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One of the most fundamental and counterintuitive features of quantum me-
chanics is entanglement, which is central to many demonstrations of the quantum
advantage. Studying quantum correlations generated by local measurements on
an entangled physical system is one of the direct ways to gain insights into en-
tanglement. The focus of this dissertation is to get better understanding of the
hardness of determining if a given correlation is quantum, which is also known
as the membership problem of quantum correlations.

Previous work has shown that the general membership problem is compu-
tationally undecidable. Where does the hardness come from? Is it just because
the size of a quantum correlation (i.e., the number of real values in the description
of the correlation) can be arbitrarily large? We would like to understand the role
played by the varying sizes of correlations in the hardness of the membership
problem.

It has been shown that certain quantum correlations require the measured



quantum system to be maximally entangled with a certain dimension. This is a
unique phenomenon of quantum correlations and it is known as self-testing. The
tirst step towards answering the hardness of the membership problem of quan-
tum correlations is to get deeper understandings about self-testing, and more
specifically, about the size of a correlation that can self-test a maximally entan-
gled state of arbitrarily large dimension. If correlations of a fixed size can self-
test entangled states of unbounded dimension, this phenomenon is a strong ev-
idence suggesting that deciding membership of fixed-sized correlations can be
very hard.

We first show that there exists an infinite subset of the set of all the prime
numbers such that, for each prime p in this set, a maximally entangled state of
local dimension (p — 1) can be self-tested by a correlation of a fixed size. Since
this set is infinite, this result implies that constant-sized correlations are sufficient
to self-test maximally entangled states of unbounded dimension.

Building on the self-testing result, we show that the varying sizes of corre-
lations are not the only root of the hardness. Specifically, we show that the mem-
bership problem of fixed finite-sized correlations is still computationally unde-
cidable when the fixed size is sufficiently large. That is, the hardness of the mem-
bership problem of quantum correlations is independent of the varying sizes of
correlations. In fact, the hardness arises from the fact that the structure of some
set of correlations of a particular size is so complicated that no finite description

of this set can allow a Turing machine to decide if a correlation is quantum or not.
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Chapter 1: Introduction

1.1 Bipartite quantum correlation

One of the most counterintuitive and fundamental features of quantum me-
chanics is entanglement. To study entanglement, one can make local measure-
ments on entangled systems and examine the statistics generated by the measure-
ments. The central motivating question of this dissertation is the following: how
hard is it to characterize such statistics generated by entangled particles without
prior knowledge of the entanglement?

We consider the simple case with two entangled systems. In this case, statis-
tics generated by local measurements on a quantum system are called bipartite
quantum correlations. They arise in the following scenario. Suppose two spatially
separated parties, say Alice and Bob, are going to perform some task under the
supervision of a referee. Alice and Bob get a question from a fixed set with 14
and np questions respectively and for each question they need to give an answer
from a fixed set with m,4 and mp answers respectively. The referee makes sure
that Alice and Bob do not communicate after they get their questions and before
they give their answers, which is a critical condition. Since the sets of questions
and answers are known to Alice and Bob beforehand, the questions and answers

1



can be simply represented by their indices in the corresponding sets. Let [n] de-
note the set {0,1,...,n — 1}, then the question and answer sets are [n4], [np],
[m4] and [mp]. Since Alice and Bob cannot communicate, we can assume Alice

and Bob are spatially isolated and this scenario is illustrated in the figure below.

X € [na] y € [ns]
Separation
------ (Bepamaton) ... Gob
ac [mA] be [mB]

Figure 1.1: A scenario with spatially isolated Alice and Bob, where n,4, ng, ma4,
mpg € IN.

Note that if there are a probability distribution of the questions and a scor-
ing function on question-answer pairs, this scenario becomes a nonlocal game,
which is an abstraction of a multi-prover interactive proof system (MIP) [1]. Such
scenarios arise in the studies of entanglement-based quantum key distribution
[2], quantum random number generation [3], and entanglement-assisted multi-
prover interactive proof system (MIP*) [4]. For this dissertation, we focus on the
behaviour of Alice and Bob without a nonlocal game setting.

From the point of view of the referee, Alice and Bob’s behaviour is captured

by the collection

P={P(ablx,y):0<a<my, 0<b<mp 0<x<mny 0<y<ng}

where P(a, b|x, ) is the probability that Alice answers 2 and Bob answers b, when



Alice’s question is x and Bob’s question is y. The collection P is called a correlation,
which can be viewed as a matrix. The columns and rows are labelled by Alice
and Bob’s question-answer pair (x,a) and (y, b) respectively, so that the entry in
column (x,a) and row (y,b) is P(a,b|x,y). Therefore, the size of correlation P is
nangmamp (the size of the correlation matrix).

Such correlations are induced by strategies for Alice and Bob determined
before the task. Since Alice and Bob cannot communicate during the task, their
strategies must be of the following form. Each of them holds a local system of a
larger system, which may be classical or quantum. Alice has 1,4 different mea-
surements, one for each question, and each measurement has m 4 outcomes, one
for each answer. Bob has np different measurements, one for each question, and
each measurement has mp outcomes, one for each answer. Each of them performs
their measurement corresponding to the given question on their local system and
obtains their answer. We can see that their strategy can be described by their mea-
surements and their local systems.

The first question to ask is whether it is possible to tell if they use entan-
glement to generate the observed correlation. This question is first answered by
John Bell in 1964 [5]. Bell observed that there are correlations generated by local
measurements on entangled systems that cannot be explained by local variables.
Hence, such correlations are called nonlocal correlations. In other words, Alice and
Bob cannot use shared randomness and deterministic measurements, which are
measurements with a deterministic outcome, to reproduce the same correlation.

Nonlocal correlation is one of the important and strong separations between clas-
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sical and quantum mechanics.

Following Bell’s results, when observing a certain correlation, physicists
may ask whether the shared quantum system is finite-dimensional or infinite-
dimensional, and mathematicians may ask whether the measurements are mod-
elled as local operators or global but commuting operators. In fact, these ques-
tions correspond to different mathematical models or sets of quantum correla-
tions.

In chapter 4, we formally introduce the four standard sets of quantum cor-

relations:

o the finite-dimensional quantum correlations Cq(n A, g, M4, mp), where the
measured quantum state is finite-dimensional and the measurements are

local,

e the quantum spatial correlations Cys (na, ng, my, mp), where the measured

quantum state can be infinite-dimensional but the measurements are local,

e the quantum approximable correlations an(n A, np, ma, mp), which is the

closure of Cys(n 4, ng, ms, mg), and

e the quantum commuting-operator correlations ch(n A, Np, My, mp), where

the measurements are global but commuting.

The convention that we follow in this dissertation is that C; refers to Ci(n 4, np,
my, mg) for t € {q, gs, qa, qgc} when the tuple (n4, ng, ma, mg) is clear from

context.



After two decades’ efforts to study the four sets of quantum correlations,
we know that for some n 4, ng, my, mg all four sets are different, and hence, the

four sets form a strictly increasing sequence

Cq - Cqs - an - ch- (1-1)

The separation between C; and Cs is due to Andrea Coladangelo and Jalex Stark
[6]. The separation between Cys and Cg, is due to William Slofstra [7]. The last
separation between Cy, and Cy is due to Zhengfeng Ji, Anand Natarajan, Thomas
Vidick, John Wright, and Henry Yuen [8]. It is interesting that these three separa-
tions rely on very different approaches.

About the geometries of these four sets, we know that the sets C;, t €
{9, 9s,49a,qc}, are convex subsets of RN and that Cya and Cy are closed [9]. How-
ever, for some integers n4, ng, m4 and mpg, C; and Cgs are not closed [7], which
suggests describing these two sets is difficult.

Chapter 4 is partly based on the following paper:

[10] Honghao Fu, Carl A. Miller and William Slofstra The membership problem for

constant-sized quantum correlations is undecidable, 2021, arXiv:2101.11087.

1.2 The membership problems of quantum correlations

Knowing the basic geometry properties of the four sets of quantum corre-
lations is the first step towards the comprehensive understanding of quantum

correlations. The next step, which is also the goal of this dissertation, is to under-
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stand the hardness of characterizing each set of quantum correlations. We study
these questions from the computational complexity perspective.

Namely, we are interested in the computational hardness of the following
decision problems for t € {g,gs,qa,gc} and subfields K C R, where K is count-

able.

Problem (Membershiptl]K). Given a tuple (na,ng,my, mp), and a correlation P €

K"anB™mams js P e Ci(ng,ng,ma, mg)?

Such a problem requires a computer to know the exact entries of P. Note
that if some entry of P is a real number that cannot be described using finite space,
the hardness of this problem is trivialized. This is why we restrict to correlations
in [K"A"B™MA™MB rather than R"A"8"A™B_ Our choice of K makes sure that the corre-
lation P can be processed by a computer in a finite amount of time. When K is
clear from the context, we drop the subscript K.

We choose to study the membership problems because the decidability of
the membership problems is directly related to the existence of some finite-length
descriptions of the sets of quantum correlations. If (Membership, \ ) is decidable
for some t € {g, gs, qa, qc}, then some nice universal algorithm for C; exists and
can be used to determine the membership of correlations of any size.

As it turns out, all of the four membership problems are undecidable. The
undecidability of (Membership, ) for t € {q,qs,qa} are proved in [7] and [8],
where [8] in fact proves the undecidability of a stronger version of (Membership, )

— namely, the approximate version of (Membership, ;). The undecidability of



(Membership g ¢o) is proved by Matthew Coudron and William Slofstra [11]. These
undecidability results imply that there does not exist an algorithm that can gen-
erate a finite description of Ct(n4,np, ma, mp) that allows a Turing machine to
decide (Membership,) for any t € {g, gs, qa, qc} and any n 4, ng, ma and mp.
Now, we need to understand the cause of the hardness of the member-
ship problems of quantum correlations. It should be noted that the families
of undecidable correlations from the papers [7, 8, 11] all involve correlations
with unbounded sizes. Therefore, one possible explanation for the hardness of
(Membership, ) is that the parameters 14, ng, m 4 and mp are allowed to vary and
there are infinitely many different choices of these parameters. Even if a finite
description of C;(n4, ng, ma, mp) exists for all ny, ng, my and mp, no Turing
machine can store all of them, which can make (Membership,) undecidable.
This dissertation is devoted to proving that the hardness of the membership
problem is independent of the varying sizes of correlations. We would like to
show that (Membership,) is still undecidable when the parameters 14, np, 14
and mgp are fixed. The problem that we study is called the membership problem

for constant-sized quantum correlations.

Problem (Membership(na, ng, ma, mp) ). Given a correlation P € K"A"B™A™MB g

P e Ct(nA,nB,mA, mB)7

The main result of this dissertation addresses the complexity of this prob-

lem, and it is summarized in the following theorem.

Theorem 1.1 (Informal version). There is an integer N such that the decision problem

7



(Membership(na, ng, ma, mg) k) is undecidable for t € {qa,qc} andn,ng, my, mg >

N.

This result asserts that, provided that n4,np,my4, mp are chosen to be suf-
ficiently large, there is no description of the set C;(n4,ng,ma, mp) that would
allow a Turing machine to decide membership in that set for t € {ga, gc}.

The main result is a key step towards understanding the true sources of
complexity of the membership problems of quantum correlations. It is the first
result that shows the hardness of such problems does not rely on the varying
sizes of the correlations. In fact, the main result indicates that the hardness of
(Membershipqu) and (Membershipqc) is rooted in the complicated structure of
a single set C¢(na,npg,my, mp) for some ny, ng, my, mg and t € {qa, gc}. The
structures of these sets are so complicated that no Turing machine can output a
complete description in a finite amount of time.

The first step towards proving Theorem 1.1 is to deepen our knowledge of

a unique phenomenon of quantum correlations called self-testing.

1.3  Self-testing

The idea of self-testing is first introduced by Dominic Mayers and Andrew
Yao [12], and later formalized by Matthew McKague, Tzyh Haur Yang and Vale-
rio Scarani [13]. Self-testing refers to a phenomenon of quantum correlations that
certain correlations are sufficient for us to deduce that some local transformation

can turn the measured state into the tensor product of a particular entangled state



and some junk state. We also call such correlations self-tests.

Since the only assumption about self-testing is that Alice and Bob are spa-
tially separated, and only classical interactions are required between the referee
and the two participants, self-testing becomes a powerful tool for applications in
quantum cryptography and computational complexity theory. It allows a classi-
cal party to delegate quantum computations to some untrusted service provider
and verify that the computations are performed honestly and correctly [14, 15].
Self-testing also becomes a critical component of the security proofs of device-
independent quantum cryptographic protocols [12, 16]. Self-tests also help to
bound the computational power of MIP* protocols [8, 17, 18].

The case of self-testing of the EPR pair,
1
[EPR) = —=(100) + [11)),

is fully understood. The techniques for this case are first introduced in [13], then
improved in [19]. Self-testings of tensor products of maximally entangled qubits
are proved in [20, 21], with the last one being the one with the smallest question
and answer sets. The idea of self-testing of general bipartite entangled states
with local dimension d is first proposed in [22] and realized in [23], which uses
4 questions but each question has d answers. The number of questions is later
reduced to 2 in [24], but the number of answers is still d.

In chapter 5, we show that maximally entangled states of unbounded di-

mension can be self-tested by correlations of a fixed size. For comparison, all the



correlations used in the results listed above have sizes dependent on the local

dimension of the entangled state.

Theorem 1.2 (Informal version). There exists an infinite-sized set D of odd prime
numbers such that, for any p € D, the maximally entangled state of local dimension

(p — 1) can be self-tested with a constant-sized quantum correlation.

To prove Theorem 1.2, we construct a correlation of size @(r?) for each odd
prime number p whose smallest primitive root is r. We say that r is a primitive
root of p if r is the multiplicative generator of the group Zj,. This correlation is
denoted by Q; » and the size of Qy, , is independent of p, although it does depend
onr.

The correlation Q,, is obtained by combining two correlations: P4, and
Q_ /p» which will be introduced below. The question set of Qp,, is the union of
the question sets of P4, and Q_ /p, and this how we combine the two correla-
tions.

The correlation P4, is a perfect correlation associated with a binary linear
system, where the variables of the system are binary and the addition is taken
modulo 2. To better introduce this correlation, we introduce a nonlocal game
called the binary linear system game, illustrated in the figure below. In this game,
Alice and Bob each gets a question, which is either a variable or an equation of

the binary linear system. The distribution over the questions is uniform. They

win this game under the following conditions:

o if they receive the same question, they must give the same answer;

10



o if their questions are equations, they must give a satisfying assignment, and
their assignments to the common variables, if there are any, must be the

same; and

e if one receives an equation and the other one receives a variable from that
equation, then the assignment to the equation must be satisfying and the

assignment to the variable must match the assignment to the equation.

X1+x2+x3=0 Xo
Separation
------ Separation) ... (Bob
x1:x2:x3:0 xzzo

Figure 1.2: One success iteration of a binary linear system game.

A widely-used and thoroughly-studied example is the Magic square game

[25] with the following linear system

xX1+x24+x3=0 X4 +x54+x5=0
X7+ xg + x9 =0 X1+ x4+x7=0
X+ x5+ xg =1 X3 + xg + x9 = 0.

Using two copies of |EPR), the winning correlation of this game can be induced.
It has been shown that if a strategy can induce the winning correlation, the shared
state must be |[EPR)®2 up to some local isometry [26]. Thus, the winning correla-
tion of the Magic square game is a self-test for |[EPR)“2. The key observation that

11



leads to the self-testing proof is that, in a winning strategy of this game, if we de-
note Alice’s binary observable for x; by X, and denote Alice’s binary observable

for x4 by Z, then X and Z must satisfy the anti-commutation relation
ZXZ = —X.

The correlation Py, is a winning correlation of the binary linear system game
associated with a linear system, which is denoted by A,x = 0. P4, can enforce

the relation

utou = o, (1.2)

for unitaries U and O, which correspond to products of the binary observables
used by Alice and Bob, and some integer r. The inspiration comes from Slofstra’s
work [7], where he proposes and validates a new way to design a correlation that
can enforce conjugacy relations of the form X'YX = Z for unitaries X,Y and Z.
Following Slofstra’s design, the numbers of equations and variables of A;x = 0
are of order O(r).

The reason that we choose eq. (1.2) to be the relation enforced by P,, is
the following. Inducing P4, guarantees that the strategy contains unitaries U
and O on Alice’s and Bob’s side satisfying eq. (1.2). Moreover, if we can certify
that the unitary O has the eigenvalue w, := ¢2"/P where r is a primitive root

of p, eq. (1.2) automatically guarantees that the spectrum of O contains {wé\l <

12



j < p—1}, and that Alice and Bob’s local system must be of dimension at least
(p — 1). Therefore, the correlation Q_ /p 18 introduced to certify an eigenvalue
of O. We prove that in an inducing strategy of Q_ /p there must exist a unitary
that has eigenvalues ¢2™/7 and e~27/7.

The first step to prove Theorem 1.2 is to prove the full correlation Qy,, is a
self-test. Following the intuition introduced in the previous paragraph, we can

prove that the correlation Q) , can self-test the state |¢) defined by

- 1

p—1
Y- ild = ).
j=1

The last step of proving Theorem 1.2 involves a number theory result. It has
been shown that there exists an integer » € {2,3,5} such that there are infinitely
many primes whose primitive root is r [27]. The set D in the statement of Theo-
rem 1.2 is the set of all such primes. By applying the self-testing result of Q, , to
all p € D, we prove that for any p € D, a maximally entangled state of dimension
(p — 1) can be self-tested by a constant-sized correlation.

Chapter 5 is based on the following paper:

[28] Honghao Fu, Constant-sized correlations are sufficient to robustly self-test

maximally entangled states with unbounded dimension, 2019, arXiv:1911.01494.

1.4 Overview of the undecidability proof

In chapters 6 and 7, we prove that Membership(ny, ng, ma, mp)k for t €

{qa, qc} are undecidable for sufficiently large n,4, ng, my and mp. The central

13



idea of the undecidability proof is to reduce Membership(n 4, ng, ma, mp); K for
t € {qa, qc} to the word problem of a group. The word problem of a group asks
if an element of the group is trivial in the group and this problem is known to
be undecidable [29, Chapter 12]. In this section, we sketch the proof of our main
result.

In chapter 6, we first introduce the Minsky machine developed by Marvin
Minsky [30], and the Kharlampovich-Myasnikov-Sapir group (KMS group), first
introduced by Olga Kharlampovich, Alexei Myasnikov and Mark Sapir [31]. A
Minsky machine is a kind of universal computation machine just like a Turing
machine, which consists of a few counters and each command is either incre-
menting or decrementing a subset of the counters. Since a Minsky machine can
simulate any Turing machine, deciding if a Minsky machine accepts an input is
equivalent to the halting problem, which is undecidable. Because the forms of
commands of a Minsky machine are simple, it is easier to write down a group
that can simulate a Minsky machine rather than a Turing machine. A KMS group
can simulate a Minsky machine, in the sense that the proof that some element
of this group is trivial corresponds to a sequence of the commands of the Min-
sky machine that takes the input configuration of a particular input to the accept
configuration. Therefore, the word problem of a KMS group is undecidable.

In Section 6.4, we extend a KMS group G and construct a family of groups
{Gn | n > 1} such that deciding if a fixed element w is trivial in G, is equivalent
to deciding if a Minsky machine accepts the input n. This approach is differ-
ent from the approach taken in [7] and [11]. The previous approach uses a fixed
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KMS group G, and different inputs of the Minsky machine are written in differ-
ent group elements. This is why the authors of [7] and [11] need correlations of
growing sizes to check if different group elements are trivial or not in G. In our
approach, the input n is written in some relation of G, so that we can write down
correlations of a fixed size to check if w is trivial in G,. This is the key step to
ensure that the correlations that we construct are of the same fixed size.

In chapter 7, we prove that there exists a family of correlations {C, | n > 1}
such that C,; is in Cys(Na, Ng, M4, Mp) if w is nontrivial in G,, and on the other
hand, C,, is not in Cyc(N4, Np, M4, Mp) if w is trivial in G;, for some fixed Ny,
Ng, M 4, Mpg. Note that the numbers N4, Ng, M4 and Mg are fixed across all the
different n.

Intuitively, to induce C,, Alice and Bob’s binary observables correspond to
generators of G,, which are the same for all n. As mentioned in the previous
paragraph, the input 7 is written in some relation of G,. To enforce this relation,
we use a correlation similar to Q_ /p» Which is used in the self-testing proof, to
write n into the entries of C,, and keep the size of C, independent of n. For the
other relations of G,, we design a linear system such that a perfect correlation
associated with this linear system can force Alice and Bob’s binary observables
to satisfy these relations. Then, the correlation C, is a combination of the two
correlations. The last step to prove Theorem 1.1 is to observe that, since Cys(Nay,
Ng, M, M) € Cyc(Na, Np, Ma, M), if a correlation is in Cgq(Na, Np, My,

Mg), then it is also in Cyc(N4, Np, M4, Mp), and if a correlation is not in Cgc(Na,
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Ng, M4, Mp), then it is also not in Cys(Na, N, Ma, Mp). Therefore,

Cn € Cqa(Na, Np, M s, Mp) if and only if 7 is not a halting input

C, € CqC(NA, Ng, M4, Mp) if and only if n is not a halting input.

In other words, {C,, | n > 1} is an undecidable family of correlations for both
Cya(Na, N, Ma, Mp) and Cyc(Na, N, Ma, Mp).
All the group theory results used in chapter 6 are introduced in chapter 3.
Chapters 3, 6 and 7 are based on the following paper:
[10] Honghao Fu, Carl A. Miller and William Slofstra The membership problem for
constant-sized quantum correlations is undecidable, 2021, arXiv:2101.11087.
We conclude this dissertation in chapter 8 by summarizing our contribu-

tions and discussing avenues for future research.
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Chapter 2: Preliminaries

In this chapter, we introduce our notation and basics of quantum comput-
ing.

For a positive integer n, we use [n] to denote the set {0,1,...,n —1}. Rand
C denote the set of real numbers and the set of complex numbers. R>( denotes
the set of non-negative real numbers. We denote the n-th root of unity by w,, :=
2™/ for any n > 1.

We denote vectors in bold font, for example, a and b. The j-th entry of the
vector a is denoted by a(j). The transpose of the vector a is denoted by aT and the
complex conjugate of it is denoted by a. The conjugate transpose of a is denoted

bya' =a'.

Definition 2.1. A Hilbert space is a vector space H over C with an inner product (-, -)
such that it is a complete metric space with respect to the norm defined by ||a|| = +/(a,a)

for all a € H, meaning that for every sequence (a1,a, .. .), if

mM—»00 N—»00

then the sequence converges in this space.
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To distinguish different Hilbert spaces, we use subscripts, for example, H 4
and Hp. We denote a Hilbert space over C of dimension d by C? where the stan-

dard inner product is given by

(a,b) = ) a(j)b())-

jeld]

The standard basis of C? is denoted by {e; | j € [d]}.

The tensor product of C*1 and C% for some dq,d; > 1 is denoted by C ®
C% and it is a d1d,-dimensional Hilbert space spanned by {e; ®e; | i € [d1],]j €
[d2]} [32, Lemma B.2]. Setting e; @ ej = e;.4,1; € C"1%2 gives us an isomorphism

between C @ C®2 and C1%2. Leta € C* and b € C® for some dq,d> > 1. Then,

a®b=(a()b(1),...,a(1)b(da),...,a(d)b(1),...,a(d;)b(dy)) € Ch,

Definition 2.2. A pure quantum state is a unit vector of some Hilbert space H.

If H = C4, then the quantum state is of dimension d. We use the bra-ket
notation for pure quantum states. For example, if ¢ is a pure quantum state, we
denote it by |i) and denote its conjugate transpose by (| = |¢)T. The inner
product of |¢) and |¢) is denoted by (ip|¢). For a set of of quantum states {[¢;) €
H; | j € [n]}, where H; may be not equal to Hy if j # k, the tensor product of
the quantum states in this set is denoted by |¢)7, @ |¥1)3, @ ... @ |Pu_1)2, ,/

which is also written as (o), |¥1) 7, - - - |[¥n—1)%, ,, OF simply, |(o) ... [Pn_1).

For a Hilbert space H, any linear map T : H — H is referred to as a linear
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operator. A linear operator T : H — H is bounded if there exists a constant M

such that

|Ta|| < M|al| foralla € .

The set of such bounded linear operators on H is denoted by L(H). In L(H),
we denote by 1y the identity operator on H, which satisties the condition that
1y |p) = |¢) for any |¢p) € H. When H is clear from the context, we may drop
the subscript of 13;. When # is finite-dimensional, if an orthonormal basis {a; |
j € [n]} is chosen for #, a linear operator T : H — H can be written as an
n x n matrix M such that the (i, j)-th entry, denoted by M(i, j), equals a} T (a;) for
any i,j € [n]. If M has an inverse, i.e. an n x n matrix N such that MN = 1,
the inverse of M is denoted by M~1. For a matrix M, MT is its transpose; M is
its complex conjugate; and M' is its conjugate transpose, which equals MT. Let

M; € £(C%) and M, € L£(C“) be two matrices for some d,d, > 2. Define

M; O
M; @& M, = € L(Chtd),
0 M
Mi(L, )M, ... M(1,dy)
M; ® M, = : : € L(CT™h),
M (dy,1)My ... My(dq,d1)M;

which are referred to as the direct sum of M; and M, and the tensor product of

M; and M, respectively.
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We can generalize the inverse of a matrix and the conjugate transpose of a

matrix to operators on a general Hilbert space H.

Definition 2.3. The inverse of a linear operator M € L(H), if exists, is an operator
N € L(H) such that M(N(a)) = N(M(a)) = a for all a € H, and it is denoted by

M1,

Definition 2.4. The adjoint of a linear operator M € L(H) is the operator N €

L(H) such that (Ma,b) = (a, Nb) for any a,b € H, and it is denoted by M.

The existence of MT and the fact that M" is also bounded follow the Riesz

representation theorem [32, Theorem A.3].

Definition 2.5. A linear operator U € L(H) is a unitary operator if Ut = U1
The set of unitary operators on H is denoted by U (# ).

Definition 2.6. A linear operator H € L(H) is a Hermitian operator if H' = H.

A complex number z is an eigenvalue of M € L(H) if (M — z)a = 0 for some

a#0.

Definition 2.7. A Hermitian operator P € L(H) is positive semi-definite if all its

eigenvalues are non-negative.

Definition 2.8. A unitary operator O € L(#H) is an observable of order-m if O™ =
1y.
The definition implies that the eigenvalues of an order-m observable, O, are

of the form w{% for some j € [m], and the eigenspaces of different eigenvalues are
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orthogonal. For example, the eigenvalues of a binary observable, i.e. an order-2

observable, are +1 and —1.

Definition 2.9. A Hermitian operator P € L(H) is a projector if P’a = Pa for all

acH.

The definition of a projector implies that all the eigenvalues of it are +1 and
0. Given an orthonormal set of vectors, S = {|v;) | j € [m]}, the projector onto
the vector space spanned by S, i.e., V = span(S), is Iy = ¥4 |0)) (vj].

For a matrix X € £(C%), we denote its trace by Tr(X) and define the nor-

malized trace as

Tr(X) := Tr(dX)'

We work with the normalized Hilbert-Schmidt norm and the operator norm.

Definition 2.10. For a matrix M € L(C%) for some integer d > 1, its normalized

Hilbert-Schmidt norm is

Tr(MTM)

M| = /=

Definition 2.11. For a matrix M € L(Cd) for some integer d > 1, its operator norm

is

Mgy = sup M)
[9)€C,[9) =1
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The fundamental relations between the normalized Hilbert-Schmidt norm
and the operator norm that we use in this dissertation are summarized in the

following lemma.

Lemma 2.12. For A, B € £(C%),

Tr(A)] < || A

lA® B[ = [[A[lllB]
A+ B[ < (Al +B]
IAB| < [ All,, I Bl
IBAJ < [IBll[All,

IA] < 1ALy, < VAllA]L

The proof of this lemma can be found in [33], so we omit it here.
Here, we list some widely-used quantum states and operators. A pure
quantum bit (qubit) is a unit vector of C2. The basis states |0) and |1) corresponds

to eg and e; respectively. The Pauli operators of £(C?) are

The maximally entangled state of two qubits is denoted by

1

[EPR) = —=(10)[0) + [1)[1)).

S

2
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|EPR) is a unit vector of C> ® C? and it is named after Einstein, Podolsky and
Rosen [34] as the EPR pair. For any d > 2, we denote the generalized EPR pair in

C? @ C? by

1
EPRy) = — Y I)]j)-

We say a pure quantum state |¢) € C? @ C is maximally entangled, if there exists
U,V € U(CY) such that (U ® V)|¢) = |EPR,). We refer to such U and V as local
unitaries as they only act on one d-dimensional Hilbert space.

Between two Hilbert spaces H and /', an isometry is a linear map V : H —

H', such that VTV = 14,.

Definition 2.13. For Hilbert spaces Ha, Hp, H s and Hp:, a linear map @ : Hp ®
Hp — Ha @ Hp is a local isometry if there exist isometries Vo : Ha — Hy and

Vg : Hp — Hp such that for any state |) € Hy @ Hp,

() = (Va® Vp)|y).
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Chapter 3: Group theory background

In this chapter, we introduce all the necessary group theory results for this
dissertation. In Section 3.1, we introduce group presentations and four ways
to extend a given group. In Section 3.2, we introduce group representations
and approximate representations. In Section 3.3, we introduce solvable groups,
sofic groups and hyperlinear groups. In Section 3.4, we introduce Slofstra’s fa*-

embedding procedure, which we apply to a sofic group of certain structure.
Definition 3.1 (Group). A group is a set G with an operation -, such that

1. foranya,b € G,a-b € G;

2. foranya,b,c € G,(a-b)-c=a-(b-c);

3. there exists an element e such that e -a = a - e = a for any a € G; and

4. forany a € G, there exists an element b € G such thata-b = b - a = e, which is

called the inverse of a.

Note that the identity element is unique in a group G and it is always de-
noted by e. For simplicity, we write a - b as ab. For g € G, we denote the inverse
of ¢ by ¢~1. We denote the commutator of ¢, € G by [g,h] = ¢~ 'h~'gh and the
conjugation of ¢ by h by h~!¢h. For simplicity, we also write 1~ 1gh as g".
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Definition 3.2. We say a group G is of exponent n for some n > 1 if g" = e for all

g€G.

Definition 3.3. For a group G, a subset H of G is a subgroup of G if H satisfies the four

group requirements in Definition 3.1.
When H is a subgroup of G, we write H < G.

Definition 3.4. For a group G, a subgroup N is a normal subgroup of G if for all

neNandg e G,g 'ng € N.

When N is a normal subgroup of G, we write N <! G. If we define ¢~ !Ng :=
{¢7'ng | n € N}, then N < G if and only if g 'Ng = N for all g € G. If we
define gN := {gn | n € N} and Ng := {ng | n € N}, then N < G if and only if

gN = Ngforall g € G.

Definition 3.5. Let N be a normal subgroup of G, the quotient group of N in G is

G/N={gN|geG}

with an operation - such that aN - bN = (ab) N where ab follows the group multiplica-

tion rule of G.

Definition 3.6. Let S C G, then the normal subgroup generated by S, denoted by

(), is the closure of {g~'sg | s € S, g € G} under the group multiplication.
When G is clear from context, we drop the superscript G.

Definition 3.7. Let G and H be two groups. A map ¢ : G — H is a group homomor-

phism if §(g182) = P(g1)P(g2) forany g1, 82 € G.
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The natural homomorphism from G to G/N is the map: ¢ — gN. For a

more detailed treatment, we refer to [29, Chapters 1 - 2].

3.1 Group presentations and extensions of groups

Definition 3.8 (Free group). Let S be a set. The free group generated by S, denote by
F(S), consists of the empty word e and non-empty words of the form w = s{'s;* ... sy
wheres; € S, €; = +1or —1,and s and s~ are never adjacent. The group multiplication

1

rule is given by juxtaposition, so if the two words are w = w'v and u = v—"u’, where

w',v,0~ 1 u' are also words, then w - u = w'u’.

This definition is obtained from the proof of [29, Theorem 11.1]. For a more

formal treatment, we refer to [29, Pages 343 - 345].

Definition 3.9 (Group presentation). Given a set S, let F(S) be the free group gener-
ated by S and let R be a subset of F(S). Then (S : R) = F(S)/(RYS). If the group G

is isomorphic to (S : R), then (S : R) is a presentation of G.

The elements of S are the generators and the elements of R are the relations. If
both sets S and R are finite, then we say the group G = (S : R) is finitely presented.
In this dissertation, we focus on finitely-presentable groups. A relation r € R is
written as r = e to convey its significance in the quotient group G because all the
conjugates of r equal e in G.

We give three examples of group presentations below. A presentation of Z3
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is

c2 2 _
(x1,x 1 X] = X5 = X1XpX1Xp = e€).

The elements of Zg are ¢, x1, x and x1xp. The relation x;xyx1x; implies that
X1X2 = XpX1 in Z%, so we can write the relation as x1x, = xpx7.

The second example is the dihedral group.

Definition 3.10. Let n be a positive integer. The dihedral group D,, is a group with the

following presentation

<t1, tr: tz = t% = (tltz)n = €>.

The elements of D;, are (t1t,) and t5(t1t;)/ for j € [n]. In this dissertation,
we will work with D, where p is some odd prime number.

The third example is the solution group, which has two presentations.

Definition 3.11 (Definition 17 of [7]). Let Ax = 0 be an m X n linear system over Zj,
where A is an m-by-n matrix with entries in Zy and 0 is an all-0 length-n vector. For

j € [m], define I; = {k € [n] | A(j, k) = 1}. Then, the homogeneous solution group
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of Ax =0is

T'(A):= (x0,x1,..-Xp1 :sz =eforallj € [n],

[T xk=eforallic [m],

kEIZ'

[xj, x¢] = e if j,k € I; for some i).

Proposition 3.12. Let Ax = 0 be an m X n linear system over Z;. For j € [m], define

Gi={gjxlkel}: g =gk8i =1gx=eVkleI).
kEI]‘

and a set

P={gix=gjx | ke iNlije€ m]}

Define

Then, T(A) 2 T'(A).

Proof. Define ¢ : T(A) — T'(A) by

4>(xl-) = 8jii with i € Iji

for all i € [n]. We are going to show that ¢ is an isomorphism.
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First of all, ¢(x;)? = 3;%,:‘ = eforalli € [n]. For each k, € I; for some j,

¢ (xi)p(x1)Pp(xx)P(x1) = i, k811,185 kil = 8jk8i18jk8j] = €

For each j € [m],

(P(ka) - H‘P(xk) = Hgik,k = ng,k =e.

kGIj kEI] kEIj kGI]

Let w € F({x;]i € [n]}) such thatw = e in T(A). Then w must be a product of
the conjugates of the relations of I'(A) and we have established that ¢(w) = e.
Hence, ¢ is a well-defined homomorphism.

Moreover, for each gk, since gix = gi r, we know the preimage of gjk In
I'(A) is xx, which implies that ¢ is surjective.

To see ¢ is injective, consider w € F({g;xlj € [m], k € I;}) such that w = e
in I"(A). Then w must be a product of the conjugates of relations of I"(A). The
preimage of relations of the form g]%k is x2, which is trivial in I'(A). The preimage
of relations of the form [g;, ;] for k, I € I;is [xy, x;], which is trivial in T (A). The
preimage of relations of the form [lycy, 8k is [key, Xk, which is trivial in I'(A).
The preimage of relations of the form g; xg;  for some k € I; N Ijs is xxx;, which is

also trivial in I'(A). Hence, ¢ is also injective and an isomorphism. O

Next we introduce four ways to construct new groups by extending given
groups: taking a semidirect product of the given groups, taking the free product

of the given groups, taking the free product of the given groups with amalgama-
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tion, and taking the HN N-extension of a given group.

3.1.1 Semidirect product

Definition 3.13. Let K be a (not necessarily normal) subgroup of a group G. Then a

subgroup Q < G is a complement of Kin Gif KN Q = {e} and KQ = G.

Definition 3.14. A group G is a semidirect product of K by Q, denoted by G = K x Q,

if K is a normal subgroup of G and K has a complement Q1 = Q.

A few properties of semidirect product are summarized in the following

lemma.

Lemma 3.15 (Lemma 7.20 of [29]). If K is a normal subgroup of a group G, then the

following statements are equivalent:
1. G is a semidirect product of K by G/K;

2. there is a subgroup Q < G so that every element § € G has a unique expression

g =ax, wherea € Kand x € Q; and

3. there exists a homomorphisms : G/K — G withvos = 1 /g (meaning that vos

is the identity map on G/K), where v : G — G/ K is the natural map.

Definition 3.16. Let Q and K be groups, let Aut(K) be the group of automorphisms of
K, andlet 0 : Q — Aut(K) : x — 6y be a homomorphism. A semidirect product G of K

by Q realizes 0, if forall x € Qand a € K



3.1.2 Free product

Definition 3.17. Let {G; | i € I} be a family of groups. A free product of the G; is
a group H and a family of homomorphisms j; : G; — H such that, for every group K
and every family of homomorphisms f; : G; — K, there exists a unique homomorphism

¢ : H — K such that ¢j; = f; for all i € I as shown in the figure below.

]'.
G —

H
K

Figure 3.1: Free product: group embedding diagram

The free product of {G; | i € I} is denoted by *;c;G;. In fact, the homomorphisms
ji are injective [29, Lemma 11.49].

Next we give more insights of the free product, which follows the proof of
[29, Theorem 11.51].

For a family of groups {G; | i € I}, define Gf = G;\ {e}. Then the group ele-
ments of *;c;G; are the empty word e and non-empty words of the form g1¢> ... g»
where each g; € Gf for some j and adjacent g;’s lie in different G?. The multiplica-

tion is given by juxtaposition. More specifically,e-w = w-e = wforallw € *;¢c;G;,
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and

(

182 ---8uhy .. hy if ¢ and hy lie in different Gf
(8182---&n) - (hihz...hy) = Q1---Gu-1(gnm)ha .. .hy if gu, 1 € Gf but guhy # ein G;

(91---8n-1) - (hao. hy) if g, € Gf and g,h; = ein G;.

\

Note that in the last case the juxtaposition rule is applied again to (g1...gn—1) -

(ha. . Ti).

Theorem 3.18 (Theorem 11.53 of [29]). Let {G; | i € I} be a family of groups, and let

a presentation of G; be (S; : R;), where S;NS; = @ forall i # j € 1. Then a presentation

of xic1Ai is (Uier Si : Uier Ri)-

When there are finitely many groups, we write *;c[,,G; as Go * Gy * ... *
Gy—1. In this dissertation, we only take the free product of two groups G and H.
For simplicity, when the presentation of G is clear from the context, we slightly
abuse the notation and write a presentation of G * H as (G, Sy : Ry). For a more

detailed treatment of free products, we refer to [29, Pages 388 - 391].

3.1.3 Free product with amalgamation

Definition 3.19. Let Gy and G, be two groups with subgroups Hy and H; respectively

such that Hy is isomorphic to Hy under the isomorphism 6 : Hy — Hj. Then the free
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product of G1 and G, with amalgamation is defined by

Gl*Gz

Gy #g Gp 1= o
({h = () | Iy € Hy})S >

where ({hy = 0(hy) | hy € Hy})°Y*? is the normal subgroup of Gy x G, generated by

all the relations of the form hy = 6(hy).

Definition 3.20. Fori € {1,2} and a € G, let I(a) be a fixed representative of aH; such
that 1(e) = e and if a1 H; = ayH;, then 1(ay) = 1(az). A normal form is an element of

G1 *¢ Gy of the form

I(ay)l(az)...1(an)b,

where b € Hy, n > 0, the elements l(aj) are representatives of left cosets of Hi]. in Gi].,

and adjacent 1(a;) lie in distinct G;.

Theorem 3.21 (Theorem 11.66 of [29]). Let Gy and G, be groups, let H; be a subgroup
of Gj fori = 1,2, and let § : Hy — Hp be an isomorphism. Then, for each element
WN € Gy %9 Gy, where N = ({h = 0(h) | h € Hy})“"* 2, there is a unique normal
form F(w) with wN = F(w)N.
Theorem 3.22 (Theorem 11.67 of [29]). Let Gy and Gy be groups, let Hy and Hj be
isomorphic subgroups of Gy and Gy respectively, and let 0 : Hy — Hj be an isomorphism.
Then, Gy and Gy are subgroups of Gy *g Go.

For a more detailed treatment of the free product of groups with amalga-
mation, we refer to [29, Pages 401 - 404].
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3.1.4 HN N-extension

Free product of groups with amalgamation is used in the proof of the fol-
lowing theorem due to Graham Higmann, Bernhard Neumann and Hanna Neu-

mann [35].

Theorem 3.23 (Theorem 11.70 [29]). Let G be a group and let ¢ : A — B be an
isomorphism between subgroups A and B of G. Then, there exists a group K containing

G and an element t € K with

¢(a) =t latforalla € A,

This theorem is generalized to give a new way to construct new groups from

a given group, known as the Higman-Neumann-Neumann extension (HNN-extension).
Definition 3.24. Let H be a subgroup of G and let ¢ : H — H be an injective homo-

morphism, then the HNN-extension of G is

G F({t})
({t-1ht = p(h) | h € H})CT D’

where t & G.

We slightly abuse the notation and write a presentation of the HNN-extension

of G as

G=(G,t: {t71ht =¢(h) | h € H}).
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G is a subgroup generated by G and t of the group K in the statement of Theo-

rem 3.23.

Next, we introduce the normal form of elements of an HNN extension.
Definition 3.25. A normal form is a sequence g, t1, ..., t, g, (n > 0) where
1. go is an arbitrary element of G and €; € {—1, 1} for all i,
2. ife; = —1, then g; is a representative of a coset of H in G,
3. ife; = 1, then g; is a representative of a coset of p(H) in G, and
4. there is no consecutive subsequence of the form t€, e, t €.

Theorem 3.26 (Theorem 2.1 of Chapter IV of [36]). Let G = (G, t: {t"'ht = ¢(h) |

h € H}) be an HNN extension. Then

1. The group G is embedded in G by the map g — g. If got€! ... tg, = e in G, then
go, t1, ..., t", g, contains a subsequence of the form t=1 W tort, ¢(h), tflfor

some h € H.

2. Every element w of G has a unique representative as w = got€! ... tn g, where the

sequence go, t1, ..., t°, gy, is a normal form.

This theorem is also referred to as the Normal Form Theorem for HNN Exten-

sion.

Definition 3.27. Let G be a group, let H be a subgroup of G, and let ¢ be an automor-
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phism of H such that there exists p > 0 with ¢¥ (h) = h forall h € H. Then,

& Gx(t:th =e)
({t10t = p() [ h € HY) &

is called the Z.,-HNN extension of G.

In the rest of this dissertation, we focus on the case that p is an odd prime

number.

Definition 3.28. A normal form of a Z.,-HNN extension is a sequence go, t!, ..., t,

gn (n > 0) where
1. gois an arbitrary element of G and €; € {—1, 1} for all i,
2. giis a representative of a right coset of H in G for 1 <i < n,
3. there is no consecutive subsequence of the form t€, e, t—€, and

k of t€

4. there is no subsequence of the form 26, e t¢,...,t%e, t€ fork > p/2.

Theorem 3.29. Let G bea Z.,-HNN extension of G with respect to an automorphism of
H < G such that ¢P(h) = h for all h € H. Then, every element w of G has a unique
representative as w = got€l ...t g, where the sequence g, t°1, ..., t", g, is a normal

form.
The proof is similar to Theorem 3.26 and we present it in Appendix A.

Corollary 3.30. Let G bea Z.,-HNN extension of G with respect to an automorphism of

H < G such that ¢P(h) = h forall h € H. Then, G < G.
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This corollary follows from the fact that each ¢ € G is a unique normal form.

Theorem 3.31. Let G bea Z.,-HNN extension of G with respect to an automorphism of

H < G such that ¢¥ (h) = h forall h € H. Then,

G=Kx(t:tV =e),

where K is the subgroup generated by t ‘Gt fori = 0,1,...,p — 2, p — 1 and the action

of t on k € K is conjugation by t.

Proof. By Theorem 3.29 and each element of G has a representative as the product

of a unique normal form as

B B iy e
QotIg1 .. tgy = gogt 'gh | C...gh T thime
where the addition in the exponent of ¢ is modulo p. Then the theorem follows.

O

3.2 Group representation and approximate representation

Definition 3.32. A unitary representation of a group G on the Hilbert space H is a
homomorphism from G to U(H ), which is the unitary group of H with matrix multipli-

cation.

Note that if a presentation of G is (S : R), then a representation of G can
also be expressed as a homomorphism ¢ : F(S) — U(H) such that ¢(r) = Ty
forall r € R.
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For example, taking H = C and mapping: g — 1 gives us the trivial repre-
sentation of G. Among all the representations of G, we will work with the regular

representation of G.

Definition 3.33. Denote the Hilbert space over C with basis {|g) : ¢ € G} by (*G.

Define Ly € U((*G) by

Ly =) Igh)(h]

heG

and Ry € U((*G) by

Re= Y |hg™")(h]
heG

for each g € G. Then, the left regular representation of G is the homomorphism
¢r 2 G — U(L?G) such that ¢r.(g) = Lg; and the right regular representation of G is

the homomorphism ¢g : G — U((>G) such that pr(g) = Ry for each g € G.

It is immediate to see that

Lng/ — ng/
RgRg/ — Rgg/

forall g,¢’ € G. Thatis, Ly commutes with Ry forall g,¢' € G.

If H is finite-dimensional, we say a representation of G on U (H) is a finite-
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dimensional representation. The set of elements that are trivial in all finite-dimensional
representations form a normal subgroup of G, denoted by N/. For any group

G, we define

G/ .= G/N/™.

Definition 3.34 (Definition 10 of [7]). A homomorphism ¢ : G — H is a fin-

embedding if the induced map: GI'" — Hf™ is injective.

Definition 3.35 (Definition 10 of [7]). A homomorphism ¢ : G — H is a fin*-

embedding if it is injective and also a fin-embedding.
Next, we define approximate representations of a group G.

Definition 3.36 (Definition 5 of [7]). Let G = (S : R) be a finitely-presented group,
and let ‘H be a finite-dimensional Hilbert space. A finite-dimensional e-approximate
representation of G is a homomorphism ¢ : F(S) — U(H) such that ||¢(r) — 1| < e

forallr € R.

Note that in the definition above, the group G is defined by its presenta-
tion (S : R) and each ¢ € G has a defining representative in F(S). An ele-
ment ¢ € G = (S : R), whose defining representative is w € F(S), is nontriv-
ial in approximate representations of G if there exist some § > 0 such that for all
€ > 0, there is an e-approximate representation ¢ : F(S) — U(H) such that
lp(w) — 1| > J. On the other hand, an element ¢ € G = (S : R), whose repre-
sentative is w € F(S), is trivial in approximate representations of G if for all e > 0
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and all e-approximate representation ¢ : F(S) — U(H), p(w) = 1.

Lemma 3.37. Let y; be an ej-approximate representation of G = (S : R) on CYi for

€ [k]. Then,

P yj: G — U(CEY), written as g — €D yi(g)
jElk] jelk]

Is @ max;e|) €j-approximate representation; and
& yj: G = UCH), written as g — X) P;(g)
jElk] j€lk]

IS 4 ) jc [k €j-approximate representation.

Proof. Letr € R. The direct product case can be proved by

dilli(r) —1
ill;(r) — 1| < maxe;.
Yick dj €K

||€B‘/’J -1 = Z

jelk] jelk]
The tensor-product case can be proved using Triangle inequality as

”®¢’] 11H<H®’~/J] Cdo®®¢’] H+ ‘|'”]1 H,Ekl]]@”l’k 1(r) — ﬂ”

jelk] jelk] j=1

= Iy =1l = }_ e
jelk

jelk]
where we use the fact that [|p;(r)|| = 1. O

Proposition 3.38. The set of elements of G = (S : R) that are trivial in finite-dimensional
approximate representations form a normal subgroup of G, denoted by N/°.
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Proof. Every element in Nf* can be written as

[T wi'giw;
ie[n]

for some n > 1, where w; € F(S) and g; is trivial in approximate representations

of G. Let ¢ : G — U(C?) be an e-approximate representation of G. Then,

IP(_F[I] w; ' giwn) = [T () '9(g)p(w) =1,

where we use the definition of elements that are trivial in finite-dimensional ap-
proximate representations. Since the equation above holds for all e-approximate

representations, the proposition follows. O

For a group G, we define
G/*:= G/N/*.

Definition 3.39 (Definition 14 of [7]). For finitely-presented groups G and H, a ho-
momorphism ¢ : G — H is an fa-embedding if the induced map: G/* — Hf" is

injective.

Definition 3.40 (Definition 14 of [7]). For finitely-presented groups G and H, a homo-
morphism ¢ : G — H is an fa*-embedding, if it is injective, a fin-embedding and an

fa-embedding.

To determine if a homomorphism ¢ : G — H is a fa*-embedding, we use
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the following lemma.

Lemma 3.41 (Lemma 15 of [7]). Let G = (S : R) and H = (S’ : R') be two finitely

presented groups, and let ¥ : F(S) — F(S') be a lift of a homomorphism ¢ : G — H.

1. Suppose that for every representation (resp. finite-dimensional representation) ¢ of
G, there is a representation (resp. finite-dimensional representation) vy of H such

that ¢ is a direct summand of vy o . Then v is injective (resp. a fin-embedding).

2. Suppose that there is an integer N > 0 and a real number C > 0 such that for every
d-dimensional e-representation ¢ of G, where € > 0, there is an Nd-dimensional
Ce-representation 7y of H such that ¢ is a direct summand of -y o . Then ¢ is an

fa-embedding.

For more details, we refer to [7, Section 2].

3.3 Solvable groups, sofic groups and hyperlinear groups

Our main results require properties of solvable groups, sofic groups and hy-
perlinear groups. We formally introduce them below. We also state the relations

between them and the properties of them in this section.

Definition 3.42. A group G is solvable if it has subgroups Gy = {e}, G1,...,Gy_1
and Gy = G such that G;_q is normal in G; and G;/Gj_1 is an abelian group, for

1<j<k

Before we introduce sofic groups, we first introduce the permutation group
Sn.
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Definition 3.43. The permutation group S,, is the group of all the permutations of [n]

where the operation is the composition of permutations.

The Hamming invariant length function £ on S, is defined by

{5,(0) = 21 € In] | o) £ 1}

foreacho € §,,.

Definition 3.44. A finitely-presented group G is sofic if for every € > 0 and every finite
subset F of G\ {e}, there is a natural number n and a function ¥ : G — Sy, such that

¥ (ec) = es, and for every g, h € F:
o ls,(Y(gh)(¥(g)¥(h)™") < e and
o U5 (¥(g)) > r(g) wherer(g) is a positive constant only depending on g.

We denote the set of all n x n unitaries by U, and define the Hilbert-Schmidt

invariant length function on U, by
1
{4, (U) = S| U= 1]

Definition 3.45. A finitely-presented group G is hyperlinear if for every € > 0 and
every finite subset F of G \ {e}, there is a natural number n and a function ¥ : G — U,

such that ¥ (eg) = 1 and for every g, h € F:
o G, (Y (gh) (¥ ()Y (1)) < e;and

o ly (Y(g)) > r(g) wherer(g) is a positive constant only depending on g.
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For more details about sofic groups and hyperlinear groups, we refer to [37,
Chapter 2.1 and 2.2].
For our proof, we use the following properties of solvable groups and sofic

group introduced in [37, Chapter 2.3 and 2.4].

Proposition 3.46 (Proposition 2.3.1 of [37]). Solvable groups are sofic.

Proposition 3.47 (Proposition 2.2.5 of [37]). Every sofic group is hyperlinear.

Slofstra proves a lemma relating hyperlinear groups and approximate rep-

resentations.

Lemma 3.48 (Lemma 13 of [7]). A finitely-presented group G is hyperlinear if and

only if every non-trivial element of G is nontrivial in approximate representations.

About the closure properties of sofic groups, we record the following propo-

sitions from [37].

Proposition 3.49 (Property 5 of Proposition 2.4.1 of [37]). If a group G is sofic and

K is an abelian group, then the semidirect product of G by K is also sofic.

Proposition 3.50 (Property 7 of Proposition 2.4.1 of [37]). If Hy and H; are finite
subgroups of sofic groups Gy and Gy, and « : Hy — Hp is an isomorphism, then the free

product of G1 and Gy with amalgamation, G x4 Go, is sofic.

Proposition 3.51 (Property 8 of Proposition 2.4.1 of [37]). If H is a solvable subgroup
of a sofic group G, and « : H — H is an injective homomorphism, then the HNN-

extension of G by  is sofic.
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Proposition 3.52. Let G be a sofic group, let H be a subgroup of G and let ¢ be a
isomorphism of H of order p. Then,

Gx(t:th =e)

C = Thi = g() [ 7 € HY)

is also sofic.

This proof is very similar to that of Proposition 3.51 and it is based on The-

orem 3.31 and Proposition 3.49. We present it in Appendix A.

3.4 Slofstra’s embedding procedure

In this section, we give an overview of Slofstra’s fa*-embedding proce-
dure, first introduced in [7]. This procedure preserves elements that are nontriv-
ial in finite-dimensional approximate representations, in the sense that if some
elements are nontrivial in finite-dimensional approximate representations, then
their images in the embedded group are also nontrivial in finite-dimensional ap-
proximate representations. The embedding procedure is a key step in the re-
ductions from (Membership(n4, g, m4, mp) 4k ) and (Membership(n4, 1, m4,
mp)gaK) to a word problem.

We start by giving the definitions of homogeneous linear-plus-conjugacy
groups and extended homogeneous linear-plus-conjugacy groups, which are gen-

eralized from the definition of solution groups.

Definition 3.53 (Definition 31 of [7]). Let A be an m x n matrix over Zy, and C C
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[n] x [n] x [n]. Let
[o(A,C) == (T'(A) :xjxjx; = xi forall (i,j,k) € C).

We say that a group G is a homogeneous-linear-plus-conjugacy group if it has a

presentation of this form.
Definition 3.54 (Definition 32 of [7]). Let A be an m X n matrix over Z;, let Cy C
[n] x [n] x [n], let C; C [I] x [n] x [n], and let L be an | x | lower-triangular matrix

with non-negative integer entries. Let

ETo(A,Co,C1, L) :==(To(A,Co)yo,--- Y11 yi_lx]'yi = xi forall (i,,k) € Cy,

v Yyyi =y foralli > jwith L(i, j) > 0).

We say a group G is an extended homogeneous-linear-plus-conjugacy group if it has

a presentation of this form.

Slofstra’s fa* embedding procedure has two steps, which are summarized

in the two propositions below.

Proposition 3.55 (Proposition 33 of [7]). Let G be an extended homogeneous linear-
plus-conjugacy group. Then there is an fa*-embedding ¢ : G — H where H is a
linear-plus-conjugacy group.

Proposition 3.56 (Proposition 27 and Lemma 29 of [7]). Let G = (S : R) be a linear-
plus-conjugacy group. Then there is an fa*-embedding G — T, where T = (Sr : Rr) is
a solution group.
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Note that Slofstra gives the explicit formulation of the two fa*-embeddings
above and the groups H and I'. The steps of this embedding procedure can be
found in Appendix B. For more details, we refer to [7, Section 4].

The combination of Propositions 3.55 and 3.56 gives us an fa*-embedding,
¢rot, of an extended homogeneous linear-plus-conjugacy group G into a solution
group I' = (Sr : Rr). Moreover, if some generators in S are known to be non-
trivial, the proofs of Propositions 3.55 and 3.56 in [7] allow us to identify a finite
subset S C St such that each s € S is also nontrivial in I'. It implies that if G is
hyperlinear, by Definition 3.40 and Lemma 3.48, each s € S is also nontrivial in
approximate representations of I'. For more details of this assertion, we refer to
[7, Section 4].

To prove our main result, in one of the steps, we need to bound the trace of
the image of each w € W in approximate representations, where W is a finite set
and each w € W is known to be nontrivial in approximate representations. For

this purpose, we introduce the following proposition.

Proposition 3.57. Let G = (S : R) and W be a finite subset of F(S) such that the
image of each w € W is nontrivial in approximate representations of G. Then, for every
€, > 0, there is an e-approximate representation ¢ with 0 < Tr(¢p(w)) < { for each

weW.
This proposition is generalized from [7, Lemma 12].

Proof. Let ¢, be an ey-approximate representation of G such that ||¢,(w) — 1| >
dw. By definition of approximate representations, such ¢, €, and J;, exist. Define
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¢ = DuwewPw, then ¢ is an € := maxycw €xy-approximate representation of G such

that for eachw € W, ||¢p(w) — || > &, /|W]|. Define é := mingcw 6/ |W|, then,

lp(w) —1|| > 6 forallw € W.

Suppose the dimension of ¢ is d. Let ¢ be the approximate representation
obtained from ¢ by entry-wise complex conjugate of ¢ with respect to the stan-
dard basis of C?. Then, ¢ is also an e-approximate representation of G. Define

v:G — U(C*) by

7(8) = ¢(8) ®P(g) S Ncaa.

Then 7 is also an e-approximate representation, and

Te(y(w)) = Te(¢p(w)) + Te(p(@)) +2d > 0

(@) =1J* = [[p(w) —1[*/2 > 6°/2

for all w € W. These two relations imply that

2
2— |y -1 _ &

0 < Tr(y(w)) = Re Tr(y(w)) < > 4

where we use the fact that for any unitary U, ||U —1|* = 2 — 2Re Tr(U).
Finally, we pick k such that (1 — 62/4)f < ¢ for the given {. Then, by

Lemma 3.37, ¢ is an ke-representation of G such that 0 < Tr(¢p® (w)) < ¢
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for all w € W. Therefore, if we start with a €/ k-approximate representation ¢, we

get the required e-approximate representation. [

49



Chapter 4: Introduction to quantum correlations

We introduce quantum correlations formally in this chapter. In Section 4.1,
we formally introduce the four sets of quantum correlations. In Section 4.2, we
show that quantum correlations can tell us certain relations satisfied by the mea-
surements with respect to the shared state. Such observations are going to be
used in later chapters. Lastly, in Section 4.3, we introduce a correlation associated
with a binary linear system, which can give us stronger relations satisfied by the

measurements with respect to the shared state.

4.1 Four sets of quantum correlations

Consider a scenario involving a referee and two non-communicating partic-
ipants, Alice and Bob, where each of them needs to give an answer for a question
chosen from a fixed set of questions. This scenario is nonlocal and illustrated in

the figure below.
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\’ . (Entanglement) .
(Ahce’s dev1ce> ----------------
a b

Figure 4.1: A nonlocal scenario between Alice and Bob with entanglement

Definition 4.1. A nonlocal scenario is a tuple ([n 4], [ng], [mal, [mp]), wherena, ng, ma
and mp are positive integers. [n 4] is referred to as Alice’s question set; [np] is referred to
as Bob'’s question set; [m 4] is referred to as Alice’s answer set; and [mp| is referred to as

Bob’s answer set.

We are interested in the behaviour of Alice and Bob in this scenario. The
behaviour of the two participants can be described by the joint conditional prob-

ability distribution of their answers for each pair of possible questions.

Definition 4.2. A bipartite correlation of a nonlocal scenario ([n ), [ng], [mal, [ms])
is a function P : [n4] X [ng] x [ma] x [mp] — Rxq, written as (i,j,k,1) — P(k,1i,j)
where P(k,1|i,j) is the probability for Alice to answer k and Bob to answer | when the

question to Alice is i and to Bob is j

Note that when we define quantum correlations in later chapters, we may
label some questions with their corresponding group elements. In this case, the
sets of questions may not be sets of integers, but the sets of questions in this
dissertation are always finite and isomorphic to [n] for some n > 0.

One way to view a correlation is to arrange the entries in a correlation ma-
trix, where the columns are labelled by Alice’s question-answer pairs and the
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rows are labelled by Bob’s question-answer pairs. Then, the value at the intersec-

tion of row (j,1) and column (i, k) is P(k, 1|i, ). We give a simple example below.

w0 e | oy | ao | Ay
(0,0) P(0,0/0,0) | P(1,0/0,0) | P(0,0|1,0) | P(1,0]1,0)
(0,1) P(0,1]0,0) | P(1,1]0,0) | P(0,1|1,0) | P(1,1|1,0)
(1,0) P(0,0[0,1) | P(1,0[0,1) | P(0,0[1,1) | P(1,0|1,1)
(1,1) P(0,10,1) | P(1,1]0,1) | P(0,1]1,1) | P(1,1]1,1)

Table 4.1: Example correlation matrix for a nonlocal scenario ([2], [2], [2], [2]) with
(x,a) labelling Alice’s question-answer pair and (y, b) labelling Bob’s question-
answer pair.

Definition 4.3. The size of a correlation P : [ns] x [ng] X [ma] x [mp] — R>q is

the size of its correlation matrix, which equals nsngm ,mp.

The size of the correlation given in Table 4.1 is 16.
We first introduce correlations induced by quantum spatial strategies with

projective measurements.

Definition 4.4 (Projective measurement). For a Hilbert space H, a set of projectors
in L(H), {M; | j € [n]}, is a projective measurement if M;M; = 0 for all i # j and
Yiem Mj = Tn.

Definition 4.5. A quantum spatial strategy with projective measurements for a

nonlocal scenario ([n4], [ng], [mal, [mg]) is a tuple

([$) € Ha© Hp, {{M" [k € [mal} i € [nal}, {{N{ |1 € [mp]} | j € [n8]}),

where H 4 and Hp are Hilbert spaces, {{Ml.(k) | k € [mal} | i € [na]} is a set of
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projective measurements on H 4, and {{N ].(l) | 1 € [mp]} | j € [np|}isaset of projective

measurements on Hpg.

Note that the tensor product structure emphasizes that the two parties can-
not communicate with each other and that the projectors act on different Hilbert
spaces (Fig. 4.1), which is the reason why we say the strategy is spatial.

When both ‘H 4 and H g are finite-dimensional, we say the strategy is a quan-
tum finite-dimensional spatial strategy. Otherwise, it is called a quantum infinite-
dimensional spatial strategy. The correlation induced by a quantum spatial strategy

is given by
Pk 11i, ) = ($|M" © NV Jp)

foralli € [TZA],j S [TlB],k S [mA] and ! € [mB]

Definition 4.6. The set Cq(n A, B, My, mp) consists of all quantum correlations in-
duced by quantum finite-dimensional spatial strategies with projective measurements of

a nonlocal scenario ([n4], [ng], [mal, [mg]).

We can also define a relaxation of Cy(1n4,np,m4,mp) by allowing infinite-

dimensional strategies.

Definition 4.7. The set Cqs(n A, B, M, mp) consists of all quantum correlations in-
duced by quantum finite-dimensional and infinite-dimensional spatial strategies with

projective measurements of a nonlocal scenario ([n 4], [ng], [mal, [ms]).

It is clear from the definitions that for each ([na], [ng], [ma], [mg]), Cy(na,
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ng,mgy, mB) g CqS(”A/ ng,mgy, mB)'

Definition 4.8. The set Cyq(na,ng,ma, mp) is the set of correlations P : [nn] x
[np] x [ma] x [mp] — R such that for every € > 0 there exists a correlation Pe €

Cys(na,np, ma, mp) such that

max |P(k,1]i,j) — Pe(k,1]i,])] <e.

i€[n4l,j€[np) ke[ma),l€[mp)]

In other words, Cy4(114, 1B, m 4, mp) is the closure of Cy(n,,np, m, mp). By
the definition, we can also deduce that Cys(n4, n, ma, mp) C Cya(na, np, ma,
mg).

A way to generalize the notion of quantum spatial strategy is to drop the
requirement that the projective measurements act on different Hilbert spaces. In-

stead, we just require the projectors to commute.

Definition 4.9. A quantum commuting-operator strategy of a nonlocal scenario

([nal, [ng], [mal, [mp]) presented in terms of projective measurements is a tuple

(1) € 1, {{M" | k € [mal} | i € [nal}, {{ND |1 € [mp]} | j € [n5]}),

where H is a Hilbert space, and {{Mfk) | k € [mal} | i € [nal} and {{N].(Z) | 1 €

(k) (1)
N;

[mpl} | j € [ng]} are two sets of projective measurements on H such that M,

N"M® forall i € [n4),j € [ng],k € [ma) and | € [mp).

Here the Hilbert space H does not have to be finite-dimensional.
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Proposition 4.10. For a quantum spatial strategy
(1) € HawHp, {{MY | k€ [mal} |7 € nal}, {({N" |1 € [mg]} | j € [ng]}),
there exists a quantum commuting-operator strategy
(19) € H, ({0 | k€ [mal} | i € [nal}, {{N" |1 € [mp]} | j € [n5]})

such that <1P|Ml.(k) ® N].(l)|1p) = <1/3|]\7Ii(k)Nj(l)|1[7).
It suffices to choose H = Ha @ Hp, |P) = |¢P), Mlgk) = Ml(k) ® Ny, and

() () . ‘s
i =1y, ®N; and this proposition follows.
With quantum commuting-operator strategies we can define a larger set of

quantum correlations.

Definition 4.11. The set ch(n A, B, M4, mp) consists of all quantum correlations in-

duced by quantum commuting-operator strategies of a scenario ([n ], [ng), [mal, [ms]).

By Proposition 4.10, we know that Cys (14, 1, ma, mp) C Cye(na, g, ma, mp).
Since C, is its own closure [9, Theorem 4.3], we get that Cy, (14,1, ma, mp) C
ch(n A, np, my, mp). Combining the inclusion relations established so far, we

reach a chain of inclusion

Cq(nA/ ng,mpy, mB) g CqS (nA/ ng,mpy, mB)

CCya(na,np,my,mp) C Cyc(na, np,ma, mp).
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Notationwise, when n 4, ng, m4 and mpg are clear from context, we write C; for

Ci(na,ng,ma,mp) fort € {q,qs,qa,qc}.

Definition 4.12. A correlation P : [ny] X [np] X [my4] X [mp] — R>( is synchronous

ifng =ng=mn,my =mp=m,and

foralli € [n].

For t € {q,9s,qa,qc}, we can identify a subset of C;, denoted by C; which

contains all the synchronous correlations in it.

4.2 Deriving operator-state relations from a correlation

Quantum correlation can tell us some weaker properties about the mea-
surements and the quantum state by itself. In this section, we list some of such
observations, which in turn will be used in self-testing proofs in chapter 5. When
deriving such relations, we work in the commuting-operator model. We also
omit the identity when only one projector from either Alice or Bob is applied. For

example, (1[7|Ml.(k) -1|1p) is written as <l[J|Mi(k)|1P>.

Proposition 4.13 (Equivalence Test). Let |p) € H be a quantum state, and {M; |

j € [n]} and {N; | j € [n]} be two commuting projective measurements on H for some
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n > 2. If (| M;Ni|g) = 0 forall j # k € [n], then

M;|p) = Ni|p)

for each j € [n].

Proof. Fix j € [n] and suppose that (| M;N;|¢p) = x; for some x; > 0. We first

calculate the norm of M;|¢), then the norm of N;|¢) follows easily.

M) P = (| M;|p)
=(p|M;( Y Njly)

j€ln]

:x]+(]—1)0:x]

From such calculations, we know

M) = [INjlp) | = /).

Then we will prove that M;|¢) = N;[¢).

IMjlg) = Ni[)|1* = (9l (M — N;j)?[w)
= (PIMZg) + (PIN?g) — 2(9|M;Nj|)

:x]-+x]~—2xj:O.

By the positivity of the vector norm, we know M;|¢) — Nj|gp) = 0 for each j €
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[n]. O

If we view the subscript j as Alice and Bob’s answers, the condition of this
proposition implies that the correlation generated by (|¢), {M; | j € [n]}, {N; |

j € [n]}) is synchronous.

Proposition 4.14. Let i) € H be a quantum state, {M(()k) | k € [my]} and {M§k) \
k € [ma]} be two projective measurements on H, both of which commute with the

projective measurement {NU) | 11" € [m4]} on H. If
WIMGINly) = (p|m N ) = 0
forany k # land k' # ', then
My M ly) = M mPly)

forany k, k' € [m,].

Proof. The condition implies that the strategies

(90 AMY [k € [mal}, { L N® ke [ma)}),

I'e[m4]

(1) AMY) [ K € [mal}, { ¥ N |K € [ma]})

l€(ma]
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both satisfy the condition of Proposition 4.14, so we can derive that

MPlpy = Y NEDjy),

l/E[mA]

M) = 3 N,

IE[WZA]

for each k, k" € [m,]. Then we can calculate that

(k)Mgk)W) _ Z le/ (ly) = Z N LK) (()k)|lp>
1€[m4] I€[ma]
_ Z N(l,k’) Z N(k’l/)hb) _ kk’ |1P Z N (' k) Z N(l,k’)llp>
le[my] I'e[my] l'e[my] le[my]

k' / 14 k
— My NER ) = ME My,

for each k, k' € [m,], where we repeatedly use the two equations above and the

fact that the Alice and Bob’s projectors commute. O

Lemma 4.15 (Substitution Lemma). Let |p) € H be a quantum state. Suppose there
exist unitaries {V} U{V; | i € [k]} U{M; | i € [n]} on H commuting with {N; | i €

(1]} on H such that

M;[y) = Nily)
foreach i € [n], and
Vig) = I vily)-
ie[k]
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Then,

() )
i€n ielk i€ln

Proof. We prove this lemma by induction on 7. The n = 0 case follows the condi-
tion that V[¢) = TTicy Vily)-

Assume the conclusion holds for n = m. Consider the case n = m + 1, then

ie[m—+1] i€[m] i€[m]

— NV (r[[] Mi) [9) = Ny (1}} w) (1[1] Ml-) ¥)
() (o) (1.

By the principle of inductive proof, the proof is complete. O

v TT Mily) = (HM)MWIJ (HM)Nm¢

4.3 A correlation associated with a binary linear system

In this section, we study a correlation induced by a representation of a so-
lution group, which will be shown to be a perfect correlation associated with the

corresponding linear system as defined below.

Definition 4.16. Let Ax = 0 be a binary linear system where each row has k nonzero
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entries. For each i € [m], we define !

li={jenAG)) =1}

S—{xEZ’NZ|Zx )=0 (mod 2)}.
jel;

A correlation P : [m + n] x [m + n] x Z5 x Z5 is a perfect correlation associated with

Ax =0if
P1 wheni>m, P(x,yli,j) =0ifx > 1%
P2 whenj > m, P(x,yli,j) =0ify > 1;

P.3 wheni,j € [m], P(x,yli,j) = 0whenx & S;, ory & S;, or there exists k € I; N I

such that x(k) # y(k);

P4 wheni>m,j € [m]andi—m € I,

Y. Ply(i—m),yli,j) =

yESs;

P5 whenj>m,i € [mlandj—m € I,

Y P(x,x(j—m)li,j) = 1; and

x€S;

P.6 wheni > m, P(0,0|i,i) + P(1,1]i,i) = 1.

IThe isomorphism between Z; and Z} is extended from the map ¢; : I; — [«] that map the
smallest j € I; to 0, the second smallest to 1, and etc..
2Here, we fix a natural isomorphism between Z5 and [2¥].
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Intuitively, the correlation requires that whenever Alice or Bob gets a ques-
tion i € [m], they need to give a satisfying assignment of equation i. That is, their
answer should be from S;. The correlation also requires that whenever Alice or
Bob gets a question j > m, they need to give an assignment to the variable x;_,.
That is, their answer should be from {0,1}, as required by P.1 and P.2. More
specifically, P.3 requires that when Alice and Bob get questions i, j € [m], they not
only need to give satisfying assignments, their assignment to the common vari-
able in both equations should be consistent; P.4 and P.5 require that when one
party gives an assignment to some equation and the other party gives an assign-
ment to a variable in the equation, the equation assignment should be satisfying
and the variable assignment should be consistent between the two parties; and
P.6 requires that when both parties assign values to a common variable, their
assignments should always be consistent.

Next, we define the correlation induced by the regular representation of a

solution group. For a binary linear system Ax = 0, let L and R be the left and
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right representation of I'(A) respectively. Define projectors

( 1+(-1)*0)L(x))

Me, (f) ifi € [m],x € S;
Ml@ = { L1 L w) if x € [2],

0 otherwise;

\

14+(-1)*0)R(x;)

Hje[i <—2 ), ifi € [m],x - Si

N = § 1D RE ) ifx € 2],

0 otherwise.

Since [Tjey, p(xj) = 1, we know {fo) |x € S;}and {Nl-(x) | x € S;} are projective

measurements for each i € [m]. Then the projective measurement strategy is
Sp = (Ie) € CT(A), {M;") | x € 25} |i € [m+n]}, ({N) | x € 25} | € [m+n]}),

and the induced quantum correlation P4 : [m + n] x [m +n] x Z§ x Z5 — R is

defined by

Pa(x,yli,f) = (eMFPNY le)

fori,j € [m+n]and x € Z5,y € Z5.

Proposition 4.17. The correlation P4 defined above is a perfect correlation associated

with Ax = 0.
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Proof. By the definition of P4, when i,j € [m], itis easy to see that P4 (x,y|i,j) =0
ifx ¢ S;ory ¢ S;. Next, consider x € S; and y € S; such that there exists kg €
I; N I and x(ko) # y(ko). Without loss of generality, we can assume x (ko) = 0

and y(ko) = 1. Then, the expression of P4 (x,y|i, j) contains the term

T L) B2 R0 ) = L16) 1 ) — bk —Ie)) = 0.

Hence, for any i,j € [m], if there exists ko € I; N I; such that x(ko) # y(ko), then
Pa(x,yli,j) = 0.
Again, by the definition of P4, itis easy to see thatwhen i > m, P4(0,0(i,i) +

Pa(1,1]i,i) = 1. Wheni € [m], j > mand j — m € ;, then

_1)x(k) X
Y Pale (- m)lij) = X (ol [T 00 ) —

x€S; xeS; kel

where we use the fact that

1+ ( 1);L<x]—m)] [11+< 1>2R(x]—m> ) = . ).

This is also true if we switch i and j, which can be proved analogously, so the

proof is complete. O

In the next lemma, we study the implication of a correlation being a perfect
correlation associated with a binary linear system Ax = 0. First, we establish

some facts about commuting projectors.
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Proposition 4.18. Let {M; | i € [n]} be a commuting set of projectors on H and
19) € M. Then, TTicq M) = [) if and only if Mi|p) = |9) for each i € [n].

Proof. First of all, if M;|p) = |¢) for each i € [n], then it is easy to see that

[Tic( Mil$) = |). In the other direction, we can see that

IMoly) — TT M)l =(wIMoly) + (| TT Mily) —2(p| [T Mily)

0<l<n o<l<n ie(n]

=(¢IMo|y) + (| TT Mily) -

O<l<n

Since | Mol$) — Tocr<n Mil)|I* = 0, ($|Moly) < 1, and (9| TTocrcn Mily) < 1

we know

Molg) = |y) wl TT Mily) =1

O<l<n

Then we can repeat this process to conclude that M;|¢) = |¢) foreachi € [n]. O

Lemma 4.19. For an m x n binary linear system Ax = 0, suppose that a commuting-

operator strategy
= (19) e H, (M |x € Z5} |i € [m+nl}, {{N) | x € Z8} i € [m+n]})

can induce a perfect correlation Py associated with Ax = 0. Let M; := M](?L)m - M](}r)m

and Nj := N](+)’ﬂ — N].(}L)mforj € [n]. Then, for each j € [n],

M;|p) = Njlyp),
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foreachi € [m]and k,1 € I;

MM |) = MiMg|y),

NiNi|) = NiINi|y),

and

[T Milw) =TT Nelw) = [9).

kEIZ' kEIi

Proof. Since wheni,j € [m], Ps(x,yli,j) = 0 for ally, when x ¢ S;, we know that

Mi(x) |¢) = 0forall x ¢ S;. Similarly, N].(y) |) = 0forally ¢ S;. We define

x€S;:x(k)=0 x€S;x(k)=1
_ (x) (x)
Ny= ), NY- Y NY,
yGS]‘Zy(l)ZO yGSj:y(l)=1

foralli,j € [m]and k € I;,] € I;, and we can check that Ml.zlk|1p) = N].2,Z|1,IJ> =|y),
and that [M;y, M;;] = [N;j, Nj;] =1 foralli € [m|and k,I € I,

In the proof, we first establish the properties satisfied by M;  and N; ; with
respect to |). Then, we prove that My|p) = M, |¢) and Ni|p) = N;i|¢) for all
i such that k € I,.

Let’s fix a question pair (i, ) and assume I; N I; = {k; | | € [«]}. Define
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Iy, = Yy (k) =y (k) Mi(x)Nj(y ) foreach ] € [a]. The fact that

)3 Pa(x,yli,j) =1
x,y:x(k;)=y(k;) for all |

implies that (¢|[Tc[y Ik, |¢) = 1. By the previous proposition, we know
Iy, |¢) = |¢p) foralll € [a].

On the other hand, since M;, N x,[) = 2T, [$) — |¢) = [ih). we know that

| Mg, [) — Nj,kl|¢>||2
= (| M3y [9) + (PN, [9) — 2(p| Mg, Ny [ )

=141-2=0,

which implies that M, [¢) = N, [¢) forall I € [«].

Also, notice that

HMi,k — Z (_1)Zkelix(k)M§x) — Z Mz(x)

kel; x€S; xeS;

Because ) ¢ MZ-(x) |p) = 0, we know

[TMily) = ¥ MP )+ Y MP )y = ¥ M7 [y) = [y).

kel; x€S; X¢S; xeZ5
With similar reasoning, we can conclude that [T, Nj, lp) = |¥) too.
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By Property P.1 and P.2, we know M]Efr)mhp) = lej—)m‘w) =0forallx > 1

and k € [n]. Therefore,

M) = (MO + M) gy = ;]me $),
xe|2x

and similarly, NZ|¢) = |¢). By Property P.6 and Proposition 4.13, we know that

M;|yp) = Nj|ip). Observe that

(|MixNilp) =2 Y Pa(x,x(k)|i,k+m)—1=1.
x€S;

Then, we can use the same argument, which shows M;|¢) = N;i|¢), to show
that M, |¢) = Ni|yp) for all i € [m]. Analogously, we can get that My|¢p) =

N;|yp) for all i € [m]. Combining the equations together, we get that
M) = Nilp) = Mi[¢p) = Niglyp).
Then, the commutation relation M; M, ;|¢p) = M; M, i|¢p) implies that

MM [p) = MN[) = NiM; k|) = MM |)

=M; M) = M;M|p).

On Bob’s side, we can also get that Ny N;|¢p) = NN |y) if there exists i such that
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k,I € I;. With similar reasoning, we can also get that

TTMelg) =TT Nelw) = lv),

kEIi kEI,'

foralli € [m].
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Chapter 5: Constant-sized self-tests of maximally entangled states

of unbounded dimension

This chapter focuses on a unique phenomenon of quantum correlations —

self-tests.

Definition 5.1. We say a correlation P : [ny] X [ng] x [ma] x [mp] — R>g is a self-
test of a quantum state |(), if for any quantum inducing strategy of P with shared state

\y), there exist local isometries O 5, ©p and a quantum state |junk) such that

P4 @ Pp(|)) = [§) © |junk).

Note that in the literature, some correlations are shown to be strong enough
to self-test both the local measurements and the quantum state. For this disserta-
tion, it suffices to focus on self-testing of the quantum state.

The main results of this chapter and the following chapters are based on a

number theory result first proved in [27].

Lemma 5.2. There exists r € {2,3,5} such that r is a primitive root of infinitely many

primes.

In Section 5.1, we introduce a correlation Q, : [2] x [2] x [2] x [2] = Rx>g

70



which is not only a self-test of |[EPR) and can also certify certain operator-state
relations. A key component of the proof of the self-testing property of Q, is
the qubit swap-isometry. In Section 5.2, we present a generalized swap-isometry
and give the sufficient conditions for using it to prove self-tests of general d-
dimensional maximally entangled states. In Section 5.3, we introduce Q_ /pr
which is designed based on Q_ /p- Then, in Section 5.4, we construct Q,,, based
on Q_,/ p, Which can self-test a (p — 1)-dimensional maximally entangled state.
The set {Qp,}, where r € {2,3,5} is a primitive root of infinitely many primes,
allows us to assert that constant-sized correlations can self-test maximally entan-

gled states of unbounded dimension.

5.1 The correlation Q,

We first give the inducing strategy of the correlation. Let u € [—r, 7).

Define
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and

") =(cos(5)10) +sin(5) 1) (cos(5){0] +sin(5) (1]),
~é1) 1 Q(()o)’
g0 — H (M H -

1 =(cos(5)10) — sin(5)[1)) (cos(5) (0] —sin(5) 1)),

Definition 5.3. The correlation Q, : [2] x [2] x [2] x [2] — R is induced by the

strategy
(|EPR), {{M\" |a e 2]} |x € 2]}, {({N | be 2]} |y € [21}),

such that Qy(a,b|x,y) = (EPR|M\Y @ N}gb) |[EPR).

The self-testing property of Q, is summarized in the following Lemma,

which is first proved in [38, Proposition A.3].

Lemma 5.4. For y € [—m, ), If a quantum strategy

(9), (UMY Jae 2} |x e 2} N [y e 21} [be2]})

can induce Qy, then there exist a local isometry ® = ® 4 @ ®p and an auxiliary state

|junk) such that

®(|¢)) = |junk) © |EPR).
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Our proof is based on techniques borrowed from [19, Appendix A ]. Before
we give the proof, we highlight some of the important operator-state relations
derived in the proof, which will be reused later. The notation of the relations
and the proof follows the convention of [19]. which defines M, := M,(CO) — M,(Cl) ,

Ny = Ny(o) — Ny(l) for x,y € [2] and

ZA = M() XA = M1 (51)
N —
Zp = 2°+N1 Xp = No—Ni (5.2)
cos 2siny

The key relations are

Zaly) = Zg|y), (5.3)
Xalp) = Xzl), (54)
Xa(L+ Zp)lp) = Xp(1 = Za)l9), (5.5)
Za(1+ Xp)[9) = Zp(1 = X4)|9), (5.6)
ZaXal) = —XaZalp), (5.7)
XaZalp) = —XpZply). (5.8)

Proof. The first step is to find a sum-of-square decomposition of the following

expression

g _ 2 1— cos(u)

=— - (M1N; + M1N,) — MaNy + MaNs.
sin(p) sin()
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Substituting in the values of Q;, we can see that (y|S|y) = 0.
With the notation ¢ := cos(y), s := sin(u), Za, X4 and Zp, Xp as in egs. (5.1)
and (5.2). The two sum-of-squares decompositions of S are

_ sS% + 4SC2(ZAXB + XAZB)2

S 1 ,

(5.9)

2
SZJ%@A—ZQZ+4XA—XQ% (5.10)

From the sum-of-square decompositions, we first prove egs. (5.3) to (5.8).

Define
Ty = %551 Tr = \/sc(ZaXp + XaZp),
T = %(ZA ~ Zp), Ty = V5(Xa — Xg)
then
S=T:+T7=T:+T;. (5.11)

The fact that the quantum strategy induces Q, implies that

(Q|T2[g) = |Ti|p)|> =0 <= Ti|p) =0

fori = 1,2,3,4. From the definitions of T;’s and the positivity of vector norms,
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we can get that

(XaZp+ XBZa)|p) =0 (5.12)
(Za—Zp)|y) =0 (5.13)
(Xa — Xp)|p) =0, (5.14)

which proves egs. (5.3) and (5.4). Equations (5.12) and (5.13) give us that

[ZA(M+ Xg) — (1 — X4)Z]|Y) = (XaZp + XBZa)|¢) + (Za — Z)|p) =0,

which proves eq. (5.5). Similarly, egs. (5.12) and (5.14) give us that

[(Xa(1+Zp) — Xp(1— Za)l|y) =0,

which proves eq. (5.6). Since Zy X4 + XaZy = C{—Zﬁ + ‘/E)EAB + Z\A/g“, we can

deduce that
(ZaXa+XaZa)lp) =0,
as in eq. (5.7). Lastly, to prove eq. (5.8), we notice that
XaZal) = =ZaXaly) = —ZaXp|p) = —XpZp|9).

Now we introduce the isometries ®, and ®p mentioned in the theorem,
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which are almost the same as the ones used in [19]. We first prove that we don’t
need to regularize Zp and Xp because they are binary observables with respect to

|¢). We can use Z4|¢) = Zg|) to prove that

Zily) = Z4|p) = ).

With similar reasoning, we can see that Xp is also a binary observable with respect

to ).

The local isometry is illustrated in the figure below and it is known as the

swap-isometry.

0) 4 HF—e—H/}l—e
0 —
Z XA =
[ L S A .......... A |junk) |00)+11)
75 Xp — v2
0y JH o

Figure 5.1: The qubit swap-isometry.

Then the proof follows from the observation that

Dy 2 Dp(|y)) :}L[(]l +Za)(1+ Zp)|$)]|00) + X4 (1 + Z4) (1 — Zp)|)|01)
+ Xp(L— Za)(1+ Zp) [)[10) + XaXp(L — Z4)(1 — Zg)|1p)[11)]
:%(11 +Z4)|g)|00) + %XAXB(H —Za)|p)11)
V2 1
=5+ Za)lp) @ E(IOO> +[11)),
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where we used the facts that X Xp(1 — Z4)|w) = (1+ Z)|¢) proved below,

and the fact (1+ Z4)(1 — Zp)|yp) = (1 —Z4)(1 + Zp)|y) = 0.

XaXp(M—Za)|Y) = Xp(Xa — XaZa)|p) = Xp(Xa +ZaXa)|¢)
= Xp(l+ Za)Xalp) = XA+ Za)|9)

= (L+Zp)[y),

which completes the proof. O

Our key observation about Q) is that it allows us to determine some eigen-

values of NyNj, which is formally stated in the following proposition.

Proposition 5.5. For u € [—r, ), if a quantum strategy (|p) € H,{{MJ(C“) | a
2]} | x € 2]}, {{N;b) | b e 2]} |y € [2]}) can induce Q,, then there exist quantum

states |1), |2) € H such that |||y1)| = |||$2)]| = 1 and

NoNi[ip1) = e 2 |ypy),

NoNi[ih2) = e [1p,).

Proof. The states are

) = (M + iy M) ), (5.15)

92) = (MY — iMy M) ). (5.16)
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We first show that ||[y1)]| =

ol =] (M + M — im{D v M3 + im0 v MEY) )

—1— i<¢|M(§1)M1Mé°> — MMy MY ).

Recall that Z4 = My, X4 = My, Zg = (No + Nl)/ZCOS(‘M) and Xg = (N() —
N;)/2sin(u). Using egs. (5.4) and (5.8), we know

(]1+ZA)

MM ) = ¥)

=—X s =28

SO (1/)|M M1M |1/J> = 0. With similar reasoning, we get <1/)|M M1M |1/J>
0. Therefore, |||11)|| = 1. The derivation of |||¢,)|| = 1is very similar, so we omit
it here.

Next, we show NoNj|y1) = e 2#|;) and NoNi|o) = e?#|¢hp). From

78



eq. (5.3), we get that

(ﬂ—l— ZA)

ZBM ly) = )
_ZB + ]1
1+ Zy
=M ).
With similar reasoning, we get
ZsM{V|g) = ~m(Vy).

Substituting the expression of Zgp, we see that

(No+ N)M |9) = 2cos ()M ),

(No+ N1)Mg" |) = —2cos(u) My 9.
From egs. (5.3) to (5.5) and (5.7), we get that

XMy |9) = XaMV|9),
XMV ) = XaM ).
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Substituting in the expression of Xp, we get that

(No — N)M |9) = 2sin(p) My ML [y),

(No — Ni)Mg ) = 2sin() M My ).
Simple cancelation gives us that

NoMY |9) = [cos(p1) MY + sin(p) MiMS ] [),
NiM |9 = [eos(p) MY — sin(p) MiMS][),
NoMSV |9) = [ cos(p1) MY + sin(pr) MiM”] ),

NiMP ) = [ cos(u)MSY — sin(u) My M) |).
Then,

NoN; M) = [cos(2p) M + sin(2u) My MV ] [y),

NoNiMi MV ) = [cos(2p) My MSY — sin(2p) MY ] [
Therefore,

NoNy (MY + iMy M) ) = e 2 (M + ivy MEY) ),

NoN: (My” — ini Mg |p) = ¥ (Mg — v M) ),
which complete the proof.
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5.2 The generalized swap-isometry

In the previous section, we see that the swap-isometry is a key component
of the proof of Lemma 5.4. In this section, we generalize the swap-isometry so
that it can be used in the proofs of self-tests of general d-dimensional maximally
entangled states. The importance of the generalized swap-isometry allows us to
identify sufficient conditions for the self-test of general d-dimensional maximally

entangled states, as formally stated in the following theorem.

Theorem 5.6. Let k and d be two integers such that d > 2 and k < d, and {r; | j €

(K]}, {s; | j € [k]} C [d] be two sets of integers. If there exist a set of quantum states

{lyp) ljelk} cH

and two commuting sets of unitaries

104, Vajljelkl} CUH), {08, VB |j € [k]} CU(H),
such that
Sy —— (5.17)
1P] - \/E .
Oalp;) = wyly;) (5.18)
Osly;) = w]|9;) (5.19)
[¥;) = Va,iVpl1) (5.20)
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for j € [k], then, |) = Ve ;) is a normalized quantum state, and there exist a local

isometry ® 4 @ Pp such that

Dy @ Pp(|y)) = VK1) ® Z [7j)lsj)-

(5.21)
Je[k]

The isometry ® 4 ® ®p is the generalized swap-isometry shown in the figure

below.
4 1 N
0 FT;}-e{ QFT; " e
|0) AFQF T | QFT, |\
Oa VA,j — :
s o 00 oo 6 0156 o oo | junk) TEZJ€[k] |7i)1s;)
OB VBj —
0) gHQF T, —l' QFTd_l |/
& J

Figure 5.2: The generalized swap-isometry

The input state to the isometry is [¢) € H. Let Ha = Hp = C%, which

are the systems added by the isometry. The isometry uses the d-dimensional

quantum Fourier transform

QFT; = Y. ¥ Wik
J

j€[d] ke(d]

It also uses controlled-unitaries: the controlled-O 4,5, denoted by C-O4 5 € U (4
H),

C-Oap= Y IN(jl®0, 5
j€ld]
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and the controlled-V,4 /5, denoted by C-V4,5 € U(C¥ ® H), and defined by

C-Vasp= Y, IN{jl® VE/B,]'-
jeld]

The isometry has the following steps:
Step1 Alice and Bob attach |0) 4» and |0)p to their sides;
Step2 Alice and Bob apply QFT; to |0) 4 and |0) g respectively;
Step3 Alice and Bob apply C-O4 and C-Op;

Step4 Alice and Bob apply QF Td_1 (the inverse of QFTjy) to the states in H 4 and

Hp respectively;
Step5 Alice and Bob apply C-V4 and C-V3.
Intuitively, the isometry contains three phases:
1. The Preparation phase ( Step1);

2. The Distinguishing phase ( Step2 to Step4 ), where we entangled the state

in H with the state in H 4 @ Hp;

3. The Correction phase ( Step5 ), where we disentangle the state in H with
the state in H o» ® Hp and effectively transferring all the entanglement to

the system H 4» @ Hp.

Proof. We first prove that ||| = 1. Since |¢;) and [¢;) are different eigenvectors
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of O4 for i # j, then we know (¢;|¢;) = 0. Therefore,

(Wly) = Y (Pilyj) =k/k=1.

jE[K]

Next, we show that it suffices to choose ® 4 @ ®p to be the generalized swap-

isometry by listing all the steps of it and showing how the state evolves.

1. After Step1 the shared state becomes

100 4|0} =} 1)10) 4[0) -

jelk]

2. After Step2 the state evolves to

1
ey Yol Y. lan)arlaz)p.
jelk]

oy ,00€[d]

3. After Step3 the state evolves to

%

Z Y. OLOF[wj)lar)arlaz)p

jElk] a1,az€ld]

Tix S
2 Y. @i @i lpplan)alaz)p,

JE[K] a1,02€[d]

Ul

Ul

where we use egs. (5.18) and (5.19).

84



4. After Step4 the state evolves to

72 Z )3 ( ) “’L(irjﬁl)M) ( ). wf’ﬁz)“z) [¥i)B1) arlB2) B

jEK] B1,B2€ld] \ a1€[d] ar €[d]

k
Z Pi)lri)arlsi)p

j=1

5. After Step5 the state becomes

= Y VAVE ) ) alsi)e
j€lk]

=Y Vzleg,jVA,jVB,jWﬁ|"j>A/|S]'>B/
jelk]

=[¢1) ® Z |”] A’|5]

JE]

—\/_|l/J1 Z 7i) arlsi) B

where we use eq. (5.20) and complete the proof.

5.3 Extending the correlation Q,

In this section, we introduce a correlation based on Q). Recall that Q, can
certify two eigenvalues of a unitary. The extended correlation can certify (p — 1)
eigenvalues of some unitary under some condition for some odd prime p.

In the rest of the dissertation, we fix 4 = —m/p for some odd prime p.

We will introduce a correlation that is extended from Q_,,, denoted by O, /p-
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We define Q_ /p ¢ [5] X [5] x [3] x [3] = R by defining its inducing quantum
strategy.
In CP~!, we define a subspace V = span({|1),|p — 1)}) and we denote the

projector onto V by I1y. For question x = 0, define projectors

(

HV ifa=0
@) _ 55(a)
My =Ny =41-TI, ifa=1

0 otherwise.

For question x = 1, 2, we first introduce

) = cos(—gi;m + sin(—’z'—7;>|p -,
(P —)s) = sin<—£—7;>|j> - cos<—§—7;>\p -,
o) = cos(—fzi;>|j> - sin(—]z—7;>|p — ),

(=) ) = sin(—gi;m +cos<—§—7;>|p ).
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Then the projectors are

/

o2 i) | ifa=0
MY =N = (-2 , : ,
! ! Yo e =Dep =)+l ifa=1
0 otherwise,
o o) - ifa=0
MY — N (r—1)/2 . _ _
2 2 Yo e =) p =)~ ifa=1
0 otherwise.
For question x = 3,
|1) (1] ifa=0
@) _ x5
Mg =Nz =q|p-1)(p—1] ifa=1
1-1IIy otherwise.
For question x = 4,
(\1>+|P—1>%(<1|+<P—1\) ifa=0
My = Ny = () @ip1ly i g
1-1IIy otherwise.
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Define a state

v

) = \/— Z (N +1p=lp =)

Then, the inducing strategy is

S sp = (10), LMY [a € B} [ x € 5]} {{NY |be B} [y € B}, (5.22)

Definition 5.7. The correlation Q_ /p ¢ [5] X [5] X [3] x [3] = Rx is induced by

S—n/p:
) blx,y) = (9| My © N,
Q-n/pla blx,y) = (p[Mx” @ N, " |¢).

As an analogue of Proposition 5.5, the implication of Q_ /p 1s summarized

in the next proposition.

Proposition 5.8. Ifa quantum strategy (|p) € H, {{M,(f) |a €3]} |xel[5]}, {{Ny(b) |
be [B]} |y € [5]}) can induce Q_r/p, then there exists a quantum state [{;) € H

such that |||1)||* = ﬁ and

MiMa|pr) = w, ' |¢1), (5.23)

NiNa[§1) = wplipr), (5.24)

0)

where My := MY — MV and Ny := Ny( - Ny(l)for x,y €{1,2}.
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To help the proof of this proposition, we first give some values of Q_ /p-

2/(p—1) ifa=b=0

Qr/p(a,b]0,0) =< (p —3)/(p—1) ifa=b=1

0 otherwise.
1/(p—1) ifa=b=0
1/(p—1) ifa=0b=1

Q_n/p(a,b]3,3) =
(p—3)/(p—1) ifa=b=2

0 otherwise.
1/(p—1) ifa=0,be[2

Qur/p(@bl0,3) =1 () —3)/(p—1) ifa=10b=2

0 otherwise.
x=3 x=4
a=0 | a= a=0 | a=1
bh=0 cos?(7t/2p) | sin® (7t /2p) [ 1—sin(7t/p) [ 1+sin(7t/ p)
y=1" = 5T " T |21 | 2p-1)
p = 1|/ (1t/2p) |cos*(rt/2p) | 1+sin(7t/p) | 1—sin(7t/p)
p—1 p—1 2(p—1) 2(p—1)
b—=0 cos?(71/2p) | sin?(7t/2p) | 1+sin(7t/p) | 1—sin(rr/p)
y=2__ " p-1 Pl 2(p—1) 2(p—1)
b= 1/ 5" (1t/2p) |cos*(rt/2p) | 1—sin(7t/p) | 1+sin(t/p)
p—1 p—1 2(p=1) 2(p=1)

Table 5.1: Q_,: the correlation values for x € {3,4},y € {1,2} and a,b € [2].
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Proof. From the definition of Q_ /ps it is easy to see that
MP ) = NP |y) =0
for x,y € [3]. Then
M) = (M + MNlg) + M) = [y)

for x € {1,2}. Similarly, we see that N§|1p> = |¢) for y € {1,2}. Using Proposi-

tion 4.13, we can get that

M [y = (MY + M) gy = (M) + M) )
= N ) = (N + N gy = (NS 4+ N ),
MV ) = MP 1) = MP|y)

=NV p) = NP |p) = NP ),
and

MO y) = N |y), M) = NV |y),

MO 1y) = N |y), MP1y) = NV [g).
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Then, we can show that Q_ . /p can be “reduced” to Q_,, by proving that

0)
S= (M‘{TW,{{M@,M&”} e 341 (N N} [y € {1,2})
1My [}l

can induce Q_/,, and that

0
§'= (M?TW,{{MJEO),MS)} xe {12 (N, NV} [y € (3,43}
1M [9)

can induce Q_,/, with Alice and Bob’s roles flipped. To prove S can induce
Q_5/p, we need to examine the terms of the form <1[)]M(()O)M,(Ca)Ny(b)MéO) lyp) for

x=23,4,y=1,2and a,b = 0,1. We find that these terms relate to (1/J|M,(Ca)Ny(b) lp)

by
<¢|M§“>Ny<">|¢>
=(pl(mg” + M) MYING (M + M) )
b
=<¢|Mé°>M§f>N§ "M 1),
where we use the facts that M |1p> |1,b> = 0 for the relevant

values of (x,y,a,b). Therefore,

<¢|M(O) (ﬂ) (b) (0)|¢>:<¢|M(a) (b)|l[1>
1M |1P>|| 1M ) )12

for the relevant values of (x, y,a,b), and it is easy to verify that S induces Q_,, p-

(Mg MO NS M 1) cos(rt/2p)”

For example,
||M |¢> &

. The proof of §" induces Q_,,
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with Alice and Bob’s roles flipped is similar, so we omit it here.

Now we define

(MY + imy MY — vy M+ M) )

1) =
(5.25)

N = I\JI'—‘

(1 —iMy) (ML) + imgMV) ),

where My = MO — MY The derivation of 1)|| is very similar to the cor-
4 4 y

responding part in the proof of Proposition 5.5, so we omit it here. Since S can

induce Q_,/,, by Proposition 5.5, we know that
NiNp (M3 + MMy MY 9) = wop (M5 + iMaMy ) Mg ).

On the other hand,

(MY + iMMM )M )
=M+ v M) (M3 + 0 )
=(M5" +iMu M5V ).
Hence, using the fact that Ny N, commutes with (1 — iMy), we know

NiNz 1) = wp|1/)1>-

What remains to be proved is M1 Ma|y1) = w), Y1), In order to prove it,
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we need another form of |i1), which is

1 . .
1) =5 (N” — iNgNE + NN 4+ NED) ).

=1+ iNg) (N{) — iNgN{D) ),

where Ny := N, io) -N f). Comparing the two forms of |¢1), it suffices to show

0)

My(MY = MO) [y = Ny (NS — N ).

This equation can be derived in the following way

MM — M) p)
=My(MS — M) MP )
=NV = N{)Nag )
=Na(N;” = NN 9)

N, (NS — NIV ),

where we use the fact that eq. (5.7) is satisfied in the inducing strategies S and S'.

In the end, we apply Proposition 5.5 to S’ to see that

M1 M; 1)
=1+ iN4)M1M2(N§°) - iN4N3(1)) )

=w, '|{1),
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which completes the proof. O

Proposition 5.9. Suppose a quantum strateqy (|p) € H, {{M,(f) |a e [3]}|x€[5]},
{{Ny(b) | b e 3} |y € [5]}) can induce Q_,,, and there exist commuting unitaries
Uy, Up € U(H) such that U, commutes with Bob’s projectors, Up commutes with

Alice’s projectors and

Ualyp) = Usly),
UL M MU |9p) = (MyMa)'[9),

UEN1NoUg ) = (N1N2)'[p),

where r is a primitive root of p. Then there exist quantum states {[¢;) | 1 < j <

p— 1} C H such that || |¢;)||* = 57 and

MiMay)) = w,”|g;),

NiNa|9j) = whliy).

Proof. Define [1p;) = (UaUp)'°8/|yp;) for 1 < j < p — 1 where log, j is the discrete
log. To simplify the notation, we write O4 = M;M; and O = N1 N,.

We first prove that O4|y) = Oz '|y). It is easy to check that

an/p(0,0|X,x) = Q,n/p(1,1|x,x) =1/2,

Q_n/p(0,1|x,x) = Q_n/p(1,0|x,x) =0,
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for x = 1,2. By Proposition 4.13, we can see that M lp) = N ) forx = 1,2

and a = 0,1, and that My|¢) = Ny|y). Then,

Oalp) = MiMa|pp) = NoMy|yp) = NoNq[p) = Op' ).

Next, we prove that

OA(Ua)|p) = (Ua)OY|y),

Os(Up)/|9) = (Up)IOf )

for j > 1 by induction. The base case is trivial as it is stated in the proposition.

Assume O4(U4)"¢) = (Ua)"O', |¢). By substitution and Lemma 4.15, we know

Oa(Ua)" ) =UgOa(Un)"|9)
=UpU} O )
=U%0 Ualip)

n+1’

_gm+lr
=untion,

),

where in the last line, we repeatedly use the relations: O Ux|p) = Ua(O4)"|9)
and O4|p) = Oz '|¢), " times. By the principle of induction, the equality O 4 (Ua)/|¢p) =

(UA)]'OQ{W) is true for all j > 1. The proof of Og(Ug)/|¢) = (UB)jO§|1P> is simi-

lar, so we omit it here.
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Then,

OA(UA) [1) = (Ua) O [y1) = w,” (U )| 91),

O (Ug)[y1) = (Up)Of lg1) = wl) (U) |1),

where we use the fact that |;) can be expressed using Alice’s projectors and

Bob’s projectors and the proof is complete. O

5.4 The correlation Q, ,

In this section, we first show that there exists a binary linear system such
that a perfect correlation associated with it can enforce the relation U~1OU = O’

for two unitaries U and O, as summarized in the next proposition.

Proposition 5.10. There exists a binary linear system A,x = 0 such that the following
holds. If a quantum strateqy S = (|¢) € H, {{My(f)}}, {{Ny(b)}}) can induce a
perfect correlation of A;x = 0, then there exist two commuting sets of binary observables

{My,, Mu,, Mo,, My, } and {Ny,, Ny,, No,, N,, } on H such that

MuzMul (M01M02)MM1MM2 W’> = (MO1M02)r|lP>r

NuzNul (Nﬂl N02)N“1 Nuz |’~P> = (N01N02)r|lp>~

Proof. The linear system A,x = 0 is constructed from a solution group, wherein
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the following group is embedded. For r > 2, define

- G2 2 2 2
G = (uq,1p,01,00 U] = Uy = 0] = 05 = ¢,

(5.26)
upu10102u Uy = (0102)", u02u1 = 03).

By Proposition 3.55, G can be embedded into a linear-plus-conjugacy group G, =
(Sc : R;) where S contains {u1,13,01,0,}. We also know that the embedding
¢ : G = G, maps u; to u; and o; to o; for i = 1,2. By Proposition 3.56, G, can be
embedded into a solution group I'(A;) := (S, Rr). Moreover, {u1,13,01,02} C
Sr and the embedding ¢’ : G. — TI'(A,) maps s to s for each s € {uy,u3,01,02}.
Therefore, G is embedded in I'(A,) and we get the binary linear system A,x = 0.

Since G is embedded in T'(A;), we know that the relation upujoi0pu 1y =
(0102)" can be reconstructed by substituting in » € Rr. Then, the statement of the

proposition follows from Lemmas 4.15 and 4.19. O

Note that A,x = 0 has n(r) := 16r + 75 variables and m(r) := 14r + 62 equa-
tions, where each equation has 3 variables. Let T : [n(r)] — Sr be the bijection
between [n(r)] and Sy. We assume that in this system 7(0) = 01 and 7(1) = o,.

Next we show that there exists a quantum strategy that can induce a perfect
correlation of A,x = 0. The correlation is denoted by P4, and the strategy is
denoted by S 4,, which is based on a representation of I'(A,).

We first give a representation of G. Let p be an odd prime number whose
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primitive root is 7. Another basis of CP~is {|x;) | 1 < j < p — 1}, where

;) = —%m Lilp— 1)), (5.27)
_wép ) ) ;
xp—j) = W(m —ilp—1j)) (5.28)

forl1 <j < pT_l. Note that another form of this basis is {|x,;) | j € [p — 1]},
where the subscript 7/ is taken modulo p implicitly. Based on the second basis,

we define the third basis of CP~ !, {|uy) | k € [p — 1]} defined by

|uk> \/— ZC(J r]

On CP~1, we define

(r—1)/2

Z C‘JP|X] Xp— ]|+wp |xp ]><x]| (5.29)
(p—1)/2

Z |x] Xp— ]|+|xp ]><x]| (5.30)
j=1

Uy =[ug)uo| + |u(p—1)/2) (U (p-1),2]

(

p—3)/2
+ Z |”p 1-k) ”k\+’”k><”p—1—k\), (5.31)
k=1

Uz =[ug)(uo| — |u(p—1)/2) (U(p-1)/2]

PR k
)3 (wp—1|uk><up—1—k! +w, 5 up1k) <uk|) : (5.32)
k=1
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It can be checked that

010, = Z w;]|xrf><xrf|/
j€lp—1]

Ul = ) |x,0)(x,],
j€lp—1]

U Up (O102) U4 U = (0107),

U,0,U; = Os.

Hence, we can follow the proof of [7, Proposition 33] to extend p : G, — U (CP~1)
defined by uy — Uy, up — Uy, 01 — O1,02 — O, to a representation of G, still
denoted by p. Then, following the proofs of [7, Proposition 27 and Lemma 29], p
can be extended to a representation of T'(A,), o' : T(A,) — U(CP~1 ® C?® C?).

In particular, for any s € {uy,up, 01,02},
p'(s) = p(s) @12 @ Ia.

Define

1

p—1
|1/J> = \/ﬁjg |xj>|xp—]'>-

(5.33)

Let 7T§O), ngl) be the projectors onto the +1 and —1-eigenspaces of p’(s) for each
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s € St. Then we define projectors

(

[Tker, ”&?g)) ifi € [m(r)]

Mz‘(X) = Ni(X) =97 ifi > m(r) and x < 2

0 otherwise.

Definition 5.11. The correlation P4, : [m(r) +n(r)] x [m(r) + n(r)] x Z5 x Z5 —

R~ is defined by the inducing strategy

Sa, = (|§) ® [EPRY2{{M) | x € Z3} | i € [m(r) +n(r)]},
(5.34)

(N | x e Z3} |i € [m(r) +n(n)]}).

such that
Pa, (o, li, ) = (9] @ (EPRI™) M 0 N9 (1) @ [EPR)®?)

It can be checked that Py, is a perfect strategy of A,x = 0.
In this section, we introduce Qy, which can be thought of as the combi-
nation of Py, and Q_,. The correlation Q, : [m(r) + n(r)] x [m(r) + n(r)] x

Z3 x Z3 — R is defined by its inducing strategy.
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Define

YIS if i € [m(r) +n(r)]
3 M(()x) ® L2 @ A2 ifi=m(r)+n(r)and x <2
M =
M) onirye2 @12 ©lga i i > m(r) +n(r) and x <2
0 otherwise.
\
(
N ifi € [m(r) +n(r)]
- (x) _(()x) R L2 @ L2 ifi=m(r)+n(r)and x <2
N/ =
1
Nfi)m(r)_n(r)ﬂ QL2 @12 ifi >m(r)+n(r)and x <2
0 otherwise,
\

where Mi(x) and Ni(x) are obtained from strategy S, (eq. (5.34)), and Ml(x) and

Nl(x) are obtained from strategy S_,, (eq. (5.22)).

Definition 5.12. The correlation Q,, : [n(r) +m(r) +3] x [n(r) +m(r) + 3] x Z3 x

Z3 — R is induced by the strategy

§= (1) ® |EPRY*2{{M{" | a € [8]} | x € [n(r) + m(r) + 3]}

({8 | be (8]} |y e [n(r) +m(r) +3]}).
such that

Qir(a,blx,y) = (] @ (EPR“?) M & K (1) @ |EPR)“?) .
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Theorem 5.13. Let S be an inducing strategy of Q, , with a shared state |1). Then there

exist an isometry ® 4, @ Op and a state |junk) such that |||junk)| = 1 and

4 @ Pp([y)) = |junk) @ [)

where | ) is defined in eq. (5.33).
To prove this theorem, we first prove the following proposition.

Proposition 5.14. If a strategy with shared state i) € H can induce Qp, then there

exist sub-normalized states {|p;) | 1 < j < p — 1} such that

1 .
9l = =g for1<j<p-1,
p—1
[¥) =Y |wy).
j=1

Proof. First observe that when x,y € [m(r) 4+ n(r)],

Qp,r(”/b‘xr]/) = Pa,(a,b]x,y).

Let Uy = My1(y)M¢-1(y,) and Up = Np-1(,,)Nr-1(,,,)- By Lemma 4.19, we know

UAUB|170> = |170> Let Oy = Mm(r)Mm(r)Jrl and O = Nm(r)Nm(,,)Jrl. By Proposi-

tion 5.10, we know that

Oalylp) = UaOY|W),

OpUg|y) = UpOp|¥).
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Next, we observe that

~1)/2
P) = \/— ; LD +1p=ip =)

Define f : {m(r),m(r) + 1,n(r) + m(r),n(r) + m(r) + 1,n(r) + m(r) + 2} — [5]
by

(

x+1—m(r)ifx =m(r),m(r) +1,

flx) =< x— n(r) —m(r)if x = n(r) +m(r),

x 4+ 2 —n(r) — m(r) otherwise.
\

Then, we can check that When x,y € {m(r), m(r) +1,n(r) + m(r),n(r) + m(r) +

1,n(r) +m(r)+2},and a,b € [3]

Qpr(a,blx,y) = Qr/p(a,blf (x), f(1)).

It implies that the conditions of Proposition 5.9 are satisfied and we can define
[¥;) = (UAUp)™8 |y1). The conditions satisfied by ;) are |||1p]>||2 =1/(p—1)
and (y;[¢y) = 01if j # j. Therefore, szp 1 19|l = 1. What remains is to

show that Zfz_ll(tﬂgbj) = 1. Since U U}|p) = |¢), we know that Z]F:11<1’b|¢j> =
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(p = 1)(ly1) and

0 1 .
<¢|¢’1> = <¢|(Mr(z()r)+m(r)+1 + M,g()r)+m(r)+1 - Z]\/In(r)+m(r)—&-2]\/111(r)—&-m(r)+1)|77b>

1 i
ﬁ - z<l/)|Nn(r)+m(r)+2M”(r)+m(V)+l|¢>

NI

b
p—1

where ([N, () 4m(r)+2Mu(r)4m(r)+1|¥) = 0 comes from the correlation. Then the

proposition follows. O

Proof of Theorem 5.13. Propositions 5.9 and 5.14 tell us that |i) = Zf;ll ;) where

;) = (Ualp)"8 7 |yy)
Oalyj) = wh/[;)

Osl;) = whly)).

Then this theorem follows from Theorem 5.6. O

The significance the implication of Theorem 5.13 is summarized in the next

theorem.

Theorem 5.15. There exists an infinit set D of prime numbers such that for each p € D,
there exists a constant-sized correlation that can self-test the maximally entangled state

of local dimension (p —1).

Proof. There exists r € {2,3,5} such that r is a primitive root of infinitely many
primes [27]. It suffices to choose D to be the set of primes whose primitive root
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is 7. Then, by Theorem 5.13, for each p € D, Q,, of size @(rz) can self-test a

maximally entangled state of local dimension p — 1. O

This is the first result that shows that fixed-sized correlations can self-test

maximally entangled states of unbounded dimension.
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Chapter 6: Minsky machine and Kharlampovich-Myasnikov-Sapir

group

In this chapter, we construct a group that is used in the main result of this
dissertation. To construct this group, we first introduce the Minsky machine in
Section 6.1, a semi-group that can simulate a Minsky machine in Section 6.2,
and a group that can simulate a Minsky machine in Section 6.3, which is also
known as the Kharlampovich-Myasnikov-Sapir group. In Section 6.4, we extend
a Kharlampovich-Myasnikov-Sapir group in a particular way and prove various

properties of this extended group.

6.1 Minsky machine

A k-glass Minsky Machine [30], denoted by MMy, consists of k glasses, where
each glass can hold arbitrarily many coins. Just like a Turing machine, a configu-
ration of MM describes which state the machine is in and how many coins are in
each of the glasses. A computation running on MMy is a sequence of commands,
where each command maps one configuration to another. Each command in-
volves at most one of the two operations on each glass, which are adding a coin

to a glass and removing a coin from a non-empty glass.
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Figure 6.1: The visualization of a command that maps the configuration (i;1,2,0)
to (j;1,3,1).

More formally, the states of MMj are numbered from 0 to N where 0 is
the final accept state and 1 is the starting state, so a configuration of MMy is in
[N 4+ 1] x (Z0)** and of the form (i;n1,n,,...n;) where i is the current state
number and each n; > 0 represents the number of coins in the j-th glass. The
accept configuration is (0;0,0,...0) and the starting configuration with input m is
(1,m,0,...0).

Next, we formally introduce the commands of MM. A command may be of

one of the following four forms.

1. When the state is i, add a coin to each of the glasses numbered ji, j2 ... J

where | < k, and go to state j. This command is encoded as

i;— j; Add(j1, j2, - - - Ji)-

2. When the state is i, if the glasses numbered ji, jo,...j; where I < k are all

nonempty, then remove a coin from each of the glasses numbered jy, j2, . . . ji,
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and go to state j. This command is encoded as

i;njl > 0,. o >0— j,' Sub(jl,jz,. . ]l)

3. When the state is i, if the glasses numbered jy, jo, . . . jy where | < k are empty,

go to state j. This command is encoded as

i;nh :O,njz :0""an :0—>j.

4. When the state is i, accept. This command is encoded as

i;— 0.

If at any given state i, there is at most one command that can be applied, the Min-
sky machine is deterministic. Otherwise, the Minsky machine is non-deterministic.
The importance of Minsky machines is summarized in the next theorem.

We first define what a recursively enumerable (RE) set is.

Definition 6.1. A subset S of the set of natural numbers (IN) is recursively enumer-
able if there is an algorithm such that the algorithm accepts an input s if and only if

s € S.

Theorem 6.2. Let X be a recursively enumerable set of natural numbers. Then there ex-
ists a 3-glass deterministic Minsky machine MM3 such that MMj3 takes the configuration
(1,n,0,0) to the accept configuration (0;0,0,0) if and only if n € X.
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The proof can be found in the proof of [31, Theorem 2.7], so we omit it here.

In the rest of the dissertation, we focus on 3-glass Minsky machines.

6.2 A semigroup to simulate MMj3

We first introduce concepts for semigroups that are necessary for this sec-

tion, especially, the presentation of a semigroup.

Definition 6.3. A semigroup is a set S with an operation -, such that
1. foranya,b € S,a-besS;
2. foranya,b,c €S, (a-b)-c=a-(b-c).

Definition 6.4. A semigroup with a zero element is a semigroup S such that there

exists an element 0, for which0-a =a-0 =0 foranya € S.
The element 0 is also called an absorbing element.

Definition 6.5. A semigroup with an identity element is a semigroup S such that

there exists an element e, for whiche -a =a-e = a foranya € S.

To define the notion of a presentation of a semigroup, we first define notions

related to congruence and then we define what a free semigroup is.

Definition 6.6. For any semigroup S and R C S x S, we define

R ={(a,b), (xa,xb), (ay,by), (xay, xby) | forall (a,b) € Rand x,y € S}.
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Definition 6.7. For any semigroup S and R C S x S, let R* be a subset of S x S such
that (a,b) € R* if and only if (a,b) € RS, or there exist {z; | i € [n]} such that
(a,20),(zy—1,b) € R and foreach 0 < i < n—2,(z;,zi41) € R°or (zj11,2;) € R".

Them, R* is called the smallest congruence containing R.

Definition 6.8. Let A be a non-empty set. The free semigroup on A, denoted by A™,
consists of all finite words ayay . ..a, where a; € A and the binary operation is defined

on A" by juxtaposition:

(a1a2 cen an)(blbz ce bm) =a1ay ... anblbz e bm

Definition 6.9. Let A be a non-empty set, A™ be the free semigroup on A and R C
AT x AT, If there is a homomorphism ¢ from AT onto a semigroup S, such that {(x,y) |

¢(x) = ¢(y)} = R*, then we say a presentation of S is (A : R).

If both A and R are finite, then we say S is finitely-presented. The relation
(a,b) € R is written as a = b. Intuitively, S is the quotient of the free semigroup
generated by A by the equivalence relations in R, which is an analogue of a group
presentation (Definition 3.9). For more details about semigroup presentations, we
refer to [39, Chapter 1.4 to 1.6].

Next, we define a finitely-presented semigroup with a zero element that can

simulate a 3-glass Minsky machine.

Definition 6.10. Let MM3 be a 3-glass Minsky machine with states: 0,1,...N. We

define a semigroup H(MM3) by giving the set of generators and the set of relations below.
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The set of generators of H(MM3) consists of {g; | 0 <i < N} and {a;, A; | 1 <i <3}

The set of relations of H(MM3) consists of
o {aia; = aja;,a;A; = Aja;, AjAj = AjA; |1 <i#j <3}
e a;qj=Aiqj=0forall1 <i<3and 0 <j<N;
o Ajn; =0if1<i<3;

e for each command of the form i — Add(ky,...kn); j, the relation q; = q;ay, . .. ax

m

withm < 3;

e for each command of the form i,n, > 0,...nx, > 0 — j;Sub(ny,,...n,), the

relation g;ay, ... ay, = q; withm < 3; and

o foreach command of the formi,ni, = 0,...ny, = 0 — j, therelation q; Ay, ... A,

Ak, - - - Ay, withm < 3.,

For the configuration ¢ = (i;n1,nz,n3) of MM3, the corresponding semi-
group element is wg(c) = ;a7 ay*a5’ A1 Ar Az, Intuitively, g; corresponds to the
state j of MMj3; for i = 1, 2,3, a; represents a coin for the glass numbered i. Since
a; does not commute with A; and A;a; = 0 for 1 < i < 3, the A;’s are introduced

to allow us to check if the glass-i is empty.

Theorem 6.11. Let MM3 be a 3-glass Minsky machine and H(MM3) be defined as in
Definition 6.10. Then, a configuration ¢’ can be obtained from a configuration c of MMj3
by applying commands of MMy if and only if wy (¢') = wy(c) meaning that wy(c") can
be obtained from wy(c) by applying the defining relations of H(MM3).

The proof can be found in [31, Property 3.1 and 3.2].
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6.3 Kharlampovich-Myasnikov-Sapir group

For a 3-glass Minsky machine MMs, the Kharlampovich-Myasnikoo-Sapir group
(KMS group) G(MM3) is a finitely presented group with generator set S(MM3)
and relation set R(MM3), where S(MM3) and R(MM3) are defined below. Note
that the definitions are obtained from [31, Section 4.1].

Intuitively, G(MM3) can simulate MM3 because the semigroup H(MM3) is
embedded in G(MM3). The image of g;a;'a52a3° A1 A, Az in G(MM3) is x(g;A) ®
a?”l ® a;@"z ® aé@"S ® A1 ® Ay ® A3, where the symbol x(g;Ag) and the operation

® are defined below.

6.3.1 Baumslag-Remeslennikov-conjoint

We introduce a lemma, which tells us that certain solvable groups are finitely
presented. This lemma gives us important intuitions behind the structure of
G(MMj3). Since the lemma is first introduced by Baumslag [40] and Remeslen-
nikov [41], the sets satisfying the conditions of the following lemma are called

Baumslag-Remeslennikov-conjoints ( BR-conjoints ).

Lemma 6.12. Suppose that a group H is generated by three sets X, F = {a; | i € [m]}

and F' = {a} | i € [m]} such that
1. x> = eforeach x € X;

2. The subgroup generated by F U F' is abelian;

3. Foreverya; € Fand x € X, x%ix~1 = X%
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Bo aﬁm—l

4. [x;lo el xp| = e for every xq,xp € X and Bo, B1, - - Bm—1 € {0,1, —1}.
Then, the normal subgroup generated by X in H is abelian, and H is solvable.

This lemma is based on Lemma 4.1 of [31], Before we prove Lemma 6.12,

we first prove some facts about commutators, which will be used in the proof.
Proposition 6.13. Let G be a group and a,b,c € G. Then,

1. [a,b] =e < [a°b°] =¢;

2. [a,b] = |a,c] = eimplies that [a,bc] = e; and

3. [a,bc] = [a,b] = e implies that [a,c] = e.

Proof. We prove the three results one by one. The first result follows [a, b¢] =
a, b]“.

The second result follows

a Y (be) tabc = a e b labe = a7 e tac = e,

where we use the fact that ab = ba. The third result follows the same derivation.

]

Proof of Lemma 6.12. We first prove that the normal subgroups generated by X in

H, denoted by (X) H, is abelian, then the second conclusion follows from H/ (X) H

(FUF).
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Since x2 = e for all x € X, then x% = x%x for i € [m]. To show the normal

subgroup generated by X in H is abelian, it suffices to show that

. To; k: /ﬁ,
[Ticpm] ‘1?1 [iepm) a; J [icm 4" jepm) a; !
X , Xy =e

for all x1, x2 € X and n;, &}, k;, B € Z. This is because every element of <X>H can

In;
, YT -
be expressed as a product of elements of the form x it %" Iien %" Then, for any

v n 4 /th
x € X, since x% = x%x for alli € [m] and (F U F') is abelian, x!licln %" Hjetnl 9

nl

can be expressed as a product of elements of the form xlliet % for some ni € Z.

Hence, it suffices to show

1 72

n; k;
i€[m ail ic[m ail
xHe[ l xHe[ ] ] —

for all x1,x, € X and n;, k; € Z. Then, notice that

ki
n; kl ni‘*ki HIG[H’I] ai
Hie[m] a; Hie[m] a- Hie[m] a;
Xy , X, = |x , X2
It suffices to show
[Ticm a; .
X ,x2| =eforall x;,x, € Xand n; € Z. (6.1)

We prove it by induction.
The base case that |n;| < 1 for all i € [m] follows from the condition of the

lemma. Suppose eq. (6.1) is true for all |n;| < N for all i € [m]. Noticing that for
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any S C [m]

L " LA 7 “ni-1 n;
[x?lesai Ijepms ’xz]:[xllx?’esai jepms 9 [Mies ;™ jepms 4,/

where n; > 0. Since the choices of x1 and x; are arbitrary, it suffices to prove that

for any index set S C [m]

.
[Ticsal [jepm)\s ‘1]']
1

ES ,X] =e. (6.2)

In this step, we use induction on the size of |S|. In the base case that |S| = 1, we
can assume S = {0} without loss of generality. By the assumption of the outer

induction, we know

N-1 nj
2 Ijepmn\s 9 a
e =[x, , Xp]%0

N i N-1 "
ay Ticpmns a, ILicimnsa;
0 e o Al ey,

Again by the assumption of the outer induction, we know

N j N-1 "
@y Ijeimp\s 3" _ag a  Iliemns gy
[x1 ,xz]:[x1 X =e,

so, by Point (2) of Proposition 6.13,

N i N-1 "
ag [jepmps @ ay  Tlicpm)\s 4;
[xl jem\S 4 xlo jEmN\S % ’xgo] — e
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Then, by Point (3) of Proposition 6.13,

n; N*l n;
ag iempsa;” _ag " Tliefups )’
[x; X4 ,Xo] =e.

AN e 2
Using the fact that [x,” ST %,] = e, we can use Point (3) of Proposi-

tion 6.13 to prove that

which completes the base case of the inner induction.
Now, suppose eq. (6.2) is true for all S C [m] with |S| < k < m. Consider

the case that |S| = k. By the assumption, we know that

N-1 "
_oal X a.
; :[xll_[zes i 1_[]G[m]\s j , x2]nies ”;

N-1 "
_[ [Tics a; [ Ties a; [jepms ”j] ITics “2]
= xl 7 xz

N-1 "
= 1—[ x(Hz‘es’ ai) [Tiesa; Ticpmps ﬂ]-] H xnieS’ “i]
o 1 ’ 2 .
S'CS S'CS

Again, by the assumption of the inner induction, we know that for any s CS

with [S"] > 1,

n:
[ H (Hies’ ai) ITics “5\]71 Hje[m]\s “j] Hies” a,-] o
xl 7 xz —
S'CS
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Then, using Point (3) of Proposition 6.13 we can deduce that

(H,’es/ ;) [ies ulN71 Hje[m]\S a]'j _
JRES ] =e

S'CS

Since the assumption of the inner induction tells us that for any S’ # S,

. . N-1 : nj
[xinies’ a;) ITies a; HJE["’]\S gl , XZ] = e.

Using Point (3) of Proposition 6.13 we can deduce that

NTT. 1
[x?les “ Hicmvs ,x] =e.

By the principle of inductive proof, the inner and outer inductions are complete.

O

Definition 6.14. Let sets F, F' and X be as defined in Lemma 6.12. If they satisfy the
conditions of Lemma 6.12, then we say a’. are BR-conjoints to a; for i € [m] with respect

to X.

6.3.2 Definition of G(MMj)

Let U be the commutative semigroup with identity generated by {Ao, A,

Ay, Az}, and let
U' = {u € U| there exist v € U such that vu = AgA1A2A3 in U},
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be a subset of U.
We define the generator set S(MM3) of G(MM3) as the union of Ly, L1 and L.

Let Lg be a finite set indexed by ({g; | 0 <i < N}-U’) C H(MMj3) denoted by

Lo = {x(qu) |u e U',0<j< N}

Let

Ly = {Ap, A1, Az, A3}, and

L2 = {ﬂi,ﬂ;,ﬁi,ﬁ; | 1= 1,2,3},

Note that the three sets Ly, L1 and L, should be understood as disjoint sets with
no predefined algebraic structure. Then, the generator set S(MM3) = Lo LI L1 Ul L.

Let

My = {a;d, Ay |i=1,2,3}

M; = {a;,a}, A;}

fori = 1,2,3. The relation set R(MM3) contains

R1 {x*=¢|x€ Lo} U{[x1,x2] =e]| x1,x2 € Lo} (these relations imply that Ly

generates an abelian 2-group);

R2 {A? =¢|ic [4]}U{[A,Aj] =e]ije [4]} (these relations imply that L;

generates an abelian 2-group);
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R3 {[a;,a!] = [0, ] = [a;,]] = [a},&] = [a},]] = [, &) = [a;, 0] = [a},a]] =

/

a;,a;| = lal,a’]l =e|1<1i,7jk 1 <3} (these relations imply that L, gener-
] ir%j J ply &

ates an abelian group);
R4 {[y,z] =e|y e Mj,ze Mjwithi # j € [4]};

-1 n—1
R.5 {A?i A7l = A | i = 1,2,3} (these relations imply that {a; '} and

1
4"~ 1} are BR-conjoints with respect to { A;});
i J p

a1 al o . a6y,
Ro6 {A) = A) A, |i=1,23}U({[A, ,Agl = e | wy, ap, a3 €
{0,1,-1}};

R.7 {[x(qju), Aj] = x(quA;) | j € [N+1],i € [4],u € U and u is generated by

{e, Ag, A1, Ay, A3} \ {Ai}}

R.8 {x(qu)%ix(qju) = x(qju)“z,‘ | j € [N+1],1 <i<3,uec U and u is gener-

ated by {el AO/ A]/ AZ! A3} \ {Al}}’

R.9 {[x(qju),z] =e|j € [N+1],z € M;i € [4],u € U and the generating set

of u contains A;};
R10 {x(q))% = x(q))%, x(q)% = x(q))% | j € [N],i =1,2,3};

R11 {[x(qiu) 2%, x(qo)] = e | w,0 € U, By, Bo Bs € {0,1,—1},i,j € [N]};

and

R.12 The relations corresponding to the commands of MM3 defined below. For
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every f € G(MM3), denote
Foa=ftfr ) 4,
and
f®A;=I[f A

forj = 1,2,3. We denote (...(t1 ®t2) ®...) @ty by 1 ®ty... ® ty, and

h®tbh®...®th byt ® t?”. The relations for the commands of MMj3 can be

n times
translated from the commands using the following rules:

e if the command is i; — j; Add(kq,...k;), the relation is
x(qiAo) = x(qjA0) ®ay, ... ®ay;

e if the command is i;1, > 0...1, > 0 — j; Sub(ky,...k;), the relation

is
e if the command is ;; 1, = 0...n,, = 0 — j, the relation is

x(qiAo) ® A, ® A, ® ... Ay, = x(9jA0) ® Ay, ® Ap, ® ... Ay
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e if the command is i; — 0;, the relation is x(g;Ap) = x(qoAo)-

Note that in the original definition [31], there is a parameter p. In the definition
above, we choose p = 2. Relations R.4 and R.6 imply that {(a})~! | i = 1,2,3}
are BR-conjoints of the set {@; ' | i = 1,2,3} with respect to {A¢}.

We record the following lemmas from [31] about the structure of G(MM3)

Lemma 6.15 (Lemma 4.5 of [31]). The normal subgroup T of G(MM3) generated as a
normal subgroup by all the elements x(q;u) for u € U' and 0 < i < N is abelian and of

exponent 2.

Lemma 6.16 (Lemma 4.4 of [31]). The subgroup (L1 U Ly) is solvable. If we define

Hy = (L1) and Hy = (L), then

(Hy U Hy) = Hi% x Hy,

where Hfz is an abelian normal subgroup of exponent 2 and Hy is abelian.
Theorem 6.17. The group G(MMj3) is solvable.

Proof. From the presentation of G(MM3) we know

G(MMg) =Tx <H1 UH2>,

where T defined in Lemma 6.15 is an abelian normal subgroup and (H; U Hp) is

solvable following the proposition above, which completes the proof. O

121



Note that this theorem is independent of whether MMj3 is deterministic or
not.
Next we explain why we say G(MM3) can simulate MMj3. For each configu-

ration ¢ = (i;n1, ny, n3), the corresponding word is

ZU(C) = x(inO) ® a?nl ® a2@<>712 ® a?n“% ® AL ® Ay ® As.

Theorem 6.18 (Theorem 4.3 point (b) of [31]). For a 3-glass Minsky machine MM3,
let G(MM3) be the group defined above and H(MMs3) be the semigroup defined in the

previous section. Then, the equality

x(qiAo) ®@aiM ®@ay? ®ay" ® AT ® AS? @ AFY

—x(gjA0) ® ™ ®@ay™ @ af™ @ AT ® AP @ ATP

for ay, Br € {0,1}, ng, my € Nand k € {1,2,3} is true in G(MM3) if and only if the

equality

. ny _np ns o1 1 %] N3 . mq _np M3 ,Bl ,32 ,33
giay ay’ a3’ AT AR A = giay tay tag P AT Ay A

is true in H(MM3).

We omit the proof as it can be found in Section 4.1 of [31].

Among all such words, we are particularly interested in the word corre-
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sponding to the starting configuration of input n, which is defined by

ZU(TZ) = x(qle) ® ai’@” ® A ® Ay ® As,

and In the word corresponding to the final accept configuration, which is defined

by

w(a) := x(goAo) ® A1 ® Ay ® As.

When the input is 0, w(0) = x(g140) ® A] ® Ay ® A3. Relations R.1, R.8 and
R.12 imply that w(a) = x(goAoA1A243), w(0) = x(q1AgA1A2A3), and w(a)? =

w(0)? =e.

Corollary 6.19. Let X be a recursively enumerable set. Then, there exist a Minsky
machine MM3 and a KMS group G(MM3) such that in G(MMs), w(n) = w(a) if and

onlyifn € X.

This corollary follows easily from Theorems 6.2, 6.11 and 6.18 by choosing
MM3 to be a deterministic Minsky machine that enumerates X.
Recall the definition of extended homogeneous linear-plus-conjugacy group

(Definition 3.54).

Proposition 6.20. Let MM3 be a 3-glass Minsky machine. Then, there is a presen-
tation of G(MM3) as an extended homogeneous-linear-plus-conjugacy group in which

w(0)w(a) is equal in G(MM3) to one of the involutary generators x;.
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This proposition allows us to reduce the problem of determining if a corre-
lation is quantum to the problem of determining if w(0)w(a) = e in G(MM3).

To prove Proposition 6.20, we use following lemma, which is first proved in

[7].

Lemma 6.21 (Lemma 42 of [7]). Suppose K = (S : R) is a finitely presented group

satisfying the following properties:
1. The set S is divided into three subsets L, L1, and L.
2. The relations in R come in three types:

(a) R contains the relation x> = e forall x € Lo U L;.

(b) R contains commuting relations of the form xy = yx, for certain pairs x,y €

S.

(c) For every other relation r € R, there are some subsets Sy C S and Sy C
(Lo U Ly) N Sy such that v € <SO)]:(51), and the image of (SO)}-(Sl) in K
is abelian, where (So>f(51) denotes the normal subgroup generated by So in

F(S1).

Then K is an extended homogeneous-linear-plus-conjugacy group. Futhermore, if Sy C
S1 C S are two subsets such that So C Lo U Ly, and the image of (SO>}-(51) in K
is abelian, then for every w € (SO>F(51), there is a presentation of K as an extended
homogeneous-linear-plus-conjugacy group in which w is equal in K to one of the involu-

tary generators x;.
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Proof of Proposition 6.20. By the definition of G(MM3), Lemma 6.15 and Lemma 6.16,

G(MM3) satisfies the conditions of Lemma 6.21. Moreover,

w(0)w(a) = x(g1A0A1A2A3)x(q1AgA1A2A3) € (Ly),

and (Lo) is abelian in G(MM3), then this corollary follows from Lemma 6.21. [

6.4 Extending a Kharlampovich-Myasnikov-Sapir group

This section is devoted to proving the following lemma.

Lemma 6.22. Let r € {2,3,5} be an integer that is the primitive root of infinitely many
primes, let p(n) be the n-th prime whose primitive root is r, and let X be a recursively
enumerable set of positive integers.

Then, there exists a finitely presented group H, which has group elements t and x,

such that x* = e in H, H/ (t'") = e) is sofic, and

X =cein H/(t”(”) =e) <= neX. (6.3)

Moreover, there is a finite presentation (S : R) of H as an extended homogeneous linear-

plus-conjugacy group such that t,x € S.

To prove Lemma 6.22, we first consider a 3-glass Minsky machine that can

enumerate a specific recursively enumerable set.

Definition 6.23. Let X be a recursively enumerable set and r € {2,3,5} be an inte-
ger that is the primitive root of infinitely many primes. Denote the n-th prime whose
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primitive root is r by p(n). Then, let Px , denote the set

Py, := {p(n) | n € X}.

Proposition 6.24. The set Px , is recursively enumerable.

Proof. First notice that the set P of all the primes whose primitive root is r is
infinite and computable. We show Py , is recursively enumerable by constructing
an algorithm A that accepts g € IN if and only if g € Px,.

Let Ax be the algorithm that accepts x € IN if and only if x € X. By the
definition of recursively enumerable sets, when n ¢ X, Ax may reject it or work
indefinitely long. Given input g, A first checks if g € P. If g is not in P, it rejects .
If g is in P, A also computes a positive integer n such that g = p(n). Then A runs
Ax with input n and accepts if and only if Ax accepts. Hence, A can accept each

q € Px, in a finite amount of time. ]

Let MM3 be a 3-glass Minsky machine that accepts n € IN if and only if
n € Px,, whose existence follows from Theorem 6.2. Let G(MM3) = (S : Rg) be

the KMS group of MMj3. This section is devoted to studying the properties of

G(MM;) + F({t})

C = hal = ha] = e (1 Ao)t = 21 Ao) @ ar)

(6.4)

Note that

G = (SgU{t}:RcU{[t, 1] = [t,a]] = et 1x(q1A0)t = x(q1Ag) ® a1 }).
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The proof of Lemma 6.22 is divided into five propositions. The propositions in-

volve two new related groups: G,(,)(MM3) and G, (MM3), defined by

G(MM;)
(x(q140) ® a; 7" = x(g1.40))
G
(x(q1A0) ®a;"" = x(q1A¢), 17 = e)

Gp(n) (MMS) =

Gp(n) (MM3) =

Proposition 6.25. G,(,)(MM3) < G,(,,)(MM3).

Proof. Let H be the subgroup of G,,(,,)(MM3) generated by x(q14¢), a1 and a}. The

following relations hold in H:

x(q1A0)* = [a1,a] = e,
2(q140)™ = x(q140)" x(q140),
[x(qle)”Tl,x(qle)] =efora; € {—1,0,1},

x(q1A0) = x(q14p) ® a?p(n).

Let K be the subgroup generated by 41 and 4] in H.

We first show that K = (ay, 4] : [a1,4}] = e). Consider a homomorphism

¥ F(S(MM3)) — (b1, by : [by, bo] = e)
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defined by

P(s) = eforalls € S(MM3) \ {ay,a}}.

It can be checked that for each r in the relation set of G,(,)(MM3), ¥(r) = e, for

example,

P([ar, a)]) = (a7 ) p(ai ) p(ar)p(al) = [by, bo] =,

so ¢ descends to a well-defined homomorphism G,,(,,) (MM3) — (b1, b2 : [b1, b2 =
e). With a similar argument, we can get that  descends to a well-defined homo-
morphism on H. Note that, in H, ker(1) = (x(g14¢))"". Also, notice that for ev-
ery n,m € Z,p(alal") = bib}", so ¢ is surjective and Im(y) = (by, by : [b1, by] =
e). Since a1 and a4} commute, ¢ gives us an isomorphism between K and (by, b, :
[b1, by] = e). We can conclude that K is abelian and write K = (a1, 4] : [a1,a]] = e).

All the conditions of Lemma 6.12 are satisfied, so we know H is solvable,

(x(q140))" NK = {e}, and

H/ (x(q140))"" = K.

Hence, every h € H can be written as tafa}" for some t € (x(q140))" and n,m €
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. / !/
Z. We can deduce that if ta]'a]"" = tra}?a]"?,

t = tra? Ma"™™™M = ny=mny, my =my andt; =t in (x(q140))".

In other words, every element in H and be uniquely written as ta}a}" for some
t e (x(q1.40))" and n,m € Z.

We consider a homomorphism ¢ : F({x(q140),a1,4}}) — H defined by

It can be checked that

¢(tatay") = ¢(t)p(a1)"p(a1)"™,
¢(tit2) = ¢(t)¢(t2),

fort,ty,t € (x(q1A9))". We first prove ¢ descends to a homomorphism H — H.
The fact ¢ is well-defined follows from the fact that each element of H can be
uniquely written as tafa}" for some t € (x(q1A0)>H and n,m € Z. To prove it is

a homomorphism, first observe that

‘P(x(%Ao)a?aam) = 4>(X(q1A0))”111”/1m foralln,m € Z,
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n,/m n,/m
apaq

then for all t € (x(g140))", p(+41%") = ¢(t)44". Consider two elements tala

and fpa;2a;? where t, t € <x(q1Ao))H, then

1
P(tallay ta2al?) = P(tt, a;1+72a’151+52)
—T /1—s
_ <P(t1)4>(tz)a1 la, 1¢(a;1+r2a/151+52)

- 4)(t1)agla’fl¢(t2)a?a'fz

= ¢p(ha} a}")p(taal2al?).

Secondly, we will prove that ¢?(") = 1 so that it is invertible, and hence an iso-
morphism. Based on what we prove above, it suffices to make sure that ¢p?(") =1
on the generators. The fact that ¢?(") (a;) = a; and ¢P") (a}) = a/ follows from

the definition. What is left to prove is

¢"" (x(q140)) = x(q140) ® as"™ = x(q1A9),

where the second equality follows the relations.
We will prove that ¢(x(q140) ® af™) = x(q140) ® a?(mﬂ) for m > 0 by

induction. The base case that m = 0 follows from the definition of ¢. Assume it
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is true for m < N, then

¢(x(q140) ®af™)

=¢( (x(tho) ® Q?U\HD (x(‘hAO) ® ”?(Nil)yl
-1

-1
aq aq

<x(’71A0) ® aiM*”) <X(q1Ao) ® a?(Nil)>

a1

)
= (¥(q140) @27 V) ¢ (x(gr40) @2, )
¢ (x(g140) @ ”?(N_l))al_l ¢ (x(ma0) @a; N Y)

~ (a0 @as) (x(mdn) @ a7™)" (xlgah0) )" (x(qig) @ap™)"

/-1
aq

=x(q1Ap) ®aN T,

where we use the fact that x(q14¢) ® a}" € T for all n > 0 and Lemma 6.15. The
induction is complete by the principle of inductive proof.
Then, we prove ¢" (x(q1Ap)) = x(q14p) ® a$™ for n > 1 by induction. The

base case follows from the definition of ¢. Assume it is true for n < N, then,

PN (x(g140) = P(@" (x(7140))) = p(x(g140) ® aFN) = x(g1.40) @27 Y,

and the induction is complete. Then we know that ¢”(") (x(gq1A¢)) = x(q140) ®

a?p(”) = x(g14p) in Gp(n)(MMg), and hence, 4,p(n) = 1 on H. Note that

Gp(n) (MM3) (£ : tP(1) = )
([t,a1) = [t, 0] = e,t71x(q1A0)t = x(q1A0) ® a1)”

Gp(n) (MM;) =

and the proposition follows from Corollary 3.30. O
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We note that the previous proof showed that G, ,,)(MM3) isa Z,(,,)-HNN-

extension of G, (MM3).
Proposition 6.26. G/ (tP(") = ¢) = Gp(n) (MM3).

Proof. Notice that the sets of generators of G/ (t*(") = ¢) and W are the
same. The only difference about the relations is that W has the relation
x(q1A0) ® a?p(n) = x(q1Ap) and G/ (t*(") = ¢) does not. We are going to show
that x(q1A0) ® a?p(n) = x(g1Ag) holds in G/ (t?(") = ¢) as well. Then it implies
that the two groups are isomorphic.

To simplify the notation, we write v(0) = x(g14¢) and v(j) = x(g140) ® a?j
for all j > 1. Since v(j) € T for all j > 0, by Lemma 6.15, we know that v(j)? = e.
Next we are going to prove that t 'v(n)t = v(n + 1) and t"0(0)t" = v(n) by
induction. Assume t~'v(j)t = v(j + 1) and t Jo(0) = v(j) forall1 < j < k.

Then

tlo(k)t =t ok — 1ok — 1)"o(k — 1) o(k —1)% 't

=to(k — 1)t ok — D)mtt ok — )% # ok —1)% ¢t

1

=o(k)o(k) o (k)™ (k)™

=v(k+1)
and

Ry (g1 Ag) Y = 71 R o(0) 't = tlo(k)t = v(k+ 1),
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where we use the fact that [t,a;] = [t,a}] = e. Hence, we know t*(") = e implies

that
x(q1A0) = P x(g1Ag) P = x(g1Ag) @ P

in G/ (t*(") = ¢) and the proposition follows.
Moreover, we can also see that the identity homomorphism on the free
group generated by the set of generators of G descends to an isomorphism be-

tween G/ (t/(") = ¢) and Gp(n)(MM3). O

For the next two propositions, we construct a non-deterministic version of
MM3;, denoted by MMép(n)). Comparing to MM3, the machine MMép ") has addi-
tional states 1/,2/,3/,... p(n)’. Every command of MMj3 that starts with state 1 or
goes to state 1 is replaced by a command starting from state 1’ or going to state 1’
respectively with the same action. The other commands of MM3 are unchanged.

In addition to the commands obtained from MMj;, the new commands are

1, -1
1; Add(1) — 2'
i; Add(1) — (i+1) for2 <i < p(n)

p(n); Add(1) — 1.

133



(n))

Proposition 6.27. Every computation 0 of MMép satisfies the condition that

0 = (6)%(1;, = 16y

where (6;)F represents k loops on the states 1 — 2/ — ... — p(n) — 1 fork > 0 and

0o is some computation of MM3 starting at the state 1.

Proof. First observe that MM gp(")) simulates MM3 in the sense that any computa-
tion of MM gp (") that starts with state 1’ has a corresponding computation of MM3
starting at state 1. Since 6; does not modify the second and third counters and
neither does the command (1; — 1’), effectively, the configuration (1’ : m,0,0) of

MMép (") can be viewed as the input configuration of MM3 simulated by MM ép ()

Then, this proposition follows from the observation that MM gp (n)) does not have

commands going from 1’ back to 1. O
Proposition 6.28. In G,(,,) (MM3), w(0) = w(a) if and only if n € X.

Proof. Let the set of generators of G,,,)(MM3) be S(MM3), and let the set of rela-

tions of G,(,,) (MM3) be R,,,)(MM3). If n € X, notice that in G, (MM3),

ZU(O) = X(qle) ® A1 ® A2 ® A3

— x(pA) ®@ai"" @ A ® Ay ® As.

Also, notice that x(gq740) ® a?p(n) ® A1 ® Ay ® A3 = w(a) in G(MM3), which
follows from the fact that p(n) is accepted by MM3. Therefore, w(0)w(a) is in
Ry, (n)(MM3) and is trivial in G, (,,) (MM3).
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If n ¢ X, we consider G(MMép(”))), which is the KMS group of MMép(”)).
Let the set of generators and the set of relations of G(MM} (")) be S(MM} (")) and
R(MMg(”)). Let L) = Lo U {x(gyu) | 1 <i < p(n)and u € U'}, where Ly and U’

are defined in Section 6.3.2. It can be seen that

S(MM3) = Lo UL ULy

S(MMEM™)Y = L 1Ly U Ly,

where L and L, are defined in Section 6.3.2. Based on the relations for the com-

mands in R.12, we know that in G(MMép (n))) the relations involving x(g1Ao) are

x(q140) = x(q2Ao) ® a1,
X(Gp(nyAo) ® a1 = x(q1A0),

x(q140) = x(q1Ao)-

From the relations involving states 2/,3"...(p(n) — 1)/, we can further deduce

that in G(MMY ™))
Ag)@a"" = x(q,A 6.5
x(q140) ® ay x(q140). (6.5)

Therefore, every r € R,(,)(MM3) is trivial in G(MMgp (n))) and the identity ho-
momorphism ¢ : F(S(MM3)) — F (S(MMg(n))) descends to a homomorphism

¥ Gy(n) (MM3) — G(MMg(n)). Then if w(0)w(a) # e in G(MMg(n)), its preimage
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w(0)w(a) is also nontrivial in G, (,,) (MM3).

Since w(0) = x(q140) ® al®p(n) ® A ® Ay ® Az in G(MMg(n)), it suffices to
prove x(q1Ap) ® a?p(n) ®AL® A ® A3z # w(a)in G(MMg(n)). We can prove it by
contradiction. Suppose, on the contrary, that x(g1A¢) ® aiap (n) ®AIT®A® Az =
w(a), which implies that there exists a computation of MMgp ) that will bring
the configuration (1;p(n),0,0) to the accept configuration. Following Proposi-
tion 6.27, 0y starts with an input configuration (1’; (k+1)p(n),0,0). Our assump-
tion is equivalent to that there exists a k > 0 such that (1; (k 4+ 1)p(n),0,0) is
accepted by MM3, which is a contradiction. This is because if k = 0, (1; (k +
1)p(n),0,0) is not accepted because n ¢ X, and if k > 0, (1;(k+1)p(n),0,0) is
not accepted because (k + 1)p(n) is not a prime. So, in G(MMg(n)), Ifn ¢ X,
x(q1Ap) ® al@)p(n) ® A1 ® Ay ® Az # w(a). We can conclude that w(0)w(a) # e
in G(MMg(n)) and the preimage of w(0)w(a) under the homomorphism ¢ in
Gp(n)(MM3), which equals w(0)w(a), is also nontrivial.

In summary, we can see that in G,(,)(MM3)
w(0)w(a) =e <= neX,

which completes the proof. O
Proposition 6.29. The group G, ,)(MM3) is sofic.
Proof. We first prove that G, (,)(MMj3) is solvable. Let X = ( Lo) G0 MM3) and

let H be the subgroup generated by L; and L in G,(,)(MM3). Comparing to T,
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which is the normal subgroup generated by Ly in G(MM3),

X = T/{x(q140) ® a;"™ = x(q140)).

Since T is abelian (Lemma 6.15), X is also abelian. We also know that H is solv-
able following Lemma 6.16. Then G,,,)(MM3) = X x H is also solvable. Since
Gp(n)(MM3) is a Z,,,,)-HN N-extension of G, (MM3) (Proposition 6.25) and a
Z,(,)-HN N-extension of a solvable group is sofic (Proposition 3.52), G,,(,)(MM3)

is sofic. U

In summary, the relations between G/ (t7(") = ¢), Gp(n)(MM3), G,y (MM3)

and G(MM ép (n))) are given in the figure below.

G/{#h") = ¢) ¢+ G, (MM3) G(MM{""))
Gp(n)(MM3)
Figure 6.2: Figure for the relations between G/(t/(W) = &¢), Gp(n)(MM3),

GMMY"")) and G, (MM3).

Proof of Lemma 6.22. 1t suffices to choose H = G, which is defined in eq. (6.4), t =
t and x = w(0)w(a). By Lemma 6.15, x> = e. Since Gp(n)(MM3) is embedded in
W (Proposition 6.25), following Proposition 6.28, we know w(0)w(a) =
ein W if and only if n € X. By Proposition 6.26, we can further deduce
that w(0)w(a) = ein G/ (tP") = ¢) if and only if n € X. Also, by Proposition 6.26
and Proposition 6.29, we know G/ (t?(") = ¢) is sofic. For the presentation of H it
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suffices to apply Proposition 6.20 to G(MM3) and w(0)w(a).
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Chapter 7: Main results

In this chapter, we state and prove our main result of this dissertation.
Specifically, in Section 7.1, we state a our main theorem (Theorem 7.1) and explain
its implication on the decidability of the membership problems of constant-sized
Cya and Cyc correlations. In Section 7.2, we introduce a correlation that can certify
the relation (#1t7)P = e, which is used in the proof of Theorem 7.1. In Section 7.3,
we construct the family of sets of correlation {F, }, which is the central object of
Theorem 7.1. In the proof of Theorem 7.1, we need some approximation results
to construct approximating strategies of a quantum correlation based on approx-
imating representations. We present such results in Section 7.4. Finally, we prove

{F,} satisfy the conclusion of Theorem 7.1 in Section 7.5.

7.1 Membership problems of constant-sized quantum correlations

In this chapter, we let K be the subfield of C generated by Q and the roots
of unity w, for n € Z, and we work with correlations with entries in K.

The main result of this chapter is given in the theorem below.

Theorem 7.1. Let r € {2,3,5} be an integer such that there are infinitely many primes

whose primitive root is r, let p(n) be the n-th prime whose primitive root is r, and let X
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be a recursively enumerable set of positive integers.
Suppose G = (S : R) is an extended homogeneous linear-plus-conjugacy group,

which has generators t and x such that 2=einG,G/ (tp(”) = e) is sofic, and

x=einG/ (" =¢) «—= neX, (7.1)

foralln > 0. Then, there exist constants N and K, which only depend on the presentation

of G and r, and a family of sets of correlations {F, | n > 0} where

F,={Cy; i€ [K]} c KN*¥,

such that

Fnﬂch(N,N,S,S) =®ijfi’l € X,

F,NCpu(N,N,8,8) # D ifn ¢ X.

Note that the set of correlations F, can be computed by an algorithm for all
n > 0, and we will show it in the proof of Theorem 7.1. Before we prove it, we
tirst prove its consequences on the hardness of membership problem of constant-
sized quantum correlations.

Fort € {q,4s,qa,qc}, we define the membership problem of C(n4, ng, ma, mp)

as follows.

Problem (Membership(n4,np, ma, mg)s). Given a correlation P € K"A"s™AMB for
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some constants n, ng, m and mg, decide if P € Cy(n,ng, my, mp).

We study the hardness of the membership problems of C;(n4, np, my, mg)

by studying the hardness of a related problem.

Problem (Intersection(n 4, ng, ma, mp):). Given a set of correlations F C K"A"B"™AMB
such that |F| < K for some constants K, np, ng, ma and mp, decide if F N\ C¢(n, np,

ma, mp) # Q.

Proposition 7.2. For fixed constants n, ng, ma, mp and K, and t € {q,qs,qa, qc},

(Intersection(n g, ng, ma, mp);) is as hard as (Membership(n g, ng, ma, mg);).

Proof. If we have a decider Dy, for (Membership(ny4, ng, ma, mp)¢), we can use
it to construct a decider D; for (Intersection(n, np, ma, mp);) in the following
way. Given a set of correlations F, D; runs D, in parallel for each member of F
and accepts only if one of the members of F is in C¢(n 4, np, m4, mp). Since there
are only a constant-number of members of F, the overhead is constant.

If we have a decider D; for (Intersection (4, 1, m4, mp)¢), we can use it to
construct a decider D}, for (Membership(n, ng, ma, mp);) in the following way.
Given a correlation P, D;, passes { P} as the input to D} and accepts P only if D!
accepts. Again, the overhead is constant. Hence, under Karp reduction, the two

problems have equivalent hardness. O

The first consequence of Theorem 7.1 is on the hardness of the membership

problem of constant-sized Cy, correlations.

Corollary 7.3. There exist constants N and M such that, for any integer ny, ng > N
and my, mp > M, (Membership(n ,np, ma, mp)gq) is coRE-hard.
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Proof. By Lemma 6.22, the group G defined in eq. (6.4) satisfies the conditions
of Theorem 7.1. Since Cyy(n, n, m, m) C Cye(n, n, m, m) for any n,m > 2,
Theorem 7.1 implies that there exist constants N and K, and a family of sets of

correlations {F, } where F, C KN**8 and |Fu| = K, such that

F,NCyu(N,N,8,8) = @ifand only if n € X.

Hence, the problem of deciding if F;, N Cga(N, N, 8,8) # @ is coRE-complete, and
(Intersection(n4, np, ma, mp)ga) is coRE-hard for n4,ng > N and m 4, mp > 8. By
Proposition 7.2, (Membership(n 4, ng, ma, mp)gq) forna,ng > Nand my, mp > 8

is also coRE-hard. O

Corollary 7.4. There exist constants N and M such that, for any n, ng > N and my,

mp > M, (Membership(na, ng, ma, mB)qC)is coRE-complete.

Proof. By Lemma 6.22, the group G defined in eq. (6.4) satisfies the conditions
of Theorem 7.1. Since Cyo(n, n, m, m) C Cye(n, n, m, m) for any n,m > 2,
Theorem 7.1 implies that there exist constants N and K, and a family of sets of

correlations {F, } where F, C KN**8 and |F,| = K, such that

F,NCy(N,N,8,8) = @ifand only if n € X.

Hence, the problem of deciding if F, N CqC(N ,N,8,8) # @ is coRE-complete, and
(Intersection(n4, ng, ma, mp)gc) is coRE-hard for n4,ng > N and m», mp > 8.
On the other hand, it has been shown that (Membership(n 4, ng, ma, mp)4c)
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is in coRE [42]. Hence, (Membership(n4, ng, ma, mp)gc) is coRE-complete for

na,ng > Nand my, mg > 8. [

In the proof of Theorem 7.1, we follow the fa*-embedding procedure and
embed the group G/ (¥ = e) from the statement of Theorem 7.1 into a group of
the form I'/((t1t,)? = e), where T is a solution group associated with a linear
system. To construct a correlation that certifies the relations of I'/ ((t1t2)" = e),
we first show that there exists a constant-sized correlation that can certify the
relation (f1t2)? = e for any prime p. More precisely, we mean that the size of this
correlation is independent of p.

7.2 The correlation Q_ /p

Recall that, for a prime p, D, = (t1,tp : 7 = t3 = (t1t2)? = e). In this

section, we introduce a correlation Q_ ,,,,, that can certify the relation (t1t,)P = e

t/p

under some condition. Note that Q_ . /p 1s very similar to Q_ /p as O~ /p can

also certify the relation (t1t;)P = e. The difference is that Q_,,, is induced by a

T/p

strategy based on the regular representation of Dy, but Q_, p is not.

To stress the fact that Q_ ./, can certify the relation (t1£,)” = e, we include

t/p

symbols t; and t, in the question set of Q_;, p» where the question set is

I:= {0, 1,2,t1,t2,(0,£), (O, tz)},

Note that the input set can be chosen to be [7]. Instead, we make the bijection

143



between [ and [7] implicit to help understand Theorem 7.10 introduced later.
The questions (0, t1) and (0, t;) are introduced to make sure the measurement for
question 0 commutes with the measurements for questions t; and t; respectively
following Proposition 4.14. When Alice and Bob receive the question (0, #;) and
(0, t2), they return two symbols (ag, a1) where ag € [3] and a1 € [2]. The answer
(ag,a1) € [3] x [2] is mapped to 2ap + a; € [6]. Instead of using such a bijection
between [3] x [2] and [6], we keep the answer pair (ag,a1) to match the question
pair (0,t1) or (0, tp).

The correlation Q_ /p s Ix Ix[6] x [6] — Kis defined in the next subsec-
tion.

7.2.1 An inducing strategy of @—n/ p

In this subsection, we present a commuting-operator strategy inducing Q_ , /pr

denoted by

S= (), (M | xe 1} [ac o]} {{N [ye 1} |be6]}),

based on the left and right regular representations of D,. The definitions of |¢),
M? and Nﬁ are given below.
First, we introduce the notion of group algebra over C and the notion of an

idempotent element of C[G].

Definition 7.5. Let G be a group. The group algebra C[G]| is the set of all linear
combinations of finitely many elements of G with coefficients in C with two operations
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+ and - defined in the following way. Let } oc g ttgg and } o Bg8, where ag and Bg are

nonzero on finitely many g, be two elements of C[G|. Then,

(Y wgg) + () Beg) = ) (ag+ Be)g,

geG geG geG
(L wg8)- () Beg)=2.( ). aghe)h.
geG g'eG heG g,8'€G:gg’'=h

Definition 7.6. Let G be a group and let C[G| be the group algebra over C. An element

x € C[G] is idempotent if x - x = x.

Definition 7.7. Let G be a group, let C[G] be the group algebra over C, and let x =

Y g agg be an element of C[G]. The support of x, denoted by supp(x), is

{g € G|ag #0}.

Recall the vector space

L?D, = span({|(tit2)!), |t2(t12))) | j € [p]}).

We first define |() := |e).
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Next we define some idempotent elements of C[D)].

1 .
Ty == (t1t2)!, (7.2)
P jely)
71(()1) _ 2 Cos(zj—n)(htz)j, (7.3)
P iclp) P
2 o g0 ) (7.4)
1 2j+1 '
0= 1+ 1 7 o @Dy 75
) P
ngl) _ 7_((()1) _ ngo), (7.6)
719 e 7_[(()1)’ (7.7)
1 1 2i+1 ;
ny) = Em()l) +- ) Sin(u)fz(flfz)]r (7.8)
P jelp) P
7'[&1) = nél) — ﬂéo), (7.9)
néz) e 7T(()1). (7.10)

From the definition of group algebra, we can see that representations of
G can be extended to representations of C[G] linearly. We denote the left and
right regular representations of C[D,] on L?D, by L and R. Then we define the

projectors used by Alice and Bob.
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e For theinputx,y € {0, 1,2}

) L") ifa e [3],
M =
0 otherwise;

R(7Y) ifbe 3],

0 otherwise.

e For the inputs x,y € {t1,£}

i, L(e)—&—(zl)“L(x) ifa e [2]’
M’ =
0 otherwise;
R(e)+(=1)’R .
~(b)_ (e) (2) (v) ifb e [2],
=
0 otherwise.

with aqy € [3],[11 S [2],

bo,br) _ (ko) (b1) with by € [3], b7 € [2].

Note that the fact that ]\71(()’1) commutes with M\” for x € {t1,t2} follows from the
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observation that

L(t)L((hit2))L(t) = L((t1t2) /) L(t2)L((t1t2)!)L(t2) = L((t1£2) )

for each j € [p]. With similar reasoning, we get that No(b) commutes with Ny(b) for
VRS {tl , tz}.

Definition 7.8. The correlation Q_ /p I x Ix[6] x [6] = K, is defined by

Q_np(a,blx,y) = GV N ().

Since Q_ /p is induced by S, the next claim is immediate.

Claim 7.9. The correlation Q_ /pisin Coc(7,6).

7.2.2  Implication of Q_, /p

This subsection is devoted to the following theorem.

Theorem 7.10. If a commuting-operator strateqy S = (|¢), {MJ(C’Z)}, {Ny(b)}) can in-
duce Q_ /p and there exist unitaries U4 and Upg such that U 4 commutes with Ug and

all of Bob’s projectors, Up commutes with all of Alice’s projectors, and

UaUsgly) = [¢),
(NﬁNtz)uB‘lm = uB(Nthfz)r’lm/

(My, My, )Ual) = Ua(My, M) [4),
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where My = MY — MY and N, = Ny(o) — Ny(l)for x,y € {t1, t2} and r is a primitive

root of p, then

(Mthtz)p‘¢> = |'1b>

This proof is very similar to the proof of Proposition 5.8. As, in that proof,
the basic idea is to find a decomposition of |¢) : ) = Zf:o ¥;), where |¢;) is
an eigenvector of My M;, with eigenvalue w;. Intuitively, |¢) and [¢}) are in
the 1-dimensional irreducible representation of Dy, and |¢;) and |¢,_;) are in the

2-dimensional irreducible representation of Dy, in which

for1<j<(p—1)/2

Comparing to Q_/,, the two new questions are (0,t) and (0, t,). As men-
tioned in the start of this section, we introduce questions (0, t;) and (0, t;) to make
sure the measurement for question 0 commutes with the measurements of ¢; and
t>. Such tests of commutation relations between measurements are not necessary
for the proof of Proposition 5.8.

The full proof along with entries of Q_, p can be found in Appendix C.1.
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7.3 The set of correlations F,

The idea behind how we construct the set of correlations F;; in the statement
of Theorem 7.1 is the following. We first extend the given group G and embed
it into a solution group I'. Then, the correlations in F, are designed to certify
the relations of T'/{(t;£,)P") = e). More specifically, we identify the projector of
each question-answer pair as an idempotent element of C[I'], and the correlations
values are function values of products of such idempotent elements for a family
of functions on C[I'] to be defined later.

We first extend the group G and embed the extended group in I'. Let

D:= (u,tp:u tpu = th)

K:=(G*D)/{t =tp).

Proposition 7.11. K/ (tP(") = e) is soficand G/ (t/\") = e) is embedded in K/ (tP(") =

e) such that

x=einK/(tPW =¢) — neX

Proof. We first prove that D is sofic. First note that (tp) = Z and it is abelian.
Next, we show that D is an HN N-extension of Z. Define ¢ : Z — Z : tp — t},.
Then ¢ is an injective endomorphism on (tp) and D is an HNN-extension of

Z. By Proposition 3.51, we know D is sofic. Because G/ (t*(") = ¢) is sofic, by

150



Proposition 3.50, we know K/ (tP(") = ¢) = (G/(t'") = ¢) x D)/ (t = tp) is also
sofic.

Again, because K/ (tP") = ¢) is the free product G/(tP") = ¢) and D
with amalgamation, by Theorem 3.22, we know G/ (t*") = ¢) is embedded in

K/ (t/(") = ¢). Hence, x = ein K/ (t"") = ¢) if and only if n € X. O

We know that G is an extended homogeneous linear-plus-conjugacy group.
If the presentation of G is (S : R), then the presentation of K is (SU {u} :
RU{u"'tu = #'}). We can see that K is also an extended homogeneous linear-
plus-conjugacy group following Definition 3.54. Therefore, the fa*-embedding
procedure (Propositions 3.55 and 3.56) can be applied to K.

By applying the fa*-embedding procedure to the group K, we can construct
an m X n binary linear system Ax = 0 and a solution group I' associated with

Ax = 0 wherein K is embedded.

Gox Gy *x...xGyq

T =T'(A) = ,
(4) (Pr)
where
G; _<{g1k|kel} {gzk_ gzkrgzl ngk—e|klel}> (7.11)
kel;
Pr =A{gixgjx | i,j € [m], k € ;N I;}. (7.12)

Denote the fa*-embedding of K into I by ¢. Then there exist iy, i1,iy € [m] and
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ko € Iiozkl S Ii1/k2 S Iiz I such that

P(x) = 8ig ko P(t) = 8iy k1 8in k-

For simplicity, from now on, we write ¢(x) = x and ¢(t) = t;11».

Proposition 7.12. Let ¢ : K/ (tP(") = ¢) — T/ {(¢p(t)P™") = e) be the homomorphism

induced by ¢. Then ¢’ is also an fa*-embedding. In particular,

¢'(x) =einT/(p()" =¢) <= neX

Proof. If p is also an e-representation of K/ (tP(") = ¢) meaning that ||o(t)P(") —
1]| < g, then following the steps of the fa*-embedding procedure in Appendix B,

we can construct an approximate representation o of '/ (¢(t)?") = e) such that

o(@'(1)) = (p(t) ® p(t)) @ I,  (p(t) © p(t)) & Ay

where p(t) is the complex conjugate of p(t) and for some constants ko and k;
depending on the presentation of G. Hence, ||o(¢/(t))?") —1|| < € and ¢ is an
e-approximate representation of '/ (¢(t)P(") = ¢). By Lemma 3.41, we know ¢’ is

an fa*-embedding and the proposition follows. O

Next, we are going to define F, based on T'/ ((t1£,)P") = e). Let Or = {gix |

IThis is because the fa*-embedding procedure reuses generators of G that squares to identity
and introduce two more generators for each generator of G that does not square to identity, as
demonstrated in Appendix B.
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i € [m],k € I;}, which are the generators of T, and let

O = OF U {gm/gm+1/gm+2/ (gWZ/ tl)/ (gm/ t2)}

The symbols g, gm+1 and g2 correspond to questions 0, 1 and 2 from the ques-
tion set of Q_/,(n) respectively. The symbols (g, t1) and (gm, t2) correspond to

questions (0, t1) and (0,t,) from the question set of Q_ respectively. Then

7/ p(n)
the set of questions for each correlation in F, is O U [m]. The constant M in the
statement of Theorem 7.1 equals |O| + m. 2

It takes two steps to define correlations in F,. We first define a mapping

o : (OU[m]) x [8] — C[I'|, which gives us the idempotent element for each

question-answer pair.

° Wheng € Or

U8 ifa <2,

0 otherwise.

e Wheni € [m],?

. e+ (—1)2® g,
U(l,a) _ 1—[ ( 2) gl,k.
kel;

2As in the case of Q_ /p(n), We use O U [m] instead of [M] as the question set to better distin-
guish between different types of questions.
3The bijection between [2] x [2] x [2] and [8] is implicit here.
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e When ¢ € {gm,Sm+1,Sm+2},

0 ifa>?2
un if g =gm,

s it ¢ = Qm+1,

Ty otherwise,

where 71\”) are defined in eq. (7.2) to eq. (7.10).

i

e Lastly, *
)
né’”)w ifa; <3,ap <2
o((§m t1), (a1,a2)) =
\O otherwise.
(
né“l)eﬂ_l)ﬂztz ifa; < 3,80 <2
o((gm, t2), (a1, 2)) =
0 otherwise.

If o(x,a) = Y, agg for some coefficients ag, we define a notation

o(x,a)” =) agg .
3

Note that o(x,a)~ is different from the inverse of o(x,a) in C[T].

In the second step, we will define a set of functions {f,, : C[I'] — K}. We

“The bijection between [3] x [2] and [6] is implicit here.
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first introduce the index set of z. Let

wh= U supp(o(xa)o(y,b)7), (7.13)
x,y€OU[m],a,be[8]

which is the set of all the elements of I' that appears in the expression of o (x, a)o(y, b) ™~
for any x,y € OU[m] and a,b € [8]. Note that W™ is a finite union of finite sets,
so WT is also a finite set.

Recall that x € Or and eq. (7.12). Let

S = {tll tZIgm/gm—i—lrgm—i—Z/ (gi”H/ tl)/ (gm/ tZ)}/

W=wWt\ {{x}u ( U supp(o(x,a>a<y,b>>)] .

x,y€S,a,be(8]

The triviality of w € W in T/{(t;t;)P") = ¢) depends on G and # and cannot be
determined from the fa*-embedding procedure. Then, W is a finite set and |W/|
is independent of n. In addition, we can fix a bijection between W and [|W]|], so
for each w € W we can talk about the w-th bit of z € Z|2W‘. Hence, we can define

a function hy,, : I' — K for each z € Z‘ZW‘.

1 if g =eorg = (t1t)P"),
0 ifg=x,

hnz(g) =
z(g) ifgeWw,

0 otherwise.
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Then, f, - : C[I'] — K is defined by

fnZ(Z agg) = Z aghnz(8).

gerl ger
Given the functions {f,, | z € Z}V} and ¢, a correlation Cy, : (O U [m]) x

(O U [m]) x [8] x [8] — K is defined by

Cnz(a,b|x,y) = fuz(o(x,a)0(y,b)").

We say a correlation C,, induces a perfect correlation of Ax = 0 if C,
restricted to the domain ([m] UOr) x ([m] UOr) x [8] x [8] is a perfect correlation

of Ax = 0. Define

F, = {Cyz | Cyz induces a perfect correlation of Ax = 0},

and the constant K := |F,;| < 2|W‘, which is mentioned in the statement of Theo-

rem 7.1.

7.4 Approximation tools

A key step in the proof of Theorem 7.1 is to construct an approximate strat-
egy of a quantum correlation based on some approximation representation of a
group. In this section, we present these techniques used in this step.

In the next proposition, we first show that any unitary can be approximated
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by another unitary of an integer order.

Proposition 7.13. For any integer n > 2 and any diagonal unitary matrix U, there is a

diagonal matrix D such that D" = 1 and
1 1 2
—D|* < (=+ =)|u" -1
IU=DI" = (- + )u" -~ 1]

Proof. Suppose the i-th entry on the diagonal of U is ¢ with 8 € [0,27). Choose

an integer k such that |0 — 2k7t/n| = u < 71/n. We will first show that
0 k2o (L Lo 12
¢ — kI < (54 Lyt~

By the definition of the normalized Hilbert-Schmidt norm, the proposition fol-
lows.

It can be calculated that

|6 — &2K7/1)12 — (cos(8) — cos(2km/n))? + (sin(0) — sin(2k7t/n)))>
=2—2cos(0 —2kmt/n) =2 —2cos(u),
le™® — 1] = (cos(nf) — 1) + sin(n6)?

=2 —2cos(np).
Define a function

f(x) = (= + —5)(1 = cos(nx)) — (1 - cos(x)).
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We will show that f(x) > 0 when x € [0,7r/n]. Taking its first and second

derivatives, we get

fl(x)=(1+ %) sin(nx) — sin(x),

f"(x) = (n+1)cos(nx) — cos(x).

First notice that

fl(x) = %sin(nx) +2cos((n —Zl)x)

so f'(x) > Owhenx € [0, 77/ (n+1)] and we need to study the behaviour of f”(x)
on[rt/(n+1),7/n]. When x € [rt/(n+1),7/n], cos(nx) < 0but cos(x) > 0so

f"(x) < 0.and f’(x) is monotonically decreasing on [t/ (n + 1), 7t/n]. Since,
f’(%) = —sin(nt/n) < 0.

we know f(x) is increasing on [0, xy) and decreasing on [xg, 7t/ 1] for some xy €

(t/(n+1),7/n). Hence, to show f(x) > 0, it suffices to check f(0) and f(7t/n):

£(0) =0,
1 1 2n+2 72
=2(=+=5)—(1- > -2 >
f(mt/n) Z(n + n2> (1 —cos(rt/n)) > - o2 2 0,
which is because 21 +2 > 6 and 712/2 < 5, and we complete the proof. O
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Proposition 7.14. Let {P; | i € [n]} C L£(C?) be a set of matrices such that

I1Pillop < ¢ IP? - Pl <e, 1P| <e, Yy, p=1,

fori # j € [n] and a constant ¢ > 1. Then, there is a projective measurement {I1; | i €

[n]} C L£(C?) such that |TT; — P}|| < (cn)* e foralli € [n].

Proof. From the conditions, we know that

< " le

n—1 n—1
i+1 j i—1
IPf = Pill < Y|P =PI < Y IIP? = Pl IP |, < ,
— )

] ]

forany i € [n], and for any sequence (jo, j1, - - -, jn—1) where there exists | € [n —1]

such that j; # i1,

ITT Pl < TTIPillopl By Pyl TT 1Pl < " e
ke(n] kel I+1<k<n

LetO = Zie[n] wilPi, then

101y < X lwpllIPilly < cn,
i€[n]

0/ = Y WP
ie[n]

Tkl i
:H Z Wy kel H Pik — Z (,(JLIPZH
kelj] i€[n]

1'0,...1']‘,16[?’1]

<[(n —n)c" 2 +nc" Ve < nic" e,
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and in particular

0" =1 < n"c" e.

By the previous proposition, we can construct a unitary O such that O" = 1 and

\/_

16-0] < I0" =1 < Vi +1(en)" ™

Then it can be checked that

A k— 1 N
16/ =0/ < Y [0lg,0 = Oll[0]15," < (en)[|O O
kelj—1]

Define

= = Z _’]oj

for each i € [n]. Then, by the definition of O, we know {II; | i € [n]} is a

projective measurement. We can further calculate that

1 TN _
IT; =P <) ) wa (07— O)) ||+—||Z (o Zw

j€ln]

1 A .
— Mo — — jon—1
gn.Z (cn)!||O O||+n.2 nc" e
j€ln] j€ln]

< (Cn)Zn—le

7
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for each i € [n]. O

We also use the following lemma first proved by Slofstra to handle approx-

imate representations of the group Z§ for some k > 1.

Lemma 7.15 (Lemma 24 of [7]). Consider Z5 as a finitely presented group with pre-

sentation
(x1,..., % x7 = e, [x;,xj] = eforall i # j).

Then, there is a constant C > 0, depending only on k, such that if p is an e-approximate
representation of ZX on a Hilbert space H, then there is a representation o of Z on H

with
|o(x;) —p(x:)|| < Ce

foralll <i<k.

From Slofstra’s proof of this lemma, we can see that when k = 3,

1 1 1
C:(4(”5)“)(”%)””%)”12'3<13'

7.5 Proof of Theorem 7.1

The proof of Theorem 7.1 covers two cases: n € X and n ¢ X. Whenn € X,

we prove F, N1 Cye(N,N,8,8) = @ by contradiction. When n ¢ X, we show
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that we can construct an approximating strategy of a particular correlation in F;,
based on any approximate representations of I'/{(t;£;)P(") = e). It implies that

this correlation is in Cy,(N, N, 8,8) and F, N1 C4s(N, N, 8,8) # @.

Proof of Theorem 7.1. When n € X, we prove by contradiction. Assume C,, €
CqC(N, N, 8,8) for some z. Then there exists an inducing commuting-operator

strategy

S=(l), {{M |x e8]} |ge OUm]}, {({N | x € 8]} | g € OU [m]}).
From the correlation, we know that for each ¢ € Or and x,y > 1,
M) = N lp) =o.

We can construct a binary observable for each ¢ € Or. Define M(g) := Mg)) —

0)

Mé(,l) and N(g) := Ng( - Ng(l) for each ¢ € Or, then

MWW%WWWWb%WWFW
j€l8

N p) = (N + N gy = ¥ N 1g) = |g).

jel8]

From the correlation, we also know that

(p|M(x)|p) = 0. (7.14)
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Since D is embedded in K and K is embedded in I', assuming the image of u in I'

is ugup, we know

(M(t1)M(t2)) (M(u1) M(u2)) ) = (M(u1) M(u2)) (M(t1) M(t2))"[¢),

(N(t1)N(t2)) (N (u1)N(u2))[ip) = (N(u1)N(u2)) (N (t1)N(£2))"[ ).

Let Uy = M(u1)M(up) and Up = N(uj)N(uy), then these two unitaries satisfy

the conditions of Theorem 7.10. Since S can induce Q_ , we can use Theo-

/p(n)

rem 7.10 to conclude that

(Y| (M(t1) M(t2))PM]p) = 1.

By [43, Lemma 8], we know that there exists a Hilbert space Hy, such that

for g,¢’ € Or,

(M(8)3)* = Ty,

M(g)|,M(g) %, = 1, if g¢’' = einT,

where M(g)|7, denotes the linear operator for the actions of M(g) restricted to

Hy, and that

(M(#1) |1y M (£2) 315)P™) = Ty,

Hence, ¢ : T/{(t1t2)?*") = e) — U(H,) induced by $(g) = M(g)|4, for each
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g € Or is a representation of I'/ ((t1,)P(") = e).

By Proposition 7.12, when n € X, x = e in T'/((t1t)P) = ¢). On the other
hand, eq. (7.14) implies that M(x)|y) # |¢), so ¢(x) = M(x)|y, 7# N3, which
contradicts the fact that ¢ is a homomorphism. Hence, C;, ; is not in ch (N,N,8,8)
and F, N Cy(N, N, 8,8) = @.

When n ¢ X, we defineZ € Z|2W| by

2(w) =1 < w=eecT/(p(t)’" =¢)

forallw € W.
Proposition 7.16. C, s € F;.

It suffices to show that C, 5 induces a perfect correlation of Ax = 0. We
prove it in Appendix C.2.

Next, we give a series of finite-dimensional quantum strategies inducing
quantum correlations approaching C,, 5.

Recall that W defined in eq. (7.13) is the set of elements of T that appears

in the expression of o (x,a)o(y,b)” for some x,y € OU [m] and a,b € [8]. Let

W =W n{g#e|gel/ ()’ =)}

Since K/ (t*(") = ¢) is sofic and can be fa*-embedded in I'/{(t;t2)P(") = ¢), by
Propositions 3.55 to 3.57 and [7, Lemma 25], we know that for any €, > 0, there

is an e-approximate representation p : T'/((t1t2)P") = e) — U(C?), where d
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depends on € and ¢, such that, for each w € W/,

and for any ¢ € Or, p(g)? = 1. Moreover, for any r € Pr,

Te(o(r)) = 1] < [lp(r) — p(e)|| < e.

By Lemma 7.15, for each i € [m], there is a representation p; : G; — U(C?) such

that

lpi(8ix) — p(gix)|l < 13€ for k € I;.

To apply Proposition 7.14 in the construction of an approximation strategy

of C, 3, we need the following proposition, which is proved in Appendix C.3.

Proposition 7.17. Let p be an e-approximate representation of T/ (t/(") = e). Then,

(™) |y, < 4fori € [3] and a € [3].

Then we can define Alice and Bob’s projectors based on the approximate
representation p of I'/((t;,)P") = e), the representation p; of G; for all i € [m],

where G; is defined in eq. (7.11), and the function ¢ introduced in Section 7.3.
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e For question g;; € Or, Alice and Bob’s projectors are

Y = p(o(gix ),

Qgi = p(0(gix b))

e For question i € [m], Alice and Bob’s projectors are

0\ = pi(c(i,a))T,

where a € Z3 represents the assignments to the three variables of an equa-

tion and the bijection between Z3 and [8] is implicit.

e For question ¢ € {¢m, §m+1,Ym+2}, we define {Pg(u) | a € [3]} to be the pro-

jective measurements obtained by applying Proposition 7.14 to {p(c (g, a)) |

a € [3]}; and we define {Qéa) | a € [3]} to be the conjugate of the projective

measurements obtained by applying Proposition 7.14 to {p(c(g,4)") | a €

3]}. For answers a,b > 2, Pg(a) = Qéb) =0.

e For questions (gm, t1) and (gm, t2), we define {13(((;13133 | ap € [4],a1 € 2]}
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and {B"1) | ag € [4],a1 € [2]} ° by

1)

5(a0,a1) péng())?f(lal) if ao € [3],
P 0,41 —
(§mt)

0 otherwise,

for t € {t1, to}. Note that by Proposition 7.14 Pg(i‘)) commutes with p(néaO) ),

which commutes with p(#;) and p(f;). So P((;fnig and 13((;3123 are well de-

fined projectors. In this case, Bob’s projectors are defined by

5(a0) 5(a)\T .
Q(bO/bl) _ (Pgm Ptl ) if bo c [3]
(gmt)

0 otherwise

fort € {t1, t2}.

In summary, the strategy we construct is

Se; = (|EPRs), {{B\" |a € [8]} | x € OU[m]}, {{OQ}) | be [8]} |y € OUm]}).

We are going to show that there exist constants A; and A, independent of d such

(EPR, B ® Q" [EPR) — Cpiz(a,blx,y)| < Ay + Agl (7.15)

forall x,y € OU[m] and a,b € [8].

5The bijection between [4] x [2] and [8] is implicit.
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To prove eq. (7.15), we use the following relations:

B e ifg=reinT/{(t1t)P") =e)
Tr(0(8)) = fus(g)] < <e+(

7 ifg#einT/((t1t)P™) =)

forany g € W+,
loi(8ix) — p(gix)ll < 13€
for all g;x € Or; and

15 — p(o(g,a))|| < 12%,

10T — p(o(g,a) )| < 12%,

(7.16)

(7.17)

(7.18)

(7.19)

forall g € {gm, §m+1, Ym+2}, which follows Proposition 7.14 withn = 3and ¢ = 4.

In particular, we know

[(EPRq4|p(x)|EPRy) — fuz(x)| < C.

Based on these relations, we can also prove the following proposition.
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Proposition 7.18. For x € {gm, m+1,§m+2}, ¢ € OrU{e}anda,b € [§]

[ Te(p(o(x,a)0(g,b)7)) = fua(o(x,a)o(g,b)7)| < 4(e +7),
Tr(p(0 (g, b)e(x,a) 7)) — fuz(o(g,b)o(x,a)7)| < 4(e +0).

For x,y € {gm,Sm+1,8m+2}, § € OrU{e}anda,b € [§],

Tr(p(9)p(c(x,a)a(y,b) 7)) — faz(go(x,a)o(y, b)) < 15(e + ),
T (p(o(x,a)(y,b) " )p(8)) — fuz(o(x,a)o(y,b)"g)| < 15(e + ).

The proof of this proposition can be found in Appendix C.

(7.20)

(7.21)

(7.22)

(7.23)

Then, we can prove eq. (7.15) by examining all the different combinations

of questions. When the questions are g;t, g1 € Or,

| nZ(a b|g1k/g]l) - <EPRd| ®Qg1|EPR >|

<5 [1foz(e) = Telo())] + Lfua(s30) — Te(o(gis0)|

+ | fua(gia) = Trlp(gi)) | + |fuz(gixgi0) — Tr(p(gingin)! |

<e+¢,

where we use eq. (7.16).

When the questions are i,j € [m], first notice that

<@mﬁw®@“wﬁ(

kel; IGI]
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If we write

1+ (—1)2®p(g; 1+ (=1)"Dp(g;,)
ne — ([ D0y 17 iy
kEIl' ZGI]

then

|C,u2(a,bli, j) — (EPRy|P® @ Q](-b)|EPRd>|

<|Cyz(a,bli,j) — fr(Hfj'b))| +|Tr [plﬁu)Q](b)T B ngj,b)] |

and we can bound the two absolute values on the last line separately. For the first

absolute value,

[Cuz(a,bli, j) — Te(IT%)]

< e [1Fax(@) = 11+ T (i) — Te(olgis)|
kel;

+ L lfna(g) = Telo(@i) + X Xl fua(@ingis) — Trlo(gixg;n))|

lel; kel; 1€l

<e+{,
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which follows eq. (7.16). For the second absolute value,

=~ [s(a) x(b b
|TI‘ [Pz(u)Q]( )T . H(“ ):| |

§11—6[|fr(pi(e)( |+k§|Tr (8ik) — pi(&ix))|

+ Y [Te(o(s30) — pi(gi)| + X Lo ITr(p(gixgin) — oi(8:)p;(80)) |
lel; kel; I€l;

1
< [0+ ¥ llolgi) — itz | + Y llo(gin) — pi(8i0)
kel; lel;

_a
(o)

+ Y Y ITrlp(gingis) — pii)o(in)] + [Tr(oi(gia)p(g10) — pilgia)ei(i0))|

kel; 1€];
1
E[0+6 13¢
+ 3 Y lle(ginlloplle(gix) — o)l + loi(gi) lopllo(gj) — Pj(gj,l)H]
kEblEg
1

— 7 2
16 (0+78e 49 - 26¢)

<20g¢,
which follows eq. (7.17). Overall,
Coz(a,bli,i) — (EPRy|P™ @ OV |EPR,)| < ¢ + 21e.
0l ] 1 ]

When one question is g;x and the other question is i € [m], without loss of

generality, we can assume Alice’s question is g;x and Bob’s question is i. First
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notice that

- 5 < (b
|Coz(a,blgig, i) — (EPR4|PY) © QP [EPR,)|

e+ (—1)"gik T e+ (—1)P0g;, Ml

<|Cus(a,blgi, ) — Tr(p(—— 5

le];
—1)4o- —1)bD . —1)b(D .
e+ (—1) gz,k)[p(ne‘i'( 1) gz,l) _Pi(He+( ;) 8il

2 lEIi 2 lEI,‘

+ [ Te(p(

)l

We first bound

N =~ e+ (=1)%g e+ (—1)tDg.
Cusla,blgis ) — Te(o( Sk pp 2 D8,
lEIi

<7 [1Fna(e) = Te(ole))| + X s 5i1) — Trolgin))

lel;

<€+,

where we use eq. (7.16). Next, we bound

_ —1)4o. —1)pDo. —1)pD o,
(o 8k [ 8y e sy

2 ZGIZ' 2 lEIl' 2
e+ _1ai e+ —1b(1)i e+ —1b(l)1’
<llp(E S8k [y T8y e s
lel; lel;
1 e+ (—1)%;
<3S 1Y o(g0) - putsin
ZEIZ'
<13e,
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where we use eq. (7.17). Therefore,
. ~ ~(b
Caz(a,blgix ) — (EPRy| Py © QY [EPRy)| < 14e 4.
When the questions are § € {Qm, §m+1,gm+2} and ¢’ € Or, First notice that

(EPR|P{" @ O [EPRy) — Cyz(a, b3, 8")
<|Te(Py"p(o(8',b)) — ple(g,a))p(o (8", b)))]
+[Te(p(e(g,a))p(c(8,b))) — fuz(e(g,a)0 (g, b))]
<[P - p(e(3,0))p(e (8, b))I| +4(e + )
<llo(o(8',))llop I P8 = p(o (8, )| +4(e + )

<(12° +4)e + 4,

where we use [|o(c(g’,b))]|,, = 1 and Proposition 7.18.
When one questions is § € {gm, m+1,gm+2} and the other question is i €

[m], without loss of generality, we can assume Alice’s question is ¢ and Bob’s
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question is i. Then,

[(EPRy|PL” @ Q) |EPR,) — C,,2(a,b|g, 1)

}—\

=[Te(BY) L os(e) + X pi(8is)) — Fuz(o(g )5 (e + X 8i6))

kel; kel;

<4 [T = fustotg |+ DI psia) — osloga)gin
<5 [P — oo, )| + [Te(p(e(s,0)) - fuslo(z,)

Z(mr < 0i(210)) — P& p(gi) | + T (P p(gix)) — p(o(2,)p (i)

+[Tre(o(0(3,@)p(gix))) — fuz(o(2,)3i0)] )
g%[125e+4(€+é)+3(13€+1256+4(e+6))}

<(12° + 14)e + 47,
where we apply Proposition 7.18. Similar derivations can be applied to the case

that one question is x € {(gm, t1), (¢m, t2)} and the other question is y € Or to

show that

(EPRy|PY"”) @ O} |[EPRy) — Cyz(a,blx,y)| < (12° +4)e +4¢

(EPR4|BY” @ QL |EPRy) — Cuz(baly, )| < (12° + 4)e +4C.

Similar derivations can also be applied to the case that one questionis x € {(gu, t1),
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(¢m, t2) } and the other question is y € [m] to show that

(EPRy|PL”) @ QW) |EPR,) — C,y2(a,b|x, )| < (12° + 14)e + 47

[(EPRy|B” © QL [EPRy) — Cuz(b aly, )| < (12° + 14)e + 42

The next case is when x,y € {¢m, §m+1, $m+2}- We can use Proposition 7.18

to see that

(EPRy|P\") @ O} [EPRy) — Cy5(a, blx, )|
=[Te(P{QYT) ~ fuz(o(x,a)o(y, b))
<ITe((PY = p(e(x,a)) Q)T + [Tr(p(o(x,2)(Q) — ple(y, b))
+[Te(p((x,)0(y,6)7)) = faz(o(x,a)o(y,b)7)]
<N o IPE = ple(x,a)) | + llp(e(x,a)) [ llo(o(y, b)) = Q)|
+[Tr(p(o(x,a)0(y,b) 7)) — faz(o(x,a)o(y,b) )|
<12% +4-12°% +15(e + 0)

=5-12% + 15¢ + 15¢

where we use egs. (7.18) and (7.19) and Proposition 7.17 to bound ||p(c(x,a)) ||Op

by 4.
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The last case is when x € {gm, Sm+1, §m+2} and (gm, t) € {(gm, t1), (¢m, 2) }-

(EPRIPL” ® Q1Y) | [EPRy) — Cua(a,blx, (g, )]
=[Tr(P{" Qg p (e (£,6(1)) 7)) — Cuz(a,blx, (gm,t)]
<llo(o (b opll G Tlop 1P = p(o(x,a))]
+ (@t b(1) ) lopllo(e (e a)) 1o, | Q™ = p(o (8, b(0)) )|
+ [Te(p(e(x,2) (g, b(0) "0 (t,b(1))7)) — fuz((x,a)0 (g, b(0) "o (t,b(1)) )|

<12%¢ +4-12°€ +15(e + Q).

In summary, we can take A; = 5-12° 4+ 15 and A; = 15 in eq. (7.15), and it

implies that

lim  (EPR,|P{ @ QI |EPR,) = Cyz(a,blx, y).

max({,e)—0t

Therefore, by Definition 4.8, C,,; € C4(N,N,8,8) and F, N1 Cya(N, N, 8,8) # @.

]
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Chapter 8: Conclusion and future work

In this dissertation, we proved that there exists an integer N such that when
na, np > N and ma,mp > 8, the decision problem (Membership(na, ng, ma,
mp)ga) is coRE-hard, and the decision problem (Membership(n4, ng, ma, mp),c)
is coRE-complete.

Leading to this result, we first proved a self-testing result in chapter 5. We
showed that for any prime p with a primitive root r, there exists a correlation
of size ®(r?) that can self-test a maximally entangled state of dimension (p —
1). Since there exists r € {2, 3, 5} that is a primitive root of infinitely many
primes, we got a family of constant-sized correlations that can self-test maximally
entangled states of unbounded dimension.

In chapters 6 and 7, we showed that for any recursively enumerable set X,
there exists a family of sets of correlations {F,|n > 0} and a constant N such that
IKNZ'SZ,

the sizes of F,,’s are the same, each correlation in F,, are in and

F,NCge(N,N,8,8) = @ifn € X,

F,NCp(N,N,8,8) # @if n ¢ X.
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Since Cga(N, N, 8,8) € Cyc(N, N, 8,8), we can determine that

F,NCy(N,N,8,8) =@ifand onlyif n € X,

F,NCyu(N,N,8,8) = @ifand only if n € X.

The decision problem of determining if a fixed-sized set of correlations has non-
trivial intersection with C¢(n4, np, mu, mp) is as hard as (Membership(n,, ng,
ma, mp)s), for t € {q, gs, qa, qc}. Then, we concluded that (Membership (14,
np, ma, mp)ga) is coRE-hard, and the decision problem (Membership(n 4, ng, ma,
mp)gc) is coRE-complete for 114, ng > N and m 4, mp > 8.

Next, we discuss open problems related to self-testing and membership
problems of quantum correlations.

The nonlocal assumption of self-tests is a simple theoretical assumption,
but it is hard to enforce in practice. It is natural ask if it is possible to replace
the nonlocal assumption with a more practical assumption, for example, some
computational assumption. Building on Urmila Mahadev’s seminal work [44],
Tony Metger and Thomas Vidick first proposed a protocol to self-test the EPR
pair with a single computational assumption [45]. It will be interesting to see
what other states can be self-tested with this computational assumption and if
it is possible to convert existing self-tests under the nonlocal assumption to self-
tests under this computational assumption systematically.

In this dissertation, we only proved the existence of the constant N but we

did not estimate how big N is. It is natural to ask how small N can be. A recent
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result by Laura Man¢inska, Jitendra Prakash and Christopher Schafhauser shows
that correlations in Cys(4, 4, 2, 2) can robustly self-test maximally entangled states
of unbounded dimension [46]. It is interesting to see if the new constant-sized
self-tests can yield new proof of the same undecidability result with smaller cor-
relations.

In this dissertation, we did not answer the hardness of (Membership(r4,
np, ma, mp);) for t = g, gs. We conjecture these problems are RE-complete for
sufficiently large n4, ng, my and mpg. Our lower bound of (Membership (14,
np, Mma, Mp)ga) is not tight either. Hamoon Mousavi, Seyed Sajjed Nezhadi and
Henry Yuen has proved that (Membership(n,, np, ma, mp)g) is in I [47],
which is one level above coRE in the arithmatical hierarchy. We also conjecture
that (Membership(n,, np, ma, mp)ga) is I1Y-complete for sufficiently large n4,
ng, my and mp. To prove these conjectures, we need deeper understandings of
techniques used in [8]. For example, one can try to investigate the implication
of the compression scheme used in [8] on group presentation and approximate
representations of groups. If we can prove (Membership(ny, ng, ma, mg);) for
t = q, gs are RE-complete, we expect the techniques can also allow us to prove

(Membership(n4, ng, ma, mp)ga) is Hg—complete.
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Appendix A: A few results about Z,-HNN extension

We first prove Theorem 3.29. This proof is based on the proof of Theorem

2.1 of Chapter IV in [36].

Proof of Theorem 3.29. Let W be the set of all normal forms from G, and let S(W)
denote the group of all permutations of W. In order to define a homomorphism
¥ : G — S(W), it suffices to define ¥ on G and ¢, and then show that all defining
relations go to 1.

If ¢ € G, define ¥(g) by

T(g)(go, tel,. . .,ten,gn) = 990, tel,. . .,ten,gn.

Clearly, ¥(¢'g) = ¥(g)¥(¢). In particular, ¥(g)¥ (¢ !) = 1w = ¥(g H¥ (),

meaning that forallw € W,

¥(9)¥ (g (w) =¥ (g )¥(g)(w) = w.

Moreover, if r = ein G, ¥(r) = 1y.

Next, we define the action of ¥ (¢). Let go, !, g1, ..., 1", ¢n be a normal
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form.

Y(t)(go,t, ..., t", gn)
d1(g0)81, 2, . .., £, gn ife; = —land gy € H,
4)_1(g0)/ t/e/ t/gll' . '/ten/gi’l lf €1 = 11g0 € H/

and t,gq,... 50 0/2 L tet, .t

gb*l(go),t_l,e,...,e,t_l,ngH,...,ten,gn ifeg=—-1,90€ H,gi=¢6€ =1
fori=1...(p—1)/2

‘Pil(h)/t;gAO/ tell- . -/ten/gn Otherwise,

\

where ¢ is the representative of Hgp and hgy = go with h € H.
Then we can check ¥ (¢)? = 1. Let go, 1, g1, . . ., ", gn be a normal form.

There are three cases. The first case is that go ¢ H. We can assume h$y = o
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where ¢ is the representative of Hgy.

Y(t)P(go, t, ..., 1", qn)

=¥ ()P (1), L, o, 1, ..., £, gn)

(p—1)/20ft
——N—
=¥ (1) P D24 (=121 F e t, . E, G0, 160, .. E, g0
(p—1)/20f t1

=¥ (t)(P=D/2(p=(P+D/2(p) 171 e, 7T, .,t_T,ng, £, ., g

:(P_p(h)g(), tr, ..., ten,gn
:hg\o, t€1, .. .,ten,gn

:gO/ tell cecy ten, gi’l/

where, in the first part of the skipped steps, we apply case 2 of ¥ () pT—C‘v times,

and, in the second part of the skipped steps, we apply case 1 of ¥ (¢) prl times.
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The second case is that gp € H and €1 = 1.

Y(t)P(go, t, .-, ", Qn)
(p—1)/2of t
:T(t)(p+3)/2(4)_(p_3)/2(g0)1 tl € ... 1? /gll sy ten’ gn)

(p—1)/20f t71
———

=¥ ()P 2(p=P=D/2(g0), e, g1, 1, )
=¥ (t)(¢p " (g0)g1, t2, ..., 1, gn)
:(P_p(g())/ tl gll t€2/ vy ten/ gn

:g0, t/ gl/ ey ten’ gn/

where we use the fact that g € H. The last case is that o € H and € = —1.

V()P (g0, 71, ... 1, qn)
=¥()P 1o (30)81, £, ..., 1, gn)

=¥ (52 (¢72(80) £, g1 12, 1, Gn)
(p—1)/20ft

=¥ (1) P2 (" P2 (g0), Fe, o 81,0, 80)
(p—1)/20f t1

3)/2 3)/2 1 1
:‘F(t)(p_ ) (¢‘(P+ ) (0),t " e, et 81,---,8n)

:¢_p(g0)l t_ll gl; t€2’ ceey ten,gn

:gOI tillgll sy ten/gi’l~

Therefore, Y (t)? = lyy. Then, ¥(¢(h)) = ¥(t1)¥Y (h)¥(t). We can see that ¥ is a

well-defined homomorphism from G into S(W).
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We can also see that if g9 ¢ H and gy = hg)

V() (g0, £, ..., 1, gn) = (), t7L, o, £, ... £, gy,

and if go € H, €; = —1 and the subsequence

(p—1)/20f t1
— e
£, g, t2, . 15002 L e

then

V() (go, 7L, 1, 90) = ¢(g0),t et Lt g,

We can see that if go, t1, g1, ..., t", gn is @ normal form,

Y(g0t'g1..-t"¢n)(e) = g0, Y, 81, - - -, 1, Qn-

Thus the products of the elements in distinct normal forms represent distinct ele-

ments of G, otherwise, ¥ would not be well-defined. O

Next, we prove Proposition 3.52, which follows a similar line of argument

as the proof of [37, Property 8 of Proposition 2.4.1].

Proof of Proposition 3.52. By Theorem 3.31 and Proposition 3.49, to prove G is sofic,
it suffices to prove K is sofic, where K is the subgroup of G generated by t~'G#

fori=0,1,...,p—1.
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Let K; be the subgroup of G generated by t /Gt for 0 < i < j. Then,
K,-1 = K and we will prove K, is sofic by induction on j. The base case is
j = 0, and Ky = G is sofic follows from the condition of the proposition.

Assume Kj, is sofic for some 0 < n < p — 1. Then, we will show that

K, *xG

fot =K Ty = i e Hy

where ¢"*1(h) € K, 1 and h € G. Consider ¥ : K,, ;1 — K* induced by

k if k € K,;;
Y(k) =

1 H1g—n=1  otherwise.

It is immediate that ¥ is surjective. On the other hand, k = e in K4 if and
only if k is in the normal subgroup generated by t~'ht'¢p~i(h) for all h € H and
1 < i < n+ 1. For relations of the form t—'ht! = (pi(h) forallh € Hand1 <i <,
Y(t~'ht'¢p~'(h)) = t~ht'¢p~(h) = e as this relation is also in K,,. For relations of

the form t "~ 1ht"t1 = ¢"+1(p),

(g ) = (e (7 () = g () = e,

which follows the added relations. Therefore, ¥ descends to an isomorphism
between the normal subgroup generated by t —“ht'¢p~(h) forallh € Hand 1 < i <
n+1in K,, ;1 and the normal subgroup generated by t ~'ht'¢—(h) and h~1¢"+1(h)

forallh € Hand 1 < i < nin K*. It implies that ¥ (k) = e in K* if and only if
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k =ein K11 and ¥ is injective. Hence, ¥ is an isomorphism.
Then, by Proposition 3.50 and the induction assumption, K, is also sofic.

By the principle of induction, K, 1 is sofic and the proof is complete. O
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Appendix B:  Steps of the fa*-embedding procedure

In this section, we describe the steps of the fa*-embedding procedure sum-
marized in Propositions 3.55 and 3.56.

Let I, m and n be some positive integer, and let G = ET'(A, Cy,Cq,L) be
an extended homogeneous linear-plus-conjugacy group, where A is an m-by-n
matrix over Z,, Cy C [n] x [n] x [n], C; C [I] X [n] X [n] and L is an I x I lower-
triangular matrix with non-negative integer entries, as in Definition 3.54. The

generators of G are {x; | i € [n]} and {y; | i € [I]}. The relations are

X2 =e foralli € [n];

[Txk=e forall j € [m];

kGI]'

XiXjXi = Xk for all (Z,],k) € Coy;

y; Xy = X for all (i,j,k) € Cy;

vi lyyi = y].L(i’f) foralli > jwith L(i,j) > 0.

In the first step of the embedding procedure, we embed G into a linear-plus-

2 2

conjugacy group. Let G’ = (G,z,w : z* = w* = ¢,y = zw, wy;w = y,; for all i >
jugacy group y Y y

0). Then G’ is also an extended homogeneous linear plus conjugacy group. This
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is because for any relation of the form v, 1xjy0 = Xk, we know

2 2

zxjz = wxpw and (zxjz)° = (wxw)” = e.

If we let Zj; = zx;z, then
Zjx = wxw.

In addition, for any relation of the form yj’lyoy]- = Y, we know

. ‘ 2
y]._lzy]- = (zw)"%)~1z and ((zw)L(OJ)_lz) =e.

Then, we can replace the relation y;lzyj = (zw) )1z with a sequence of con-
jugacy relations of generators of order 2. Moreover, G is fa*-embedded in G’ as
proved in [7, Proposition 33].

By embedding G into G’, we remove y from the set of generators of G
and introduce more generators of order 2 and more conjugacy relations. We can
repeat this process for each y; with i > 0 to embed G into a linear-plus-conjugacy
group H where {x; | i € [n]} is a subset of the set of generators of H. We can
assume H = T'(A’,C) where A’ is an m'-by-n" matrix over Z; and C C [n] X
[n'] x [n] for some positive integer m’ > m and n’ > n.

In the second step, we embed H into a linear-plus-conjugacy group H' =
I'(B, D) where B is an M-by-N matrix over Z; and D C [N] x [N] x [N] for some
M > m"and N > n'. Moreover, in H', x;x;x; = x; if and only if x;x;x; = x; for all
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(i,j,k) € D. Here,

H' = (H,u,w;,y; z fori € [n'] :w? = w? = y? = z7 = efori € [n'],

x; = y;z; = uw; and uy;u = z; fori € [n’],

ZkYjZk = Yj, Wiy jW; = Zg for all (i,j,k) S C>

An injective homomorphism ¢ : H — H' is defined by x; — x; for all i € [n'].
Moreover, ¢ is a fa*-embedding as proved in [7, Lemma 29].

In the last step, we embed the group H' into a solution group K. We extend
the linear system Bx = 0 by adding variables v;; foralll € Dand 1 <1 <7, and

adding equations

xi+vi1+vi2 =0, xj+vp+v3=0, v13+vato5=0,

Xi+015+ 06 =0, Xk + 016 +v17 =0, ;1 +via+or7=0.

if I = (i,j,k) € D. If we denote the new linear system by B,y;x = 0, then K :=
['(Beyt). The embedding of H' into K maps x; to x; for each i € [N], which is also
an fa*-embedding as proved in [7, Proposition 27].

Overall, we can see that G is embedded in K and, under this embedding, the
image of x; is x; for each i € [n] and the image of y; is a product of two order-2

generators for each j € [[].
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Appendix C:  Proof of some results in chapter 7

C.1 Proof of Theorem 7.10

To help the proof, we first present certain nonzero values of Q_,, p- When

x:y:ol

ifa=b=0,

==

ifa=0b=1,

<IN

@_H/p(a,blO,O) =
P33 ifa=b=2,

‘3 ‘

0 otherwise.

When x € {t;,tr} and y € {1,2}, some of the values of Q_,,,(a,b|x,y) are

summarized in the following table.

y=1 y=2
b=0 | b=1 b=0 | b=1

1—=0 cos?(rt/2p) | sin®(nt/2p) | 1—sin(r/p) | 1+sin(m/p)

xX=1Hh _ p p 2p 2p
g=1 sin?(rr/2p) | cos?(rt/2p) | 1+sin(ni/p) | 1—sin(nt/p)

p p 2p 2p
1—=0 cos?(rt/2p) | sin?(n/2p) | 1+sin(r/p) | 1—sin(r/p)

x =1 _ p p 2p 2p
1=1 sin?(7r/2p) | cos?(rt/2p) | 1—sin(rt/p) | 1+sin(nt/p)

p p 2p 2p

Table C.1: Q_,/,: the correlation values for x € {t1,t>} and y € {1,2}.
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When x,y € {0,1,2}, some of the values of Q_,,(a,b|x,y) is summarized

in the following table.

x=1 x=2 x=0
1=0]a=1]a=2]a=0]a=1]a=2]a=1]a#]1

_ 1 1 1 1
=1
b=2| o0 6 [ 2(;9 Zg P2 g P2
b=0| = 8 1 0 6 1 S
y=2[p=1 T T 0 0 1 0 1 0
b=2 25 257 [ 0 6 P2 6 P2
b=1] T | L [0 [ L L[ 0| Z o0

y=0 p p - p p p
b£1| o0 0 ”Tf 0 0 p-2 0 p-2

Table C.2: @_ﬂ /p the correlation values for x,y € {0,1,2}.

When x € {0,t1} and y = (0, 1) the commutation test is conducted and the

correlation is given in the table below.

y:(O/tl
b=(0,00 [ b=(0,1) [b=(,0) [b=(L1) [ b=(20) [ b=(21)
a=0 % % 0 0 0 0
x=0 [,=1 0 0 % % 0 0
a=2 0 0 0 0 = o
— 1 1 )
x=t |17 % 0 P 0 % 0
a=1 0 % 0 5 0 b

TableC.3: Q_, /p* the correlation values for the commutation test for Alice’s ques-
tions 0 and #;.
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When x = (0,t1) and y = (0, t,), fora,b € [2],

.

1/p ifa=b=0,

Q-n/p((0,2),(0,0)[(0,11),(0,22)) =4 1/p ifa=b=1, (C.1)

0 otherwise.

Proof of Theorem 7.10. To prove this theorem, we need to find a decomposition of
[¥) as [¢) = Lje[p11] [¥)) such that {|¢;) } is an orthogonal set and each [¢;) is an
eigenvector of My, My, with an eigenvalue that equals some power of w,,.

Applying Proposition 4.14 to the values given in Table C.3, we can get that

MEIME g) = NG g) = MM fy)

forag € [3], x € {t1,t,} and a, € [2].

Applying Proposition 4.13 to given in eq. (C.1), we can get that
0 NGO
Migilp) = NG 1)
for each a; € [2]. Then, we can further deduce that

My L) = Nigrt L) = MMy ). €2
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Let M, := M§°) — MJ((l) and N, := Ny(o) — Ny(l) for x,y = t1,t, and let

o) = MMV [p),

) = MUMP ).

Then we know from the correlation in Table C.2 and the definitions of |¢) and

|p) that

1
o) I = ll[¥p)|I* = 2

M o) = |¢o),
Mt1|lpp> = _|1'PP>/

and hence (yo|¢p) = 0. By eq. (C.2), we know

o) = MIMQ|y),

pp) = MyMQ| ).

The definition of M, implies that

Ma o) = [o),
M2|¢’p> = _|¢’p>-

Following the proof of Proposition 5.8, we can conclude from Tables C.1
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and C.2 that

M y)

S=(—0 *
M7 )]

AMO, MY | x = 1,23, (N NSDY [y = 1, 1))

induces the correlation Q_,,; and that

MV |g)

||M(1)|ll}>”/{{MJ(cO)/Mg(cl)} | X = tl,tz},{{N(O),Ny(l)} | Y= 1,2})
0

Sr=(

induces the correlation of Q_,/, with Alice and Bob’s roles flipped. Then we can

define M, := MY” — M{") and
1 : .
) = (M — MM + i MY 4 M) ).
Following the proof of Proposition 5.8, we can conclude that

2_1
Hyoll™ = rt

My M, [¢1) = wply),

Ni, Np, [91) = w, 1)

Recall the conditions satisfied by U 4 and Up in the statement of the theorem.

Define

;) = (Ualp)"8 7 |yy)
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forj=1,...,p — 1. Note that log, j = a implies that r* = j (mod p). It is easy to

see that ||[y;) | = 1/ p. Following the proof of Proposition 5.8, we can get that

(M, M) |97) = whlpy),

(Nu N gy) = wp’[)).

By the orthogonality between eigenvectors of different eigenvalues, we know

that

($jlpi) =0

foreachl1 <j#k<p—-1

Define

p—1
W' = 1po) + [¥p) + ) [9). (C.3)
j:l

By the orthogonality relations and the norms of each subnormalized state, we can

calculate that |||¢)|| = 1. Moreover,
p—1
(lw') =(lyo) + (Plgp) + ) (Plwy)
j=1

=[llyo) 1> + ¥ I” + (p — 1) (wly1)
1 1

— 4 (p=1)-=1,
; (p )p
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where we use (UaUp)|¢) = |¢). The derivation of (¢|p1) = 1/p follows the
similar derivation in the proof of Proposition 5.8.

With the decomposition of |¢), we can conclude that

(My, My,)P[9)

p—1
= (M Mp,)P ([tho) + [pp) + Z% 5
j=
p—1 .
=17(ltpo) + [$p)) + 21 wy [;)
j=

=[¢),

which completes the proof. O

C.2 Proof of Proposition 7.16

Proof. The first case to check is that when the questions are g; and g, where

kEIiﬂI]'.

Ci2(0,018ik, 8jx) + Cuz(L,1|8ik, & k)
(e+gix)(e+gix) (e—gix)(e—gix)
iy ( g gix)  (e—g 8j

4 4
e+ &ik8jk
s ()

—1,

which satisfies P.6 of Definition 4.16.
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The second case is that one question is i € [m] and the other question is g; x

with k € [;. Assuming I; = {k,1,m},

Y_ Cuz(aa(k)li,gjx)

=,

= ez (= 81007 [+ g01) (e = o) + (¢ = gir) e+ i)
+ (14802 [(e = gi1) (e = gim) + (e + gin) (e + gim)] )

= Fua((e— 81 + (e + 8:)°)

:%fn,ﬁ (6 —&ikte+ 8i,k>

=1,

which satisfies P.5 of Definition 4.16. Property P.4 can be checked similarly.

The last case is that the questions are 7, j € [m]. First notice thatifa ¢ S;,

H e+ (_1)u(k)gi,k —0

kEIi 2

Secondly, notice thatifa € S; and b € S; buta(k) # b(k), the expansion of

e+ (—1)#0g; e+ (—1)btmg;
[T11 5

lEIl' mGI]‘ 2

contains a term (1 — g;x)(1 + gjx) = 0. Therefore, C, z(a,bli,]) satisfies P.3 of
Definition 4.16. The other three properties of Definition 4.16 are enforced in the

function ¢ introduced in Section 7.3. OJ
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C.3 Proof of Proposition 7.17

Proof. Recall the expressions in eq. (7.2) to eq. (7.10). To bound the operator norms
of p(ni(a)), because p(t1t;) is a unitary, it suffices to consider the action of the

operators on an eigenvector of p(t1t2). Let |i) be an eigenvector of p(f1t2) such

that p(tit2)[9p) = €”p).

1 1 g
lo(s)) ) || = p(ht2)[9)]] < —— 1) | <1,
p(n) ]e%z)] - p(n), %m
2 cos 2jm elf
lo(res) )| < () je%ﬂ]! (p( ))\H Pl <2,

leGEDWII < ) + o) )+ lloGrg ) ) < 4,

where we use |cos(pz(j:) )| < 1. Recall that

0 _ 0 1 cos( BT -
T =T /2+p(1’l) ]e[pz(n)] ( p(n) )tZ(tltZ)]/
) _ () 1 sin(Z L7 ~
RN fe[pzw o ik
Then,
) ij0
lo({*) ) S—HP( Ny lcos(“L TN o 1) ) |
P( ]e%‘l)] ()

<14+1=2,
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where we use the fact that p(#,) is a unitary. With similar reasoning, we can get

that

lo(i )| <2,
loGe ) 1| <l + (sl < 3,
lo(ms™) )| <2,
lo(s ™))l <2,

Lo <N+ (i) )] < 3,

which completes the proof. O

C.4 Proof of Proposition 7.18

Proof. We first prove eq. (7.20), then eq. (7.21) follows analogously. By the defi-

nitions of o(x,a) and 0(g,b)~, we can focus on the case thata € [3] and b € [2].
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Recall eq. (7.2), and we know

Tr(0(0(§m, 0)0(g,6) 7)) — fuz(0(gm,0)o(g,b) 7))

Tr( Y, p((ht))ple+ (1)) — fuz( Y (Ht2)/(e+ (=1)"8))l

2p(n) jelp(n)] jelp(n)]
S2;71(11) )3 [|Tr(P((f1fz) ) — faz((tit2)))| + [Tr(p((t12)g)) fnz((t1t2)g)|]
j€lp(n)]
1
Szp(n)2(€+ ) p(n)
<e+ (.

Recall eq. (7.3), and we know

Tr(p(0(gm, 1)o(g,6) 7)) = fuz(0(gm, 1)o(g,b)7)]

= (1)|fr( Z cos(;g:))p((tltz)j)p(e—i“(—1)b8))

j€lp(n)]

S
=

_fnz

(e+(~1)’9))]

v

j€lp(n)] P(
1
p(n)

1
W 2(e+¢) - p(n)

Z [ITr(p((tltzV)) — Fua((112))| + [Tr(p((hi12)/8)) — fuz((trt2) 9]

j€lp(n

‘G

<2(e+¢),
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where we use |cos( 2(]:) |) < 1. Recall eq. (7.4), and we know

=

[ Te(p(0(gm,2)07(8,0) 7)) — fuz(o(gm,2)o(g, ) )]
=|Te((o(e) — p(c(gm,0)) — p(e(gm 1)))p(c(g,b) "))
— fuz((e =0 (gm,0) —o(gm,1))o(g,0)")|
<|Tr(p(o(8,)7)) = fuz(c(g, b))
+[Tr(p(p(o(gm, 0)p((8,6) ") — fuz(c(gm 0)(g, b))
+[Tr(p(o(o(gm 1))p(0(8,0) ") = fuz(c(gm, 1)o(g,0)7)]
<y(e+0)+(e+) +2e+0)

<4(e+7Q).

Recall eq. (7.5), and we know

Tr(p(0(8m+1,0)0(8:6) 7)) = fuz(0(gm+1,0)0(8,0)7)|
2jm

o8 L [leostpliTtet(aa)) = fus((tea)
ISIAY
ng: N[ Tr(o((t1£2)/g)) — fuz((t1t2)'g)]

+leos( LD llp(ra(112)) ~ foaltaltata))

+ |cos(

~—

+leos( LD lp(tatat2g) ~ Fs(ra(at2) )
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With similar reasoning we can get that

Te(0(0(§m+1,1)0(8,6) 7)) — fuz(0(gme1,1)o(g,0) )| < 2(e + ),
ITr(p(0(gmr2,0)0(8,6) 7)) — fuz(0(gmi2,0)0(g,b) )| < 2(e + ),

[ Tr(o((gmr2,1)0(8,6) 7)) — fuz(0(gmr2,1)0(g,0)7)| < 2(e +0),

Lastly, recall egs. (7.7) and (7.10), and we know

Tr(p(0(8m+1,2)0(8,6)7)) = fuz(0(8m+1,2)0(8, b))
=|Te(p(0(gm+2,2)0(8,0) 7)) — fuz(0(gm+2,2)0(g,b)7)]
<[Tr(p((8,b) 7)) — fuz(o(g,0) 7))

+[Te(p(p((gm, 1))p(0(8,0) 7)) — fus(o(gm, (g, b))
S%(e +0)+2(e+70)

<3(e +7Q).

Next, we prove eq. (7.22), and eq. (7.23) follows analogously. First of all,

when x,y = ¢, g € OrU{e}anda =b =0,
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Next, when x,y = g, ¢ € OrU{e}anda =0,b =1,

Tr(0(80(gm,0)0(8m, 1) 7)) — fu2(80(8m, 0)o(gm, 1))

cos 2k Ir —kyy _ £ i—k
s I sl ) = ustsliney )

P (D)

=2(e + Q).

With similar reasoning, we can get that

I Tr(0(80(gm, 1)o(§m, 1) 7)) = fuz2(80(gm 1) (gm, 1)7)| < 4(e +).

Next, when x,y = g, g € OrU{e}anda =2,b =0,

I Tr(0 (80 (8m,2)0(8m,0) 7)) — fu2(80(gm, 2)0(gm, 0) 7))
<|Tr(p(g0(gm,0) ")) — fuz(g0(gm, 0)7)|
+ | Tr(p(g0(gm, 0)0(gm, 0) 7)) — fiu (80 (8, 0)0 (g, 0) 7))
+ [Tr(p(g0(gm, D)o (gm 0) 7)) — fuz(80(gm, 1) (gm, 0) )|

<4(e +7Q).
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With similar reasoning, we can get that

I Tr(0 (80 (8m,2)0(8m, 1) 7)) = fuz2(80(gm, 2)0(gm, 1) )| < 8(e +),

Tr(0(80(m, 2)0(§m,2) 7)) — fuz(80(§m,2)0(gm,2) )| < 15(e + ]).

When x = g, ¥ = gm+1, ¢ € OrU{e} and a = 0,b = 0, we can get that

[Tr(0(80(8m, 0)0(8m+1,0) 7)) — f2(80(gm,0)0(gm+1,0) 7))
cos 2kre Ir =KYY — £, i~k
TR [leos(Co N Tr(p(g(tat2) ™)) = s (t162) )

+leos( L) g 1t2) ) — fal(tare) )

<2(e+ ).
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With similar reasoning we can get that for 1 = g1, gm+2

[Tr(o(g0(gm, 0)a(11,1) 7)) = fuz(go(gm, 0)o(h,1)7)| < 2(e +0),
[Tr(o(g0(gm, 0)0(1,2) 7)) = fuz(g0(gm, 0)(h,2)7)| < 3(e +0),
[Tr(o(g0(gm, 1) (1,0)7)) = fuz(go(gm, 1) (h,0)7)| < 4(e +0),
[Tr(o(g0(gm, 1) (1,1)7)) = fua(go(gm 1) (h,1)7)] < 4(e +0),
[Tr(o(g0(gm, 1) (1,2)7)) = fuz(g0(gm, 1)or(h,2)7)| < 6(e +7),
[Tr(p(80/(gm,2)0(1,0)7)) = fuz(80(gm,2)o(h,0)7)| < 8(e +7),
[ Tr(o(g0(gm, 2)0(1,1)7)) = fuz(go(gm 2)o(h,1)7)| < 8(e +0),

[ Tr(o (3 (gm, 2)0(1,2) 7)) = fuz(80(gm, 2)o (1,2) )| < (e + 7).

The last case is when x, v = gy+1, §m+2. We use a = b = 0 as an example.

ITr(0(80(8m+1,0)0(8m+1,0) 7)) — fu2(87(gm+1,0)0(§m+1,0) )|

Sp(i)zf,ke%nﬂ'cos(;g))COS(;ZT))“fr(p(g(tltzy_k)) — fuz(g(tit2) ")

leos( 27 cost D) r(p(g(01) ) — sglhta) )

+leos( L) cos( 20 Tr(p(gtaltata) ) — fua(stalata) )

+Jeos( L) cos () [Trp(gta(a)/ ) — Fua(stalttn) o)
<4(e+0).

205



With similar reasoning, we can get that when x,y = g,11,gm+2and a,b = 0,1

[ Te(p(go(x, )0 (y,b) 7)) = fuz(go(x,a)o(y,b) )| < 4(e +);

when one answer is 2 and the other answer is from 0, 1,

[Tr(p(30(x,2)(y, b)) — fuz(go(x,2)0(y,0) )| < 6(e +7),

Te(p(go(x,)0(y,2)7)) = fuz(go(x,a)o(y,2) )| < 6(e +);

and when both answers are 2

Te(p(g0(x,2)0(y,2) 7)) — fup(go(x,2)e(y,2)7)| < 8(e +0).
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