will use Monte Carlo simulations to evaluate these conditional expect-
ations using their representations as regular expectations. In the sequel, we consider dif-
ferent jump-diffusion models for the stock price process to illustrate our results with
specific examples.

Remark 2.4. (Processes with independent and identically distributed increments). In
case it holds that the stock price process S is modeled in terms of a process with incre-
ments which are independent and identically distributed we remark the following about
a conditional expectation of the form E[f(S,)|S; = «]. Consider for instance S = Spe’
where L denotes a Lévy process. Then, given that S, = o, it holds, due to the independ-
ence and the identical distribution of the increments, that for any 0 <s<t<T

St 1, d
S, = Ss— = el 7l = el
Ss

Therefore
E[f($:)ISs = o] = E[f(oe™)]

and the conditional expectation equals a regular expectations which can easily be esti-
mated via a Monte Carlo method. Although it is possible to use Monte Carlo simula-
tions exploiting the independence and stationarity property of the increments, the
application of the obtained representations avoids nested simulations in the pricing of
American options, as explained further on in Remark 5.1. Hence, this allows to obtain
estimations based on a smaller number of simulated paths.



288 @ C. DAVELOOSE ET AL.

2.2.1. Jump-diffusion model

The next proposition considers a representation of conditional expectations in terms of
unconditional expectations, when the price process S is an exponential jump-diffusion
process. This type of stock price model is common in finance and conditional expecta-
tions appear when determining (American) option prices (which we will illustrate in
Section 5 with numerical experiments).

Proposition 2.5. Consider a price process S defined by S; = e'*,Vt € (0, T|, where L is a
Lévy jump diffusion process with decomposition L, = ut + fW; + N,. Here W is a stand-
ard Brownian motion, N is a compound Poisson process independent of W, and u and
are constant parameters. Then, for any Borel measurable function f fulfilling
f(S:) € L?(Q), any strictly positive number o, and 0 <s <t <T, it holds that

E[f(S)H(Ss—o)7]
E[H(S; — «)n] ’

E[f(S)IS = o] =

where
N tWS _SWt

mn=—

Ps(t —s)

Proof. Following the notation of Theorem 2.2, we set F = §; and G = S;. The random
variables X = fW,,Y = ut+ N,, U= W, and V =pus+N, and the functions
gi(x,y) =e ie{1,2},g*(v) = v, and h(x) = logo, with « € Dom h =R, satisfy
Assumptions 2.1. The random variables X and U (resulting from a scaled Brownian
motion) have a joint normal distribution with density function

Py (1) 1 x?s—2xus + u’t

xuy=——————exp| ——5———
* 2np%\/(t—s)s P 20t — s)s
To determine the weight in (2.4) we calculate

—gl e _ O Xs—2xus+u’t _ ut—xs
o OBPXV) (1) = 5 22t —s)s  Bt—s)s’

such that we obtain
Ut—Xs tW,—sW;
T = = .
Bis(t—s)  Ps(t—s)

|

Example: Merton model: In the light of the numerical experiments that we perform in
Section 5, we derive the representation (2.4) for the following Merton model given by

BZ N;
S[:soexp((r—;)t—kﬂwt—i—iz;Y,-), (2.6)

where >0 is the risk-free interest rate, § is a positive constant, and W is a Wiener
process. The jump part is determined by a Poisson process N with jump intensity u and
the random variables Y; are i.i.d. with distribution N(—4&%/2, 6%).



STOCHASTIC ANALYSIS AND APPLICATIONS @ 289

Since the Merton model is a special case of the exponential Lévy jump-diffusion
model, the representations obtained via the conditional density method, i.e. through
Proposition 2.5 and Theorem 2.3, are as follows, for 0 <s<¢<T and a € R(J{ ,

. E[f(st)H(Ss_o‘)n&t] . Af,s [ﬂ((X)

E[f(st)"SS = O(] - E[H(Ss _ OC)TCS t] — A,s[l](fx) ) (27)
0 1 B A1) () — Ay [f] () By [1] (o) 1
515 =] = Al o @Y

where

Bro[](2) = E[-(S)H(S—a){ 72, + m, }]
Tt = WemsWe and 7w, = ;
o S Bs(t—s)

Bs(t —s)’

2.2.2. Additive model
Now we observe a model which is often used to price energy products (see for example
Benth et al. [27]). The price process is given by an additive model

Ss=X,+Y,Vt€[0,T] with S,>0. (2.9)

The process Y is adapted to the filtration [F and does not have to be specified here.
The process X is a so called I'(a, b)-Ornstein-Uhlenbeck process, see Section 17 in Sato
[28]. Namely, it is a process following the dynamics

dX[ - _;LX[dt + st, X() = S(), (210)

where 2>0 and L is a subordinator, admitting a stationary distribution for the process
X which is here I'(a,b). Hence, this means that X, has a I'(a, b)-distribution for all
t>0. The solution of the stochastic differential equation (2.10) equals

t
X, =e Sy + J M4,
0
An interesting property of this type of non-Gaussian OU-processes is the fact that
the autocorrelation is independent of the stationary distribution, see, e.g.
Barndorff-Nielsen and Shephard [29] or Sato [28], it equals

Corr(X;, X) = e)*(sfo, VO <s<t. (2.11)

Proposition 2.6. Let us observe the additive model described by (2.9) and (2.10). Then it
holds for any Borel measurable function f satisfying f(S;) € L*(Q),0<s<t<T, and
o € R, that

Ef(S;))H(S;—o)m
E[f(SIs =] = E];[stf_ a)f] 3

where
17[1 + b _V(Xt’XS) IQ(V(X“XS)>
X, 1—p  2X, I,(v(X, X))

T =
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Herein, 1, is the modified Bessel function of the first kind with index a,

24/ pbixu

l—p

o= e).(sft)

and  v(x,u) =
Proof. As in Theorem 22, we put F=§=X,+Y,G=8= X;+Y,(X,U) =
(X;,X;), and h(x) = o to satisfy Assumptions 2.1. To obtain the weight we need the
density function of the vector (X,, X;). Since X is a I'(a, b)-OU process we know that X,
and X; are both [I'(a,b) distributed and by (2.11) we know that
Corr(X;, X;) = "7 =: p. According to Brewer et al. [30], the density function of this
bivariate gamma distribution with non-zero correlation equals

()2 exp (—(bx + bu)/(1—p)) 7 (2 pb2xu
pla=D/2(1 — p)I'(a) “\1-p )

Pxx) (X, u) =

where 7, is the modified Bessel function of the first kind with index a. We compute

-1 2 2

ou 2u 1—p Ou 1—p
For the function v(x,u)=2y/pb>xu/(1—p), it holds that 2(x,u)=

V(pb?x/u)/(1—p) and 2% (x,u) =v(x,u)/(2u). Using the recurrence formulas for

modified Bessel functions (see Bowman [31]), we get

; 1 ov
aulog( —1(v(x, “))) :Ial(vl(x,u))zﬂ—l(v(x’ u))%(x, u)
- Iul(vl(x, u)) % (Ia—z(v(x, u)) + Ia(V(x, u))) V(;C;lu)
2z 1(v1<x, )) % ({Za2(v(x,u))=Za(v(x, 4)) } + 2Za(v(x, u))) V(;‘;”)

= ! L (2(a-1) v(x, u)
= Ta1(v(x, u))E <V(x, ) Iaﬂ(V(x, u)) + ZL,(v(x7 u))) >

_ ((ﬂl) n La(v(x,u)) )v(x, u) _a—1+v(x, u) Zo(v(x,u))

v(x,u)  Ta1(v(x,u)) 2u 2u 2u Ly (v(x,u))

According to (2.4) we conclude the statement. O

3. Conditional expectation via MM

Fournié et al. [1] used Malliavin calculus defined for functions on the Wiener space to
obtain representations for the conditional expectations. Therefore, their approach is
applied to continuous diffusions. In this section, we extend their method to allow for the
computation of conditional expectations in a Lévy and a jump-diffusion framework. For
this purpose we use a Malliavin derivative of the combination of Gaussian and pure
jump Lévy noises, see, e.g. Di Nunno et al. [4] and Solé et al. [32]. In our setting, we
use the Malliavin derivative developed by Petrou [15].
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Notice that the MM allows for more general dynamics than the conditional density
method (CDM). Indeed, no density is required to be known when using the MM. However,
the CDM is easier to apply and follows using basic knowledge in probability theory.

Let (Q,F,P) be a complete probability space in which Lévy processes are well-
defined. The Malliavin derivative in the Brownian direction is defined by Petrou [15] in
a subspace of L?(Q) and is essentially a derivative with respect to the Brownian part of
a Lévy process L. We denote it by D). Its dual, the Skorohod integral is also defined in
[15] and denoted by 5©) In this section we make use of some notations, definitions,
computational rules and properties which are summarized in Appendix B. Recall the
function H defined in (2.3).

3.1. Representation results

The ideas and concepts of the proofs of the results presented in this section are based on
the proofs of Theorem 4.1 and Corollary 4.1 in Fournié et al. [1] and follow similar lines
of derivations. The difference in our approach is that we use a Malliavin derivative defined
for Lévy processes. This allows us to generalize the results in [1] to processes with jumps.

In the following theorem we derive a first representation result for the conditional
expectation E[f(F)|G = o], where the function f possesses a bounded and continu-
ous derivative.

Theorem 3.1. Denote by Cl the space of continuously differentiable functions with
bounded derivative. Moreover, Let f € C} be a Borel measurable function, F and G be in
DO, u be in Dom 89 such that f(F)u is in L*(Q x [0, T]), and

E =1. (3.1)

T
Jup@wmwﬁ)
0

Then it holds for any o« € R that

E[f(F)H(G~2)0 (u) ~f'(F)H(G—a) [ u,D" Fat]

0

E[f(F)|G = o] = (3.2)
A E[H(G ~ 26 (u)]
Proof. We note that
E[f(F)|G = o] = lim E[f(F)|G €]a—s,2+ ¢ = lim E é (E ?”_: ;EgG__;;)]}
As a first step we show that for any ¢ >0,
SE[N] ~ ¢, el(G-)] = E[H,(G-2)0? (f(F)u) . (3.3)
where
ec, x < —e,
H.(x) = %(x+8) +ec, —e<x<eg,

&+ ec, X > &.
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Hereto we approximate the function 1;_,,; by a sequence of bounded continuous
functions (®,,),,. Specifically, ®,, has support|—e—¢/n,&+¢/n[ and equals 1 on
[—¢+¢/n,e—¢/n]. Moreover the graph of ®., connects the points (—&¢—e¢/n,0) and
(—e+¢/n, 1/2) and the points (¢—¢/n,1/2) and (¢ + ¢/n,0) via straight lines. Besides,
we define W, ,(x) := [*__ ®;4(y)dy + ec. Then we have by the duality formula, the chain
rule, and relatlon (3 1) that

B[, ,(G-2)8® (f(F)u)| = E JTf<F>utD”( +(G @)1

0

T
E f(F)cbm<G—a)J u: D\ Gdt
0

=E|E

=E[f(F)D,,(G—a)].

Because of the facts that |@;,| <1 and f(F) € L*(Q), the latter expression converges
to E[f(F)1- “([( —o)] by the deﬁmtlon of the sequence (®,,), Besides
|‘PM,| < e+ ec,0V(f(F)u) € L*(Q), and the sequence (W:n), approximates H,. Hence
this proves (3.3).

Next, by the integration by parts formula we find

—E[f( )] —¢,6l(G—0)] = E [HE(G—@ {f<p>5<°><u>— JT urDEO’f(F)drH

0

=E [Hg(c—a) {f (F)3" (u)—f'(F) LT urDi‘”FdrH :

Then applying the latter result for f = 1 too, shows that

E[f()|G = o] — lim — L H(G-0){ ()8 () —f () |} w D Far |
Bt Bt vl E [lHE(G _ O‘)é(o)(u)} .

&

(E)0., (G2 | " DOt (F. G)

Since it holds that |1H,(G—a)| <1+ ¢,E[0”(f(F)u)|] < oo, (u) € L*(Q), and
1H,(x) — H(x) for ¢ tending to zero, this concludes the proof. O

The latter theorem provides us with a representation formula for the conditional
expectation E[f(F)|G = o] for f being a continuously differentiable function. However in
many applications in finance, we often have to consider non-smooth functions. In order
to deal with the potential non-smoothness of f, we include an additional assumption on
the process u introduced in Theorem 3.1 leading to the following theorem.

Theorem 3.2. Let F and G be in D' and f be a Borel measurable function such that
f(F) € L*(Q). Consider a process u in Dom 0, guaranteeing f(F)u is in
L*(Q x [0, T)), satisfying (3.1) and, in addition,
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E

T
J uD\" Fat|o(F, G)] —0. (3.4)
0

Then the following representation holds for o € R

E|f(F)H(G—a)3" (u
E[f(F)|G=da] = [ﬂ) (G2 ()}. (3.5)

E|H(G - 2)5 (u)]

Proof. i) First, let us consider a Borel measurable function f € C}, such that we can
apply Theorem 3.1. Because of the properties of conditional expectations and relation
(3.4), we have in representation (3.2) that

T
E f/(F)H(G—oc)J wD\"Fdt| =E|E

0

f(F)H(G—0) LT uD\" Fdt|o(F, G)] 1

—E|f(F)H(G-)E —0.

T
J u D\ Fdt|o(F, G)
0

Thus we obtain representation (3.5).

ii) Now we observe a Borel measurable function f for which f(F) € L*(Q). Let C¥(R)
and C¥(Q) be the space of infinitely differentiable functions with compact support
respectively defined in R and Q. Since C¥(Q) is dense in L*(Q) there exists a sequence
of functions f, in C¥(R), such that f,(F) converges to f(F) in L*(Q). In part i) we con-
cluded that for any function f, in this sequence representation (3.5) holds. By conver-
gence arguments, we conclude that expression (3.5) also holds for the limit function f as
follows. For any f, we denote

)5
sl - - 2]

Besides we define

E[f(F)H(G-25" (u)]
E[HG-90"w)]

g(o) :

Via the Cauchy-Schwarz inequality, we derive that

E Uf(F)—fn(Fﬂ|H(G—oc)5(0>(u)”

S ‘E [H(G - Oc)5<0)(u)} ‘

1/2

E[f(B)—£(F)F] | |H(G-05" )]
e |H(G ~ 25" (w)] |
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For any « € R we have

E||H(G—2)6" (u) ] .

< 00.
|E [H(G — oc)é(o)(u)} |
By the density argument f,(F) converges to f(F) in L*-sense, hence we obtain that
lg(o)—gn(a)] — 0, for n — oo, Vo € R.
Thus, g,(x) convergences to g(o). Moreover it holds that g,(x) converges to

E[f(F)|G = o] by the conditional dominated convergence theorem. Therefore, we con-
clude that g(o) equals the latter conditional expectation. O

Via the MM we also deduce a representation for the delta in terms of unconditional
expectations.

Theorem 3.3. Consider the same setting as in Theorem 3.2 and assume that

T
E 5(0)(u)J u:D\" Fdt|s(F, G)

0

=0. (3.6)

Then the delta is given by

9
mE[f(FﬂG:a]

_ Brglfl(0)Arc(1](0)—Arglf](2)Br g1 ()

Apg1])(e)? ; (3.7)

where

Arg[](2) =E f(F)H(G—a)(S(O)(u)} ,

-(F)H(G—2) { —59 () + JT u,D§°>5<°>(u)drH .

0

Brgl](x) =E

Proof. The structure of formula (3.7) follows clearly from the derivation of representa-
tion (3.5). Now we focus on the derivative

Brglf](2) = %E [J((F)H(G—ch(o)(u)} =—-FE {f(F)éo(G—aﬁ(O)(u)}
== gli%}r%E[f(F)l] —¢, s[(G—ooa@)(u)]

i) First, we consider a Borel measurable function f € Ci. It can be shown, as before in
Theorem 3.1, that

%E (BN~ &, (G-0)50 ()| = E|H(G-2)5 (£(F)6 (uyu) |,
and therefore

Brlf](2) = — lim ~E[H,(G-2)0 ((F)6 (u)u) |

e—0+ &

— -B[H(G-05 (1P )|
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By the chain rule and the integration by parts formula, we obtain

T
_E|f(F)H(G—2)6® (u) }

0

ungo)Fdr] .

By expression (3.6), the latter expectation equals

T
F(F)H(G-2)0" (u) J u, D\ Fdr

0

E

=E|f(F)H(G—2)E

Hence, we conclude that

f(F)H(G—a) {5<°><u)2— JT u, D5 (u)drH . (38)

0

E[f(F)6y(G-2)6" (u)| = E

ii) Via a density argument which follows the same lines as the proof of Theorem 3.2,
we conclude that equation (3.8) also holds for a Borel measurable function f such
that f(F) € L*(Q).

a

Remark 3.4. Remark that condition (3.6) is fulfilled by a combination of condition
(3.4) and 6" (u) being o(F, G)-measurable, since in this case

59 (u) JT

0

E

T
1, D" Fat|o(F, G)] = 5O WE U 1, D" Fat|o(F, G)] =0.
0
Next, some practical examples motivated from financial applications are given.
3.2. Examples: Jump-diffusion models

We start by considering a stock price process which is modeled by a general stochastic
differential equation (SDE). For this model we derive representations based on the
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results developed in Subsection 3.1. Further on, we illustrate these by looking into some
specific types of SDEs such as exponential Lévy and stochastic volatility models. Let S
satisfy the following stochastic differential equation

{ dst = :u(ta St—)dt + ﬂ(ta St—)th =+ IROV(ta St—a Z)N(dtv dZ),

3.9
So = 5o > 0, ( )

where W is a Wiener process and N is a compensated Poisson random measure with
Lévy measure £. We assume that f(t,x) >0 for all (t,x) € [0, T] x R. The coefficient
functions u(t,x), B(t,x),(t,x,z) € C, are Lipschitz continuous in the second argument,
for all (t,z) € [0, T] x Ry. The coefficients also satisfy the following linear growth con-
dition
,uz(t,x) + ﬁz(t, x) —l—J yz(t,x, z)ﬁ(dz) <c( +x2),
Ro

for all t € [0, T], where C is a positive constant. The existence and uniqueness of the
solution S is ensured by Theorem 9.1. Chap IV collected from Ikeda and

Watanabe [33].
The first variation process V related to S equals g—sso and satisfies

{ th = ,ux(t, St_)Vt_dt + ﬁx(t, St_)Vt_th + J‘Ro'yx(t, St—) Z) Vt_N(dt, dz),
Vo = 1.

We assume that the coefficients are such that V is strictly positive. The stock price S;
is in D% for all t € [0, T}, and its Malliavin derivative can be expressed in terms of the
first variation process (see Theorem 3 and Proposition 7 in Petrou [15])

DY, = Vi(Vi) " Bls, S )1 scry- (3.10)

The aim is to find a representation formula for the conditional expectation
E[f(S¢)|Ss = a],0<s<t<T and « € R, containing only regular expectations. First we
mention the following lemma. We do not present the proof since it is an adaptation of
the proof of [1, Lemma 4.1] to our setting.

Lemma 3.5. It holds that

SV S,
DgO)V[ — {ﬁx(s, SS_)Vt_ﬂ(S VZ)C t+ ﬂ(SV >€t}1{sgt},

where {, := %. In other words ( is the solution of the SDE
dCt = [:uxx(t7 St*)Vtzf + /“‘x(t’ Sl*)ct] dt + [ﬁxx(f’ St*)Vtzf + ﬁx(t7 St*)gt] th
+IRO [yxx(t, Si—,2) V2 +9.(t, St_,z)C,] N(dt,dz),
G =0.

Now we have all the ingredients to obtain a useful expression for the conditional
expectation E[f(S;)|S; = «], for o € R. First we make use of Theorem 3.1 and later on
we apply Theorem 3.2.

Proposition 3.6. Let f € C},0<s<t<T, and « € R. In the setting described by the sto-
chastic differential equation (3.9) we assume that
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JT< (rVS )>2dr] <oco and E JT (S‘l/ ﬁ(:’s )) dr} (3.11)

Then the following representation holds for the conditional expectation

Ef(S)H(S;—o)m—f(S;)H(Ss—a) 1,
Blf(s)ls, = o] = SIS A L0

E

(3.12)

where the Malliavin weights equal

_Lrv 19 Bu(r;Se—) . & oV
nl_sVS(Lﬁ(rS )dW+ V—i—J {ﬁ(rS )V Vr_]dr) and 7w, =—.

Proof. We apply Theorem 3.1 and to fulfill condition (3.1) we define
Vie 1
V(S )s =

Note that the process V_/f(-,S_) is predictable. By the first condition in (3.11) it
turns out that this process 1s in Dom 6%, Moreover by Lemma 3.5 and the chain rule
it holds that 1/Vy is 1n D©. The second part of condition (3.11) allows us to conclude
that & is in Dom 6

The first weight that we calculate is the Skorohod integral of #. Thereto we perform
integration by parts,

Uy =

T T
Oy =LY J Ve D0t
0 (u) v, J ﬂ(?’ S ) {r<s}dW o ﬁ(l’, Sr—) {r<s} V —dr.

S
Because of the chain rule we rewrite this as

R | e e
SVS O,B(T’,Sr_) ' Oﬂ(rvsr—) ‘/s2

Now we make use of Lemma 3.5 and obtain that the latter equals

I 1 Vo 1 ﬁ(r,Sr,)Cr_Vs ﬁ(r,Srf)Cs
Vs s lﬁ*“’s"m‘ e v

Sl B4
_i(Lﬂ(rVisr_)dW+ vt [ﬁéf:ss >)V"‘€rr-]dr)’

which is the mentioned expression for =;.
The second weight in (3.2) is

0 (z) = dr.

dr

‘v Vi

T 1 v,
JO HTD£O>Sth J V W 1{r<s}Vt(V ) ﬁ(?’ S )1{r§t}d7 = Jos_mdr = VS
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Theorem 3.2 can also be applied in this setting, which is interesting in case of non-
differentiable functions f.

Proposition 3.7. Consider again the setting defined by the stochastic differential equation
(3.9). For any Borel measurable function f for which f(S;) € L*(Q),0<s<t<T, and o €
R it holds, under conditions (3.11), that
= E [f(S)H(S—a)n]

E[H(S; — o)n] ’
where the Malliavin weight ©t differs from m; in (3.13) as follows

E[f(S)IS: =

1 1 V,._
T =m— —J _dw,. (3.14)
t—sV; Sﬁ(r,S,,)

Proof. For the application of Theorem 3.2, we need the process

7 Vi 11 L 1 i Vi ! 1 (3.15)
Ur = 57 o~ r<s s<r =Ur— 5 o s<r .
Vﬂ(rS ) {r<s}— {s<r<t} Vﬁ(rS ) {s<r<t}-

By comparing this with the intermediate process used in the proof of Proposition 3.6,
we conclude that & is in  Dom ”). Moreover by the integration by parts formula and
the fact that V_/f(-,S_) is predictable, we obtain

N V,_ 1
5(0>(u) =m + 5(0)< W 1{s<r<t}>

L1 JT Vi 1 dw, + — ! JT Vi 1 D d
=T— 7 r r r,
YVt —s B(r,S,-) lssrst} t—s)o P(r,S2) fssrst} Vs
where m; is defined in (3.13). The last term equals zero, since by Lemma 3.5 the
Malliavin derivative D§°>(1/ V;) introduces a factor 1y,<,). This concludes the proof. [

In the sequel, we present some models to illustrate our results from Propositions 3.6
and 3.7. The first two are defined by a linear SDE and the third one concerns stochastic
volatility models.

3.2.1. Exponential Lévy model
We consider a stock price process S modeled by a stochastic exponential of a Lévy pro-
cess, therefore let S satisty the following linear SDE

dS; = pSi-dt + pS-dW, + [p (e# — 1), N(dt,dz),
S() = $o > 0

where u and >0 are constants. We assume that fRU(eZ—l)Zﬁ(dz) < 0o. All assump-
tions imposed on model (3.9) are satisfied. In this particular example, the first variation
process V equals V=S/sy and (=0 and conditions (3.11) are fulfilled. From
Proposition 3.6, we find that the expression (3.12) holds with
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S0 S 1 So WS S 1 /(W
n =— —dw, —i—J d)- ( ) —<—+1>, 3.16
! (Jo sof 050 sof Ss \ sp (3.16)
and
St/SO St
Ty = -
S /S() Ss

Substitution of the expressions for m; and 7, into (3.12) leads to

L EPHE—0 (1)L S)HE)Y]
E[f($)[8s = o] = E[H(Ss—a)s%(m“ﬂ |

sp

where f € C},0<s<t<T, and o € R.

On the other hand, we apply Proposition 3.7 for the linear SDE we are observing
now. The weight 7 differs from the weight 7; in Proposition 3.6, when the intermediate
process is of the form (3.15), only by the second term in (3.14). In the present setting,

this term equals
() [, o L
S, t—s sof pSs t—s
Hence combining this with (3.16) gives

L (W 1WW, 1 (tWo—sW,
<—S—— f 5+1>:S—<#+1>. (3.17)
S

sB P t—s s(t —s)p

For any Borel measurable function f guaranteeing that f(S;) € L*(Q),0<s<t<T,
and o € R the conditional expectation can be rewritten as

E[f(S)H(S—a) ¢ (G )|
e[t ()]

3.2.2. Merton model

In the light of the numerical experiments, we consider again the Merton model (2.6)
which is a special case of the exponential Lévy model. The representations obtained
through the MM, thus via Proposition 3.7 and Theorem 3.3, are as follows, for
0<s<t<TandacR,

B E[f(S)H(S—o)m] — A[f](2)
E[f(S)[Ss = o] = E[HG —omr] — Anll®) (3.18)
9 _ 1 Bulfl() A1) () = As[f](0) By s[1] (2)
Sy B (SIS = o] = A1) : (3.19)

with
Bro[](2) = E[-(SOH(S—a){ =2, +m, }]

where the weight 7, is given by (3.17) and
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o 1 [PAW—sW,)—t
£ sz( Pl “)

is obtained through similar computations as above in this section.

3.2.3. Stochastic volatility models
Let us consider the following model

ds; = uS;—dt +v(Y;-)S;— dW —l—fR e* —1) N(dt,dz),

(3.20)
dY, = a(t,Y,_)dt + b(t, Y,_)dW® + Jo, W (2)N (dt, dz),

with Sy = sp >0 and Y, > 0. Herein, N is the jump measure of a compound Poisson

process with Lévy measure £, and W) and W) are two correlated standard Brownian

motions with

dwVaw® = pdt, pe(-1,1). (3.21)

Moreover u € R, the functions a and b on [0, T| x R are Lipschitz continuous and dif-
ferentiable in the second argument for all ¢, v is a positive function which is Lipschitz con-
tlnuous and differentiable on R, [, (e 2_1)*L(dz) < 00, and  is a function on R such that
fR L(dz) < co. The process S may then perform the role of the stock price process,
while v(Y) is interpreted as the stochastic volatility process. In many stochastic volatility
models, the volatility v(Y) equals v/Y and some conditions should be included to guarantee
the non-negativity of the process Y. Some interesting examples are the Bates model (see
[34]) and the Ornstein—Uhlenbeck stochastic volatility model (see [29, 35]).

From (3.21) we know there exists a Brownlan motion W, independent of W®, such
that we express W) in terms of W and W® by

Wﬁl) = th )4y 1—p2W,.

Using the notations of Propositions 3.6 and 3.7, where we consider the Malliavin
derivative in the direction of the Brownian motion W, we have

Vt - i, ﬁ(t, St—) - V(Yt_)St_ \V l_pZ’ and Ct - 0 (322)

S0
Applying Proposition 3.6, we find for the weights in representation (3.12)

e ([l er)

sSs Y, )S_\/1—p? 1S, /1—p? So

_ s 1 JdW s_l 5 W
$Ss \ soy/1—p? (Y) Ss Zo(r)

1 1 S dW! w@
:S_S<S(1—p2){LV(Yr )_ J v(Y, —)} 1)

and m, = ;’;;2 = % When we prefer not to use the derivative of the function f, we apply

Proposition 3.7. The weight is then given by
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T =T—

i 1 J dW
Se(t — s)\/1=p2 Js v(Yro)

_ 1 1 J dwlt Jf dw®
- Ss(t_s)(l_pz) sV(Yr—) P sV(Yr—) .

Considering the model (3.20), we derived a representation for E[f(S;)|S; = «]. In the
sequel we observe the conditional expectation

E{W(YT”ST = O(], (323)

for a certain Borel measurable function w : R—R,. Our motivation to consider the lat-
ter expression comes from a paper by Martynov and Rozanova [36], where the authors
are interested in the computation of conditional moments of Y. Thus, they consider
(3.23) for w(x) = x and w(x) = x*. Moreover, in [37] van der Stoep et al. consider
(3.23) for w(x) = v*(x), which is interesting for the study of stochastic local volatility.

We consider model (3.20) and a function w. It is clear that D<0) Y; = 0 since Y only
depends on W wh1ch is independent of W. Thus condition (3.4) is satisfied for any
process u in Dom 5. Thus when condition (3.1) is fulfilled, the conditional expect-
ation can be written in the form (3.5). From expression (3.10) and previous derivations
(3.22) we deduce that

Dgo)(ST_“) =Sv(Y,_)\/1—p?, for r < T.
Therefore the process satisfying condition (3.1) is given by
-1
Uy = (TSTV(YF)\/T?) .

The Skorohod integral of this process is computed similarly as in the proof of
Proposition 3.6 and it equals

T T
== | e = (6
TSr/1—p2 Jo (V=) Jo Tv(Y,_)\/1—p? St

By the chain rule, the second term in the last equation equals

T 1 DWs L | 1
J L Tdr:J —dr=—.

(Y,_)\/1—p> % o I'St St

Finally we conclude that

S (o )]
TEE =)

E[W(YT)lsT = OC] =

4. Variance reduction

In the representations considered in the previous sections the random variables whose
expectation should be estimated can have a large variance. To obtain a smaller variance
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and satisfactory convergence results in the context of Monte Carlo simulations, one
might include variance reduction techniques. In Moreni [38], a variance reduction tech-
nique based on importance sampling is proposed for the Monte Carlo pricing of
American options via the Longstaff-Schwartz algorithm. For our conditional expectation
representations, we study in subsection 4.1 the localization technique. This technique
was used in Bally et al. [39] but we adapt it here to our setting. Moreover we include
control variates to reduce the variance. We handle this approach in subsection 4.2.

4.1. Localisation

We adapt the localization technique of Bally et al. [39] for both methods; the condi-
tional density method and the MM. For the proofs of the two following propositions,
we refer the reader to Appendix C.

Proposition 4.1. Assume the setting of Theorem 2.2. Then for any function  :
Ri—0, 00) satisfying [oW(t)dt =1 and for all o € Dom h, we have
Tralfl()
E[f(F)|G = o] = jG—

jF,G[l] (o)

where jﬁGH(cx) is given by
y 0
410 = B [0) (W(G-2) Sl V) + i H(G—2) (G2 )

where ¥ (x) = [*__y(t)dt.
Proposition 4.2. Assume the setting of Theorem 3.2, then for any continuous function

with bounded derivative ¥ : R—[0,00) satisfying [p/(t)dt =1 and for all o € R, we
have

W
E[f(F)|G = o] = LEe/ ).

- Trell)
where j}é’_’G['](cx) is given by

Tt 1(@) = E[-(B) (y(G-2) + 6O ) H(G-2)-¥(G)))]
where W (x) = ffoo y(t)dt.

Once we have introduced the localized versions of the representation formulas for
the conditional expectation, one natural question arises, namely what is the optimal
choice of the localizing function . To find this optimal function, we assume that the
additional constant ¢ in the function H is zero, i.e. H(x) = l{,>0}. Let Z represent either
the factor % £ (U, V) in case of the conditional density method or the factor 1 when
the MM is considered. Then, practically speaking, an expectation of the form

T4 o[(@) = EL(B)(W(G-2)Z + n[H(G—2)—¥(G—2)])]

is estimated via Monte Carlo simulation. More precisely if we denote by N the number
of simulated values of F and G, we have the following estimation
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T el SE i Y(GI—a) 29 + 79 [H(GI—a) =P (GI—a)]).
N=

In order to reduce the variance, the idea is to minimize the integrated mean squared
error with respect to the localizing function . Thus, we have to solve the following
optimization problem (this criterion has been introduced by Kohatsu-Higa and
Petterson [40])

inf I(y), (4.1)
pel!
where £' = {i) : R—[0,00) : y € C'(R),y(+00) =0, [p(¢)dt = 1} and I equals the
integrated variance up to a constant (in terms of 1)

1) = [ &[0 (627 + (G- -#(G-0) ] (42)

The choice of the optimal localizing function  is given in the following proposition.
It is obvious that the optimal localization function will be different for the numerator
and denominator since the optimization problem is different. (The proof in Bally et al.
[39] can easily be extended to the current setting.)

Proposition 4.3. The infimum of the optimization problem (4.1) with I(\y) given by (4.2)
and H(x) = l{;>q), is reached at \J*, where Y* is the probability density of the Laplace
distribution with parameter 1", i.e. for all t € R,y*(t) =4 e *1!l, where

o (g, 0

The localizing function defined in the previous proposition is optimal in the sense of
minimal variance, however it is not optimal in numerical experiments when it comes to
the computational effort. Therefore, Bouchard and Warin [22] considered the exponen-
tial localizing function

Y(x) = i*efﬁxl{xzo} ) (4.4)

where A" is given by (4.3). In paragraph 5.2.4 we show how the use of this function
reduces the computational effort. We perform numerical experiments for both localizing
functions in Section 5.

The representations for the derivatives in Theorems 2.3 and 3.3 have a localized ver-
sion too. We state the localized versions as well as the choice of the optimal localizing
function ¥ in the following propositions. We do not present the proofs since they fol-
low along similar lines as Propositions 4.1, 4.2, and 4.3.

Proposition 4.4. Assume the setting of Theorem 2.3, then for any function } : R—[0, 00)
satisfying [oW(t)dt =1 and for all o € Dom h, we have

IB%F_G[-](oc) =E[-(F)(Y(G—a)(—n)Z + (—7* + n*) [H(G—a) =¥ (G—)]) ]
where W(x) = [*__(t)dt
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* *

0
Z=5-2UV), m=mnxu, and " =m}y)

Proposition 4.5. Assume the setting of Theorem 3.3, then for any continuous function
with bounded derivative  : R—[0,00) satisfying [oW(t)dt =1 and for all « € R, we
have

IB%F_G[-](oc) = E['(F)(x//(G—oc)(—n')Z + (—m? + n*)[H(G—a)—‘P(G—u)])]
where W(x) = [*__y(t)dt,

T
Z=1 mn= 5(0)(1,1), and 7" = J u,D£0)6<0>(u)dr.
0

The optimal localizing functions minimize the integrated variance

I(y) = JRE [-2(F) (Y(G—a)(—=n)Z + (=7 + n*)[H(G—a)—\P(G—a)])Z} do.  (4.5)

Proposition 4.6. The infimum of the optimization problem inf,,c 1 1(y), with I1(y) given
by (4.5), where H(x) = (.o}, is reached at \j, where  is the probability density of the
Laplace distribution with parameter ), ie. forallt € R, w( )= A e M, where

1

E[2(F) (- + )]

A= E[2(F)2Z?]

4.2. Control variate

Another approach to obtain variance reduction (besides localization) is to include a con-
trol variate, see, e.g., [19, Section 4.1]. The advantage of adding a control variate is to
use the observed error in estimating a known quantity to adjust an estimator for an
unknown quantity. In case of American option pricing, the control variate can be the
corresponding European option price. The price of the American and respectively the
European option with maturity T and payoff function @, on an asset with value o at
time t is denoted by P(t ), respectively P P(t o). Let us define the function
P,(t, o) := P(t,a)—yP ®(t,), for a real number y close to 1. Then it holds that

P,(t,o) = sup E;, [efﬁ L p(S,)—yP Eu(T,ST)}},
€T 1
where 7,1 denotes the set of all stopping times in [t, T]. The price of the American
option at time 0 is given by P(0,s0) = P,(0,s0) + 7P (0,50) and its delta equals
A(0,s0) = A,(0,50) +7A B(0,50). We rewrite this formula for the American option
price as
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P(0,s0) = sup IE[( ) r“d“(I)(ST)—y{e7 N Bu(z 8,)—P E“(O,SO)H.

‘L'ETQ_T
From this expression, the advantage of adding a cqntrol variate is clear. Indeed, the
error between P E%(0,s,) and an estimation of E[e & “*P Eu(7,8,)] for each T € Ty 7

is used to Jadjust the estimation of the American option price P(0,s5) =
sup Ele or”d”CD(ST)].
‘L'ETOVT

Example 4.7. (Merton model). The European option price in the Merton model is
derived in Merton [21]. In the setting described in paragraph 2.2.1, where the price pro-
cess is as described in (2.6), the European put option price is given by the series

00 o—u(T—t) T—t n
PR =P We(r5) = S WT0)

n=0

P.B(t,S,). (4.6)

n!

Herein u is the jump intensity of the Poisson process N introduced in (2.6) and
P B5(t,S,) is the Black-Scholes price of the European put option with the same matur-
ity, strike, and interest rate r, and where the underlying stock price process has variance
v2 = B* 4 nd*/2. The first 20 terms in the series are sufficient for a good approximation
for the put option price.

5. Numerical experiments

In this section, we apply our results to estimate the price and delta of American options
at time zero. We illustrate our methods with numerical results in a specified jump-diffu-
sion model.

5.1. Algorithm to estimate prices and deltas of American options

American options can be executed at any time prior to maturity. Since it is practically
impossible to observe the possibility to execute the option at infinitely many times, an
American option is often approximated by a Bermudan option with the same maturity
and payoff function. To obtain this approximation, the time interval [0, T] is discretised
into n time periods with step size ¢ = T/n. The Bermudan option can then be executed
at the n discrete times iT/n,i =1,...,n. When the number of time periods increases,
the Bermudan option converges to the American option (see Bally and Pages [13]).
Bermudan options can be priced through a Bellman dynamic programing principle, see
Bellman [41] and Bally et al. [39]. Let ® denote the payoff function and S the underly-
ing stock price process with initial value so. Then the price of the Bermudan option
P(0,s9) follows from the recursive computations
P(ne,Sp:) = D(Sue) = O(St),

P(ke, Sk;) = max{®(Sg,),e “E[P((k + 1)&, Sk 11)e) ISk:| }»  k=n—1,...,1,0. (5.1)

The sensitivity of the option price with respect to the initial value of the underlying
asset, i.e. the delta of the option A(0, sp) := J,P(0, sp), can be derived as follows



306 @ C. DAVELOOSE ET AL.

ao(q)(a)b:&; lf P(S, S;) == (D(Sg),
A(0,5) =e "E [A(a, S)|S: = so]|

AoS,) {ersax[[ﬂ [P(2¢6,85)[S; = o |,—  if P(&,S;)>D(S;),

So=S8;"

Hence to obtain a numerical estimation of the price and the delta at time zero, we
proceed by estimating the prices and the deltas recursively and backwards in time. For
estimations based on simulated values for the underlying stock price, one can simulate
the number of required paths at the discrete time points and store them all before per-
forming the recursive computations. On the other hand, since the pricing program and
computations of the deltas go backwards in time, it is more convenient to simulate the
stock price process simultaneously. Simulating the stock price process backwards in
time too leads to more efficiency concerning memory capacity.

Remark 5.1. (Nested simulations). To estimate the values for P(ke,Si.) for
k € {0,...,n—1}, the estimation of the conditional expectation requires the simulation
of N values of Sy ), starting from the value of Sy;. In total this results into N used
simulated values for Si, for any k. The Bellman dynamic programing principle requires
nested simulations to estimate a function of conditional expectations similarly to the
compound option case in [19, Example 1.1.3] and illustrated in Figure 1.3 of that book.
However, by the use of the obtained representations, the number of simulated values
can be considerably reduced. The resulting algorithm needs one single set of simulated
paths. For any k € {0,...,n—1} only N simulated values for Sy, will be required.

5.2. Implementations for American put options in a Merton model

We consider American put options on a stock price process S defined by the Merton
model (2.6). The put payoff function equals ®(x) = (K—x)". Since we want to compare
our results to the analysis in Amin [42], we use the parameter setting as in his paper.
That explains our choice of this specific connection between the jump mean and jump
variance. This simplifies the Merton formula (4.6).

5.2.1. Representations
The conditional expectations and their derivatives in (5.1) and (5.2) can be estimated
based on the representations we developed in the previous sections. In particular, in the
present Merton setting, the representations are presented in paragraphs 2.2.1 and 3.2.2.
Throughout this section we consider H(x) = 1,y
The regular expectations appearing in the representations (2.7), (2.8), (3.18), and
(3.19) can easily be estimated by a Monte Carlo simulation. For example, consider the
estimation of the numerator of representation (2.7). We require N simulated values of
S» S, and 7y, belonging to the same path. If we denote the j-th simulated values by
S;, S, and 7, then we approximate
E Ly
(St)H(Ss—0o)ms ¢ |~ — .
[( t) ( s ) s,t} szl

()1 (51=a), 53)



STOCHASTIC ANALYSIS AND APPLICATIONS @ 307

5.2.2. Variance reduction techniques
As discussed in paragraph 4.1, we include the localizing technique. The estimation (5.3)
is then replaced by

E[-(S) H(S;—o) ;] ~ ZN:< )( —o)Z + 7, [H(S] a)—\P(si—a)]),

where Z; equals S, in case of the CDM and 1 in case of the MM. The functions / and
Y are defined by Proposition 4.3.

On the other hand, we include a control variate, see subsection 4.2. For the estima-
tion of the American option price P(0,sy) and delta A(0,sq), we include the European
option as a control variate. In the current setting, the European option price and delta
can be obtained through Merton’s approach, see Example 4.7. Consider the algorithm
for the price of Bermudan options (5.1). To introduce the control variate, we proceed
in two steps. First we replace the put payoff function at each time ke, k = 1,...,n, by

@, (ke, S.) = D(Sk:)—7P M (ke, Ske),

where y is a real number close to one and P M¢(ke, Sy;) denotes the European option
price, obtained through Merton’s approach, at time ke. Secondly, in the last step (k=0)
we add yP Me(0,s)) (respectively yA M¢(0,5,)) to obtain the American option price
P(0,s0) (respectively the American option delta A(0, sp)).

5.2.3. Backward simulation

As remarked at the end of subsection 5.1 the algorithm for the pricing of a Bermudan
option goes backwards in time and we can simulate the different stochastic variables
backwards in time too. For the Brownian motion we base the backward simulation on a
Brownian bridge (see Bally et al. [39]). To simulate the compound Poisson process
backwards in time, we base our method on results of Karatzas and Shreve [43] and
Baldeaux [20]. We split the simulation of a compound Poisson process in the simula-
tion of a Poisson process and in the simulation of the sum of the jump sizes. First we
mention the following proposition implying a backward simulation algorithm for a
Poisson process. This is covered by [20, Lemma 3.1].

Proposition 5.2. Let N be a Poisson process with intensity p. For any time t > 0 it holds
that N; has a Poisson(ut) distribution. Moreover for any 0 <s<t it holds that Ny, condi-
tioned on N, = z, follows a Binomial(z,s/t) distribution.

Secondly we present the following proposition considering the (conditional) distribu-
tion of sums of independent and identically normal distributed variables. This result is
a consequence of Brownian bridges, see Karatzas and Shreve [43].

Proposition 5.3. Consider the following sum
k
=%
i=1

where Y; are i.i.d. N(n,v). For any k>0 it holds that C® has a N(kn, kv) distribution.
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Moreover for any 0<j<k it holds that CU), given that C¥ =z has a
N((j/k)z, (j/k)(k—j)v) distribution.

The backward simulation technique is interesting in numerical applications and fol-
lowing Baldeaux [20], this technique can also be derived for the Kou model, see
Kou [44].

5.2.4. Reduction of computational effort

Bouchard and Warin [22] observed that the computational effort to estimate the
American option prices by a MM is reduced by sorting the estimated stock prices.
Consider the Bermudan dynamic programing algorithm (5.1). For a fixed k in
{n—1,...,1} we estimate the conditional expectations for g = 1,...,N by our representa-
tions, including localization, as follows

E[P((k+ D2, Sies1) ISk = S0 |~
where
sia(52) = o 0 (w252 -+ (n(s8-si2) (st -s2)):
If we consider the exponential localizing function (4.4), then it holds that

1SN i 6@ el i i
a(s) = T2 DH (s -8 ) e St (720 + a).
=1

Now let us sort the simulated paths such that the values S,iz) increase for g going

from 1 to N and let us indicate this by the superscript s, say S;{’c(@. Then we write for
each ¢

E[P((k+ D2, Sy 1S = 5.7
/i’ ZJ qp<(k+ e, S0 )7; : (“*ZS(’ +n’s(’)>

(k+1)

e”lsqu) Z]A;q efjlskfU (/LIZ}Sc 0 + n;(i))

Thus for g going from N to 1, the sums in the numerator and denominator get only
one additional term. Hence to estimate E[P((k + 1)e, S(c11)¢)|Ske = Squ} for each g, we
make use of the previously performed computations for g+ 1.

5.3. Numerical results for the Merton model

In this subsection, we present the numerical results obtained via our representations in
the context of Bermudan options. We compare our results for the prices to those
reported by Amin [42] and to the regression based method introduced by Longstaff and
Schwartz [8]. For the deltas, we compare our results to those of Hilliard and Schwartz
[45]. To evaluate the accuracy of our representations, we consider European options
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Table 1. Estimates of European put option prices P B(s, o) (5.5) via the CDM and MM approach,
with relative errors to the Merton prices in percentages.

0.6 10.6319 (0.03) 10.6272 (—0.01) —0.07) 6.4253 (0.00) 6.4269 (0.03)

0.7 10.3970 (0.05) 10.3894 (—0.02) 6.9561 (0.14) 6.9576 (0.16) 5.8288 (0.08) 5.8305 (0.10)

0.8 10.1765 (0.02) 10.1730 (—0.02) 6.3418 (0.07) 6.3398 (0.03) 5.0875 (0.15) 5.0906 (0.21)
)

0.9 10.0221 (—0.00)  10.0198 (—0.03 —0.07)

Parameters are given in (5.4), we fix K=45.

74534 (—0.13) 74576

a=35 =40 =42

time CDM (r.e. %) MM (r.e. %) CDM (r.e. %) MM (r.e. %) CDM (r.e. %) MM (r.e. %)
0.1 11.6447 (0.10) 11.6438 (0.09) 9.1820 (—0.02)  9.1816 (—0.03) 8.3520 (0.02) 8.3520 (0.01)
0.2 11.4615 (—0.04)  11.4597 (—0.05) 8.9133 (—0.07)  8.9133 (—0.07) 8.0584 (0.01) 8.0589 (0.02)
0.3 11.2838 (0.02) 11.2820 (0.01) 8.6180 (—0.05) 8.6181 (—0.05) 7.7308 (0.03) 7.7307 (0.03)
0.4 11.0765 (—0.03)  11.0730 (—0.06) 8.2936 (0.08) 8.2946 (0.09) 7.3569 (0.02) 7.3573 (0.03)
0.5 10.8633 (0.02) 10.8615 (|

( (

( (

( (

r
( ( (
( ( (
( ( (
( ( (
0.01) 7.9014 (—0.04)  7.9011 (—0.04)  6.9254 (—0.02)  6.9243 (—0.03)
( ( (
( ( (
( ( (
( ( (

5.6409 (0.05) 5.6392 (0.02) 41176 (—0.04) 4.1161

since there are analytic formulas at hand in the Merton model, whereas there are non
for Bermudan and American options. To overcome this problem, we compute confi-
dence intervals for the prices as discussed in Section 3.1 in Bouchard and Warin [22].

The following parameter set for a put option on the underlying stock price process S
is used,

S modelled by (2.6) : sp = 40,7 = 0.08, f* = 0.05, u = 5,6> = 0.05,

5.4
put option : T =1,K € {30,35,40,45,50}. G4

5.3.1. Accuracy of the method

European options may only be executed at time of maturity T. However, they can be
traded at any moment between time 0 and T. Consider the risk-free interest rate r and
the underlying stock price process S, then the price at time ¢ >0 of a European option
with payoft function ® equals

P ®(t,0) = e "TIR[O(ST)|S, = o (5.5)
The delta at time ¢ equals
0
A Bt o) = e T 5 EL®(S1)[S, = o (5.6)

The conditional expectations and their derivatives appearing in (5.5) and (5.6) are
estimated following the techniques described in subsection 5.2 (except the control vari-
ate). As an example, we estimate the prices P™(t, o) and deltas A®™(¢, o) of a European
put option with maturity T=1 and strike K=45 on the underlying S described in
(5.4), at times t € {0.1,0.2,...,0.9} and for o € {35,36,...,45}. We do not consider
European option prices or deltas at time zero since they do not involve conditional
expectations. The estimation of the prices or deltas based on the CDM or MM approach
includes the localizing technique. Each estimate results from the same set of N =
5000000 simulated paths. In Table 1, we present the CDM and the MM estimates for
the option prices for o € {35,40,42}. We also report the relative errors in percentages
to the Merton option prices, see Example 4.7. Similar results were obtained for the
other values of « € {35,36,...,45}. Table 2 shows the corresponding results for the
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Table 2. Estimates of European put option deltas AE”(s,oc) (5.6) via the CDM and MM approach,
with relative errors to the Merton deltas in percentages.

=35 o =40 a=42
time CDM (r.e. %) MM (r.e. %) CDM (r.e. %) MM (r.e. %) CDM (r.e. %) MM (r.e. %)
0.1 —0.5473 (0.36) —0.5469 (0.29) —0.4372 (0.15) —0.4368 (0.03) —0.3959 (—0.36) —0.3955 (—0.44)
0.2 —0.5703 (0.35) —0.5703 (0.35) —0.4525 (0.06) —0.4534 (0.24) —0.4095 (—0.08) —0.4098 (—0.03)
0.3 —0.5936 (—0.21) —0.5943 (—0.10) —0.4715 (0.24) —0.4703 (—0.01) —0.4266 (0.59) —0.4260 (0.45)
0.4 —0.6243 (—0.28) —0.6233 (—0.45) —0.4927 (0.21) —0.4933 (0.33) —0.4423 (0.40) —0.4417 (0.26)
0.5 —0.6662 (0.38) —0.6660 (0.35) —0.5194 (0.29) —0.5173 (—0.12) —0.4603 (—0.02) —0.4588 (—0.34)
0.6 —0.7147 (0.65) —0.7137 (0.51) —0.5538 (0.29) —0.5546 (0.44) —0.4863 (0.11) —0.4841 (—0.34)
0.7 —0.7749 (0.90) —0.7766 (1.12) —0.6028 (0.36) —0.6038 (0.53) —0.5227 (0.28) —0.5211 (— 001)
0.8 —0.8403 (0.11) —0.8355 (—0.46) —0.6782 (0.24) —0.6793 (0.40) —0.5801 (0.26) —0.5797 (0.19)
0.9 —0.9156 (—0.44) —0.9171 (—0.27) —0.8123 (0.11) —0.8141 (0.33) —0.7012 (0.57) —0.7006 (0.48)

Parameters are given in (5.4), we fix K=45.
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Figure 1. Estimates for the Bermudan put option price obtained through the CDM and MM represen-
tations without control variate and without localization technique, against the number of simulated
paths. In the right graph the vertical axis is restricted to [0, 100].

deltas. It turns out that the relative errors when comparing our approach to the one of
Merton [21] are very small. Hence the algorithm we developed based on our representa-
tions is accurate for European options.

5.3.2. Results for Bermudan option prices and deltas

We consider a Bermudan put option on the stock price process S with parameters given
in (5.4), the strike is fixed at K=45. Amin [42] and Hilliard and Schwartz [45] devel-
oped a tree method to estimate Bermudan and American option prices. In the current
setting their estimate for the option price equals 9.954. The Merton European option
price at time zero equals 9.422. We choose n=10. The dynamic programing algorithm
presented in subsection 5.1 and our representations are used to estimate P(0,sp)
and A(0, sp).

Figures 1 and 2 illustrate the influence of the variance reduction techniques on the
estimates for the price. The graphs on the right hand side are obtained by zooming in
on the left graphs. Notice the difference in scale between the left and the right graph on
the vertical axis. For N = 250i,i = 1, ..., 60, we simulated N paths of the underlying at
the discrete time points jT/n, j=1,...,n, and we estimated the option price at time
zero through the CDM and the MM, with and without control variate and optimal
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Figure 2. Estimates for the Bermudan put option price obtained through the CDM and MM represen-
tations with control variate and with localization technique, against the number of simulated paths. In
the right graph the vertical axis is restricted to [9.5,12].

Table 3. Estimates of Bermudan put option prices and confidence intervals for parameter set (5.4),
obtained through the sorted CDM and MM approach with control variate and exponential localiza-
tion and by the Longstaff-Schwartz method [8] with a control variate (LSM). n=10
and N = 100000.

Price Confidence Interval
Strike European Amin LSM CDM MM CDM MM
30 2.621 2.720 2.706 2.716 2.726 [2.6765,2.8609] [2.6873,2.9422]
35 4412 4.603 4.580 4.591 4.598 [4.5223,4.7555] [4.5430,4.8369]
40 6.696 6.995 6.995 7.008 7.011 (6.9054,7.1821] [6.9362,7.2675]
45 9.422 9.954 9.907 9.920 9.922 [9.7799,10.0857] [9.8106, 10.1876]
50 12.524 13.318 13.254 13.270 13.271 (13.1457,13.4084] [13.1309,13.5312]

European prices computed via the Merton approach. Bermudan option price estimates from [42] (Amin).

localization technique. In case the European option is included as a control variate, we
put y = 0.9.

The variance reduction techniques have a remarkable improvement on the results
obtained via the CDM and MM approaches. It appears that the CDM results show
some more variation than the MM results.

Table 3 presents the estimated prices of the Bermudan put option with strikes 30, 35,
40, 45, and 50, obtained through the sorted CDM and MM approach including the con-
trol variate and the exponential localization function. For these estimates, a time discret-
isation is performed for n=10 and 100000 paths were simulated. We include the
estimates for the prices obtained respectively by Amin [42] and by using a regression
based method with control variate as in Longstaff and Schwartz [8].

To evaluate the accuracy of our method, we include confidence intervals for the pri-
ces. The computation of these confidence intervals is discussed in [22, Section 3.1]. In
our case, we include two confidence intervals which we compute using respectively the
CDM and the MM. It turns out that the prices we find lay within the confidence inter-
vals and thus they are in an acceptable range.

As described in paragraph 5.2.4, the computational effort is reduced when we per-
form a sorted algorithm. Table 4 presents the CPU time in seconds for the LSM, CDM,
and MM, respectively. We do not compare the time to Amin [42] and Hilliard and
Schwartz [45] methods since there is no clear indication about how long their
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Table 4. CPU time in seconds for the different methods to compute the estimates of Bermudan put
option prices for parameter set (5.4), obtained through the sorted CDM and MM approach with con-
trol variate and exponential localization and by the Longstaff-Schwartz method [8] with control vari-
ate (LSM). n=10 and N = 100000.

CPU time in seconds

Strike LSM (DM MM
30 1.56 2.20 2.18
35 1.74 217 2.15
40 2.01 215 2.17
45 2.29 2.09 2.16
50 2.45 2.09 2.17

Table 5. Estimates of Bermudan put option deltas for parameter set (5.4), obtained through the
sorted CDM and MM approach with control variate and exponential localization. n=10
and N = 500000.

Delta
Strike European H-S DM MM
30 —0.1645 —0.1744 —0.1772 —0.1745
35 —0.2474 —0.2654 —0.2670 —0.2652
40 —0.3357 —0.3644 —0.3651 —0.3644
45 —0.4227 —0.4656 —0.4656 —0.4653
50 —0.5035 —0.5626 —0.5626 —0.5625

European deltas computed via the Merton approach. Bermudan option delta estimates from Hilliard and Schwartz [45]
(H-S).

algorithms take. It turns out that when considering 10 time steps, our algorithms are
comparably fast to the regression based algorithm. As analyzed in Bouchard and Warin
[22], the complexity of our algorithms for both the MM and the CDM, when consider-
ing the sorted localizing method is of order O(NIn (N) V"), where d is the dimen-
sion of the underlying factor. The complexity of the LSM method depends on the
choice of the basis of polynomials as well as the number and power of these polyno-
mials. However, this is not the aim of the study of this paper and we refer to many
articles in the literature that studied this issue for LSM. In, e.g. the article by Zhou [46],
the author investigated whether there exists an optimal regression complexity in the
LSM framework for options pricing. See also the analysis in Bouchard and Warin [22]
and in the thesis of Plavsic [47]. Notice that in this latter thesis, the author pointed out
that the computational time for LSM is proportional to the average number of in-the-
money paths (i.e. the option’s moneyness). That explains why for increasing values of
the strike K, the CPU time for LSM increases in Table 4.

Table 5 presents the estimated deltas of the Bermudan put option with strikes 30, 35,
40, 45, and 50, obtained through the sorted CDM and MM approach including the con-
trol variate and the exponential localization function. For these estimates a time discret-
isation is performed for n =10 and 500000 paths were simulated.

We conclude that the extension that we provided to the geometric Brownian motion
model observed in Bally et al. [39] by adding normally distributed jumps to the driving
process leads to numerical results which are in line with those found in the literature.
As is the case in Bouchard and warin [22], the Monte Carlo method showed to be very
promising in the context of jump-diffusions and could be further improved.
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Table 6. Estimates of American put option prices for parameter set (5.8), obtained through the
sorted CDM approach with exponential localization. n=10 and N = 10000.

Price CPU time in seconds
Strike LSM DM LSM DM
5.5 0.4847 0.5163 0.10 0.16
5.25 0.2439 0.2534 0.10 0.16
5 0.0191 0.0081 0.12 0.16
45 0 0 0.09 0.16

American option price estimates using the regression based method as in Longstaff and Schwartz [8].

5.4. Numerical results for the additive model

In this subsection, we consider the additive model (2.9) with X as described in (2.10)
and Y given by

dY, = 'Y, dt + dL}, (5.7)

where L' is a compound Poisson process with intensity u and exponentially distributed
jumps with parameter v.

The aim is to compute the price of Bermudan options as time-discrete approxima-
tions to American options written on such models using the conditional density repre-
sentation. For the numerical example to be relevant for the energy markets, we note
that Benth et al. [48] showed empirically that the spot model fits the Phelix Base electri-
city price index at the European Power Exchange (EEx) very well. In their article, they
estimated the parameters in the suggested model and found the following values

X is as in (2.10) with ) = 0.2008,a = 13.3009, b = 8.5689,
Y is as in (5.7) with 2 =0.3333, u = 20/250,v = 0.2, (5.8)
Put option T =10/365,K € {5.5,5.25,5,4.5}.

We compare our conditional density method to the regression based method as in
Longstaff and Schwartz [8]. Table 6 represents the estimated prices of the American put
option with strikes 5.5, 5.25, 5, 4.5 obtained through the sorted conditional density
method including the exponential localization function. For these estimates, the number
of exercise dates n=10 and 10000 paths were simulated. For the same parameters, we
include the estimates for the prices obtained by the regression method which we denote
in the table by LSM and also the cost in seconds for each method.

In the case, the strike K=5 and n=10 the LSM indicates rank deficiency. That could
explain the difference in the prices given respectively by the LSM and the CDM in the
third row of Table 6. This is due to the fact that the LSM algorithm for pricing
American options is unstable when the time parameter is small. See for example the
discussion in Mostovyi [23].

The CDM with sorting as shown in Table 6 is comparably fast to the LSM. It can
always be applied to compute the price of the American option in contrary to the LSM.

6. Conclusion

Conditional expectations play an important role in the pricing and hedging of financial
derivatives. In the literature, there exist several methods for the numerical computations
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of conditional expectations. One of the methods is to use Monte Carlo by rewriting
conditional expectations in terms of expectations without conditioning but involving
weights. This was first discussed in Fournié et al. [1] in a continuous framework. In
this paper we extended this latter approach to include Lévy and jump-diffusion proc-
esses. For this purpose we used two approaches: the conditional density method and the
MM. We applied the developed theory to the estimation of Bermudan and American
option prices and their deltas. We used a localization technique and a control variate to
improve the estimation of the involved expectations. Moreover, we illustrated our
results with different examples and found accurate numerical results.

As far as further investigations are concerned, one may study other choices of the
weights in the representation of the conditional expectations. Notice that there are
infinitely many possibilities for the weights and thus infinitely many representations of
the conditional expectations. Moreover, one can study parallelization for the Monte
Carlo method with Malliavin calculus to improve the numerical results as discussed in
Abbas-Turki and Lapeyre [18].

Finally, one can also study the MM for the computation of conditional expectations
where conditioning is considered w.r.t. two random variables. One might think for
example of the hedging of Asian options or spread options. In this context, the
Longstaff-Schwartz method is not suited since the regression with two-dimensional
explanatory data becomes numerically involved. The MM can be promising in this case.
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Appendix A. Proof in Section 2

Proof of Theorem 2.2. We consider the following approximation
E[f(F)|G=0o| = llir&E[f(FﬂG €loa—e o+ g

~ lim ]E[f(F)l]—s,s[(G_a)]
a0+ E[l]_u[(G - O‘)] 7

and know by the conditional density method and Assumptions 2.1(1) that

E[f (F)1)-0(G—o)] = E[E[f (g1 (X, Y))1)—4(82(U, V) =o)[a (Y, V)]

=FE U 2f(gl (x, Y))l]fg,g[(gz(u, V)—a)p<X$U> (x, u)dxdu|.
R

We introduce two functions
O(x; 8,0, h) == 1 (B (x)—2),
Y(x;e 0, h) = J ®(z;¢,0,h)dz + 2ec’, where ¢ = ch'(a).
By relation (2.2) and integration by parts we have
JRI],SAS[(gz(u, V) —a)pex,uy (%, u)du
- J oo (W (u+ g°(V)) =) pix, (x, u)du
R
- J D(u+g"(V);e,a, h)p(xyu) (x, u)du
R
0
- 7J Y (u+g (V)ie o h) o pex,u) (x, u)du.
R ou
Combining the previous steps leads to the observation that

E [fof (g0 1) 2 (u-+ ' (Vi) (= prco (. w) ) ]

E[f(F)|G = o] = lim E[J}Rz LW (u+g*(V);e,a,h) (— P (%, “))dmu}

e—0+

(A1)

Because of the facts that 3-W(u + g*(V);¢,o,h) is bounded in ¢, that E[f?(F)] < oo, and that

E[an_U)] < 00, the limit can be brought inside the integrals in the numerator and denominator.
Thus we determine

) 1 . h ) 1 I/H»g*(V) h d ,
lim Wt g (Vyinah) = lim o[ Do n e
L) wig' (V)
= hrglJrZ—J Ly (h(2)—0t)dz + ¢ = J So(h ' (z)—a)dz + ¢
e &) _x ' —00

u+g* (V) , ,
= J 50(2—]’!(0())]’[ (OC)dZ + C/ =h (a)l{h(x)e]7m7u+g*(V)]} + C/

—00

=W (@) azhrwrg vy +¢ =K@y vy gm0y +¢ = H(@)H(g(u, V)=2).
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The numerator of (A.1) therefore equals

E

J]sz(gl (x, Y))H(g2(u, V)—2) { - (%logP(XU) (x, u) }P(X,U) (x, u)dXdU} H (o)
=E [ﬂ«: [f(F)H(G—oc) { - (%logp@(m (X,U) } lo(Y, V)} } H ()
=E [f(F)H(G—oc) { - a%log P (X, U) }] W ().

Simiatolarly the denominator of (A.1) equals

0
E [H(G—oc) { - %logp(xyu) (X,0) H H ().
This concludes the proof of Theorem 2.2. m]

Appendix B. Malliavin calculus

In this article, we make use of the Malliavin calculus as defined in Petrou [15]. The following
properties and definitions concerning the Malliavin derivative in the direction of the Wiener pro-
cess are applied.

e The Malliavin derivative in the direction of the Brownian motion is denoted by D). The space
D contains all the random variables in L*(Q) that are differentiable in the Wiener direction.

e  Chain rule
Let F € D% and f € C}. Then it holds that f(F) € D and

DY¥(F) = f(F)DF.

e  Skorohod integral 30
Let 8 be the adjoint operator of the directional derivative D®). The operator 50 maps
L2(Q x [0, T]) to L*(Q). The set of processes u € L2(Q x [0, T]) such that

E

T
J u, D\ Fdt
0

< ClIFl 2

for all F € D', is the domain of 6”), denoted by Dom 6. For every u € Dom 6 we
define % (u) as the Skorohod integral in the Wiener direction of u by

E[Fs" ()] =E

T
J u:D\"Fdt |,
0

for any F € D). The equation above is called the duality formula.

e Integration by parts
Let Fu € L*(Q x [0, T]), where F € D, and u € Dom 8. Then Fu € Dom & and

T
5O (Fu) = F59 (u)— J u, D\ Fdt
0

if and only if the right hand side of the latter equation is in L*(Q).

e  DPredictable processes
Let u be a predictable process such that ]EUOT u?dt] < co. Then u € Dom 8 and the
Skorohod integral coincides with the Ito-integral

T
80 (w) = [ udW,.

0
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Appendix C. Proofs localization

Proof of Proposition 4.1. Adding and subtracting the same expression, keeping in mind that
W =¥, we get for the numerator of representation (2.4), the following equality

E[f(F)H(G—o)nx )] = E [f(F)lP(G—OC) %&(U’ V)} +E[f(F)H(G—o)n(xv)]

E [f(F)‘I"(G—oc) % (U],
The last term equals
E [f(F)‘P'(Gfoc) %gz(U, V)} =FE Usz(gl (x, V)V (g2(u, V)—0) %gz(u, V)p(x, u)dxdu|.

Using the integration by parts formula, we get

(0¥ (6-2) 2 v, v)]

~E [—Jsz(gl (e V)W (eaot, V) ~2) oL, u)dxdu}

=E

0
J]sz(gl (2, Y)¥(g(u,V)—a) (— %logp(x7 u))p(x, u)dxdu}

=E[E[f(F)¥(G-d)nxuvla(Y,V)]] = E[f(F)¥(G-a)nx)],

and the result follows.
O

Proof of Proposition 4.2. Adding and subtracting the same expression, keeping in mind that
W =¥, we get for the numerator of representation (3.5) that

E[f(F)H(G-2)5 (w)] = E[f(F)(G—a)] + E[f(F)H(G-2)5") (u)]
~E[f(F)¥'(G—a)].

Applying the same arguments as in Theorem 3.2, we show that the last term equals
E[f(F)¥/(G~)] = E[f(F)#(G-2)5® (u)]

and the result follows.
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