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The equations of motion of a star graph of Stieltjes strings with prescribed number of
masses on each edge, with or without a mass at the central vertex, lead to a system of
second order difference equations. At the central vertex Dirichlet or Neumann
conditions are imposed while all pendant vertices are subject to Dirichlet conditions.
We establish necessary and sufficient conditions on the location and multiplicities of
two (finite) sequences of numbers {{;} and {A;} to be the corresponding Dirichlet and
Neumann eigenvalues. Moreover, we derive necessary and sufficient conditions for one
(finite) sequence {A;} to be the Neumann eigenvalues of such a star graph. Here the
possible multiplicities play a key role; the conditions on them are formulated by means
of the notion of vector majorization. Our results include, as a special case, some earlier
results for star-patterned matrix inverse problems where only multiplicities, not the
location of eigenvalues, are prescribed.

Keywords: Eigenvalue; multiplicity; star graph; point mass; inverse problem;
continued fraction; transversal vibration; Dirichlet boundary condition; Neumann
boundary condition

MSC (2010) Classification: Primary 39A60; Secondary 05C50; 15A18; 15A29;
39A70; 70F17; 70130

1. Introduction

Finite dimensional direct and inverse spectral problems for systems of difference
equations arise in many fields of physics, such as vibrations of strings, electrical circuits
synthesis etc. (see e.g. [18,9,10,5,7]). In the nice review [3], Cox, Embree, and Hokanson
resurrected interest in beaded strings, i.e. massless threads supporting a finite number of
point masses, by blending theory with experimental measurements (see [4] and also [11]).
Such strings are also called Stieltjes strings since one method to solve the inverse problem,
developed by Gantmakher and Krein in [8], uses Stieltjes’” work on continued fractions
(see [23] and the interesting reviews [25,24]). Within the last three decades, direct and
inverse spectral problems on graphs, in particular on trees or star graphs, have attracted a
lot of attention, stimulated by possible applications in quantum computing and
nanoelectronics (see e.g. [6,16,2]).

In this paper we consider inverse problems for star graphs of beaded strings, which
recently revealed connections to the problem of possible eigenvalue multiplicities for star-
patterned matrices (see [21]). There are different settings for finding necessary and
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sufficient conditions on one, or two respectively, (finite) sequences to be the Neumann,
and Dirichlet respectively, spectra of a problem generated by Stieltjes string equations on a
star graph. Here we consider the case where Neumann and Dirichlet conditions are
imposed at the central vertex of the star, while Dirichlet boundary conditions are imposed
at all pendant vertices. In [21] a complete description of the corresponding direct and
inverse problems, including a constructive solution of the latter, was given in the case
when the numbers of point masses on the edges were not part of the given data.
An interesting feature of the Neumann eigenvalues proved there is that out of two
neighbouring Neumann eigenvalues one must be simple.

The aim of the present paper is to study the problem where, in addition to the number
of edges and the lengths of all edges, also the number of masses on each edge is
prescribed. The latter results in restrictions on the eigenvalue multiplicities that need to be
satisfied in the inverse problem. Our main results include necessary (Theorem 2.7) and
sufficient (Theorem 3.3) conditions for two (finite) sequences {*¢;} and {£ A}, counted
with multiplicities, to be the Dirichlet and Neumann spectra of a star graph of Stieltjes
strings as described above, as well as necessary (Theorem 2.9) and sufficient (Theorem
3.4) conditions for one (finite) sequence {*A;}, counted with multiplicities, to be the
Neumann spectrum. Examples illustrate the convenient applicability of these conditions
(Section 4).

The necessary and sufficient conditions may be elegantly formulated by means of the
notion of majorization, going back to the early work of Muirhead [20] (see also [12,19]).
For example, suppose that there are g edges and n; masses on the i-th edge enumerated
such that ny = ny = --- = n, and a mass M = 0 at the central vertex. Denote by rp the
number of distinct positive values in the given sequence {;}, by (pjl»(D));:1 the vector of
all their multiplicities in decreasing order, and by N; the number of edges for which the
number of masses is = j for j = 1,2, ..., n;. Then the vector (N j)j’ll majorizes the vector

PyON” .
(N1,Na, ... .Ny) > (D), py(D), ....,p}, (D)),

which means that n; = rp and

ZN,=ZP}(D) and ZN_,-zZp_}(D) (k=1,2,...,n — 1).
j=1 j=1 j=1 j=1

The necessary and sufficient conditions for one (finite) sequence to be a Neumann
spectrum are similar, but slightly more involved. They include the condition that every
other element in the sequence must be simple, that, e.g. for M > 0, the number of simple
elements in the sequence must be greater than or equal to the maximal number n; 4 1 of
masses on one string, and that the number of distinct elements in the sequence must be
greater than or equal to n; + n, 4+ 1 where ny, n, are the two largest numbers of masses on
a string.

Our results generalize results for star-patterned matrices, especially [13, Thm. 9],
where the concept of majorization due to Muirhead was used before. While there only
multiplicities of eigenvalues were prescribed and the existence of a tree-patterned matrix
with these eigenvalue multiplicities was proved, we show the existence, and provide a
method of construction, when a set of eigenvalues with prescribed multiplicities, together
with the lengths of the ¢ strings, is given.
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Finally, we remark that the results of this paper may be of wider interest. In fact, the
second order difference operators describing Stieltjes strings are special cases of the
generalized second order derivatives ﬁ(%) describing general strings with mass
distribution m (see [14] and the very recent paper [15, Sect. 8]). Hence many properties of
the spectral theory of star graphs of Stieltjes strings carry over to star graphs of general
strings (see [22]).

2. Direct problem: necessary conditions

Throughout this paper, we consider a plane star graph of ¢ Stieltjes strings, ¢ € N, g = 2,
joined at the central vertex called the root where a mass M = 0 is placed and with all ¢
pendant vertices fixed; here, following Gantmakher and Krein (see [8,23]), a Stieltjes string is
a thread (i.e. an elastic string of zero density) bearing a finite number of point masses.

In the sequel, we label the edges of the star graph by j = 1,2, ..., g such that the j-th
edge carries n; >0 point masses m}cj) in its interior (k=1,2,...,n) and
ny =ny = --- = ny; here we do not count the possible mass at the centre and there are
no masses at the pendant vertices. The masses mi-’) subdivide the j-th edge into n; + 1
intervals of length l;é]) (k=0,1, ...,n;) where we count both, masses and intervals
between them, from the exterior towards the centre; the length of the j-th edge is denoted
by [; := Z’:O l,({j ). The total number of masses on the star graph without the mass M in the
centre is denoted by n := Y1 | n;. _

We assume that this web is stretched and study the small transverse vibrations v%’ )(t) of the
masses mfj ) in two different cases (keeping the notation in [21]):

(N1) the mass M at the central vertex is free to move in the direction orthogonal to

the equilibrium position of the strings (Neumann problem),

(D1) the mass M at the central vertex is fixed (Dirichlet problem).

Following [8, Chapt. III.1] (see also [21, Sect. 2]), separation of variables v,((j)(t) = uf("')ei""
leads to the following systems of difference equations for the displacement amplitudes u,((’)
(k=0,1,2,...,n;,j=1,2, ..., ¢q) in the above Neumann and Dirichlet problem:

Neumann problem (N1). If the central vertex carrying the mass M = 0 can move freely,
we obtain

) ) () @)
u u . .
—( ket koM ukl) = m,(cj))\zu,(j) (k=1,2,....n;, j=1,2,...,9), (2.1)

() ()
lk lk*l
(U0 R ) B _ @
Upp1 = Upyp =0 = u;;;+17 2.2)
)
9. u u
nj+1 n; 1
> T MY, (2.3)
J=1 nj
u’ =0 (=1,2,...,9. (2.4)

Dirichlet problem (D1). If all strings are clamped at the central vertex, the problem
decouples and consists of the g separate problems on the edges with Dirichlet boundary
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conditions at both ends,

) )] 0)] 0)]
—< LS I S A"“) =AU k=12, m, =12, ....q), (2.5

() ()
i e
uiﬂ =0, (2.6)
uf’ =0 2.7

forallj=1,2,...,q.
Throughout this paper, we use the following notation for the eigenvalues of the
spectral problems (N1), (D1) and their multiplicities.

Notation 2.1. We denote by
Dty M >0,

1) Ay := n .
() Ay {/\ik}kzl if M =0,

Ak =M, 0< A=Ay for 0 <k <K, the

eigenvalues of the Neumann problem (2.1)—(2.4) on the star graph,
q i nj
2) Ap ={l1 ), ZJSI{V;’) Ve $ok= 0o 0< G = 4o for 0<k <Kk, the

eigenvalues of the Dirichlet problem (D1) on the star graph where

(3) {V(tj),(}nll, W) ==, 0< ) <) for 0< k<K, are the distinct
eigenvalues of the Dirichlet problem (2.5)—(2.7) on the j-th edge for
j=12,...,q

4) Ay = {Xik}lr{il, A=A, 0< A <Ay for 0<k <Kk the set of distinct
Neumann eigenvalues,

5) Ap={li}2y Lv=—8 0< & <o for 0<k <K the set of distinct
Dirichlet eigenvalues,

6) (PN, and (pi(D)),2, the vectors of multiplicities of the distinct positive

Neumann and Dirichlet eigenvalues A and & for k > 0.

Remark 2.2.

(1) By definition of pir(N) and py(D) as multiplicities, clearly,

N n+l if M>0,
f;pk(m - { n if M=0, > pD)=n. 2.8)

k=1

(i) The number rp of distinct positive Dirichlet eigenvalues satisfies rp = ny since ny
is the maximal number of masses on one string, labelled as the first, and
) <) << b,

Note that since the equations in (N1) and (D1) only depend on A2, the Neumann and
Dirichlet eigenvalues lie symmetrically to the origin and the multiplicities of A_; = — Ay
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and Ay as well as of Z_k = —Zk and Zk coincide. Moreover, by [21, Thm. 2.5], 0 is neither a
Neumann nor a Dirichlet eigenvalue.

In order to derive necessary conditions on the multiplicities of Neumann and Dirichlet
eigenvalues, we need the notion of (vector) majorization which goes back to Muirhead
[20] for the case of vectors of integers and was generalized to vectors of non-negative
numbers by Hardy, Littlewood, and Polya (see [12, 2.18] or [19]).

DEFINITION 2.3. Let x = (x;);_, and y = (y,»)ﬁ; | be two vectors with non-negative entries
ordered decreasingly, x;, = x;—1 = - - =Zx1 =0, y, =y =--- =y, =0. If s =1, then
X is said to majorize y, written as x >y, if

R ixiziy,-, ixiziy,- (r=1,2,...,t—1). 2.9)
i=1 i=1 i=1 i=1

max {s,;t} ~ max {s,t}

If s #t, we fill up the shorter vector with zeros, X := (x;),_ , Y= 0im with
x;=0fori=s+1,...,max{s,t},y, =0fori=1t+1, ..., max{s,t}. Then x is said to
majorize y, x > y, if X majorizes y, X > .

Remark 2.4. If a vector x = (x;);_, majorizes a vector (y,-)ﬁzl , then the number of non-zero

entries of x is less or equal to the number of non-zero entries of y,
x>y = #Hie{l,....s} x>0 =#{ie€{1,...,t} :y; > 0}.
In fact, denote the two numbers by sg, ty and assume sy > ty. Then x >y if and only if

X >y where X = (x;)}, and § = (y;);, with y; := 0 for i =ty + 1, ..., so. By (2.9) this
implies

50 S0 to o 50
Exi:Eyi:EyiSExiSExia
i=1 i=1 i=1 i=1 i=1

and hence we have equality everywhere. Since all x; are non-negative, this shows that
xi=0fori=ty+1,...,50, a contradiction to the assumption.

Notation 2.5. For a vector x = (x;)i_; € R we denote by xt= ()c%)f:l € R’ the vector
with the same entries but ordered decreasingly, i.e.

xll lezz-'-le x%zxﬂ(i), i=1,2,...,s,

59
for some permutation wof {1,2, ...,s}.

The following elementary lemma on the inversion of the non-increasing function
{1,2,...,9} = N, j— n;, will be used throughout this paper.

LEMMA 2.6. Letg €N, g =2, n, EN(j=1,2,...,q) withn, = np, = --- = n,, and set
ni= 3L nj, ngry =0, Fori=1,2,...,n define
Ni=#j€{l,2,...,q} :n; =i} = max{j €{1,2, ...,q} 1 n; = i}.

Then Ny = Ny = --- = N,, and
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i) YL, Ni=n;
G) N;>1G=1,2,...om) Ni=1(G=m+Lns+2,....m);
i) #i €{1,2, ....m}:Ni=j}=n—np1 (=1,2,...,9);
(iv) m=#i€{1,2,....,m}:N;=j} = max{i €{1,2, ... ,n;} : N; = j}
(G=12,..,9.

Proof. Claims (i), (i), (iii) follow from the definition of N;, and claim (iv) from (iii). U

THEOREM 2.7. Let Ay be the set of all Neumann eigenvalues A+ of (N1), Ay >0, A, =
=M\ (k> 0), and Ap the set of all Dirichlet eigenvalues {+j of (D1), { >0, {—p = — &
(k > 0) (see Notation 2.1 (1) and (2)), both counted with multiplicities. Denote by rp the
number of distinct positive Dirichlet eigenvalues, by p*(D) = (pf(D))fQ1 the vector of their
multiplicities in decreasing order, and by N; the number of edges for which the number of
massesis =j(j=1,2,....,m), i.e. N;:=#{j €{1,2, ...,q} : nj = i}. Then
0<AN<G=-=X=2<A, ifM>0,
o<M<f=..=X=2 if M =0

(2) Gi-1 = A if and only if e = §i;
(3) (N1, Na, ... ,Ny) > (i(D), p5(D), ....pk, (D).

ey

Proof. The first two claims (1) and (2) were proved in [21, Thm. 2.5]. In order to prove
(3), we first note that all entries in the vectors in (3) are non-zero and n; = rp by Remark 2.2.

The maximal multiplicity of a Dirichlet eigenvalue is equal to the number g of strings,
which is in turn equal to N; (the number of strings carrying at least 1 mass), i.e.
pll (D)y=gqg=N,. If pl1 (D) = ¢ is maximal, then in order to achieve the next highest
multiplicity plz(D) there are only Dirichlet eigenvalues left on edges with at least 2 masses,
i.e. plz(D) = N, so that altogether pl1 (D) +p12(D) =g+ N, = N; + Ny; in the general
case pl1 (D) = g, in order to achieve the multiplicity plz(D) there are only those Dirichlet
eigenvalues left on edges with one mass that have not contributed to the highest
multiplicity pll(D) and on edges with at least 2 masses, i.e. plz(D) =N, — pll(D)) + N,
and hence

PLD) + ph(D) = Ny + N».

Inductively, the same reasoning yields that
SAD)=D N, t=1,2,...,m 1L (2.10)
i=1 i=1

The total number of Dirichlet eigenvalues counted with multiplicities is n, see (2.8).
Together with Lemma 2.6 (i), this implies

ipﬁ(D) =n= HZ]N,-. 2.11)
i=1 i=1

Now (3) follows from the inequalities (2.10) and the equality (2.11). O
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The following properties of the Dirichlet and Neumann eigenvalues and their
multiplicities, which follow from Theorem 2.7, will be used throughout the paper.

Note that the last item below is the well-known property that the maximal multiplicity
of a Dirichlet eigenvalue and a Neumann eigenvalue is g and ¢ — 1, respectively (see [21,
Thm. 2.5 iii)].

PROPOSITION 2.8.

1) If we set

kn(l) ;== #{M € Ay N (0, 00) : Ay has multiplicityl} (1=1,2,...,q— 1),
kp(l) = #{& € Ap N (0,00) : & has multiplicityly  (1=1,2,...,q),
(2.12)

and rp denotes the number of distinct positive Dirichlet eigenvalues, then

KD(2)+}’D+1 lfM>O
”m:{@®+m i M =0,
ky()=kp(l+1) (=23, ....,9—1).

(1) If ry denotes the number of distinct positive Neumann eigenvalues and 7p the
number of positive Dirichlet eigenvalues with multiplicity greater than one, then

rp+7p+1 lf M >0,
= ) 2.13
=X r i M=o, (2.13)
and
1 \
(D) PAN) + 1 PLN) Pi(N)
PN+ 1 pt,(N)
= - =
Py V) Phyit()
w—1, M=0,
: : : - { v, M=0;
p},“ (D) ,!Jl,n (N) .f’i,, (N)
1
: P}'n l-'Fn(N)

(2.14)
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(iii)
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(N1.Na,....Nw) > (P (N), 5N, ..oph, (N)), M >0,
(N1.N2,...,Nu) > (Y N) SN, .oph (N)), M =0

(IV) P](D)SQ(I: 1727 "'7rD)r P](N)Sq_ 1(1: 1727 ...7}"]\]).

Proof.
®

(ii)

(iii)
(iv)

By Theorem 2.7 (1) and (2), the only two possibilities for a simple Neumann
eigenvalue A, with k € {2, ...,n} to appear is either strictly between two
Dirichlet eigenvalues or coinciding with a double Dirichlet eigenvalue, i.e.

-1 <M <& or Mt < Q1 = M= G < M-t

in any case there appears the simple eigenvalue A; and, if M > 0, the simple
eigenvalue A, ;. This shows that ky(1) = rp + kp(2) + 1 if M > 0 and ky(1) =
rp 4+ kp(2) if M = 0.

If A is an eigenvalue of multiplicity equal to/ = 2, then k # 1 and, if M > 0,
also k #n+1 and there exists a ko € {2, ...,n — [} such that ky = k and

Mep—1 < Ay = Mgl = =+ = Aggqi—1 < Agy4s. Then Theorem 2.7 (1) and (2)
show that
Mo—1 < ry—1 = Mg = Ly = Mgl =+ = Loti—2 = Mgti—1 = Srgri—1 < Akt

Hence to each Neumann eigenvalue of multiplicity / = 2 there corresponds a
Dirichlet eigenvalue of multiplicity /4 1, and the same holds vice versa.
Using the above relations for ky(/) we find, e.g. for M > 0,

q—1 q—1 q
=Y kv =kp@) +rp+1+Y kpl+1)=rp+1+> rp(d)
=1 =2 =2

=rD+7D+1;

for M = 0, one only has to omit 41 from the second equality on. In order to
prove (2 14), we note that Theorem 2.7 (2) yields that for the vectors (pl(D)) Juy
(p]l(N )) of Dirichlet and Neumann multiplicities ordered decreasmgly, we have

pD)> 1, pMM)=p@) —1 (=12 ....7), 2.15)

piD) =1, pj(N) = p;D) G=Fp+1,...op).  (216)

This implies the first and the last equality in (2.14) if we note (2.13). The
majorization property claimed in (2.14) is obvious from Definition 2.3 since the
number of components where +1 is added on the left hand side is equal to 7p and
coincides with the number of new components 1 added on the right hand side.
The claim is immediate from Theorem 2.7 (3) and from (2.14) since the
majorization property is transmve

It suffices to prove that p; (D) =4q,p 1(N) = g — 1. The first claim follows from
the first inequality N| = pl(D) of the majorization property (3) in Theorem 2.7
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since N; = g by definition. Together with (2.15), (2.16) and the assumption that
g = 2 we obtain
D) —1=g—1 ifip=1,

PLN) = O

pPD)=1=g—1 if 7p=0.

In the following we consider the properties of the set of Neumann eigenvalues alone.
Here we distinguish the case when there is a mass at the central vertex, i.e. M > 0, and
when there is no mass there, i.e. M = 0.

The effect of this central mass is that it adds the simple eigenvalues * A, and, viewed
as functions of M, the Neumann eigenvalues *\;(M) tend monotonically to the
Dirichlet eigenvalues *{;—; as M grows; more precisely, with A,41(0) := oo, we have that
MM G-y (k=2,3,...,n+ 1) and A{(M) >0 for M — oo (see [21, Prop. 2.8]).

THEOREM 2.9. Let Ay be the set of all Neumann eigenvalues A+ of (N1), Ay >0,
Ay = — A (k > 0), counted with multiplicities (see Notation 2.1 (1)). Denote by ry the
number of distinct positive Neumann eigenvalues Ay, by (Pi(N))X, the vector of their
multiplicities, and by pY(N) = (pf(N))fi1 the corresponding vector of multiplicities in
decreasing order. If M > 0, then

M o<A<B=MN=.=X2 =<
@) if piN) > 1, then pisy(N) = pisa(N) =1 (=2, ...,ry = 1);

(3) N1 = 1,N2 =1, ..., N,y = 1} > {piV), ps(N), ..., ph ()}
If M = 0, then

1) 0<XN<XB=X=s...=X2,=X2 =\

n—1 — ‘w
2" ifpiN) > 1, thenp;—((N) = piys(N) =1 (i =2, ...,ry — 1), and if p,,(N) > 1,
then p—1(N) = 1;

(3 N1 = 1,N2 =1, ..., N, = 1} > {piV), ps(N), ... pt ., (N)).

The following are necessary conditions for assumptions (1), (2), and (3) that are easy to
check.

Remark 2.10. For M > 0, claims (1) and (2) imply
(4)  the number of simple Neumann eigenvalues is at least [ry/2] + 1,
(5) the number of simple Neumann eigenvalues is at least n; + 1,
while (3) implies
©6) rn=n+n+1.
For M = 0, claims (1) and (2) imply
4"y the number of simple Neumann eigenvalues is at least [(ry + 1)/2],
(5")  the number of simple Neumann eigenvalues is at least ny,
while (3') implies
©) ry=n;+ns.
Note that conditions (4) and (5) are not comparable and analogously for (4') and (5).

Proof. Let M > 0; the proofs for M = 0 are analogous. Claim (4) follows immediately
from (2).
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In Proposition 2.8. (i) we showed that (1) and (2) imply that the number of simple
Neumann eigenvalues satisfies ky(1) = rp + 1; on the other hand, rp = n; by Remark 2.2
(@i1). Thus ky(1) = n; + 1 which is Claim (5).

Claim (6) is a consequence of the majorization property (3). Indeed, by Remark 2.4,
the number of non-zero entries in majorizing vector {N; — 1,N, — 1, ..., N,, — 1} isless
than or equal to the number of non-zero entries in the majorized vector
{pl1 (N),plz(N), . ,perfnlfl(N)}. Since the number of the former is equal to n, by
Lemma 2.6 (ii) and the number of the latter is trivially less than or equal to the number
ry —n; — 1 of entries of the majorized vector, we obtain n, = ry —n; — 1. O

Proof of Theorem 2.9. Claims (1) and (1’) are immediate from Theorem 2.7 (1).
Claims (2) and (2') follow from Theorem 2.7 (2) (see [21, Cor. 2.6]).

For the proof of (3) we use that by Proposition 2.8 (iii) and Remark 2.10 (5), which
follows by (1) and (2), we have

(N1, N2y oo s No) > (YN, PSN), ool (D)
= Y N), 5N, . oph (N), 1, D),
——

n

and hence, if we subtract 1 in the n; components on the left and in the last n; components
on the right and note that N; = pt(D) = p{(N) + 1 by (2.10), (2.14),

(N1 = LN, = 1, ...,Nyy = D > @A), pS(N), ..,ph 0 (N),0, ..., 0),

np

which proves (3). The proof of (3') is analogous. U

3. Inverse problem

In this section we consider the problem of recovering the sequences {m,(cj)} of masses

. n;
on each edge, the lengths {l;’)}kj o of subintervals between them, and the central mass

M = 0. Given are the Neumann and Dirichlet spectra {A;} and {{;} on the whole star
graph, the total lengths /; of the strings, and also the numbers of masses #; on the j-th string.

In [17] trees with M = 0 at the root were considered in the case where not just the
numbers n; were given, but also the distribution of the Dirichlet eigenvalues onto the ¢
edges. For trees that are stars with root at the central vertex, the following result is an
immediate corollary of [17, Thm. 3.3].

ProrosITION 3.1 ([17]). Let g E N, g = 2, {lj}?:1 C (0,0), n € N. Suppose a sequence
Ay :={As}}., and q sequences AE')’) = {V(i’)K} ' with {nj};lzl CN,

n=ny=---=n, are given such that A >0, A=—-N (k=1,2,...,n),
W = =) 0 <) < Vfdj) for k<K (k,K =12, ....n, j=1,2, ...,q), and
qu:lnj = n. Assume further that the sets Ay and Ap = {{+i}i_, = quzlAg) satisfy

the conditions

(1) O<A%S§%§...§Ai§§i;
2) M = G-y if and only if Ay = .
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Then there exist a collection of masses { U)} _and lengths {l(j)} G=12,....9
with Zkfzolfcj) = I; such that the correspondlng spectral problems (Nl) and (D1) with
M =0 have the sets Ay ={A=};_, and Ap = U;-IZIAE{) as Neumann and Dirichlet

eigenvalues.

Proof. The claim follows from [17, Thm. 3.3] in the special case when the subtrees T
consist only of edge number j with corresponding length L;; = [; forj = 1,2, ...,q. U

Remark 3.2. It was shown in [1, Thm. 3.2] that if all A are simple, then the solution of the
above inverse problem is unique. We remark that uniqueness is lost as soon as one \j is
not simple.

THEOREM 3.3. Let q eN, ¢g=2 {] }q C (0,00), n € N. Suppose that sequences

Ay = { e Vi, Ap i={Ler )], are given such that A, { > 0, Ay = =N, Lk = — &
fork >0, and let {nj L CN,ny =ny =--- = ny, with ijlnj = n. Define N; := #{j €
{1,2,...,9} :n; = z} (l =1,2,...,n1), denote by rp the number of distinct
posmve elements in Ap, by pk(D) their multiplicities (k=1,2,...,rp), and let

(pfc(D)),r:;1 be the corresponding vector of multiplicities in decreasing order. Then the
conditions

MHo<MN<Z=...=X2=2<X
(2) &1 = M if and only if A = &
() (N1,Na, ..., Nyy) > (ph(D). p5(D), ..., pL (D));
are necessary and sufficient such that there exist a collection of (positive) masses
{m}cj)}:j:l, a mass M > 0, and lengths {lij)}:j:o G=12,...,9) with ZZ’:OZ? = [; such
that the spectral problems (N1) and (D1) on the corresponding star graph have the sets Ay

and Ap as Neumann and Dirichlet eigenvalues.
If the sequence Ay is of the form Ay = {A~x};_, and (1) is replaced by

(1) 0<X<P=-.=R=g

n’

n+17

then the above continues to hold with M = Q.

Proof. First we show that it is possible to divide the elements of the set {{;};_, into g
groups {1/} forj=1,2,...,q such that

q
Ao =1l = U {0} 3.1)

J=1

with ) = =10 and 0 < ¥ < vg) for 0 < k < K. To this end, denote by 7p the
number of multiple positive elements in Ap.

For the choice of the first group of n; elements we note that all entries in the vectors in
(3) are non-zero and hence the majorization property (3) implies that n; = rp. Thus
we can choose n; elements such that the first element has multiplicity pl(D) in AD, the
second element has multiplicity pz(D) up to the 7p-th element having multiplicity pr (D)
in Ap, and n; —7p elements of multiplicity 1 from the tail of the vector
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(pl1 (D),[J%(D), e per (D)). We denote the n; selected elements, arranged in increasing
order, by {V(Kl)}zlz |- Again by assumption (3), we conclude that

(Nt —L,Ny—1,...,N,, — 1)
> D) =1, ...,p (D)= 1,pt (D), ....p\ (D)) (3.2)
=@EiD)—1,....p,, (D)= 1,1,..., 1.

For the choice of the second group of n, elements we note that the number of non-zero
entries of the majorizing vector in (3.2) is np by Lemma 2.6 (ii) and hence the majorization
property (3.2) implies that n, =< rp — n; + 7p (see Rernark 2.4). Thus we can choose nz
elements such that the first element has mu1t1p11c1ty pl(D) —1in AD\{ 1)}k >
second element has multiple multiplicity p2 (D) — 1 etc. as for the first group. We denote
the n, selected elements, arranged in increasing order, by { ¥} .

Due to the majorization assumption (3), together with the property that n; = #{i €
{1,2,...,n1} : N; = j} by Lemma 2.6 (iv) and with Z _, nj = n, we may continue like
this to obtain g groups of elements {IJS{)}K:1 (G=1,2,...,9) such that (3.1) holds.

In the case where Ay = {A+¢}}_,, we can now apply Proposition 3.1 to finish the proof

in the case M = 0. In the case where Ay = {A+ }ZI} , we can use the chosen decomposition
(3.1)as[21,(2.24)] in the proof of [21, Thm. 2.5] to prove the claim in the case M > 0. [J

In the next theorem we derive sufficient conditions for one sequence of numbers to be
the Neumann eigenvalues of a star graph of Stieltjes strings.

THEOREM 3.4. Let geN, g=2, {l} C (0,0), n € N. Suppose that a vequence
Ay = {/\+k}k |, is given such that Ay . O Ay = —)\k for k>0, and let {nj , CN,
nmo=ny=--=mn, with YL nj=n Define N;:=#jeE{l,2, ..,q} nj>l}
(i=1,2,...,m). Denote by ry the number of distinct posmve elements in the sequence
{)\k}zg, by (p,(N))lrﬁ1 the vector of their multiplicities, and by pl(N) (pf(N))lri1 the
corresponding vector of multiplicities in decreasing order. Then the conditions

Mo<X<N=X=..=2,=2<\,;
() if piN) > 1, then pi-\(N) = pipa(N) =1 (=2, ...,ry — 1);
3) {N = LN = 1N = 1) P, ...,per_nl_l(N)}’.

are necessary and sufficient such that there exist a collection of (positive) masses
) 1 Y . .
{m;{j)}kj , amass M > 0, and lengths {lﬁcj)}kj . G=1,2,...,q) with ZZ’:OZ? = l; such
=1 =

that the spectral problem (N1) on the corresponding star graph has the set Ay as
Neumann eigenvalues.

If the sequence Ay is of the form Ay = {A=};_, and the conditions (1)—(3) are
replaced by the conditions (1')—(3") in Theorem 2.9, then the above continues to hold with
central mass M = 0.

Remark 3.5. For M > 0, necessary conditions for (1) and (2) are

(4)  the number of simple positive elements in Ay is at least [ry/2] + 1,
(5) the number of simple positive elements in Ay is at least ny + 1;

while a necessary condition for (3) is

©®) ryn=n+n+1;
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for M = 0, necessary conditions for (1') and (2') are (4) and (5') in Remark 2.10, while a
necessary condition for (3') is (6') in Remark 2.10.
Note that conditions (4) and (5) are not comparable and analogously for (4") and (5").

Proof. The necessity of (4), (5), (6) and of (4'), (5'), (6'), respectively, follows in the same
way as in the proof of Remark 2.10. O

Proof of Theorem 3.4. In the following we will show that the assumptions above ensure
the existence of a sequence Ap := {{ik}Z:l, G >0, {_p = —{ for k > 0, such that the
two sequences Ay and Ap satisfy the assumptions of Theorem 3.3. To this end, in the case
M = 0, we set A,y := o for convenience.

Following condition (2), we choose {{k}zzl, as follows: If k € {1,2, ...,n} and
A < M1 are two positive elements of Ay of multiplicity 1, then we choose ¢ strictly in
between, i.e. { € (Ag, Agr1), with multiplicity 1; if one of Ax, Ag4; is multiple, say
Nt = =+ = Mgy ) with multiplicity p;,(N) = 2 for some jo € {1,2, ..., ry} (whence
k <mn), then we choose === §k+p/.0(N) = M+1  with multiplicity
Pj,(N) +1 = 3. Note that, for this particular choice, there are no elements in {§¢k}Z:1
with multiplicity 2.

If we define the numbers ky(/), kp(l) as in (2.12), then kp(2) = O for the above choice
of Ap = {{+«}}_,. Hence, if 7y denotes the number of multiple positive elements in Ay,
then

rp+1 if M >0,

p if M=0; 63

FN—7N=KN(1)={

here, for the case M > 0, we have to observe that the additional element A, is always
simple due to the last strict inequality in (1).

If we use claim (5) already proved and add +1 in the n; components of the majorizing
vector (N — 1,N, — 1, ...,N,, — 1) in condition (3) and, on the right hand side, add +1
in the first 7y components and n; — 7y new components 1, we conclude that, for M > 0,

ny—ry

| ! | ! ’ Y.
(Niy ooy Np) > (0N + 1 pr (N Lps, ((N) Py (N, 1 D5 (34

note that this is possible since ry — iy =n; + 1, i.e. ry —n; — 1 =7y, by (5). For
M = 0, according to (5'), the group of unchanged elements in the middle of the vector on
the right hand side of (3.4) needs to be replaced by pl;NJrl (N), ... ,pﬁN_nl (N). By (3.3), the
number of components on the right hand side is equal to ry —ny — 1+ (ny — #y) =
ryn—1—7=rp for M>0 and equal to ry —ny+ (n —7y)=ry — iy =rp for
M = 0. Moreover, by the definition of 7y as the number of multiple positive elements of
Ay, we have

PLN) > 1, phD)y=pi(N)+1 (k=1,2,...,Fy),
PAN) =1, piD)=piN)=1 (k=Fyv+1,....,ry —ny),

puD) =1 k=ry—n +1,....rp).
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This shows that the majorized vector on the right hand side of (3.4) is, in fact, equal to
(Pi1(D), ...,prp(D)) and hence

(N1, ... ,Nu) > (p1(D), ..., pry(D)).

Thus we have shown that the sequences Ay and Ap satisfy all assumptions of Theorem 3.3
which yields the claim. ]

Remark 3.6. Theorem 3.4 is related to [13, Thm. 9] about possible eigenvalue multiplicities
of star-patterned matrices as follows.

Our sets {)\i}Z:: in case of M > 0 and {’\1%}::1 in case M = 0 are the spectrum of the
generalized eigenvalue problem

Lx = AMx (3.5

where the mass matrix M is the (n + 1) X (n + 1) diagonal matrix

T 1 1 1 2 2) 2) ()] (q)
M.—dlag(M,m(),m() ...,m(l),m() m' ,m(l ,...,mfl‘l’i),mnzfl,...,mlq>

n n—1 ny "y —10

and the stiffness matrix L is the star-patterned (n + 1) X (n + 1) block matrix

.1
Zﬁ_ﬂ%o ...... 0[—-4 0 -onn ol «oenn _1(%0 ...... 0

— / n i ng
=1

1
I

gl
0

S

inwhich the blocks L1, L,, ..., L, are the stiffness matrices of the q individual strings, i.e.
L; is the n; X n; matrix
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1 1 _ 1
nj i1 =1
__1 1 1 _ 1
l(f) l(j) + l(j) [(.f) 0 0
71/'*] nj*Z nj*l n]*Z
_ 1 1 1 _ 1
0 1D /9D + 1D 19D
nj—z ;x/-73 )lj*Z nj*S
L =
0
0 - +4 -
99 l(l/) /D
1
0 0 0 9 f + /9
1

forj=1,2,...,q. Note that for M > O the eigenvalue problem (3.5) is equivalent to the

spectral problem for the star-patterned matrix MTYV2LMTV2. For details we refer the
reader to (21, Sect. 4].

While Theorem 3.4 provides necessary and sufficient conditions for a sequence

{A%}Z:, counted with multiplicities, to be the eigenvalues of a star-patterned matrix
ML MTV2 13, Thim. 9] provides necessary and sufficient conditions on a vector
(Pi(N))X, of integers to be the vector of multiplicities of eigenvalues of a star-patterned
matrix. Moreover, our method allows to construct the matrices M and L explicitly if a set
of lengths {1;} 1 is given (see Example 4.2 below).

The correspondence of the conditions on the multiplicities is as follows. Condition (3)
in Theorem 3.4 is condition (d) in [13, Thm. 9]. Condition (6) in Remark 3.5 is condition
(@) in [13, Thm. 9] (that (a) is not really needed was already mentioned in [13, Rem. on
p. 19]). Condition (4) in Remark 3.5 is condition (c) in [13, Thm. 9]. Condition (b) in [13,
Thm. 9] is automatically satisfied since we require the number of given /\ﬁ counted with
multiplicities to be equal to n+ 1 (note the different definition of n in [13, Thm. 9]).
Condition (5) in Remark 3.5 is mentioned in [13, Rem. on p. 19].

4. Examples

In this section we show how the necessary conditions in Theorem 3.3 may be conveniently
used to decide whether two sequences of numbers can be the Neumann and Dirichlet
spectra of a star graph of Stieltjes strings. The same applies for Theorem 3.4 with just one
sequence being the Neumann spectrum.

Example 4.1.
(a) Given g =5, n :4,1512 =3,n3=2,n4, =ns =1, and hence n = Zilrzj =11.
The sequence {+\;},_, given by
N=1, 3=2 M=\N=A=3 A=4
2 _ 232 32 2 _ 2 _
A=5 R=A=A =24, =6, A, =7,
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(b)
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satisfies conditions (1), (2) of Theorem 3.4. However, it cannot be the sequence of
Neumann eigenvalues of a star graph of 5 Stieltjes strings of any lengths and any
central mass M > 0 with the above numbers of masses on the strings. This follows
since the number ry of distinct elements in this sequence is

v=1<8=n+n+1

and hence the necessary condition (6) in Remark 3.5 for the majorization condition
(3) in Theorem 3.4 is not satisfied.

Given g =17, n; =5, n, =4, n3 =3, ny = 2, ns = ng = n; = 1. The sequence
{ZA, given by

N=1, B=A=N=AN=X=M=2 A}=3
2 __\2 2 2 __ 2 _ 2 _ 2 _ 2 _ 2 _
)‘9_)‘10_/\11_)‘12_47 )‘13_5’ )‘14_6’ /\15_7’ )‘16_87 /\17_97

satisfies conditions (1), (2) of Theorem 3.4, and also the necessary condition (6') in
Remark 3.5 because

rN=9=n1+n2.

However, it cannot be the sequence of Neumann eigenvalues of a star graph of
Stieltjes strings of 7 strings of any lengths and central mass M = 0 with the above
numbers of masses on the strings. This follows since

]V]:7,1\72:4,]\]3:3,1\]4:2,]\75:17

PN) =6, py(N) =4, pi(N) =1, j=3,4,....,9,
and hence
(N] - laNZ - laN3 - 17N4 - laNS - 1) = (6a3a2a1a0) * (6a4a1a1)

= (p}(N), p5(N), p(N), ph(N))

because 6+ 3 % 6 +4. Thus the necessary majorization condition (3') in
Theorem 3.4 is not satisfied.

Example 4.2. Given g =3,n =3, mpy=n3=2,1; =12, =13 = 1, and

5
X=3-+5 =1, N=5 6=N=0=N4=§4=4 @D

N=3+5 C=N=2=X2==6. 4.2)

Then n = 7 and

N1:3, ]\72:37 N3:1, rD=3, }"NZS.

The sequences {i)\k}z:l and {igk}Z:] are interlacing as required in assumption (1’) of
Theorem 2.9. Since every other Neumann eigenvalue is simple, also assumption (2') of
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Theorem 2.9 is satisfied. Further,

'N
Zp}(N)=2+2+1+1+1=7:n,
i=1

which is assumption (3') of Theorem 2.9. Finally,

(N1,N2,N3) = (3,3,1) > (3,3, 1) = (0 (D), p5(D), p(D)),

(N1 — 1,N2 — 1,N3 — 1) = (2,2,0) > (2,2) = (p}(N), p5(N)).

The last relation shows that the majorization assumption (3') of Theorem 2.9 holds.

Hence, by Theorem 3.3, there exists a star graph of Stieltjes strings with the above
numbers of masses on each string and lengths of strings and with central mass M = 0 such
that the sequences {i/\k}zzl, {ig’k}zzl are the corresponding Dirichlet and Neumann
eigenvalues.

In fact, the solution of this inverse problem can be calculated explicitly using the
constructive proof of [21, Thm. 2.9] in the case M = 0; note that the latter is immediate
from the fact that there are n = 7 elements in both given sequences. Sticking to the
notation in [21, Sect. 2], we have

bva@) _ (=1
bp3(2) (Z I

(1 —2)(1 — z/4)(1 — z/6)
1 1 2 2
2-2z 4—z 6-27z 2-27/2 2-27/3
1 5 7
2-2z 4-z 6-2
) V@ Y@
¢ @ ¢ by

_ < I 1) (1—2/B = V51 —z/(5/2)( = z/B ++/5))
AP
1

=5

with

Ve 1 1

D) 2-2z 4-z 6-2
Vo ] 1

o@) | 2-2z2 2-2z/3

=2,3.

The following continued fraction expansions were computed with Maple and may be
readily verified:



400 V. Pivovarchik and C. Tretter

O Dirichlet condition

mD D)

1 1 1 1
1§V 1M 1§V i

X Neumann condition

Figure 1. Star graph of Stieltjes strings solving the inverse problem in Ex. 4.2.

¢$)(z)_<1_ I 1>1
V) 2-2z 4-z 6-2

1
= 1+— 1 ,
T3¢t I
17T 289 I
“ga0° T 1176 T
391 T 59 1
~4200° T 150
23
(2) ( 1 1 )1
Pl (o - -
0 (z) 2—-z/2 2-2z/3
:%Jr ! 1 . i=2,3
“5it33 I
a4t 1
20 * a7

Therefore the star graph with central mass M = O consisting of 3 strings with masses and
lengths of intervals between given by

25 1176 150 2 289 529
Wy = m_ [ — m_2  m_ m_

o T h T T3 B Tz T T Ty T 00
125 4 43

o_1 o_2 w_1 o _* 0 _ — 9
=7 h=5p =5 m =5 m =35 i=23

(see Figure 1) has the sequences {i/\k},zzl and {i§k}Z:1 given by (4.1) as Neumann and
Dirichlet eigenvalues.

Remark 4.3. We remark that the constructive procedure in [21, Thm. 2.9] used above for
the case M = 0 also applies in the case M > 0.
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