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ABSTRACT

Studying the translation equation F(s + t,x) = F(s,F(t,x)), s,t € C,
for F(x) = F(t,x) = ) _,~1 cw(®)x”, t € C, or the associated system of
cocycle equations in rings of formal power series it is well known that
the coefficient functions of their solutions are polynomials in additive
and generalized exponential functions. Replacing these functions
by indeterminates we obtain formal functional equations. Applying
formal differentiation operators to these formal equations we obtain
different types of formal differential equations. They can be solved in
order to get explicit representations of the coefficient functions. In the
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. . . . ) formal power series over C
present paper we consider iteration groups of type I, i.e. solutions of

the translation equation of the form F(t,x) = X+~ cn ()X, t € C,
where k > 2 and ¢,: C — C is an additive function different from
0. They correspond to formal iteration groups G(y,x) € (ClyD)[Ix]
of type Il, which turn out to be the Lie-Grobner series LGy (x) =
Y n=0 D" ()y". Here the Lie-Grobner operator D is defined by
D(f(x)) = f'(x)H(x) for f € C[[x] where H is the formal generator
of G. Using this particular form of the formal iteration group G we are
able to find short proofs and elegant representations of the solutions
of the cocycle equations. In connection with the second cocycle
equation we study the generalized Lie-Grobner operator D(f) =
(Z}‘;ﬂ —Kij)f(X) + ff()H(x), f € C[x], where «1,...,kx_1 € C
are given. It yields the corresponding generalized Lie-Grébner series
LGy) =3 p>0 %D”(x)y” which appears in the presentation of the
solution of the second cocycle equation.

AMS SUBJECT
CLASSIFICATIONS
Primary: 39B12; 39B52;
Secondary: 13F25; 30D05

1. Introduction

In [4] we have introduced the method of ‘formal functional equations’ to solve the
translation equation (and the associated system of cocycle equations) in rings of formal
power series over C in the case of iteration groups of type I. In [5-7] we applied this method
also for the translation equation and the associated cocycle equations in rings of formal
power series over C in the case of iteration groups of type II. Formal functional equations
in connection with the translation equation were also studied by D. Gronau [10,11]. Now

CONTACT Harald Fripertinger@ harald.fripertinger@uni-graz.at

© 2017 The Author(s). Published by Informa UK Limited, trading as Taylor & Francis Group
This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/
licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


http://www.tandfonline.com
http://crossmark.crossref.org/dialog/?doi=10.1080/10236198.2017.1328507&domain=pdf
http://orcid.org/0000-0001-7449-8532
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

702 (&) H.FRIPERTINGER AND L. REICH

we will show that for iteration groups of type II the method of Lie-Grébner series allows
to present some elegant proofs.

Let C[[x] be the ring of formal power series f(x) = ) ., ¢,x" over C in the indeter-
minate x. For a detailed introduction to formal power series we refer the reader to [1] and
[16]. Together with addition + and multiplication - the set C[[x]| forms a commutative
ring. If f # 0, then the order of f is defined as ord (f) = min{n > 0 | ¢, # 0}. Moreover,
ord (0) = oo. The composition o of formal series is defined as follows: Let f,g € Cl[x]l,
ord(g) > 1, then (f o g)(x) is f(g(x)) = D_,-(cv[g(x)]". This series converges with
respect to the order topology in C[[x]]. Consider

F={feClx]|fx)=cx+...,c0 #0}={f € Clx] | ord (f) = 1}

then (T, o) is the group of all invertible formal power series (with respect to o).
We consider the translation equation

F(s+t,x) = F(S,F(t,x)), s,t € C, (T)

for Fi(x) = F(t,x) = ) -, c(®)x" € I', t € C. (Cf. the introduction of [4] for the
motivation to study (T) and basic results on its solutions (Fy)sec.) A family (F;);ec which
satisfies (T) is called iteration group, and neglecting the trivial iteration group, there are
two types of such groups, namely iteration groups of type I where the coeflicient ¢ is a
generalized exponential function different from 1, and iteration groups of type II, where
cl = 1.

It is known that for each iteration group of type II there exists an integer k > 2 such
that

F(t,x) = x+ Z cn(H)x", teC,
n>k

where ¢, : C — Cis an additive function different from 0. A family (F;);ec is an iteration
group of type II, if and only if the system

cn(s + 1) = cn(s) + cnls), k<n<2k-2,
Cok—1(s + 1) = cak—1(5) + cak—1(t) + kcg(s)ck (t)
k(s + 1) = cak(s) + ok (t) + ke () i1 (1) + (k + D1 () (t)
cn(s+ 1) = cn(s) + cn(t) + kek(s)cp—k—1) (1)
+ (n = (k= D) cp—e—1) () ek (£)
+ Pu(ck () o cnk () ck (), . r cak (D), 1> 2k, (1)

is satisfied for all s,t € C, where P, are universal polynomials which are linear in
ck(8) . .. cyu—k(s). Comparing coefficients in ¢, (s + t) = ¢, (t +5), v > 2k, we can prove
that there exists a sequence of polynomials (P;) >k so that

cn(s) = Pu(ck(s)),  VseC, n=k

and
F(s,x) = x + cx(s)xF + ZPn(ck(s))x”, seC.

n>k
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According to (1) these polynomials must satisfy

Py(ck(s) + ck(t)) = Pu(ck(s + 1)) = cu(s + 1)
= Py (ck(s)) + Pp(ci(t)) + ke () Py—k—1) (ck (1))
+ (n = (k = 1)) Py (k-1 (ck () ck (1)
+ Py (ck(s)s - . s Pyie(ci () ck (D), - . - Pyie(cik (D)), ()

foralls,t € Candn > k,wherer =0forj< kandf’j = 0forj < 2k.

Since the image of ¢ contains infinitely many elements we can prove for any polynomial
Q(x,y) € Clx, y] that Q(cx(s), cx(¢)) = Oforalls,t € Cimplies Q = 0. From (2) we obtain
by replacing c(s) and c(t) by independent variables y, z, that

Pu(y 4 2) = Pu(y) + Pu(2) + kyPy_k—1)(2) + (n — (k — D) Py_x—1y ()2
+Pu(yse s Pk ), 25 Pyi(2)) (3)

forall m > k.
Writing G(y, x) = x —|—yxk + ank—H P,(»)x" € (ClyDlx] we deduce from (3) that G
satisfies the formal translation equation of type II

Gy +2z,x) =G, G(z,x)) (Tform)

in (Cly,z])[[x]l. We call G(y,x) a formal iteration group of type II. It also satisfies the
condition

G(0,x) = x. (B)

Iteration groups of type II and formal iteration groups of this type are related in the
following way.

Theorem 1:  F(s,x) = x + cx(s)xk + Y sk Pnlck(s)x™ is a solution of (T) if and only if
G(y,x) = x + yxF + 3" 1 Pa(y)x" is a solution of (Tform) and (B).
For formal series f (x), H(x) € C[[x]] consider the differential operator

D: Clx] — ClxI, D(f) := f'(x)H(x).
Iterative powers of D are defined as

f ifn=0,

PO = o1y ifnso.

All operators D" are linear, thus for f1, f € C[[x] and ¢, c2 € C we have

D"(cifi + e2f2) = aiD™(fi) + &2D"(f2), n=>0,

and moreover D satisfies the product rule

D(f1 - f2) = D(f)fa + AD(f2),
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and more general

D"(fi-f) =) C)Dj(fl)D"_j(fz), n>0.

j=0
The Lie-Grobner series of f = f(x) € C[[x]| is the series
1
LG(f) := LGy(f) := ) =D"(f(x))y" € Clix.y1.
prll

For a detailed introduction to Lie-Grobner series see [8] or [9, chapter 1]. The operator
LG is linear and multiplicative which means that

LG(c1fi + e2f2) = alLG(f1) + 2LG(f2)

and

LG(flfz) = LG(f)LG(f)

hold true for all fi, f, € C[[x] and ¢;,¢c; € C.
Fork € Nand f(x) = ), - cux" € Cllx] let fy (x) = Zﬁ:o cyx™ € Clx]. Then

k k
LG(fi(x)) = LG(Z cnx") =3 GlG®@" = fi(LG(k)).
n=0

n=0

Since f is the limit of f; with respect to the order topology we obtain the Commutation
Theorem (cf. [8, Satz 7 (Vertauschungssatz)] or [9, Theorem 6 (Commutation Theorem)

p- 17]).
Theorem 2:  For any power series f (x) € C[[x]| we have

LG(f (%)) = f(LG(x)). (4)

We note that Lie-Grobner-series in the context of iteration groups have already been
used by St. Scheinberg [22] and also by L. Reich and J. Schwaiger in [21].

2. Formaliteration groups of type Il are Lie-Grobner series

In order to determine all formal iteration groups of type II we are looking for relations
between the solutions G(y, x) of (Tform) and the formal generator H(x) of G defined by

el
5 GO0=0 = 5" + 3 hux" = H(x).
4 n>k

Here h; = 1. (Notice that in the situation of an analytic iteration group the coefficient of
xk in H(x) may be different from 1.)
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Differentiation of (Tform) with respect to z together with the mixed chain rule and
putting z = 0 yields

iG( ) = H( )iG( ) (PDform)
ay Y, X) = x&x V> X). orm

El other words %G(y, x) = D(G(y,x)), where D(f(x)) = H(x)%f(x) as above, f €
[x1.

Since the solutions of (Tform) are elements of (C[y])[[x] it is possible to write them in
the form

Gly,x) =Y pu(x)y" € (CLxDIyI.

n>0

This allows us to rewrite (PDform) and (B) as

Y ngu(x)y" =" D(@n(0))y" (5)
n>1 n>0
¢o(x) = x. (6)

(5) is satisfied if and only if

1
Oni1(x) = n—_HD(¢n(x)) (54)

holds true for all n > 0.
By induction we derive from (5,) that

0 n
o) = 29 and g = 2
0! n!
Thus
1
GO =D du(0)y" =) —D"(x)y" = LGy (),
n>0 n>0
where

D: C[x] — C[x], D(f (x)) := H(x)f"(x)

is the Lie-Grobner operator.
Theorem 3:
(1) IfGisasolution of (Tform) and (B), then it is a solution of (PDform), whence it is
the Lie-Grobner series LGy (x) where H is the formal generator of G.
(2) For any generator H(x) = xk + Y nsk hnx", k = 2, the unique solution G(y,x) =
LGy (x) of (5) and (6) is a solution of (Tform) and (B).
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Proof: The first assertion is proved above. Now we show that G(y, x) = LG, (x) is a formal
iteration group of type II:

G, Gzx) =Y %yn D"(Z &z” D”(x)) 5 %% V2D ()

n>0 v>0 n>0 v>0
N
1 N!
= Z Zﬁ—'(N— )'y”zN_”DN(x)
e I'n! n)!
1 /&L /N 1
= Z m(X:( )ynZN—VI)DN(x) f— Z ﬁ()"{‘Z)NDN(x)
N>0""" n=0 n N>0" "~
=Gy + z,x).

O

In other words the composition of two Lie-Grébner series is again a Lie-Grobner series.
LGy(LG;(x)) = LGy4-(x) (7)

Let G(y,x) be a formal iteration group of type II with formal generator H(x). Since
G(y,x) = LGy(x) we get as an immediate consequence of the Commutation Theorem
(Theorem 2) the Commutation Theorem for iteration groups of type II.

Theorem 4: Let G(y, x) be a formal iteration group of type II. Then for any power series
K(x) of order at least 1 we have

G(y, K(x)) = K(G(y, x)). (8)

Remark 5: Let H be the formal generator of the formal iteration group G of type IL. Since
H(x) = D(x) we obtain

L 0 " a a
H(G(,x) = DGy (x) = ) | — D" (x)y" = 3y LB () = 5 G0 ).

n>0

Moreover

d 1 1
HE-1Gy() = DAGy(x) = Y2 D"y = 3 D" ()"
n>0 n>0

= LGy(H(x)) = H(LG(x)).

Thus 5
H(x) 2~ G(y,x) = H(G(y, x)),
or equivalently

i) _ H(LG,(x))
LG = =
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Remark 6: The general idea of formal functional equations and Lie-Grobner series is the
following: We start with a functional equation like the translation equation or the cocycle
equations (introduced later). From these equations we determine formal equations by
replacing independent values by independent variables. In order to solve these formal
equations we derive by purely algebraic differentiation and by applying mixed chain rules
some differential equations, which we are able to solve. After reordering the summands
of a solution we derive a representation as a (generalized) Lie-Grobner series. Finally we
prove that this (generalized) Lie-Grobner series is a solution of the formal equation we
wanted to solve.

This idea will be applied to the first and second cocycle equations. In connection with the
problem of a covariant embedding of the linear functional equation ¢ (p(x)) = a(x)p(x) +
b(x) with respect to an iteration group (F(t,x))ec (cf. [2,3]) we have to solve the two
cocycle equations

a(s+t,x) = a(s,x)a(t,F(s,x)), s,t € C, (Col)
B(s+t,x) = ,B(S,x)oz(t,F(s, x)) + ﬂ(t,F(s, x)), st €C, (Co2)

under the boundary conditions
o(0,x) =1, B(0,x) =0,

for

a(s,x) =Y an(@x",  Blsx) =) Bu()x".

n>0 n>0

These cocycle equations appear also in other settings, see e.g. [12,13,15,20], or [14].

3. The first cocycle equation

We study the first cocycle equation
a(s+1t,x) = a(s,x)oz(t,F(s,x)), s,t € C, (Col)

for

alt,x) = Zan(t)x”, teC,

n>0

under the boundary condition
a(0,x) =1 (B1)

where (F;);ec is an iteration group of type II. Then « is a generalized exponential function
and a(t,x) := O&L(tx)) is also a solution of (Col). By substitution into the logarithmic series

we obtain that y (¢, x) := log (&(t,x)) = anl yn(t)x" is a solution of
y+tx)=y(0x)+ )/(t,F(s, x)) (Collog)

satisfying y (0, x) = 0, if and only &(t, x) is a solution of (Col) and (B1).
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By comparing coefficients it is easy to prove
Lemma7: Let F(t,x) = x+ Y, Pa(ck(t))x" be an iteration group of type II, then each
coefficient function y,(t) of a solution y of (Collog) is a polynomial P,(c,(t)), t € C.
Moreover for all s,t € C we have

n

D Pu(ek(s) + k()" =Y Pulcr()x" + Y Palcr(®)) | x + D Prlck(s)x”

n>1 n>1 n>1 r>k

Replacing ¢ (s) and ¢k (t) by independent variables y, z, we obtain the formal first cocycle
equation in (Cly, z])[[x]

F'y+zx) =Ty, x) + F(z, G(y,x)) (Colform)

for

F(y,x) =Y Py(yx" € (ClyDlx]

n>1

together with
r'0,x)=0 (B1')

where G(y,x) = x + yx¥ + 3", ., P4(»)x" is a formal iteration group of type IL

As a consequence we easily obtain
Theorem 8: Let ¢, # 0 be an additive function. Then y (s,x) = )_,-, P,(ck(s))x" is a
solution of (Collog) satisfying y(0,x) = 0 if and only if I'(y,x) = _anl P,(y)x" is a
solution of (Colform) satisfying (B1).

Differentiation of (Colform) with respect to z together with the mixed chain rule and
putting z = 0 yields

iF()’»x) = K(x) + H(X)il_‘(y,x), (ColPD)
ay ax

where K(x) = gF(y, x)|y=0 and H(x) is the formal generator of the formal iteration
group G(y,x). We call K the generator of the solution I' of (Colform).

Thus {-T'(y,x) = K(x) + D(I'(y, %)), where D(f (x)) := H(x) gf (x).

Since the solution of (Colform) is an element of (C[y])[[x] it is possible to write it in
the form

F(yx) =Y Ya)y" € ClxDIyl.

n>1
This allows us to rewrite (ColPD) as

D o)yt = Kx) + ) D (x))y". 9)

n>1 n>1

(9) is satisfied if and only if
Y1 (x) = K(x)
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and

1 /
Yn(x) = ;H(X)Wn,l(X) (54)

holds true for all n > 2.
By induction we prove that the unique solution of (9) with ((B1')) is

1
Fyx) =Y. ED"_I(K(x))y”, (10)

n>1

where D: C[[x]] — C[x]l, D(f (x)) := H(x)f'(x). This is a generalization of a Lie-Grobner
series.
If ®(x) € C[[x] is a formal series, so that ¢(x) = ®'(x), then we introduce

f o(&) dE = B(2) — B(y).

Y

Given ¢ € C[x], the series ®(x) = fox @ (&) d& is the unique primitive of ¢ satisfying
®(0) = 0.

Since
fyLG ( )ds—fyz LD g de = 3 —— DGy
i ~ = x T (nt ) Xy
]
— Z —‘D”_l(x)y"
n=1 n.
we obtain
Y
F(y,x) = / LGs (K (x)) dé.
0
Theorem 9:

(1) IfT isasolution of (Colform) and (B1') with given generator K, then it is a solution
of (ColPD). Thus it has a representation of the form (10) where D(f) = f'H and H
is the formal generator of the iteration group G.

(2) Let G be a formal iteration group of type II with formal generator H. For any series
K (x) of order at least 1 the unique solution ' (y, x) of (Co1PD) and (B1') is a solution
of (Colform).

Proof: The first assertion is clear. The proof of the second assertion is based on the
Commutation Theorem for iteration groups of type II (Theorem 4).
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Let x, y, z be distinct indeterminates.

y z
IF'(y,x) +T'(z,G(y,x)) = / LGe (K (x)) d& +/0 LGg (K(G(y,x))) dé

0

y z

@/0 LGS(K(X))d§+/O LG (LGy(K(x))) d&
y z

@/0 LG&(K(x))déJr/O LGg4y(K(x)) d&

y y+z
:/0 LGS(K(x))dE+/ LG, (K(x)) dn

Y

y+z
=/ LGe (K (x)) d& = T'(y + z,x).
0

It is obvious that I' (0, x) = 0. O

Theorem 10:  For each generator K(x) = ) -, kux" € Cllx]| there exists a solution o of
(Col) and (B1) so that

k—1
o E(G(ek(5),%) N ;
ar(s,%) = () = = gexp (K; /O [G(o, )] da|y=Ck<s>),

where « is a generalized exponential function, E(x) = 1+ ... € C[x]l, cx an additive
function and G(y, x) a formal iteration group of type II.
Moreover, each solution of (Col) and (B1) is of this form.

Proof: Let Ki(x) = Z]]:ll Kjxj and K»(x) = ij K Kjxj . According to (10) we have

1
Fyx) =Y. ;D”_l (Ki(x) + Kz (x))y"

n>1

1
=Y (D" K@) + D" (Ko ())y”

n>1

1 1
=Y DKoy + ) D T K ()"

n>1 n>1

Since the order of K; is at least k, H is a divisor of K,, thus there exists K; € C[[x] so that
K, = HK;. Then there is a unique K; so that K (x) = K»(x) and K»(0) = 0. Therefore
Kz(x) = D(Kz(x)) and

1 L oup
DD Ty = ) — D (Ra ()"

n>1 n>1

= LG, (Ky(x)) — Ka(x) & Ky (G(y, %)) — Ko ().
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Moreover

1 n—1 n 7 @ 7
> D Ky = /0 LG (Ki(x)) dg = / K (LG (x)) d&

n>1 0
y k-1 R _
= [ Yaceorae @ Yx [ 16600 e
0 =1 j=1 0

Consequently,
k—1 y . . .
Fon =Yk / [GE, )V d& + Ra(G () — Ra().
j=1 70

Let E(x) = exp (Kr(x)) =1+...,and

k—1 y ‘ k—1 y '
P(y,x) = exp (Z s [ (G, )Y ds) =[Tew (KJ- / [G(E, )Y d€>,
=1 70 j=1 0

then
E(G(y,x))

exp (I'(y,x)) = P(y,x) £

and
o — E(G ,
(s, x) ao(s)P(Ck(S),x)W‘
O

We note in passing that each of the three factors of (s, x) is a solution of (Col) and

(B1), thus they are units in C[[x]]. Moreover P(y, x) and EGOX) satis
Y Y E(x)

F(y + z,x) = F(y,x)F(z,G(y,x)) together with F(0,x) =1 (Colform’)

which follows from (Colform) and (B1).
Let

k—1
~ 1 Y .
P(yax) = P(}/,X) = €Xp (; _K]/O [G(S,X)]J ds) >

then P(0,x) = 1 and

3 - 3 o (&=L y ‘
5P(y,x) ZP()/,x)@ ;—K;’/O [G(&,x)Y d&

k—1

= P(y,x) Z —Ki[G(y, PN

j=1



712 (&) H.FRIPERTINGER AND L. REICH

Therefore
k—1

0 - )
(o) ot

By construction the coefficients of x” in P(y, x) and P(y, x) are polynomials in y.

4. The second cocycle equation

Let (F¢)tec be an iteration group of type IL, F(t, x) = G(ck(t), x), where G(y, x) is a formal
iteration group of type II, ¢, # 0 an additive function, and « a solution of (Col) and (B1),
then we study the second cocycle equation

B(s+t,x) = B(s, ) (t,F(s5,x)) + B(t, F(s,x)), st eC, (Co2)

for

Bls,x) =Y Bu(s)x"

n>0

under the boundary condition
B(0,x) = 0. (B2)

Using the particular form of « given in Theorem 10 we study

Bls,x) B(s,x)

Alsx) = E(®)a(s,%)  ao(s)E(G(ek(s),)) Pek(), %)

seC. (12)

Theorem 11: The series 8 satisfies (Co2) and (B2) if and only if A satisfies
A(0,x) =0 (B2)
and

1 -
A(s+t,x) = A(s,x) + TP(ck(s),x)A(t, G(ck(s),x)), s,t € C. (Co2")
[
Obviously, A(s,x) depends on the non-trivial additive function ¢, and on the general-
ized exponential function «p. We write A(s,x) = ano Ay (s)x™,
In [7] we distinguish four cases which cover all possible choices of P(y, x).

(1) (04)) 75 1.

(2) ap =landk; = -+ = k,—; = O whereeitherr < k — landk, # 0,orr =k —1
and kx_1 € Ng, then P(U,x) =1 4+ «,Ux" +....

(3) vp = land k1 = - -+ = kx—1; = 0, then P(y,x) = 1. In this situation A can be an
arbitrary additive mapping.

) ag=1,k1 = =kip =0,and k_; = n; € N, then P(U,x) = 1 + n Uxk~1 +

... In this situation an additional additive function can occur in A; for j > n;.

In each case we determine a formal equation from (Co2’) by replacing independent values
ck(s), ck(t), s,t € C by indeterminates U and V. If oy # 1, then the independent values
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ck(s), c(t), o (s), p(t), s,t € C are replaced by indeterminates U, V,S and T (cf. [4,
Lemma 16.6]). If the additionally occurring additive function A is not a scalar multiple
of ¢k, then A and i are linearly independent, and according to [7, Lemma 2] the values
ck(s), ck(t), A(s), A(t), s,t € C can be replaced by four indeterminates U, V,o, . These
four formal equations are combined in

R(ST,U + V,o +1,x) = R(S,U,0,x) + S*P(U,x)R(T,V,7,G(U,x)) (Co2form)
which we want to solve under the boundary condition
R(1,0,0,x) = 0, (B2")

where R(S, U, 0,x) € (C[S,U,o]x] and A € {0, 1}.
Let H be the generator of the formal iteration group G of type II of order k, and consider

k—1

U .
P(U,x) = exp (Z —Kj/ [G(,x)Y dé&
=t 70

for some k1, . ..,kk—1 € C. Then for any f € C[x]] we have from (PDform), (B) and (11)
that

Q0 ,~
= (PULFGU.) |

9 - - , 9
= (—P(U,x))ﬂG(U,x)))U:O +P(U,0)f (GU,20) =G|

U=0

aU

k—1
= (Z —Kjxj fx) +f (x)H(x)

j=1

since f'(G(U,x))55G(U,x) = f(G(U,x)H(x)LG(U,x) = Hx)Zf(G(U,x)). If we
consider the generalized Lie-Grébner operator

k—1
D: Clix]l — ClxI, D(f (x)) :=Dy(f (x)) := ( —Kjxj)f(x) +f (x)H(x)

i1

-

then D(f (x)) = (Z}Zﬂ —Kjxf) f(x) + D(f(x)) and

0 -~
- (PU.fGU.)| _ =D(). (13)
Ifxky =+ =«Kr_; =0,thenD = D.

The next two technical lemmata are easy to prove.
Lemma 12: For fi,f, € Clix]], c1, ¢z € C we have

D(cifi + c2f2) = a1 D(f1) + 2 D(f),
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and

D(fifa) = D(f)f2 + i H = D()A + fof i H
= D(f)f2 + 1D(f2) = D()fi + LD(f1)

k—1

= (3" 0¥ )i @A) + DEHEHE).

j=1
Lemma 13: For f € C[[x]] we have

- 0
D(B(U,0)f (G(U,x)) =

-5 (PU.0f(GWU,x)) .

We also mention the following rule for the generalized Lie-Grobner operator D:
Lemma 14: Let f(x) € C[x]. For n > 0 we have

n

- 0 -
P(V’x)Dg(f(z))L:G(V,x) = W (P(V’x)f(G(V’ x))) .

Proof: By induction we prove the assertion together with the claim that the series
DI (f(2))|z=G(v x) is of the formf’(G(V, x)) for somef € C[[x]l. For n = 0 the assertions
are obvious. Assume that the assertions hold true for n > 0. Then D7 (f(2))|.=c(v,x) =
f(G(V, x)) for somef € C[[x] and

D), _gv = DD, _gv ) = P F @) gy

k—1
- (Z —kiZf (2) + H(z)f’(z)) L:G(Vx)

j=0

k—1
- (Z —i[G(V, 0 VF (G(V,x)) + H(G(V, x))ﬁ(G(V,x))) .

j=0

Multiplying this by P(V,x) and using H(G(V,x)) = %G(V, Xx) we obtain

(iﬁ(v )) FG(V,x)) + BV, 0 ~—F (G(V, %)
gy P (Vo) JF(GV,x X (G

a o A~
= - PV, 0] (G(V,x))

_ 0 8niJV GV
—W(avn ( ,X)f( ( ,X))>

an+l »
- (WP(V’ x)f(G(V,x») -
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Let
1
L£G(x) i= LGy(x) := Y —D"(x)y"

n>0

be the generalized Lie-Grobner series for the generalized Lie-Grobner operator D.
Now we prove a generalization of the Commutation Theorem (Theorem 2).

Theorem 15: For f € C[x]| we have

LGu(f(x)) = P(U,0)f (G(U,x)) = P(U,x)f LGy (x)).

Proof: We prove that both
®(U,x) = LGu(f(x) and W(U,x) = P(U,x)f (G(U,x))

satisfy

%R(U,x) =D(R(U,x)) and R(0,x) = f(x) (14)

and (14) has a unique solution. Simple computations show that

d 1
—oU,x) =) %D”(f(x))U”’l => ;D”“(f(x))U”

U !
n>1 n>0

= D(LG(f (x))) = D(®(U, x))

and ®(0,x) = f(x). By Lemma 13 we have
- 3 - d
D(¥(U,x)) = D(P(U,x)f (G(U,x))) = T (P(U,x)f (G(U,x))) = %\P(U,x)

and W(0,x) = f(x).
Now we write R(U, x) = ano R, (x)U". If it is a solution of (14), then Ry(x) = f(x),
and

Z nR,(x)U" ' =D ZRn(x)U” .
n>1 n>0
Therefore

nRy(x) = DRy-1(x)), n=1,

and by induction we obtain

1
Ry (x) = JD"(f(x)), n=1,

and R is uniquely determined by (14). The uniqueness would also follow from (the formal
part of) a uniqueness theorem for parameter dependent differential equations in the
complex domain. 0
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Lemma 16: Forf,fi,f, € Clix]l, c1,c2 € C we have

LG (c1fi + eof2) = aLG(fi) + 2 LG(f)
and
LGu(LGv () = LGuv(f).

Proof: The first assertion is trivial. Concerning the second we apply Theorem 15 obtaining

LGu(LGv(f(x)) = P(U,x)LGv (f(G(U, x)))
= P(U,x)P(V,G(U,x)f(G(U, G(V, x)))
=P(U + V,x)f (G + V,x)) = LGu4v(f(x))

what follows from (Colform’) for P and (Tform) for G. O

An immediate consequence of Lemma 13 and Theorem 15 is
Corollary 17:  For f € C[[x]| we have

D(LGu () = (LG ().

In general, the generalized Lie-Grobner operator £G is not multiplicative. To be more
precise:
Theorem 18: The generalized Lie-Grobner operator LG is multiplicative if and only if all
the coefficients ofﬁ(U, x) vanish, i.e. k] = -+ = kj_1 = 0.

PNroof: According to Theorem 15 we have Eg(xz) = P(U,x)[G(U,x)]* and [LG(x)]?
[P(U,x)G(U,x)]%. If LG is multiplicative, then P(U,x) = 1 what is equivalent to x; =

ce = Kjo1 = 0.
Conversely, if k; = -+ = kx—1 = 0, then the generalized operator LG coincides with
the Lie—Grobner operator LG which is multiplicative. O

The next Lemma describes a relation between a series f and its image D(f). Its proof is
straight forward.

Lemma 19: For fi,f, € C[x]| we have

9 U
Df) = = —-LGu () = LGu() <= LGu(f) =/O LGe () de.

Lemma 20: Forf € C[x] the following assertions are equivalent.

. 9
1: D(f) = 0, (P(U,x)f (G(U,x))) =0, 3: mLgU(f(x)) =0,

2: m
4:D(LG(f)) =0,5 LG(f) —f =0.

Proof: The second and third assertion are equivalent by Theorem 15, the third and
fourth according to Corollary 17. Due to formula (13) D(f(x)) = 0 is equivalent to
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% (P(V, )f(G(V, x))) |V=0 = 0. Replacing x by G(U, x) we obtain from (Colform’) for
P and (Tform) for G that

)
= (P(V.GU.0)f (GV.GU.»))|

i P+ V,x)
A P(U X)

(o))
<

f(GU + V,x))) |

P(U " T (P(U x)f (G(U,x)))

and the assertion follows since P(U, x) # 0.
Conversely, assume that %ﬁg u(f(x)) =0, then

0

n n n n— 1 n n
0= BUZ DU =) DU =) D f)U

n>0 n>1 n>0

and consequently D/(f) = 0 for all j > 1. Consequently the first four assertions are
equivalent.

If D(f) = 0, then D"(f) = 0 forn > 1, thus LGy (f) —f = >~ nl,D”(f)U” =0.If
conversely LG (f) — f = 0, then necessarily D(f) = 0. O

In order to get detailed information on the coeflicient functions of a solution of
(Co2form) we deduce the following differential equations from the second cocycle equa-
tion. By differentiating (Co2form) with respect to S (U and o) and setting S = 1, U = 0,
and o0 = 0 we get

TaaTR(T V,7,x) = N1 (x) + AR(T, V, 1,x), (Co2PD1)
%R(T V,7,x) = Na(x) + D(R(T, V, 7, %)), (Co2PD2)
%R(T, V,1,x) = N3(x), (Co2PD3)
where
Ni(x) = %R(S: 0,0,¥)[s=1,  Na(x) = iR(l U, 0,x)|u=0
and

0
N3(x) == gR(laO,U,xﬂa:O

are the three generators of R.
We consider a solution R(S, Ug, x) of (Co2form) as an element of (C[S, o )[[U, x]|, and
write it in the form
R(S,Uo,x) = Y Ry(S,0,x)U"
n>0
with R,(S, 0, x) € (C[S, o DIx].
First we study the situation A = 0.
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Theorem 21: Let A = 0.

(1) If R is a solution of (Co2form) and (B2"), then R satisfies the three equations
(Co2PD1)-(Co2PD3), and is of the form

R(S,U,0,x) = oN3(x) + Y %D”_l(Nz(x))U”.

n>1

This is a generalization of a generalized Lie-Grobner series. Moreover the generators
must satisfy the conditions Ny = 0 and D(N3(x)) = 0.

(2) IfN; =0, D(N3(x)) = 0, then the system consisting of (Co2PD1)-(Co2PD3), (B2")
has a unique solution,

U
R(S,U,0,x) = oN3(x) + / LGe(Na(x)) d&
0

which is the substitution of N, into a primitive of a generalized Lie-Griobner series.
Moreover this solution satisfies (Co2form).

Proof: If R satisfies (Co2form) and ( B2”) then also the three differential equations. From
(Co2PD3) wededuce R(S, U, 0, x) = o N3(x)+R(S, U, x). Using this in (Co2PD1) we have
S %R(S, U, x) = Nj(x). Since the left hand side is a multiple of S whereas the right hand
side does not depend on § it follows that N; = 0. Consequently R(S, U, x) does not depend
on S, R(S, U,x) = R(U,x), and R(S, U, o, x) = oN3(x) + R(U, x). From (Co2PD2) we
get

%R(U,x) = Ny (x) + D(o N3(x) + R(U, x)).

If we introduce coefficient functions of R, R(U,x) = ano R,(x)U", the power series R
satisfies
Y Ry (U™ = Ny(x) + o D(N3(x)) + Y D(R,(x)) U™

n>1 n=0

From the boundary condition (B2") it follows that Ry (x) = 0,s0also I% (x) = 0. Therefore,
we get

Ri(x) = Na(x) + 0 D(N3(x)).

The left hand side does not depend on o, whence ﬁl(x) = Ny(x) and D(N3(x)) =
0. Therefore 2R(x) = D(Ri(x)) = D(N2(x)), and by induction we derive nR,(x) =
DRy—1(x)) = D(ﬁD”_Z(NZ (x))) and consequently

Rulx) = %D"_I(Nz(x)), sl

Now we prove the second assertion. If R(S, U, 0, x) is a solution of the three formal
differential equations and the boundary condition, then from 1 = 0, Nj(x) = 0 and
(Co2PD1) we obtain that R(S, U,0,x) is of the form R(U,o,x). Moreover, (Co2PD3)
implies that it is of the form o N3 (x) + IAQ(U, x), where IAQ(U, X) = 0 ﬁ,,(U)x” still must
be determined. From R(1, 0, 0, x) = 0 it follows that IAQO (x) = 0. Comparing the coeflicients



JOURNAL OF DIFFERENCE EQUATIONS AND APPLICATIONS e 719

of U/ in (Co2PD2) we determine by induction that IAQn (x) = %D”_I(Nz(x)) forn > 1.
Therefore, the solution R(S, U, 0, x) is uniquely determined as

R(S,U,0,x) = oN3(x) + %D"‘l(Nz(x))U”

n>1

v 1
— oNy() + /O Y D (Na )" de

n>0

U
= oNz(x) + f LGe(N2(x)) d&.
0

Using this form in (Co2form) we obtain
Uu+v
R(ST,U + V,o + 1,x) = (6 + 1)N3(x) +/ LGe(N2(x)) d&.
0
Computing R(S, U, 0, x) + P(U,x)R(T, V,t,G(U, x)) we obtain
U . v

o N3(x) +/ LGg(N2(x)) d§ + P(U, x) (TNs(G(U,X)) +/ LG (N2(G(U, x))) d§> .

0 0

According to Lemma 20 from D(N3(x)) = 0 it follows %(IS(U,x)Ng (G(U,x))) =0,
thus P(U, x)N3(G(U, x)) does not depend on U and

P(U, x)N3(G(U, x)) = P(0,x)N3(G(0, x)) = N3(x).

Conseqliently, o N3 (x) + P(U,x)tN3(G(U, x)) = (o + 7)N3(x).
Sine P(U, x) satisfies (Colform’), G satisfies (Tform) and according to Theorem 15 we
derive

v \%4
P(U, x) / LG (N>(G(U, x))) dé = / B(U,x)P(&, G(U, x))N2(G(E, G(U, x))) d&
0 0
\%4
=f P(U + £ x)Ny (G(U + £, %)) dé
Uy 3
_ /U P11 x)N2 (G(n, x)) diy
U+V _
_ /U PO, 0N, (LG, (x)) dy

U+V
- fU £G,(Na(x)) dn
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and
U ) %
/0 LGN (x)) d& + (U, %) /0 L£Ge (N3(G(U, x))) d&
U U+Vv
- / L£Ge(N>(x)) d + /U L£Ge(N>(x)) d
OU+V
- / L£Ge(N>(x)) de
0
what finishes the proof. O

For . = 1 we obtain the following
Theorem 22: LetX = 1.

(1) If R is a solution of (Co2form) and (B2"), then R satisfies the three Equations
(Co2PD1)-(Co2PD3), and is of the form

1
R(S,U,0,x) = SZ E,Dn(Nl () U" = Ni(x) = SLGy (N1 (x)) — N1 (x).

n>0

Moreover the generators must satisfy D(N1(x)) = Na(x) and N3 = 0.

(2) IfN3 =0, D(N1(x)) = Na(x), then the system consisting of (Co2PD1)-(Co2PD3),
(B2") has a unique solution of the form given above. Moreover this solution satisfies
(Co2form).

Proof: From (Co2PD3) we deduce R(S,U,0,x) = oN3(x) + R(S, U, x). Using this in
(Co2PD1) we have S%fi(S, U,x) = Ni(x) + oN3(x) + RS, U,x), or equivalently
S;—SR(S, U,x) — Ni(x) — R(S,U,x) = oN3(x). Since the right hand side is a multiple
of o whereas the left hand side does not depend on o it follows that N3 = 0. Consequently
S%fi(s, U,x) = Ni(x) + R(S, U,x);Writing RS, U, x) as ano R,(U,x)S" necessarily
Ry(U,x) = —Ni(x) and Ni(x) + R(S,U,x) = ), Ry(U,x)S". From the equation
above we deduce ), (n — DR,(U,x)S" = 0 which means that R,(U,x) = 0 for
n > 2. Consequently 1_2(8, U,o,x) = —Nj(x) + SR, (U, x) where still R; (U, x) must be
determined. Therefore we now represent itas 3", _ o R, (x)U".
From (Co2PD2) we get -

S%Rl(U,x) = N (x) + D(— N1 (x) + SR (U, x)).

This means

S Z nR,(x)U" ! = Ny(x) — D(Ny(x)) + S Z DR, (x)U".

n>1 n=0

Thus N2(x) = D(Nj(x)) since these terms do not depend on S. From the boundary
condition (B2") it follows that Ry(x) = Nj(x). Moreover, nR,(x) = D(R,_1(x)) and by
induction we derive
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~ 1 1
Ry(@) = —D"(N1(x)) = ;D"—I(Nz(x», n>1.

Now we prove the second assertion. If R(S, U, 0,x) is a solution of the three formal
differential equations and the boundary condition, then from N3 = 0 and (Co2PD3) we
get R(S,U,0,x) = R(S, U, x). Due to A = 1 and (Co2PD1) it follows that R(S, U, x) =
—Ni(x) + S -0 R,(x)U", where R,(x), n > 0, still must be determined. From
R(1,0,0,x) = 0 we get Ro(x) = Ny (x) and (Co2PD2) becomes

S nRy W)U = No(x) + D(= Ni(®)) + S ) D(Ru(x))U".

n>1 n>0

Comparing the coefficients of S° we derive that N, (x) = D(Nj (x)). Moreover, by induction
we obtain that R, (x) = %D” (N1(x)) for n > 0. Therefore, the solution R(S, U, 0, x) is
uniquely determined as

1
R(S,U,0,x) = SZ ;D”(M (0)U" = Ni(x) = SLGu(N1(x)) — Ni(x).

n>0

Since P(U, x) satisfies (Colform’), G satisfies (Tform) and according to Theorem 15 we
derive

R(S,U,0,x) + SP(U,x)R(T, V,1,G(U, x))
= SP(U,x)N1(G(U,x)) — N1(x) + SP(U, x) (TP(V, G(U,x))N1(G(V, G(U, x)))
— N1(G(U, x)))
= —Ni(x) + STP(U, x)P(V, G(U, x))N1(G(U + V,x))
= STP(U + V,x)N1(G(U + V,x)) — N1 (x)
= STLGu+v(N1(x)) — N1(x)
=R(ST, U+ V,o0 4+ 1,x),

whence R satisfies (Co2form). O

In a similar way by differentiation of (Co2form) with respect to T (V and t) and
substituting T = 1, V = 0, and t = 0 we obtain another system of differential equations,
namely

S%R(S, U,0,x) = S LGN, (x)), (Co2D1)
%R(S, U,0,x) = S"LG(N(x)), (Co2D2)
%R(S, U,o,x) = S*LG(N3(x)), (Co2D3)

where

0 d
Ni(x) = B_SR(S’ 0,0,x)|s=1, Na(x) = WR(I’ U, 0,x)|u=o,
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and

0
N3(x) = 8—0R(1)0>0,X)|a:o

are the three generators of R.

Working with a method different from the application of Lie-Grobner series we proved
the following two theorems in [7] describing the solutions of this system together with the
boundary condition (B2”). It is possible to apply the method of Lie-Grébner series also
for this problem. Comparing these proofs we see that especially in the situation A = 0 the
method of Lie-Grobner series allows more elegant and simpler proofs.

Theorem 23: Let A = 0.
(1) If R is a solution of (Co2form) and (B2"), then R satisfies the three Equations

(Co2D1)-(Co2D3), and it has a representation as a generalized Lie-Grobner series
of the form

U
R(S,U,0,x) = oN3(x) + / LGe(N2(x)) d&.
0

Moreover the generators must satisfy the conditions Ny = 0 and D(N3(x)) = 0.
(2) IfN; = 0, D(N3(x)) = 0, then the system consisting of (Co2D1)-(Co2D3), (B2")
has a unique solution,

U
R(S,U,0,x) = oN3(x) + / LG (N2 (x)) d&
0

which is a generalized Lie-Grobner series as above. Moreover this solution satisfies
(Co2form).

Theorem 24: Let ) = 1.

(1) If R is a solution of (Co2form) and (B2"), then R satisfies the three equations
(Co2D1)-(Co2D3), and is of the form

R(S,U,0,0) =S %D"(Nl ()U” = Ni(x) = SLGy (N1 (x) — Ny ().

n>0

Moreover the generators must satisfy D(N1(x)) = Na(x) and N3 = 0.

(2) If N3 = 0, D(N1(x)) = Na(x), then the system consisting of (Co2D1)-(Co2D3),
(B2") has a unique solution, of the form given above. Moreover this solution satisfies
(Co2form).

In conclusion both systems of differential equations have the same solution.
The necessary conditions on the generators N; of R are expressed as conditions on
D(Nj). Now we will analyze them more thoroughly. The consequences of D(f) = 0 for

f € Cllx] depend on the particular form of P(U, x).

Theorem 25: Let H(x) = x* + ... be a formal generator of a formal iteration group of
type II, where k > 2, and k1, ... ,kx—1 € C. Assume that D(f) = < JI.:ll —Kjxf>f(x) +
f'(x)H(x) = 0 for some f € C[[x]].

(1) Ifkr =---=kk_—1 =0, thenf(x) € C is constant.
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(2) Ifxr = -+ = kr—1 = 0 where eitherr < k — 1 and k, # 0, orr = k — 1 and
kk—1 & No, then P(U,x) =1 —,Ux" +...and f = 0.
3) Ifxy=---=kk—=0andkx_y =n; € N, then P(U,x) =1 — m Uxk=1 4 .

and f(x) = fo, X" + 3,0, Ynfa))X", where fy, € C can be arbitrarily chosen and
the coefficients WV, (f,,) are uniquely determined polynomials in f,, for n > n;.

Proof: In the first case D(f) = f'"H = D(f) = 0, consequently f is constant.
In the second and third case assume that f(x) = ano fux", then D(f(x))
=Y u=0/nD(x"). Moreover for n > 0 we have

k—1
D") =Y (=it + nx""H(x) =

j=r

—tepx T ifr<k—1,
(— kg +mxF1Hn 4 ifr=k—1,

thus ord (D(x")) = r + n and consequently f = 0 is the unique solution of D(f) = 0.

In the third case kx_; = n; € N, thus ord (D(x")) = k — 1 + n only for n # n,, and
ord (D(x™)) > k— 1+ n;. Comparing coefficients of x" in D(f) = 0 we obtain thatf, = 0
for n < ny, the coefficient f,,, is not determined by this equation, actually it can be chosen
arbitrarily in C, and the coefficients f,, n > n;, are uniquely determined depending on

S, € C. O
Consider f1, f» € C[[x]], then

D(f1) = D(f2) <= D(fi — ) = 0.

Now for given N € C[[x], N # 0, we want to solve the inhomogeneous equation
D(f) = N. It is enough to find a particular solution, since by adding all solutions of the
homogeneous equation (cf. Theorem 25) we obtain all solutions of the inhomogeneous
equation.

Theorem 26: Consider some N € C[[x]l. Let H(x) = x* + ... be a formal generator of
a formal iteration group of type II, where k > 2, and for ki,...,kx—1 € C let D(f) =

(Z}Zﬂ —Kjxf) f(x) +f ()H(x) for f € Cllx].

(1) Ifky =--- =kk—1 =0, then D(f) = N has a solution if and only if ord (N) > k.

(2) Ifxr = -+ = kr—1 = 0 where eitherr < k — 1l and k, # 0, orr = k — 1 and
kk—1 & No, then D(f) = N has a solution if and only if ord (N) > r.

(3) Assumek); =+ =kg—p =0andkx_; = n; € N. Iford (N) < k — 1, then there is

no solution of D(f) = N. Assume that ord (N) > k — 1. Then there exist uniquely
determined coefficients fo, . . ., fu -1 so that ord(N(x) — Jn=ofn’D(x”)) >k +j,
0 <j < m — 1. If, moreover, ord(N(x) - ZZIZ_Olan(x”)) > k + ny, which means
that the coefficients fy, . . ., fu, —1 satisfy a certain polynomial relation which yields the
coefficient of x*~17™M of N, then f,,, can be chosen arbitrarily, say f,, = 0. All further
coefficients f,, n > ny, are then uniquely determined (depending on fy, ).

Proof: In the first case ord (D(f)) = ord (f'H) > ord (H) = k. If ord (N) > k, then
N/H € Clx] and f(x) = [; N(€)/H (&) d¢ satisfies D(f) = N.
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According to the proof of Theorem 25 in the second case we have ord (D(f)) > r. If
ord (N) > r, then f is uniquely determined by D(f) =

In the third case we obtain from the proof of Theorem 25 that ord (D(f)) > k — 1.
If ord (N) > k — 1, then comparison of coeflicients (or an application of the Theory of
Briot-Bouquet equations, cf.[19, Section 5.2] [17, Section 11.1], [18, Section 12.6]) yields
the assertion. O

Finally we want to give the explicit form of the solutions g of (Co2). According to (12)
we have

B(s, x) = E(x)a(s, x) A(s, x) = ao(s)P(ck(s), X)E(G(ck(s), X)) A(s, x),

where E(x) = 1+ ... € C[x], o is a generalized exponential function, ¢y # 0 is
an additive function, G(y,x) is a formal iteration group of type II, «1,...,kk—; € C,
P(,x) = exp (45! 15 [ 1GE, 1)V d€ ), and AGs,2) = R@o(s) ™, ck(), A(), %), where
Risasolution of (Co2form), and A is another additive function so that ¢x and A are linearly
independent.

e The situation og # 1 corresponds to A = 1, thus by Theorem 22 we have
A(s,x) = R(ag(s) ™", ck(8), A(), %) = o (s) LG U (N1 () U= (s) — N1 (%)

and from Theorem 15 follows

N1(G(ck(s),x)) Ny (x))

B(s,x) = ao(s)P(ck(s), x) E(G(ck(s), x)) (060(5)_1 P(e(). )

e The situation og = 1 corresponds to A = 0, thus by Theorem 21 we have

U
A(s,%) = R(L, c(5), A(5), x) = A()N3(x) + /0 L£Ge(N> () dE[

where D(N3) = 0.
Ifi; = = ky—1 = Owhereeitherr < k—landk, # 0,orr = k landlck 1 € Ny,
then by Theorem 25 we have N3 = 0. Writing N»(x) as Z n]xf + Ny (x) where

ord (N,) > r, by Theorem 26 there exists a unique N, € Clx]l so that D(Ng) = N»,
and we derive

U ur-l , U 1 )
/0 LGe (N2 (x)) d& = /0 Y niLGe () ds + fo > D" (DEa(x))E" dé
j=0 n=0""

Uur—1
_ G0V ' :
—/0 Z by G T LU0 — K.

In conclusion, again using Theorem 15, we deduce

N2 (G(cx(s), x))

P(ck(s), x) —N2(x) + QCs, x)) ,

B(s, x) = P(c(s), X) E(G(cx(s), x)) (
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where 1
U [GEx)Y
Q(s,x) = ‘/(; ; nj P(&,x) d€|U=Ck(5)'

Ifk; =+ = kx—1 = 0, then by Theorem 25 we have N3 = ¢ € C. Similarly as in the
previous case we obtain

No(G(cx(s), X))

B(s,x) = P(ci(s), x) E(G(cx(s), x)) (CA(S) + — Np(x) + Q(s,x)) ;

P(cx(s), x)
where o
U k- .
(G, %)V
Ifk; =+ = kk—p = 0and kx_; = n; € N, then by Theorem 25 we have N3(x) =

XM, L Wn(o)x" with ¢ € Cand uniquely determined coeflicients W, (c), n > nj.
Writing N, (x) as ZJI:OZ njxj + N, (x) where ord (N,) > k — 1, by Theorem 26 there
exist a series N, € C[[x] and a constant b € C so that D(Nz) + bxktm—1 = N, and
we conclude that

B(s, x) = P(c(s), x) E(G(ck(s), x))

Ny (G(ck(s), X))

P(ci(s), x) —Na(x) + Q(S,x)) ,

x (A(s)N3 (x) +

where

U k=2 j k+n—1
_ 160V | [GE )+
Qe = /0 JZ:O (”’ Pen T PEw ) 4y

These results generalize the representations of g given in Theorems 16, 17 and 18 of [3] or
the second and third item of Theorem 2.8 of [2].

Combining the two systems of differential equations for the formal second cocycle R
we obtain the following system of three formal Aczél-Jabotinsky equations

Ni(x) + AR(S, U, 0,x) = S*LG(N; (x)), (Co2AJ1)
Na(x) + D(R(S, U, 0,x)) = S*LG(N,(x)), (Co2AJ2)
N3 (x) = S*LG(N3(x)), (Co2AJ3)
where 9 3
Ni(x) = ﬁR(S, 0,0,%)[s=1, Ny(x) = ER(I’ U, 0,x)|u=o»
and

0
N3(x) = a_O_R(L 0, ny)|o=0

are the three generators of R. Only (Co2AJ2) is a differential equation for R.
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Theorem 27: Let A = 1.

(1) If R is a solution of (Co2form) and (B2"), then R satisfies the three equations
(Co2AJ1)-(Co2AJ3), and is of the form

1
R(S,U,0,x) = SZ ED"(M () U" — Ni(x) = SLGu(N1(x)) — N1 (x).

n>0

Moreover the generators must satisfy D(N1(x)) = Na(x) and N3 = 0.

(2) IfN3 =0, D(N;1(x)) = Na(x), then the system consisting of (Co2AJ1)-(Co2A]J3) has
a unique solution of the form given above. Moreover this solution satisfies (Co2form)
and (B2").

Proof: Let R be a solution of (Co2form) and (B2”), then R satisfies the three equations.
From (Co2AJ1) we immediately obtain the form of R as R(S, U,o0,x) = SLG(N;(x)) —
N1 (x). According to (Co2A]J3) the series N3 must vanish since the left hand side does not
depend on S, whereas the right hand side depends on S. Finally (Co2AJ2) can be written
as Ny (x) + SLG(D(N;1(x))) — D(N1(x)) = SLG(N2(x)) what implies N, (x) = D(N; (x)).
This also guarantees that LG(D(N;(x))) = LG (N2(x)).

If conversely R satisfies the three equations where N3 = 0 and D(N;(x)) = Na(x), then
R is of the form R(S, U,0,x) = SLGy(N1(x)) — Ni(x) and according to Theorem 22 it is
a solution of (Co2form) and (B2"). O

In the situation A = 0 we do not obtain the same solutions as for the two other systems
of formal equations. Now (Co2AJ1) and (Co2AJ3) read as Nj(x) = LG(N;(x)),j € {1,3},
which means LG (N;(x)) — Nj(x) = 0. Thus D(Nj) = 0 according to Lemma 20. From
(Co2AJ2) we deduce

U
D(R(S,U,0,x)) = LG(N2(x)) — N2(x) =D (/0 LGe (N2 (x)) dé’)

thus by Theorem 25
U ~
R(S,U,0,x) = / LG:(N2(x)) d& + R(S, U, 0, x)
0

where D(Ii (S,U,0,x)) = 0. Again by Theorem 25 if all the coefficients ki, 1 <j < k—1,of
P(U, x) areequal to zero, then R(S, U, 0, x) canbe any element of C[S, U, o] since it must be
constant with respect to x. Taking still into account that Nj(x) = ¢; € C, Ny(x), N3(x) =
c3 € C are the generators of R the polynomial R still has to satisty %R(S, 0,0,x)|s=1 = c1,
%R(l, 0,0,%)|g=0 = c3and %R(l, U, 0,x)|u=0 = 0. For example for any positive integer
J
G v
RS, U,0,x) = —]—, + ]—,Sf + c30 +SoU +/0 LGe (N> (x)) d&

is a solution of the three formal Aczél-Jabotinsky equations, the boundary condition (B2”),
and the three conditions imposed by the generators of R but not of (Co2form). Also in
the situation k1 = --- = kx_, = 0 and kx_; = n; € N there exist solutions of the three
formal Aczél-Jabotinsky equations which are not solutions of (Co2form).



JOURNAL OF DIFFERENCE EQUATIONS AND APPLICATIONS e 727

Disclosure statement

No potential conflict of interest was reported by the authors.

ORCID
Harald Fripertinger (© http://orcid.org/0000-0001-7449-8532

References

(1]

(10]

(11]

(12]
(13]

(14]

(15]

(16]
(17]

(18]
(19]

(20]

H. Cartan, Elementary theory of analytic functions of one or several complex variables, Addison-
Wesley Publishing Company, Palo Alto, Reading (MA), London, 1963.

H. Fripertinger and L. Reich, On covariant embeddings of a linear functional equation with
respect to an analytic iteration group, Int. J. Bifur. Chaos 13 (2003), pp. 1853-1875.

H. Fripertinger and L. Reich, On the general solution of the system of cocycle equations without
regularity conditions, Aequationes Math. 68 (2004), pp. 200-229.

H. Fripertinger and L. Reich, The formal translation equation and formal cocycle equations for
iteration groups of type I, Aequationes Math. 76 (2008), pp. 54-91.

H. Fripertinger and L. Reich, The formal translation equation for iteration groups of type II,
Aequationes Math. 79 (2010), pp. 111-156.

H. Fripertinger and L. Reich, On the formal first cocycle equation for iteration groups of type II,
in Proceedings of the European Conference on Iteration Theory 2010, ESAIM36, D. Fournier-
Prunaret, L. Gardini, and L. Reich, eds., 2012, pp. 32-47. Available at https://protect-us.
mimecast.com/s/g5YZBRFmevq2FM?domain=esaim-proc.org.

H. Fripertinger and L. Reich, On the formal second cocycle equation for iteration groups of type
I1, ]. Differ. Equ. Appl. 21 (2015), pp. 564-578.

W. Grobner, Die Lie-Reihen und ihre Anwendungen [Lie series and their applications],
iiberarb. und erweit. Aufl. Vol. 2, VEB Deutscher Verlag der Wissenschaften, Berlin, 1967.
W. Grobner and H.G. Knapp, Contributions to the method of Lie series., B.I.-Hochschulskripten.
802/802a, Bibliographisches Institut, Mannheim, 1967.

D. Gronau, Two iterative functional equations for power series, Aequationes Math. 25 (1982),
pp- 233-246.

D. Gronau, Uber die multiplikative Translationsgleichung und idempotente Potenzreihenvek-
toren [On the multiplicative translation equation and idempotent vectors of power series],
Aequationes Math. 28 (1985), pp. 312-320.

G. Guzik, On Embedding of a Linear Functional Equation, Rocznik Nauk.-Dydakt. Prace
Matematyczne Vol. 16, 1999, pp. 23-33.

G. Guzik, On embeddability of a linear functional equation in the class of differentiable functions,
Grazer Math. Ber. 344 (2001), pp. 31-42.

G. Guzik, On a functional equation connected with an embedding problem, in Iteration
Theory (ECIT ’02) Vol. 346, Karl-Franzens-Univ. Graz, Graz, 2004, pp. 197-209. MR 2089542
(2005£:39063).

G. Guzik, W. Jarczyk, and J. Matkowski, Cocycles of continuous iteration semigroups, Bull.
Polish Acad. Sci. Math. 51 (2003), pp. 185-197.

P. Henrici, Applied and Computational Complex Analysis Vol. I, Wiley, New York (NY), 1974.
E. Hille, Ordinary Differential Equations in the Complex Domain, Pure and Applied
Mathematics (A Wiley-Interscience publication), John Wiley & Sons, New York (NY), 1976.
E. Ince, Ordinary Differential Equations, Dover Publications, New York (NY), 1956.

I. Laine, Introduction to local theory of complex differential equations, in Complex Differential
and Functional Equations: Proceedings of the Summer School Held in Mekrijdrvi, July 30-August
3,2000 Vol. 5, 1. Laine, ed., University of Joensuu, Joensuu, 2003, pp. 81-106.

Z. Moszner, Sur le prolongement covariant d’une équation linéaire par rapport au groupe
d’itération, Sitzungsberichte OAW [Covariant extension of a linear equation with respect to an
iteration group], Math.-nat. KI. Abt. I 207 (1999), pp. 173-182.


http://orcid.org
http://orcid.org/0000-0001-7449-8532
https://protect-us.mimecast.com/s/g5YZBRFmevq2FM?domain=esaim-proc.org
https://protect-us.mimecast.com/s/g5YZBRFmevq2FM?domain=esaim-proc.org

728 H. FRIPERTINGER AND L. REICH

[21] L. Reich, and J. Schwaiger, Uber die analytische Iterierbarkeit formaler Potenzreihenvektoren,
Sitzungsberichte der Osterr [On analytic iterability of vectors of formal power series], Akademie
der Wissenschaften, Abt. II 184 (1975), pp. 599-617.

[22] S. Scheinberg, Power series in one variable, ]. Math. Anal. Appl. 31 (1970), pp. 321-333.



	1. Introduction
	2. Formal iteration groups of type II are Lie–Gröbner series
	3. The first cocycle equation
	4. The second cocycle equation
	Disclosure statement
	ORCID
	References



