Taylor & Francis
Taylor & Francis Group

P ®

Stochastic Analysis and Applications

Sz‘oc/mz‘z’c

Anadysis and
Applications

ISSN: 0736-2994 (Print) 1532-9356 (Online) Journal homepage: https://www.tandfonline.com/loi/lsaa20

Forward-backward stochastic differential equation
games with delay and noisy memory

Kristina Rognlien Dahl

To cite this article: Kristina Rognlien Dahl (2020) Forward-backward stochastic differential
equation games with delay and noisy memory, Stochastic Analysis and Applications, 38:4, 708-729,
DOI: 10.1080/07362994.2020.1713810

To link to this article: https://doi.org/10.1080/07362994.2020.1713810

© 2020 The Author(s). Published with
license by Taylor and Francis Group, LLC

@ Published online: 21 Jan 2020.

N
CA/ Submit your article to this journal &

||I| Article views: 679

A
& View related articles '

P

(&) View Crossmark data &'

CrossMark

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalinformation?journalCode=Isaa20


https://www.tandfonline.com/action/journalInformation?journalCode=lsaa20
https://www.tandfonline.com/loi/lsaa20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/07362994.2020.1713810
https://doi.org/10.1080/07362994.2020.1713810
https://www.tandfonline.com/action/authorSubmission?journalCode=lsaa20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=lsaa20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/07362994.2020.1713810
https://www.tandfonline.com/doi/mlt/10.1080/07362994.2020.1713810
http://crossmark.crossref.org/dialog/?doi=10.1080/07362994.2020.1713810&domain=pdf&date_stamp=2020-01-21
http://crossmark.crossref.org/dialog/?doi=10.1080/07362994.2020.1713810&domain=pdf&date_stamp=2020-01-21

STOCHASTIC ANALYSIS AND APPLICATIONS
2020, VOL. 38, NO. 4, 708-729
https://doi.org/10.1080/07362994.2020.1713810

Taylor & Francis
Taylor &Francis Group

a OPEN ACCESS ‘ W) Check for updates

REVIEW

Forward-backward stochastic differential equation games
with delay and noisy memory

Kristina Rognlien Dahl

Department of Mathematics, University of Oslo, Oslo, Norway

ABSTRACT

The goal of this paper is to study a stochastic game connected to a
system of forward-backward stochastic differential equations
(FBSDEs) involving delay and noisy memory. We derive sufficient and
necessary maximum principles for a set of controls for the players to
be a Nash equilibrium in the game. Furthermore, we study a corre-
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sponding FBSDE involving Malliavin derivatives. This kind of equation
has not been studied before. The maximum principles give condi-
tions for determining the Nash equilibrium of the game. We use this
to derive a closed form Nash equilibrium for an economic model
where the players maximize their consumption with respect to recur-
sive utility.
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1. Introduction

The aim of this paper is to study a stochastic game between two players. The game is
based on a forward stochastic differential equation (SDE) for the process X. In applica-
tions to economy, this process can be thought of as the market situation, e.g. the finan-
cial market, the housing market or the oil market. This SDE includes two kinds of
memory of the past; regular memory and noisy memory. Regular memory (also called
delay, see f. ex. the survey paper by Ivanov et al. [1]) means that the SDE can depend
on previous values of the process X. That is, for some given é > 0, X(t) depends on
X(t — 0). For more on stochastic delay differential equations and optimal control with
delay, see @ksendal et al. [2] and Agram and Oksendal [3]. In contrast, noisy memory
means that the SDE may involve an It6 integral over previous values of the process, so
for 6 > 0, X(f) depends on [, ;X(s)dB(s) where {B(s) };¢po, 7] is @ Brownian motion. For
more on noisy memory, see Dahl et al. [4].

Connected to this SDE are two backward stochastic differential equations (BSDEs).
These BSDEs are connected to the SDE in the sense that they depend on {X(f)},, 19>
as well as the delay and noisy memory of this process. Hence, this forms an FBSDE sys-
tem. Each of these BSDEs corresponds to one of the players in the stochastic game; cor-
responding to player i=1, 2 is a BSDE in the process {W;(t)},c ;- The length of
memory can be different for the two players, so for i=1, 2, player i has memory span
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0;. The players may also have different levels of information, which is included in the
model by having (potentially) different filtrations {€§i>}te[0, p i=12

Each of the players aim to find an optimal control u; which maximizes their personal
performance (objective) function, J;. Seminal work in stochastic optimal control has
been done by Krylov and his students, see e.g. Krylov [5, 6]. The performance function
of each of the agents will be defined in such a way that it depends on the player’s profit
rate, the market process X and the process W; coming from the player’s BSDE (more
on this in Section 2, Equation (11)). This kind of problem, where both players maxi-
mize their performance which depends on an FBSDE, is called an FBSDE stochastic
game, and has been studied by e.g. @ksendal and Sulem [7]. However, they do not
include memory in their model. We study conditions for a pair of controls (u;, u,) to
be a Nash equilibrium for such a stochastic game. That is, we would like to determine
controls such that the players cannot benefit by changing their actions. In order to do
so, we derive sufficient and necessary maximum principles giving conditions for a con-
trol to be Nash optimal. This is done in Sections 3 and 4. Maximum principles for for-
ward-backward stochastic differential equations (FBSDEs) have been studied by
Qksendal and Sulem [7], Wang and Wu [8], Wu [9] and Wang et al. [10], but these
papers do not consider delay and noisy memory.

In connection with these maximum principles, there are adjoint equations (see e.g.
Qksendal [11] for an introduction to stochastic maximum principles and adjoint equa-
tions, or Pksendal and Sulem [12] for maximum principles and adjoint equations where
delay is involved). In our case, these adjoint equations are a system of coupled forward-
backward stochastic differential equations involving Malliavin derivatives (see Di Nunno
et al. [13] for more on Malliavin derivatives). To the best of our knowledge, such equa-
tions have not been studied before. In Section 5 we study a slightly simplified version
of these adjoint FBSDEs, and establish a connection between these equations and a sys-
tem of FBSDEs without Malliavin derivatives. Finally, in Section 6, we apply our results
to a specific example in order to determine the optimal consumption with respect to
recursive utility.

2. The problem

Let (Q,F,P) be a probability space, and let B(t), t € [0, T] be a Brownian motion in
this space. Let (N([0,¢],8),0 <t < T,B C R — {0}) be an independent Poisson random
measure. Denote by v(B) the associated Levy measure such that E[N([0,t], B)] = v(B)t.
Also, let N(t,-) be the corresponding compensated Poisson random measure, i.e.,

N(dt,du) := N(dt,du) — v(du)dt.

Let (Ft),cpo, 1) be the P-augmented filtration generated by B(f) and N(t,-).

We will consider a game between two players: player 1 and player 2. Let u;(t) be the
control process chosen by player i=1, 2, and denote u(t) = (u;(t), us(t)). Let A;, i=1,
2, denote the set of admissible controls for player i. It is contained in a given set of
cadlag processes in L*(Q x [0, T]), with values in a subset V; of R. Let A = A; x A, be
the combined controls for both players, and denote by V :=V; x V,. Let §; > 0, i=1,
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2 be the memory span of player 1 and 2, respectively. We define  := maxd;, 0, to be
the longest memory span of the two agents.

We consider a controlled forward stochastic differential equation for a process
X(t) = Xu(t, ), w € Q,t € [0, T| determining the market situation (in the following, we
omit the o for notational ease unless it is important to highlight its dependence):

dX(t) = b(t,X(t),Y(t), A(t),u(t), w)dt
+o(t,X(1), Y(t), A(t), u(t), w)dB(t) ) (0
+ eyt X(E), Y (1), At ), u(t7), {w)N(dt, dl), t € [0,T],

X(t) = &), te[-96,0),

where &(t) is some (given) initial process, Y(t) = (Yi(¢), Y2()), A(t) = (A1(¢), Ax(2)),
and Y;(t) := X(t — 9;), Ai(¢) == Jﬂti(sx_X(s)dB(s), and 0; > 0 for i=1, 2. The superscript
t* means that we are taking the left limit of the process is question (that is, the
value before a potential jump at time f), see QOksendal and Sulem [14] for more
on this.

Remark 2.1. N ote that &(¢) is a given initial process which can not be controlled (i.e.,
there is no dependency on u in ). Hence, we do not need to define the filtration (F;)
for t € [-9,0).

Here, the delay processes Y;, and the noisy memory processes A; correspond to player
i=1, 2 respectively. Hence, the two players may have memories for different time inter-
vals, depending on the values of J;. Also, on the coefficient functions

b:[0,T]xRxR*xR*xV =R xQ, 2)
0TI XxRxR2xR*xV =R xQ, (3)
P[0TI XxRXxREXxREXx VxR xQ—R, (4)

we impose the following set of assumptions.

Assumption 2.2.

(1)  The functions b(w,t,-),a(w,t) and y(w,t,(,-) are assumed to be C' for each
fixed w,t,(.

(2)  The functions b(-,x,y,z,u) and o(-,x,y,z,u), and (-, x,y,z,u,{) are predictable
for each x,y,z,u.

(3)  Lipschitz condition: The functions b, are Lipschitz continuous in the variables
X,Y,z, with the Lipschitz constant independent of the variables t,u, . Also, there
exists a function L € L*(v), independent of t,u, , such that

|'))(C(), t> xl’Yp zZ,u, C) - V(w; ta X2, st 7,4, €)| (5)
< LO{lx1 = x| +[lyy = voll + |21 — 22|}, v —ael. (6)

(4) Linear growth: The functions b,0,y satisfy the linear growth condition in the
variables x,y,z, with the linear growth constant independent of the variables
t,u, Also, there exists a non-negative function K € L*(v), independent of
t,u, w, such that

(ot xy, 20,0 (7)



STOCHASTIC ANALYSIS AND APPLICATIONS (&) 711
< KQOL+ el + Iyl + (2]}, v —ael. (®)

Assumptions 1 and 2 are sufficient to ensure the integrands in Equation (1) have pre-
dictable versions, whenever X is cadlag and adapted. It is always assumed that the
N-integral is taken with respect to the predictable version of y(t, X(t), Y(t), Z(t), u(t), ().
Together with the Lipschitz and linear growth conditions, this ensures that for every
u € A, there exists a unique cadlag adapted solution X = X" to the Equation (1) satis-

fying

E[ sup |X(t)|2} < 00. 9)
te[—0, T)

This can be seen, for example, by regarding Equation (1) as a stochastic functional
differential equation. See Dahl et al. [4] for more on this.

In addition to this, the players (potentially) have different levels of information, rep-
resented by different subfiltrations (€£i>)0<t<T where 550 CFiforall t €0, T], i=1,2.

For i=1, 2, let g(-, x5, A, wi,zi,ki(-),u,) be a given predictable process w.r.t.
(55’))0<t<T, i=1, 2, and let h;(x,w) be an Fr-measurable function. Associated to the
FSDE (1), we have a pair of backward stochastic differential equations (BSDEs) in the
unknown stochastic processes (W;,Z;, K;), i=1, 2:

Awi(t) = —g(t,X(1),Y(t), A(t), Wi(t), Zi(t), Ki(t, -), u(t), w)dt
+Z;(t)dB(t) +J Ki(t,Q)N(dt,d(), t € [0, T], (10)
WAT) = mX(T)w).

Note that these BSDEs are coupled to the SDE (1) due to the dependency on X. Also,
the BSDEs depend on the memory of the market process X, due to the dependency on
the processes Y and A. However, Equation (10) is a standard BSDE with jumps, hence
the conditions for existence and uniqueness of solution are well known, see e.g.
Theorem 1.5 in @ksendal and Sulem [15]. Essentially, we require that g is square inte-
grable w.r.t. t when all other inputs are 0 and that g is Lipschitz in W, Z and K.

For i=1, 2, let fi:[0,T]xRXRXRXxAXxQ—-R,¢;:R—-R,J);: R—R be
functions representing a profit rate, bequest function and risk evaluation, respectively.
Then, the performance function of each player i=1, 2 is defined by:

T
Ji(u) = E UO [ XH(E), YE(8), AL (t), wi(2))dt + @, (X(T)) + ¥, (WE(0)) |, (11)
where we must assume all conditions necessary for the integrals and the expectation
to exist.

Also, note that the performance J; of player i is a function of the control u(t) =
(u1(t), ux(t)), which is determined by both players. Therefore, this problem setting
specifies a stochastic game.

A pair of controls (i1y, 1) is called a Nash equilibrium for this stochastic game if the
following holds:

fl(ulyilz)
T (i, uz)

Ji(iy, 61y) for all u; € Ay,

(g, 21y) for all u, € A,. (12)

<
<
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In words, this means that in the Nash equilibrium, neither player would like to
change their control.

Assume there exists a Nash equilibrium for this forward-backward stochastic differen-
tial (FBSDE) game with delay and noisy memory. We would like to find this Nash equi-
librium, and we will do so by proving sufficient and necessary maximum principles for
this problem. Therefore, we define a Hamiltonian function for each player i=1, 2 as
follows:

Hi(t, %, ¥, A, wi, Zis ki, t1, Uas s Pis @i 71) = fi(ts X, yis Nis 147)
+ 2igi(t, 6, 9, A, wi, zi ki ur, ua) + pib(t, %, 7, A, uy, uz) (13)
+ qia(t’ XY, A) u, uz) + Jqui(OV(ta XY, A) uy, Uy, C)V(dg)

Assume H; is C! in %91 Y2, A1, Ao, wiy zi, ki uy, up for i=1, 2. In the following, for
ease of notation, we will use the abbreviation

Hi(t) = Hi(t, x(2), y(£), A(t), wi(t), zi(t), ki(£), ur (8), ua (1), (1), pi(t), qi(2), 7i(2)).

For i=1, 2, we define a system of FBSDEs associated to these Hamiltonians in the
unknown adjoint processes (4, pi» gi» i)
FSDE in /; (which depends on p;, g;, 1:):
OH,; OH,; -
di(t) = ——(t)dt +——(t)dB(t) +J Vi, (Hi(t,{))N(dt, d{),
aW,' 82,- R
4(0) = Yi(Wi(0)),
where Vi (H;(t,{)) is the Fréchet derivative of H; at k;, see the appendix in @Qksendal
and Sulem [7] for a closer explanation of this gradient.
We also define a BSDE in p;, q;, r;, which depends on 4;

(14)

Api(t) = Elp (1) F e + q(0)dB() + for( ON (. ), 5)
pi(T) = @i(X(T)) + h(X(T))4(T),
where
(9H,~ 8H, i

o ToH,
(t+0i) 1,70 (t) — J D, [8—/\ ($)1j0,11 (S)ds]

(t) = — t) —
wi(t) = ——-—(1) o, t
and Dy[-] denotes the Malliavin derivative (see Remark 2.3). Note that the conditional
expectation in (15) is well defined by the extension of the Malliavin derivative intro-
duced by Aase et al. [16], see Remark 2.3. Equations (14) and (15) form an FBSDE-
system involving Malliavin derivatives. To the best of our knowledge, such systems have

not been studied before.

Remark 2.3. We refer to Nualart [17], Sanz-Sole [18] and Di Nunno et al. [13] for
information about the Malliavin derivative D, for Brownian motion B(t) and, more gen-
erally, Lévy processes. In Aase et al. [16], D, was extended from the space D;, to
L*(P), where D, , denotes the classical space of Malliavin differentiable F7-measurable
random variables. The extension is such that for all F € L>(Fr, P), the following holds:

(i) D/Fe(S)", where (S)" DL*P) denotes the Hida space of stochastic
distributions,
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(ii) the map (t,w) — E[DF|F,] belongs to L?*(Fr,A x P), where A denotes the
Lebesgue measure on [0, T7.
(iii) Moreover, the following generalized Clark-Ocone theorem holds:

F = E[F] + JT E[D,F|F|dB(t). (16)

See [16], Theorem 3.11, and also [13], Theorem 6.35.
Notice that by combining It6’s isometry with the Clark-Ocone theorem, we
obtain

E

JTE[D,FU-}]zdt] = El(JTE[D,Fft]dB(t)Y] = E[(Fz - E[F]Z)} ) (17)

0 0

(iv)  As observed in Agram et al. [19], we can also apply the Clark-Ocone theorem
to show the following generalized duality formula:
Let F € L*(Fr,P) and let ¢(t) € L*(A x P) be adapted. Then,

JT E[DtF|Ft]q>(t)dt1 ) (18)

0

T
ElFJ (p(t)dB(t)] =E

0

Remark 2.4. N ote that Equation (14) is linear in Zi, and hence, if p;, q;, r; were given, it
could be solved by using the It6 formula. However, this solution will depend on the
processes X, Y;, A; and Wi, so in order to find an explicit solution for i, we must also
solve the coupled FBSDE system (1)-(10).

The BSDE (15) is linear in p;, and hence, if 4; was given, it would be possible to find
a unique solution to this equation by using e.g. Proposition 6.2.1 in Pham [20] or
Theorem 1.7 in @ksendal and Sulem [15]. However, as for the adjoint SDE (14), this
solution will depend on the coupled FBSDE system (1)-(10).

In the remaining part of the paper, we will prove a sufficient (Section 3) and a
necessary maximum principle (Section 4) for this kind of FBSDE game with delay
and noisy memory. Then, we will study existence and uniqueness of solutions of the
FBSDE system (14) and (15) (Section 5). Finally, we will present an example which
illustrates our results: optimal consumption rate with respect to recursive utility (see
Section 6).

3. Sufficient maximum principle for FBSDE games with delay and
noisy memory

We prove a sufficient maximum principle which roughly states that under concavity
conditions, a control (i1;,1,) satisfying a conditional maximum principle and an
¢*-condition is a Nash equilibrium for the stochastic game.

Theorem 3.1 Let i €A e}nd i, € Ay with corresponding  solutions
X (1), Yi(t), Ai(t), Wi(t), Zi(t), Ki(t), 2i(t), p;(t),q,(t),7i(t,{) of the FSDE (1), the BSDE
(10), and the FBSDE system (14) and (15) for i=1, 2. Also, assume that:
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e (Concavity I) The functions x — h;(x),x — @;(x),x — ;(x) are concave for i =
1, 2.
o (The conditional maximum principle)

v, ta(t), <>p1<> 1()?1(t~))
= E[H, (6, X(t), ¥ (£), A(£), W1 (£), Z1(¢), Ky (£, ),
i1y (), (1), A (£), by (1), 3, (£), P (8)) €],
and similarly

ess sup e i, E[H (6 X (£, Y (£), A (), Wa(8), Zo(£), Ko (£, ),

t,
i, v, o (), 5, (), 8, (1), 728 ) |EP]
= E[H(t, X( 1),Y(t), A( t), Wz(t)’zz(t);kz(t">’
i1y (£), 12 (), 22 (), P (), 3, (), P (8, ) [E].

o (Concavity II) The functions
Hi(t, %, y1, Ay, wy, 21, ki)
= ess sup VeAIE[Hl(t,x,y1,5/2,A1,A2>W1,21,k1>v, ﬂz,il,ﬁpép?l)lfgl)}
and
Ha(t, %, y25 Mgy Was 22, k)
:= ess sup VeAZE[Hz(t,x,j/l,yz,A1,A2,Wz)szkzy’311:%;12:132’?12)?2)|5£2>}

are concave for all t a.s.

e  Finally, assume that the following /> conditions hold:

EH:{ﬁf(t)[(O‘(t) — () + j (r(1.0) — #(t, c>>2u<dc>]

R

LX) — X)) + Lj?(t, (o)
(¥ — Ti()P IR () + jankHi(t, OIP(dL)]
A1) - A + jRac-(t, 0) - Ki(t, O)Y(d0)]}] < oo

fori=1, 2.
Then, (11, 012) is a Nash equilibrium.

Proof. We would like to show that Jy(uy,#2) < Ji(i1y, 112) for all u; € A;. Choose u; €
A;. By the definition of the performance function Jj,

A= Ti(w, i) — Ji(y, i) =0 + L+ I,
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T
I = EU {Ailt,x,y, A u) — fi(t, %, y, A, i) }dt |,
0

L= E[(P1(X(T)) - (Pl(X(T>)]>
I = E[‘//1(W1(0>) - l/h(Wl(O))]

Note that from the definition of the Hamiltonian,

L

= E[L {H(1) = Hi(t) = L (1) (&a(8) = &, (1)) — b, (1) (b(t) — b(1))

(19)
—a,(0)(6(t) - 6(1) — j (60 (00 — 36 Ou(dl)) ),

R

where we have used the abbreviation

Hl(

f) =

Hy(6X(2), Y (0), A1), W1 (), Z1(8), Ky (8-), (), 21(8),py (1), 8, (8), 71 (£), )

and corresponding abbreviations for H; (¢), b(), b(t), a, (), y(t) and (¢).
Also,

I

A

E[@1(T) /1 1
E[p, (T)(X(T) — X(T))] — E[ (T, (X(T)) (X(T) — X(T))]
ELJT b, () (dX (1) — dX (1)) + j (X(t) — X(1))dp, (1)

+j 0,(0)(a(t) - 5() dt+J J (600 — (6 0)(de)d
OA R 0 JR (20)
—E[i (T)H, (X (1)) (X(T) — X(1))]
B B4 (0606 — b(0)dr + | (x(0) ~ X(0)(~ a;f; (1
_%_I;Ill £+ ) Lo s, +Jtt+01 { 21111 0,77 (s)ds)dt
+JT611 dt+JOT er (6O ((60) = 9(80)v(dl)dt]

—E[1 (TR (X (T))(X(T) = X(T))],

where the first inequality follows from the concavity of ¢,, the second equality follows
from Equation (15), the fourth equality from It0’s product rule applied to p,X and
ﬁlf(, the fifth equality follows from Equation (15), the double expectation rule and
Equation (1).



716 K. R. DAHL

Also, note that

L= EWy(Wi(0) — (W <>>]
< E[W(W1(0))(W1(0) — W1(0))]
— E(T)(W(T E[ — W () dia (0

IN

E[Z1(T)hy (X (T))(X(T) — X(T))] — E[

+j0 M) a0 +2y(0)d + | SO0~ 2y

0

; j [ 7wt - kil |

where the first inequality follows from the concavity of y/;, the second equality follows
from Equation (14), the third equality follows from Ito’s product rule applied to Y,
and Y1, the fourth equality follows from Equation (10) as well as Equation (14). The
final inequality follows from the concavity of h; and that 4,(T) > 0.

Hence,

A = L+L+1

B[ [ - 0 - (52 0+ 52 oo

IN

"o [g% ©)1an©@d0x0 - X0t}

t

(22)
o
—L {g—ﬁuxwm W) +%—Hj< J(Zi(t) — Zu(1))
+J Vi Hi (1) (K (1, 0) — Ky (t, C))V(dC)}dt] .
R

Note that by changing the order of integration and using the duality formula for
Malliavin derivatives (see Di Nunno et al. [13]), we get:
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s—01 . (23)

=] [ e (Gt 9) IFnanensx(0 - % oya]

:E{ TJH& Dt<gilll(s)>l[o,T](s)ds(X(t) — X(t))dt|.

Also, note that

E JO g—i(t)(Yl(t) — Y, (¢))dt
:EUOTg—i(t)(X(t—é) — X(t—6y))dt (24)
= Uﬂ g—i (t+61) 1o, 7o, (E)(X() — X(t))dt] )
Hence, by the inequality (22) combined with Equations (23) and (24),
T R OH, N 0H, .
a <[ [ {0 - - OO - 20) - FOme - 1)

OH, " 0H, . OH, R
_G—M(t)(Al(t) — Ay(t))dt — 8—Wl(t)(W1(t) - Wi(t) — a—zl(t)<zl(t) —Zi(1))
R G S

(25)

Fix some ¢ € [0, T]. By assumption, H; (%) := H;(t, %) is concave, so it is superdiffer-
entiable' (see Rockafellar [21]) at the point X := (5(, 1?1,[\1,1;\/1,21,1%1). Thus, there
exists a supergradient d := (ag, a1, a2, a3, a4, as(-)) such that for all y := (x,y, A, w,z,k),
the following holds:

Hi(%) +d - (J —X) = Hi(y). (26)

Define

¢)](t)x)y>A) W)Z)k) = 72{1(1‘,96)/,/\; W)Z)k) - 7:[1<t)5() ?l) [A\l, WI)ZI)IA(I)

— {ao(x — X) + al(y — ?1) + az([\ — Al) + 613(W — Wl) + 614(Z — 21) 27)

n JRa5<g)(k - Rl)v(dé))}
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Then, by Equation (26),

(,bl(t) x))/a As W) Z> k) S
(,Z’)](t)X) Y])Ala WI’ZI)KI) =

0 for all x,y, A, w,z,k,
0 (by definition).

(28)

Therefore, by differentiating Equation (27) and using Equation (28), we find that

ap

ap

az

as

ay

as

OH,

(t;X> ?b[\ls szl)f(l)

Vklﬂl(t,j(, }A,l)[\l) WI)ZI)KI)

OH,
a—;?c!
OH,
82/1’
OH,
a—//\\l,
OH,
8—1:}/1’
OH,
(97151,
= V. H.

Therefore, it follows from this, Equations (25) and (28) that
A= ¢ (t, X(2), Y1(t), AL (t), Wi (), Z1(£), K (t,)) <OV t € [0, T]

(where the final inequality follows since 7:{1 is concave). This means that J; (uy, ;) <
Ji(ity, 01;) for all u; € A;. In a similar way, one can prove that J,(#,uy) < (i1, 11,) for
all u, € A,. This completes the proof that (i, ;) is a Nash-equilibrium. O

4. Necessary maximum principle for FBSDE games with delay and

noisy memory

In the following, we need some additional assumptions and notation:

e For all t, € [0, T] and all bounded &;(t)-measurable random variables o;(®), the

control

Bi(t) := g, 1y (H)oi(w) is in A; for i =1,2. (29)

e For all u;, B; € A; with f; bounded, there exists k; > 0 such that the control
u;(t) + sp;(t) for t € [0, T), (30)

belongs to A; for all s € (—x;,x;), i=1, 2.

e Also, assume that the following derivative processes exist and belong to

L2([0,T] x Q) -

d

a(t) = xerh )

ds

d <u1+5/31)u2)(t>

) = —Y
yl() dsl

s=0 (31)

>

s=0
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. d

A = AT
s=0

d up+spy, up
wi(t) = W)
s=0

d up+spy, up
alt) = ")
s=0

d uy+spy, uz
k() = 2K
s=0

and similarly for x,(t) = 4 X0 w¥55)(1)| _ etc. Here, the derivative processes are direc-
tional derivatives, defined in the following way:

d
xa() = S Xwrhw ()
ds (32)
X(u1+(S+AS)ﬁ1,uz)(t) _ X(u1+sﬁ1,uz)(t)

As

For more on this, see (4.11) in Di Nunno et al. [22] and Appendix A in @ksendal
and Sulem [7]. Note also that x;(0) = 0 for i=1, 2 since X(0) = x.

If these assumptions hold, we can prove a necessary maximum principle for our
noisy memory FBSDE game. The proof of the following theorem is based on the same
idea as the proof of Theorem 2.2 in @ksendal and Sulem [7], however the presence of
noisy memory in our problem requires some extra care.

= limAs_>0

Theorem 4.1. Suppose that u € A with corresponding solutions X(t), Yi(t), Ai(t), Wi(t),
Zi(t),Ki(,0), 4i(t),pi(t), qi(t),ri(t,{), i=1, 2, of Equations (1), (10), (14) and (15).
Also, assume that conditions (29)-(31) hold. Then, the following are equivalent:

(i) %]1(7«11 + 5P )| = %]z(ul, Uy +sPy)|i_g =0 for all bounded f, € A,
ﬁz 6 ./42.
(ll) E[aHl(t’X(t)’Y(t)>A<t)’ Wl(t)’zl(t))Kl(t"))Vlaul(t)’/‘Ll(t))Pl(t))‘ZI(t%”l(t"))}| B (t)

o
_ E[aHz(t, X(t), Y(t), A(t); Wz(t), ZZU)) Kz(f; ')) ”1(t>’ V25 )~2<t)>P2(t)) q2<t)> TZ(t’ ))] | =0
vy Vo=t (t) :

Proof. We only prove that &, (u; + sp,uz)|,_ = 0 for all bounded B, € A, is equiva-
lent to

E 3Hl(f’X(t),Y(t)aA(t)’Wl(t)’Zl(t%Kl(t,')’le“2(1‘)’31(0,1’1(0#1@),rl(t"))]
81/1

vi=u(t)

=0.

The remaining part of the theorem (i.e., the same statement for J,andH,) is proved
in a similar way.

Note that, by the definition of J; and by interchanging differentiation and
integration,
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Dy = %]1(u1+5[31,u2)|5=0
T ~
- E“ {%“Wf) +g—];<f>yl<t> +%<t)/\1(t)g—ﬁ(t)ﬁ1(t)}dt (33)

L, (X)) (T) + B (Wa(0)wy (oﬂ |

Note that the interchange of differentiation and integration is justified since every-
thing in Equation (33) is well defined and square integrable by assumption and P X
[0, T] is a finite measure space. Hence, we can apply Theorem 11.5 in Shilling [23] to
change the order of the expectation/integral and the differentiation. Also, note that D,
is a directional derivative of J;, defined similarly as in Equation (32). For more details
on directional (also called Gateaux derivative), see Appendix A in @Qksendal and Sulem
[7]. Furthermore, note that % is the partial derivative of the function f wrt. x inserted
the corresponding processes at time t. For proofs of the differentiability of the perform-
ance functional in a similar context, see Dahl et al. [4].

We study the different parts of D, separately. First, by the Ito product rule, the
adjoint BSDE (15) and the definition of x; (t),

I := E[py (X(T))x1(T)]
= Elpi(T)x:(T)] — E[R, (X(T)) 41 (T)x1(T)]

— E[p: (0)1 (0)] + E“ pr(B)dn () + j %1 (D)dp (1

0

+j dlpu, ) (1)] — E[K, (X(T)) 21 (T)x: (T)]

0

T ~
— | [ pO(Fr0n 0+ 5000+ S OAO+ 5 OB )

Jo

8| [ m)Ew 017 o]

(T o o G~ o
8] | ) (G200 + 2200+ S A0+ 52 () )]

s8] || [ 100 Z0m 0+ 00 + =Rt + 5 00 ) )]
—E[m (X(T)) 41 (T)x: (T)].
(34)
Also, by the FSDE (14), the BSDE (10), the definition of x;(¢) and the It6 product
rule,
L == E[¢}(W1(0))w:(0)]
= E[41(0)w:(0)]
~ E{i (T (1) - B

0

(35)

T T

21(t)dwy (t) + J wi(t)d2A (1)

0
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+JT (1 OH, (t)dt + JTJ Vi Hi(t Ok (t, g)y(dg)dt}

0z 0o JR

= B (MR T+ | |0 ( T 00+ 52 (1)

+aa;/f\ll( )/N\(t) + aa;ill (t)wl(t) + g—i (f)21(t) 4 Vk1g1(t)k1(t)

+ 5L 0 >) - EH Z—WM

_E“T (¢ )%Iil (t)dt + JOT JRkal(t, Okt C)y(dC)dt].

By the definition of D; as well as Equations (34) and (35),
0 0
b = ars[[ B0 0+ 2 Op 0+ 2 a0+ 2 (nly
U 31

+%( t) 1 (t))dt] +E“Tw1(t){ _g—ii(t) +§i11 (t )ﬂl(t)}dt

(31

+J:zl<t>{—%<t>+agl<w)}dt "
+ LT Ky (D{—= Vi, Hi () + Vg (£)a (£) ),
where
a o= [ 0L ()pl()+E[u1(t)lft]+ga(t)q1(t)
+ 20+ 200 bt + [ 0] L0+ 22 0pit0
22 00o) + 2 0n(0+ 2 om0 e+ [ Ao 2o .

+aa—:l(f)l71(t)+§—[fl(t)q1() 88/\ (t)r 1(t)+g[g\1 (t )il(t)}dt]

= 8 [ m0{ B0 + sz ] + ] [ a0 50

wa[ [ Ao G o).

Then, by using the definition of the Hamiltonian H;, see Equation (13), we see that
everything inside the curly brackets in Equation (36) is equal to zero. Hence,

Di=A+E J ﬁl()gfll()dt]
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Recall that from the definitions of y; and Al
t
y1(t) = x1(t — 01) and A4(t) = J x1(u)dB(u).
o1

This implies, by change of variables

E“T ()%il(t)] - E:[xl(t—é)aHl(t)dt]

T=o OH,
= X1
j—¢31T ( ) 6)/1
[ OH
= || s ) G -+ 0]

LJO

(1 + 6, )du]

Also, by the duality formula for Malliavin derivatives (see Di Nunno et al. [13]) and
changing the order of integration

E“ <)8H1(t)] =l [ wwds )gii(t)dt}

oA, 0,1,
([ OH,
— E- ) t(;lE[Du<3—/\1(t>> | F %1 (u)du dt}

r¢T ruto, aHl
- E E|Dy( S2(6) )| F 101y (£)dt x1(u) du.
LJO Ju a/\1

But, from the definition of yu,,

E[JTxl(t)E[ul(tﬂ}"t]dt} _ E“TE[xl(t)ul(t)L?:t] dt]

0 0

= E“OTE[xl(t){—%(t) 881;1( +01)1j0,7-4,]

0

t

So, by the rule of double expectation and the calculations above, A = 0. This implies
that Dy = E[[)' B, (t) 22 (t)dt], s

(o + )] = B U OE-OF ]

which was what we wanted to prove. O

5. Solution of the noisy memory FBSDE

In this section, we consider a slightly simplified version of the system of noisy memory
FBSDEs in Equations (14) and (15). Instead, consider the following noisy mem-
ory FBSDE:
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FSDE in 4,

di(t) = Z—i(t)dt+%—lj(t)d3(t)+JRVkH(t,C)N(dt,dC),

20) = ¢'(W(0)).
BSDE in p, gandr,

dp(t) = —E[u(t)|F]dt + q(t)dB(t) + [or(t, N (dt, dO),
p(T) = ¢'(X(T))+H(X(T)AT)

where
H(t,x,)/b)’z, AI)AZa w, 2z, ka Uy, U, /Lp) q9, r)
:f(t; XY A; us, u2) + /Ig(t; X5 Y15 Y25 AlaAZ) W 2, k; us, uZ)
+pb(t’ X Y1,)2> Al) AZ) U, ul) + qU(t, X Y1, )2 Ala AZ’ u, uz)
| O 102 A A, ()
R
and

OH OH OH

=900+ 2t o0+ [ B[ 20 0] 17 o ntres

(38)

(39)

Note that the set of Equations (14) and (15) are two such systems such as (38) and

(39) involving the same X process as well as the same controls uy, u;.
Also, consider the following system consisting of an FSDE and two BSDEs:

FSDE in 4,
di(t) = g?()dwr%—”()dB(t)+JRka(t,g)N(dt,d<:),
i0) = ¢'(W(0)).

BSDE in py, g;andry,

A1) = Bl (O Jde+ qy(DdB(E) + fyr (6N (de, d0),
p(T) = @' (X(T)) +H(X(T))AT).
BSDE in p;,q, and 13,
dpa(t) = —E[uy(1)|F]dt + g2(t)dB(t) + [pra(t, ON(dt, dC),
pa(T) = 0
where
H(t>x>)’1a)’2>A1,A2aW,Z;kﬂ/ll,ublPl;PzaQDQbrlﬁz)
= qz(t)erH(t,x,yl,yz,Al,/\z,w,z k, ul,uz,/l,pl,ql,rl),
OH OH
(0= 0+ 520+ S 6+ D150
and

OH OH
:u“2(t) aA (t) - a_AO'_F 5>1[O,T7(3](t)

(40)

(41)

(42)

(43)



724 K. R. DAHL

Note that 9% (1) = % (1), (1) = qa(t) + 9 (1) and DH( t) = ‘?)i;(t) Hence, Equations
(38) and (40) are structurally equal.

Then, by similar techniques as in Dahl et al. [4], we can show the following theorem:

Theorem 5.1. Assume that (p;,qir;) for i=1,2 and ). solve the FBSDE system
(40) (42) Defme A=2,p(t) = p1(t),q(t) = qi(t) and r(t,-) = r1(t,-) and assume that
Jo 8z *|dt < oc. Then, (p,q,1,7) solves the noisy memory FBSDE (38) and (39) and

q@(t) = JM E {Dt BIZ( )} |]-"t} ds.

t

Proof. The jump terms do not make a difference here, so assume for simplicity that r =
r = r, = 0 everywhere.
In general, we know that if dp,(t) = —0(t, p2,q2)dt + q2(t)dB(t), p2(T) = F, then

Now, note that the solution p, of the BSDE (42) can be written

t

p(t) = —E“ E[Mz(S)lfs]dSV:]

T

= —| Elp(9)|Fids

t
T [oH OH
= [ B0 - Tt oyl
OH(s)
= _ , E a/\ 1[0) T] (S)ds,

where the equalities follow from Fubini’s theorem, the rule of double expectation, the
definition of u, and a change of variables. Hence, by Equation (44):

q:(t) = Dipy(t)

_ p, J(SE o) ]1[”]()]%
_ J E Dt<a’; i ) H 1o, 11(s)ds,

which is part of what we wanted to prove.
By inserting this expression for g, into the definition of u;, we see that

#+o 8H(s)} OH(t) OH(t+9)
) = E|D Fill d 1 t+9).
()= [ [y 2| 7 s+ O PO
Hence, we see that the BSDE (41) is the same as (39), so they have the same solution.
This completes the proof of the theorem. O

We can also prove the following converse result.
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Theorem 5.2. If p,q,r,A solve the FBSDE (38) and (39) and we define )= Apr =
pq1=¢qn =rand

p() = LH(S E B_IZ (5)|]:t] Lo, 7—4) (s)ds,
w) = [ [2e]iF g0
n(t-) = 0.

Then, (i, qi»1;) for i = 1,2 and 2 solve the system of Equations (40)—(42).

Proof. A gain, the jump parts make no crucial difference, so we consider the no-jump
situation for simplicity.

It is clear that Equation (40) holds from the assumptions above (from the definition
of H, see (43)). Also, the BSDE (41) holds: Clearly, the terminal condition holds, and
by the computations in the proof of Theorem 5.1, the remaining part of Equation (41)
also holds. Therefore, it only remains to prove that the BSDE (42) holds.

By the It6 isometry and the Clark-Ocone formula,

2
)]

[P (5] ] - (L

- EKgfuﬂz—Eﬁfuﬁz
Hence,

JOTE J:E{Ds(ag/(\r)ﬂfg]zdsl %d, _ LT (E [g—f\l(r)z] - EBLZ (r)D dt < oo,

Note that from the Clark—-Ocone theorem,
OH(r) 4 OH(r)
E| D, < | dB(s).
+ L < A F (s)

oA
Therefore, by the definition of ¢, in the theorem and the Fubini theorem

[ = [ ] e (5)
] el (%5

By some algebra and the Clark-Ocone theorem (16),

OH(r)
OA

DS fS

o=

OH(r)
OA

Fi

.7-"5] 1js, s10)(r)drdB(s)

]:5] 1j,_s,(s)dB(s)dr.

LT JtT : DS<31;I/(\r)> F 5] 1, _5,,(s)dB(s)dr = JtT J:_(SE{DS@;IX)) J-}} dB(s)dr
(e
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By splitting the integrals and using change of variables (twice) as well as some algebra,

T OH(s) J aH(s+ 5) ‘
ds — E|———|F;
Jt 2\ t—0
OH(s) 8H (s + d)
- J i d‘Jt H o7 ()ds
t+0
—J EPH( ) ] _s)(s)ds
t
T |0H(s) OH(s+9)
_ Jt B|Zo - S 1 9)| | ds = pat).
This proves that the BSDE (42) holds as well. O

Now, we have expressed the solution of the Malliavin FBSDE via the solution of the
“double” FBSDE system (40)-(42). What kind of system of equations is this? The sys-
tem consists of two connected BSDEs in (py, g1, r1)and(p,, g2, 12) respectively, and these
are again connected to a FBSDE in A. However, from Equation (42) and the definition
of u,, we see that the right hand side of (42) does not depend on p,. Hence, the BSDE
(42) can be rewritten

dp>(t) = h(t,2p1,qiri(-))dt + qa(t)dB(t) + [ra(t, ON(dt, d0)
p(T) = o.

This can be solved to express p,using/, p1, g1andr (-) by letting g, (t) = r2(t,-) = 0 for
all t and

T
pa(t) = EU h(t, 2, p1, qusm(+))dt| Fy |
t

Now, we can substitute this solution for p,(¢) into the FBSDE system (40) and (41).
The resulting set of equations is a regular system of time advanced FBSDEs with jumps.
There are to the best of our knowledge, no general results on existence and uniqueness
of such systems of FBSDEs. However, if we simplify by removing the jumps and there
was no time-advanced part (i.e., no delay process Y; in the original FSDE (1)), there are
some results by Ma et al. [24].

6. Optimal consumption rate with respect to recursive utility

In this section, we apply the previous results to the problem of determining an optimal
consumption rate with respect to recursive utility (see also @ksendal and Sulem [25]
and Dahl and Qksendal [26]). Let X(t) = X°(¢), where the consumption rate c(t) is our
control, and assume that

dx(t) = X(t)[,utdt—i—at) )+ fRy(t,C)N(dt,dC)]
—[e1(t) + ca(t)]X (t)dt (45)

X0) = x>0,

=
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and W;(t) is given by

dwi(t) = —[%-()W(Hn() (Yi(t)) + ri(t) In (As(1)) + In (ci(£)X(1))]
+Zi(1)dB(t) + [ Ki(t, N (dt, dC),
Wi(T) = o.

Let the performance functional be defined by Ji(c1,c;) := W;(0), ie., J; is the recur-
sive utlhty for player i. Also, assume that both players have full information,
sO (5 ) (Fy) fori=1,2.

We would like to find a Nash equilibrium for this FBSDE game with delay. To do so
we will use the maximum principle Theorem 3.1. Note that f; = ¢; = h; = 0 and that
V;(w) = w for i = 1,2. The Hamiltonians are:

Hi(t, %, y15 2, A1> Mo wis zis ki €15 €2, Ais i Gis 1i(())

= Ai(ai(t)wi +1;(t) In (y;) + In (¢;ix))
H(0) = (e €x)x) + auo()x+ | Do, Adl) for i = 1,2
The adjoint BSDEs are
dp(t) = Elu(O1Fdde + qi()dB() + fori(t, ON(de L),

pi(T) = 0,
where
) = - MRS 0 = () - (@) + ()

ta(t)o(t) + jRnu, Oyt Oyw(de)

for i = 1,2. Note that by the definition of Y;, Y;(t + J;) = X({t + 0;} — 0;) = X(¢).
The adjoint BSDEs are linear, and the solutions are given by (see @ksendal and
Sulem [15])

M) = E|[ G4 SO, <s>>r,-<s>ds|ft]
(46)
- E Jt (A/;(,Ej; i /11‘(5 + iz()(iz)(s + 51) 1[0) iy (s))l“,(s)ds|]—'t] ,
where
dri() = T() [w(r) — (@(6) + ea(0)dt + o(0dB() + | (0 ON G dé)],
r(0) = 1fori=12.
Note that by the SDE (45),
xLi(t) = X(¢1). (47)

Hence, by combining Equations (46) and (47), we see that

X()pi(t) [L (2i(s) + Zi(s + 6i)n (s+5i)1[o,T,5i](s))ds|ft]. (48)
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The adjoint FSDEs are
dii(t) = Ji(t)ou(t)dt,
2i(0) = 1, fori=1,2.

These are (non-stochastic) differential equation with solution 4;(¢) = exp

([; cui(s)ds) for i =1,2.
We maximize H; with respect to ¢;. For i = 1,2, the first order condition is:

NP1
G0 = 0xm

By substituting Equation (48) into this, we find (by the sufficient maximum principle,
Theorem 3.1) that the consumption rates leading to a Nash equilibrium for the recur-
sive utility problem are given by:

Ai(t)
B[ Gals) + a5 + 8, {s + 0o 1-a) ()|

where /;(t) = exp ([, ai(s)ds)fori = 1,2.

¢ (t) =

7. Conclusion

In this paper, we have analyzed a two-player stochastic game connected to a set of
FBSDE:s involving delay and noisy memory of the market process. We have derived suf-
ficient and necessary maximum principles for a set of controls for the two players to be
a Nash equilibrium in this game. We have also studied the associated FBSDE involving
Malliavin derivatives, and connected this to a system of FBSDEs not involving Malliavin
derivatives. Finally, we were able to derive a closed form Nash equilibrium solution to a
game where the aim is to find the optimal consumption with respect to recur-
sive utility.

Note

1. Defined similarly as subdifferentiability for convex functions.
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