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Abstract 

When plastic pipe is solidified, it proceeds through a long cooling chamber.  

Inside this chamber, inside the hollow extrudate, the plastic is molten, and this 

inner surface solidifies last.  Sag, the flow due to the self-weight of the molten 

plastic, then happens in this cooling chamber, and sometimes, thickened regions 

(called knuckles) arise in the lower quadrants, especially of large diameter thick-

walled pipes.  To compensate for sag, engineers normally shift the die 

centerpiece downward.  This thesis focuses on the consequences of this 

decentering.  Specifically, when the molten polymer is viscoelastic, as is normally 

the case, a downward lateral force is exerted on the mandrel.  Die eccentricity 

also affects the downstream axial force on the mandrel.  These forces govern how 

rigidly the mandrel must be attached (normally, on a spider die).  We attack this 

flow problem in eccentric cylindrical coordinates, using the Oldroyd 8-constant 

constitutive model framework.  Specifically, we revise the method of Jones (1964), 

called polymer process partitioning.  We estimate both axial and lateral forces.  

We develop a corresponding map to help plastics engineers predict the extrudate 

shape, including extrudate knuckles.  From the mass balance over the postdie 

region, we then predict the shape of the extrudate entering the cooling chamber.  

We further include expressions for the stresses in the extruded polymer melt.  

We include detailed dimensional worked examples to show process engineers 

how to use our results to design pipe dies, and especially to suppress extrudate 

knuckling.   
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Variable name This thesis Jones [16] 
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function   η γ( )   F γ( )  
 
 



 1 

Chapter 1   Introduction 

Extrusion dies are the metal channels that shape the cross section of extruded 

molten polymers.  When plastic pipe is solidified, it proceeds through a long 

cooling chamber (see Figure 1).  Inside the chamber, on the inner side of the 

extrudate, the plastic is molten, and this inner surface solidifies last.  By extrudate, 

we mean the molten plastic that just emerged from the extrusion die, and the 

term pipe refers to the completely solidified extrudate.  The flow due to sag of the 

molten plastic then happens inside this cooling chamber (and to thin on top).  By 

sag, we mean the gravitational flow in the cooling chamber of the molten 

extrudate [1,2,3,4,5,6,7,8].   

To compensate for sag, engineers normally shift the die centerpiece 

downward (see this illustrated in Figure 2 and Figure 3; [2,3,4,8,9,10,11,12,13,14], 

also sometimes gently rotate the extrudate [3,5].  For the former, engineers must 

decenter the mandrel laboriously by trial (see Figure 6).  These trials are 

performed based on the thickness distributions on the cut sample.  This thesis 

research can help shorten these trials, by providing equations [Eq. (131) with Eqs. 

(129)–(130)] for predicting the pipe shape at the cooling chamber entrance.  This 

thesis aims to deepen our understanding of the flow of polymer melts through 

eccentric plastic pipe extrusion dies.  Specifically, this thesis explores how 

viscoelasticity affects the (1) velocity profile, (2) extrudate shape, (3) residual 

stresses, (4) axial and lateral forces on the eccentric mandrel, and on (5) knuckle 

formation (knuckling).  Since pipe is only as strong as its thinnest part, a non-
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uniform extrudate shape wastes material.  Pipe manufacture is thus preoccupied 

with perfecting extrudate shape.   

Curiously, sometimes the pipe is thickest, not at the bottom, but elsewhere in 

its lower quadrants (see Figure 7; Fig. 1 and Fig. 6 of [8]).  By lower quadrants, we 

mean, in cylindrical coordinates, where   π 2 ≤ !θ ≤ 3π 2  (see Figure 8).  These 

thickened sections in the lower pipe quadrants are called knuckles, and their 

formation, knuckling (or slump [2,6,7,8]).  Knuckling must not be confused with 

sag (compare Figure 6 with Figure 7; also [15]).  Whereas sag can reshape 

knuckled extrudate, sag can also itself knuckle extrudate that enters the cooling 

chamber without knuckles [2,6,7,8].  To be clear, extrudate knuckling refers to the 

molten extrudate, and not to the completely solidified extrudate, which we called 

pipe.  Although numerical simulation of sag of eccentric extrudates does predict 

some knuckling, observed knuckling is far more pronounced (see Fig. 6 of [8]).  

By pronounced knuckling, we mean, where the thickness of the knuckle greatly 

exceed the bottom thickness.  Pronounced knuckling is thus one of the great 

mysteries of plastic pipe manufacture. 

Pipe knuckling has been attributed to sag of eccentric extrudates [2,6,7,8].  By 

pipe knuckling, we mean when completely solidified product has thickened 

sections in its lower quadrants.  Although numerical simulation of sag of 

eccentric extrudates does qualitatively predict some knuckling, observed 

knuckling is normally far more pronounced (see Fig. 6 of [8]).  Specifically, 

profiles predicted by sag alone over-predict the bottom thickness. 
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By pipe or extrudate thickness, we mean the radial distance measured from the 

outer shell to the inner shell along the radial cylindrical coordinate, centered on 

the outer cylinder (see Table 4 and Figure 9).  Eq. (300) [Eq. (301)] relates the 

angular positions in cylindrical coordinates,  !θ , to the angular position in 

eccentric cylindrical coordinates, θ  [vice versa].  These relations can be used to 

transform a thickness distribution from one coordinate system to another. 

This thesis focuses on the consequences of this decentering.  Specifically, when 

the molten polymer is viscoelastic, as is normally the case, a downward lateral 

force,  Fx , is exerted on the mandrel.  The die eccentricity also affects the positive 

axial force on the mandrel,  Fz  (see Figure 2 through Figure 5, Table 1 and Table 2 

for symbol definitions, both dimensional and dimensionless; see also Table 3).  

These forces govern the required rigidity for the mandrel attachment (on a spider 

die, normally a set of eight bolts). 
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Table 4:  Solid pipe thickness profile (see APPENDIX E of [7]). 

Angular position in 
eccentric cylindrical 

coordinates, θ  [degrees] 

Angular position in 
cylindrical coordinates,  !θ  

[degrees] 

Thickness,  Δp , 
(see Figure 7) 
[millimeters] 

0.00 0.00 73.7 
19.8 23.0 72.8 
39.3 45.0 74.0 
81.5 90.0 84.6 
118 125 94.5 
129 135 92.9 
180 180 80.1 
231 225 91.9 
279 270 80.6 
321 315 74.5 
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Figure 1:  Pipe extrusion line. 
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Figure 2:  End view of pipe extrusion die defining the die dimensions. 
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Figure 3:  Side view of pipe extrusion die (left), defining the die dimensions, and 

the postdie region (right).  The mandrel and barrel surfaces correspond to  ξ = ξi  

and  ξ = ξo .  Solid-body motion,   vz ξ ,θ( ) =V , in the cooling chamber (right). 
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Figure 4:  Eccentric cylindrical coordinates showing the circles of constant 

eccentric radial coordinate (black), ξ , and the circles of constant eccentric 

angular coordinate (green), θ .  Cyan example between  ξ = 0.2  and  ξ = 0.4 .    
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Figure 5:  Differential volume element of the molten plastic in eccentric 
cylindrical coordinates (cyan).  Edges of differential surface element through 

which melt flows labeled 
  

a 1+ ξ 2 − 2ξ cosθ( )⎡⎣ ⎤⎦dξ  and 
  

aξ 1+ ξ 2 − 2ξ cosθ( )⎡⎣ ⎤⎦dθ .  

Cylindrical shell of constant eccentric cylindrical radial coordinate ξ  parallels 

 z − axis, and intersects  x − axis at   x = a 1−ξ 2( ) .  This cylindrical shell contains 

surface element whose edges are dashed and labeled 
  

aξ 1+ ξ 2 − 2ξ cosθ( )⎡⎣ ⎤⎦dθ  

and  dz .  
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Figure 6:  Sag without knuckling. 

  

SOLIDIFIED

SOLIDIFIED

SOLIDIFIED

z



 11 

 

Figure 7:  Knuckling from sag (slump).  Δ  and  Δp  are the thickness of the 

extrudate that leaving the die, and entering the cooling chamber.  
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Figure 8:  The shifted Cartesian coordinates,    !x, !y( ) , versus the Cartesian 

coordinates in Figure 4,   x, y( ) .  The origin of the cylindrical coordinates, 
   r , !θ( ) , is 

located at   x, y( ) =   
aξ 1−ξ 2⎡⎣ ⎤⎦ ,0( ) .  

y

x
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1 2
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Figure 9:  Measured wall thickness distribution of pipe with knuckles (red) with 
ten specific angular positions, for both eccentric cylindrical, θ , [Table 4] and 

cylindrical,  !θ , coordinates.  Black circles are drawn using   ξi ,ξo( ) =  

 0.0592,0.0740( ) . 
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Chapter 2   Literature Review and Background 

John Raymond Jones of Wales [16] pioneered a method for solving polymer-

processing problems, specifically for the Oldroyd 8-constant fluid, by splitting 

the velocity field into its Newtonian and non-Newtonian parts.  The method 

yields answers for the relevant polymer process features, including velocity, 

extrudate shape, stresses and forces.  Each of these answers, split naturally into 

their Newtonian and non-Newtonian parts.  These parts, in turn, arise with 

coefficients that just depend of the processing problem geometry.  We call this 

method polymer process partitioning (see this discussed in 3.2 below).  Curiously, 

we know of no polymer processing textbook treatment of the polymer process 

partitioning [16].  This method has been applied to the viscoelastic coating of an 

eccentric wire (with (Cases III and IV in [16]) or without (Cases I in [16]) pressure 

gradient), the extrusion of elliptical pipe [17,18], and also to extrusion from an 

eccentric annular pipe die (Cases II in [16]; [18]; Section 2. of [19]), and even to a 

corrugated wire coated through a corrugated die (see Section 3. of [19]; Section 2. 

of [20]).  In the latter, we discovered an important opportunity to improve upon 

the method of Jones [16], an improvement that we call the rapid convergence 

approximation [see Eq. (88)].  For extrusion through curved eccentric annuli (be 

they circular [21] or elliptical [22,23]) or for flows along cylindrical boundaries 

[24], Jones and his coworkers abandoned polymer process partitioning.   

In this thesis, we apply the polymer process partitioning approach, to arrive at 

our analytical solutions.  The usefulness of this method appears to have been 

overlooked by the polymer processing community.  We write this thesis not only 
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to benefit the professional mathematical physicists, but with sufficient detail to 

help graduate students arrive at their own analytical solutions for any polymer 

processing problem, at least some other flows between eccentric annuli, wire 

coating for example.  Specifically, we would expect educators to use our work in 

both their research and teaching, and for their graduate students to train 

themselves from our analysis. 

Table 5 summarizes and classifies previous analytical work on pressure-

driven flow through eccentric annuli, and compares the present research to these 

contributions.  With reference to column 2 of Table 5, only the Bingham and 

power-law entries are not special cases of the Oldroyd 8-constant model.  Further 

to Table 5, for Newtonian fluids, secondary flows in the coating of elliptical wires 

(Section 2. [25]) and in the extrusion of the elliptical pipe (Section 3. [25]) and 

pressure-driven flow through curved eccentric annuli have also been 

investigated.   

Pipe knuckling has been observed on extrusion lines producing large diameter 

thick-walled pipes when the extrusion die is eccentric [2,7,8].  Figure 9 illustrates 

the detailed example of pipe knuckling in large thick high-density polyethylene 

pipe.  Note the thickened sections in the lower quadrants.  When pipe knuckles 

arise, they can be a serious non-uniformity of thickness.  Moreover, when large 

diameter pipe is made, from a new resin, it can take up to four attempts at start-

up to get an acceptable thickness profile [26]; each attempt can waste up to 10 h 

and ten thousand pounds of pipe resin [27,28,29].  Pipe knuckling generally 
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worsens start-up, often to the point of no solution, and thus, to de-selection of 

otherwise desirable new pipe resins. 

 

2.1  Eccentric Cylindrical Coordinates System 

Eccentric cylindrical coordinates (illustrated in Figure 4) consist of two 

orthogonal sets of cylindrical shells.  The first set is defined by the eccentric radial 

coordinate, ξ , and another, by the eccentric angular coordinate, θ .  The 

transformations from Cartesian to eccentric cylindrical coordinates are given by 

(see Eqs. (73)–(75) of [30]): 

  
x = a

1−ξ cosθ
1− 2ξ cosθ + ξ 2  (1) 

  
y = a ξ sinθ

1− 2ξ cosθ + ξ 2  (2) 

 zC = z  (3) 

or: 

  
ξ = x2 + y2 − 2ax + a2

x2 + y2  (4) 

  
θ = arctan ay

x2 + y2 − ax
⎛
⎝⎜

⎞
⎠⎟

 (5) 

 z = zC  (6) 

where the  z  coordinate is the flow direction (see Figure 3), and we call: 

  a ≡ δ
−1 Ro

4 + Ri
4 +δ 4 − 2Ri

2Ro
2 − 2Ri

2δ 2 − 2Ro
2δ 2( )1 2

 (7) 
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the dimensional confocal length, and thus we define the dimensionless confocal length 

as: 

   
f ≡ a

R0
≡ ε−1 1+κ 4 + ε4 − 2κ 2 − 2κ 2ε2 − 2ε2( )1 2

 (8) 

where  Ri ,  Ro  and δ  are the mandrel radius, the extrusion die radius and the 

dimension eccentricity (see Figure 2 and Table 2 for variable definitions).  The 

circles of constant ξ  are given by: 

  
x − a

1−ξ 2
⎛
⎝⎜

⎞
⎠⎟

2

+ y2 = aξ
1−ξ 2

⎛
⎝⎜

⎞
⎠⎟

2

 (9) 

and circles of constant θ , by: 

  
x2 + y − 1

2 acotθ( )2 = a
2sinθ

⎛
⎝⎜

⎞
⎠⎟

2

 (10) 

To illustrate our eccentric cylindrical coordinates, we use Eqs. (9) and (10) to 

draw the circular cross-sections of cylindrical shells of constant ξ  (black circles) 

and of constant θ  (green circles) in Figure 4.  Inside the eccentric annulus, the 

shells of constant ξ  start through the origin of the eccentric cylindrical 

coordinate system (not to be confused with the origin of our corresponding 

Cartesian system).  This origin is on the line  ξ = 0 , that is, the line through 

positive focus,  x = a .  The shell of infinite radius, when  ξ = 1 , is the plane.  Inside 

the eccentric annulus, the cylindrical shells of constant θ  start with the vertical 

half-plane ( θ = 0 ) immediately above the line  ξ = 0 , and the shell end with the 

vertical planar strip (θ = π ).  Eccentric cylindrical coordinates are not to be 
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confused with bipolar cylindrical coordinates, which are also used for analyzing 

flow in eccentric annuli (see FIGURE A.7-1. In [31] or in [32], or Fig. 3. In [33], or 

Fig. P3.16 in [34] where ξ  and θ  have other meanings [35,36,37,38,39]).   

We next illustrate our eccentric cylindrical differential volume element in 

Figure 5.  Employing Eqs. (A.7-13) of [40] gives us the scale factors for coordinates 

ξ  and θ : 

  
hξ ≡

a
1+ ξ 2 − 2ξ cosθ

 (11) 

  
hθ ≡

aξ
1+ ξ 2 − 2ξ cosθ

 (12) 

The differential area relevant to the axial flow rate is given by: 

 
  
dAξθ =

a2ξ

1+ ξ 2 − 2ξ cosθ( )2 dξdθ  (13) 

and the differential area relevant to the axial force on the mandrel, by: 

  
dAθz =

aξ
1+ ξ 2 − 2ξ cosθ

dθdz  (14) 

We will use Eq. (13) in Subsection. 4.2 to get the axial flow rate, and Eq. (14) in 

Subsection. 4.4 to get the axial force on mandrel. 

 

2.2  Oldroyd Constitutive Equation 

In this thesis, we choose the Oldroyd 8-constant constitutive model for the 

extruded plastics.  We choose this model for its rich diversity of special cases (see 

Chapter 1; also Table 6).  Like Jones [16] before us and for simplicity, we follow 
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the notation and symbols of Oldroyd [41], with just a few modernizations.  Table 

3 lists correspondences between symbols used in the present work and those 

used by Jones [16].   

 

2.2.1  Oldroyd Model 

We write the Oldroyd 8-constant model as: 

    

τ ik + λ1
D τ ik

D t
+ µ0τ jj !γ ik − µ1 τ ij !γ jk +τ jk !γ ij( ) +ν1τ jl !γ jlδ ik

= 2η0 !γ ik + λ2
D !γ ik

D t
− 2µ2 !γ ij !γ jk +ν2 !γ jl !γ jlδ ik

⎛
⎝⎜

⎞
⎠⎟

 (15) 

where: 

 π ik ≡ τ ik + pδ ik   (16) 

and the rate-of-strain tensor is given by: 

   
!γ ik ≡

1
2

∂vk

∂xi

+
∂vi

∂xk

⎛
⎝⎜

⎞
⎠⎟

  (17) 

and the corotational derivative is given by: 

  

D bik

D t
≡
∂bik

∂t
+ vj

∂bik

∂xj

+ω ijbjk + bijω jk   (18) 

where the vorticity tensor is given by: 

  
ω ik ≡

1
2

∂vk

∂xi

−
∂vi

∂xk

⎛
⎝⎜

⎞
⎠⎟

  (19) 

In Eq. (16),  δ ik  is the kronecker delta.  For convenience, we define every 

dimensional symbol in Table 1, and dimensionless ones in Table 2.   
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2.2.2  Oldroyd Model Constants 

To deepen our understandings of the Oldroyd model constants, we first 

examine the model for any simple shear flow: 

   

1+ λ1
∂
∂t

⎛
⎝⎜

⎞
⎠⎟
τ yx +

1
2

λ1 + µ0 − µ1( )τ xx !γ − 1
2

λ1 − µ0 + µ1( )τ yy !γ + 1
2
µ0τ zz !γ

=η0 1+ λ2
∂
∂t

⎛
⎝⎜

⎞
⎠⎟
!γ

 (20) 

   
1+ λ1

∂
∂t

⎛
⎝⎜

⎞
⎠⎟
τ xx − λ1 + µ1 −ν1( )τ yx !γ = −η0 λ2 + µ2 −ν2( ) !γ 2  (21) 

   
1+ λ1

∂
∂t

⎛
⎝⎜

⎞
⎠⎟
τ yy + λ1 − µ1 +ν1( )τ yx !γ =η0 λ2 − µ2 +ν2( ) !γ 2  (22) 

   
1+ λ1

∂
∂t

⎛
⎝⎜

⎞
⎠⎟
τ zz +ν1τ yx !γ =η0ν2 !γ

2  (23) 

which, for steady shear flow, give the steady shear viscosity function as: 

  

η !γ( )
η0

=
1+σ 2 !γ

2

1+σ 1 !γ
2  (24) 

which matches Eq. (8) of [4] and Eq. (8.1-7) of [31] and where: 

 σ 1 ≡ λ1
2 + µ0 µ1 − 3

2ν1( )− µ1 µ1 −ν1( )  (25) 

 σ 2 ≡ λ1λ2 + µ0 µ2 − 3
2ν2( )− µ1 µ2 −ν2( )  (26) 

and where the magnitude of the rate of deformation tensor: 

   
!γ ≡

1− 2ξ cosθ + ξ 2( )
aξ

ξ ∂vz

∂ξ
⎛
⎝⎜

⎞
⎠⎟

2

+
∂vz

∂θ
⎛
⎝⎜

⎞
⎠⎟

2

 (27) 

is obtained by substituting Eqs. (33a) of [16] and (33b) of [16] into Eq. (43) of [16].  

Introducing the Weissenberg number: 
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  Wi ≡ σ 1 !γ  (28) 

into Eq. (24) gives: 

 

η
η0

= 1+σ Wi2

1+ Wi2  (29) 

where: 

 σ ≡σ 2 σ 1  (30) 

Taking the limit as strain rate,  !γ , goes to infinity yields: 

 η∞ η0 =σ  (31) 

From Eq. (29), specifically for a generalized Newtonian fluid where the shear 

stress is given by: 

  
τ yx =η !γ( ) !γ  (32) 

which can be non-dimensionalzied to: 

  
S =

η Wi( )
η0

Wi  (33) 

we need: 

 σ ≥ 1 9  (34) 

for the shear stress to increase monotonically with shear rate (see Figure 10). 

and that η  inflects with  !γ  at:    

 
Wi,η( ) = 1

3
, 3+σ

4
⎛
⎝⎜

⎞
⎠⎟

 (35) 

where: 

  Wii ≡ σ 1 !γ i  (36) 
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and thus, more importantly, the viscosity curves will inflect at (see Eq. (90) of [42]; 

Eq. (87) of [43]): 

 
Wii ,ηi( ) = 1 σ 1 4 , σ( )  (37) 

By viscosity curves we mean curves of  lnη  versus  ln Wi .  Further:  

  

d lnη
d ln Wi Wii

≡ n−1( ) = 1
σ 1/4  (38) 

where  n  is called the power-law index.  By power-law index, we mean one plus 

the slope of the viscosity curve at its inflection point.  Using Eq. (29) to plot 

Figure 11 from which we see that when  σ > 1 , the fluid is shear thickening, and 

when  σ = 1 , Newtonian, and otherwise, shear thinning.   

For the normal stress difference coefficients, in steady shear flow, Eqs. (20)–

(23) gives (Eqs. (12) of [41]): 

  Ψ1 !γ( ) = 2λ1η !γ( )− 2λ2η0  (39) 

and: 

  Ψ2 !γ( ) = − λ1 − µ1( )η !γ( ) + λ2 − µ2( )η0  (40) 

which match Eqs. (8.1-8) and (8.1-9a) of [31] and where  η !γ( )  is given by Eq. (24).  

Hence: 

  

−Ψ2 !γ( )
Ψ1 !γ( ) ≡ 1

2
λ1 − µ1( )η !γ( )− λ2 − µ2( )η0

λ1η !γ( )− λ2η0

⎡

⎣
⎢

⎤

⎦
⎥  (41) 

Eqs. (24), (39) and (40) are then simply related by: 

  

η !γ( )
η0

= −
Ψ1 !γ( )
Ψ10

λ2

λ1
−1⎛

⎝⎜
⎞
⎠⎟
+
λ2

λ1
=
Ψ2 !γ( )
Ψ20

λ1 − λ2 − µ1 + µ2

λ1 − µ1

⎛
⎝⎜

⎞
⎠⎟
+
λ2 − µ2

λ1 − µ1
=

1+σ 2 !γ
2

1+σ 1 !γ
2  (42) 
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or: 

 

η
η0

= −
Ψ1

Ψ10

λ2

λ1
−1⎛

⎝⎜
⎞
⎠⎟
+
λ2

λ1
=

Ψ2

Ψ20

λ1 − λ2 − µ1 + µ2

λ1 − µ1

⎛
⎝⎜

⎞
⎠⎟
+
λ2 − µ2

λ1 − µ1
= 1+σ Wi2

1+ Wi2  (43) 

where: 

 Ψ10 ≡ 2η0 λ1 − λ2( )  (44) 

and: 

 Ψ20 ≡ −η0 λ1 − λ2 − µ1 + µ2( )  (45) 

are the zero shear rate first and second normal stress differences. 

Here, we demonstrate the versatility of Eq. (15) by identifying the special cases 

of (a) the Generalized Newtonian fluid: 

 λ1 = µ0 = µ1 = ν1 = λ2 = µ2 = ν2 = 0  (46) 

   τ ik = 2η0 !γ ik  (47) 

 (b) the corotational Maxwell fluid (see Section 2. of [44]; [45,46,47,48]):  

 λ2 = µ0 = µ1 = µ2 = ν1 = ν2 = 0  (48) 

    
τ ik + λ1

D τ ik

D t
= 2η0 !γ ik  (49) 

and finally, (c) the corotational Jeffreys fluid (see Section 8. of [44]):  

 µ0 = µ1 = µ2 = ν1 = ν2 = 0  (50) 

    
τ ik + λ1

D τ ik

D t
= 2η0 !γ ik + 2η0λ2

D !γ ik

D t
 (51) 

Eq. (15) has been treated in some detail in (see Chapters 2 and 3 in [49], §8.1 of 

[31], §7.3 in [32], Section 4.2. in [50], Section 6.3-2 in [51], Section 6.1-7 in [52] and 
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Section 3.4.5 in [53]).  Eq. (15) can be written in integral form (see EXAMPLE 8.1-

2 of [31]) Tables 8.1-1 in [31] or 7.3-2 in [32] identify thirteen special cases of Eq. 

(15) (see also Tables 8.1-8.3 in [54]).   

Additionally, the Oldroyd 8-constant framework has been closely connected, 

albeit approximately, with macromolecular theory ([55,56,57]; see Table 1 of [58]; 

see Eqs. (32) of [59],[60]; see Tables 6.2-1 and 6.2-2 of [32]; Problems 11B.9 and 

11B.10 of [61]; §IV and §V. of [62]; §9.5 of [31]).  For instance, when: 

  

ηp = nkTλ , λ1 = λ , λ2 = 2λ 5 , µ0 = −2λ 7 ,
µ1 = −λ 7 , µ2 = −26λ 35 , ν1 = ν2 = 0

 (52) 

the Oldroyd 8-constant model provides a good approximation to the behaviour 

of a suspension of rigid dumbbells [58].  Also, when: 

  

ηp =
bnkTλH

b+ 5
, λ1 =

b 2b+11( )λH

2b+ 7( ) b+ 9( ) , λ2 =
−14bλH

2b+ 7( ) b+ 7( ) b+ 9( ) ,

µ0 =
−6bλH

2b+ 7( ) b+ 5( ) b+ 9( ) , µ1 =
b 2b+ 3( )λH

2b+ 7( ) b+ 9( ) , µ2 =
−2b 4b+ 21( )λH

2b+ 7( ) b+ 7( ) b+ 9( ) ,

ν1 = ν2 = 0

 (53) 

the Oldroyd 8-constant model model provides a good approximation to the 

behaviour of a suspension of FENE dumbbells [58]. 
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Table 5:  Literature on Analytical Solutions for Flow between Straight Eccentric 
Cylinders. 

 
Legend: B ≡  Bingham;  O8  ≡  8-constant Oldroyd; P ≡  power-law; N ≡  

Newtonian;  O 2( )  ≡  Second-order; RE ≡  Rivlin-Ericksen; ec ≡  eccentric 
cylindrical coordinates; bi ≡  bipolar cylindrical coordinates;  F  ≡  axial force; χ  

≡  lateral force; Σ  ≡  series;  !  ≡  closed form; ℵ ≡  numerical;  !ℵ ≡  closed form 
with integral defined function;   
 
  

Authors (year) 
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Caldwell (1930) N bi  !  Σ    [63] 
Piercy et al. (1933) N bi Σ  Σ    [64] 
Oldroyd (1947) B ec Σ     [65] 
Heyda  (1959) N bi Σ     [66] 
Berker (1963) N bi     Sect. 23.9 

[67] 
Jones (1964); 
Jones and Jones (1966)  O8  ec Σ    χ  [16,19] 
Snyder et al. (1965) N bi Σ   Σ   [68] 
Camilleri and Jones 
(1966)  O8  ec Σ     [18] 
Guckes (1975) P bi  ℵ   [69] 
Ballal and Rivlin 
(1975) RE bi Σ     [70] 
Zidan and Hassan 
(1985)  O 2( )  bi Σ     [71] 
Kolitawong and 
Giacomin (2001) P bi  !   !ℵ Σ   F  [37] 

This thesis  O8  ec Σ   !ℵ  !ℵ   F,χ  [72,73,74](16) 
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Table 6:  Models included in the Oldroyd 8-constant model (see TABLE 8.1-1 of 
[31] and TABLE 7.3-2 of [32]). 

Model [Ref.] No. of 
Constant 

Reduce from Oldroyd 8-
Constant Model [Eq.(15)] by 

Assigning 
Steady State Shear Flow 
Viscometric Functions 

Oldroyd 6-constant [41] 6  ν1 = ν2 = 0  
 η !γ( ) ;  Ψ1 !γ( ) ;  Ψ2 !γ( )  

Oldroyd 4-constant [41] 4  µ1 = λ1 ;  µ2 = λ2 ;  ν1 = ν2 = 0   η !γ( ) ;  Ψ1 !γ( ) ; Ψ2 = 0  

Gordon-Schowalter*,† [75] 4 

  λ2 = ηs η0( )λ1 ; 

 µ1 = 1−ξ( )λ1 ;

  µ2 = 1−ξ( ) ηs η0( )λ1 ;

 µ0 = ν1 = ν2 = 0  

 η !γ( ) ;  Ψ1 !γ( ) ;  Ψ2 !γ( ) < 0  

Johnson-Segalman**,‡ [76,77] 4 

  λ2 = ηs η0( )λ1 ; 

 µ1 = 1−ξ( )λ1 ;

  µ2 = 1−ξ( ) ηs η0( )λ1 ;

 µ0 = ν1 = ν2 = 0  

 η !γ( ) ;  Ψ1 !γ( ) ;  Ψ2 !γ( ) < 0  

Oldroyd Fluid A (Lower 
Convected Jeffreys) 
(see Eq. (A) 9.1-9 of [31]) 

3  µ1 = −λ1 ; µ2 = −λ2 ;

 µ0 = ν1 = ν2 = 0  
 η =η0 ; Ψ1 = 2η0 λ1 − λ2( ) ;

 Ψ2 = −Ψ1  
Oldroyd Fluid B (Upper 
Convected Jeffreys) 
(see Eq. (B) 9.1-9 of [31]) 

3  µ1 = λ1 ; µ2 = λ2 ;

 µ0 = ν1 = ν2 = 0  
 η =η0 ; Ψ1 = 2η0 λ1 − λ2( ) ;

 Ψ2 = 0  

Second-Order Fluid (see Eq. 
8.4-3 of [31]) 3  λ1 = µ0 = µ1 = ν1 = ν2 = 0  

 η =η0 ; Ψ1 = −2λ2η0 ;

 Ψ2 =η0 λ2 − µ2( )  
Corotational Jeffreys Model 
[78,79] 3  µ0 = µ1 = µ2 = ν1 = ν2 = 0   η !γ( ) ;  Ψ1 !γ( ) ; Ψ2 = − 1

2 Ψ1  

Williams 3-constant Oldroyd 
Model [80,81] 3  µ1 = λ1 ; µ2 = λ2 ; ν1 = 2

3 λ1 ;

 ν2 = 2
3 λ2 ; µ0 = 0    η !γ( ) ;  Ψ1 !γ( ) ; Ψ2 = 0  

Denn Modified Convected 
Maxwell Model [82] 3  µ1 = λ1 ; λ2 = µ0 = ν1 = ν2 = 0    η =η0 1− λ1µ2 !γ

2( ) ;

 Ψ1 = 2λ1η ; Ψ2 = 0  

Lower Convected Maxwell 
Model (Eq. (3.23) of [83]) 2  λ2 = µ0 = µ1 = µ2 = ν1 = ν2 = 0   η =η0 ; Ψ1 = 2λ1η0 ;

 Ψ2 = −Ψ1  
Upper Convected Maxwell 
Model [84] 2  λ2 = µ0 = µ1 = µ2 = ν1 = ν2 = 0   η =η0 ; Ψ1 = 2λ1η0 ; Ψ2 = 0  
Corotational Maxwell Model 
[44] 2  λ2 = µ0 = µ1 = µ2 = ν1 = ν2 = 0   η !γ( ) ;  Ψ1 !γ( ) ; Ψ2 = − 1

2 Ψ1  
 
Remark:  *corrects eighth row in TABLE 7.3-2 of [32];  †  η0 ≡ 1−ξ( )ηp +ηs  

 **corrects last row in TABLE 7.3-2 of [32];  ‡  η0 ≡ ηp +ηs  
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Figure 10:  Dimensionless shear stress versus Weissenberg number with curves of 

constant  σ = 1
100 , 1

9 , 1
4 ,1  from bottom to top [Eq. (33)].  Blue curve (second from the 

bottom) shows the critical value of σ  for shear-stress monotonicity [Eq. (34)].  
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1 100
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Figure 11:  Dimensionless viscosity curves for shear thinning ( σ = 1
2 , 3

4 ), 

Newtonian ( σ = 1 ) and shear thickening ( σ = 5
4 , 3

2 ) behaviors.  Blue dots indicate 

inflections given by Eq. (37).  



 29 

Chapter 3   Polymer Process Partitioning 

Polymer process partitioning yields answers for the relevant polymer process 

features, including velocity, extrudate shape, stresses and forces.  Each of these 

answers, split naturally into their Newtonian and non-Newtonian parts.  For an 

extrusion from an eccentric annular pipe die, we discovered an important 

opportunity to improve upon the method of Jones [16], an improvement that we 

call the rapid convergence approximation [see Eq. (88)]. 

We use polymer process partitioning to create a graphical procedure to 

estimate velocity, extrudate shape, stresses and forces in an eccentric pipe die.  

We accomplish this by adimensionalizing the problem, and then applying the 

method of Jones [16] which uses eccentric cylindrical coordinates (illustrated and 

defined in Figure 4) and which first yields an expression for the velocity profile.  

From this profile, we obtain (i) an expression for the volumetric flow rate (called 

throughput).  We then obtain (ii) an expression for the shape of the extruded pipe, 

which scales with 
  
⌣vz θ

, by integrating the velocity profile,   vz ξ ,θ( ) , with respect 

to ξ , through the thickness of the eccentric annulus.  Next, we get (iii) 

expressions for the stresses in the extruded polymer melt.  These expressions for 

the stresses can be used to estimate the upper-bound, for the stress that is frozen 

into the outermost layer of the plastic pipe (since this layer is quenched first and 

normally shortly after extrusion).  Of course, for semicrystalline polymers, 

shrinkage will superpose additional stresses upon the frozen pipe 
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[85,86,87,88,89,90].  We further get (iv) the forces on the mandrel,  Fx  and  Fz .  

Finally, we use our results to deepen our understanding of (v) knuckling. 

As did Jones [16], we choose the 8-constant model due to Oldroyd (see Section 

4.9 of [91]) for our analysis because (1) it yields analytical solutions for Items (i) 

through (v) above, and (2) because of its versatility.  By versatility we mean that 

this model contains many simpler models as special cases:  (a) generalized 

Newtonian (including shear-thinning or thickening), (b) corotational Maxwell 

and (c) corotational Jeffreys.  In other words, our analytical solutions for Items (i) 

through (v) above can be used to explore the role of the Newtonian viscosity for 

nearly Newtonian material such as commercial grades of condensation polymers.  

By contrast, our work is equally useful for exploring the roles of shear thinning 

or shear thickening, with (corotational Maxwell), or without (generalized 

Newtonian) melt elasticity.  We can even compare the roles of retardation 

without relaxation (second-order fluid), to relaxation without retardation 

(corotational Maxwell), to relaxation with retardation (corotational Jeffreys).  In 

plastic pipe extrusion, we find example of shear thinning (polyolefins) [92], shear 

thickening (short glass fiber filled polyolefins) [93], and constant viscosity fluids 

(tubing from condensation polymers such as nylon).  Using this model thus 

allows us to deepen our understanding of this wide variety of pipe extrusion 

problems. 
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3.1  Analytical Solution Method 

Here, we begin our analysis of pressure-driven flow through the eccentric 

annulus illustrated in eccentric cylindrical coordinates in Figure 4 (Cyan region).  

We begin by assuming the flow to be rectilinear: 

    
⌣v = 0,0, ⌣vz ξ ,θ( )⎡⎣ ⎤⎦  (54) 

This approximation neglects a helical secondary flow, where (Eqs. (12a) and 

(12b) of [19]): 

    
⌣v = 0, ⌣vθ ξ ,θ( ) , ⌣vz ξ ,θ( )⎡⎣ ⎤⎦  (55) 

For non-Newtonian fluids, this secondary flow has been proven to be small 

compared to the main flow in axial direction (see Figure 2. of [21] and Figures 4. 

and 5. of [22]) 

For a Newtonian fluid: 

   
⌣vz ∝1 η0  (56) 

For a non-Newtonian fluid, we thus expand the inverse of Eq. (29): 

 

η0

η
= 1+ Wi2

1+σ Wi2 = 1+ 1−σ( )Wi2− 1−σ( )σ Wi4+ 1−σ( )σ 2 Wi6− O Wi8( )  (57) 

which suggests our improvement upon Eq. (45) of [16]: 

   
⌣vz = v0 + 1−σ( )Sv1 − 1−σ( )σS2v2 + 1−σ( )σ 2S3v3 − O S4( )  (58) 

where   O S4( )  represents terms of fourth order and higher, and where: 

   
⌣vz ≡

vz

W
≡

4η0

a2P
vz  (59) 

and, the dimensionless pressure gradient squared: 
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S ≡

σ 1a2P2

16η0
2  (60) 

and where: 

 P ≡ −dp dz  (61) 

We truncate Eq. (58) to: 

   
⌣vz = v0 + 1−σ( )Sv1  (62) 

Of course, expansions other than Eq. (58), with this same truncation, for   
⌣vz  are 

possible.  One could, for instance, match the common form of the results for (i) the 

volumetric flow rate [Eq. (122)], then (ii) the numerator and the denominator of 

the shape of the extruded pipe [Eq. (131)], then (iii) the stresses in the melt [Eq. 

(141)], and finally, (iv) the forces on the mandrel,  Fx  and  Fz  [Eqs. (147) and (160)].  

We see no more logical equation than Eq. (58), and further, that Eq. (58) is more 

conservative than the common form when  1 2 <σ < 3 2  (see Eq. (74) below).  By 

conservative, we mean closer to the exact expression, Eq. (56). 

When treating the helical secondary flow [Eq. (55) above], the Newtonian and 

non-Newtonian contributions to   
⌣vz  have been partitioned differently (see Eqs. 

(12a) and (12b) of [19]).  For a Newtonian fluid where  σ = 1 , Eq. (62) thus reduces 

to    
⌣vz = v0 . 

We begin with the   z- component of the equation of motion, in Cartesian 

coordinates (Eq. (B.5-3) of [40]), evaluated for steady shear flow and in the 

absence of fluid inertia: 
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∂
∂x

η !γ( ) ∂vz

∂x
⎡
⎣⎢

⎤
⎦⎥
+ ∂
∂y

η !γ( ) ∂vz

∂y
⎡

⎣
⎢

⎤

⎦
⎥ = −P  (63) 

which, after changing variables (see Eq. (19) of [22] or Eq. (19) of [18]), Jones [16] 

rewrites, for an Oldroyd 8-constant fluid, as (Eq. (41) of [16]): 

   
1+ 1+σ( )S !γ 2⎡⎣ ⎤⎦

∂2 vz

∂ζ ∂ζ ∗ −
1−σ( )S

2
∂vz

∂ζ
∂ !γ 2( )
∂ζ ∗ +

∂vz

∂ζ ∗

∂ !γ 2( )
∂ζ

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
=

− 1+S !γ 2( )2

1−ζ( )2 1−ζ ∗( )2  (64) 

In plastic pipe extrusion, the inertial term in the equation of motion is negligible 

relative to the viscous term, which therefore dominates.  Otherwise put, die flow 

in plastic pipe extrusion invariably involves Reynolds numbers falling orders of 

magnitude below unity.  To validate any solution to the equation of motion, and 

thus specifically to validate our solutions for  vz  in Eq. (64), it suffices to 

substitute the solution into Eq. (64). 

Substituting Eq. (62) into Eq. (64) and then neglecting the terms of degree of  S  

greater than two, gives:  

   

∂2 v0

∂ζ ∂ζ ∗ + 1+σ( )S !γ 2 ∂2 v0

∂ζ ∂ζ ∗ + 1−σ( )S ∂2 v1

∂ζ ∂ζ ∗ −
1
2

1−σ( )S ∂v0

∂ζ
⎛
⎝⎜

⎞
⎠⎟
∂ !γ 2

∂ζ ∗ −
1
2

1−σ( )S ∂v0

∂ζ ∗

⎛
⎝⎜

⎞
⎠⎟
∂ !γ 2

∂ζ

= − 1−ζ( )−2 1−ζ ∗( )−2
− 2 1−ζ( )−2 1−ζ ∗( )−2

S !γ 2

 (65) 

where for simplicity, we define: 

 ζ ≡ ξeiθ  (66) 

and: 

 ζ
∗ ≡ ξe− iθ  (67) 

Equating coefficients in Eq. (65) for   S0 , and then simplifying gives: 
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∂2 v0

∂ζ ∂ζ ∗ = − 1−ζ( )−2 1−ζ ∗( )−2
 (68) 

the governing partial differential equation for   v0 , and then for   S1 : 

   

1+σ( ) !γ 2 ∂2 v0

∂ζ ∂ζ ∗ + 1−σ( ) ∂2 v1

∂ζ ∂ζ ∗ −
1
2

1−σ( ) ∂v0

∂ζ
⎛
⎝⎜

⎞
⎠⎟
∂ !γ 2

∂ζ ∗ −
1
2

1−σ( ) ∂v0

∂ζ ∗

⎛
⎝⎜

⎞
⎠⎟
∂ !γ 2

∂ζ

= −2 1−ζ( )−2 1−ζ ∗( )−2
!γ 2

 (69) 

the governing partial differential equation for   v1 .  Substituting Eq. (43) of [16] 

into Eq. (69) gives: 

  

∂2 v1

∂ζ ∂ζ * = 2 ∂
∂ζ

1−ζ( )2 1−ζ *( )2 ∂v0

∂ζ
∂v0

∂ζ *
⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
+ 2 ∂

∂ζ * 1−ζ( )2 1−ζ *( )2 ∂v0

∂ζ
⎛
⎝⎜

⎞
⎠⎟

2
∂v0

∂ζ *

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

 (70) 

Eqs. (68) and (70) are the Poisson equation in the ζ  and  ζ
*  coordinates.  We will 

employ the method of Poisson (see Section 7.6 in [94]) to solve Eqs. (68) and (70) 

for the zeroth and first axial velocity coefficients in Subsection 4.1 below. 

 

3.2  Form of the Solutions 

In this subsection, we first tackle the velocity profile.  From this profile, we 

then obtain (i) the volumetric flow rate, then (ii) the shape of the extruded pipe, 

then (iii) the stresses in the melt, and finally, (iv) the forces on the mandrel,  Fx  

and  Fz .  We cast all of our results in dimensionless terms, and specifically in the 

form: 

   P =P0 + 1−σ( )SP1  (71) 



 35 

which is a truncation of an expansion in    1−σ( )σo −1So , where  o  is the order of 

the expansion [see Eq.(62)]:  

   P =P0 + 1−σ( )SP1 + O S2( )  (72) 

where   O S2( )  is the truncation, and where   P0  and   P1  are function of geometry 

only, and specifically    P0 ξi ,ξo( )  and    P1 ξi ,ξo( ) .  For items (i) through (iv) defined 

above,  P  is the result:  

(i)   
⌣
Q , (ii) 

   
⌣vz θ=0 , ⌣vz θ=π( ) , (iii)   Sm  and (iv)   F,χ ,  

  P0  is the Newtonian contribution:  

(i)    
⌣
Q0 , (ii) 

   
⌣
Qθ ,0 0( ) , ⌣Qθ ,0 π( )( ) , (iii)   S0  and (iv)   F0 ,χ0   

and   P1  is the non-Newtonian variable:   

(i)    
⌣
Q1 , (ii) 

   
⌣

Qθ ,1 0( ) , ⌣Qθ ,1 π( )( ) , (iii)   S1  and (iv)   F1 ,χ1 .   

By non-Newtonian variable, we mean the non-Newtonian contribution divided 

by   1−σ( )S .  Below, we give dimensionless graphs for the Newtonian 

contributions    
⌣
Q0 , 

   
⌣
Qθ ,0 0( ) , ⌣Qθ ,0 π( )( ) ,   S0 ,   F0  and  χ0 , and for the non-Newtonian 

variables    
⌣
Q1 , 

   
⌣

Qθ ,1 0( ) , ⌣Qθ ,1 π( )( ) ,   S1 ,   F1  and  χ1 .  Practitioners can use these plots 

to design extrusion dies graphically. 

From Eq. (62), we glean that all of our results are subject to the constraint: 

  S2 < 1  (73) 
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where  S  is given by Eq. (121) from which we learn that  S  scales roughly with 

  1 a6 , where the confocal length  a  decreases with eccentricity [see Eq. (7)].  From 

Eq. (72) we can expect our truncated expansion to be accurate when: 

    

1−σ( )σS2P2

P0
≪1  (74) 

Since obtaining   P1  has been laborious, we would expect that obtaining   P2  

would be more so. 
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Chapter 4   Extrusion Die Analysis 

In this Chapter, we focus on the consequences of the mandrel decentering.  We 

employ the polymer process partitioning (see Chapter 3) to arrive at analytical 

solutions of five physical quantities that allow us to deepen our understanding of 

the extrusion die. 

 

4.1  Velocity Profile 

Solving Eq. (68), see Eq. (4.3.47) of [95] for Euler Formula, for the Newtonian 

part, we get (See Appendix I): 

  
v0 = φn cosnθ

n=0

∞

∑ + −1
1− 2ξ cosθ + ξ 2  (75) 

since the particular part of Eq. (50) of [16] converges to a closed form.  We call Eq. 

(75) partly closed.  By partly closed, we mean that the particular part of Eq. (75) is 

in closed form.  In Eq. (75): 

  
φn =

α0 + β0 lnξ 2 ; n = 0
2αnξ

n + 2βnξ
−n ; n ≥ 1

⎧
⎨
⎪

⎩⎪
 (76) 

with  αn ,  βn ,  ξi  and  ξo  given by: 

  

αn =

ξi
2 lnξi

2 + lnξo
2 −ξo

2 lnξo
2 − lnξi

2

− lnξo
2 + ξo

2 lnξo
2 + lnξi

2 −ξo
2 lnξi

2( ) −1+ ξi
2( ) ; n = 0

ξi
2ξo

2n −ξo
2n + ξi

2n −ξo
2ξi

2n

ξo
2n −ξo

2n+2 −ξi
2n + ξo

2ξi
2n( ) −1+ ξi

2( ) ; n ≥ 1

⎧

⎨

⎪
⎪

⎩

⎪
⎪
⎪

 (77) 
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βn =

ξo
2 −ξi

2

− lnξo
2 + ξo

2 lnξo
2 + lnξi

2 −ξo
2 lnξi

2( ) −1+ ξi
2( ) ; n = 0

−ξi
nξo

n ξo
2 −ξi

2( )
−ξo

nξi
−n + ξo

n+2ξi
−n + ξo

−nξi
n −ξo

−n+2ξi
n( ) −1+ ξi

2( ) ; n ≥ 1

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

 (78) 

where: 

  
ξi ≡

Ro
2 − Ri

2 −δ 2( )− Ro
4 + Ri

4 +δ 4 − 2Ri
2Ro

2 − 2Ri
2δ 2 − 2Ro

2δ 2( )1 2

2δRi

; δ < Ro − Ri( )  (79) 

or in dimensionless terms: 

   
ξi ≡

1−κ 2 − ε2( )− 1+κ 4 + ε4 − 2κ 2 − 2κ 2ε2 − 2ε2( )1 2

2εκ
; ε < 1−κ( )  (80) 

and: 

  
ξo ≡

Ro
2 − Ri

2 +δ 2( )− Ro
4 + Ri

4 +δ 4 − 2Ri
2Ro

2 − 2Ri
2δ 2 − 2Ro

2δ 2( )1 2

2δRo

; δ < Ro − Ri( )  (81) 

or in dimensionless terms: 

   
ξo ≡

1−κ 2 + ε2( )− 1+κ 4 + ε4 − 2κ 2 − 2κ 2ε2 − 2ε2( )1 2

2ε
; ε < 1−κ( )  (82) 

where the dimensionless eccentricity,  ε , and the aspect ratio, κ , are defined in 

Table 2.  We use Eqs. (80) and (82) to plot Figure 12.  Our Eqs. (75) and (76) differ 

from Eqs. (49) and (50) of [16] in that Eq. (75) is partly closed.   

To solve for   v1 , Jones truncated Eq. (49) of [16] to the second harmonic,   n = 2 : 

  
v0 = φJn cosnθ

n=0

2

∑  (83) 

where the subscript  J  is for Jones [16], and where: 
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φJn =
α J0 + βJ0 lnξ 2 − 1−ξ 2( )−1

;n = 0

2 α Jnξ
n + βJnξ

−n −ξ n 1−ξ 2( )−1⎡
⎣⎢

⎤
⎦⎥

;n ≥ 1

⎧

⎨
⎪

⎩
⎪

 (84) 

where: 

  

α Jn =

ξi
2 lnξi

2 + lnξo
2 −ξo

2 lnξo
2 − lnξi

2

− lnξo
2 + ξo

2 lnξo
2 + lnξi

2 −ξo
2 lnξi

2( ) −1+ ξi
2( ) ;n = 0

ξo
nξi

−n+2 + ξo
−nξi

n −ξo
−n+2ξi

n −ξo
nξi

−n

ξo
−n+2ξi

n + ξo
nξi

−n −ξo
−nξi

n −ξo
n+2ξi

−n( ) −1+ ξi
2( ) ;n ≥ 1

⎧

⎨

⎪
⎪

⎩

⎪
⎪
⎪

 (85) 

  

βJn =

ξo
2 −ξi

2

− lnξo
2 + ξo

2 lnξo
2 + lnξi

2 −ξi
2 lnξi

2( ) −1+ ξi
2( ) ;n = 0

ξi
nξo

n ξo
2 −ξi

2( )
−ξo

−nξi
n + ξo

−n+2ξi
n + ξo

nξi
−n −ξo

n+2ξi
−n( ) −1+ ξi

2( ) ;n ≥ 1

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

 (86) 

but we find that, for large eccentricity, this truncation gives inaccurate velocity 

(see Figure 19).  To correct this, we begin by noting that in Eqs. (77) and (78),  αn  

and  βn  converge rapidly to α∞  and  0 .  We now thus depart from Jones [16], with 

our own approximation to Eq. (75), by assuming that: 

  α 3 =α 4 =α 5 =…=α∞  (87) 

then Eq. (75) becomes: 

  
v0 = φn cosnθ

n=0

2

∑ + 2α∞
4ξ 3 cos3θ − 3ξ 3 cosθ + ξ 4 − 2ξ 4 cos2θ

1− 2ξ cosθ + ξ 2 − 1
1− 2ξ cosθ + ξ 2  (88) 

where: 

  
α∞ ≡ lim

n→∞
αn = lim

n→∞

ξi
2ξo

2n −ξo
2n + ξi

2n −ξo
2ξi

2n

ξo
2n −ξo

2n+2 −ξi
2n + ξo

2ξi
2n( ) −1+ ξi

2( ) =
1

1−ξo
2  (89) 
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Eq. (88) differs from Eq. (75) by the closed form for the portion of the 

homogeneous part of  φn  where   n ≥ 3 .  We thus call our Eq. (88) the rapid 

convergence approximation.  This approximation is accurate when: 

  

α 3

α∞

−1≪1  (90) 

which, for normal sag compensation, is always the case.  Evaluating Eq. (77) for 

  n = 3  and substituting this with Eq. (89) into Eq. (90) gives: 

   

ξi
6

1−ξi
2( ) ξo

4 + ξi
2ξo

2 + ξi
4( ) ≪1  (91) 

Figure 13 compares our rapid convergence approximation for   v0  [Eq. (88)] with 

the exact expression [Eq. (75)].  We find good agreement.  Figure 13 also 

compares the Jones [16] truncation for   v0  [Eq. (83)] with the exact expression [Eq. 

(75)].  The Jones [16] truncation is inaccurate, and unphysical as θ  approaches π .    

Since substituting the exact expression [Eq. (75)] into Eq. (70) gives an 

intractable partial differential equation for   v1 , we instead substitute Eq. (88) into 

Eq. (70).  We then follow Appendix I to solve for the non-Newtonian part: 

  
v1 = ψ n cosnθ

n=0

∞

∑  (92) 

where: 

  ψ n = β0
3ψ n

1( ) + β0
2ψ n

2( ) + β0ψ n
3( ) +ψ n

4( )  (93) 

with: 
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ψ n
m( ) =

A0
m( ) + B0

m( ) lnξ 2 + v1p ,0
m( ) ; n = 0 ; m = 1,2,3,4

An
m( )ξ n + Bn

m( )ξ−n + v1p ,n
m( ) ; n ≥ 1 ; m = 1,2,3,4

⎧
⎨
⎪

⎩⎪
 (94) 

where: 

  

An
m( ) =

lnξo
2v1p ,0

m( ) ξi( )− lnξi
2v1p ,0

m( ) ξo( )
lnξi

2 − lnξo
2 ; n = 0

ξi
−nv1p ,n

m( ) ξo( )−ξo
−nv1p ,n

m( ) ξi( )
ξo

−nξi
n −ξo

nξi
−n ; n ≥ 1

⎧

⎨

⎪
⎪

⎩

⎪
⎪
⎪

 (95) 

and: 

  

Bn
m( ) =

v1p ,0
m( ) ξi( )− v1p ,0

m( ) ξo( )
lnξo

2 − lnξi
2 ; n = 0

ξo
nv1p ,n

m( ) ξi( )−ξi
nv1p ,n

m( ) ξo( )
ξo

−nξi
n −ξo

nξi
−n ; n ≥ 1

⎧

⎨

⎪
⎪

⎩

⎪
⎪
⎪

 (96) 

Eq. (93) separates  ψ n  into four groups:   ψ n
1( ) ,   ψ n

2( ) ,   ψ n
3( )  and   ψ n

4( ) .  In Eq. (94), we 

neglect all non-zero harmonics higher than the fourth (  n > 4 ).   

The particular parts of the first group   ψ n
1( )  defined in Eq. (94) are given by: 

  v1p ,0
1( ) = ξ 2 −ξ−2  (97) 

  v1p ,1
1( ) = 2ξ − 4ξ lnξ − 4ξ−1 lnξ  (98) 

and the particular parts of the second group   ψ n
2( )  in Eq. (94): 

  v1p ,0
2( ) = 6α 2 − 6α1( )ξ 2 + 6β2 − 6β1( )ξ−2  (99) 

  v1p ,1
2( ) = C12,1ξ

3 +C12,2ξ +C12,3ξ lnξ +C12,4ξ
−1 lnξ +C12,5ξ

−3  (100) 
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  v1p ,2
2( ) = C22,1ξ

4 +C22,2ξ
2 +C22,3ξ

2 lnξ +C22,4 +C22,5ξ
−2 +C22,6ξ

−2 lnξ + 10
3 β2ξ

−4  (101) 

  v1p ,3
2( ) = C32,1ξ

3 +C32,2ξ
3 lnξ + 8β2ξ

−3 lnξ + 4
3 β2ξ

−3  (102) 

  v1p ,4
2( ) = − 2

3α 2 + 2
3α∞( )ξ 2 − 2

3 β2ξ
−2  (103) 

where the coefficients    C12,ℓ ,    C22,ℓ  and    C32,ℓ  are defined in Eqs. (259)-(261) in 

Appendix II, and the particular parts of the third group   ψ n
3( )  in Eq. (94): 

  v1p ,0
3( ) = C03,1ξ

6 +C03,2ξ
4 +C03,3ξ

2 + 4lnξ − ln ξ 2 −1( )2
+C03,4ξ

−2 +C03,5ξ
−4 − 8

3 β2
2ξ−6  (104) 

  

v1p ,1
3( ) = C13,1ξ

5 −ξ−1 ln ξ 2 −1( )2
−ξ ln ξ 2 −1( )2

+C13,2ξ
3 +C13,3ξ

+C13,4ξ lnξ − 6ξ−1 +C13,5ξ
−1 lnξ +C13,6ξ

−3 +C13,7ξ
−5

 (105) 

  

v1p ,2
3( ) = C23,1ξ

4 +C23,2ξ
−4 +C23,3ξ

2 −ξ 2 ln ξ 2 −1( )2
+C23,4ξ

2 lnξ

+C23,5 +C23,6ξ
−2 −ξ−2 ln ξ 2 −1( )2

+C23,7ξ
−2 lnξ

 (106) 

  

v1p ,3
3( ) = C33,1ξ

5 −ξ 3 ln ξ 2 −1( )2
+C33,2ξ

3 −ξ−3 ln ξ 2 −1( )2
+C33,3ξ

3 lnξ
+C33,4ξ +C33,5ξ

−1 +C33,6ξ
−5 +C33,7ξ

−3 +C33,8ξ
−3 lnξ

 (107) 

  

v1p ,4
3( ) = −1+C43,1ξ

6 + 1
2α∞ξ

4 + 4 − 4α∞( )ξ 4 lnξ −ξ 4 ln ξ 2 −1( )2

+C43,2ξ
2 +C43,3ξ

−2 −ξ−4 −ξ−4 ln ξ 2 −1( )2
− 4

5 β2
2ξ−6

 (108) 

  

v1p ,5
3( ) =α∞

2ξ 7 + 2
5α∞ξ

5 −ξ 5 ln ξ 2 −1( )2
+ 4 − 4α∞( )ξ 5 lnξ −ξ−5 ln ξ 2 −1( )2

− 4
5 ξ

−5

+C53,1ξ
3 +C53,2ξ

−3 +C53,3ξ +C53,4ξ
−1

 (109) 

where the coefficients     C03,ℓ ,    C13,ℓ ,    C23,ℓ ,    C33,ℓ ,    C43,ℓ  and    C53,ℓ  in Eqs. (262)-(267) in 

Appendix II, and the particular parts of the fourth group   ψ n
4( )  in Eq. (94): 
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v1p ,0
4( ) = C04 ,1ξ

6 +C04 ,2ξ
4 +C04 ,3ξ

2 +C04 ,4 lnξ +C04 ,5 ln ξ 2 −1( )2
+C04 ,6ξ

−2

+C04 ,7ξ
−4 +C04 ,8ξ

−6 + 1
2 1+ ξ 2 − 4α∞ + 4α∞ξ

2 + 4α∞
2ξ 4 + 4α∞

2 − 8α∞
2ξ 2( ) ξ 2 −1( )−3 (110) 

  

v1p ,1
4( ) = C14 ,1ξ

7 +C14 ,2ξ
5 +C14 ,3ξ

3 +C14 ,4ξ +C14 ,5ξ lnξ +C14 ,6ξ ln ξ 2 −1( )2

+C14 ,7ξ
−1 +C14 ,8ξ

−1 ln ξ 2 −1( )2
+C14 ,9ξ

−1 lnξ +C14 ,10ξ
−3 +C14 ,11ξ

−5

+C14 ,12ξ
−7 +C14 ,13ξ

−1 ξ 2 −1( )−3
+C14 ,14ξ ξ 2 −1( )−3

+C14 ,15ξ
3 ξ 2 −1( )−3

 (111) 

  

v1p ,2
4( ) = C24 ,1ξ

8 +C24 ,2ξ
6 +C24 ,3ξ

4 +C24 ,4ξ
2 +C24 ,5ξ

2 lnξ +C24 ,6ξ
2 ln ξ 2 −1( )2

+C24 ,7

+C24 ,8ξ
−2 +C24 ,9ξ

−2 lnξ +C24 ,10ξ
−2 ln ξ 2 −1( )2

+C24 ,11ξ
−4 +C24 ,12ξ

−6 + 8
5 β2

3ξ−8

+C24 ,13ξ
6 ξ 2 −1( )−3

+C24 ,14ξ
4 ξ 2 −1( )−3

+C24 ,15ξ
2 ξ 2 −1( )−3

+C24 ,16 ξ 2 −1( )−3

+C24 ,17ξ
−2 ξ 2 −1( )−3

 (112) 

  

v1p ,3
4( ) = C34 ,1ξ

9 +C34 ,2ξ
7 +C34 ,3ξ

5 +C34 ,4ξ
3 +C34 ,5ξ

3 lnξ +C34 ,6ξ
3 ln ξ 2 −1( )2

+C34 ,7ξ

+C34 ,8ξ
−1 +C34 ,9ξ

−3 +C34 ,10ξ
−3 lnξ +C34 ,11ξ

−3 ln ξ 2 −1( )2
+C34 ,12ξ

−5 +C34 ,13ξ
−7

+C34 ,14ξ
7 ξ 2 −1( )−3

+C34 ,15ξ
5 ξ 2 −1( )−3

+C34 ,16ξ
3 ξ 2 −1( )−3

+C34 ,17ξ ξ 2 −1( )−3

+C34 ,18ξ
−1 ξ 2 −1( )−3

+C34 ,19ξ
−3 ξ 2 −1( )−3

 (113) 

  

v1p ,4
4( ) = C44 ,1ξ

10 +C44 ,2ξ
8 +C44 ,3ξ

6 +C44 ,4ξ
4 +C44 ,5ξ

4 lnξ +C44 ,6ξ
4 ln ξ 2 −1( )2

+C44 ,7ξ
2 +C44 ,8 +C44 ,9ξ

−2 +C44 ,10ξ
−4 ln ξ 2 −1( )2

+C44 ,11ξ
−6 +C44 ,12ξ

8 ξ 2 −1( )−3

+C44 ,13ξ
6 ξ 2 −1( )−3

+C44 ,14ξ
4 ξ 2 −1( )−3

− 3ξ 2 ξ 2 −1( )−3
+C44 ,15 ξ 2 −1( )−3

+C44 ,16ξ
−2 ξ 2 −1( )−3

+C44 ,17ξ
−4 ξ 2 −1( )−3

 (114) 

  

v1p ,5
4( ) = C54 ,1ξ

11 +C54 ,2ξ
9 +C54 ,3ξ

7 +C54 ,4ξ
5 +C54 ,5ξ

5 lnξ +C54 ,6ξ
5 ln ξ 2 −1( )2

+C54 ,7ξ
3

+C54 ,8ξ +C54 ,9ξ
−1 +C54 ,10ξ

−3 +C54 ,11ξ
−5 ln ξ 2 −1( )2

+C54 ,12ξ
9 ξ 2 −1( )−3

+C54 ,13ξ
7 ξ 2 −1( )−3

+C54 ,14ξ
5 ξ 2 −1( )−3

− 6
5 ξ

3 ξ 2 −1( )−3
− 6

5 ξ ξ 2 −1( )−3

+C54 ,15ξ
−1 ξ 2 −1( )−3

+C54 ,16ξ
−3 ξ 2 −1( )−3

+C54 ,17ξ
−5 ξ 2 −1( )−3

 (115) 
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where the coefficients    C04 ,ℓ ,    C14 ,ℓ ,    C24 ,ℓ ,    C34 ,ℓ  ,    C44 ,ℓ  and    C54 ,ℓ , in Eqs. (268)-(273) in 

Appendix II. 

We next use our final expression for the velocity profile, Eq. (62) with Eqs. (75) 

through (78) and with Eqs. (92) through (273) to draw Figure 14 through Figure 

21.  Our velocity profile differs only from that of Jones (1964) in its non-

Newtonian part,   v1 , and specifically we departed from Jones with our rapid 

convergence approximation in Eq. (88).  In Figure 14 through Figure 16, we 

compare, for small eccentricity, our velocity profiles with the corresponding ones 

from Jones (Eq. (58) in [16] with Eqs. (49) through (51) and (53) through (57) in 

[16]).  Figure 15 shows close agreement for Newtonian behavior, and by contrast, 

the discrepancies in Figure 14 and Figure 16 illustrate the improvement from our 

rapid convergence approximation [Eq. (88)].  Specifically, our introduction of Eq. 

(88) eliminates the unphysical behaviour as θ  approaches π . 

However, for large eccentricity, Figure 17 through Figure 19 show that, for 

non-Newtonian behaviors, this same Eq. (58) in [16] gives a very different results 

from ours [Eq. (62) with Eqs. (75) through (78) and with Eqs. (92) through (273)].  

Figure 17 through Figure 19 also show the improvement affected by our rapid 

convergence approximation [Eq. (88)].  Figure 20 and Figure 21 (see also Fig. 2 of 

[16]), show the constant speed contours, from which we learn that the fluid, be it 

Newtonian or not, flows fastest through the thicker gap.  By contrast, whereas 

both the Newtonian ( σ = 1 ) and the shear-thickening ( σ = 1
2 ) fluid flow most 
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slowly through the thinnest gap, the shear-thinning ( σ = 3
2 ) fluid most slowly 

elsewhere. 

As a consistency check, we compare our Newtonian velocity profile, Eq. (75) 

with Eqs. (76) through (78), with the well-known solution of Kolitawong and 

Giacomin, Eq. (25) of [37]. Figure 22 shows the close agreement.  We attribute the 

slight discrepancy to the lubrication approximation used in the well-known 

solution (see APPENDIX B. of [37]). 

4.1.1  Validation 

To validate any solution to the equation of motion, and thus specifically to 

validate our solutions for  vz  in Eq. (64), it suffices to substitute the solution into 

Eq. (64).  Our solution for  vz  is given by Eq. (62) in terms of   v0  and   v1 .  Since we 

solve for   v0  exactly, to validate our solutions for  vz  in Eq. (64), it suffices to 

substitute our solution for   v1  into Eq. (70).  Substituting Eqs. (75) and (92) into Eq. 

(70), we find the discrepancies between the left and right sides of Eq. (70): 

  
ε ≡ ∂2 v1

∂ζ ∂ζ * − 2 ∂
∂ζ

1−ζ( )2 1−ζ *( )2 ∂v0

∂ζ
∂v0

∂ζ *
⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
+ 2 ∂

∂ζ * 1−ζ( )2 1−ζ *( )2 ∂v0

∂ζ
⎛
⎝⎜

⎞
⎠⎟

2
∂v0

∂ζ *

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

 (116) 

to be small (  ε ≪1 ) over the space: 

 

0 ≤θ ≤ π
0 < ξ < 0.4

⎧
⎨
⎪

⎩⎪
 (117) 

By contrast, substituting the solution of Jones [16] [Eqs. (53)–(57)] into Eq. (70) 

yields discrepancies that are not small at high values of θ  or at high values of ξ .  
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Since  S  and σ  do not appear in Eq. (116), ε  depends on neither of these.  Thus, 

validation of our solution for  vz  in Eq. (64) also depends on neither of these.  

The validation of our solution for  vz  in Eq. (64), also validates our truncation 

of Eq. (58) to Eq. (62) whose coefficient of   v1  is   1−σ( )S .  In other words, the 

physics of pressure driven flow of a non-Newtonian fluid through an eccentric 

annulus revolves around the product   1−σ( )S .   

 

4.2  Extrudate Shape 

The uninitiated may think that the shape of the extrudate that entering cooling 

chamber will match the shape of the eccentric annulus (see Figure 3).  However, 

the extrudate thickness at any given angular position θ , of course, depends on 

the integral of the velocity profile at that same position θ .  In Subsection 4.1 

above, we learnt that the average velocity at that angular position could 

represent the extruded pipe thickness θ .   

The uninitiated may expect die swell to reshape the extrudate between the die 

and the entrance of the cooling chamber.  However, the shape entering the 

cooling chamber, at any position θ , is propotional to the average velocity in the 

die at the same position θ .  In this work, we neglect any θ  or ξ  motion that die 

swell may introduce, and this is not to be confused with neglecting die swell 

altogether. 
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To calculate the extruded pipe shape, neglecting any θ  or ξ  motions that die 

swell may introduce, we begin with the definition of the volumetric flow rate of 

the whole cross sectional area of the extrusion die: 

  
Q = vz ξ ,θ( )dAξθ

A
∫  (118) 

This Eq. (118), and thus the results of this thesis, are generally unaffected by die 

swell (see [96,97]; Section 7.2.3 of [101]).  We are, however, neglecting any θ  

motion associated with die swell, a quantity that, to our knowledge, has yet to be 

investigated.  Substituting Eq. (13) in Eq. (118), and then adimensionalizing 

gives: 

   

⌣
Q =

ξ ⌣vz

1+ ξ 2 − 2ξ cosθ( )2 dξ
ξi

ξo∫ dθ
0

2π

∫  (119) 

where    
⌣vz ξ ,θ( )  is given by Eq. (62) and: 

   
⌣
Q ≡

4η0Q
a4P

 (120) 

which, with Eq. (60), implies that: 

   
S ≡

σ 1a2P2

16η0
2 =

σ 1Q
2

a6 ⌣Q2  (121) 

Substituting Eq. (62) into Eq. (119) gives: 

   
⌣

Q =
⌣
Q0 + 1−σ( )S ⌣Q1  (122) 

where: 

   

⌣
Q0 ≡

ξv0

1+ ξ 2 − 2ξ cosθ( )2 dξ
ξi

ξo∫ dθ
0

2π

∫  (123) 
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and: 

   

⌣
Q1 ≡

ξv1

1+ ξ 2 − 2ξ cosθ( )2 dξ
ξi

ξo∫ dθ
0

2π

∫  (124) 

However, Eqs. (123) and (124) yield no analytical solution, so we integrate 

numerically, then plot the results in Figure 23.  Throughout this thesis, when 

integrals are evaluated numerically, we use adaptive Simpson quadrature with a 

tolerance of  10−6  (see Section 3 of [98]).  We coded Eqs. (123) and (124) into 

MATLAB (Version R2012b) on a MacBook Air (1.3 GHz Intel Core i5 processor 

with 4GB 1600 MHz DDR3 memory) employing the OS X (Version 10.10.2) 

operating system.  For each point in Figure 23, we find such an evaluation to 

consume are 5 and 50 seconds of CPU time for    
⌣
Q0  and    

⌣
Q1 . 

For curved hose manufacture, after the hose emerged from the die, the hose is 

free to bend [99,100].  We thus calculate the radius of curvature of the hose.  First, 

we calculate the average velocity for each wedge  dθ : 

   

⌣vz θ
=

f 2 ⌣Qθ

π 1−κ 2( )  (125) 

where  f ≡ a Ro  is a dimensionless confocal length.   

The dimensionless volumetric flow rate at the die exit, for each differential 

wedge  dθ , is defined as: 

   
⌣
Qθ ≡

4η0Qθ

a4P
 (126) 

For angular position θ , Eq. (119) reduces to: 
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⌣
Qθ =

ξ ⌣vz

1+ ξ 2 − 2ξ cosθ( )2 dξ
ξi

ξo∫  (127) 

Substituting Eq. (62) into Eq. (127) gives: 

   
⌣
Qθ =

⌣
Qθ ,0 + 1−σ( )S ⌣Qθ ,1  (128) 

where: 

   

⌣
Qθ ,0 =

ξ

1+ ξ 2 − 2ξ cosθ( )2 v0 dξ
ξi

ξo∫  (129) 

   

⌣
Qθ ,1 =

ξ

1+ ξ 2 − 2ξ cosθ( )2 v1 dξ
ξi

ξo∫  (130) 

which we will use below. 

We can then take the ratio of the average velocity at the top, 
   
⌣vz θ=0 , to the 

bottom, 
  
⌣vz θ=π

, of the hose, by substituting Eqs. (129) and (130) into Eq. (128), 

and then this result into Eq. (125): 

   

⌣vz θ=0⌣vz θ=π

=
⌣

Qθ ,0 0( ) + 1−σ( )S ⌣Qθ ,1 0( )
⌣

Qθ ,0 π( ) + 1−σ( )S ⌣Qθ ,1 π( )  (131) 

To relate hose curvature to the extrudate shape [given by Eq. (131)], we use Eq. 

(47) from [37]: 

   

r0

Ri + Ro( ) 2
=
⌣vz θ=0

⌣vz θ=π
+1

⌣vz θ=0
⌣vz θ=π

−1
 (132) 

where   r0  is the radius of curvature of the hose (see Figure 2 of [37]),  Ri  is the 

radius of the mandrel and  Ro  is the inner radius of the die.   
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We next use Eq. (131) with Eqs. (129) and (130) and with Eqs. (75) through 

(78) , and also with Eqs. (92) through (273) to draw Figure 24 and Figure 25.  For 

each point in Figure 24 and Figure 25, we find such an evaluation to consume are 

270, 530, 560 and 200 seconds of CPU time for    
⌣
Qθ ,0 0( ) ,    

⌣
Qθ ,1 0( ) ,    

⌣
Qθ ,0 π( )  and 

   
⌣
Qθ ,1 π( ) .   

Together with Eq. (131), Figure 24 and Figure 25 can help plastics engineers 

predict the shape of the pipe right after emerges from the extrusion die.  

Together with Eqs. (131) and (132), Figure 24 through Figure 25, can be used by 

hose engineer to predict extrudate curvature. 

 

4.3  Shear Stress in Die Annulus 

When extruded at high throughput, the surface of most polymer extrudates 

roughen visibly.  This wavy skin is called sharkskin (see Figure 7.8 in [101]).  To 

prevent sharkskin, some suggest that the highest shear stress cannot exceed 

roughly 0.1 MPa (see [102]).  However, this value depends on the molecular 

characteristics of the extruded polymer. 

The general expression for shear stress in the extrudate is given by: 

  τξz =η !γ( ) !γ  (133) 

where the viscosity function,  η !γ( )  is defined in Eq. (29).  Adimensionalizing Eq. 

(133), and then substituting Eq. (29) into it gives: 

  
S = 1+σ Wi2

1+ Wi2 Wi  (134) 
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where: 

   
S ≡

σ 1τξz

η0
 (135) 

or, for a low shear rate, Eq. (134) reduces to: 

  S = Wi  (136) 

In pipe extrusion, we freeze the pipe from the outside.  We care about the 

maximum shear stress at the outer surface of the extrudate, which, for a sag 

compensating die, is at the top [  ξ ,θ( ) = ξo ,0( )] (see Figure 2) [37].  

Adimensionalizing Eq. (27) gives: 

   
Wi = S

1+ ξ 2 − 2ξ cosθ( )
ξ

ξ ∂⌣vz

∂ξ
⎛
⎝⎜

⎞
⎠⎟

2

+
∂⌣vz

∂θ
⎛
⎝⎜

⎞
⎠⎟

2

 (137) 

Substituting Eqs. (75) through (78), and (92) through (273) into Eq. (137) then 

evaluating at  ξ = ξi  and  θ = 0  gives the maximum Weissenberg number: 

   Wim = S 1+ ξo
2 − 2ξo( ) S0 + 1−σ( )SS1⎡⎣ ⎤⎦  (138) 

where: 

   
S0 ≡ ′φn ξo( )

n=0

∞

∑ +
2ξo − 2

1− 2ξo + ξo
2( )2  (139) 

   
S1 ≡ ′ψ n ξo( )

n=0

∞

∑  (140) 

where  ′φn  is given by Eq. (274) and  ′ψ n , by Eq. (275) [with Eqs. (276)-(295)].  

Substituting Eq. (138) into Eq. (136) then gives the maximum dimensionless shear 

stress: 
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   Sm = S 1+ ξo
2 − 2ξo( ) S0 + 1−σ( )SS1⎡⎣ ⎤⎦  (141) 

Our expression for maximum shear stress is also the upper-bound, for the 

stress that is frozen into the outermost layer of the plastic pipe (since this layer is 

quenched first and normally shortly after extrusion).  Of course, for 

semicrystalline polymers, shrinkage will superpose additional stresses upon the 

frozen pipe.  Eq. (141) and Figure 26 can thus help plastics engineers estimate the 

maximum stress that is frozen into the outer surfaces of pipe and hose, and thus, 

can help them operate without melt fracture. 

 

4.4  Axial Force on Mandrel 

The axial force on the mandrel per unit length is given by: 

  
Fz ≡

1
L

τξz ξi ,θ( )dAθz
A
∫  (142) 

where  L  is the extrusion die length (see Figure 3).  Substituting Eq. (14) into Eq. 

(142), and integrating with respect to  z  gives: 

  
Fz = τξz ξi ,θ( ) aξi

1+ ξi
2 − 2ξi cosθ

dθ
0

2π

∫  (143) 

Adimensionalizing Eq. (143) gives: 

   
F = S i

ξi

1+ ξi
2 − 2ξi cosθ

dθ
0

2π

∫  (144) 

where: 
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F ≡

σ 1 Fz

η0a
 (145) 

Evaluating Eq. (144) [with Eqs. (134) and (138)] at the inner contour,  ξ = ξi , and 

then substituting into Eq. (144) gives: 

    

F = ξi S
1+S 1+ ξi

2 − 2ξi cosθ( )2 ∂⌣vz

∂ξ ξ=ξi

2

1+σS 1+ ξi
2 − 2ξi cosθ( )2 ∂⌣vz

∂ξ ξ=ξi

2

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

1+ ξi
2 − 2ξi cosθ( ) ∂

⌣vz

∂ξ ξ=ξi

1+ ξi
2 − 2ξi cosθ

dθ
0

2π

∫  (146) 

which yields no analytical solution.  However, for small  Wi , substituting Eq. 

(136) [with Eq. (138)] into Eq. (144), and integrating gives: 

   
F = 2πξi S F0 + 1−σ( )SF1 −

2ξi

1− 2ξi
2 + ξi

4
⎡

⎣
⎢

⎤

⎦
⎥  (147) 

where: 

   F0 ≡ K0 = ′φ0 ξi( )  (148) 

and: 

   F1 ≡ L0 = ′ψ 0 ξi( )  (149) 

where  ′φn  is given by Eq. (274) and  ′ψ n , by Eq. (275) [with Eqs. (276)-(295)].  We 

use Eqs. (148) and (149) to plot Figure 27.  This figure with Eq. (147) can help 

plastics engineers design mandrel attachments to withstand the axial force 

exerted by molten plastic flowing through the die annulus. 
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4.5  Lateral Force on Mandrel 

To calculate the lateral force on the mandrel, we use Eqs. (24) and (59) from 

[16], subject to our correction to the Jones [16] velocity profile [see Eq. (62) with 

Eqs. (75) through (78) and with Eqs. (92) through (273) above]: 

  
Fx = ℜ i τξξ !γ( )

ξ=ξi

dZ"∫{ }  (150) 

where we quarter the normal component of the extra stress tensor (evaluated on 

the mandrel) into: 

   

τξξ !γ( )
ξ=ξi

≡
λ1 − µ1( )η0 1−σγ 2( )

1−γ 2 − λ2 − µ2( )η0

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
γ 2

− 1
2

λ1 − µ1 − λ2 + µ2( ) σγ 2 + ln 1+ γ 2( )−σ ln 1+ γ 2( )⎡⎣ ⎤⎦

 (151) 

and: 

  
Z ≡ a

1−ξi cosθ − iξi sinθ
 (152) 

Substituting Eq. (152) into Eq. (150) then gives: 

   

Fx = −iξia
sinθ − icosθ

1−ξi cosθ − iξi sinθ( )2 τξξ !γ( )
ξ=ξi

dθ
−π

π

∫  (153) 

for small  Wi , Eq. (151) becomes: 

   
τξξ !γ( )

ξ=ξi
= λ1 − µ1 − λ2 + µ2( ) 1− 1

2σ( )η0 !γ ξi ,θ( )2  (154) 

Evaluating Eq. (27) at  ξ = ξi , then squaring gives: 
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!γ ξi ,θ( )2

=
1−ξi cosθ − iξi sinθ( )2

1−ξi cosθ + iξi sinθ( )2

a2

∂vz

∂ξ ξ=ξi

⎛

⎝
⎜

⎞

⎠
⎟

2

 (155) 

Substituting Eq. (59) into Eq. (155) gives: 

   

!γ ξi ,θ( )2
=

1−ξi cosθ − iξi sinθ( )2
1−ξi cosθ + iξi sinθ( )2 W 2

a2

× Kn + 1−σ( )SLn( )cos nθ( ) + 2ξi − 2cosθ

1− 2ξi cosθ + ξi
2( )2

n=0

∞

∑
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

2  (156) 

and Eqs. (154) and (156) into Eq. (153) gives: 

  

Fx = −iξi

1
a
λ1 − µ1 − λ2 + µ2( ) 1− 1

2σ( )η0W
2

×

sinθ − icosθ( ) 1−ξi cosθ + iξi sinθ( )2

Kn cosnθ +
2ξi − 2cosθ

1− 2ξi cosθ + ξi
2( )2

n=0

∞

∑ + 1−σ( )SLn cosnθ
n=0

∞

∑
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

2

⎧

⎨
⎪
⎪

⎩
⎪
⎪

⎫

⎬
⎪
⎪

⎭
⎪
⎪

dθ
−π

π

∫
 (157) 

where   W ≡ a2P 4η0  and which expands as: 

  

Fx = −iξi

1
a
λ1 − µ1 − λ2 + µ2( ) 1− 1

2σ( )η0W
2

×

sinθ − icosθ( ) 1−ξi cosθ + iξi sinθ( )2
Kn cos nθ( ) + 2ξi − 2cosθ

1− 2ξi cosθ + ξi
2( )2

n=0

∞

∑
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

2

dθ
−π

π

∫

+2

sinθ − icosθ( ) 1−ξi cosθ + iξi sinθ( )2

×
2ξi − 2cosθ

1− 2ξi cosθ + ξi
2( )2 + Kn cos nθ( )

n=0

∞

∑
⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

1−σ( )SLn cos nθ( )
n=0

∞

∑
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

⎧

⎨
⎪
⎪

⎩
⎪
⎪

⎫

⎬
⎪
⎪

⎭
⎪
⎪

dθ
−π

π

∫

+ 1−σ( )2
S2 sinθ − icosθ( ) 1−ξi cosθ + iξi sinθ( )2

Ln cos nθ( )
n=0

∞

∑⎛⎝⎜
⎞
⎠⎟

2

dθ
−π

π

∫

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

 (158) 

or: 

  χ = χ0 + 1−σ( )Sχ1 + 1−σ( )2 S2χ2  (159) 
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which we truncate to: 

  χ = χ0 + 1−σ( )Sχ1  (160) 

where: 

  

χ ≡
Fx

ξia
3P2

16η0
λ1 − µ1 − λ2 + µ2( ) 1− 1

2σ( )
 (161) 

  

χ0 ≡

−i sinθ − icosθ( ) 1−ξi cosθ + iξi sinθ( )2

× Kn cosnθ
n=0

∞

∑ +
2ξi − 2cosθ

1− 2ξi cosθ + ξi
2( )2

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

2

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

dθ
−π

π

∫  (162) 

  

χ1 ≡

−2i sinθ − icosθ( ) 1−ξi cosθ + iξi sinθ( )2

× Kn cosnθ
n=0

∞

∑ +
2ξi − 2cosθ

1− 2ξi cosθ + ξi
2( )2

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
Ln cosnθ

n=0

∞

∑

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

dθ
−π

π

∫  (163) 

   
χ2 ≡ sinθ − icosθ( ) 1−ξi cosθ + iξi sinθ( )2 Ln cos nθ( )

n=0

∞

∑⎛⎝⎜
⎞
⎠⎟

2

dθ
−π

π

∫ +…  (164) 

and where: 

 Kn ≡ ′φn ξi( )  (165) 

 Ln ≡ ′ψ n ξi( )  (166) 

where  ′φn  is given by Eq. (274) and  ′ψ n , by Eq. (275) in Appendix III [with Eqs. 

(276)-(295)].  Since Eqs. (162) and (163)  do not yield to analytical solution, we 

evaluate these numerically (see Figure 28).  For each point in Figure 28, we find 

such an evaluation to consume are 10 and 150 seconds of CPU time for  χ0  and 

 χ1 .   
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From Figure 28, we see that, for Newtonian or shear-thinning fluids ( σ ≤ 1 ), χ  

is always negative.  Hence, from Eq. (161), we see that the lateral force,  Fx , will 

be negative when the coefficient  λ1 − µ1 − λ2 + µ2( ) 1− 1
2σ( )  is positive.  Since this 

coefficient, for Newtonian or shear-thinning fluids, will normally be positive, the 

lateral force on a sag-compensating die will be downward.   

 

4.6  Worked Example 

An engineer gathers the following process details for her high density 

polyethylene pipe extrusion line, where the pipe dimensions are   Ro = 0.32m , 

  Ri = 0.22m ,  δ = 0.01m  with the throughput of   ρQ = 0.01kg s , and the material 

properties at the operating temperature are  η0 = 1.1×107 Pa⋅s  and  ρ = 900 kg m3 .  

From her measured crossover frequency,  ω c , of her ′η ω( )  and ′′η ω( )  curves at 

the operating temperature, she estimates a characteristic relaxation time of 

  λ1 = 1 ω c = 1.38s .  She wants to calculate the (i) pressure drop, (ii) extrudate 

shape, (iii) stresses in the melt, and finally, the (iv) forces on the mandrel,  Fx  and 

 Fz .   

To get the pressure drop per unit length,  P , she begins by calculating 

  ξi = 0.0409 ,   ξo = 0.0594 ,   a = 5.3720 m ,  σ 1 = 1.9s2  and  σ = 0  by inserting the given 

information into, in order, Eqs. (79), (81), (7), (25) and (30).  Solving Eq. (120) 

yields the pressure gradient: 
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P =

4η0Q
a4 ⌣Q

 (167) 

Substituting Eq. (122) into Eq. (167), and since  σ = 0 , gives: 

   
P =

4η0Q
a4 ⌣Q0 +S

⌣
Q1( )  (168) 

Substituting Eq. (60) into Eq. (168) then gives: 

   

P =
4η0Q

a4 ⌣Q0 +
σ 1a2P2

16η0
2

⌣
Q1

⎛
⎝⎜

⎞
⎠⎟

 (169) 

Solving the cubic Eq. (169) yields:  

  
P = c

6
− 2B

c
 (170) 

where: 

   
B ≡

16η0
2 ⌣Q0

σ 1a2 ⌣Q1
 (171) 

  c ≡ 108A+12 12B3 + 81A2( )1 3  (172) 

and: 

   
A ≡

64η0
3Q

σ 1a6 ⌣Q1
 (173) 

To evaluate Eqs. (173), (171) and (172), we need    
⌣
Q0  and    

⌣
Q1 .  Interpolating Figure 

23 for   ξi = 0.0409  and   ξo = 0.0594  gives    
⌣

Q0 = 6.94 ×10−7  and    
⌣
Q1 = 2.34 ×10−10 .  

Evaluating Eqs. (173), (171) and (172): 
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A =

64 1.1×107 Pa⋅s( )3 0.01kg s
900kg m3

1.9s2 5.372m( )6 2.34 ×10−10
= 8.837 ×1022 Pa3

m3  (174) 

  
B =

16 1.1×107 Pa⋅s( )2
6.94 ×10−7

1.9s2 5.372m( )2 2.34 ×10−10
= 1.045×1017 Pa2

m2  (175) 

  

c = 108 8.837 ×1022 Pa3

m3
⎛
⎝⎜

⎞
⎠⎟
+12 12 1.045×1017 Pa2

m2
⎛
⎝⎜

⎞
⎠⎟

3

+ 81 8.837 ×1022 Pa3

m3
⎛
⎝⎜

⎞
⎠⎟

2⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

1 3

= 1.122×109 Pa
m

(176) 

and inserting the values in Eqs. (175) and (176) into Eq. (170) yields the required 

pressure drop per unit die land length: 

  

P =
1.122×109 Pa

m
6

−
2 1.045×1017 Pa2

m2
⎛
⎝⎜

⎞
⎠⎟

1.122×109 Pa
m

= 8.46×105 Pa
m

 (177) 

(ii) To get the extrudate shape, 
   
⌣vz θ=0

⌣vz θ=π
, she will need five ingredients, 

in addition to the given information, for Eq. (131) which, since  σ = 0 , simplifies 

to: 

   

⌣vz θ=0⌣vz θ=π

=
⌣
Qθ ,0 0( ) +S

⌣
Qθ ,1 0( )

⌣
Qθ ,0 π( ) +S

⌣
Qθ ,1 π( )  (178) 

Using Eq. (60), she first evaluates the dimensionless pressure gradient squared: 

  
S ≡

σ 1a2P2

16η0
2 =

1.9 s2 5.372m( )2 8.46×105 Pa
m

⎛
⎝⎜

⎞
⎠⎟

2

16 1.1×107 Pa⋅s( )2 = 0.02031  (179) 
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and thus   S2  is well below one, as it should be [see Eq. (73)].  Interpolating Figure 

24 and Figure 25 for   ξi = 0.0409  and   ξo = 0.0594  gives    
⌣
Qθ ,0 0( ) = 1.6×10−7 , 

   
⌣
Qθ ,0 π( ) = 7.181×10−8 ,    

⌣
Qθ ,1 0( ) = 4.8136×10−7  and 

 
   
⌣

Qθ ,1 π( ) = 3.214 ×10−7 .  

Evaluating Eq. (178) yields the shape of the extrudate that will enter her cooling 

chamber: 

   

⌣vz θ=0⌣vz θ=π

=
1.6×10−7 + 0.02( )4.8136×10−7

7.181×10−8 + 0.02( )3.214 ×10−7 = 2.168  (180) 

She will use this shape in her simulation of sag.   

(iii) To calculate the maximum shear stress in the molten plastic,   Sm , she uses 

Eq. (141) which, since  σ = 0 , simplifies to: 

   Sm = S 1+ ξo
2 − 2ξo( ) S0 +SS1⎡⎣ ⎤⎦  (181) 

Interpolating Figure 26 for   ξi = 0.0409  and   ξo = 0.0594  gives   S0 = −0.04361  and 

  S1 = −0.1361 , and substituting these into Eq. (181) gives: 

  

Sm = 0.02 1+ 0.0594( )2 − 2 0.0594( ){ } −0.04361+ 0.02 −0.1361( )⎡⎣ ⎤⎦
= −0.005848

 (182) 

Solving Eq. (135) for the maximum dimensional shear stress gives: 

   
τξz =

Smη0

σ 1

=
−0.005848 1.1×107 Pa⋅s( )

1.9s2
= −46.6kPa  (183) 

which she understands to be the upper-bound for the shear stress that will be 

frozen in to the outer skin of the pipe product.  
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(iv) For the axial forces on the mandrel, she uses Eq. (147), which, since  σ = 0 , 

reduces to: 

   
F = 2πξi S K0 −

2ξi

1− 2ξi
2 + ξi

4 +SL0
⎡

⎣
⎢

⎤

⎦
⎥  (184) 

Interpolating Figure 27 for   ξi = 0.0409  and   ξo = 0.0594  gives   K0 = 0.122  and 

  L0 = 5.71×10−6 , and substituting these into Eq. (147) gives: 

   

F = 2π 0.0409( ) 0.02 0.122− 2 0.0409( )
1− 2 0.0409( )2 + 0.0409( )4 + 0.02 5.71×10−6( )⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

= 0.001462

 (185) 

Solving Eq. (145) for dimensional axial force gives: 

   
Fz =

aη0F
σ 1

=
5.372m( ) 1.1×107 Pa⋅s( )0.001462

1.9s2
= 62.6kN  (186) 

Finally, she evaluates Eq. (160) for the lateral force, which, since  σ = 0 , 

reduces to: 

  χ = χ0 +Sχ1  (187) 

Interpolating Figure 28 for   ξi = 0.0409  and   ξo = 0.0594  gives  χ0 = −9.934 ×10−4  

and  χ1 = −1.502×10−5 , and substituting these into Eq. (187) gives: 

 χ = −9.934 ×10−4 + 0.02 −1.502×10−5( ) = −9.934 ×10−4  (188) 

Solving Eq. (161), and then, since  σ = 0 , this simplifies to: 
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Fx =
λ1ξia

3P2

16η0
χ =

−1.38s 5.3720 m( )3 0.0409 8.46×105 Pa
m

⎛
⎝⎜

⎞
⎠⎟

2

16 1.1×107 Pa⋅s( ) −9.934 ×10−4( )
= −35.3 N m

 (189) 

If the cooling chamber were now removed, the freely emerging extrudate 

would now curve with a radius of curvature given by Eq. (132).  Substituting the 

value from Eq. (180) into Eq. (132) gives the dimensionless radius of curvature: 

  

r0

Ri + Ro( ) 2
= 2.168+1

2.168−1
= 2.712  (190) 

Solving Eq. (190) for the dimensional radius of curvature gives:  

  
r0 =

0.22m + 0.32m( )
2

2.712 = 0.732m  (191) 

Of course, curved conduit of other radii of curvature can be produced by 

adjusting the extrudate shape.  For this, we solve Eq. (190): 

   

⌣vz θ=0⌣vz θ=π

=

r0

Ri + Ro( ) 2
⎡

⎣
⎢

⎤

⎦
⎥ +1

r0

Ri + Ro( ) 2
⎡

⎣
⎢

⎤

⎦
⎥ −1

 (192) 

which gives the required shape for a given extrudate curvature.  This specific 

worked example happens to be the one we chose to illustrate in Figure 3.   
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Figure 12:   ξi  and  ξo  versus aspect ratio,  κ ≡ Ri Ro  with curves of constant  ε . 
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Figure 13: The effectiveness of our rapid convergence approximation [Eq. (88)] 
(blue) that improved upon the Jones [16] truncation [Eq. (83)] (red) to the 
Newtonian contribution to the velocity profile.  The dashed black curves are the 
exact expression [Eq. (75)].   
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Figure 14: For shear-thinning fluid ( σ = 1

2 ,   S = 1
5 ), dimensionless axial velocity 

profiles,   
⌣vz  versus ξ , around the eccentric annulus (curves of constant eccentric 

angular coordinate  θ = 0, 1
6π , 1

3π , 2
3π , 5

6π ,π  from top to bottom) for the particular 

die shape   ξi = 1
5  and   ξo = 2

5 .  Black indicates ours [Eq. (62) with Eqs. (75) and (92)] 

and red, Jones’s (Eq. (58) in [16] with Eqs. (49)-(51) and (53)-(57) in [16]).  
Discrepancies illustrate improvement from rapid convergence approximation 
[Eq. (88)].  
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Figure 15:  For Newtonian fluid ( σ = 1 ,   S = 1

5 ), dimensionless axial velocity 

profiles,   
⌣vz  versus ξ , around the eccentric annulus (curves of constant eccentric 

angular coordinate  θ = 0, 1
6π , 1

3π , 2
3π , 5

6π ,π  from top to bottom) for the particular 

die shape   ξi = 1
5  and   ξo = 2

5 .  Black, ours [Eq. (62) with Eqs. (75) and (92)] closely 

matched red, Jones’s (Eq. (58) in [16] with Eqs. (49)-(51) and (53)-(57) in [16]).  
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Figure 16:  For shear-thickening fluid ( σ = 3

2 ,   S = 1
5 ), dimensionless axial velocity 

profiles,   
⌣vz  versus ξ , around the eccentric annulus (curves of constant eccentric 

angular coordinate  θ = 0, 1
6π , 1

3π , 2
3π , 5

6π ,π  from top to bottom) for the particular 

die shape   ξi = 1
5  and   ξo = 2

5 .  Black indicates ours [Eq. (62) with Eqs. (75) and (92)] 

and red, Jones’s (Eq. (58) in [16] with Eqs. (49)-(51) and (53)-(57) in [16]).  
Discrepancies illustrate improvement from rapid convergence approximation 
[Eq. (88)].  
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Figure 17:  For shear-thinning fluid ( σ = 1
2 ,   S = 1

5 ), dimensionless axial velocity 

profiles,   
⌣vz  versus ξ , around the eccentric annulus (curves of constant eccentric 

angular coordinate  θ = 0, 1
6π , 1

3π , 2
3π , 5

6π ,π , top to bottom) for the particular die 

shape   ξi = 1
5  and   ξo = 3

5 .  Black indicates ours [Eq. (62) with Eqs. (75) and (92)] 

and red, Jones’s (Eq. (58) in [16] with Eqs. (49) through (51) and (53)-(57) in [16]).  
Discrepancies illustrate improvement from rapid convergence approximation 
[Eq. (88)].  



 69 

 
Figure 18:  For Newtonian fluid ( σ = 1 ,   S = 1

5 ), dimensionless axial velocity 

profiles,   
⌣vz  versus ξ , around the eccentric annulus (curves of constant eccentric 

angular coordinate  θ = 0, 1
6π , 1

3π , 2
3π , 5

6π ,π  from top to bottom) for the particular 

die shape   ξi = 1
5  and   ξo = 3

5 .  Black, ours [Eq. (62) with Eqs. (75) and (92)] closely 

matched red, Jones’s (Eq. (58) in [16] with Eqs. (49) through (51) and (53) through 
(57) in [16]).   



 70 

 

Figure 19:  For shear-thickening fluid ( σ = 3
2 ,   S = 1

5 ), dimensionless axial velocity 

profiles,   
⌣vz  versus ξ , around the eccentric annulus (curves of constant eccentric 

angular coordinate  θ = 0, 1
6π , 1

3π , 2
3π , 5

6π ,π  from top to bottom) for the particular 

die shape   ξi = 1
5  and   ξo = 3

5 .  Black indicates ours [Eq. (62) with Eqs. (75) and (92)] 

and red, Jones’s [Eq. (58) in [16] with Eqs. (49) through (51) and (53) through (57) 
in [16]].  Discrepancies illustrate improvement from rapid convergence 
approximation [Eq. (88)].  
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Figure 20: Dimensionless speed,   
⌣vz , over the pipe cross section (30 contours of 

constant   
⌣vz ).  Oldroyd 8-constant fluids:  shear-thinning,  σ = 1

2  (left) versus 

Newtonian,  σ = 1  (right).    S = 1
20 ,   ξi = 1

10  and   ξo = 1
5 .  The black near-wall regions 

are nearly motionless, and the red, highest speed (   
⌣vz ,max = 9.77 ×10−3  for  σ = 1

2 , 

   
⌣vz ,max = 9.45×10−3  for  σ = 1 ).    
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Figure 21:  Dimensionless speed,   
⌣vz , over the pipe cross section (30 contours of 

constant   
⌣vz ).  Oldroyd 8-constant fluids:  shear thickening,  σ = 3

2  (left) versus 

Newtonian,  σ = 1  (right).    S = 1
20 ,   ξi = 1

10  and   ξo = 1
5 .  The black near-wall regions 

are nearly motionless, and the red, highest speed (   
⌣vz = 9.14 ×10−3  for  σ = 3

2 , 

   
⌣vz = 9.45×10−3  for  σ = 1 ).    



 73 

 

Figure 22:  Comparison between our dimensionless axial velocity profiles and 
well-known solution at evaluates at  θ = 0  (corresponding to β = π  in Eq. (25) of 

[37]) for die shape   Ri = 80cm ,   Ro = 100cm  and  δ = 3.5cm  for Newtonian fluid 

 σ = 1  .  Black, ours and Blue, well-known solution.  Slight discrepancy due to 
our improvement upon the lubrication approximation.   
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Figure 23:  Newtonian,    
⌣
Q0  (blue), and non-Newtonian variable,    

⌣
Q1  (green), 

contributions to volumetric flow rate versus  ξi  with   ξo = 0.02 , 0.04 , 0.06 , 0.08 , 0.10  

isopleths [Eqs. (123) and (124)].  
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Figure 24:  Newtonian,    
⌣
Qθ ,0 0( )  (blue), and non-Newtonian variable,    

⌣
Qθ ,1 0( )  

(green), contributions to volumetric flow rate evaluating at  θ = 0 , versus  ξi , with 

  ξo = 0.02 , 0.04 , 0.06 , 0.08 , 0.10  isopleths [Eqs. (129) and (130)].   



 76 

 

Figure 25:  Newtonian,    
⌣
Qθ ,0 π( )  (blue), and non-Newtonian variable,    

⌣
Qθ ,1 π( )  

(green), contributions to volumetric flow rate evaluating at θ = π , versus  ξi , with 

  ξo = 0.02 , 0.04 , 0.06 , 0.08 , 0.10  isopleths [Eqs. (129) and (130)]. 

  



 77 

 

Figure 26:  Newtonian,   S0  (blue), and non-Newtonian variable,   S1  (green), 

contribution to maximum shear stress versus  ξi , with   ξo = 0.02 , 0.04 , 0.06 , 0.08 ,

 0.10  isopleths [Eqs. (139) and (140)] 
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Figure 27:  Newtonian,   F0  (blue), and non-Newtonian variable,   F1  (green), 

contribution to axial force versus  ξi , with   ξo = 0.02 , 0.04 , 0.06 , 0.08 , 0.10  isopleths 

[Eqs. (148) and (149)]. 
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Figure 28:  Newtonian,  χ0  (blue), and non-Newtonian variable,  χ1  (green), 

contribution to lateral force coefficient versus  ξi , with   ξo = 0.02 , 0.04 , 0.06 , 0.08 ,

 0.10  isopleths [Eq. (162) and (163)]. 
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Chapter 5   Extrudate Knuckling from Viscoelasticity 

In this Chapter, we undertake a detailed examination of our previous result 

for the extrudate shape (see Section 4.2) and discover extrudate knuckling.  We 

investigate and eventually explain extrudate knuckling, and thus a new 

explanation for pipe knuckling.  We develop a map to help plastics engineers 

predict the extrudate shape, including extrudate knuckles, and then from the 

mass balance over the postdie region, to predict the extrudate shape entering the 

cooling chamber.  We include a detailed dimensional worked example to help 

process engineers suppress extrudate knuckling. 

Rewriting Eqs. (122)-(124) [using Eq. (125)] from our previous results in 

Subsection 4.2, we get: 

   
⌣vz θ

= ⌣vz θ ,0 + 1−σ( )S ⌣vz θ ,1
 (193) 

where: 

   

⌣vz θ ,0
≡ f 2

π 1−κ 2( )
ξ

1+ ξ 2 − 2ξ cosθ( )2 v0 dξ
ξi

ξo∫  (194) 

   

⌣vz θ ,1
≡ f 2

π 1−κ 2( )
ξ

1+ ξ 2 − 2ξ cosθ( )2 v1 dξ
ξi

ξo∫  (195) 

We will use Eq. (193) in Section 5.1 to investigate, and to eventually explain, 

extrudate knuckling. 
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5.1  Extrudate Knuckling 

In this section, we develop a map to help plastics engineers predict extrudate 

shape, including extrudate knuckles, and then, from the mass balance, to predict 

the pipe shape (in Section 5.2).   

To test for the presence of extrudate knuckles, we begin by differentiating Eq. 

(193) once: 

   
∂ ⌣vz θ

∂θ
=
∂ ⌣vz θ ,0

∂θ
+ 1−σ( )S

∂ ⌣vz θ ,1

∂θ
 (196) 

and twice to give: 

   
∂2 ⌣vz θ

∂θ 2 =
∂2 ⌣vz θ ,0

∂θ 2 + 1−σ( )S
∂2 ⌣vz θ ,1

∂θ 2  (197) 

Setting the left side of Eq. (196) to zero gives: 

   

∂ ⌣vz θ ,0

∂θ
+ 1−σ( )S

∂ ⌣vz θ ,1

∂θ
= 0  (198) 

We will use this equation to solve for the angular position of the extrudate 

knuckles,  θK .  We will further identify under which process condition extrudate 

knuckles arise.   

We next calculate both of the derivatives in Eq. (198).  Substituting Eqs. (75) 

and (92) into Eqs. (194) and (195) gives: 

   

⌣vz θ ,0
= f 2

π 1−κ 2( )
ξ φn cosnθ

n=0

∞

∑ + −1
1− 2ξ cosθ + ξ 2

⎡

⎣
⎢

⎤

⎦
⎥

1+ ξ 2 − 2ξ cosθ( )2 dξ
ξi

ξo∫  (199) 
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⌣vz θ ,1
= f 2

π 1−κ 2( )
ξ ψ n cosnθ

n=0

5

∑
1+ ξ 2 − 2ξ cosθ( )2 dξ

ξi

ξo∫  (200) 

Differentiating Eqs. (199) and (200), once gives:   

   

∂ ⌣vz θ ,0

∂θ
= f 2

π 1−κ 2( )

−ξ nφn sinnθ
n=1

∞

∑
1− 2ξ cosθ + ξ 2( )2 +

−4ξ 2 sinθ φn cosnθ
n=0

∞

∑
1− 2ξ cosθ + ξ 2( )3

+ 6ξ 2 sinθ

1− 2ξ cosθ + ξ 2( )4

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

dξ
ξi

ξo∫  (201) 

   

∂ ⌣vz θ ,1

∂θ
= f 2

π 1−κ 2( )
−ξ nψ n sinnθ

n=1

5

∑
1− 2ξ cosθ + ξ 2( )2 +

−4ξ 2 sinθ ψ n cosnθ
n=0

5

∑
1− 2ξ cosθ + ξ 2( )3

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

dξ
ξi

ξo∫  (202) 

and twice: 

   

∂2 ⌣vz θ ,0

∂θ 2 = f 2

π 1−κ 2( )

−
ξ n2φn cosnθ

n=1

∞

∑
1− 2ξ cosθ + ξ 2( )2 + ξ

2
8sinθ nφn sinnθ

n=1

∞

∑ − 4cosθ φn cosnθ
n=0

∞

∑
1− 2ξ cosθ + ξ 2( )3

+
6ξ 2 cosθ + 24ξ 3 sin2θ φn cosnθ

n=0

∞

∑
1− 2ξ cosθ + ξ 2( )4 − 48ξ 3 sin2θ

1− 2ξ cosθ + ξ 2( )5

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

dξ
ξi

ξo∫ (203) 

   

∂2 ⌣vz θ ,1

∂θ 2 = f 2

π 1−κ 2( )

−
ξ n2ψ n cosnθ

n=1

5

∑
1− 2ξ cosθ + ξ 2( )2 +

24ξ 3 sin2θ ψ n cosnθ
n=1

5

∑
1− 2ξ cosθ + ξ 2( )4

+ξ 2
8sinθ nψ n sinnθ

n=1

5

∑ − 4cosθ ψ n cosnθ
n=1

5

∑
1− 2ξ cosθ + ξ 2( )3

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

dξ
ξi

ξo∫  (204) 

Substituting both Eqs. (201) and (202) into Eq. (198) gives: 
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−ξ nφn sinnθK
n=1

∞

∑
1− 2ξ cosθK + ξ 2( )2 +

−4ξ 2 sinθK φn cosnθK
n=0

∞

∑
1− 2ξ cosθK + ξ 2( )3

+
6ξ 2 sinθK

1− 2ξ cosθK + ξ 2( )4

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

dξ
ξi

ξo∫

+ 1−σ( )S
−ξ nψ n sinnθK

n=0

5

∑
1− 2ξ cosθK + ξ 2( )2 +

−4ξ 2 sinθK ψ n cosnθK
n=0

5

∑
1− 2ξ cosθK + ξ 2( )3

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
dξ

ξi

ξo∫ = 0

 (205) 

When the solution to Eq. (205) also satisfies both: 

   

∂2 ⌣vz θ ,0

∂θ 2 + 1−σ( )S
∂2 ⌣vz θ ,1

∂θ 2 < 0  (206) 

where 
   
∂2 ⌣vz θ ,0 ∂θ 2  and 

   
∂2 ⌣vz θ ,1 ∂θ 2  are given in Eqs. (203) and (204), and, in 

cylindrical coordinates: 

  
π
2
≤ !θK < π  (207) 

then the thickest parts of the extrudate are in the lower quadrants, and thus 

extrudate knuckles exist.  Eq. (207) can be rewritten in eccentric cylindrical 

coordinates as: 

  

arccos
2ξo

1+ ξo
2

⎛
⎝⎜

⎞
⎠⎟
≤θK < arccos

1+ ξo
2( ) − Ro

a
+ 1

1−ξo
2

⎛
⎝⎜

⎞
⎠⎟
−1

2ξo − Ro

a
+ 1

1−ξo
2

⎛
⎝⎜

⎞
⎠⎟
− ξo

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

 (208) 

Eqs. (205), (206) and (207) [or Eq. (208)] are the criterion for extrudate knuckling.  

This criterion is the main result of this thesis. 
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5.2  Postdie Region 

In this section, we perform a mass balance on the postdie region.  By postdie 

region, we mean the section of the manufacturing line between the die and the 

cooling chamber, where the annular melt undergoes extensional flow (see Figure 

1 and Figure 3; [103,104,105]).  Our mass balance on the postdie region gives the 

shape of the melt entering the cooling chamber as a function of the shape of the 

viscoelastic melt emerging from the eccentric annular die. 

Since the postdie region involves little cooling, and thus no solidification, the 

melt density is nearly constant in this region.  The mass balance at any particular 

 !θ  is thus given by (see Appendix IV for the relationship between θ  and  !θ ): 

   vz !θ
dAe !θ =VdAp !θ   (209) 

which we then rearrange and, using Table 2, adimensionalize as: 

   

vz !θ

V
=

dAp !θ

dAe !θ

=
⌣vz !θ⌣
V

  (210) 

The differential area for each slice of the extrudate entering cooling chamber in 

the postdie region is given by (see Fig. A.8-1. in [40]): 

   
dAp !θ = r dr

Rip
!θ( )

Rop∫ =
Rop

2 − Rip
2 !θ( )

2
 (211) 

and, for the one leaving the extrusion die, by: 

   
dAe !θ =

Ro
2 − Ri

2 !θ( )
2

  (212) 

Substituting Eqs. (211) and (212) into Eq. (210), and then solving for 
   Rip

!θ( )  gives: 
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Rip
!θ( ) = Rop

2 − DDR Ro
2 − Ri

2 !θ( )⎡⎣ ⎤⎦  (213) 

where the drawdown ratio is defined by: 

   DDR ≡ ⌣vz "θ

⌣
V  (214) 

Eq. (213) is thus the main result of this section.  We will use Eq. (213) to convert 

from extrudate shape to pipe shape in Figure 29. 

 

5.3  Results 

Using Eq. (201), we plot Figure 30, from which we learn that a Newtonian 

extrudate will never knuckle.  Extrudate knuckling thus comes from the non-

Newtonian contribution.  Using Eq. (202), we plot Figure 31, from which we 

learn that the fluid elasticity, identified by σ , causes extrudate knuckling.  This 

is why, to avoid knuckles, engineers must sometimes reformulate the plastics. 

From Figure 30 and Figure 31, we also learn that extrudate knuckling never 

happens in the upper quadrants (  π 2 > !θ > 3π 2 ) of the pipe.  Thus, when 

extrudate knuckling does happen, it always happens in the lower quadrants 

(  π 2 ≤ !θ ≤ 3π 2 ).  These findings agree with industrial experience. 

From Figure 32, we learn that the critical value of   1−σ( )S  above which 

extrudate knuckling happens,  K , descends with  ξi  and increases with  ξo .  For 

any pair   ξi ,ξo( ) , the value of   1−σ( )S  must subceed the value of  K  interpolated 

from Figure 32: 

   1−σ( )S < K  (215) 
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which is working inequality for suppressing extrudate knuckling.  Eq. (215), 

along with its companion Figure 32, illustrates the extrudate knuckling criterion 

(Eqs. (205), (206) and (207) [or Eq. (208)]), which is the main result of this thesis. 

  To deepen the reader’s understanding of how Figure 32 was constructed, we 

provide Figure 33, and we recall: 

   
∂ ⌣vz θ

∂θ
=
∂ ⌣vz θ ,0

∂θ
+ 1−σ( )S

∂ ⌣vz θ ,1

∂θ
 (196) 

where 
  ∂
⌣vz θ

∂θ  is the extrudate shape gradient (ESG), 
   
∂ ⌣vz θ ,0 ∂θ  is the 

Newtonian contribution to the ESG, and 
   
∂ ⌣vz θ ,1 ∂θ  is part of the non-

Newtonian contribution.  Specifically, Figure 33 shows how one point, the red 

point on the ordinate    ξi ,K( ) = 0.01,0.018( ) , in Figure 32 was obtained.  When 

   
∂ ⌣vz θ ,0 ∂θ  intersects 

   
∂ ⌣vz θ ,1 ∂θ  at θ < π ,    1−σ( )S > K  (see, for example, the 

isopleth of   1−σ( )S = 0.01 ).  When 
   
∂ ⌣vz θ ,0 ∂θ  and 

   
∂ ⌣vz θ ,1 ∂θ  do not intersect, 

   1−σ( )S < K  (see, for example, the isopleth of   1−σ( )S = 0.001 ).  When 

   
∂ ⌣vz θ ,0 ∂θ  intersects 

   
∂ ⌣vz θ ,1 ∂θ  at precisely θ = π ,    1−σ( )S = K  (see the 

   1−σ( )S = 0.00263 = K  isopleth).    

Figure 34 shows that extrudate knuckling, predicted by Eq. (205), happens in 

concert with a local maximum in pipe thickness at the bottom of the pipe.  From 

Figure 34, we also learn that increasing   1−σ( )S  worsens the extrudate knuckling. 

Figure 29 compares the initial condition normally assumed for numerical 

simulation of sag (red curve) [8], with the new initial condition that this thesis 
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offers (blue curve):  the extrudate shape entering the cooling chamber (predicted 

by Eq. (213) [with Eq. (193)]).  Specifically, from Figure 29, we see why the initial 

condition that is normally assumed for numerical simulation of sag over-predicts 

the pipe bottom thickness.   

 

5.4  Worked Example 

An engineer observes the pipe knuckling (shown in Figure 2) in high-density 

polyethylene pipe extrusion.  For sag compensation, her mandrel has been 

shifted downward by  δ = 0.0118m , with mandrel and die radii of   Ri = 0.351m  

and   Ro = 0.440m .  For her analysis, the engineer choses the corotational Maxwell 

model (see Subsection 2.2; also [44,45]), with  η0 = 9.6MPa⋅s  and  λ1 = 2.38s  for 

her molten high-density polyethylene.  Does extrudate knuckling cause her the 

knuckling that she observes in her fully solidified pipe (pipe knuckling)?   

She first calculates the corresponding inner and outer contours by substituting 

 Ri ,  Ro  and δ  into Eqs. (7), (79) and (81) to get: 

  a = 5.91m  (216) 

  ξi = 0.0592  (217) 

and: 

  ξo = 0.0740  (218) 

She measures the pressure drop per unit length across her annular die of: 

  P = 8.46×105 Pa m  (219) 
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Using Eq. (219) and the given material properties to calculate the non-Newtonian 

coefficient,   1−σ( )S , gives: 

  
1−σ( )S =

2.38s( )2 5.91m( )2 8.46×105 Pa m( )2

16 9.6×106 Pa⋅s( )2 = 0.0960  (220) 

Next, she uses Eqs. (217) and (218) to interpolate the critical value of   1−σ( )S  

from Figure 32 to get: 

  K = 0.00557  (221) 

Since this is smaller than  0.0246 , she concludes that her pipe knuckling is indeed 

caused by the knuckling of her extrudate. 
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Figure 29:  Thickness distribution of the extrudate entering the cooling chamber, 

  Δp = Rop − Rip , (blue) predicted from Eq. (213) [with Eq. (193)] using 

  P = 8.46×105 Pa m ,  η0 = 9.6MPa⋅s ,   V = 1.98×10−5 m s ,   Ri = 0.351m ,   Ro = 0.44m , 

  Rop = 0.44m ,  δ = 0.0118m ,  λ1 = 2.38s ,  λ2 = µ0 = µ1 = µ2 = ν1 = ν2 = 0  versus the die 

shape (red).  

p
m
m

[
]

rad[ ]
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Figure 30:  Newtonian contribution to the extrudate shape gradient.  Four sets of 

increasing parametrized curves of  ξi  from top to bottom [Eq. (201)].   ξo  is 

increasing from bottom to top.   
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Figure 31:  Non-Newtonian contribution to extrudate shape gradient.  Four sets 

of increasing parametrized curves of  ξi  (top to bottom).   ξo  is increasing from 

bottom to top.  Dashed curves are for the negative part of 
   −∂
⌣v

θ ,1 ∂θ  [Eq. (202)].  
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Figure 32:  Knuckling suppression map of the critical values of   1−σ( )S ,  K , 

versus inner contour,  ξi , parametrized with  ξo  [Eq. (205)].  Black dot illustrates 

the critical value for Figure 33.  
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Figure 33:  Suppressing extrudate knuckles.  Blue curves are the Newtonian 
(negative) contribution to extrudate shape gradient [Eq. (201)], and the green 

ones, non-Newtonian [Eq. (202)], using   ξi ,ξo( ) = 0.01,0.02( ) .  Critical value is 

  K = 0.00263 .  Suppressing by decreasing   1−σ( )S .  Dashed curves are for the 

negative part of 
   −∂
⌣v

θ ,1 ∂θ .  
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Figure 34:  Average velocity of each slice θ  versus eccentric angular position, θ , 

with curves of constant   1−σ( )S = 0.00557,  0.02,  0.04,   0.06,  0.08  [Eq. (205)].  The 

smoothest curve,    1−σ( )S = K = 0.00557 , represents the critical extrudate 

knuckling.  
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Chapter 6   Conclusion 

We report a new expression for the lateral force exerted on a pipe extrusion 

die by an elastic liquid obeying any model in the Oldroyd 8-constant framework 

[Eq. (160) with Eqs. (162)-(163)].  Our analysis corrects the previous contribution 

[see rapid convergence approximation in Eq. (88)] due to Jones [16].  For 

Newtonian or shear-thinning fluids ( σ ≤ 1 ), we find the sign of the lateral force 

to be decentering.  We find that the physics of pressure driven flow of a non-

Newtonian fluid through an eccentric annulus revolves, rather beautifully, 

around the product   1−σ( )S . 

We have succeeded in splitting each quantity calculated in this thesis, 

including the (i) throughput, (ii) extrudate shape, (iii) stresses in the melt, and 

(iv) forces on the mandrel,  Fx  and  Fz , into both Newtonian and non-Newtonian 

contributions [see subhead to Section 3.2 above].  Furthermore, each of these 

contributions includes a factor that depends only on geometry.  This factorability 

allows us to summarize our results into convenient graphs for those solving pipe 

extrusion problems.  Specifically, our graphs help engineers address problems 

arising when plastic pipe is extruded from eccentric dies, and precisely for the (i) 

throughput (Figure 23), (ii) extrudate shape [Figure 24, Figure 25], (iii) stresses in 

the melt (Figure 26), and (iv) forces on the mandrel,  Fx  (Figure 27) and  Fz  (Figure 

28).  The factorability of our answers arises by virtue of our choice of the polymer 

process partitioning method, a method perfectly suited to the rich diversity of 

constitutive equations encompassed by the Oldroyd 8-constant constitutive 
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framework (see Section 2.2 above).  The polymer process partitioning method 

involves splitting the velocity field into the Newtonian and non-Newtonian 

contributions.  

We further employ our analytical solution for the pressure-driven flow of a 

non-Newtonian fluid through an eccentric annulus to analyze the shape of 

extrudate emerging from a pipe die.  We find that extrudate knuckling is 

governed by (i) melt elasticity, (ii) pressure gradient across the die and (iii) die 

geometry including especially its eccentricity (without which, we find that, no 

extrudate knuckling can arise, see Fig. 3 of [8]).  Further, we arrive at a new 

criterion for extrudate knuckling (Eqs. (205), (206) and (207) [or Eq. (208)]).  This 

criterion yields a working inequality, Eq. (215), for suppressing extrudate 

knuckling. Figure 32 illustrates this new working inequality, and plastics 

engineers can use it to predict extrudate knuckling.   

This novel analysis of knuckling offers significant improvement over the 

initial condition normally used for numerical simulation of sag in plastic pipe 

extrusion.  The new initial condition not only includes extrudate knuckling, but 

also promises a solution to the over-prediction of the pipe bottom thickness (see 

Figure 29; and Fig. 6 of [8]).   

Though the polymer process partitioning method has been called “complex 

mathematically” (see last paragraph, p. 125 of [33]), we conclude that the 

especially useful form of the results make its complexity worthwhile.  We 

produce this thesis with detail sufficient for graduate students to teach 

themselves the polymer process partitioning method, and to deepen their 
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understanding of polymer flow through straight eccentric annular dies.  Further, 

we provide the following worked examples to teach practitioners how to use our 

results to help them extrude plastic pipe from eccentric dies.   

We now turn our attention to the future.  We recommend combining our 

velocity profile [Eq. (62) with Eqs. (75) through (78) and with Eqs. (92) through 

(273)] with the energy equation in eccentric cylindrical coordinates (Eq. (19) of 

[30]) to explore the role of melt viscoelasticity on the temperature rise in eccentric 

annular pipe die. 

Some special cases of the Oldroyd 8-constant model (corotational Maxwell or 

corotational Jeffreys), are used with multiple relaxation times,  λ1 .  Extending the 

results of this work to multiple  λ1  might thus be a useful next step, and for this, 

we would begin with the Spriggs relations (see Eqs. (6.1-14) and (6.1-15) of [31]).  

Of course, other special cases of the Oldroyd 8-constant model (Johnson-

Segalman or Gordon-Schowalter) are often useful without extension to multiple 

 λ1 .  As a practical matter, we would expect our single  λ1  results to be 

immediately useful by replacing  λ1  with some average value.  

Finally, we would expect our revised polymer process partitioning method to 

be equally useful for the analysis of the wire coating, where the wire and the die 

are eccentric [33].   
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Appendix I. Solving Eq. (68) 

In this appendix, we will solve Eq. (68) analytically.  We first recall Eq. (68): 

  
∂2 v0

∂ζ ∂ζ ∗ = − 1−ζ( )−2 1−ζ ∗( )−2
 (68) 

The solution to Eq. (68) has a form of: 

  v0 = v0,h + v0,p  (222) 

For the particular part,   v0,p , integrating Eq. (68) twice gives: 

  
v0,p =

−1
1−ζ( ) 1−ζ *( )  (223) 

Substituting Eqs. (66) and (67) into Eq. (223) and using Euler Formula (see Eq. 

(4.3.47) in [95]): 

  eiθ = cosθ + isinθ  (224) 

gives: 

  
v0,p =

−1
1− 2ξ cosθ + ξ 2  (225) 

the second term in Eq. (75).  We then rewrite Eq. (225) as the Fourier series with 

respect to θ  to get: 

  

v0,p =
1

2π
−1

1− 2ξ cosθ + ξ 2 dθ
0

2π

∫

+ 1
π

−cosθ
1− 2ξ cosθ + ξ 2 dθ

0

2π

∫ cosθ + −sinθ
1− 2ξ cosθ + ξ 2 dθ sinθ

0

2π

∫
n=1

∞

∑
 (226) 

Evaluating the integrations gives: 

  
v0,p =

−1
1−ξ 2 +

−2ξ n

1−ξ 2 cosnθ
n=1

∞

∑  (227) 
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which we will use to determine the integration constants,  αn  and  βn , below. 

To calculate the homogeneous part, letting the right side of Eq. (68) to zero 

gives: 

  
∂2 v0

∂ζ ∂ζ * = 0  (228) 

From Eqs. (66) and (67), solving for ξ  and θ  to get:  

ξ = ζζ ∗  (229) 

and: 

  
θ = 1

2i
ln ζ
ζ ∗  (230) 

Rewriting the equation in the footnote on p. 826 in [40] for the eccentric 

cylindrical coordinates gives: 

∂
∂ζ

= ∂ξ
∂ζ

∂
∂ξ

+ ∂θ
∂ζ

∂
∂θ

 (231) 

∂
∂ζ ∗ =

∂ξ
∂ζ ∗

∂
∂ξ

+ ∂θ
∂ζ ∗

∂
∂θ

 (232) 

We then prepare ingredients for Eqs. (231) and (232).  Differentiating Eq. (229) 

with respect to ζ  and ζ ∗  gives: 

  

∂ξ
∂ζ

= 1
2

ζ ∗

ζζ ∗
= 1

2
e− iθ  (233) 

  

∂ξ
∂ζ ∗ =

1
2

ζ
ζζ ∗

= 1
2

eiθ  (234) 

and Eq. (230), gives: 



 114 

  
∂θ
∂ζ

= − ie− iθ

2ξ
 (235) 

  
∂θ
∂ζ ∗ =

ieiθ

2ξ
 (236) 

Substituting Eqs. (233) and (235) into Eq. (231) gives: 

  
∂
∂ζ

= 1
2

e− iθ ∂
∂ξ

− ie− iθ

2ξ
∂
∂θ

 (237) 

and Eqs. (234) and (236) into Eq. (232) gives: 

  
∂
∂ζ ∗ =

1
2

eiθ ∂
∂ξ

+ ieiθ

2ξ
∂
∂θ

 (238) 

 To solve for the homogeneous part, letting the right side of Eq. (68) to zero 

gives: 

  

∂2 v0,h

∂ζ ∂ζ * = 0  (239) 

Applying Eqs. (237) and (238) to Eq. (239) gives: 

  

∂2 v0,h

∂ξ 2 + 1
ξ
∂v0,h

∂ξ
+ 1
ξ 2

∂2 v0,h

∂θ 2 = 0  (240) 

The Laplacian in eccentric cylindrical coordinates is given by (see Eq. (A.7-17) of 

[40]): 

  
∇2 = 1

hξhθ
∂
∂ξ

hθ
hξ

∂
∂ξ

⎛

⎝
⎜

⎞

⎠
⎟ +

∂
∂θ

hξ

hθ
∂
∂θ

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

 (241) 

Substituting Eqs. (11) and (12) into Eq. (241) gives: 

  
∇2 =

1+ ξ 2 − 2ξ cosθ( )2

a2

∂2

∂ξ 2 +
1
ξ

∂
∂ξ

+ 1
ξ 2

∂2

∂θ 2

⎡

⎣
⎢

⎤

⎦
⎥  (242) 
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Eq. (240) thus has a form of Laplace equation in eccentric cylindrical coordinates.  

The solution to Eq. (240) is thus unique (see Subsection 2.5.3 in [94]) and has a 

form of: 

  
v0,h = φn cosnθ

n=0

∞

∑  (243) 

We choose   cosnθ  as basis to satisfy these two boundary conditions ( x -symmetry, 

see Figure 4): 

  

∂v0,h

∂θ
θ=0

= 0  (244) 

and: 

  

∂v0,h

∂θ
θ=π

= 0  (245) 

Substituting Eq. (243) into Eq. (240) gives:   

  
′′φn +

1
ξ

′φn −
n2

ξ 2 φn
⎡

⎣
⎢

⎤

⎦
⎥

n=0

∞

∑ = 0  (246) 

the ordinary differential equation that we will solve for  φn .  Solve Eq. (246) gives 

Eq. (76) in Subsection 4.1 above. 

  
φn =

α0 + β0 lnξ 2 ; n = 0
2αnξ

n + 2βnξ
−n ; n ≥ 1

⎧
⎨
⎪

⎩⎪
 (247) 

We then determine the integration constants in Eq. (247).  Substituting Eqs. 

(227) and (243) [together with Eq. (247)] into Eq. (222) gives: 

  
v0 = φn cosnθ

n=0

∞

∑ + −1
1−ξ 2 + 2

−ξ n

1−ξ 2 cosnθ
n=1

∞

∑  (248) 
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v0 = φ0 +

−1
1−ξ 2 + φn cosnθ

n=1

∞

∑ + −2ξ n

1−ξ 2 cosnθ
n=1

∞

∑  (249) 

  
v0 =α0 + β0 lnξ 2 + −1

1−ξ 2 + 2αnξ
n + 2βnξ

−n + −2ξ n

1−ξ 2

⎡

⎣
⎢

⎤

⎦
⎥cosnθ

n=1

∞

∑  (250) 

the complete solution to Eq. (68) that is subjected to: 

  v0 ξi ,θ( ) = 0  (251) 

and: 

  v0 ξo ,θ( ) = 0  (252) 

the boundary conditions at the inner and outer wall of the extrudate (see Figure 

3).  Applying Eqs. (251) and (252) into the zeroth harmonic of Eq. (250) gives: 

  
0 =α0 + β0 lnξi

2 + −1
1−ξi

2  (253) 

  
0 =α0 + β0 lnξo

2 + −1
1−ξo

2  (254) 

Solving Eqs. (253) and (254) gives: 

  
α0 =

ξi
2 lnξi

2 + lnξo
2 −ξo

2 lnξo
2 − lnξi

2

− lnξo
2 + ξo

2 lnξo
2 + lnξi

2 −ξo
2 lnξi

2( ) −1+ ξi
2( )  (255) 

and: 

  
β0 =

ξo
2 −ξi

2

− lnξo
2 + ξo

2 lnξo
2 + lnξi

2 −ξo
2 lnξi

2( ) −1+ ξi
2( )  (256) 

Similarly for any   n- harmonic, solving Eq. (250) subjects to Eqs. (251) and (252) 

gives: 



 117 

  
αn =

ξi
2ξo

2n −ξo
2n + ξi

2n −ξo
2ξi

2n

ξo
2n −ξo

2n+2 −ξi
2n + ξo

2ξi
2n( ) −1+ ξi

2( ) n ≥ 1  (257) 

  
βn =

−ξi
nξo

n ξo
2 −ξi

2( )
−ξo

nξi
−n + ξo

n+2ξi
−n + ξo

−nξi
n −ξo

−n+2ξi
n( ) −1+ ξi

2( ) n ≥ 1  (258) 

Combining Eqs. (255) with (257), and Eqs. (256) with (258) gives Eqs. (77) and 

(78). 
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Appendix II.    Cmn ,ℓ  

   
C12,ℓ =

−8α 2 + 6α∞ + 2α1( )1 , 2β1 − 6α1 + 4α 2( )2
, −4β1 − 8α 2 +12α1( )3

,
−4 + 4α1 −12β1 + 8β2( )4

, −8β2 + 2β1( )5

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
 (259) 

   
C22 ,ℓ =

− 10
3 α∞ + 10

3 α 2( )1 , α1 − 4α 2 + 3α∞( )2
, −4α1 +16α 2 −12α∞( )3

,
−2α1 + 2α 2 − 2β1 + 2β2( )4

, β1 − 4β2( )5
, 4β1 −16β2( )6

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
 (260) 

   
C32,ℓ = 4

3α 2 − 4
3α∞( )1 , −8α 2 + 8α∞( )2{ }  (261) 

   

C03,ℓ =

8
3α 2

2 − 16
3 α 2α∞ + 8

3α∞
2( )1 , 6α1α∞ +16α 2

2 +α1
2 + 9α∞

2 − 8α1α 2 − 24α 2α∞( )2
,

−6α∞β1 + 8α 2β1 + 8α 2
2 −16α1α 2 + 9α1

2 + 8α∞β2 − 2α1β1 − 8α 2β2( )3
,

8α 2β2 − 2β1 − 8β2
2 +16β1β2 + 2α1β1 − 9β1

2 − 8α1β2( )4
, 8β1β2 −16β2

2 − β1
2( )5

⎧

⎨
⎪⎪

⎩
⎪
⎪

⎫

⎬
⎪⎪

⎭
⎪
⎪

 (262)  

   

C13,ℓ =

−10α∞
2 − 40

3 α 2
2 + 10

3 α1α 2 − 10
3 α1α∞ + 70

3 α 2α∞( )1 ,

−7α1
2 − 24α 2

2 + 32α1α 2 −18α1α∞ +18α 2α∞ − 2α 2β1 + 2α∞β1( )2
,

−2α1 + 4α1
2 + 4α 2 − 4α1α 2 −16α 2β2 + 4α1β2 − 8α1β1 +12α∞β2 + 8α 2β1( )3

,

−16α 2β1 − 8α1β2 + 32α 2β2 − 24α∞β2 +16α1β1 + 8α1α 2 + 4 + 4α1 − 8α 2 − 8α1
2( )4

,

−16α1β2 + 32α 2β2 − 24α∞β2 − 8α 2β1 +16α1β1 − 8β1
2 − 4β1 + 8β1β2( )5

,

24β2
2 + 7β1

2 + 2α1β2 − 32β1β2 − 2β2( )6
, 40

3 β2
2 − 10

3 β1β2( )7

⎧

⎨

⎪
⎪
⎪
⎪⎪

⎩

⎪
⎪
⎪
⎪
⎪

⎫

⎬

⎪
⎪
⎪
⎪⎪

⎭

⎪
⎪
⎪
⎪
⎪

 (263) 

   

C23,ℓ =

1
3α1

2 + 38
3 α1α∞ − 40

3 α1α 2 +12α 2
2 − 32

3 α 2α∞( )1 , − 1
3 β1

2 −12β2
2 + 40

3 β1β2( )2
,

4α1α 2 + 3α∞β1 − 3α1α∞ − 4α 2β1 + 3α∞ +α1β1 − 2α 2 −α1
2( )3

,

−16α1α 2 −12α∞ + 4 −12α∞β1 + 8α 2 +12α∞α1 +16α 2β1 + 4α1
2 − 4α1β1( )4

,

−β1
2 + 8α∞β2 − 2α1 + 8α 2β1 −1+α1

2 − 8α1β2 − 6α∞β1( )5
,

β1
2 + 4α1β2 − 2−α1β1 − 4β1β2 − 2β2 + β1( )6

,

16α1β2 + 4β1
2 −16β1β2 − 8β2 + 4β1 − 4α1β1( )7

⎧

⎨

⎪
⎪
⎪
⎪⎪

⎩

⎪
⎪
⎪
⎪
⎪

⎫

⎬

⎪
⎪
⎪
⎪⎪

⎭

⎪
⎪
⎪
⎪
⎪

 (264) 
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C33,ℓ =

−2α 2
2 +α1α 2 + 3α 2α∞ −α1α∞( )1 , 4

3α 2β1 + 4
3α1α∞ − 4

3α1α 2 − 4
3α∞β1 + 2

3α∞( )2
,

8α1α 2 − 8α1α∞ + 4 − 8α 2β1 − 4α∞ + 8α∞β1( )3
,

−4α∞β1 − 8α 2β2 + 2α1β2 −α1
2 − 2α1β1 + 6α∞β2 − 2α 2 + 6α 2β1 + 2α1α 2( )4

,

β1
2 − 2+ 8α 2β2 − 2β1β2 − 2α 2β1 − 6α1β2 + 2α1β1( )5

, −β1β2 + 2β2
2( )6

,
4
3 β2 − 4

3α1β2 + 4
3 β1β2 − 4

3( )7
, −8α1β2 + 8β2 + 8β1β2( )8

⎧

⎨

⎪
⎪
⎪⎪

⎩

⎪
⎪
⎪
⎪

⎫

⎬

⎪
⎪
⎪⎪

⎭

⎪
⎪
⎪
⎪

(265) 

   

C43,ℓ =
9
5α∞

2 − 8
5α∞α 2 + 4

5α 2
2( )1 ,

1
3 − 16

3 α∞β2 + 1
3α1

2 + 16
3 α 2β2 − 2α∞ + 16

3 α∞β1

− 8
3α1α 2 + 2α1α∞ − 16

3 α 2β1 + 4
3α 2

2

⎛

⎝⎜
⎞

⎠⎟ 2

,

− 4
3 β2

2 − 16
3 α 2β2 − 1

3 β1
2 − 2+ 16

3 α1β2 + 8
3 β1β2( )3

⎧

⎨
⎪⎪

⎩
⎪
⎪

⎫

⎬
⎪⎪

⎭
⎪
⎪

 (266) 

   
C53,ℓ =

α1α 2 − 2α∞ + 1
2 + 3α∞α 2 −α1α∞ − 2α 2

2( )1 , 2β2
2 − 2− β1β2( )2

,
2
3α 2β1 − 2

3 − 2
3α∞β1 − 8

3α 2β2 + 8
3α∞β2( )3

, −1− 2α∞β2 − 2
3α1β2 + 8

3α 2β2( )4

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
 (267) 

   

C04 ,ℓ =

− 16
3 α1α 2

2 + 28
3 α∞α1α 2 − 8

3α∞α 2
2 + 2

3α1
2α 2 − 4α∞

2α1 + 8
3α 2

3 − 2
3α∞α1

2( )1 ,

−2α1α 2β1 −14α∞α 2β1 + 2α∞
2 + 8α 2

2β1 − 8α1α 2
2 − 6α∞α 2 −α1

3

+6α∞
2β1 + 2α∞α1β1 + 6α1

2α 2 + 6α1α 2α∞ − 3α1
2α∞ + 4α 2

2

⎛

⎝⎜
⎞

⎠⎟ 2

,

−16α 2
2β2 + 2α1

2 + 2α1
2α 2 +16α1α 2β2 +12α1α∞β1 +16α 2α∞β2 − 2α1

3 − 4α1α 2

+2α∞ + 2α∞
2 +16α 2

2β1 − 20α1α 2β1 − 2α 2 + 4α1
2β1 −16α1α∞β2 −12α 2α∞β1

⎛

⎝⎜
⎞

⎠⎟ 3

,

4α1 − 8β2 −12α∞ + 8α 2 − 4β1( )4
, β1 + 3α∞ − 2α 2 −α1 + 2β2( )5

,

4α1β1
2 −16α 2β2

2 − 2β1
2 + 2β2β1

2 +16α1β2
2 − 2β1

3 − 20α1β1β2 +16α 2β1β2( )6
,

2β1β2 − β1
3 + 8α1β2

2 + 6β1
2β2 − 2α1β1β2 − 4β2

2 − 8β1β2
2( )7

,
2
3 β1

2β2 − 16
3 β1β2

2 + 8
3 β2

3( )8

⎧

⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎫

⎬

⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎭

⎪
⎪
⎪
⎪
⎪
⎪
⎪

(268) 
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C14 ,ℓ =

−4α 2
3 − 4α1α 2α∞ + 2α1α 2

2 +10α 2
2α∞ + 2α1α∞

2 − 6α 2α∞
2( )1 ,

16α1α 2
2 + 2α 2α∞ + 5α1

2α∞ − 16
3 α 2

3 + 4α 2
2α∞ + 8α 2α∞β1 + 1

3α1
3

+6α1α∞
2 − 4α∞

2β1 − 20α1α 2α∞ − 6α1
2α 2 − 2α∞

2 − 4α 2
2β1

⎛

⎝⎜
⎞

⎠⎟ 2

,

4α1α 2
2 −10α1

2α 2 + 2α∞ − 4α 2
2 + 52α 2α∞β1 −16α1α∞β1 + 24α∞

2β2

+3α1
3 − 6α1α∞ + 6α1α 2 −18α∞

2β1 − 56α 2α∞β2 − 8α1α 2β2 − 36α 2
2β1

+4α∞
2 + 3α1

2α∞ − 2α1
2β1 + 8α1α∞β2 + 32α 2

2β2 − 2α 2

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

3

,

−6α∞ + 4α 2 − 24α1α∞β2 + 40α1α 2β2 + 2α1 −16α1α 2β1 + 8α1
2β1

+8α 2
2β1 + 24α 2α∞β2 − 8α1

2β2 − 32α 2
2β2

⎛

⎝⎜
⎞

⎠⎟ 4

,

−4β1 − 8β2 − 48α 2α∞β2 + 32α1α 2β1 − 80α1α 2β2

+48α1α∞β2 +16α1
2β2 + 64α 2

2β2 −16α 2
2β1 −16α1

2β1

⎛

⎝⎜
⎞

⎠⎟ 5

,

β1 + 3α∞ − 2α 2 −α1 + 2β2( )6
, 18α∞ + 6β1 − 6α1 −12α 2 +12β2( )7

,

β1 + 3α∞ − 2α 2 −α1 + 2β2( )8
,
−16α 2β1

2 + 48α∞β2
2 + 80α 2β1β2 − 32α1β1β2

−64α 2β2
2 +16α1β2

2 − 48α∞β1β2 +16α1β1
2

⎛

⎝⎜
⎞

⎠⎟ 9

,

−2α1β1
2 − 36α1β2

2 + 3β1
3 + 2β1

2 + 32α 2β2
2 + 4β1β2

2

−8α 2β1β2 − 6β1β2 −10β1
2β2 + 20α1β1β2

⎛

⎝⎜
⎞

⎠⎟ 10

,

1
3 β1

3 − 16
3 β2

3 +16β2
2β1 − 6β1

2β2 + 4β2
2 − 4α1β2

2( )11
, 2β1β2

2 − 4β2
3( )12

,

4α∞
2 − 2α∞( )13

, −8α∞
2 + 2( )14

, 2α∞ + 4α∞
2( )15

⎧

⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎫

⎬

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎭

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

(269) 
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C24 ,ℓ =

34
5 α 2α∞

2 − 18
5 α∞

3 + 8
5α 2

3 − 24
5 α 2

2α∞( )1 ,

α1
2α 2 + 8α 2

3 +10α1α 2α∞ −α1
2α∞ − 3α1α∞

3 − 2α∞
2 −18α 2

2α∞ + 9α 2α∞
2

−6α1α 2
2 + 2α 2α∞

⎛

⎝⎜
⎞

⎠⎟ 2

,

−6α1
2α∞ − 2α 2 −16α 2

2β2 − 8α1α 2
2 + 8α1

2α 2 + 32α 2α∞β2 + 4α∞
2

+4α1α 2α∞ − 28α 2α∞β1 − 4α1α 2β1 +12α∞
2β1 − 4α 2α∞ + 2α∞

− 2
3α1

3 +16α 2
2β1 −16α∞

2β2 + 4α1α∞β1 + 8
3α 2

3

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

3

,

−16α1α 2β2 + 2α1
2β2 +α1 + 2α 2 − 2α1

2β1 + 32α 2
2β2 − 3α∞ +10α1α 2β1

−8α 2
2β1 − 6α1β1α∞ + 6α 2α∞β1 +12α1α∞β2 +18α∞

2β2

−48α 2α∞β2

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

4

,

−8β2 − 4β1 + 24α1α∞β1 + 64α1α 2β2 − 40α1α 2β1 +192α 2α∞β2

−48α1α∞β2 + 32α 2
2β1 −128α 2

2β2 + 8α1
2β1 − 8α1

2β2 − 72α∞
2β2

⎛

⎝⎜
⎞

⎠⎟ 5

,

−α1 + 3α∞ + 2β2 − 2α 2 + β1( )6
,

14α 2β1
2 + 2α∞

2 − 32α1α 2β2 + 4α1β1β2 − 32α 2β1β2 + 28α∞β1β2

+14α1
2β2 − 4α 2β1 +16α 2β2

2 −16α∞β2
2 + 4β2 + 2β1 − 2α1β1

2

−2α1
2β1 +16α 2

2β2 − 2α∞ −12α∞β1
2 + 4α1α 2β1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

7

,

2α 2β1
2 + 32α 2β2

2 − 24α∞β2
2 − 2α1β1

2 − 8α1β2
2 + 6α∞β1β2 +10α1β1β2

−16α 2β1β2

⎛

⎝⎜
⎞

⎠⎟ 8

,

128α 2β2
2 − 8α1β1

2 − 96α∞β2
2 − 32α1β2

2 + 24α∞β1β2

−64α 2β1β2 + 40α1β1β2 + 8α 2β1
2

⎛

⎝⎜
⎞

⎠⎟ 9

,

−α1 + 3α∞ + 2β2 − 2α 2 + β1( )10
,
−4α1β1β2 + 8β1

2β2 + 8
3 β2

3 +16α1β2
2

− 2
3 β1

3 + 4β1β2 −16α 2β2
2 − 8β1β2

2

⎛

⎝⎜
⎞

⎠⎟ 11

,

−6β1β2
2 + β1

2β2 + 8β2
3( )12

, −4α 2 + 4β2 + 4α∞ + 2β1 − 2α1 + 2α∞
2( )13

,

4α1 − 8β2 − 6α∞
2 + 8α 2 − 4β1 − 6α∞( )14

, 10α∞
2 − 2α∞( )15

,

3− 4α1 + 4β1 +10α∞ − 8α 2 −10α∞
2 + 8β2( )16

,

−1+ 4α 2 − 2β1 − 6α∞ − 4β2 + 2α1 + 4α∞
2( )17

⎧

⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎫

⎬

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
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C34 ,ℓ =

2α 2α∞
2 − 2α∞

3( )1 ,
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5 α∞α 2

2 + 4
5α1α 2

2 + 27
5 α∞

3 + 9
5α1α∞

2 −12α 2α∞
2

+2α 2α∞ − 2α∞
2 − 16

5 α 2
3 − 8

5α1α 2α∞

⎛

⎝⎜
⎞

⎠⎟ 2

,

−4α 2α∞ + 2α∞ − 4α 2
3 − 2α 2 + 6α 2

2α∞

+2α1
2α∞ + 6α1α 2

2 − 8α1α 2α∞ − 2α1
2α 2 + 4α∞

2

⎛

⎝⎜
⎞

⎠⎟ 3

,

8
3α1α∞β1 − 8

3α1β2α∞ − 8
3α 2α∞β1 + 56

3 α 2α∞β2 + 4
3α 2

+ 8
3α1α 2β2 − 8

3α1α 2β1 − 2α∞ − 8α∞
2β2 + 2

3α1 − 32
3 α 2

2β2 + 8
3α 2

2β1

⎛

⎝⎜
⎞

⎠⎟ 4

,

−16α 2
2β1 +16α1α∞β2 −16α1α∞β1 −16α1α 2β2 +16α1α 2β1

+64α 2
2β2 +16α 2α∞β1 − 8β2 −112α 2α∞β2 − 4β1 + 48α∞

2β2

⎛

⎝⎜
⎞

⎠⎟ 5

,

−α1 + 3α∞ + 2β2 − 2α 2 + β1( )6
,

5
3 β1 +α∞β1

2 − 3α∞ + 2α 2β1 − 6α1
2β2 + 36α1α 2β2 − 24α1α∞β2 + 10

3 β2

+ 4
3α∞

2 + 1
3α1 −α1β1

2 − 6α∞β1 + 6α∞α1β1 − 4α∞β1β2 + 2
3α 2 − 4α1α 2β1

+4α 2β1β2 − 32α 2
2β2 + 24α 2α∞β2

⎛

⎝

⎜
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⎜

⎞

⎠
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⎟

7

,

8
3α∞

2 − 2α1β2 − 32α 2β2
2 + 4α1α 2β2 + 36α 2β1β2 + 32α∞β2

2 − 2
3α1

−4α 2β2 − 6α 2β1
2 + 10

3 β2 − 4
3 − 1

3 β1 − 32α∞β1β2 + 2α1β1 − 4α1β1β2

− 4
3α 2 −α1

2β1 + 6α∞β1
2 + 2

3α∞

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

8

,

− 32
3 α 2β2

2 + 8α∞β2
2 − 8

3α1β1β2 + 8
3α 2β1β2 + 8

3α1β2
2( )9

,

16α 2β1β2 + 48α∞β2
2 − 64α 2β2

2 +16α1β2
2 −16α1β1β2( )10

,

−α1 + 3α∞ + 2β2 − 2α 2 + β1( )11
,

−2β1
2β2 + 6β1β2

2 − 4β2
3( )12

, 4
5 β1β2

2 − 16
5 β2

3( )13
,

2
3 2β1 − 2α1 + 4α∞

2 + 4β2 − 4α 2( )14
,

2
3 4α1 + 8α 2 −1−10α∞

2 + 5α∞ − 4β1 − 8β2( )15
,

2
3 4β2 + 2β1 − 9α∞ + 6α∞

2 + 3− 4α 2 − 2α1( )16
,

2
3 −3+ 6α∞ + 8α∞

2 + 4α 2 − 2β1 + 2α1 − 4β2( )17
,

2
3 7 + 4β1 −14α∞
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C44 ,ℓ =

2α 2α∞
2 − 2α∞

3( )1 , α1α∞
2 + 2α 2α∞ − 2α∞

2 − 4α 2α∞
2 + 3α∞

3( )2
,

2α∞ − 2α 2 − 4α 2α∞ + 16
5 α1α 2α∞ + 8

5α 2
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5 α 2α∞
2 − 8

5α1α 2
2

+4α∞
2 − 16

5 α 2
2α∞ − 18

5 α1α∞
2

⎛

⎝⎜
⎞

⎠⎟ 3

,

1
2α1 − 3

2α∞ +α 2( )4
, −4β1 − 8β2( )5

, −α1 + 3α∞ + 2β2 − 2α 2 + β1( )6
,

− 2
3α1

2β2 + 8
3α 2

2β1 + 10
3 β2 + 2

3α1
2β1 + 40

3 α 2
2β2 + 1

3α1 + 2
3α 2

− 4
3α1α 2β1 − 4α∞β1 +α∞

2 + 2α∞β1
2 − 2α 2β1

2 − 3α∞ −16α 2α∞β2

+12α1α∞β2 − 32
3 α1α 2β2 + 5

3 β1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

7

,

−2α 2β1
2 + 2α∞

2 − 2α1β1β2 + 2α∞β1β2 − 2α1
2β2 + 2α 2β1 + 2β2

−β1 − 3
2 +α1β1

2 +α1
2β1 − 2α∞ +α∞β1

2 − 2α1α 2β1 − 6α∞β2

+6α1α∞β2

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

8

,

−3+ 8
3α1β2

2 + 40
3 α 2β2

2 −16α∞β2
2 − 4

3α1β1β2 + 3α∞
2 − 2α1

2β2 + β1

− 32
3 α 2β1β2 + 4α1β2 − 2

3α 2β1
2 − 2α 2 + 2

3α1β1
2 −α1 + 3α∞ +12α∞β1β2

⎛

⎝⎜
⎞

⎠⎟ 9
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−α1 + 3α∞ + 2β2 − 2α 2 + β1( )10
, − 8

5 β1β2
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5 β2
3( )11
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1
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2 + 2β1 − 2α1 − 4α 2 + 4β2( )12
,

1
2 4α1 − 4β1 −14α∞

2 − 3− 8β2 + 8α 2 + 20α∞( )13
,

1
2 7 −18α∞ + 2β1 + 8α∞

2 − 4α 2 − 2α1 + 4β2( )14
,

1
2 −3+ 2α1 +14α∞ +10α∞

2 − 4β2 + 4α 2 − 2β1( )15
,

1
2 12− 8α 2 + 8β2 −18α∞

2 − 4α1 + 4β1 −12α∞( )16
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C54 ,ℓ =

2α 2α∞
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3( )1 , α1α∞
2 + 2α 2α∞ − 2α∞

2 − 4α 2α∞
2 + 3α∞

3( )2
,

−2α 2 + 2α 2α∞
2 + 2α∞ − 4α 2α∞ − 2α∞

2α1 + 4α∞
2( )3

, 2
5α1 − 6

5α∞ + 4
5α 2( )4

,

−4β1 − 8β2( )5
, −α1 + 3α∞ + 2β2 − 2α 2 + β1( )6

,

−2α1α 2β2 + 6α 2α∞β1 − 4α∞β1 + 4α 2
2β2 + 3

10α1 + 17
5 β2 + 2α1α∞β2 − 4α 2

2β1
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5α∞

2 + 17
10 β1 + 2α1α 2β1 − 6α 2α∞β2 + 3

5α 2 − 2α1α∞β1 − 29
10α∞

⎛

⎝⎜
⎞

⎠⎟ 7
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5 α∞ − 20

3 α1α 2β2 + 26
15 β2 + 8

5α∞
2 − 6α∞β2 − 4α 2β1β2 − 2α∞β1
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3α1

2β1
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15α1 − 17
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2β1 − 8
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5α 2 − 18
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2 + 4α 2β2 + 12
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2 − 4
3α1β2

2

+2α1
2β2 − 1

3α1β1
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⎜
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2 + 16
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5 β1 − 24

5 + 2α1β1β2 − 2α 2β1β2 + 26
5 α∞ − 4α1β2

2
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5 β2 − 12

5 α 2

⎛

⎝⎜
⎞
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−α1 + 3α∞ + 2β2 − 2α 2 + β1( )11
, 2

5 −2α1 + 2β1 −14α∞ + 4β2 − 4α 2 + 8α∞
2( )12

,
2
5 −6−18α∞

2 − 4β1 + 39α∞ − 8β2 + 4α1 + 8α 2( )13
,

2
5 2β1 − 2α1 + 4β2 − 4α 2 +10α∞

2 +12− 29α∞( )14
,

2
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2 + 24α∞( )15
,

2
5 −22α∞
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2
5 −10− 2β1 + 9α∞ +10α∞

2 + 4α 2 + 2α1 − 4β2( )17
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Appendix III. ′φ ξ( )  and ′ψ ξ( )  

Differentiating Eqs. (76) and (93) with respect to ξ  gives: 

  
′φn ≡

dφn

dξ
≡

2β0ξ
−1 ; n = 0

2nαnξ
n−1 + 2nβnξ

−n−1 ; n ≥ 1

⎧
⎨
⎪

⎩⎪
 (274) 

where  αn  and  βn  are defined in Eqs. (77) and (78), and: 

  
′ψ n ≡

dψ n

dξ
≡ β0

3 dψ n
1( )

dξ
+ β0

2 dψ n
2( )

dξ
+ β0

dψ n
3( )

dξ
+

dψ n
4( )

dξ
 (275) 

where: 

  

dψ n
m( )

dξ
=

2B0
m( )ξ−1 +

dv1p ,0
m( )

dξ
; n = 0 ; m = 1,2,3,4

nAn
m( )ξ n−1 + nBn

m( )ξ−n−1 +
dv1p ,n

m( )

dξ
; n ≥ 1 ; m = 1,2,3,4

⎧

⎨

⎪
⎪

⎩

⎪
⎪

 (276) 

where  An
m( )  and  Bn

m( )  are defined in Eqs. (95) and (96).  The derivative of the 

particular parts of the first group   dψ n
1( ) dξ  defined in Eq. (276) are given by: 

  

dv1p ,0
1( )

dξ
= 2ξ + 2ξ−3  (277) 

  

dv1p ,1
1( )

dξ
= −2− 4lnξ + 4ξ−2 lnξ − 4ξ−2  (278) 

and the particular parts of the second group   dψ n
2( ) dξ  in Eq. (276): 

  

dv1p ,0
2( )

dξ
= 12α 2 −12α1( )ξ − 12β2 −12β1( )ξ−3  (279) 
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dv1p ,1
2( )

dξ
= 3C12,1ξ

2 +C12,2 +C12,3 lnξ +C12,3 −C12,4ξ
−2 lnξ +C12,4ξ

−2 − 3C12,5ξ
−4  (280) 

  

dv1p ,2
2( )

dξ
= 4C22,1ξ

3 + 2C22,2ξ + 2C22,3ξ lnξ +C22,3ξ − 2C22,5ξ
−3 − 2C22,6ξ

−3 lnξ

+C22,6ξ
−3 + 40

3 β2ξ
−5

 (281) 

  

dv1p ,3
2( )

dξ
= 3C32,1ξ

2 + 3C32,2ξ
2 lnξ +C32,2ξ

2 − 24β2ξ
−4 lnξ + 4β2ξ

−4  (282) 

  

dv1p ,4
2( )

dξ
= − 4

3α 2 + 4
3α∞( )ξ + 4

3 β2ξ
−3  (283) 

where    C12,ℓ ,    C22,ℓ  and    C32,ℓ  are defined in Eqs. (259)-(261), and the particular 

parts of the third group   dψ n
3( ) dξ  in Eq. (276): 

  

dv1p ,0
3( )

dξ
= 6C03,1ξ

5 + 4C03,2ξ
3 + 2C03,3ξ + 4ξ−1 − 4ξ

ξ 2 −1
− 2C03,4ξ

−3 − 4C03,5ξ
−5 +16β2

2ξ−7  (284) 

  

dv1p ,1
3( )

dξ
= 5C13,1ξ

4 + ξ−2 ln ξ 2 −1( )2
− 4
ξ 2 −1

− ln ξ 2 −1( )2
− 4ξ 2

ξ 2 −1( ) + 3C13,2ξ
2 +C13,3

+C13,4 lnξ +C13,4 + 6ξ−2 −C13,5ξ
−2 lnξ +C13,5ξ

−2 − 3C13,6ξ
−4 − 5C13,7ξ

−6

 (285) 

  

dv1p ,2
3( )

dξ
= 4C23,1ξ

3 − 4C23,2ξ
−5 + 2C23,3ξ − 2ξ ln ξ 2 −1( )2

− 4ξ 3

ξ 2 −1( ) + 2C23,4ξ lnξ +C23,4ξ

−2C23,6ξ
−3 + 2ξ−3 ln ξ 2 −1( )2

− 4
ξ ξ 2 −1( ) − 2C23,7ξ

−3 lnξ +C23,7ξ
−3

(286) 

  

dv1p ,3
3( )

dξ
= 5C33,1ξ

4 − 3ξ 2 ln ξ 2 −1( )2
− 4ξ 4

ξ 2 −1
+ 3C33,2ξ

2 + 3ξ−4 ln ξ 2 −1( )2

− 4
ξ 2 ξ 2 −1( ) + 3C33,3ξ

2 lnξ +C33,3ξ
2 +C33,4 −C33,5ξ

−2 − 5C33,6ξ
−6

−3C33,7ξ
−4 − 3C33,8ξ

−4 lnξ +C33,8ξ
−4

 (287) 
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dv1p ,4
3( )

dξ
= 6C43,1ξ

5 + 2α∞ξ
3 + 4 4 − 4α∞( )ξ 3 lnξ + 4 − 4α∞( )ξ 3 − 4ξ 3 ln ξ 2 −1( )2

− 4ξ 5

ξ 2 −1
+ 2C43,2ξ − 2C43,3ξ

−3 + 4ξ−5 + 4ξ−5 ln ξ 2 −1( )2
− 4
ξ 3 ξ 2 −1( ) +

24
5 β2

2ξ−7
 (288) 

  

dv1p ,5
3( )

dξ
= 7α∞

2ξ 6 + 2α∞ξ
4 − 5ξ 4 ln ξ 2 −1( )2

− 4ξ 6

ξ 2 −1
+ 5 4 − 4α∞( )ξ 4 lnξ + 4 − 4α∞( )ξ 4

+5ξ−6 ln ξ 2 −1( )2
− 4
ξ 4 ξ 2 −1( ) +

4
ξ 6 + 3C53,1ξ

2 − 3C53,2ξ
−4 +C53,3 −C53,4ξ

−2
 (289) 

where    C03,ℓ ,    C13,ℓ ,    C23,ℓ ,    C33,ℓ ,    C43,ℓ  and    C53,ℓ  in Eqs. (262)-(267), and the particular 

parts of the fourth group   dψ n
4( ) dξ  in Eq. (276): 

  

dv1p ,0
4( )

dξ
= 6C04 ,1ξ

5 + 4C04 ,2ξ
3 + 2C04 ,3ξ +C04 ,4ξ

−1 +
4C04 ,5ξ
ξ 2 −1

− 2C04 ,6ξ
−3

−4C04 ,7ξ
−5 − 6C04 ,8ξ

−7 +
ξ + 4α∞ξ + 8α∞

2ξ 3 − 8α∞
2ξ

ξ 2 −1( )3

−
3ξ 1+ ξ 2 − 4α∞ + 4α∞ξ

2 + 4α∞
2ξ 4 + 4α∞

2 − 8α∞
2ξ 2( )

ξ 2 −1( )4

 (290) 

  

dv1p ,1
4( )

dξ
= 7C14 ,1ξ

6 + 5C14 ,2ξ
4 + 3C14 ,3ξ

2 +C14 ,4 +C14 ,5 lnξ +C14 ,5 +C14 ,6 ln ξ 2 −1( )2

+
4C14 ,6ξ

2

ξ 2 −1
−C14 ,7ξ

−2 −C14 ,8ξ
−2 ln ξ 2 −1( )2

+
4C14 ,8

ξ 2 −1
−C14 ,9ξ

−2 lnξ +C14 ,9ξ
−2

−3C14 ,10ξ
−4 − 5C14 ,11ξ

−6 − 7C14 ,12ξ
−8 −C14 ,13ξ

−2 ξ 2 −1( )−3
− 6C14 ,13 ξ 2 −1( )−4

+C14 ,14 ξ 2 −1( )−3
− 6C14 ,14ξ

2 ξ 2 −1( )−4
+ 3C14 ,15ξ

2 ξ 2 −1( )−3
− 6C14 ,15ξ

4 ξ 2 −1( )−4

(291) 
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dv1p ,2
4( )

dξ
= 8C24 ,1ξ

7 + 6C24 ,2ξ
5 + 4C24 ,3ξ

3 + 2C24 ,4ξ + 2C24 ,5ξ lnξ +C24 ,5ξ

+2C24 ,6ξ ln ξ 2 −1( )2
+ 4C24 ,6ξ

3 ξ 2 −1( )−1
− 2C24 ,8ξ

−3 − 2C24 ,9ξ
−3 lnξ +C24 ,9ξ

−3

−2C24 ,10ξ
−3 ln ξ 2 −1( )2

+ 4C24 ,10ξ
−1 ξ 2 −1( )−1

− 4C24 ,11ξ
−5 − 6C24 ,12ξ

−7 − 64
5 β2

3ξ−9

+
6C24 ,13ξ

5 + 4C24 ,14ξ
3 + 2C24 ,15ξ − 2C24 ,17ξ

−3

ξ 2 −1( )3

−6C24 ,13ξ
7 − 6C24 ,14ξ

5 − 6C24 ,15ξ
3 − 6C24 ,16ξ − 6C24 ,17ξ

−1

ξ 2 −1( )4

 (292) 

  

dv1p ,3
4( )

dξ
= 9C34 ,1ξ

8 + 7C34 ,2ξ
6 + 5C34 ,3ξ

4 + 3C34 ,4ξ
2 + 3C34 ,5ξ

2 lnξ +C34 ,5ξ
2

+3C34 ,6ξ
2 ln ξ 2 −1( )2

+ 4C34 ,6ξ
4 ξ 2 −1( ) +C34 ,7 −C34 ,8ξ

−2 − 3C34 ,9ξ
−4

−3C34 ,10ξ
−4 lnξ +C34 ,10ξ

−4 − 3C34 ,11ξ
−4 ln ξ 2 −1( )2

+ 4C34 ,11ξ
−2 ξ 2 −1( )−1

−5C34 ,12ξ
−6 − 7C34 ,13ξ

−8

+
7C34 ,14ξ

6 + 5C34 ,15ξ
4 + 3C34 ,16ξ

2 +C34 ,17 −C34 ,18ξ
−2 − 3C34 ,19ξ

−4

ξ 2 −1( )3

+
−6C34 ,14ξ

8 − 6C34 ,15ξ
6 − 6C34 ,16ξ

4 − 6C34 ,17ξ
2 − 6C34 ,18 − 6C34 ,19ξ

−2

ξ 2 −1( )4

 (293) 

  

dv1p ,4
4( )

dξ
= 10C44 ,1ξ

9 + 8C44 ,2ξ
7 + 6C44 ,3ξ

5 + 4C44 ,4ξ
3 + 4C44 ,5ξ

3 lnξ +C44 ,5ξ
3

+4C44 ,6ξ
3 ln ξ 2 −1( )2

+ 4C44 ,6ξ
5 ξ 2 −1( )−1

+ 2C44 ,7ξ − 2C44 ,9ξ
−3

−4C44 ,10ξ
−5 ln ξ 2 −1( )2

+ 4C44 ,10ξ
−3 ξ 2 −1( )−1

− 6C44 ,11ξ
−7

+
8C44 ,12ξ

7 + 6C44 ,13ξ
5 + 4C44 ,14ξ

3 − 2C44 ,16ξ
−3 − 4C44 ,17ξ

−5 − 6ξ
ξ 2 −1( )3

+
−6C44 ,12ξ

9 − 6C44 ,13ξ
7 − 6C44 ,14ξ

5 − 6C44 ,15ξ − 6C44 ,16ξ
−1 − 6C44 ,17ξ

−3 +18ξ 3

ξ 2 −1( )4

 (294) 
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dv1p ,5
4( )

dξ
= 11C54 ,1ξ

10 + 9C54 ,2ξ
8 + 7C54 ,3ξ

6 + 5C54 ,4ξ
4 + 5C54 ,5ξ

4 lnξ +C54 ,5ξ
4

+5C54 ,6ξ
4 ln ξ 2 −1( )2

+ 4C54 ,6ξ
6 ξ 2 −1( )−1

+ 3C54 ,7ξ
2 +C54 ,8 −C54 ,9ξ

−2

−3C54 ,10ξ
−4 − 5C54 ,11ξ

−6 ln ξ 2 −1( )2
+ 4C54 ,11ξ

−4 ξ 2 −1( )−1

+
9C54 ,12ξ

8 + 7C54 ,13ξ
6 + 5C54 ,14ξ

4 −C54 ,15ξ
−2 − 3C54 ,16ξ

−4 − 5C54 ,17ξ
−6 − 18

5 ξ
2 − 6

5

ξ 2 −1( )3

+
−6C54 ,12ξ

10 − 6C54 ,13ξ
8 − 6C54 ,14ξ

6 − 6C54 ,15 − 6C54 ,16ξ
−2 − 6C54 ,17ξ

−4 + 36
5 ξ

4 + 36
5 ξ

2

ξ 2 −1( )4

(295) 

where    C04 ,ℓ ,    C14 ,ℓ ,    C24 ,ℓ ,    C34 ,ℓ  ,    C44 ,ℓ  and    C54 ,ℓ  in Eqs. (268)-(273).   
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Appendix IV. Relationship between θ  and  !θ    

In this appendix, we derive the relationship between the cylindrical angular, 

 !θ  and eccentric cylindrical angular coordinates θ .  We begin by relating the 

Cartesian coordinate  x  in Figure 4 (to which the eccentric cylindrical coordinates 

are referred) with the Cartesian coordinate   !x  in Figure 8 (to which the cylindrical 

coordinates are referred):   

   x = !x + xc  (296) 

where the circle center is given by   xc = a 1−ξ 2( )  (from Eq. (6) of [72]).  

Substituting this into Eq. (296) gives:   

   
x = !x + a

1−ξo
2  (297) 

where (see Eq. (A.6-1) in [40]): 

   !x ≡ rcos !θ  (298) 

Substituting Eqs. (1) and (298) into Eq. (297), and solving for θ  gives: 

   

θ = arccos
1+ ξ 2( ) R

a
cos !θ + 1

1−ξ 2

⎛
⎝⎜

⎞
⎠⎟
−1

2ξ R
a

cos !θ + 1
1−ξ 2

⎛
⎝⎜

⎞
⎠⎟
− ξ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

 (299) 

Since the origin of the cylindrical coordinates is at the outer circle center, Eq. 

(299) becomes: 

   

θ = arccos
1+ ξo

2( ) Ro

a
cos !θ + 1

1−ξo
2

⎛
⎝⎜

⎞
⎠⎟
−1

2ξo

Ro

a
cos !θ + 1

1−ξo
2

⎛
⎝⎜

⎞
⎠⎟
− ξo

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

 (300) 



 131 

or for  !θ :  

   

!θ = arccos
a

Ro

1−ξo cosθ
1− 2ξo cosθ + ξo

2 −
a

Ro

1
1−ξo

2

⎛
⎝⎜

⎞
⎠⎟

 (301) 

Eqs. (300) [Eq. (301)] can be used to convert from θ  to  !θ  [vice versa].  

 

 


