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Abstract

Assuming a set of variates are independent and normally distributed is commonplace
in statistics. In this thesis, we consider the consequences of these assumptions as
they pertain to global sensitivity analysis. We begin by illustrating how the notion
of sensitivity becomes distorted in the presence of codependent model inputs. This
observation motivates us to develop a new methodology which accommodates for
input codependencies. Our methodology can be summarized through three points:
First, a new form of sensitivity is presented which performs as well as the classical
form but can be obtained at a fraction of the computational cost. Second, we define
a measure which quantifies the extent of distortion caused by codependent inputs.
The third point is regarding the modelling of said codependencies. The multivariate
normal distribution is a natural choice for modelling codependent inputs; however,
our methodology uses a copula-based approach instead. Copulas are a contemporary
strategy for constructing multivariate distributions whereby the marginal and joint
behaviours are treated separately. As a result, a practitioner has more flexibility when

modelling inputs.
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Chapter 1

Introduction

1.1 Motivation

Mathematical models are ubiquitous in science and engineering. A model relates a set
of inputs to an output and this relationship is constructed to represent a system. A
model can be used to study a system or make predictions about a system’s response
to different scenarios. Once a model has been formulated, a critical question is how
does this model behave in the presence of uncertainty? Uncertainty Analysis is the
practice of propagating input uncertainties through the model such that we gain
insight into the uncertainty of the output. Sensitivity Analysis (SA) is a related
practice where the uncertainty of an input is attributed to a portion of the output
uncertainty. A sensitivity is a number assigned to said input which indicates the
extent of this apportioning.

SA can be performed either on a local scale or a global scale. A local analysis
addresses the model about a nominal set of inputs. This form of analysis is used

to study how the output of a model can change. In a global analysis, the entire
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CHAPTER 1. INTRODUCTION 2

space where the inputs can exist must be considered. It follows that global SA gives
a practitioner insight into the structure of the model. In this work, we will only
consider SA on a global scale.

SA requires that the distribution of the inputs be specified. Traditionally, a prac-
titioner will assume that the inputs are statistically independent. This assumption
allows practitioners to arbitrarily specify how each input is distributed. Moreover,
several algorithms for the efficient computation of sensitivities are available under
this assumption. We will consider the repercussions of relaxing the assumption of
independence in this work. In particular, two questions will be investigated. First,
how do input codependencies effect the interpretation of sensitivity? Second, how
can one model these codependencies? Examples from process engineering will largely

form the backdrop of our discussion.

1.2 Organization of the Thesis

CHAPTER 2: We begin by introducing the idea of sensitivity through a small exam-
ple. In this example, the effects of uncertain plant parameters on the performance of
a feedback control loop are considered. The notion of sensitivity is then formalized
by presenting its classical definition. This definition is computationally favourable
when inputs are independent. Alternative definitions of sensitivity are addressed; one
of which is novel to this work. The effects of input codependencies and model nonlin-
earities on SA are illustrated using a linear-quadratic model. Finally, the controller-
performance model is revisited and a formal SA is conducted. All the sensitivities

discussed in this chapter are compared in this analysis.
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CHAPTER 3: In this chapter, we address how input codependencies are modelled. The
multivariate normal distribution is a natural choice for modelling inputs. However,
a practitioner has limited flexibility when this option is used. As an alternative, we
promote the use of copulas which is a contemporary method used for constructing
multivariate distributions. The flexibility of copulas is illustrated using a bivariate

example.

CHAPTER 4: The strategy discussed in the previous chapter requires that a practi-
tioner specify a correlation matrix. This matrix must possess certain properties to
ensure the joint behaviour is well-defined. One of these properties is particularly diffi-
cult to ensure, especially when there are many inputs. In this chapter, we present an
optimization problem based upon an ill-posed correlation matrix which is supplied by
the practitioner. Solving this problem will generate a valid correlation matrix. The

Williams-Otto Plant is used to show the role of this algorithm in SA

CHAPTER 5: A new methodology is presented which utilizes the novel sensitivity
from Chapter 2 and the procedure for modelling codependent inputs from Chapters
3 and 4. This methodology is less computationally expensive than current methods
and gives practitioners more latitude with the modelling of inputs. Suggestions for

directions of future work are also provided.



Chapter 2

Global Sensitivity Analysis

Consider the model Y = f(X) where f : R — R and X is a random vector of length
d. Because the input of the model, X, is stochastic, it follows that the output, Y, is
also random. Suppose we wish to find the distribution of Y given that X follows a
user-specified distribution. The study of this problem is referred to as Uncertainty
Analysis (UA). SA is a closely related field. Let us denote the elements of X through
X =[Xy,...,X4)". SA examines the effect of the uncertainty of X; on the uncertainty
of Y. We will consider a small model (d = 3) to compare the difference between these
two forms of analysis. This example will be referenced throughout this chapter for

illustrating various concepts.

2.1 Motivating Example

Control systems are used extensively for regulating chemical processes. The majority
of processes are stable, that is, the system’s state naturally remains about some

equilibrium point in the absence of disturbances. Disturbances are a major concern in
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CHAPTER 2. GLOBAL SENSITIVITY ANALYSIS 5

the operation of chemical processes. Typical disturbances are unexpected changes in
feed temperature and composition. When a stable system is subject to a disturbance,
its state moves to a different point. Shifts of this nature translate to an inconsistent
product and thus lost profits and safety and environmental concerns.

Control systems are implemented to increase robustness. Every process has el-
ements which can be manually adjusted to influence a system’s state. Here, theses
elements will be referred to as actuators. If these actuators were to remain static,
then the disturbances would largely dictate the state of a system. However, if these
actuators were dynamic, then they could be manipulated to insulate the system from
disturbances. A controller calculates how these actuators should be adjusted.

We will consider a First-Order Plus Dead Time (FOPDT) process which is being
regulated by a Proportional-Integral controller. A block diagram representation of
this system is shown in Figure 2.1. Note that s is the Laplace variable. The nominal
process parameters are K, = 0.06, 7, = 12.57 and 6 = 0.5. The controller parameters
are K, = 209 and K; = 0.0796. Let W (s) be the system’s current state and let
R(s) be the set point of the control loop. We will assume that R(s) = 0 and that
R(s) = W(s) at the beginning of operation. The control system is subject to a step
disturbance, D(s), going from 0 to 0.15. This disturbance propagates through a first-
order process (nominally, K, = 0.67) before it is added to W (s). We will not go
into the theory which supports this control system. Any introductory control theory
text can be consulted for supplemental information, for example [52]. The nominal
response of this system is shown in Figure 2.2. We have used w to indicate the state

of the process in the time domain.
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2.1.1 Uncertainty Analysis

Suppose we wish to investigate how the controller performance will vary from day-
to-day operation. We must formulate a model to be studied. The parameters which
govern the FOPDT process and disturbance dynamics are subject to uncertainty. We
will assume that the process gain (K,), disturbance gain (K;) and the dead time (6)
are the only sources of this uncertainty. With regards to UA, X = [K,, K, 0]". For
the moment, the inputs are assumed to be independent and normally distributed.
For each input, its nominal value is taken to be its mean. The standard deviation
is assumed to be 20 percent of the nominal value. The model’s output, a controller

performance index, will be defined by

Y_/O w(t)| dt 2.1)

where T is the time which operation is terminated, 7" = 100. Throughout this work,
we will refer to this model as the controller-performance (CP) model.

We are now faced with the challenge of finding the distribution of the output.
Clearly, any analytical effort would be fruitless. Monte Carlo (MC) methods are a
class of numerical algorithms which propagate uncertainty through nonlinear map-
pings. A simple MC simulation works as follows. Draw a random sample from the
distribution of X. Call this sample X(). Compute an output which we will call Y1)
from X that is Y = f(X®). Y1) constitutes a sample of the output distribu-
tion. By iterating this process /N times, we can generate a data set for the model’s
output. The j* sample of the input and output will be denoted by X©) and Y,
respectively. This algorithm will be referred to as a single-loop MC' simulation. In
this work, we will not go into much depth regarding MC methods. The monograph

of Hammersley and Handscomb can be consulted for supplemental information [23].
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Figure 2.3: Histogram of Y (CP model), mean=0.1098, SD=0.0336

A single-loop MC simulation was run for the controller performance model, N =
1000. A histogram can be used to approximate the Probability Density Function
(PDF) of the controller’s performance. This histogram is displayed in Figure 2.3.
Statistical methods, such as Maximum-Likelihood Estimation, could be applied to
characterize the output PDF using a parametrized distribution function. Our discus-

sion will mostly rely upon the histogram of the output and its moments.

2.1.2 Preliminary Sensitivity Analysis

UA studies the effect of the collective impact of stochastic inputs on output uncer-
tainty. Suppose we wish to attribute a proportion of output uncertainty to a particular
input. This problem is at the crux of SA. How should this task be undertaken? To
begin, we will present an intuitive approach. This approach will then be used as a
platform to develop some of the more advanced SA methods.

Suppose we wish to examine the impact of X;’s uncertainty on the uncertainty

of Y. The MC simulation used for UA drew samples from X. Here, samples from
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X|X; = x7 will be used to compute the output distribution using MC simulation. The

output is now conditioned on the i*" input which is denoted by z}. For illustrative

purposes two xs have been evaluated for each input; a low value and a high value.

The low (high) value is the mean of the input less (plus) one standard deviation (SD).

The conditioned output distributions are displayed in Figure 2.4 and are accompanied

by the sample mean and standard deviation of the output.

Let us compare the unconditioned output distribution, shown in Figure 2.3, with

the conditioned distributions shown above. It is clear that the shape of the distribu-

tion changes depending upon the input which is being conditioned and at what value.

This change in shape is also reflected in the moments of the output. For example,
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consider the distributions conditioned on dead time (#). We see that the mean and
standard deviation remain very close to the unconditional mean and standard devia-
tion. This implies that dead time has relatively low impact on controller performance.
On the other hand, consider the distributions conditioned on the disturbance gain
(K4). Both the mean and standard deviations are subject to much larger shifts than
seen with dead time. The same observation can be made about process gain (K,).
We infer that both gains strongly influence the distribution of controller performance.
Alternatively, we say that controller performance is very sensitive to the process and
disturbance gains.

Our conclusions have simply been based upon what happens when the output is
conditioned on some value of an input. The manner in which the conditioning value
has been selected is completely arbitrary. This strategy is flawed. When the output is
conditioned on only two input values, we have very limited insight. If we were to use
a different set of conditioning values, then potentially different conclusions might be
made about the sensitivity of an input. It follows that a large number of conditioning
values should be tested. We could generate a histogram for each conditioning value;
however, an unwieldy amount of graphical information would be at our disposal.
These histograms are generated using samples of the output conditioned on an input.
A more practical strategy would be to design a statistic which measures sensitivity
and then use these samples in said statistic.

This chapter can be thought of as being divided into two parts. In part one, we
discuss three sensitivity measures. The first two measures are commonplace in SA
literature; however, their computation is very costly. We also propose a new form of

sensitivity which does not suffer from the same computational issues. In part two,
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we investigate the effects of input codependencies on SA through several examples.

2.2 Variance-Based Sensitivity

2.2.1 Preliminaries

Variance-Base (VB) Sensitivity is the most discussed sensitivity measure in the lit-
erature [62, 63, 64, 67, 65]. We will begin with an intuitive explanation of VB sensi-
tivity. Its formal definition will then follow. Notice that a mean has been calculated
for each histogram in Figure 2.4. This is a conditional mean which we will denote
by E[Y|X; = zf]. In its current form, z} is not a random quantity. Recall that
we wish to study the output when it is conditioned over a wide array of input val-
ues, that is, we consider a large number of x}. Suppose we let =} be a variate with
the same distribution as its corresponding element in X. We will denote this vari-
ate by X*. Clearly, E[Y|X; = X}] is now a random variable. We can now define
Vi = Var[E[Y|X; = X/]]. A large V; indicates that the “centre” of the conditional
output distribution can exist over a wide range of values. Large values of this quantity
can be interpreted as the model is very sensitive to changes in the i*® input. This

brings us to the accepted definition of VB sensitivity [66, p.161].

Vi Var[E[Y|X; = X[]]
- Var[Y] Var [Y] ’

i ni € [0,1] (2.2)

We implied that V; could be used as a sensitivity measure but note that V; simply

must be greater than zero. It is natural to ask what would constitute a large V;?

Scaling the sensitivity by Var [Y] results in it existing on the unit interval.
Sensitivity measures similar to (2.2) have also been proposed [28, 31]. The ad hoc

nature of these measures limited their adoption by the statistics community [65]. The
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benefit of VB sensitivity presented here is apparent when we examine its derivation.
Assuming independent inputs, Sobol” showed that the variance of the output could

be decomposed into V; and its higher-order equivalents [71]. Specifically,

Var[Y]:ZVZ-—l—ZZVU+-”+V12...d (2.3)

i j>i

where V;; = Var [E YX, =X X; = X]*H — V; =V} and so on. Dividing through by

()

Var [Y], we obtain

Zﬁi+zznij+"'+ﬁl2...d=1 (2.4)

i >t

Formally, the sensitivity defined in (2.2) is a first-order sensitivity because it pertains
to one input. It is now clear that higher-order sensitivities, such as 7;;, can be defined
as well. Higher-order sensitivities tend to be small relative to first-order sensitivities.
Moreover, higher-order sensitivities are often too costly to compute. Hence, analysis

is generally based upon only 7;.

Remark 1. Note that by (2.4) the sum of all sensitivities (both first and higher order)
is one. The inputs must be independent for the decomposition in (2.8) to be unique.

If input codependencies are present, then this uniqueness is lost and the equality in

(2.4) no longer holds.

2.2.2 Computation of n;

MC methods are a necessity for SA when the model is non-trivial. A VB sensitivity
can not be computed from a single-loop MC simulation. VB sensitivity is based upon
the idea of conditioning the output on an input. It follows that a more elaborate
sampling scheme must be used. We will refer to this algorithm as a double-loop MC

simulation and it is structured as follows [72].
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1. Draw a sample of X and call it Xi*(j).

2. Draw a sample from X|X; = X/ and call it X0
3. Evaluate YUH® = f(X0R),
4. Repeat Steps 2 and 3 for k=1,2,..., N.

5. Repeat Steps 1 to 4 for j =1,2,..., R.

The inner loop and outer loop are Steps 4 and 5, respectively. Referring back to (2.2),
a double-loop MC simulation is required to compute V;. Note that the algorithm, as
described above, will generate the samples necessary to compute only one V;. If a n;
is to be computed for each input, then d double-loop MC simulations must be run.
We now address the computation of V;. Let { denote that we are considering all
samples with respect to that index. For example, Y U®) means that we are considering

)

all N samples conditioned on Xi*(j . V; can be computed as follows.

1. Compute the sample mean of Y 0% and call it m).
2. Repeat Step 1 for j =1,... R.

3. V; is estimated by the sample variance of m(®).

The choice of R and N is critical. In our motivating example, the generated output
data was visualized in a histogram. If N is small, then the shape of the histogram
might change substantially for small changes in N. If N is large, the shape of the
histogram is stable and small changes in N will go unnoticed. This same idea must
be applied when computing n;. Note that in the computation of V;, the sample mean
and sample variance are used. Both of these estimators are unbiased and so we are
assured that they tend to their population values for large sample sizes. The question

becomes how large of a sample size is required?
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Figure 2.5: Sample mean of Y as a function of N (CP model)

Consider our motivating example. Suppose we are interested in the mean for the
controller performance index. Using the data generated for the UA, we can produce
Figure 2.5. Note that for N > 500 the sample mean remains relatively constant. At
this point, we say the simulation has converged and the sample mean is taken to be
the population mean [23]. The population variance found in the denominator of (2.2)
can be calculated using this same approach. We have just discussed convergence of a
single-loop MC simulation but this logic also holds for the inner loop of a double-loop
MC simulation. Once we know that NV is sufficiently large, we must turn our attention
to the number of outer loop executions, R. Convergence can be tested for using a
plot similar to Figure 2.5 but with R on the horizontal axis and the “sample” n; on
the vertical axis.

The double-loop MC simulation is often referred to as the brute-force method in
SA literature [72]. Under the assumption of independent inputs, alternative strategies
have been developed for the computation of 7,. Said strategies also rely upon MC

methods but far fewer samples are required. Recall that 7; comes from the variance
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Table 2.1: Computational cost of 7;

Method Output Cost Reference
Extended FAST Ni,Nri Vi N xd [67]
Modified Sobol’s Method  n;,mr: Vi; ;5 Vi,j N x (d+2) [62]
Brute-force n; Vi N xR xd [72]

decomposition derived by Sobol’. In this same work, the author introduced an effi-
cient strategy for computing 7; [71]. Three decades prior to this work, Cukier et al.
developed the Fourier Amplitude Sensitivity Test (FAST), one of the earliest forms of
global SA [7, 68]. While their derivations differ substantially, the equivalence Cukier’s
sensitivity and »; has been proven [64].

Sobol’s Method and FAST are both efficient methods for finding 7;. Recall that
higher-order sensitivities are often too costly to compute. Can insight be gained
into the magnitude of these higher-order sensitivities? Total sensitivity, which we
will denote by 7n7;, has been invented for this purpose [27]. For the i*" input, ny; is
defined as the sum of all sensitivities which involve said input. For example, take
d = 3. The total sensitivity of the first input is 91 = 91 + 1912 + M13 + M123. By this
definition np; > n;. If the difference between 7; and np; is small, then we can conclude
that the higher-order effects are trivial and can be neglected. Sobol’s Method and
FAST have been extended to support the computation of total sensitivities. Table
2.1 compares the these methods with the brute-force approach.

Clearly, the brute-force method is the least favourable option because only 7; can
be computed and at a much higher cost. However, Extended FAST and Modified
Sobol’s Method require the assumption of independent inputs. If input codependen-

cies exist, then the brute-force approach must be used.
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2.3 Moment-Free Sensitivity

2.3.1 Preliminaries

We have established that VB sensitivities are the benchmark in SA literature as a
result of their efficient computation when inputs are independent. Input codepen-
dencies necessitate the brute-force method which is substantially more costly to run.
Given the samples which are generated from the brute-force method, could a “better”
sensitivity be defined? When VB sensitivity is used, it is assumed that variance is
sufficient to describe uncertainty [63]. This assumption may fail to detect changes
such as tail behaviour which occur in the output distribution.

The core idea in SA is to change some aspect of the input distribution and then see
how the uncertainty of the output changes. Several authors have offered alternative
definitions of sensitivity. These definitions differ in their interpretation of output
uncertainty and how the input distribution is changed.

Park and Ahn have proposed that this change in output uncertainty be defined
in the context of Information Theory [53]. Two different cases are proposed. In the
base case, the inputs follow some nominal distribution. In the sensitivity case, the
inputs follow some other distribution of interest. The output distribution is computed
for both cases. The difference in output uncertainty is measured using the Kullback-
Liebler divergence, a measure of the change in information between two distributions.

The method of Chun et al. also uses the idea of comparing the base and sensitivity
cases [5]. The Cumulative Density Function (CDF) of the output will be different
for the two cases. The change in the input distribution induces a shift in the output

CDF'. The authors associate this shift with the change in output uncertainty. Their
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definition of sensitivity uses the area between the CDFs of the base case and the
sensitivity case.

The drawback to both of these definitions is use of a sensitivity case. It may not
always be clear to practitioners as to how to go about formulating a sensitivity case.
The benefit of VB sensitivity is that only what amounts to the base case needs to be
specified. The changes to the input distribution are made via conditioning.

Borgonovo used this idea of input conditioning along with measuring the shift in
output distribution to define Moment-Free (MF) sensitivity [1]. As with VB sensi-
tivity, we will first outline the idea of MF sensitivity using data from our motivating
example, the CP model. Its formal definition will follow.

Let us begin by characterizing the unconditioned output distribution. From Figure
2.3, the output appears to follow a log-normal distribution. Maximum-Likelihood
Estimation (MLE) was used to calculate the parameters of the distribution. The
estimation of the unconditioned PDF is displayed as a solid line in Figure 2.6. We
will take the low value of K; to be the conditioning input. From its histogram in
Figure 2.4, we see that it too can be represented by a log-normal distribution. The
estimation of the conditioned PDF is displayed as a dashed line in Figure 2.6.

Note that the output PDF shifts when it is conditioned on an input. The extent
of this shift can be indicated through the area between the conditioned and uncondi-
tioned PDFs (the shaded region of Figure 2.6). Formally, this quantity can be defined
by

@) = [ 1#r(0) = Friximar )] dy 25)

where fy and fy|x,=,: are the unconditioned and conditioned PDFs, respectively.
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Figure 2.6: The shift in the PDF of Y when conditioned on an input

What value of z} should be used? As was the case in our presentation of VB sensitiv-
ity, basing analysis on one z is ill-advised. The same approach can be used to avoid
this problem. We define a random variable X which follows the same distribution as
the " component of X. Using X in place of z} in (2.5), s(X}) becomes a random

quantity. MF sensitivity is then defined by

5, = ~E[s(X?)]; & €[0,1] (2.6)

From this definition, it is clear where MF sensitivity derives its name. When
moments are included in a definition of sensitivity, there is implicit assumption that
any changes made to the inputs only influence the output moments which have been
included. In the case of VB sensitivity, the changes which arise from conditioning on
an input are assumed to only influence E [Y|X; = z}]. Naturally, conditioning on an
input will give rise to changes in additional moments. The definition of MF sensitivity

avoids this issue by considering the output distribution as a whole. An alternative
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form of MF sensitivity which uses CDFs in place of PDFs has also been proposed
[42]. However, (2.6) will be taken as our definition of MF sensitivity because of its

more prominent use.

2.3.2 Computation of §; [1]

A single-loop MC simulation is run to generate a vector of unconditioned output sam-
ples. We must now characterize the distribution of these samples. Unless otherwise
specified, the data set will be fit to a parametric distribution. The protocol which

was used is as follows.
1. A parametric distribution was proposed based upon the histogram of the data.
2. MLE was used to estimate the parameters.
3. The Kolmogorov-Smirnov Test [46] was used to confirm that the parametric

distribution used was appropriate.

Once these parameters have been estimated, the unconditioned output PDF, fy, can
be defined.

A double-loop MC simulation must also be run. The samples generated are then
processed as follows to compute MF sensitivity. The same indexing strategy as on

page 12 is used here.

L. Fit a distribution to Y0 and call its PDF f, 0.

2. Evaluate 5U) = i |fy(y) - leX':X%(]‘)(y)| dy using a Riemann sum.
3. Repeat Steps 1 and 2 for j =1,..., R.

4. §; is estimated by one half of the sample mean of §(%).
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Note that the cost of computing a VB or MF sensitivity take on the same form,
N x R. One must not neglect the role convergence plays in MC methods. There
exists the potential for one type of sensitivity to require a larger value of N or R to
achieve convergence. Plots such as Figure 2.5 should always be constructed to ensure

that N and R are sufficiently large.

2.4 A Novel Sensitivity

2.4.1 Motivation

We have discussed two sensitivity measures thus far. The decomposition which VB
sensitivity was derived from is based upon the assumption of independent inputs. This
decomposition can be utilized to compute VB sensitivities from a relatively small
number of model evaluations. If input codependencies exist, the definition of VB
sensitivity holds but its computation is much more costly. In particular, a complete
analysis would require N x R x d model evaluations. MF sensitivity requires the same
number of model evaluations. However, because output uncertainty is recognized in
terms of PDFs instead of moments, some argue it is a better definition of sensitivity
[1].

Recall that the idea of SA is to induce a change in the input distribution and
then evaluate the change which manifests in the output uncertainty. VB and MF
sensitivities differ in their definitions of output uncertainty but use the same strategy
for changing the input distribution. Consider looking at sensitivity in a different light.
Begin by ignoring the relationship Y = f(X) and simply think of Y and X; as two

random variables. We proposed that a measure of statistical dependence between
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Y and X; be used for sensitivity. If Y and X; have a high probability of occurring
together, then the model is very sensitivity to its i*® input.

This proposition appears to be somewhat arbitrary but an intrinsic relationship
between dependence and sensitivity exist. In the seminal work of Kolmogorov [37], a
dependence measure known as correlation ratio was defined as

oty - IEA )

0.4(B) € [0,1] (2.7)

where A and B are random variables. If ©4(B) = 0, then A and B are independent.
If ©4(B) = 1, then B = g(A) where ¢ is a Borel-measurable function. The upper

bound on the correlation ratio is stated through the following theorem.

Theorem 1. [61] (Relationship between correlation and correlation ratio)

If A and B be random variables and the mean and variance of B exist, we have

©a(B) = 8(1;%3 |Corr [B, g(A)]

where g runs over all Borel-measurable real functions such that the mean and variance
of g(A) exist. Equality stands in the above expression if and only if g(a) = S1E [B|A =

a| + By where By # 0 and Py are constants.

When we recall our definition of VB sensitivity shown in (2.2), it is clear that
n; = Ox,(Y). Loosely speaking, VB sensitivity can be regarded as how closely Y and

X, resemble a functional relationship.

Remark 2. Let us now discuss how Theorem 1 relates to SA. Consider the linear

model, Y = (TX where { € R? and Y and X follow their standard definitions.
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Without loss of generality, we take the conditional expectation with respect to the i

mput.
d
EY|X; =a]] = lix] + Y _GEXG|IX; =2]]; i # (2.8)
j=1
We can rearrange to obtain
=BV [Xi=all+e e=— > GE[XX; = ] (2.9)
‘ it

Consider the condition for attaining the upper bound in Theorem 1. If € is not a
function of x¥, then g is the identity function and n; = |Corr [Y, X;]|. Indeed, this is
the case when X is independent. This observation has also been made by McKay but

its derivation differs from the one presented here [48].

In sum, |Corr (Y, X;)| can be computed in place of n; for a linear model with
independent inputs. Suppose that it is not feasible to analytically derive sensitivity
for a linear model and we must rely upon MC methods. How does the cost of n; and
|Corr [Y, X;]| differ? The correlation between an input and the output only requires
a single-loop MC simulation (N runs). From Table 2.1, it is clear that the cost of
n; will always be a function of the number of inputs. Hence, using |Corr [Y, X;]| is a
much more economical option when d is large.

Recall that correlation measures the degree of linear dependence between two
random variables. Clearly, in the case of linear models with independent inputs, Y
and X; are scattered around a line and correlation is sufficient for measuring this
relationship. Consider the case where the model contains nonlinearities. Potentially,
Y and X; is no longer scattered around a line. Could correlation be modified to

measure nonlinear relationships? A natural modification would be to use Spearman’s
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correlation in place of Pearson’s correlation [22]. Note that Spearman’s correlation
is a more generalized form of correlation. Its use would assumes that Y and X, are
scattered around a monotonic function and not a line [12]. However, we feel that
this assumption is too strong for Spearman’s correlation to be used as a sensitivity
measure.

The notion of correlation can be generalized further. Instead of using a line or a
monotonic function, dependence can be measured with respect to an arbitrary curve

in R2. We will refer to this form of correlation as nonlinear correlation.

2.4.2 Theory of Nonlinear Correlation

The theory of nonlinear correlation was established by Delicado and Smrekar [9]. An
overview of the theory will be presented here. Define the curve ¢ : Z C R + R? which
is at least continuous first-order differentiable and does not intersect with itself. Let ¢
be parametrized by arc length, that is, ||¢/(s)|| = 1 Vs € Z. This curve will be referred
to as a generating curve. Define v(s) as a unitary vector field which is orthogonal to
¢, that is, ¢(s)Tv(s) = 0 Vs € Z. The generating curve and this vector field are joined
through . where x.: Z x R — R? and is of the form y.(s,t) = c(s) + tv(s).

A point in R? can be represented using an ordered pair, (s,,t,), and x.. Now
consider this ordered pair to be a bivariate random vector, [S, T|, which will be called
the generating random vector. The PDF of the generating random vector is h(S,T)
and has a support of A where A C Z x R. h is subject to two conditions; E [T']|S =
s] = 0 and Var [S] > Var [T|S = s] V s € Z. We stipulate that x. : A — x.(A) is a

bijective mapping. The machinery is in place to state the following definition.

Definition 1. [9] Consider A and B to be random variables. Define this vector
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Figure 2.7: A bivariate random vector relative to a generating curve

by [A, B] = x.(S,T) : A~ R?. We say that [A, B] is distributed along c(Z). A

wisualization of this definition is shown in Figure 2.7.

We now review some results from Principal Components Analysis (PCA) which
will lay the framework for defining nonlinear correlation. The covariance matrix of
the random vector, [A, B], will be denoted by ¥. Its spectral decomposition is as

follows
T

cosa —sina &0 cosa —sina
Y — ;o G286 (2.10)

sina  cosa 0 &| [sina  cosa

[cosa sina]? and [—sina cosal? are the first and second principal components,
respectively. « is the angle between the first principal component and the horizontal
axis. Without loss of generality, we will assume that the first principal component
exists in the first quadrant, that is, o € [0, 7/2]. & is the variance of the i*! principal

component. The variances and covariance of [A, B] can be represented in terms of its
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principal components.

Var[A] = & cos’a+ &sin®a
Var [B] = & sin®a+ & cos’ a (2.11)
Cov]A,B] = (& —&)cosasina

In traditional PCA, the principal components are centred at the mean of the
data. Now consider performing PCA around a point on the generating curve, ¢(s*)
where s* € Z. At this point, the principal components are scalar multiples of ¢/(s*)
and v(s*). When recalling our assumption regarding the generating random vector,
Var [S] > Var [T'|S = s], and that & > & in traditional PCA, the following definitions

should be natural.

Definition 2. [9] Let [A, B] be distributed along the curve ¢(Z) with [S,T] as the
generating random vector. Take o(s) to be the angle between ¢ (s) and the horizontal

axis. Define the local variance of A and B by

0% (s) = Var[S]cos®a(s) + Var[T|S = s]sin? a(s)

0% (s) = Var[S]sin?a(s) + Var[T|S = s] cos? a(s)
Local covariance is defined by

g (s) = (Var [S] — Var [T|S = s]) cos a(s) sin a(s)
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Local correlation is defined by

assuming that 03" (s)o" (s) # 0.

We now define global correlation, which aggregates local correlation through the

expectation operator.

Definition 3. [9] In the context of Definition 2, nonlinear correlation is defined by

D=

NLCorr (A, B] = (E [(p5(S))*])?; NLCorr [A, B] € [0,1]

provided that Prob {c%" (S)o%" (S) #0} = 1.

Given its definition, p% 5 (s*) and ¢/(s*) will have the same sign. Squaring p% 5 (5)
circumvents any cancellation that may occur when the expectation is taken. The
condition Prob {o%"(5)o%" (S) # 0} = 1 voids any ¢(Z) with horizontal or vertical

line segments.

2.4.3 Nonlinear Correlation as a Measure of Sensitivity

Now that the theory of nonlinear correlation has been established, let us return to
our original goal. Recall that Theorem 1 shows how 7; is a measure of dependence
between Y and X;. Furthermore, we established the conditions, namely linearity,
where 7; = |Corr [V, X;]|. Often SA is performed on models which are far from linear.
Clearly, |Corr [Y, X;]| is not appropriate in these situations. We propose measuring

the dependence between Y and X; using nonlinear correlation. The value which is
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computed is used to signify sensitivity. Formally, we will define this sensitivity as
1; = NLCorr [Y, X;] and we will name it Correlation-Based (CB) Sensitivity. Note
that like the other forms of sensitivity which we have discussed, v; is also contained
on [0, 1].

This new form of sensitivity is advantageous on several fronts. We are not required
to condition the input vector and so the brute-force approach is no longer necessary.
Furthermore, in light of Remark 3, we are not required to assume the inputs are
normally distributed. This point motivates the third chapter of this thesis. Finally,
we will soon see that the computation time of CB sensitivity is significantly less than

that of VB and MF sensitivity.

2.4.4 Computation of ¢

The necessary data can be generated using a single-loop MC simulation. The output
samples generated forms one data set. The other data set is the samples of the *®
input used to generate said output data. Recall in this new definition of sensitivity,
we are simply measuring the dependence between these two data sets.

After reviewing the theory, one will note that the most pressing issue is finding
the generating curve. A principal curve is a curve which passes through the middle
of a data cloud. Delicado and Smrekar recommend that a principal curve used as the
generating curve [9]. In the original work, two methods were demonstrated for fitting
principal curves. Of these methods, we have opted to use the algorithm developed
by Hastie and Struetzle [24]. Figure 2.8 illustrates the notion of principal curves
using data from our motivating example. Delicado has made the code (written in

R) for estimating ¢; publicly available [8]. It should be consulted for supplementary
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information. As with the other two forms of sensitivity, a plot similar to Figure 2.5

should be used to ensure that N is sufficiently large.

2.5 Input Codependencies and SA

2.5.1 Past Work

If an analysis is to be based upon VB sensitivities, then the brute-force approach is
required when input codependencies are present [72]. Several strategies have been
proposed to avoid this path. The same idea underlies all of these strategies. Consider
the input vector, X, to have codependencies. Suppose that a transformation called
T exists where T : R — R? and for Z = T'(X), Z is an independent random vector.
Assuming that T is invertible, we can compute the sensitivity with respect to Z where
Y = f(T-Y(Z)). Because Z is independent, the brute-force approach is unnecessary.

Strategies of this nature differ in their construction of T'. Jacques et al. suggested
that inputs be grouped such that the resulting groupings are independent [32]. SA is
then performed on said groupings. This approach has limited applicability because
a relatively sparse correlation matrix is required for these groupings to be realized.
Reilly proposed that PCA be applied to the inputs and the SA be performed on the
principal components [60]. In other words, T is the inverse of the eigenbasis of the
correlation matrix of X. Mara and Tarantola presented a similar strategy but the
Gram-Schmidt process acts as T [45].

The PCA-based and the Gram-Schmidt process-based strategies appear to be
viable options for circumventing the brute-force approach. However, the logic behind

these strategies is flawed. The goal of SA is to understand how the uncertainty of
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Figure 2.8: Principal curves (marked in red) fitted to data from the CP model
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X; (not Z;) manifests as uncertainty in Y. Computing the sensitivity with respect
to Z; is simply mathematically convenient. Because no assumptions can be made
about the model, it is impossible to relate the sensitivity of X; to the sensitivity of
Z;. Interpretations of the sensitivity of Z; accompany the above-mentioned strategies
but they are too convoluted to be of much practical use.

An alternative approach is to decompose the sensitivity of a given input into
independent and correlated contributions. Xu and Gertner used linear regression to
achieve this decomposition [74]. The decomposition proposed by Li et al. also relies
upon regression but splines are used to give added flexibility [40]. The fundamental
problem is that the success of this decomposition is tied to the appropriateness of the
regression model that is used. For example, Xu and Gertner’s method is valid as long
as the relationship between the output and inputs is approximately linear.

We can achieve the same effect as Xu and Gertner and Li et al. but in a more
straightforward fashion. We draw our inspiration from the very small computational
cost of CB sensitivities. Recall that an analysis based on VB/MF sensitivity costs
N X R x d where as CB sensitivities can be computed from only N runs. Consider
computing two sets of sensitivities; one where the inputs are independent and another
where input codependencies exist. If the SA were to be based upon CB sensitivities,
then 2N runs would be required. Note that this computational cost is very small
relative to the cost of one VB/MF sensitivity. The following definition will facilitate

analysis.

Definition 4. For a given input, let M be the sensitivity which has been calculated
assuming input codependencies exist. For the same input, let M, be the sensitivity

which was calculated under the assumption of independent inputs. We can define
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Relative Change in Sensitivity by

The type of sensitivity used for M and M, must be the same. A large RCS corresponds

to an input where codependencies have a significant influence on its sensitivity.

RCS will be used to assess the CP model at the end of this chapter and then again
on the Williams-Otto Plant in Chapter 4. Before addressing these more complex
models, let us consider a simple model to gain some intuition into the effects of

codependency on SA.

2.5.2 SA of a Linear-Quadratic Model

Consider the Linear-Quadratic (LQ) model
Y =X + XTQX (2.12)

where £ € R? Q € R Q = QT and X ~ Ny(0,%). We will begin by deriving
the VB sensitivity of this model. Recall that the definition of VB sensitivity requires
that the output be conditioned on a specific input. If the inputs are independent,
then conditioning on one input will not influence any of the other input distributions.
However, if the inputs are dependent, the covariance matrix, ¥, ties the inputs to-
gether and conditioning must be propagated through a multivariate distribution. The

following theorem formalizes this notion.

Theorem 2. [11, p. 117] (Conditioning the Normal Distribution) Let X ~

Na(p,X). The mean vector is partitioned as p = [,ulT ,ug}T where p; € R and
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o € R. The covariance matriz is partitioned as

211 212
¥ —
Xl Yo

where Y13 € R&Xd=1 310 € R4 and $99 € R. When X is conditioned on its d™

element, the resulting distribution is

Yol — PP}
X|Xa = a3~ Na (Ml + Zralty — ) MQ); S - e 12)

Remark 3. Step 2 of the double-loop MC' simulation on page 12 can be facilitated
through Theorem 2. The use of this theorem requires that the inputs are assumed to
be normally distributed. There exist very few other multivariate distributions which
can be conditioned in a similar fashion [18]. For the sake of practicality, we will
assume that if VB or MF sensitivities are to be computed in the presence of input

codependencies, then the inputs must be assumed to be normally distributed.

In light of Theorem 2, the VB sensitivity with respect to the d™* input can be found.
The complete derivation can be found in Appendix A. Recalling that n; = V;/Var [Y],

the expression derived for n; can be generalized to the i*" input.

Var[Y] = 2trace ((QX)?) + ('S¢ (2.13)
d 2
V. = {640.._’_26.%}
i Y44 / JO'iz‘
7j=1
d d d oo 2
+{qii0i+221qij0ij+21;ij C]TZQZ } (214)
j= j=1 k=
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where ¢;; is the (i, ) element of Q, o2 = Var [X;], 0;; = Cov [X;, X;] and ¢ # j # k.
Yu and Harris have presented an expression for V; when the inputs are independent
and normally distributed [76]. Note that (2.14) matches the Yu-Harris expression if
we let 0,5 =0 Vi, 5 and @ # 7.

We will use two case studies to gain insight into the role which input codepen-
dencies influence SA. In the first case, we will consider a linear model (@ = 0) and
compare the three forms of sensitivity we have presented. Analytical expressions
for MF and CB sensitivities cannot be derived when the quadratic term is present.
Hence, in our second case study, we will investigate the role nonlinearities play in SA

using only VB sensitivities.

Case 1: Linear Model

Recall that from Remark 2, n; = |Corr [Y, X;]| provided that the model is linear in
the inputs and the inputs are independent. If a linear model is subject to input code-
pendencies, by Theorem 1, n; < |Corr [Y, X;]|. Is |Corr [Y, X;]| a good approximation

of n; in this case? From (2.13) and (2.14), we know that

d
n (TS ) 04 + JZI JO'“- ( 5)
It is trivial to show that
1
|Corr [Y, Xi]| = Yool | K| (2.16)

We must now identify where K can exist. If K € [—1,1], then n; < |Corr [Y, X;]| and
Theorem 1 is satisfied. If K ¢ [—1,1], then n; > |Corr [Y, X;|| and Theorem 1 is not

satisfied. Therefore, K must exist on [—1,1]. Because |K| and K? are relatively close
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to one another on this interval, we can consider n; ~ |Corr [V, X;]|.

What is the CB sensitivity of a linear model? The random vector [Y, X;] follows
a bivariate normal distribution which has a straight line as a generating curve. By
Proposition 1 of [9], it was established that under these conditions NLCorr [Y, X;] =
|Corr [Y, X;]|. Hence, CB sensitivity is an approximation of VB sensitivity for linear
models.

Let us now investigate how MF sensitivity relates to the other two forms of sensi-
tivity. Suppose that £ = [1 8]T where 3 € R and that each input follows a standard
normal distribution where p = Corr [X;, X5]. Borgonovo et al. have presented a
closed-form expression for ¢; which applies here [2]. A sensitivity with respect to a
given input can be viewed as a function of § and p. Figure 2.9 displays the contours
of these functions. Note that one set of contour plots has been shown for n; and
;. This set of plots is actually for n;. In light of the observation in the previous
paragraph, we know that the plots for 7; and v; are approximately the same.

At first glance, the contour plots for 7;/1; and §; show a strong resemblance. It
follows that a SA based upon any one of these three metrics would likely arrive at the
same conclusions. If we were to assume that the inputs are uncorrelated, then the
sensitivity of X, will always be greater the sensitivity of X; provided that |5| > 1.
The contour plots confirm this statement. What happens to the sensitivities as the
inputs become more correlated while assuming | 3| > 17 The sensitivities of X, remain
relatively invariant to changes in p. On the other hand, the sensitivities of X; increase
substantially as the inputs become more correlated. This observation will be further
discussed in Case 2.

Upon closer inspection, we see that shape of the two sets of contours are slightly
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Figure 2.9: Sensitivity contours of a simple linear form
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different. Consider the contour plots for the sensitivity of X;. For a sufficiently large
|B|, we see that as |p| approaches one, §; changes more rapidly than 7;/¢;. This
implies that ¢§; is more sensitive to changes in input correlation than ;/v;. If this
observation extends to the all types of models, then we should see a larger RCS (from
Definition 4) with respect to d; than n; or ;. The validity of this statement will
be addressed in the analyses of the CP model (at the end of this chapter) and the

Williams-Otto Plant (in Chapter 4).

Case 2: Bivariate LQ Model

From the previous case study, it is clear that several nice properties arise from a
linear model. In this case study, we will investigate if any of these properties are
preserved in the presence of nonlinearities. Again, we will assume that the inputs
follow a standard normal distribution and p = Corr [X;, X5|. From (2.14), we can

show that

Vi = (61 + lop)* + 2(qu + 2q12p + q22p*) (2.17)

Vo = (bo+01p)* + 2(qa2 + 2q12p + qu1p°)° (2.18)

Note that both V; and V5 are continuous with respect to p and

plig:ll ‘/1 - pl—lgzll sz — pli}:rl:ll = pli}:rtll 2 (219)
Therefore, when the inputs are perfectly correlated | — n2| = 0. This statement

should be intuitive. Recall that perfect correlation implies Xy = (1 X; + 5, where

B, and 7 # 0 are scalars and p = sgn (). At this point, the model has only one
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stochastic input and both 7n; and 7, are measuring the sensitivity with respect to this
input. By virtue of the continuity of 7; as a function or p, we can state that |n; — 7|
will be small when the inputs are highly correlated. Note that this logic can also be
applied to the linear model in the previous case study.

We will visualize this concept using numerical examples. Let £ = [1 3/2]" and

1 1/2 1 1/2
Q1= and Q2 =

1/2 2/3 1/2 3/2
that is, we are considering two LQ models which differ by the ) matrix which is
used. Figure 2.10 displays the VB sensitivities for each model as a function of input
correlation. Observe that the loci of 7; and 7, are attracted to one another as |p|
increases and at p = £1 the loci converge to the same value. One might presume that
the attraction between n; and 7, will weaken as the inputs become less correlated.
This logic implies that the graphs in Figure 2.10 should be symmetric about p = 0.
Clearly, this is not the case, thus the loci of n; and 7, can experience repulsion as
well. It follows that we can not make any generalizations about the sensitivities of
two inputs for low and intermediate levels of correlation. However, there is evidence
to suggest that the difference between the sensitivities of two inputs will be small if

they are highly correlated.

Up to this point, we have thought of sensitivity as a function of input correlation.
A more important issue is how does input correlation influence the interpretation of
sensitivity? Using Theorem 1, we have offered one interpretation of VB sensitivity
which led us to introduce a new sensitivity measure. Here, we offer a second in-

terpretation which facilitates the comparison of two VB sensitivities. We begin by
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Figure 2.10: 7; as a function of p for the two LQ models. The solid line corresponds
to 1 and the dashed line corresponds to 7.

defining
Vi—V,
Var [Y]

By the Law of Total Variance [73, p. 385, Var[Y]| = E[Var [Y|X; = X/]] — Vi, we

can rearrange to obtain

E[Var [Y|X; = X{| — E[Var [Y|X; = X}]]

b= Var [Y]

(2.21)

Suppose that D > 0. This implies that if we were to know the true value of X5, we
would see a greater reduction in the output variance than if we were know the true
value of Xs. In other words, X is more sensitive than Xs. |D| indicates the extent of
this difference in variance reduction. From Figure 2.10, it is clear that |D| can change
substantially with input correlation. For the Q3 model, the sign of D indicates that
X, will always be more sensitive than X;. For the )1 model, this statement is not

always true because X is more sensitive then Xy approximately when p € [0.1,1].
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This example demonstrates that accounting for input codependencies is critical.
We will now examine the interplay between input correlation and the nonlinear

term in the model. Let us define the ratio of sensitivities by

y
r-mn_21

=T (2.22)

If we were to only consider the linear component of the model, I'y, then

61 + 62,0)2
I'y=(—-— 2.23
¢ (62 + flp ( )

We can define a similar term for the quadratic component of the model.

2\ 2

@22 + 2qr2p + q119?

We can now express I' as a convex combination of I'y and I'g.
F'=aly+(1—-a)lg; ac]0,]1] (2.25)

If the mixing parameter, «, is close to zero, then the quadratic term has significant
influence on the SA. If « is close to one, then the linear term dominates. Figure
2.11 displays « as a function of p for the two LQ models. Two points can be made
regarding this figure.

First, we see that the mixing parameter for the (); model is always greater than
the Q2 model. Note that the only difference between the (1 and )3 matrices is that
the (2,2) element has been inverted. Because this element is larger in the () matrix,

the quadratic term has a greater effect on the model output relative to the linear
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Figure 2.11: The role of the quadratic term in the LQ model. The solid line corre-
sponds to the (); model. The dashed line corresponds to the () model.

term. Hence, the mixing parameter for the ()2 model will always remain relatively
small.

Second, we see a substantial departure from linearity when the inputs are highly
correlated. In the previous case study, we showed that n; ~ |Corr [Y, X;]| for linear
models. This approximation can no longer be considered to be valid. This discrepancy
between n; and |Corr [Y, X;]| is a result of [Y, X;] no longer following a bivariate normal
distribution. We believe that the generality of nonlinear correlation should allow for
CB sensitivity to perform well when inputs are highly correlated. By perform well,
we mean that the conclusions drawn from the SA based upon ; should mirror those
of m; and ¢;. We will now test this statement by performing a formal SA on our

motivating example.
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2.5.3 SA of the Controller Performance Model

At the beginning of this chapter, we introduced the idea of SA using the CP model.
We performed a preliminary SA analysis which was simply based around our intuition.
Assuming independent inputs, we concluded that the plant gains (/, and K,) largely
dictate the controller performance while dead time () has minimal influence. Let us
see if these initial findings concur with the more reformed definitions of sensitivity.

A double-loop MC simulation was run to generate the samples required for VB and
MF sensitivities (N = 1000 and R = 400). The same N was used for the single-loop
MC simulation which generated the samples required for CB sensitivity. The output
was deemed to be log-normally distributed for the computation of MF sensitivities.
Table 2.2 displays the computed sensitivities. For each form of sensitivity, there is an
Independence Assumed (IA) column and a RCS (from Definition 4) column.

We will begin by considering the case of independent inputs. It is incorrect to
compare 17;, 6; and ;. Fach form of sensitivity is scaled differently. By Remark 1, we
know that the sum of the IA column for VB sensitivities must be less than or equal
to one. Furthermore, the sum of all ; is 0.9776 which suggests that the higher-order
effects are small. The definitions of MF and CB sensitivities means that the sum of
their TA columns must be less than or equal to d, which is three in this case. All
three forms of sensitivity assign large values for K, and K; and small values for 6.
The same conclusions are reached, regardless of the type of sensitivity used. And so
the three types of sensitivity are equivalent from a diagnostic standpoint. Note that
these findings are in agreement with the preliminary analysis from the beginning of

this chapter.
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Table 2.2: Sensitivities of the CP model

i 0; Y;

Input IA RCS IA RCS IA RCS
K, |0.5751 -0.0136 | 0.3023 0.0458 | 0.7486 -0.0527
Ky | 04015 -0.1623 | 0.2928 0.0351 | 0.6771 -0.0622

0 0.0010 238.8164 | 0.0215 9.6644 | 0.0463 9.7297

Are the sensitivities we have computed consistent from a control systems perspec-
tive? We will use a frequency domain approach to gain insight into the stability of
the system. In short, we will examine what happens to the output signal when a
sinusoidal signal is applied to the nominal system. Again, for the sake of brevity,
we will not go into depth explaining the underlying theory here. A supplemental
reference, such as [52], can be consulted for details. Our analysis will hinge upon two
quantities; phase margin (PM) and gain margin(GM). A small phase (gain) margin
indicates that only a small amount of dead time (gain) can be added to the process
before it is destabilized. A rule of thumb is that systems where 30° > PM > 60° and
GM > 6 dB yield satisfactory performance [52, p.565].

Referring back to Figure 2.1, suppose that the sinusoidal signal is applied at R(s)
and D(s) = 0. We find that PM = 61.4° and GM = 9.94 dB and correspond to
0 and K, respectively. Hence, we deem the nominal performance of the system to
be satisfactory. We see that K, can be increased only a small amount before the
system will perform poorly while # has more leeway. Now consider this system in a
stochastic sense; that is, as it was posed in Chapter 2. We could obtain a GM which
results in poor system performance. A significant departure from the nominal dead
time (which is unlikely) would be required to result in poor performance. Therefore,

controller performance is more sensitive to K, than ¢ which concurs with the findings



CHAPTER 2. GLOBAL SENSITIVITY ANALYSIS 43

of our SA.

Making a statement about K, is more challenging. The use of PM and GM is no
longer appropriate. Instead of viewing K, as a gain, view it as the magnitude of the
disturbance entering the system. A large disturbance will result in a large performance
index; that is, K, directly influences the output of the model. Therefore, controller
performance is very sensitive to Ky which is reflected in the sensitivities of Table 2.2.

We will now consider the effects of a codependency in the inputs on SA. Again,
we will assume that the inputs are normally distributed but we also specify that
Corr [K4, 0] = 0.8. The same set of MC simulations was run again but using the new
input distribution. The RCS for each input and type of sensitivity is displayed in
Table 2.2. Rerunning the simulation for when input correlation exists is impractical
in the case of VB and MF sensitivities. However, here the simulations have been run
so that we can compare the RCSs for the three types of sensitivity.

Recall that RCS measures the extent to which input codependencies induce a
change in sensitivity. We see that the RCS of K, and K, is relatively small for all
forms of sensitivity. On the other hand, # has a large RCS in all three cases. In
the case studies, we demonstrated that when two inputs are highly correlated, the
difference in sensitivity between the two inputs will be small. Because the model is
already very sensitive to K, input correlation caused the sensitivity with respect to
to be large. Notice that the RCS for the VB sensitivity is substantially larger than the
other two forms of sensitivity. This is evidence that VB sensitivity is more sensitive
to changes in correlation. In the case study of the linear model, we stated that the
MF sensitivity was the most sensitive to changes in correlation. This contradiction

illustrates that one type of sensitivity can behave differently depending on the model



CHAPTER 2. GLOBAL SENSITIVITY ANALYSIS 44

being analysed.

As with the independent case, we must consider RCS from a control systems
perspective. In the independent case, we showed that there is an inherent relationship
between dead time and controller performance. Specifically, as dead time is increased,
the system performance deteriorates. Moreover, we showed that K; dictates the size
of the disturbance. There is a strong positive relationship between 6 and Ky. In other
words, the system will frequently encounter large disturbances with large dead times
and give rise to poor performance. The converse of this statement is also true. Dead
time plays a more important role in dictating controller performance than it did in
the independent case. Hence, it should receive a larger sensitivity which is reflected
in the RCS.

Let us now give some perspective into the computational cost of the analysis.
The simulations were constructed in Matlab®) and ran on a Toshiba Tecra®) laptop
computer with 4.00 GB of RAM and 2.70 GHz dual-core Intel processor. No paral-
lelization schemes were used. The double-loop MC simulation required for VB and
MF sensitivities took approximately 22 hours of computation time. The single-loop
simulation required for CB sensitivity took only 1 minute and 10 seconds. The stag-
gering difference in computation time makes CB sensitivity a much more favourable

option for SA.

Summary

Two ideas are at the core of this chapter. First, the interpretation of sensitivity be-

comes more difficult in the presence of input codependencies. Dependence causes the
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sensitivity of a given input to be influenced by other components of the input vec-
tor. Second, the notion of sensitivity can be realized through a variety of definitions.
How one chooses to define sensitivity directly influences how the simulation must be
structured. VB and MF sensitivities requires the execution of multiple double-loop
MC simulations. By Remark 3, we must also assume that the inputs are normally
distributed when these sensitivity measures are used. The measure which we have
proposed (CB sensitivity) is not subject to this limitation because it only requires the
use of one single-loop MC simulation. Hence, we have much more flexibility with how
the inputs can be modelled. In the following chapter, we present a flexible approach
to modelling variates with codependencies. When we couple this approach with CB

sensitivity, a general methodology with a small computational burden is obtained.



Chapter 3

Generating Codependent Samples

In the previous chapter, we introduced three types of sensitivity and contrasted them
using a linear model and the CP model. We showed that a SA would arrive at the
same conclusions, regardless of the type of sensitivity used. However, there is a sub-
stantial difference in computational cost when input codependencies are present. An
analysis based upon VB/MF sensitivities requires that d double-loop MC simulations
be executed where d is the number of inputs. If CB sensitivities are used instead,
then all sensitivities can be calculated from one single-loop MC simulation.

The single-loop simulation has a decisive computational advantage over the brute-
force method. There is one more advantage to using a single-loop MC simulation for
SA; namely, that conditional sampling is not required. A double-loop MC simulation
makes use of samples from the distribution, X|X; = . In light of Remark 3,
a practitioner is inclined to assume that the inputs follow a multivariate normal
distribution. For each input, its mean and variance must be specified in addition to
a correlation matrix which encodes the joint behaviour of the random vector.

Suppose that a SA is to be based upon CB sensitivities. Is assuming normality

46
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in the inputs the best course of action? The examples in Chapter 2 utilized the
multivariate normal distribution for convenience. In some cases, we could find closed-
form expressions through simple algebraic manipulations. These manipulations are
not possible on most models and so MC methods facilitate analysis. Now there is
no longer any benefit to assuming that the inputs are normally distributed. In sum,
provided that we can generate input samples to feed into the model, then a single-loop
MC simulation can be executed.

In this chapter, we will address the sampling of variates with codependencies.
First, we will discuss the traditional method where samples are drawn from the mul-
tivariate normal distribution. An inherent limitation with this method will be high-
lighted at this time. Second, alternative methods which are more flexible that the
former are discussed. Finally, we present a contemporary sampling method which is
based upon copulas. The flexibility of this method makes it ideal for SA based upon

CB sensitivities.

3.1 The Assumption of Normality

We will begin by presenting the machinery needed to generate samples from the
multivariate normal distribution. It will be assumed that the computing environment
we are working in can generate a random sample which is uniformly distributed on
[0,1]. Draw d of these samples and arrange them into a vector. Call this vector, T

We now state the following theorem.

Theorem 3. [15] (Probability Integral Transform) Suppose that W is a contin-
uwous univariate random variable with a CDF denoted by F;. The variate defined by

T, = F(W;) is uniformly distributed on [0, 1], that is T; ~ U0, 1].
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By this theorem, we can transform 7' into a random vector, W, through W; =
F7Y(T;), where W; follows an arbitrary continuous univariate distribution. Note that
the elements of W are independent. Suppose we wish to generate samples from a
multivariate normal distribution. Without loss of generality, we will assume that
we are working with standardized variates. Let us denote the CDF of the standard
normal distribution by ®. The vector Z' where Z! = ®!(V}) is independent and

normally distributed. The following theorem can be used to produce a correlated

random vector.

Theorem 4. [35] (Generating Correlated Samples) Take II to be a correlation
matriz. Denote its Cholesky decomposition by I1 = LT L where L is an upper trian-

gular matriz. If Z' ~ Ny(0,1), then Z ~ Ny(0,11) where Z = LZ".

In sum, the above strategy can be used to generate d-dimensional samples from a
multivariate normal distribution. As an illustration, we have generated 1000 samples
from a standard bivariate distribution which we have specified Corr [Z;, Z5] = —0.7.
Figure 3.1 displays these samples in a scatter plot. Histograms flank each axis to
illustrate the marginal behaviour of each variate. In the lower left-hand corner the
sample Pearson’s correlation and sample Spearman’s correlation are displayed.

Let us clarify one point regarding nomenclature. Previously, all mentions of cor-
relation are referring to Pearson’s correlation. Suppose that we have two sample sets.
Pearson’s correlation measures the correlation of the raw scores of the data. If we
were to first rank each sample set and then calculate the correlation of the ranks,
the value which we calculate is Spearman’s correlation. We recommend [12] for a
thorough examination of these two dependence measures. The dependence measures

which are presented with each set of samples will be addressed in Section 3.4. From
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Pearson's = -0.7035
Spearman's= -0.6974

Figure 3.1: 1000 samples from a standard bivariate normal distribution, correlation=-
0.7
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this point forward, if we do not specify the type of correlation, then it is assumed
that we are referencing Pearson’s correlation.

Symmetry is a notable feature of Figure 3.1. Specifically, we see that the marginals
are symmetric about their means. A well-known property of the normal distribution is
that its skewness is zero. Suppose we wish to model a random vector which has some
elements with skewness far from zero. Clearly, the multivariate normal distribution
is inappropriate for this task. And so the traditional multivariate sampling protocol
gives a practitioner very little latitude. This shortcoming has driven the development

of other sampling protocols.

3.2 Generating Non-normal Samples

In the previous section, we showed that by applying a set of transformations to an
initial sample, we can obtain samples from the multivariate normal distribution. In
1978, Johnson and Ramberg proposed the further transformation of normally dis-
tributed samples [33]. Specifically, the normal random vector which we have called
7 is transformed such that the transformed vector follows a non-normal distribution.
This distribution must come from a class of distributions defined in [34]. The chal-
lenge with strategy is choosing the mean vector and the covariance matrix of Z such
that the non-normal sample exhibits the desired behaviour. The novelty of the 1978
work is that relationships between the parameters of the normal distribution and the
parameters of the non-normal distribution were derived. Hence, a practitioner can
control the behaviour of the non-normal sample. However, the major drawback of this
algorithm is its lack of generality. Only two non-normal distributions were presented

in this work. This is due to the difficulty surrounding the derivation of the parameter
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relationships.

In 1982, Iman and Conover presented an algorithm which avoids using transfor-
mation to induce dependence in the sample set [30]. Two types of inputs are required
from the user. Each element of the random vector is assigned a univariate distribution
which is the desired marginal distribution. A Spearman’s correlation for each pair of
variates must also be supplied. N samples are drawn from each marginal distribution
and arranged into a vector. Theorem 3 can be used to facilitate this step. Note
that this set of sample vectors are uncorrelated. The algorithm reorders the sample
vectors such that the generated data approximates the user-specified Spearman’s cor-
relations. While this algorithm is simple to implement, it has been criticized for its
ad hoc nature [13]. However, because of its novelty at the time, the Iman-Conover
algorithm has largely been embraced by the simulations community [49].

Copulas provide a flexible framework for specifying multivariate distributions. In
the following section, we present a contemporary sampling algorithm which uses a
copula. By contemporary, we mean that most publications presenting algorithms
of this nature date back to the late 1990’s. Preliminary copula theory had been
established by the 1950’s. Why was there such a delay in the simulations commu-
nity adopting copulas? Prior to this point, practitioners were largely content using
multivariate distributions, in particular, the multivariate normal distribution. In the
1980’s, financial markets were in the middle of a revolution. In short, markets were be-
coming increasingly complex and mathematicians were being employed to model said
markets. Mandelbrot had established that prices in general do not follow a normal
distribution [44]. This trend extends to many other financial variables. Researchers

now had a large amount of incentive to develop copula technologies. As a result,
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there was a large spike in the number of publications related to this topic around this
time [20]. Copula-based sampling arose from this movement but the Iman-Conover

algorithm already had already achieved a foothold in simulation at this time.

3.3 Copula-based Sampling

This section has been divided into two parts. In the first part, we illustrate the
flexibility of copula-based sampling through an example. This example will form the

basis of the discussion of the theory in the second part of this section.

3.3.1 An Example

The method which we are about to implement has been presented in several works
[4, 6, 41, 43]. An interesting note is that only the first two references describe this
algorithm in terms of copulas. The first two references have more ad hoc presentations
of the algorithm. Copula-based sampling bears a closer resemblance to the Johnson-
Ramberg algorithm than the Iman-Conover algorithm. The Z samples (as described
in Section 3.1) are being further transformed to have arbitrary marginal behaviours.

We begin by defining a random vector by
Ui=®1(Z) fori=1,2 (3.1)

This transformation is then applied to the samples used to construct Figure 3.1. The
new scatter plot is displayed in Figure 3.2. By Theorem 3, we know that U; should
be uniformly distributed. Indeed, this statement is confirmed when we inspect the

accompanying histograms.
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Pearson's = -0.6935
Spearman's= -0.6974

Figure 3.2: 1000 samples from a normal copula

53
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We apply Theorem 3 yet again in the definition of the following random vector.

Ay = F7HU;) for i = 1,2 (3.2)

)

The marginal behaviour of the i*® component is dictated by the choice of F;. For
example, let F; be CDF of a beta distribution (o« = 8 = 0.5) and F; be the CDF
of a normal distribution (1 = 2, 0% = 2). Note that all parametrizations in this
section are the same as in their respective Matlab® functions. Figure 3.3 displays
the samples of A which were generated through the transformation of the samples
in Figure 3.2. Observe that the marginal behaviour, as indicated by the histograms,
behaves as expected.

For the purpose of comparison, we will define another bivariate random vector
called B. It will be defined in the same fashion as in (3.2) but where F} is the CDF of
an exponential distribution (A = 1) and F; is the CDF of a chi-squared distribution
(v = 5). The samples are displayed in Figure 3.4. Again, we see that the marginal
behaviours of each variate is as expected.

In sum, this series of transformations (Z to U to A or B) has allowed us to
generate two different sample sets with codependencies. The marginal behaviour of
these sample sets was dictated through the choice of F;. Recall that when assuming
normality, we are forcing the samples to be symmetric about their mean. In the
case of A, there is also symmetry about the mean but the marginals are clearly non-
normal. In the case of B, the marginals are clearly asymmetric. This illustrates how
copula-based sampling is more flexible than traditional sampling. In the remainder

of this chapter, we will present the framework which underpins this method.
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Pearson's = -0.6861
Spearman's= -0.6974

Figure 3.3: 1000 samples (of A) generated using a normal copula and symmetric
marginals



CHAPTER 3. GENERATING CODEPENDENT SAMPLES 56

Pearson's = -0.5535
Spearman's= -0.6974

Figure 3.4: 1000 samples (of B) generated using a normal copula and asymmetric
marginals
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3.3.2 Theory of Copulas

In our example, we generated samples from two random vectors, A and B. Both of
these vectors were defined through the transformation of U. How does one define the
distribution of U? We considered the bivariate case in our example but let us consider
the general case of d variates here. Recall that U arises from the transformation of
Z, specifically, U; = ®(Z;). Let us denote the d-dimensional standard normal CDF

with correlation matrix, II, by ®. It is obvious that the CDF of U is

Cluy,...,ug) = Pa(® H(uy),..., 0 (uy)) (3.3)

The above equation is the definition of the normal copula [10]. Obviously, “normal”
comes from the multivariate distribution which it is based upon. This is one example
of a broad class of functions. We will formalize the notion of a copula shortly but
let us first offer an interpretation of this function. We begin by defining the random
vector X where X; = F; '(U;). Only the marginal behaviours of X are specified in
this definition. Clearly, the joint behaviour of X is dictated by the joint behaviour
of U. We know that U must exist within the unit cube, [0,1]¢. The copula function
characterizes how U is distributed within this cube. Therefore, copulas provide the
means for a practitioner to treat the marginal and joint behaviours of X separately.

Let us now define this notion in a more rigorous sense by posing two questions.

1. What is a copula?

2. How can a copula be used to define X7

The concept of a copula was first expressed in Hoeffding’s 1940 Ph.D. dissertation.

The fundamentals of bivariate copula theory were established and three papers arose
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from this dissertation [26]. All three articles were written in German and two were
published in little-known journals [14]. Therefore, the content was largely inaccessible
to the statistics community. The idea of a copula was separately developed by Fréchet
in 1951 [16]. The following theorem, which bears the name of both authors, answers

Question 1.

Theorem 5. [16, 26/ (Fréchet-Hoeffding Bounds) Let M%(uy, ..., ug) = min {uy, . ..

and W(uy, ... ug) = max {1 —d+ 0w, 0}. Any function, C : [0,1]¢ — [0,1]

which satisfies the bounds
Whuy, ... ug) < COlug, ... ug) < M%uy, ..., uq)

18 a copula.

Note that there are some technicalities surrounding the lower bound, W<. These
issues are beyond the scope of this work but they have been addressed by Nelsen [51,
p.42].

Now consider Question 2. In Sklar’s 1959 paper, the term copula is coined which
is a Latin noun for “link”. Moreover, a theorem is presented which shows how copulas
can be used to construct/decompose multivariate distributions [70]. This theorem is

as follows.

Theorem 6. [70/ (Sklar’s Theorem) Take X,..., Xy to be continuous variates.
Let F; be the marginal CDF of the i variate. Let H be the CDF of X. There exists

a unique copula, C, such that

H(zy,...,xq) = C(Fi(x1),..., Fy(xg)) Vz
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Conversely, given Fy,..., F; and C, H is a d-dimensional CDF with Fy,..., Fy as

marginal CDFs.

Remark 4. Recall that in Remark 3, we stated that the theory does not exist for
conditioning non-normal multivariate distributions. Patton has stated a theorem re-
sembling Theorem 6 for conditional copulas [54]. However, Patton acknowledged that
one cannot derive a conditional copula from an unconditioned copula. It follows that
copulas can only be applied to modelling inputs when a SA is based upon CB sensi-

tivities.

We have briefly presented two theorems which can be used for modelling variates
with codependencies. For a more thorough presentation of copulas, the standard
reference is [51]. If the reader prefers a reference for the uninitiated, we recommend
[19]. Copulas have been applied in a wide range of fields such as actuarial science [17],
finance [39] and reliability engineering [75]. To our knowledge, no one has applied
copulas in an SA setting.

Recall that we motivated this discussion by presenting a sampling algorithm which
uses a normal copula. From the generality of Theorem 5, it is clear many different
copulas can be derived. Indeed, probability theorists have generated a large library
of copulas which can be found in [51]. A different copula will induce a different joint
behaviour in X.

To illustrate this point, we will generate scatter plots similar to Figures 3.2-3.4.
However, the Clayton copula (as defined in [51, p.115]) which is parametrized by
6, will be used instead. We will distinguish these random vectors from the random

/

vectors based upon the normal copula by using the prime, Figures 3.5-3.7 are

the resulting plots where § = 5. Notice that the marginal behaviours, as indicated
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Pearson's= 0.8851
Spearman's= 0.8877

Figure 3.5: 1000 samples from a Clayton copula

through the histograms, are the same as in the case of the normal copula. The scatter
plot is a realization of the joint behaviour. When we compare the respective plots for
the two copulas we see contrasting joint behaviours.

We will restrict our attention to sampling based upon the normal copula in this
work. In other words, the sampling protocol shown in our example will be used. Our
reasoning is that the normal copula is well-suited for modelling X when d is large.
Many copulas are not as flexible. For example, the Clayton copula has only been
defined for when d = 2. Moreover, it can only accommodate positive dependence

structures. In closing, we believe that the normal copula is the best candidate for

SA.
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Pearson's= 0.8495
Spearman's= 0.8877

Figure 3.6: 1000 samples (of A’) generated using a Clayton copula and symmetric
marginals
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Pearson's= 0.6831
Spearman's= 0.8877

Figure 3.7: 1000 samples (of B’) generated using a Clayton copula and asymmetric
marginals
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3.4 A Problem

There is an inherent problem with generating samples based on the normal copula. We
will pose a solution in the following chapter but the problem will be formulated here.
Consider our example from earlier in this chapter (Figures 3.1-3.4). Notice that the
sample Spearman correlations remains the same and the sample Pearson correlation
becomes distorted with every transformation. Recall that Spearman’s correlation
is based upon ranks and not raw scores. The ranks of a sample set are invariant
to monotonically increasing transformations, which both F; and F; ' are. Hence,
Spearman’s correlation is invariant to the marginal behaviours of a bivariate random
vector. Copula theory formalizes this observation through the following identity [51,

p.167]. For the random vector [X;, X5|” with C' as a copula

ps(Xl,Xg) =12 // C(Ul,UQ) duldu2 -3 (34)
[0,1]2

where pg is Spearman’s correlation.

The problem is that sampling works in terms of Pearson’s correlation and not
Spearman’s correlation. When we generate samples of Z, (recall Z ~ Ny(0,11)), we
must specify the correlation matrix II. After applying the necessary transformations,
we arrive at X which has the correlation matrix . Note that X is simply a distorted
form of II.

Let us discuss distortion in the context of our example. Table 3.1 summarizes the
sample Pearson’s correlations. Begin by considering the transformations of Z to U
and Z to A. In both cases, we see only small changes in Pearson’s correlation; that is,

it only experiences a small amount of distortion. Upon examining the transformation
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Table 3.1: Distortion of Pearson’s correlation

Random Vector Sample Pearson’s correlation

Z -0.7035
U -0.6935
A -0.6861
B -0.5535

of Z to B, we see that the extent of distortion is more significant. What is different
in this case? Recall that the histograms of Figures 3.1-3.4 are a realization of the
marginal behaviours of the random vector. Notice that the marginals of U and A are
symmetric and the marginals of B are clearly not. Cario and Nelson have identified
that the symmetry of a PDF plays a large role in the extent of distortion [4]. We
will now briefly state their findings. If the marginal PDFs of X are symmetric (ie.
zero skewness), then IT will undergo little distortion and so II &~ ¥. On the other
hand, if the marginal PDFs of X have non-zero skewness, then II will be distorted to
a greater extent.

Li and Hammond have derived a relationship between the 7, j element of II and X
[41]. Hence, it is “possible” to back-calculate II from 3 but this requires substantial
computational effort. We say “possible” because while a “II” can be computed, there
is the potential for it not being able to be implemented. In the following chapter, we
characterize the correlation matrix through three requirements; the most challenging
of which is the positive semi-definite requirement. This requirement means that the
elements of II cannot be arbitrarily specified. The Li-Hammond method individually
calculates each element so it cannot ensure the positive semi-definite requirement.
This strategy may produce a valid II but Ghosh and Henderson have shown that the

probability of this happening goes down drastically as dimensionality increases [21].
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We propose the following strategy. A practitioner poses a correlation matrix in
terms of X and then assumes that II = Y. Samples of X can then be generated
using this assumption. To check that this assumption is appropriate, compute the
sample correlation matrix. If the match between this matrix and ¥ is satisfactory,
then proceed with the SA based upon CB sensitivity.

One step is required prior to executing this strategy. We have stated that > must
be positive semi-definite; that is, the elements of ¥ cannot be arbitrarily chosen.
Consider specifying a matrix, called i], which has all of the properties of a correla-
tion matrix with the exception of positive semi-definiteness. A practitioner does not
face restrictions when posing 5. In the next chapter, we will present an algorithm
which can compute a ¥ which approximates a given 5. Once this algorithm has
been executed, a practitioner can proceed with procedure outlined in the previous

paragraph.

Summary

In this chapter, we have shown how non-normal multivariate samples can be gen-
erated by the transformation of multivariate normal samples. This procedure gives
practitioners added flexibility in the modelling of the inputs for SA based upon CB
sensitivity. Copulas provide the mathematical framework which support this proce-

dure.



Chapter 4

Specifying a Correlation Matrix

In the previous chapter, we showed how copulas could be used to separate the marginal
and joint behaviours of a distribution. Furthermore, the normal copula was identified
as a powerful tool for modelling X when d is large. The codependencies between
variates is encoded in the correlation matrix. In the context of SA, a practitioner
must specify the correlation matrix based upon their knowledge of the inputs. A
correlation matrix, which we will denote by >, can be characterized by three points
[59].
1. The matrix is square symmetric with a unit diagonal.

2. The (7,7) element corresponds to Corr [X;, X;]. As a result, all off-diagonal

elements must be contained on [—1,1].

3. The matrix is positive semi-definite.

When d = 2, the off-diagonal element can be arbitrarily specified and all three points
are met. However, honouring the third point when d > 2 is complicated. The
elements cannot be arbitrarily chosen. To illustrate why this is the case, we perform

the following thought experiment.
66
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() (i) (i)

(2) (2) (2)
C C B

Figure 4.1: An illustration of how ¥ cannot be arbitrarily specified

Consider a trivariate random vector with its elements labelled as A, B and C.
Suppose that we make two assumptions. First, A and C are perfectly negatively
correlated. Second, B and C' are perfectly negatively correlated. Plots (i) and (i7)
of Figure 4.1 illustrate our assumptions. It follows that the correlation between A
and B must be perfect as well. What values of can the correlation of A and B take
on? Our main concern is the endpoints. Let us label these points as (1) and (2) in
Figure 4.1. We will use the following notation so that the extremal values of each
component can be distinguished. Taking A as an example, we define a’ = min(A)
and a¥ = max(A). The same notation is used for B and C. From our assumptions,
it is clear that (1) is [a¥, Y, c] and (2) is [a”,b", ¢V]. Now consider a plot of A and
B which is shown in (éi7). The endpoints have already been defined from our two
assumptions and have been labelled in the plot. In sum, we cannot arbitrarily choose
the correlation structure of a random vector. This idea is formalized through point
3.

A pseudo-correlation matrix, which we will denote by i, is a matrix which obeys

points 1 and 2 but not 3. Inconsistent structures can be encountered in practice.
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When estimating ., the off-diagonal elements are sample correlations. If the data is
noisy or pieces are missing, then the estimator may fail to meet the positive semi-
definite requirement. The challenge is to turn S into a valid correlation matrix. We
will refer to this operation as salvaging a correlation matriz. This problem has been
addressed in [3, 25, 36, 38, 50, 56, 57, 59, 69]. With regards to SA, a practitioner is
free to specify a pseudo-correlation matrix. This matrix can then be salvaged and
used in MC simulations.

Salvaging requires that the following optimization problem be solved.

minimize P(i, Y), X=q(0)
o (4.1)
subject to 6 < r(0)

where §# € R™, P : R¥™>4 x R4 3 R, ¢ : R™ s R¥>9 and r : R™ — R™. In
classical optimization, P is the cost function and 6 constitutes the decision variables.
In this work, we will refer to P as the proximity function as it is a better indication
of its meaning. The idea behind salvaging is to find the correlation matrix which is
“closest” to a given pseudo-correlation matrix. We will denote the solution of (4.1)
by X*.

Vector norms can be extended to matrices. For an arbitrary matrix, A, where

A € R™? the Frobenius norm is defined by
d d 3
= (330 (12)
i=1 j=1

This quantity could be interpreted as the “length” of A. If we were to take A = E—i,

then ||X — &||p is the distance between ¥ and &. Other matrix norms could be
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used but the Frobenius norm has several properties which has made it popular within
matrix-nearness literature. Suppose we desire to have a particular element of 5} match
up well to its corresponding element in ¥*. Weights need to be introduced into the
proximity function to realize this goal. Higham has established the Frobenius norm
to be opportune for this purpose [25]. What is more, this norm is invariant to changes
of basis. This property in particular facilitates the proximity function we will pose
later in this chapter.

The generality of the problem formulation lends itself to numerous interpretations.
A practitioner could state any proximity function they deem suitable. The challenge
lies in structuring ¢(#) and r(#) to produce a valid correlation matrix for any 6 in the
feasible set.

The earliest attempt at salvaging can be traced back to the work of Devlin et al.
in 1975. The idea starts by defining a target matrix, I', where I' € R%*¢ and a mixing
parameter, «, where a € [0, 1]. The mixing parameter is the equivalent to # in this
situation. The correlation matrix can be cast as convex combination of the target
matrix and the pseudo-correlation matrix, that is ¢(a) = o' + (1 — a)i. Originally,
a proximity function was posed and the optimization was carried out numerically.
However, in 2003, Ledoit and Wolf derived an analytical expression for the optimal
a when the Frobenius norm proximity function is used [38]. While this result looks
promising, the minimizer is dictated by I'. No concrete strategy for choosing I exists.

Modern salvaging strategies are based upon more sophisticated formulations. Larger
0 vectors are used in conjunction with more complex mappings to realize the neces-
sary ¥. For examples, we refer the reader to [3, 56, 77]. The ultimate goal is to design

an optimization scheme which renders rapid convergence when d is large. Authors
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reformulate (4.1) with two goals in mind. First, m must be kept small relative to
d. In optimization, convergence rate is exponentially related to the dimensionality
of the problem. Second, alternative formulations can provide easier access to objects
such as gradients and Hessians. In general, the calculation/approximation of these
objects comprises a large portion of the computational effort expended by the solver.
The details of many of these strategies are beyond the scope of this work.

This chapter will proceed as follows. First, we present a straightforward formu-
lation which can be coupled with a standard nonlinear optimization solver. Second,
we discuss a problem with using the proximity function based upon the Frobenius
norm. Third, we pose an modified proximity function which avoids this issue. MC

simulation is used to validate this claim.

4.1 Rebonato and Jackel’s Method [59]

Rebonato and Jackel have proposed two approaches for salvaging, namely, hyper-
sphere decomposition and spectral decomposition. Hypersphere decomposition de-
fines ¢(0) as a mapping between a d-dimensional sphere and . No 7(6) is required
which means the optimization problem is unconstrained. The choice of proximity
function is at the discretion of the practitioner. In spectral decomposition, the spec-
trum of ¥ is manually chosen to resemble the spectrum of 5. This approach has
no element of optimization. The authors have suggested that these algorithms could
be used in tandem. The nonlinear solver used on the hypersphere decomposition re-
quires an initial guess. Spectral decomposition can provide this guess at a relatively

low computational cost. This policy forms the foundation of our salvage algorithm.
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4.1.1 Finding an initial guess (Spectral Decomposition)

In this approach, the underlying idea is to place the eigenvalues of ¥ such that they

match up well to those of 5. Begin by performing an eigendecomposition on 5.
Ag = VIS5 (4.3)

where Vs is the eigenbasis of S and Ag is a diagonal matrix where (Ai)z = cig(D).

We now define another spectrum which is encoded in the diagonal matrix defined by

A (A - (Ag), if(Ag), 20 4)

0 if (Ag), <0

Recognize that all of the negative eigenvalues of the pseudo-correlation matrix have
been set to zero.

The initial guess for the nonlinear solver, 3J,, can be expressed through a Cholesky
decomposition. Formally, this is stated by ¥, = Bl B,. For a diagonal matrix A, the
Cholesky decomposition will be denoted by A = v/AV/A. For a moment, suppose we
define the Cholesky factor of the initial guess to be Ali V4. The resulting “correlation
matrix” would be positive semi-definite but not possess a unit diagonal. It follows
that the “correlation matrix” must be scaled up. We define

-1
T: 1T, =

Z (Vi)ij (A/i)j

J




CHAPTER 4. SPECIFYING A CORRELATION MATRIX 72

The Cholesky factor of the initial guess can now be defined by
B, = /ALVeVT (4.6)

For this initial guess to be implemented, we must solve for 6, where ¥, = BT B,
and B, = ¢(0,). Clearly, this mapping is nonlinear and numerical methods are
required. There is no need to solve this system to a high degree of accuracy. The
tolerances can be set relatively large so that an approximation of 8, can be obtained

in a reasonable amount of time.

4.1.2 Defining ¢(0) (Hypersphere Decomposition)

The mapping, ¢(f), can now be established. A correlation matrix can be expressed
as ¥ = BTB. The idea is to relate a point on the unit hypersphere to B. The angles
which define said point constitute 6. It follows that B = ¢(). Let us revamp our
definitions of 6 and ¢(f) to better fit the problem at hand. Let # € R¥(4=1) which

forces ¢ : R (@1 s R4 We define

cos 0;; Hj;lsineik forj=1,...,n—1
B: By= S (4.7)

L '
[T—; sin Oy, for j=n

Therefore, this approach uses d X (d — 1) decision variables. Several authors have
posed modifications to reduce this number [36, 57]. The transparency of the standard
approach has prompted us to avoid these alternatives.

Note that this problem formulation is nonconvex and so we have two options. We
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could expend a large amount of computational effort attempting to find a global min-
imum. Alternatively, we could find a local minimum at a much lower computational
cost. We have elected to use local minimizers for the following reasoning. It is under-
stood that X* is not precisely the 5 they specify. In short, the minimizer simply needs
to be close to 3. Expending a large amount of computational power to find a global
minimizer is unnecessary. The spectral decomposition provides a very good initial
guess. Hence, an algorithm which finds a local solution will converge in a fraction of
the time a global solver would require. This strategy may be particularly beneficial
when d is large. In this work, Matlab’s Trust-Region Reflective Algorithm was used
for both finding 6, and solving the optimization problem. Its default settings were

always used.

4.2 Issues with Salvaging

4.2.1 Not all 3 are created equal

Notice that we have stated the proximity function, P(i, Y)), such that it has two
inputs. First, the practitioner specifies S based upon their knowledge of the inputs.
Second, the salvage algorithm is ran to adjust ¥ such that it matches up well to 5.
Consider the impact of S} on this approach. It follows that some pseudo-correlation
matrices are easier to salvage. Alternatively, some proximity functions obtain a lower
optimal value than others.

What indicates the difficulty of a salvage? This question poses a dilemma. It is
typical to consider one or two test problems in optimization literature. A specific 5

translates to one proximity function and thus one problem. Here, a class of problems
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must be investigated. Recall that MC methods explore a given space through random
sampling. Suppose each off-diagonal element on one side of the diagonal is uniformly
distributed on [—1, 1]. A sample pseudo-correlation matrix can be formed by drawing
a sample for each element and arranging them into a matrix with the required struc-
ture. Hence, we can explore the space which S lives in. A salvage is performed on
each sample S drawn. The output data can be used to understand the behaviour of
the salvage algorithm. We will use the standard P(S,%) = [|© — $||z and let d = 5
as an example. The MC simulation used 1000 sample pseudo-correlation matrices.
The challenge is to identify a connection between some characteristic of S and
P(i, ¥*). Several characteristics were considered and the smallest eigenvalue, Xmina
of 3 was found to show a very strong trend. Figure 4.2 displays this relationship.
Other values of d were simulated to confirm the trend. To this end, we propose that
/):min be used to gauge how successful the salvage will be. If the magnitude of /):min is

sufficiently large, then the practitioner might consider reformulating 5.

4.2.2 TIll-conditioned Minimizers

We must review some concepts from numerical linear algebra to understand the
above-mentioned phenomenon. First, we recall the connection between positive semi-
definiteness and the spectrum of a matrix. We will take A to be a real symmetric
matrix where A € R™?, Because A is Hermitian, all of its eigenvalues are real. Re-
call that if A is positive semi-definite, then all of its eigenvalues are non-negative.
Likewise, if A is positive definite, then all of its eigenvalues are positive. It follows
that all positive definite matrices are positive semi-definite, but the converse is not

true.
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Figure 4.2: A plot of ||S* — 3||» against A

Second, we establish the relationship between the spectrum and rank of a matrix.
Recall that rank(A) 4+ nullity(A) = d. For a moment, take nullity(A) = 1. One of the
eigenvectors occupies the null space and has a corresponding eigenvalue of zero. A is
rank deficient and cannot be inverted. Alternatively, we say that A is singular. This
logic extends to the case where multiple zero-valued eigenvalues are encountered.

Third, we introduce the notion of nearly-singular matrices. Recall that through
inversion, we are solving for z where the system is defined by Az = b. Theoretically,
provided that all eigenvalues are non-zero, A can be inverted. Numerically, it is a dif-
ferent story. Because computers have finite precision, one encounters round-off error
when inverting a matrix. Matrices which are “far” from singular are insulated from
the effects of round-off error. However, when a matrix is “close” to singular, small
changes in b can produce very large changes in z. This is caused by the accumulation

of round-off error.
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The condition number of a matrix indicates the extent to which this phenomenon
takes place. We will denote the condition number of A by x(A). By recalling that
A is a normal matrix, we define k(A) = max(eig(A))/ min(eig(A)). More general
definitions exist for x(A) but this definition is sufficient for our purposes. Large
condition numbers correspond to matrices which require higher levels of precision to
invert accurately. If k(A) is large, then A is said to be ill-conditioned and should not
be inverted. As a general rule of thumb, “too large” translates to log(k(A)) being
greater than the precision of the computer. The IEEE standard of double-precision
floating-point yields 16 digits of precision. Therefore, we will consider a matrix to be
ill-conditioned if log(x(A)) 2 16.

Let us return back to the idea of salvaging. Previously, we established that a large
magnitude of A, means a large ||=* — || . With this in mind, it should be apparent
that the minimizer of the given problem formulation is singular. It may be helpful to
think about salvaging in terms of spectra. For convenience, let us take Xz = eig(f])
and \; = eig(X). The eigenvalues of the pseudo-correlation matrix can exist to both
the right and left of zero. The eigenvalues of the correlation matrix can only exist
at or to the right of zero. In some sense, salvaging minimizes the difference between
corresponding eigenvalues. This statement will be made more concrete shortly. If
X; > 0, then \; will be driven to \; by the salvage. Conversely, if A; < 0, then A; will
driven to zero. In practice, A\; will be close but not precisely at these values because
the solver will terminate before ¥* is truly singular.

Most matrix operations cannot be performed on singular matrices. Letting C' =
k(X), we state C' = A\jpaz/Amin. Suppose that we are dealing with a correlation matrix

generated from a salvage. We have established that \,,;, will be very close to zero.
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A bound for A, can be instituted using a property of trace. Recall that for A,
trace (A) = > . Ay = >_,eig(A). For a correlation matrix, the unit diagonal results
in trace (X) = d = ), A\;. With this in mind, we can infer \,,, < d. From the
previous paragraph, we illustrated how \,,;, is driven very close to zero. Because
Amaz 18 bounded, it is clear that C' will be very large and salvaged matrix will be
nearly singular.

Some applications, such as data compression, make use of rank-deficient corre-
lation matrices. However, this is not the case when generating samples for simula-
tion. Recall that Theorem 4 facilitates the generation of correlated random samples.
Chiefly, the Cholesky factor of the correlation matrix is required. The Cholesky
decomposition requires that a matrix be well-conditioned. Therefore, the classical
salvaging approach is problematic. Some authors have produced salvage algorithms
which avoid singularity. Schottle and Werner introduced an constraint on C' in their
algorithm [69]. Mishra claims that the same effect can be achieved through constrain-
ing det(X) [50]. Both of these approaches are indirectly constraining the spectrum.
In the section to follow, we propose a modified cost function which penalizes nearly-

singular correlation matrices and requires that no constraints be implemented.

4.3 A Modified Proximity Function

The classic proximity function is defined by

Z (Zz‘j - iij>2> E (4.8)

i=1 j=1

PE,D) =T - 3F = (



CHAPTER 4. SPECIFYING A CORRELATION MATRIX 78

This function must be recast to gain access to the spectrum of . Let the spectral
decomposition of the correlation matrix be defined by Ay = Vi XV5. The Frobenius
norm is invariant to changes of basis [29]. Taking V& as a change of basis matrix, we

obtain

P(S,%) = ||As — Q| where Q = VTS Vs (4.9)

What does Q2 look like? Suppose we let 3 be ¥, which has been defined in Section
4.1.1. Remember that ¥, is simply S with the negative eigenvalues set to zero. The

correlation matrix can be defined by
S = VTVIAVVT (4.10)

Upon comparing this expression to the spectral decomposition of ¥, it is clear that
Ve = Viﬁ and it becomes trivial to show that 0 = T'Ag. We can make two
observations regarding 2. First, (2 is diagonal if ¥ = 3,. The optimization stage of
the salvage prompts ¥ & ¥,. As a result, €2 will have the expected diagonal elements
but with very small off-diagonal elements. Second, the corresponding elements of
2 and Ag will have the same sign through noting 7; > 0. Consequently, we can
determine if Xl lies to the right or left of zero based upon the diagonal of €2. This
observation motivates our modification to the proximity function.

We begin by expressing (4.9) in summation notation.

P(3,%) = (Z (M= Q)+ (Qz‘j)Q) 2 (4.11)

i=1 i#£]

Let us agree that \; < Ay < ... < )4 and likewise for Xz We will also say that S has
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M eigenvalues which are less than zero. The proximity function can be rexpressed as

PES) =Y =)+ D (W= Q)+ > () (4.12)
=1 1=M+1 1#£]

(%)

We now shift our focus to the (%) term. Specifically, we will examine one summand
which will be denoted by g()\;) = (A — Qi)°. Recognize that g();) is an upward
opening parabola with a single root at €);. Given our partitioning of summations,
we know that Q; < 0. Recalling the “constraint” on the spectrum (A; > 0), we can
conclude that g(A;) will be minimized when A; = 0. The minimization of the prox-
imity function constitutes simultaneously minimizing all of the summands. Hence,
singularity arises from some of the \;’s being driven to zero.

Let us pose a modified form of g which we will call g. Suppose that g(\;) =
w;(A; — p;) where w; > 0 and p; > 0. Following the same logic as before, we can
conclude \; will be driven to p;. Therefore, we can control how close ¥ comes to
singularity. The purpose of w; is allow for more weight to be assigned to this term.
If the magnitude of (\; — p;) were small, then the optimization may terminate before

A; is sufficiently close to p;. In sum, the modified cost function we propose is

1
M d 2
P(2,%) = (Z wi (i —p)’+ Y =)+ (Qijf) (4.13)
i=1 i=M+1 i#]
Choosing w; and p; is at the practitioner’s discretion. Note that if these parameters

are chosen carelessly, then ||X* — ZA]| | may be exceedingly large or the solver may not

converge. We have developed the following heuristics which have been used through
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out this work.

Choice of p;: For a moment, take M = 1. The idea is to choose p; such that a
sufficiently small C' is realized. A rough approximation of C'is C' ~ d/p;. Using this
relationship, p; can be computed for a desired C'. Let us now consider when M > 1.
We recommend that the p;’s be staggered (p1 < p» < ... < puy). By definition, ¥
cannot be defective; that is, it must have d distinct A;. Driving multiple eigenvalues
to the same value would be senseless.

Choice of w;: The solver puts more emphasis on matching up the larger A;.
These effects are not noticeable when d is small. When d is large however, the solver
may terminate before \; is close to p;. The weighting, w;, can be used to cope with
this problem. We recommend that w; = 107 /p; where ~y is the order of magnitude of
d/2. In other words, ~ is the exponent in normalized scientific notation. This policy

will ensure that an average amount of emphasis is given to matching \; to p;.

We will now demonstrate that this modified proximity yields a well-conditioned
>* with a minute sacrifice in distance. The MC method used at the end of Section
4.2.1 will also be used here. Again, we will take d = 5 and use 1000 samples. A small
d helps to facilitate the convergence of solver in each iteration. First, the simulation
was run using the classic proximity function, P(f], ¥)). The distributions of log(C)
and ||S* — 3||p are displayed in Figure 4.3. Second, the simulation was run for the
modified proximity function. The parameters were set as p; = 1076 and py = 10~*
where p, was used when necessary. The results are shown in Figure 4.4.

In Figure 4.3 (i), we see that log(C) is centred around 16. Hence, the classic

proximity function can be regarded as frequently producing nearly-singular correlation
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Figure 4.3: Distribution of log(C), shown in (i), and ||S* — ||, shown in (ii), using
the classic proximity function
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Figure 4.4: Distribution of log(C), shown in (i), and ||S* — £||, shown in (ii), using
the modified proximity function
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matrices. When we examine Figure 4.4 (i), it is clear that the modified proximity
function produces a substantial shift away from singularity. Let us now consider the
changes to ||X* — §]|| r caused by a different proximity function. Histogram (i7) in
both Figures 4.3 and 4.4 bare a strong resemblance. Discrepancies between the two
histograms indicate the distance which has been sacrificed to avoid invertibility. This
effect appears to be minimal but we must confirm this statement. A two-sample
Kolmogorov-Smirnov test [46] was performed on the data used to generate (iz) of
Figures 4.3 and 4.4. The test rendered a p-value of 0.9125 which indicates that both
of these sample sets likely came from the same distribution. Hence, there is a minimal

sacrifice in cost when using the modified proximity function.

Example of Salvaging

Let us consider a small problem (d = 3) to gain insight into this algorithm. Begin by

expressing a correlation matrix as follows

I pi2 p13
N=0pr 1 pos (4.14)

p13 p23 1

Again, we will distinguish the elements of a pseudo-correlation matrix using a hat, ~.
Suppose that p1s = pa3 = 0.9. We will salvage S using different values of py3. Table
4.1 displays the elements of the salvaged correlation matrix along with /):mm. Note
that in the case of p13 = 0.9, the resulting matrix is actually positive definite and so
no salvaging is required.

This table illustrates how the algorithm works. The elements of the correlation
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Table 4.1: A simple example of salvaging

P13 ‘ Amin ‘ Pl P13 P33
-0.9 | -0.8000 | 0.5000 -0.5000 0.5000
-0.45 | -0.5175 | 0.6194 -0.2327 0.6194

0 -0.2728 | 0.7424  0.1023 0.7424
0.45 | -0.0675 | 0.8585 0.4739 0.8585
0.9 | 0.1000 | 0.9000 0.9000 0.9000

matrix are adjusted to be relatively close to the pseudo-correlation matrix we pose. In
light of our discussion in Section 4.2.2, we see that some pseudo-correlation matrices
do not salvage as well as other matrices. Again, we see that Xmm is an indicator of
the success of a salvage. Additionally, we see that pj, = p33 which is in agreement

with our specification, pya = pa3.

4.4 SA of the Williams-Otto Plant

Model Description

We will now demonstrate how the salvaging strategy developed in this chapter fits
into SA. The economic feasibility of a chemical plant is closely related to the kinetic
parameters of the reactions which are involved. Faster reactions lead to smaller
processing vessels and higher rates of productivity. Ultimately, the kinetic parameters
play a critical role in determining a plant’s feasibility. We will consider a hypothetical
plant, known as the Williams-Otto (WO) Plant.

This model has been a benchmark in optimization literature. It is well-suited for
our purposes because it has single output and a reasonable number of inputs (d = 6).

Several variations of this problem exist. We have opted to use the model as posed
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Table 4.2: Molecular weights of species (WO plant)

Species MW (lbs mol~1)

100
100
200
200
300
100

Qv aAT >

by Ray and Szekely [58]. Note that the model uses non-conventional units in their
presentation. These conventions also will be used here.

The plant is designed such that the following reaction system is exploited to

produce P.
A+B & ¢ (4.15)
C+B 2 pi+E (4.16)
rP+c B @ (4.17)
where
—Xit3 ‘
ki:Xiexp( ) for 1 =1,2,3 (4.18)
reactor

We will consider the kinetic parameters (X1,..., Xg) to be the inputs of the model.
The molecular weight of each species is displayed in Table 4.2 and the nominal values
of the inputs are displayed in Table 4.3.

The process flow diagram of the WO plant is shown in Figure 4.5. Before we
launch into our description of the plant, some notation will be declared so that we

can distinguish between different mass flow rates. As an example, consider F ]Ejl).
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Table 4.3: Nominal kinetic parameters (WO plant)

Input Nominal Value

1 5.9755 x 10° L Ibs,' h™*

2 2.5962 x 102 L Ibsz' h™*
3 9.6283 x 10'® L Ibs;' h™!
4 12000°R
5 15000°R
6 20000°R
PRODUCT
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(4)
Figure 4.5: Process flow diagram of the WO plant

Notice that some of the streams have been assigned numbers in Figure 4.5. The
superscript corresponds to the stream number. The subscript indicates the chemical
species. The absence of a subscript indicates a total mass flow rate. In the case of
our example, we are considering the mass flow rate of £ in stream (1).

The process begins by feeding A into the reactor at a rate of 10* lbs/hr. B
also enters the reactor at a mass flow rate twice that of A. The reactor is operated
isothermally (T} cqctor = 650°R) and at a fixed volume (pV;eqctor = 3000 1bs). Each

reaction rate is k; multiplied by the product of the two reactant concentrations.
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The effluent passes through a heat exchanger which cools the stream. The drop
in temperature partitions the flow into two phases. One phase is pure GG while the
other phase contains the remaining species. The decanter separates out the G phase
(F® = Fg)) while the other phase enters a distillation column. The volatility of P
results in the product exiting the overhead stream. A portion of the bottoms can
be used as fuel for the plant. The separation efficiently can be summarized by the
relationship F' S) - F 1()3) = 0.1F ]g). Note that the non-zero right hand side of this
expression indicates the presence of an azeotrope between P and E. The number of
hours of operation per year, T, will be assumed to be 8400 hours.

The annual rate of return on fixed investment is the output of this model. In Ray

and Szekely’s presentation, it is defined as
Y =100 x [T (0.8767; — 72) — 0.173 — 2.2F@] /43 (4.19)
where

v = 0.3F® 4+ 0.0068F®
v = 0.02FY +0.03FY +0.01F®

Y3 = 600pv;"eactor

Assuming steady-state operation, we can derive a system of equations from the com-
ponent balances. For the sake of brevity, this system of equations will not be presented
here but the original work can be consulted for details [58, p.147]. The mass flow
rates required for the computation of ¥ can be found by solving this system. The

nonlinearities present in the system means that a numerical algorithm is required.
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The composition of the reactor’s effluent is dictated by the kinetic parameters. We
will now investigate how these parameters effect the annual rate of return on fixed
investment via SA. Two scenarios will be considered. First, the kinetic parameters
will be assumed to be normally distributed. This will facilitate a comparison between
the three forms of sensitivity we have addressed. Second, we will consider the case
where the inputs have non-normal marginals. By recalling Remark 3, we see that
only CB sensitivity can be used in this scenario. This scenario will illustrate how the

assumption of normality can impact SA.

SA with Normal Inputs

As with the CP model in Chapter 2, we will consider an independent case and a
correlated case. It will be assumed that the nominal value of an input constitutes
its mean and that the standard deviation is fifteen percent of its nominal value. We
must define a correlation matrix to be used for the correlated case. Suppose that the
joint behaviour which we would like the inputs to follow is the “correlation matrix”
shown in Table 4.4. While this construction appears to be somewhat arbitrary it
is not without reason. The diagonals of 0.9 imply that for each reaction the pre-
exponential factor and the activation energy are strongly correlated. This is frequently
encountered in kinetic parameter estimation problems [55]. To necessitate the use of
salvaging, other non-zero correlations have been specified so that the matrix is not
positive semi-definite.

Upon inspection of its spectrum, we see that there is one negative eigenvalue.
Hence, the matrix which we have specified is actually a pseudo-correlation matrix.

This matrix was salvaged using the modified proximity function (p; = 107%, w; =
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Table 4.4: Pseudo-correlation matrix for the WO plant

Input ‘ 1 2 3 4 ) 6
1 1 -0.6 0 0.9 0 0
2 1 0 0 0.9 0
3 1 0 0 0.9
4 1 0 0
5 1 0.4
6 1
Xi -0.2980 0.0388 0.4157 1.5843 1.9612 2.2980

Table 4.5: Salvaged correlation matrix for the WO plant

Input ‘ 1 2 3 4 ) 6
1 1 -0.4863 -0.0295 0.8378 -0.0923 0.0485
2 1 -0.0353 -0.0739 0.7904  0.0545
3 1 0.0190 0.0284 0.8864
4 1 0.0599 -0.0296
5 1 0.3559
6 1
Yy ‘ 9.0757 x 10~7  0.0037 0.3469 1.5126 1.9270  2.2097

1/p1) and the resulting correlation matrix is shown in Table 4.5. Indeed, the salvaged
matrix is well conditioned (log(C) = 6.3865). When we compare Tables 4.4 and 4.5,
the workings of the salvage algorithm becomes apparent. While no element matches
up perfectly, there are no large disparities either. Again, we see that small changes
to each of the elements can give rise to a valid correlation matrix.

The same machine and computing environmental used for the CP model was also
used here. The double-loop MC simulations required for the computation of VB and
MF sensitivities were run taking N = 1000 and R = 400. These computations took

approximately 5 hours to complete. We could not find a suitable parametric family
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Table 4.6: Sensitivities of the WO plant with normal inputs

Un 0; (0]
Input IA RCS IA RCS IA RCS
1 0.0018  54.0913 | 0.0454 1.8744 | 0.0623 3.7406
0.0014 88.8929 | 0.0452 2.5932 | 0.0691 4.2197
0.0015 194.8327 | 0.0444 5.7404 | 0.0886 6.2915
0.2830 -0.1830 | 0.3281 -0.1483 | 0.5213 -0.0088
0.2047 -0.3751 | 0.2143 -0.2030 | 0.3927 -0.1988
0.2945 -0.2437 | 0.2889 -0.0538 | 0.6513 -0.0036

S O W N

to use in the computation of MF sensitivity. As proposed by Borgonovo et al., we
opted to use kernel density estimation instead [2]. The single-loop MC simulation
required for the computation of CB sensitivity used the same N and took only 8
seconds. Table 4.6 displays the sensitivities for each input.

We begin by considering the independent case. The first three inputs, which cor-
respond to the pre-exponential factors, have been assessed to have small sensitivities.
The output is very sensitive to the activation energies (inputs 4-6). In particular, the
activation energies of (4.15) and (4.17) are slightly more sensitive than that of (4.16).
These statements can be made using any one of the three types of sensitivity and so
they can be considered to perform equally as well. The advantage of VB sensitivity
is that we can gain insight into higher-order sensitivities. The sum of all 7; is equal
to 0.7869 which means that they are more substantial here than in the CP exam-
ple. However, higher-order sensitivities are infeasible to compute and so first-order
sensitivities will form the basis of the analysis.

Let us now address the correlated case through looking at RCS. Looking at the
pseudo-correlation matrix in Table 4.4, we see a band of 0.9. The position of this

band means that for a given reaction, the pre-exponential factor and the activation
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energy are strongly correlated. In Chapter 2, we showed that when two inputs are
strongly correlated, the difference in sensitivities will be small. In the independent
case, we found that the model is much more sensitive to activation energies than pre-
exponential factors. It follows that correlation will drive up the sensitivities of the
pre-exponential factors. The truth of this statement is indicated through the large
RCSs for inputs 1-3.

Like in the CP model, we see that the VB sensitivity tends to have a much
larger RCS than the other two types of sensitivity. This contradicts our findings
from when we analyzed the linear model in Chapter 2. There, we saw that the MF
sensitivity changed more with correlation than VB/CB sensitivities did. Clearly,
the nonlinearities in the model make VB sensitivity very susceptible to changes in
input correlation. Is this a desirable property for a sensitivity to have? At the end of
Chapter 3, we showed that imposing a correlation structure on an input vector is not a
precise process. Basing an analysis on a sensitivity, which can drastically change with
input correlation, would be poor practise. The RCS of the MF and CB sensitivities
are much smaller in both the CP model and the WO plant. Therefore, they are more
suitable options. In light of its smaller computational cost, CB sensitivity is the most

favourable option.

SA with Non-normal Inputs

We will now consider the scenario where the marginals of the inputs follow non-normal
distributions. Suppose the pre-exponential factors (inputs 1-3) follow a symmetric
triangular distribution. The vertices exist at the nominal value and the nominal

value plus/minus three standard deviations. The activation energies (inputs 4-6)
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Table 4.7: SA of the WO plant using non-normal inputs

Normal Non-normal

Input IA RCS IA RCS

1 0.0623  3.7406 | 0.3854 0.9359
0.0691 4.2197 | 0.3564 0.3603
0.0886 6.2915 | 0.1103  3.4700
0.5213 -0.0088 | 0.8537 -0.0490
0.3927 -0.1988 | 0.6725 -0.3639
0.6513 -0.0036 | 0.7167 -0.3245

D O W N

follow a uniform distribution with boundaries at the nominal value plus/minus three
standard deviations. The joint behaviour of the input vector will be encoded through
a normal copula which uses the same correlation matrix as in the previous SA.

A single-loop MC simulation was run for when the inputs are independent and
when codependencies exist (N = 1000). The sample correlation matrix of the inputs
was checked against Table 4.5. It was deemed to be an adequate match. The CB
sensitivities are displayed in Table 4.7. Note that the Normal columns are the same
as in Table 4.6. The sensitivities from the SA using normal marginals has also been
displayed for comparison purposes.

Note that in the non-normal case, the marginals were designed to be distributed
over approximately the same interval as the normal case. What is meant by approxi-
mately? A normal distribution has an infinite support but the triangular and uniform
distributions used here have finite supports. For a normally distributed variate, we
know that 99.7% of samples will lie within three standard deviations of the mean. We
have set the bounds of both non-normal distributions to be at the mean plus/minus
three standard deviations. Hence, the probability density is distributed over roughly

the same interval and only the change in the shape of the distribution is causing a
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change in the SA.

Clearly, this change in distribution shape can greatly impact the SA. Let us con-
sider the independent case first. All inputs were assessed to be more sensitive here
than in the SA with normal marginals. We see a particularly interesting feature with
the pre-exponential factors. In the case of non-normal inputs, the model is much
more sensitive to the first and second pre-exponential factors. In the case of normal
inputs, the sensitivity of all three pre-exponential factors are relatively equal. Let
us now turn our attention to the RCSs. For all inputs, the sign of the RCS is the
same for the normal and non-normal cases. However, notice the large differences in
the magnitude of RCS. This indicates that input codependencies influence sensitivity
to a different extent based upon the marginals. Given the marginal behaviours used
here, we see that input codependencies impact the analysis less so than in the case
of normal marginals. The above observations illustrate the importance of not blindly

assuming that the inputs follow a normal distribution.

Summary

Recall that in Chapter 3, we showed how one can arbitrarily choose the marginal
behaviour of each input while still giving a practitioner the freedom to specify the
joint behaviour. In this chapter, we have addressed the technicalities of establishing
this joint behaviour. Specifically, we have posed an algorithm which facilitates a prac-
titioner’s choice of correlation matrix. Using the procedures established in Chapters
3 and 4, a practitioner has much more flexibility in the generation of input samples
for MC simulations. Coupling this sampling protocol with CB sensitivities yields a

general methodology to SA. The WO plant was used to illustrate this methodology.
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Conclusion

The main contribution of this work is assessing the consequences of recklessly assum-
ing independent inputs in global SA. It has been shown that input codependencies
complicate the interpretation of sensitivity. Of the few authors which have addressed
this problem, most suggest that some form of input orthogonalization be used. While
this approach is computationally lean, the sensitivities remain difficult to interpret.
In this work, we propose a different approach to the problem at hand. We recog-
nize that input codependencies will inherently make the interpretation of sensitivities
difficult. Our goal was to quantify the extent to which codependencies convolute
the analysis. This was realized through defining RCS. To make this computationally
feasible, it was necessary to define a new form of sensitivity (CB sensitivity). This

methodology is formalized through the following steps.

STEP 1: Begin by assigning a continuous univariate PDF to each input. These
assignments can either be based upon data, expert judgement or a combination of

the two.

93
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STEP 2: Pose a correlation matrix for the inputs. Again data, expert judgement or
a combination of the two can be used. Check the spectrum of the matrix for positive
definiteness. If the correlation matrix is positive definite, then proceed to Step 3. If
this is not the case, use the salvage algorithm discussed in Chapter 4 to find a valid

correlation matrix.

STEP 3: Execute two single-loop MC simulations. Assume that the inputs are in-
dependent in the first simulation. In the second simulation, use the copula-based

sampling algorithm described in Chapter 3 to generate codependent input samples.

STEP 4: For the simulation assuming independence, compute the CB sensitivity for
each input using the procedure discussed in Section 2.4.4. Repeat this process for the

simulation where codependent inputs are used.

STEP 5: Compute the RCS (as expressed in Definition 4) from the two sets of sensitiv-
ities. Conclusions can be drawn from the CB sensitivities for independent inputs and
the RCSs. The CB sensitivities forms the basis of the analysis. The RCS indicates
how much its corresponding sensitivity can be trusted. For example, a sensitivity

with a small RCS should be trusted more than a sensitivity with a large RCS.

This work is novel in several regards. First, it was observed that the classical
definition of sensitivity is a measure of dependence. This lead us to propose a new
definition of sensitivity which is based upon a nonlinear dependence measure. Second,
copula-based sampling can be integrated into the simulation required to compute this
new sensitivity. Copulas provide a flexible framework for modelling codependent in-

puts. To our knowledge, this has never been done in the context of SA. The final
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element of novelty involves the salvage algorithm which supports copula-based sam-
pling. Few salvage algorithms have addressed the inherent numerical issue with the
correlation matrix produced. Some authors have advocated constraining the opti-
mization problem to avoid this issue. In this work, we achieve the same effect but
using a simple modification to the cost function being optimized.

While this method shows promise, further work is necessary. Many avenues can
be pursued but two will presented here. First, our methodology has been performed
on only one model, the Williams-Otto Plant. The nature of global SA requires that
no assumptions can be made about the model’s structure. It follows that our method
can only be validated by analysing an array of models and comparing conclusions
reached with the conclusions of more traditional analyses. Second, only one type of
copula, the normal copula, has been considered in this work. There exists a growing
array of copulas which are available. Other copulas which are relevant to SA should
be identified. Increased flexibility in the modelling of inputs will help to facilitate

more accurate analyses.
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Appendix A

Derivation of 7; for LQ model

Derivation of V;

From the definition of 7; in (2.2), it is natural to begin by working with E [Y'|X; = z7].
In light of Theorem 2, the sensitivity with respect to the d*® input can be derived
without loss of generality. The use of this theorem implies that the inputs are normally
distributed. Moreover, it will be assumed that X has a zero mean vector. Let the
subscript —d indicate a vector with the d® component omitted. Let v = [XT, o2]T
where 0% = Var [X,].

The linear and quadratic components of (2.12) will be treated separately. We

begin with the linear component which we will call Y.

Y, = (X (A1)
Y, = 04 Xq+ deX_d (AQ)
EY, | Xy =a5] = fexi+ T E[X_4| X4 =] (A.3)
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Theorem 2 can be used to evaluate E [X_4| X, = x}]. It follows that

E[Y[Xg = 23] = 52 td (A.4)
d

The quadratic component, Yy, can be addressed in a similar fashion. The same

notation used for the covariance matrix in Theorem 2 will be used to partition Q).

Yo = XTQX (A.5)
Yo = QuaXa® +2X4Q1,X 4+ XT,01X 4 (A.6)
EYo|Xa=1x}] = Quary’ +2Q1xiE[X | Xy = ]
1
+E[XL,QuX | Xq = 2] (A7)

2

The approach that was used to derive (A.4) can also be used to evaluate the expec-
tation in Term 1. In Term 2, the expectation of a quadratic form is required. An
expression for this expectation has been derived [47, p.50]. Using this result and
what is known about the parameters of the conditioned distribution via Theorem 2,

we obtain
1
E [YQ|Xd = J]:}] = trace (QHE_d) + F {Qdd03 + 20'3Q?2212 + E{QQHEH} [L’ZZ (AS)
d
where ¥4 = ¥j; — $19%7,/02. The braced term can be condensed as follows

* UTQU *2
E [YQ|Xd = Id] = trace (an_d) + de (Ag)
d
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Summing the conditional expectations of Y, and Y, we obtain

vTe vTQu
E[Y|X,; = )] = trace (Q11X_q) + ?xz + J—Cijf (A.10)
d d

In its current form, E [Y| Xy = 2] is not a random quantity. Define a random variable
X5 which follows the same distribution as the d*™™ component of X. When we swap

x}; for X, (A.10) becomes random and its variance can be taken.

* /UTE * UTQU *2
Var [E[Y|X; = Xj]] = Var [trace (Qu¥_g) + —5X; + —X37| (A.11)
04 )
T )2 T 2
Var B[ X, = Xg] = Ul ( ?U) Var [X;?
04 04
Tf T
+2Cov {”—2)(;,#)(;21 (A.12)
04 04

This expression can be simplified using properties of normally distributed random

variables. First, we examine Var [X3].
2 .

Var[Xg] = E[Xg]— (E[X]])"; E[Xg] =30y and B[X]] = 0]

Var [X3] = 207 (A.13)
Second, we look at the covariance term which we will abbreviate as Cov [a Xy, bX3].

Cov[aXybX3 = EabX3 —E[aXEDbX2 =0; E[X3]=0and E[X,] =0

Cov [aXy4,0X3] = 0 (A.14)
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Using these above two statements, (A.12) reduces to our final expression for V.

Vy = Var [E[V|X, = X3]] = % (2070 + 2007 Qu)?) (A.15)

Derivation of Var[Y]

We begin with a standard definition of variance.
Var[Y] = E[Y?] — (E[Y])’ (A.16)

The expectation of the model’s output is found to be E[Y] = trace (QX) [47, p. 50].

The second moment of the LQ model can be expressed as follows [47, p. 54].
E[Y?] = 2trace ((QX)?) + (7S¢ + (trace (QX))? (A.17)

From (A.16) and the expressions for the moments displayed above, the variance of
the LQ model is
Var [Y] = 2trace ((QX)?) + ("¢ (A.18)



