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Abstract

Output feedback control design techniques are required in practice due to the limited
number of sensors/measurements available for feedback. This thesis focuses on output
feedback controller design techniques for nonlinear systems subject to different system
restrictions.

The problem of controlling the heart dynamics in a real time manner is formulated
as an adaptive learning output-tracking problem. For a class of nonlinear dynamic
systems with unknown nonlinearities and non-affine control input , a Lyapunov-based
technique is used to develop a control law. An adaptive learning algorithm is exploited
that guarantees the stability of the closed-loop system and convergence of the out-
put tracking error to an adjustable neighborhood of the origin. In addition, good
approximation of the unknown nonlinearities is also achieved by incorporating a per-
sistent exciting signal in the parameter update law. The effectiveness of the proposed
method is demonstrated by an application to a cardiac conduction system modelled
by two coupled driven oscillators.

An output feedback design technique is developed to achieve semi-global practical
stabilization for a class of non-minimum phase nonlinear systems, subject to param-
eter uncertainties. This work provides a constructive controller design method for an
auxiliary system, whose existence is crucial, but is only assumed in (Isidori, 2000).
The control design technique is used to regulate the benchmark van de Vusse reactor.
Simulation results demonstrate satisfactory controller performance.

The output feedback control design for a class of non-minimum phase nonlinear
systems with unknown nonlinearities is studied. The proposed approach is able to
combine the two previous design methods and provide a stabilizing output feedback
control law. The performance of the proposed method is demonstrated by simulation

results.
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Chapter 1

Introduction

1.1 Overview of Problem

In practice, feedback control design implementations are subject to many physical
restrictions. One of the common limitations is the lack of measurement availability.
For example, a valve position potentiometer may not be available due to hardware
interface limitation or component weight consideration; a temperature sensor may
not be available for feedback control due to location constraints, etc. For systems
with imperfect state measurements, output feedback control design techniques are
then required to solve the stabilization or tracking problem, where estimates of the
unmeasured states are used in the feedback control design.

When applying output feedback control designs, the so-called minimum-phase
property of the dynamic system is highly desirable. Broadly speaking, this property
qualifies a class of systems with stable zero-dynamics. If a given system is minimum-
phase, an output feedback control design can be constructed in principle without
any concern for the stability of the zero dynamics outside of the input-output path.
However, non-minimum phase (or inverse response) systems are very common in

chemical engineering. Examples are chemical processes with recirculation; liquid level



of a distillation column reacting to any increase of steam pressure of the reboiler;
chemical reactors (with exothermic reaction) whose temperatures are controlled by
the flow of cold inlet streams, etc. The design of an output feedback controller for
non-minimum phase nonlinear systems remains a challenging problem.

Another limitation that real-life control systems often imposes on control design
is the lack of knowledge of a given system. For example, heart dynamics are so com-
plicated in nature that it is very difficult to extract models of the heart dynamics to
describe all the different types of arrhythmias. For systems with unknown nonlineari-
ties, dynamic estimation of the missing system information are required to cancel the
effect of the unknown terms as much as possible, so that the overall stability of the

closed loop system can be maintained.

1.2 Overview of Thesis

This thesis is structured as follows, Chapter 2 reviews the existing results on output
feedback and adaptive control design. Chapter 3 presents a design solution to systems
with unknown nonlinearities, with a heart dynamic control application. Chapter 4
proposes an output feedback control design technique for a type of nonlinear non-
minimum phase system, and the performance of the design is demonstrated by the
van de Vusse reactor. Chapter 5 proposes an output feedback control design method
for systems with both non-minimum phase behavior and unknown nonlinearities;

Chapter 6 provides the conclusion and recommendations for future research work.



Chapter 2

Literature Review

2.1 Introduction

In this chapter, research work on output feedback control of nonlinear non-minimum
phase systems are reviewed. In addition, a historical development review in adaptive

control and neural network control are also presented.

2.2 Output Feedback Control Of Non-minimum
Phase Systems

For linear systems with unstable zero dynamics, the systems are usually factored into
minimum-phase and nonminimum-phase part, with the minimum-phase part inverted

for controller design.

2.2.1 Output Feedback Stabilization of Nonlinear Non-minimum

Phase Systems

For nonlinear systems, even in the SISO case, such decomposition is still an extremely

difficult problem. For a special class of second order SISO nonlinear system, a de-



composition was achieved in (Kravaris and Daoutidis, 1990) with an Integral Square
Error (ISE)-optimal control law. Factorization for higher order nonlinear systems was
proposed in (Ball and van der Schaft, 1996).

However, these approaches were only applicable to a limited class of nonlinear
systems. More general and systematic control designs are reviewed in the following
section, which cover the research area of output feedback stabilization and output
feedback tracking of nonlinear nonminimum-phase systems.

A non-minimum phase compensation structure was developed in (Wright and
Kravaris, 1992), based on a synthetic output, which was minimum phase and stat-
ically equivalent to the original output. The synthetic output was chosen in an
ISE-optimization formulation (Wright and Kravaris, 1992), which led to analytical
results only for a limited class of nonlinear systems. Reduced order output feedback
controller realizations, arising from this nonlinear nonminimum phase compensation
structure, were derived in (Kravaris et al., 1994), and was interpreted in the context of
the model-state feedback structure. In (Kravaris et al., 1997), a particular synthetic
output with prescribed zeros was then selected in a systematic way. This approach
was extended to multivariable nonlinear systems in (Niemiec and Kravaris, 2003).

In (Kanter et al., 2001) and (Kanter et al., 2002), the authors introduced a p-
inverse (long-prediction-horizon) control law for nonlinear SISO (MIMO, respectively)
non-minimum phase systems. It was shown that the proposed input-output linearizing
controllers can place the eigenvalues of the closed-loop jacobian at the eigenvalues of
the open-loop jacobian, both evaluated at the nominal equilibrium.

The drawback of the aforementioned approaches is that they are restricted to
open-loop stable nonlinear systems. A continuous-time moving horizon state feedback
control design was developed in (Panjapornpon et al., 2003), able to handle open-loop
unstable nonminimum phase nonlinear systems.

In (Isidori, 2000), a semi-global practical stabilization design tool was proposed



for a general class of uncertain non-minimum phase nonlinear systems. This method
takes advantage of the zero dynamics terms appearing in .., the rth derivative of the
output y, where r is the relative order of the input output. A stabilization scheme
is used to make this term available, in a certain sense, for feedback purposes. The
author referred to this approach as a method for unlocking the zero dynamics. Semi-
global stabilization was achieved by a high-gain parameter in the feedback law that
corresponds to the magnitude of the initial condition.

This approach was based on the assumption of global stabilizability of an aux-
tliary system. It was shown that this assumption was not restrictive. In fact, the
authors pointed out that the assumption in question essentially identified a class of
nonlinear systems that were semi-globally stabilizable by means of a feedback driven
by functions that are “uniformly completely observable” (UCO) in the sense of (Teel
and Praly, 1995).

In (Ilchmann and Isidori, 2002), an adaptive dynamic output feedback stabiliza-
tion tool was proposed, for a class of polynomially bounded nonlinear systems. The
high-gain result in (Isidori, 2000) was extended by considering the adaptation of the
gain parameter as a time varying scalar function, which depended on the magnitude
of the output and a quantity of the dynamic feedback compensator. The adapta-
tion law used was a time-varying gain driven by an integration in the linear case,
and in the nonlinear case an integration coupled with a dead-zone. This adaptive
modification overcame the semi-global stabilization limitation, and yielded a global
result. In addition, it improved the results of practical stabilzation in (Isidori, 2000)
by guaranteeing that the output y(¢) tends to any prespecified strip [0, A], A > 0.

The regulation problem of a non-minimum phase outputs was solved in (Sira-
Ramirez and Fliess, 1998), by using the differential parameterization provided by the
system’s flatness property. Roughly speaking, a system is flat if one can find a set

of outputs (equal in number to the number of inputs) such that all states and inputs



can be determined from these outputs without integration. It was shown in (Sira-
Ramirez and Fliess, 1998) that, the flat outputs were able to transform the original
non-minimum phase system into a minimum phase one by eliminating the unstable
zero dynamics. The drawback of this approach is that, no constructive approach has
been established to search for the flat outputs for a given nonlinear system.

It was shown in (Marino and Tomei, 2005) that, for a nonlinear non-minimum
phase system, if the system is minimum phase with respect to a linear combination
of its state variables, and if the system is in output feedback form, then this system
can be globally exponentially stabilized by a dynamic output feedback controller.

All of the aforementioned approaches were focused on finding an alternative out-
puts, with respect to which, the original non-minimum system became minimum
phase.

For nonlinear systems in ”lower triangular form” or ”strict normal form”, whose
zero dynamics only depend on the zero dynamics states and the output of the non-
linear system, design approaches that utilize the input-to-state stable (ISS) condition
were presented in the literature. Assuming the zero-dynamics is ISS, it was shown in
(Andrieu and Praly, 2005) that a global stabilizing dynamic output feedback control
could be constructed using standard backstepping technique, together with a reduced
order observer. In (Karagiannis et al., 2005), the ISS condition was imposed on both
zero-dynamics sub-system and the observer dynamics sub-system. The stabilization
of the interconnection of the two sub-systems was achieved by satisfying the small-
gain condition, with the controller constructed by backstepping technique.

A more unified approach was presented in (Andrieu and Praly, 2008), which re-
covered and extended the results in (Andrieu and Praly, 2005) and (Karagiannis
et al., 2005). The unified approach assumed the knowledge of an observer and, de-
pending on its property, various control laws were designed. Each of the control design

approach required different stabilizability assumption on the inverse dynamics, and



utilized backstepping design techniques.

2.2.2 Output Feedback Tracking of Nonlinear Non-minimum

Phase Systems

There are two major approaches available in the literature for output feedback track-
ing of nonlinear non-minimum phase systems. The first approach was proposed in
(Devasia et al., 1996) (for time-invariant case) and (Devasia and Paden, 1994) (for
time-variant case), and further modified in (Tomlin and Sastry, 1998) for singulary
perturbed systems. The stabilizing control consists of a feedforward component that
generates the zero dynamics trajectory, and a feedback component that stabilizes the
whole system.

The computation of the feedforward component consisted in finding the unique
bounded solution of the driven zero dynamics to obtain the entire desired state tra-
jectory. To this end, the linearized driven zero dynamics was assumed to be kinemati-
cally hyperbolic. The linearization residual of the driven zero dynamics was Lipschitz
continuous and locally approximately linear in the zero dynamics. The stablization
part of the control was applied not just to the output dynamics as in the case of
input-output linearization by state feedback, but rather to the full state.

There are two drawbacks to the above output tracking approach. First, the cal-
culation of the feedforward control was non-causal, in the sense that, if the tracking
output (and its derivatives) were not specified ahead of time, an approximation is
needed. Second, the domain of validity of the approach was not only restricted to
tracking trajectories that were both small in magnitude and also slowly varying, but
also limited by the requirement that the linearization of the original system was sta-
bilized.

The second approach was the nonlinear output regulator approach in (Isidori,

1995). For the output of a nonlinear system to track a reference trajectory generated



by an exosystem, two assumptions were made for the linearized composite system.
First, the linearized closed-loop system was stabilizable. Second, the equilibrium of
the exosystem is Poisson stable. Under these assumptions, it was shown that there
existed an invariant manifold, which was the center manifold of the composite sys-
tem, and it also gave necessary and sufficient conditions under which the closed-loop
system could be driven to the center manifold contained in the output zeroing mani-
fold. The overall control scheme contained a feedforward component and a feedback
component. The feedforward part, once suitably chosen, ensured the existence of the
invariant manifold. While the feedback component was designed to make this invari-
ant manifold contained in the output zeroing manifold attractive. Local exponential
stability around the equilibrium point was achieved with this approach.

This approach does not assume minimum phase on the part of the open loop
system. However, if only the output information is available, it required detectablility
of the linearized system, which implied that the system had to be locally minimum-
phase.

Inspired by the design method in (Isidori, 2000), the design of a robust regulator
problem was presented in (Isidori et al., 2002) by solving a stabilization problem
of a suitably-defined auxiliary subsystem by output feedback. The solution of the
auxiliary output feedback stabilization problem yielded a dynamic uniform completely
observable regulator and solved the output regulator problem with a semi-global

domain of attraction.

2.3 Adaptive Control

2.3.1 Introduction

Primarily motivated by the design of autopilots for high-performance aircraft, active

research on adaptive control started in the early 1950s. The advances in stability



theory and the progress of control theory in the 1960s improved the understanding
of adaptive control and brought forth a strong interest in adaptive control in 1970s.
By the early 1980s, a wide class of adaptive control schemes with well established
stability properties had been developed by several leading researchers (Astrom and
Wittenmark, 1989) and (Sastry and Bodson, 1989). In the mid 1980s, a number of
redesigns and modifications were proposed and analyzed to improve the robustness of
the adaptive controllers in the presence of unmodelled dynamics and /or bounded dis-
turbances. Examples are projection algorithm (Goodwin and Mayne, 1987), (Sastry
and Bodson, 1989), dead zone modification (Kreisselmeier and Anderson, 1986),
(Peterson and Narendra, 1982), e-modification (Narendra and Annaswamy, 1987),
and o-modifications (Ioannou and Kokotovic, 1983).

An adaptive controller is formed by combining an on-line parameter estimator,
which provides estimates of unknown parameters at each instant, with a control law
that is motivated from the known parameter case. Depending on the different ap-
proaches to combine the parameter estimator and the control law, there are basically
two types of adaptive control schemes, indirect adaptive control and direct adaptive
control. In the first approach, the plant parameters are estimated on-line and used to
calculate the controller parameters. While in the second approach, the plant model
is parameterized in terms of the controller parameters that are estimated directly,
without intermediate calculations involving plant parameter estimates.

For linear time invariant (LTT) systems, two types of adaptive control approaches
are very popular. The first approach is Model Reference Adaptive Control (MRAC),
and it was derived from the model reference control (MRC) problem. The second
approach is Adaptive Pole Placement Control (APPC), which was derived from the
pole placement control approach.

The focus of adaptive control research since the 1990s was on performance prop-

erties and extending existing results to nonlinear plants with unknown parameters.



A brief review of the major results in this area are provided in the following section.

2.3.2 Adaptive Control of Nonlinear Systems

Feedback linearization techniques based adaptive control schemes were developed
for feedback linearizable nonlinear systems (Sastry and Isidori, 1989). For expo-
nentially minimum-phase systems with globally Lipshitz nonlinearities, (Sastry and
Isidori, 1989) suggested the use of parameter adaptive control to help robustify the
exact cancellation of nonlinear terms when the uncertainty in the nonlinear terms
was parametric. An extension of feedback linearization techniques were presented in
(Pomet and Praly, 1992), assuming the system of interest was uniform feedback sta-
bilizable, instead of feedback linearizable. To achieve global stability, some additional
assumptions were made; either limiting the growth at infinity of the uncertainties, or
not allowing the Lyapunov functions to depend on the unknown parameters.

The above restrictions were finally broken in the work of (Kanellakopoulos et al.,
1991), (Krstic et al., 1992), through the introduction of a novel recursive design
procedure called adaptive backstepping. This technique required that the nonlin-
ear system be transformable into the so-called parametric-strict-feedback form. The
global adaptive regulation and tracking problems for systems in this form was solved,
without overparametrization. In addition, the transient performance was guaranteed
and explicitly analyzed (Krstic et al., 1995).

Research work on global adaptive output-feedback control of nonlinear systems
had been done in (Marino and Tomei, 1993a), (Marino and Tomei, 1993b), (Khalil,
1996), (Kanellakopoulos et al., 1992), (Jankovic, 1996).

For single-input single-output nonlinear systems with nonlinearities depending on
the output only, adaptive, adaptive global stablizable controller was developed, for
linearly parameterized (Marino and Tomei, 1993a) and nonlinearly parameterized

(Marino and Tomei, 1993b) nonlinear systems. No growth restriction on the non-
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linearities was imposed. For the linearly parameterized case, a solution of the more
general tracking problem was also provided. The adaptive control scheme involved
a two stage design. First, a robust output feedback compensator is developed. The
control did not make use of observers and did not attempt to achieve exact nonlinear-
ity cacellation. It only required a functional bound on the norm of the vector, which
may contain unknown parameters. Second, a self-tuning output feedback algorithm
was developed which automatically tuned those control parameters and solved the
more general problem of set-point regulation.

In the work of (Khalil, 1996), a semi-global adaptive output feedback controller
was developed for single-input single-output nonlinear systems, that can be repre-
sented globally by an input-output model. The class of systems included the nonlin-
ear systems treated in (Kanellakopoulos et al., 1992), as a special case. The unknown
nonlinearities were not required to satisfy any global growth condition, and the model
depended linearly on unknown parameters. The design process was as follows. First
the output and its derivatives were assumed to be available for feedback and the adap-
tive controller was designed as a state feedback controller in appropriate coordinates.
Then, the controller was saturated outside a domain of interest, and a high gain ob-
server was used to estimate the derivatives of the output. It was proven that if the
speed of the high gain observer was sufficiently high, the adaptive output feedback

controller recovers the performance achieved under state feedback.

2.3.3 Neural Network Techniques

NN techniques have undergone great developments and have been successfully applied
in many fields, such as pattern recognition, signal processing, modelling and system
control. The approximating ability of NN has been proven in (Sadegh, 1993). Multi-
layer NN identification and control techniques have been developed and demonstrated

through simulation (Narendra, 1991) and (Narendra and Parthasarathy, 1990), fol-
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lowing the popularization of the “backpropagation” algorithm. However, analytical
results obtained in (Chen and Khalil, 1992) shows that off-line training is needed,
because stability can be guaranteed only when the initial network weights are chosen
sufficiently close to the ideal weight. To avoid the above difficulties in construct-
ing stable neural systems, Lyapunov stability theory has been applied in developing
control structure and deriving network weight updating laws (Polycarpou, 1996),
(Seshagiri and Khalil, 2000) and (Rovithakis and Christodoulou, 1994). Multi-layer
NN control has been successfully applied to robotic control (Lewis et al., 1999), (Lewis
et al., 1996). In addition, (Ge et al., 1998) provides a systematic treatment of common

problems in robotic control by introducing the G-Lee operator.

2.3.4 Parameter Convergence of Nonlinear Adaptive/NN Con-

trol

For the various types of adaptive/NN controller design techniques reviewed in the
previous sections, the only variables that are not guaranteed to converge are the
parameter estimates. If parameter convergence could be guaranteed, it enhances the
overall stablility and robustness properties of the closed-loop adaptive system. In
other word, the resulting closed-loop system would have a unique solution with the
very desirable property of global asymptotic stability.

Parameter convergence properties for linear systems are well established. For any
standard adaptive linear scheme, parameter convergence is equivalent to the persistent
excitation property of the regressor vector (Anderson, 1977), which, in turn, can be
translated into the sufficient richness conditions on the external reference signals
(Boyd and Sastry, 1983). For nonlinear systems, the relationships are not available,
and it became an active research area in the last decade.

In (Lin and Kanellakopoulos, 1998), it was shown that parameter convergence

for a type of linearly parameterized nonlinear systems, which can be transformed

12



via a global diffeomorphism into the output-feedback form, was guaranteed if and
only if an appropriate defined signal vector, which did not depend on closed-loop
signals, was persistently exciting. In the process of determining whether or not the
parameters were converging, the authors showed that the presence of noninearities
usually reduced the sufficient richness requirements on the reference signals and hence
enhanced parameter convergence. The advantage of this approach is that it can be
applied to any adaptive scheme developed for output-feedback noninear systems, as
long as its stablility and tracking porperties can be established without relying on
parameter convergence.

For a type of nonlinear parameter affine system, a novel parameter estimation
routine that allows exact reconstruction of the unknown parameters in finite-time
was presented in (Adetola and Guay, 2008), provided a given excitation condition
is satisfied. In (Adetola and Guay, 2009) an adaptive compensator that (almost)
recover the performance of the finite-time identifier is developed, which guarantees
exponential convergence of the parameter estimation error at a rate dictated by the
closed-loop system’s excitation.

For nonparametric nonlinear systems, the approximator convergence was studied
in (Farrell, 1997). The author pointed out that, even though parameter convergence
was not necessary for system stability property, tracking error was found to be a
direct result of the function approximation error. In addition, for systems with un-
known model structure, the convergence of the approximating functions became an
issue of primary importance. The analysis in this work showed that as long as a
reduced dimension subvector of the regressor vector is persistent exciting, then a spe-
cialized form of exponential convergence will be achieved. The author also explicitly
defined the region over which the approximator converges when locally supported

basis functions are used.
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2.4 Summary

This chapter reviews different techniques on output feedback control of nonlinear non-
minimum phase systems. It also provides an overview of nonlinear adaptive control,
neural network control, and parameter convergence problems. The review of existing
techniques serves as the bases of the control design approaches proposed in the rest of
the work, in three areas: adaptive neural network output tracking, output feedback
stabilization of uncertain non-minimum phase nonlinear systems, and output feedback

stabilization of non-minimum phase nonlinear systems with unknown nonlinearities.
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Chapter 3

Adaptive Output Tracking of
Systems with Unknown

Nonlinearities

3.1 Introduction

Heart dynamics are very complicated by nature, and it is widely known that ac-
curate analytical models are difficult to develop for cardiac dynamics and different
types of arrhythmias. In addition, real-time control technique is needed because of
the fatal nature of cardiac arrhythmias. As a result, real time, model-independent
control techniques are needed to control heart dynamics in the presence of cardiac
arrhythmias.

The dynamics of cardiac arrhythmias have been closely related to a variety of
bifurcations and chaos phenomena. In recent years (Ott et al., 1990), (Garfinkel
et al., 1992), (Christini and Collins, 1996) and (Hall et al., 1997), the theory of chaos
control has made contributions to a mechanistic understanding of cardiac arrhyth-

mias. Without detailed knowledge of the heart dynamics model structure, chaos con-
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trol technique is able to regulate the abnormal heart rhythm by stabilizing the system
around a desirable yet unstable fixed point. However, this approach is limited because
to find a suitable controller, a ”"learning stage” must be considered which comprises
of pre-control time-series recording and system dynamics estimation. In addition,
the “learning stage” based on previous time-series can lead to mis-estimation of sys-
tem dynamics, because of the evolving nature of biological systems. The available
adaptive approach (Christini and Collins, 1997) concentrated on linear chaos control,
which is limited because the linear approach can only delay or change the bifurcation
location. Nonlinear control is needed in order to modify the stability property. Ac-
cording to the above observation, chaos control can not serve as a real-time control
technique to regulate cardiac arrhythmias.

To overcome this difficulty, we propose to apply adaptive control techniques to
control cardiac arrhythmias. Rather than treat the unknown heart dynamics as a
“black box”, we try to estimate the unknown dynamics using a Neural Network (NN)
approach.

The NN approaches reviewed in Chapter 2 are restricted to control-affine nonlinear
systems. The problem of adaptively controlling systems with unknown, non-affine
input nonlinearities is still open in the literature. Heart dynamics generally falls into
the category of non-affine systems, because of the inadequate knowledge of heart
dynamics, and limited understanding of how actuators enter the dynamics.

Another limitation of current approaches is that approximation performance of
the unknown nonlinearity and parameter estimation convergence are not discussed.
Usually a high gain control is employed to dominate the approximation error to ensure
good tracking performance. However, in reality, it is often desirable to identify the
unknown part of the dynamics.

In this work (Diao and Guay, 2008), we focus on an adaptive learning technique

that is applicable to unknown nonlinear dynamic plants with a class of non-affine
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input uncertainties, that are unknown, but continuous, and satisfy a sector constraint.
An external signal, which is designed to be persistent exciting, is imbedded in the
parameter update law to ensure good approximation and parameter convergence.
This chapter is organized as follows. Section 3.2 presents the proposed adaptive
controller. Application of the adaptive output feedback tracking technique to cardiac
dynamics control is provided in Section 3.3. In Section 3.4, brief conclusions of this

chapter are given.

3.2 Adaptive Control Design

We consider single-input/single-output (SISO) controllable nonlinear systems of the

form
.
& = o 2)
21 = 22
(3.1)
'ép = f(Z,€7U)
Yy = 2
\
where £ = [£1,&, -+ ,&—p]T € R"7 are the state variables of the zero dynamics;
z = [21,22, -+, 2,7 € RP are the state variables of the main dynamics; u € R and

y € R are the system input and output, respectively. The mapping f(z,&, u) is
assumed to be an unknown continuous function of z and wu, and is assumed to be
globally Lipschitz in . Given a reference trajectory y,., the control objective is to
design an output feedback controller for system (3.1), which achieves good tracking
performance subject to the unknown nonlinearities in the system.

Let Y, = [y, 4, -+, y V)7, In this work, it is assumed that |Y,| < ¢, || < 11,
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with known constant ¢ > 0, ; > 0. Denote &, the “steady state” response of the
tracking zero dynamics, governed by the differential equation &, = »(&,Y,), and
£ =¢—¢&. Ttis also assumed that [|€.]| < ¢, where ¢ > 0 is a known constant.

T _ T _ T
y €c = [617627"' 7€p71] ) and €s = A €c+€p7

Denote e = 2z — Y, = [e1,e2, - , €,
where A = [A1, A, - -+, A,1] is to be chosen.
In this work, radial basis function (RBF) presented in (Kosmatopoulos et al., 1995)

were used to approximate a continuous function ¥(z) : R — R

U(z) = WS(x)+ u(t) (3.2)

with approximation error y(t), and basis function vector

S() = [s1(2),s2(2), -, si(@)]"
—(z =) (@ — i)

~

where ; is the center of the receptive field, and o; is the width of the Gaussian
function. The ideal weight W* in equation (3.2) is defined as

* . T _
W .= arg min {ilelgmf S(x) @(az)!}

where Q, = {W | [|[W]| < w,,} with positive constant w,, to be chosen at the design
stage, and € is a compact set. Universal approximation results stated in (Funahashi,
1989) and (Kosmatopoulos et al., 1995) indicate that, if [ is chosen sufficiently large,
then W*T'S(x) can approximate any continuous function to any desired accuracy on
a compact set, given that the centers are chosen close enough.

A number of assumptions are made for system (3.1):

Assumption 3.1 The sign of 0f(z,&.,u)/0u is known, and there exist a positive
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constant by and a nonzero continuous function bi(z) such that

< b (2)

0f (2,6, u)

by <
O<O_‘ ou

Assumption 3.2 The approximation error satisfies | (z(t))| < f with unknown

constant i > 0 over a compact set.

Assumption 3.2 is implied by the univeral approximation results stated in (Funahashi,
1989) and (Kosmatopoulos et al., 1995).

The design task is achieved in two steps: firstly, a state feedback adaptive tracking
controller is designed; secondly, a high gain observer is used together with the state
feedback controller to yield an output feedback adaptive tracking control law. We
propose the following adaptive controller design.

Given the reference trajectory Y, and &, system (3.1) can be rewritten in terms

of the tracking error e and & = £ — &,, as follows,

=+ & e+Y,) — (6. Y,) (3.3)
é. = Ace.+ Bee,

e, = fle+Y, E+&,u)— oy,

where

_01 .O_ —O_
00 1 0 0
A, = , Be=
00 . 1 0
_00. O_ _1_
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The proof of stability (convergence of the tracking error) is achieved by considering
the tracking dynamics (3.3) and the error dynamics (3.4) as an interconnected system.
With proper constraint imposed on the interconnected term, the overall stability is
guaranteed by the use of small gain theorem (Teel and Praly, 1995), together with a
proper choice of control and parameter update law. First, we must make the following

assumption concerning system (3.3).

Assumption 3.3 The tracking dynamics of the system given by (3.3) is input-to-

state stable (ISS). That is, there exists a positive definite function U (), such that the

following s satisfied,

allgll® < U(€) < eall€ll”

U(€) < —csll€ll* + call€l el

where ¢y, ¢y, cs, and ¢4 are positive constants, and U (€) is the time derivative of U(€)

along the solution of (3.1).

Considering e as a “disturbance” to the tracking error zero dynamics (3.3), As-
sumption 3.3 ensures that ¢ dynamics in (3.3) is Input-to-State Stable (ISS) with
respect to e.

By 0f(z,&,u)/0u # 0,Vz € R? Yu € R (Assumption 3.1), it follows from the im-
plicit function theorem (Khalil, 2002), that there exists a continuous function a(z, &)

such that f(z, &, a(z,&.)) = 0. The function f(z,&, u) may be re-expressed as

f(Z7€7u) = f(27§7~,u) +f(z7£au) - f(zvfrau)

[Of(2.6, )

— febate) + [ W al)

+ [f(z,{,u) - f(z7§7“7u)]
= bz & u)(u—alz,&)) + [f(z.6u) — f(2,6,u)]
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where uy, = Au+ (1 — Na(z,&), b(z,&,u) = fol M%:’“*)d)\, and the following is

assumed,

(2, &) = f(z,&, w)| < L€l

where L, is a Lipschitz constant.

Approximate the unknown function «(z) as
a(z,&) = WTS(2,&) + u ((t). (3.5)

Let W denote the estimate of W*. The parameter estimation error is given by W =
W — W~
Note that the boundedness of |W| (Assumption 3.1) implies that b(z, &, u)

is bounded as follows

bo < b(z,&,u) < bi(z,&), (3.6)

where by is a positive constant and b (z, &) is a nonzero continuous function.

Using equation (3.5), the error dynamics (3.4) can be written as

é. = Ace.+ Bee, (3.7)

ép - b(Z, é-r?u)(u - OZ(Z)) - yﬁp) + [f(Z,ﬁ, u) - f(z7§7“7 U’)]
The state feedback design and parameter update law are given by

u = k(z,&)es + WTS(2,€) (3.8)

W = ~,Proj (W,c(t)e,) (3.9)

where k(z,&,) is the controller gain function, =, is a positive constant, Proj (-) is a
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projection algorithm.

The dynamics of ¢(t) are chosen as follows,

) = —(blkrt—%BCTPBC)CT(t)—blST(z,@)

= —K(t)c"(t)+ B(t), (3.10)

where K (t) = bik, — sBLPB. > 0, and B(t) = —b157(z,&). Note that K(t) can
always be made negative by a suitable choice of the gain constant k;. The matrix P

is a positive definite solution of the Riccati-like equation
1
PA,+ AP+ 2v,PB.BIP + §k2ACTAC +Q=0

for some positive definite symmetric matrix ) and positive y; > 0 and ky > 0 chosen
as part of the design.

In addition to the above assumptions, we must ensure that a certain persistence
of excitation condition is met to ensure that the unknown nonlinearity is estimated

correctly.

Assumption 3.4 There exists positive constant T > 0 and ky > 0 such that
t+T
/ c(r)ch ()dr > knly,
t

where T (t) is the solution of equation (3.10), Ix is a N-dimensional identity matriz.

The following lemma will be used in the sequel.

Lemma 3.1 Consider the differential equation

(1) = —o(t)e" (t)2(t), (3.11)

22



where z(t) € Ry — R™, and ¢(t) € Ry — R™ are both column vectors. Assume that

there exists a T > 0 and a k > 0 such that

T
/ o(T)o" (T)dT > kI,

then the origin of (3.11) is a globally exponentially stable equilibrium of the system.

The proof of this lemma can be found in (Anderson et al., 1986).

Theorem 3.1 gives the main results for the state feedback controller design.

Theorem 3.1 Consider the nonlinear system (3.1) in closed-loop with the controller
and parameter update law provided in equation (3.8) and (3.9). Assume that the

signal c(t) is such that
+T
/ c(r)ch ()dr > knly
t

for positive constants T > 0 and ky > 0, where ' (t) is a solution of equation (3.10).

Given Assumptions 3.1 to 3.3, all the signals of the closed-loop system are bounded.
The parameter estimation errors W converges exponentially to a small neighborhood
of the origin.

The mean square tracking error satisfies

I 1
2/0 e2dt < %VS(O) +7 (1} + o7 +wl) (3.12)

where ag s a positive constant and Vi(0) is a positive constant depending on system
initial conditions.

Furthermore, the tracking error is such that

(%)

le(®)]] < are™ P70 4 = (7 + 77 + w?,).

S
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where aq, an, B1 and k are some positive constants.

Proof of Theorem 3.1: Consider the following Lyapunov function candidate for
the e. subsystem (3.7)
1

Vi= 56:{Pec

where P is a symmetric, positive definite function.

The derivative of the Lyapunov function V; is given by
V, = %eZ(PAC + AT Pe, + eZPBCep.
Choosing A = B! P, we have
€s =€, + %BZPeC.
A candidate Lyapunov function for the error dynamics is

1

where 1, = e,4+c7 ()W, and ¢” (t) is the state of the filter (3.10) time varying function
to ensure persistency of excitation condition. Note that this filter is ISS with respect
to the signal B(t) = —b15(z,&,) for any choice of gain k; large enough.

The time derivative of V5 is given by

Vo = Vitns(és+ e ()W +c ()W)
1 1
= §eCT(PAC + AT'P)e. + el PB,(e, — §BCT Pe.)

1 ~
+1s (ép - 5BCTPéc + (W + cT(t)W>
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Substitution of e, = e, — $ B! Pe, yields

Vs

%ef (PA, + AT P)e, — %ef PB,BT Pe,
+ezPBC€S + TIS( - yﬁp) + f(za 57 u) - f<Z7§T7u))
(b2, w) (= alz,6) + T (OW + T (W)

1 1 1
+n,(5BIPAe, + 5B PB.e, — 1 BIPB.BI Pe.).

Given that e, = 1, — ¢(t)"W, and

1 -
§e§ <2+ Whe(t)c ()W, (3.13)

by completing the squares, we have

or

Vs

Vs

1 1
< —el(PA.+ Al'P)e, — 5eZPBCBCT Pe,

2 C
k 1 1 - _
+—eI'PB.B Pe, + —n? + —WTe(t)T ()W
2 ky ky

_H78( - yr(*p) + f(Z,f,U) - f(Z,fr,u))
. (b(z, W) (u — alz, &) + T EW + cT(t)ﬁ/)

1 1
+-nBTPA.e. + BT PB,

2 2
1 1 -
—ZnSBCTPBCBZPeC — §nsBCTPBCcT(t)W,

%eCT(PAC + AT P)e. +yel PB.B Pe,
+778( - y7(,p) + f(z,f,u) - f(ngrvu»
s (b2 W) = a(z,&)) + T (OW + (W)

1 -~ - ~ 1
+k—WTC(t)CT(t)W — s (W (5B: PB)
1

IN
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k
el + el AT Ace (3.14)

where ki, ko and k3 are positive constants and

o1k ks
and
= {1 + L BTPPB, + *BLPB. + —B'PB BT'PB.}
Yo = ]fl 4]{2 c c 2 C c 8k’3 c cPe cf-

The constants k; and k3 are chosen such that v; < 0. If the matrix P is chosen as a

positive definite solution of the Riccati-like equation
1
PA.+ AP +2v,PB.B'P + EkQAZAC +Q=0

for some positive definite symmetric matrix ), then inequality (3.14) becomes

Vo 5 —gelQect i+ (be w)(u = al2,6)) + TOW + ()17

+kivT/Tc(t)cT<t)W _ nscT(t)W(%BCTPBC)
1

+0s(—y? + f(z,6 u) — f(2,&,0)) (3.15)

Substituting equation (3.5), inequality (3.15) becomes

Vo < —gelQect i+ (blesu)(u = TS (. 6) = m(0) + T (OW + ¢ ()17)
LT e (W — nScT(t)W(%BCTPBC)

_7733/1(})) + ﬁsLlHEH + nsb(zv U)WTS<27 57")

1 e 1
—§€cTQec + yom? + 5 bz, u)’n? + TR (z(t))*

IN

26



k 1 _ . U .
1+ s ) L€l + (b=, ) (= TS (2, 60) € (O 4+ ()

—I—%WTc(t)cT(t)W - nScT(t)W(%BCTPBC) + nsb(z, W) WTS(z2,€) (3.16)
1

where k, and kq are positive constants.

Consider the control structure shown in equation (3.8), we choose the following

controller
A 1 k kg1 k,b (2)2
- W7 ey _hd > PwA\R) T
u = S(ngr) + es( k4 bOPYZ 2 b1(2> 2 bO 2 b(] 5(2757“) 8(2751”))
. 1 k ka1l kybi(z)2
- wr I A o ha L T
—c () Wk, (3.17)

where k4 > 0 is a constant, by and b;(z) are the lower and upper bound in the

inequality (3.6), and k; is given by

1 k ka1l kybi(2)?
O . e P

T
b() 2 2 b() 2 b() S(z7€7‘) S(Z7£T’>

The above control action constitutes filtered tracking error and the approximated
nonlinearity.

The weight W satisfies ||[W|| < w,, where the upper bound, w,,, is guaranteed in
the design of an adaptive law (3.9).

Substitution of the controller equation (3.17) in the inequality (3.16) gives

. 1 ~ ~ 3
Vo £ —5elQec— kb <, (b (W ke + T (W + T ()W)
- _ 1 .~ ~ ~ 1
+n:b(z, WWTS(2, &) + ns Ly ||€]| + k—WTc(t)cT(t)W — nScT(t)W(ﬁBCTPBC)
1
1 2 1 (P)\2 K b1 (2)? T 2
- = _ WA\ 1
+2kum(x(t)) + ok, (v,") 5 by bS(z,&)" (2,6 )05, (3.18)

because of the inequality (3.6).
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The adaptive law (3.9) is chosen such that ||| < w,, and

T e(t)es + %UWTV‘V <0. (3.19)
It takes the following form,
( .
Ywc(t)es, if ||W] <w,, or
IW||=wy, and
W= WTe(t)e, <0 (3.20)

WWTe €s . T
ywc(t)es—vaW—H(;), if [|[W]=w,, and

WTe(t)e, >0

Substitution of the controller equation (3.17), the parameter update law inequality

(3.19), and the ¢(t) dynamics (3.10), in the inequality (3.18) gives

ko 1

. 1
V< el Qe kabn? + 3 (el + 20— bisTs — T hsT
0
- _ 1 1
(b1 = )k + 30 (Oct) ) OWn, + mLllEll + 5 (02 + = (5
2k, 2kq

I s L s T (17
o W 4 W et (W

where by = b1(z) b =b(z,u), and S = S(z,&,) due to space limits.

Since (I;(f(’:)) —1)? < 1, it follows that

V< e Qec— kabn? + 3 Ot — (b — D)k 7 ()elt) ) ()T,

> —56
- 1 1 1 - = 1 -
Ll g (10 4 g )+ g VT 4 e (W
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Let V =V, + sWTW, and let k. = (b — b)k;, we have

: 1 kv,
Vo< —gelQe—kibn? = (yu+ (ke + 70’ (e(t) = 70)? )" (Delt)n?

1 . S 1
= WIS OW + W L]+ 3 (a(0)?
w w
1
(p)y2 (3.21)

Let ks = kabo — (%, + B (b + ycT (8)e(t) — %)2)&@)@(1&) > 0, inequality (3.21)

becomes

. 1 ~ 1 ~ ~ 1 s
V < —iecTQec — kam? + <k:_ — Y)W Te) ()W + k—WTW
1 w

_ 1 1
oL . )2 + — (P))2
el + gm0 + 5 )

Noting that, by assumption, | (z(t))| < fi, |[y]] < 71, and using the fact that

WIW = (W —=WHT(W —W*) < |[W|]? + 2QWTW*| + |[W*]|? < 4w?,(3.22)

we obtain

. 1 - ; I L N
vV < —iecTQec — kan? + ns(La|IEN]) + 2—de12 + %/ﬁ * E4w3ﬂ
1 R .
o = )W Tet)e ()17
1

Consider the following composite Lyapunov function for the closed-loop system

(3.8), (3.9), (3.3) and (3.4)

Ve=V +al,

where « is a positive design parameter. The derivative of the Lyapunov function V,
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is given by

Vc = V+aU
< _1 iy k_ —L2 2 _ 2
< —gecQee = kand + 5l + o LI — esall€]
kG ke 1 1 1, 1
6, r . F— 2 L2 972 24 A2
1

o =7 W elt)e o

where I' = (1 + BT PPB,), since, by definition, the trajectory error vector is such

that
efe = ele.+e2 < (1+BI'PPB.)ele, + ¢
or
e < (1+B'PPB,)(ele, + €?).

Define

. Amin{ @} ke = ks ke

A = L&) ple g T plo

mm{Q/\max{P} SR 5
L? Ao

c3 — 1 _ 4 }’

2]€5a62 2]{?602

ke + % + A\ < 7, and the gains of the two interconnected system (3.3) and (3.4) are

2
Cy

Ll
such that C3 — hsacs | 2keca

> 0, we have

V., < —=XecPe,— M2 = XalU — A\WTe(t)cE ()W

1 1, 1,
— P — 24 —4
ot T M
A A, A 1 1 1
< —ZePe.—=e*— ZaU + —i? + — 2 + —4w? 3.23
< —gePe—ge - Ja + 2kd1/1 + QkM'ul + o w;, (3.23)
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or

. 1 1 1
V., < AN+ —i?+ —@2+ —4w? 3.24
—= + deyl + Zk#/’l’l + kw 'U)m ( )

It follows that the error vector, e, variable 7, and the parameter estimation
errors, W, are bounded. Since the tracking trajectory g, and its first p derivatives
are bounded, it follows that the states z and £ are both bounded.

Integration of inequality (3.24) yields an explicit bound for ||ns|| given by

1
Ins]| < Oénef)"’(tft‘)) + WV ﬂl2 + 1712 + w2, (3.25)
n

where a,, = 1/2V,(0), A\, = 3, and k, = min [2ky, 2k,,, k., /4, ].

29

Next, we derive a persistency of excitation condition that guarantees the conver-
gence of the parameter estimates to the ideal weights, WW*.

A solution to equation (3.10) is given by

¢
() = e_K(t)(t_tO)cT(to) —I—/ G_K(t)(t_T)B(T)dT.

to

It is obvious that the differential equation
ér'(t) = —K(t)c" (t) (3.26)

is globally exponentially stable.

The element B(t) is a bounded function of time. Note that
IB@)I* = b1(2)*S"S.

For the particular choice of basis functions proposed in this paper, we have ||S|| <

VN, where N is the number of weights used in the approximation. The boundedness
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of b1 (z) is obvious, since z is bounded. Therefore, it follows that the norm of B(t) is

bounded by some positive number B, that is,
IB(t)|| < B
Using the exponential stability of system (3.26) and the bound on B(t), an explicit

bound for the solution of equation (3.10) can be obtained as follows:

Bu

|7 (6)] < G- + 0=

where C' = ||c?(ty)|| > 0 and A, > 0 is a positive constant.

Next, it is shown that the parameter estimation error W converges to a neigh-
borhood of the origin. In the following, it is shown that, under Assumption 3.4, the
unperturbed (i.e., ns = 0) dynamics of the parameter estimation errors are exponen-
tially stable.

Lemma 3.1 establishes that the origin of the differential equation

W = —vyuc(t)c ()W

is an exponentially stable equilibrium. In fact, it follows from the proof of Lemma

3.1 that the Lyapunov function V,, = h%WTW is such that
Viy = —Wret)F ()W < —c,|[W]|?

for ¢,, > 0 a positive constant.
It follows from the property of the projection algorithm that the rate of change of

V., along the trajectories of (3.20) is given by

Vi < =WTet)cE ()W — We(t)n,.
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Completing the squares, we get

: 1.~ 1
vV, < —§WTc(t)cT(t)W + 5773

Substitution of equation (3.25) yields

. 1
Viy € —cuuVi + ade 070 4 k—(ﬁ? + 7+ w?) (3.27)
n

Integrating, we get

a? 1
V< eVl — | Lot eut)
o< e (Vo) [ g i+ )
exp[— min{c,Yw, 2A, }(t — to)]
|
R R

Consequently, the parameter estimation error is guaranteed to decay exponentially

as

W < awe e (t —to) + (A7 + 77 + w2)'/?

Eycuw

Taking the limit as ¢ — oo confirms that the estimation error converges to a small

adjustable neighborhood of the origin given by

o V1< [+ )

Under the assumption that the persistency of excitation condition is fulfilled,
we have demonstrated that the parameter estimation error and the redefined state
variable, 7y, converge exponentially fast to an adjustable neighborhood of the origin.
The size of the neighborhood can be changed by increasing the size of the controller

gain and by reducing the size of the approximation error.
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Inequality (3.12) can be deduced from inequality (3.23) as follows. Inequality

(3.23) can be written as

. 1 A A 1 1 1
. < —Aum{PYele.— S — SaU+ o0 + ——ff + —4uw?, (328

where A, {@} is the smallest eigenvalue of (). Integration of inequality (3.28) gives
! T A 2, A 2
Vo(t) = V.(0) < —/ (5)\mm{P}ec(0) ec(o) —|—§es(0) + ECYU(O') )da
0
_ 1 _ 1
+t <—V% + %M% + 54107271) .

This result implies that the following inequality holds

1 [ ) 2V.(0) 1
L do < c L2 a0
t/o e1(o)do < tAmin{P}+k(Ml + U+ w?)
where k = mmm{ku, kq, %“} Hence, the boundedness of the mean square error
stated in inequality (3.12) is achieved with oy = #{P} as required.

Integration of inequality (3.24) gives,

1 1 1 t
0 < e+ (st L La ) [
Vet) < (0)e + de% + 2k:u/ll +kw w,,+ ) e T
1 1 1
< Ve0)e T ( Sn o+ Sfi + d 3.29
< Ve(O)e - e + 2]{:#“1 + o wm (3.29)

Given (3.13), we have

22 12
s <+ W

where p, = sup ||c()||>. With the positive constant
>0

. 1
Pm = mln{)\min{P}v %}7

C
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inequality (3.29) simplifies to

—ele, + ¢ < &2 0 4 = (_— — —4 ) 3.30
5Ce € + 5 e + 2kd1/1 + 2k“,ul + w ( )

It follows from inequality (3.30) that

V,(0) 1 /1 1 1
T < FC_ —X(t—to) F— T =2 T =2 _4 2
e e o e + o deul +2k;“’ul + o W,

where ' = 2(1 + B'PPB,). As a result, the adaptive learning tracking control

guarantees that the tracking error, e, fulfills the following inequality

1
el < ae™®07) 4an— (3 + 71+ wy,)

vk
where

1/2
o = (Fﬂ>
Pm
b= A

( r )1/2
oy = —
Pm

k= min 2k, 2k,, ky/4,].

This completes the proof. Q.E.D.
Since in practice, only a limited number of measurements can be obtained, one
needs to build an observer to estimate the unmeasured states, and implement the

state feedback controller with the estimated states. For the tracking error system
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(3.4), a high-gain observer (Khalil, 2002) is used, which takes the following form,

A A l A
e = 62+?1(€1 —61)
ég = é3+i—%(61 —é1>
(3.31)
. ! .
& = dle—é)
where [l1,1s,...,1,]7 are the coefficients of a Hurwitz polynomial, € is some small
positive constant, and é;, ¢ = 1, ..., p are the estimated tracking errors.

Following (Atassi and Khalil, 1999), we define the scaled estimation errors

€i — € €& .
U =1 1<i<p (3.32)

Using eq.(3.3) and eq.(3.31), the dynamics of the scaled estimation errors are given

by

en = Agn + By (f(z,u) — y7) (3.33)

where the matrix Ay € R?*? and the vector By € R” assume the following form,

—Q 1 ... ... 0 0

AU = ) BO -
—a,1 0 . 1 0
—a, 0 . 0 1

We define the Lyapunov function V,(n) = %nTPOn where F, is the symmetric positive
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definite matrix solution of
PyAg+ AT Py = 1

Let Vo = %eZPeﬁ— %ez + Q%UWTVV and consider the compact sets, Q@ = {e € R?, W €
RV, < ¢} where ¢; > (iﬂf + ﬁﬁ? + (% + %) w%) = 9. Define the positive
constant b such that 0 < ¢; < b < ¢; and the set Q, = {Va(e, W) < b}. For the
estimation errors, we define the set X = {V(n) < pe’}.

In order to apply the result of (Atassi and Khalil, 1999), we must verify that
the state-feedback eq.(3.8) and the learning rate for parameter estimation defined in

eq.(3.9) are globally bounded. Since they are not, we consider the application of a

state-feedback over the compact set 2. We first compute the constants

S, > max (—k(x)es+WTS(x)> (3.34)
e, WeQ
and
Ss > max (by(x)S(x)es). (3.35)
e, WeQ

The maximization is performed over all (e, W) €, Y, eY. It is assumed that the
reference trajectories Y, = [yr, Upy - - ,yf«p _1)] are bounded and evolve in a compact
subset Y of R?. This ensures that the state x of the system are also bounded on

Q) x Y. The state-feedback and the adaptive learning rate can then be bounded on

) by implementing the functions

U,(e,Y,,W) = S, sat (“k(x)QS;‘WTS (x)> (3.36)
Ts(e,Yr,W) = Ss sat (%{W) (3.37)
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where

-1 if w< -1
sat(w) = w if —l<w<l1 (3.38)
1 if w>1
\
The adaptive learning state-feedback is rewritten as
—Ys, if |W| < wy, or
W= W =w,, and WTT,>0 (3.39)
T+ X i (W =w,, and WTT, <0
(3.40)

u = \Ifs(e,Y,,,VV)

for e, W € Q. Having bounded the control and the adaptive learning rate, we pose

the output-feedback controller

e = €1+ —¢6, 1<i<p—1
é, = %él (3.41)
—7Ts, if ||W] <w, or
W= |W||=wm, and WIT,>0 (3.42)
\_VYSHVVHV;YV]ES, if |[W]=w, and WTYT,<0
(3.43)

u = W&, W)
where T, = T,(&,Y,).
Theorem 3.2 provides the result for output feedback controller design.

Theorem 3.2 Consider the nonlinear system eq.(3.1). If assumptions 3.1 to 3.3 are
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met then the dynamic output feedback controller eqs.(3.41)-(3.43) guarantees that for
any initial conditions of the closed-loop system starting in S x O there exists 0 < € < €}
such that every trajectory of the closed-loop system enters a small neighborhood of the
origin in finite-time and it converges exponentially to a small adjustable neighborhood

of the origin.

Proof of Theorem 3.2: We consider the Lyapunov function V5 = %eZPeC +

zel+ Q%wWTVV We first note that é = e — D(e)n where D(¢) = diag[e’™!,...,1] and

write the closed-loop system as follows

¢ = Ape+ By (f(x, V(e — D(e)n, W, Y, — yﬁp))

P

A

-V, if ||[W| < wpy, or

W = W || =wn, and WIT,<0

T, + ML [[W ] =wy and WTT,>0
\

e = Agy+eBy (f(w, Vile = D(eln, W, ;) = 4))

By Lipschitz continuity of the projection algorithm (Pomet and Praly, 1992), it follows

that for a sufficiently small e the inequality
1Proj(Ys(e = D(e)n, V), W) = Proj(Yo(e, Y,), W)|| < vLi|n] (3.44)

holds on €2 for some positive nonzero constant L; and all 0 < € < ;.
Similarly, it follows from the continuous differentiability of b;(z) and S(z) that

the following
1Ws(e = D(e)n, Yy, W) = Wi(e, Yo, W)|| < Ls|ln] (3.45)

holds on €2 for some positive nonzero constant L, and all 0 < € < 5.
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Using eqs.(3.24) and (3.27), the derivative of the Lyapunov function V5 along the

trajectories of the closed-loop system is such that

Vo < —ksVa+ e+ esh(z, u) <\I’s(e — D, Y, W) — U, Y, W))

%WT (Proj(Y,(e = D(e)n, Y,), W) = Proj(T, (e, Y;), )

where k5 = \/2, ¢y is a positive constant arising from the constant terms in eqs.(3.24)

and (3.27). In light of the Lipschitz inequalities eq.(3.44) and eq.(3.45), we obtain

Vo < —ksVa+ o+ LoLsb||n|l + 2wm La||n||

= —ksVa+ o+ ke

where b = max.cqy,ey bi(e,Y,) and Lz is the maximum of e, on Q. Similarly, the

derivative of V, (n) along the trajectories of the closed-loop system is given by

eV, < —n'ny

26 PoBy bz, w) (ol = D(en, Y, W) = (WTS(e +7,) = la(t))) = |
Since |W,| < Sy, [[W*[| < wp, [|S(e + ;)| < S and py(x(t)) < jij, we obtain

Vo < ="+ 26l Amaa (Po) (D(Su + 20 S + ) + 1) (3.46)
= "1+ 2¢|n Amax(Fo)ks
Then it follows that Vo < 0 on {Vy = ¢} x{V;,(n) < pe?} aslong as ¢ < h\;ﬁ =
€3 < min{e;, e, }. Similarly, V;, <0 on {Va < ¢} x {V,,(1) = p} if p < 4\ nan(Po)3k2.
As a result, we show that the set {Va < 1} x {V;(n) < pe®} is positively invariant
for all 0 < € < e3.

Consider initial conditions {e(0), W (0)} € S, and {¢(0)} € O where S is a compact
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subset Q, C Q and O is a compact subset of R?. It follows that 7(0) < —£4 where

e(n

k4 is a positive constant which is related to the size of the compact sets S and O.
Note that f(e, Yy, W, 1) = [ea, €5, ..., bz, u)(Us(-) = W*TS(e+Y,) — pu(a(t)]"

is bounded on Q. That is, || f(z, Us(+))|| < ks. By construction, the adaptive learning

rate is such that ||[Proj(Y.(-),W)|| < k. As a result, the closed-loop trajectories of

the system starting in .S are such that
le(t) — e(O)]] < kst
and
W () = W(0)|| < ket.

Therefore there is a time 7, at which the closed-loop trajectory (e(t), W(t)) escape
the set €.

From eq.(3.46), it follows that

. 1
Vv, < ——nT
n — 2617 777
if V,, > pe®. Therefore, we have that
. 1
V, < |44

7= 2€Aman(Po)
or

1
V,(t) = e 2omax 0!

V,(0) (3.47)

for V,, > pe?. As a result, we can find an € < €3 and a T'(¢) > 0 such that V,(¢) < pe?,

Vt > T'(e). Moreover, it is always possible to pick e3 small enough such that T'(e3) <
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To. As aresult, picking €] = min{ey, €5, €3} ensures that the trajectories of the closed-
loop process starting in S x O enter the compact set A = {Va < ¢;} x {V,, < pe?*} in
finite time T'(e) for all 0 < € < €].

On the set A, it is shown that

P

min

Vo < —kiVa4co+ks

€ (3.48)

Hence, we have

V2§—§V2

when {V2 > 2¢; +2k3, /x"—¢} and, therefore, the trajectories of the system must be
min

such that lim;_,o, Va(t) < 2¢o + 2kse. Define y = e, W], if we pick e such that

{Va < 2¢5 + kae} € {|lx|| < u/2}

then there is a finite time 7'(1) such that for all 0 < € < ¢4

x|l < /2, Wt >T(w)

Since 7 is of order € in the set A, it follows that there exists an € = €5 and a finite time
T(u) such that ||n|| < p/2 for all t > T(u). Therefore, taking €5 = min{ey, €5} ensures
that there is a finite time 75 = max{T, T} such that ||x| < p/2 and ||é|| < p/2 for
all t > Ts.

Finally, we can establish the exponential converge of the trajectories of the closed-
loop system to a small adjustable neighbourhood of the origin. To do this, we consider

the Lyapunov function

V=12 + V() (3.49)
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Its derivative is such that
. 1
Vo < —kiVat e+ Esnll — g|!77||2+2>\maX(Po)k2H77||

By completing the squares, we get

. 1 k k k2 2(\ Py)ks)?
Vo< ke Sl (B ) g ey g e 2OmaxU TR
€ 2 2 2k, ks,

Therefore, there exists 0 < € < €5 < €} such that

—%+%+%§—k6<0 (3.51)
As a result, we obtain
V < —kVy — kg||n)? + ¢z (3.52)
or
V < —knV 4 (3.53)

where k,, = min{ky, ks /Amax(F)}. Using the results above, we guarantee that every
trajectory of the system starting in S x O enters a small neighborhood of the origin
in finite time and converges exponentially fast to a small adjustable neighborhood of
the origin. This completes the proof. Q.E.D.

The above approach is very similar to the one in the state feedback case, except
that a saturation function is used to isolate the peaking phenomenon in the estimated

state dynamics, so as not to cause instability in the original state dynamics.

Remark 3.1 In many applications, convergence of the error dynamics to a small

neighbourhood of the origin may prove to be a significant limitation. One mechanism
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that is known to reduce the onset of tracking error offsets is the addition of integral
action. In the current context, it is straightforward to include the integral term,

€9 = ey, which guarantees convergence of the tracking error.

3.3 Application to a Driven Oscillator System

In the literature discussing the problem of regulating cardiac arrhythmias via chaos
control, different types of cardiac models have been used. Some are merely con-
structed to describe a particular type of arrhythmias, such as the irregular interbeat
model (Wang et al., 1997). The others are models for different functions in the
heart, such as the “black box” models (Hall et al., 1997) and empirical model (Wang
et al., 1998) for the AV conduction system, and the mechanistic model that accounts
for the action potentials of the ventricular myocardium (Wang et al., 1997).

One distinct physical mechanism in the heart is the pacemaker, consisting of the
Sinoatrial (SA) node and the Atrioventricular (AV) node. The idea of considering
this system mathematically as a system of coupled nonlinear oscillators is traced
back to (van der Pol and van der Mark, 1928). Since then, a number of researchers
have tried to study the dynamics of the heartbeat based on limit cycle oscillators
(West et al., 1985) and (Keith and Rand, 1984). The model proposed in (Bernardo
et al., 1998) describes the overall behavior of SA and AV nodes, captures the essen-
tial features of the cardiac conduction system, establishes a correspondence between
system parameters and the physiological quantities, and is able to simulate different
types of cardiac arrhythmias.

In this section, we apply the proposed adaptive output tracking controller to the

four-dimensional coupled driven oscillators model in (Bernardo et al., 1998). The

44



model takes the following form,

1

il = axg (354&)
. 1
Ty = —L—[fﬁ + g(x2) + R(z2 + 24)]

1

+ Acos(2nwt) (3.54b)

. 1
Ty = 52:64 (3.54c¢)
. 1
= —L—[.T3 + f(zy) + R(zg + x4)] (3.54d)

2

where x5 and x, describes the action potential of the SA and AV node, and z; and
x3 are the voltage corresponding to x5 and x4; Cy, Csy, L1, and Ly are some constant
parameters in the model; R is the constant coupling parameter, A and w are the
amplitude and frequency of the driven signal, which is used to model ectopic pace-
makers in some region of the cardiac tissue; and g and f are some nonlinear functions

of the following form

flza) = —wa+ 5a]
¢
—z3 — % |2o| < &
h(xz) = — T To > %
| @ Ty < —1
g(z2) = —zo+ 3h(z).

Systems (3.54a) to (3.54d) are in the form of system (3.1), with 21 = x5, £ =
(21, 23, 24]7, & = [r1,73,74]7, where 71, r3 and r, are equilibrium (invariant) trajec-
tories for the zero dynamics. It is also assumed that the right hand side of equation
(3.54b) is unknown. It can be readily shown that this system meets Assumptions 3.1

to 3.3. (Just note that the tracking dynamics are linear in the output variable xs
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and that the resulting system is stable for large values of x4 and unstable in a small
region containing the origin).

The electrical action potential can be measured by an transvenous electrode, which
is a common part of artificial pacemakers. Given the following parameter values
(Bernardo et al., 1998), Cy = 0.25F, Ly = 0.05H, Cy = 0.675F, Ly = 0.027H, and
R = 0.119), the system exhibits a normal 1 : 1 rhythm. By setting C} = 0.15F,
one can generate an arrythmia of 2 : 1 AV block: for every two beats of the SA
node, only one beat of AV node is observed. The control objective is to apply the
proposed adaptive output tracking controller to make system (3.54a) to (3.54d) track
the normal 1 : 1 rhythm, in other words, to suppress the AV block arrythmia.

We choose to use a perturbation to the right hand side of equation (3.54b) as the

control,
Ty = —g-[w1 4 g(22) + R(wy + 24)] + Acos(2mwt) + u. (3.55)

Physically, the control action is an electrical impulse sent to the heart through a
transvenous electrode, which enters the system in an affine manner, as shown in

equation (3.55).

Remark 3.2 Other potential control actuators are, perturbation to the intrinsic fre-
quency of the SA node (parameter C4), and the coupling strengh between the two

nodes(parameter R).

In this example, the unknown nonlinearity a(z,&,) in equation (3.5) is as follows

1
a(xg,71,74) = L—(ﬁ + g+ R(xe +14)) + Acos(2mwt).
1

For the simulation, the number of basis functions is [ = 11, with 02 = 5, ¢; = i —6,

¢t =1,...,11, and w,, = 4. The following tuning parameters are used, ks = k, =
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kg = ky = 72 = 25, 7, = 20.

In the simulation, the controller is not turned on until ¢t = 5. Figure 3.1 shows
the simulation results of the SA and AV node rhythm, tracking performances and the
control action. In the sub-plot of SA and AV node action potential, the dotted line
is the SA node action potential, and the solid line is the AV node action potential.
It can be seen that before the controller is turned on, the rhythm is 2 : 1, with two
beats of the SA node, only one beat of AV node is observed. After the controller is
turned on at ¢t = 5, the rhythm is altered to 1 : 1 within one beat. The two sub-plots
of tracking show that good tracking performances are achieved within a short time
for the SA node and AV node, respectively. Figure 3.2 shows the approximation
of the unknown nonlinearity, and parameter estimation. The unknown nonlinearity
a(xy,71,74) is the solid line, and the approximation WwTs (x9,71,74) is the dotted line.
After running the simulation for 300 second, good approximation is achieved along

the r1 and r4 direction, and parameter estimations also converge.

3.4 Conclusion

In this chapter, an adaptive output tracking controller is developed for a class of non-
linear systems with unknown nonlinearities, in order to address the heart dynamics
control problem in a real time framework. It is proved that the proposed controller
is able to make the tracking error converge to a neighborhood of the origin expo-
nentially fast. Simulation results show satisfactory performances can be achieved
when applying this technique to regulate irregular heart dynamics. In addition, good
approximation of the unknown nonlinearities is also achieved by incorporating a per-
sistent exciting signal in the parameter update law. The proposed technique is an
alternative approach to the control of complex chaotic systems with unknown dynam-

ics.
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Figure 3.1: AV block suppression, tracking performances and control action
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Figure 3.2: Unknown nonlinearities approximation and parameter convergence
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Chapter 4

Output Feedback Stabilization of
Uncertain Non-minimum Phase

Nonlinear Systems

4.1 Introduction

In practice, controller implementation is generally subject to limited number of mea-
surements available for feedback, due to sensor cost and/or availability. In such cases,
one relies on the design of controller based on imperfect state measurements, often
termed output feedback controller design. Most existing output feedback controller
designs require that the zero dynamics of the controlled plant be stable, that is, to be
minimum phase. However, a number of processes exhibit non-minimum phase (i.e.
inverse response) behavior. This phenomenon can be encountered in the base of a
distillation column, where the response of the bottom composition to a change in
vapor boilup exhibits an inverse response (Luyben, 1989). It can also be observed in
a continuous exothermic reactor, where the inlet stream flowrate is used to control

the reactor temperature. In this situation, a positive step change in the inlet flowrate
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will cause an initial decrease in the reactor temperature (Kravaris et al., 1994).

A review of output feedback control design was provided in Chapter 2. In this
work (Diao and Guay, 2005), we examine the assumption from (Isidori, 2000), that
“the auxiliary system is globally stabilizable by dynamic output feedback”, to provide
a constructive controller design procedure and outline the stabilizability requirements
for auxiliary systems of relative degree zero, a problem not addressed in (Isidori, 2000).

This chapter is organized as follows, the main results are provided in section 4.2,
and simulation results are presented in section 4.3, followed by conclusions in section

4.4.

4.2 Output Feedback Controller Design

4.2.1 Problem Formulation and Motivation

Consider a smooth nonlinear system modelled by equations of the following form

z = fO(Zaxla"' >xr717xrap)
i‘l = X9
(4.1)
Tr1 = @Iy

T, = hO(Zaxla"'7xr717$rap)+b(xl)u

y = I,

where z € R"™" and p is a (possibly vector-valued) unknown parameter, ranging over
a compact set P.

The following definitions are needed in this work.
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Let B% denote the closed cube
By ={z cR*:|z;| < R, 1<i <k} (4.2)

Definition 4.1 The equilibrium (z,x) is said to be semi-globally practically stabiliz-
able by dynamic state (respectively, output) feedback if, given any large number R > 0,
and any small number € > 0, there exists a dynamic state (respectively, output) feed-
back v = u(z,z,m), n = n(z,z,n) (respectively, v = u(z,y,n), n = 7(z,y,n)), such
that, in the closed loop system, any initial condition in B produces a trajectory which

n
€’

15 captured by the set B, where n is the dimension of the closed loop system.

Definition 4.2 Given a system with both inputs and outputs

r = f(z,u)

y = h(z,u),

the system is 0-detectable if there exist some functions [ € KL, and v, 72 € K,

such for every x(0) and every u the corresponding solution satisfies the inequality

z(®)] < B(|=(0)],1) + 71(8[315 [ull) + Wz(s[(l)ltli]) lyl) (4.3)

as long as it exists.

Now we are ready to give a brief review of the results in (Isidori, 2000). The

following is assumed for system (4.1).

Assumption 4.1 For allp € P



and b(xy) # 0.

Remark 4.1 Assumption 4.1 ensures that all the uncertain parameters acting as
disturbances to the system will not change the equilibrium of the system, and that the
gain coefficient is nowhere zero. We do agree that the assumption may be restrictive
from a modelling perspective. However, this assumption is not restrictive if steady-
state data is used to identify the model parameters. In that case, all parameters which
satisfy eq.(4.4) provide a suitable parametrization of the model. One natural way to
remove steady-state offsets is to introduce integral action to the controller. It will
be shown that one can eliminate the effect of steady-state offset by introducing an
adaptive term in the controller design.

From the control perspective, however, the knowledge of the system gain is crucial,
especially when one is dealing with non-minimum phase systems. At this point, we
are not aware of techniques that are capable of handling non-minimum phase systems

with uncertain gains.

The control objective is to stabilize system (4.1) using a robust output feedback,
given that the system is non-minimum phase. The solution of this problem is based
on the existence of a dynamic output feedback controller for an auxiliary system

associated with system (4.1). The auxiliary system is defined as follows,

j”‘a = f(l(x(IL?ua?p)

Ya = h'a(l'aa U’aap)
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where

z
I
Ty =
Tr_2
Tr-1
folz, 21, 01, Uq, D)
o)
fa(Tasua,p) =
Tr1
Ug,
ha(Tayta,p) = ho(2, @1, Tp 1, Ua, D).

The basic hypothesis about the auxiliary system (4.5) is the knowledge of a ro-
bust global dynamic output feedback stabilizer of the following form ((Isidori, 2000),

Assumption 2),

(4.6)
ua = N(n)

in which n € R, L(0) = 0,N(0) =0, and M is a v x 1 constant matrix.

Under the above assumption, it is proved in (Isidori, 2000) that system (4.1) can
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be semi-globally practically stabilized by the following dynamic output feedback law

§ = PE+Qy
0 = L(n)+ Mo (k& — N(n))) (4.7)

u = 55| L Lm) + Moy (kg — N(n)]) — or(ké — N(n)])]

where k is a positive number, o (-) is a saturation function

T, ifjr| < L
oL(r) =
sgn(r)L, if|r| > L,

and &, is the estimation of state x, under the following high gain observer

& §a+ g a(y —&1)
& &+ gPcr_a(y — &1)
£ = = =: P+ Qu,
&1 &g ey — &)
& g coly — &)
in which ¢, ¢1, - -+, ¢,_1 are the coefficients of some Hurwitz polynomial, g is a positive

number.

There are two limitations to the above approach. First, even though it is shown
in (Isidori, 2000) that the assumption of global stabilizability of the auxiliary system
is not restrictive, how to find such a dynamic output feedback is not a trivial task.
Second, it is also observed that, for most applications, the auxiliary output h, is a

function of u,, in other word, the auxiliary system (4.5) has relative degree zero,
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which makes the problem even more difficult.

It is suggested in (Isidori, 2000) that the relative degree zero problem be solved
by moving the u, term to the control u, provided that y, is a linear function of u,.
However, this is not always possible, as shown in the following illustrative example.

Example I

Consider a continuous stirred tank reactor (CSTR), where the series/parallel van

de Vusse reaction (van de Vusse, 1964) is taking place:

A o

24 5, p

where A is the reactant, B the desired product, C' and D are unwanted by-products.
The dynamics of the CSTR can be described in terms of the material balance for

species A and B and an energy balance for the reactor as follows:

Lo = —ky(T)Ca — k3(T)C3 + (Cag — Ca)u

s — k(T)Cy — ke(T)Cp — Cpu

dt

T o= L [(—AHl)kl(T)CA + (~AHy)ky(T)Cp + (—=AH3)ks(T)CF + Q
+(To — T)u

where Cy, Cp are the concentrations of the species A and B inside the reactor,
respectively; T is the temperature inside the reactor; Cy is the concentration of A in
the feed stream; Ty is the feed stream temperature; k;(7T") is the rate coefficient given
by the Arrhenius expressions, k;(7') = kipexp(—FE;/RT), i = 1,2,3; wu is the dilution
rate, given by u = F'/V, where F' is the inlet flow rate, and V' is the reactor volume,
which is assumed to be constant; p and C, are the density and specific heat of the

reaction mixture, respectively; —AH;, i = 1,2, 3 are the heat of reactions, —() is the
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cooling rate per unit volume.

Note that the assumption of constant reactor volume is not restrictive, which can
be readily achieved by setting the closed-loop bandwidth of the volume control at a
much higher frequency than the bandwidth of the concentration control.

The control objective is to make the output y = C'p track its setpoint, by manip-

ulating the dilution rate, u = F'/V.

Assuming that Cg # 0, the following change of variables, z; = CAOC;CA, 29 = TOC—;T,
r1 = Cp, y = x1, transforms the CSTR dynamics into the normal form:
= i [(1 — 21)k1(Cao — 2171) + k3(Cap — 2111)% + kozy 1y
o= s [(CAHR(Cas = 2im) + (~ A ke
+(=AH3)k3(Cag — 2121)* + Q] — 2[k1(Cao — z121) — k1] (4.8)
&1 = ki(Cao — z121) — ka1 — 210
y = I.

It can be shown later in section 4.3.2 that system (4.8) is locally non-minimum
phase around a reference steady state.

The auxiliary system associated with (4.8) is as follows,

o= u_la [(1 — 20)k1(Cap — z1uq) + k3(Cao — 21ua)?® + ko221,
b o= e [(CAH)(Cao — 21w) + (~AH)hou,

(4.9)
+(=AHz)k3(Cao — 211a)? + Q] - %Vﬁ(CAo — 21Ug) — ko]

Ya = kl (CAO - Zlua) - kZUa — UgUsp,

where us), is the nominal control action at the desired set-point to account for nonzero

steady state values of the auxiliary output y,.
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It is observed from the last equation in (4.9) that the term multiplying u, is
—Fkiz1 — ky — usp, which depends on the zero dynamics z; and z,. Since the zero
dynamics are not observable, we can not move this term to the control v to make the
relative degree greater than zero as in (Isidori, 2000).

In order to alleviate the two limitations, we provide in the next section a systematic
design procedure to construct a dynamic output feedback for the relative degree zero
auxiliary system (4.5). It is shown that the original system (4.1) can still be semi-

globally practically stabilized.

4.2.2 Controller Design

To construct a robust dynamic output feedback for the auxiliary system (with relative
degree zero), we use a dynamic extension %, = v on the auxiliary input u,. The

auxiliary system (4.5) becomes

z = f()(Z,.I'l,"' 7x7"—1aua7p)
iil'l = X2
Tyl = Uqg
Ug = U
Yo = ho(z, @1, 21, Ua, D).
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where v is the new control. Differentiating y,, we have

z = fO(Zv'rla"' 7'1.7‘*1’““’2))
T1 = X9
(4.10)
Zt’r_l = Uq
ga = gThgfa(Zale,‘” 7xT*17ua’p>+g_ng

where z, is the state vector as in (4.5).

The following assumptions are made for the auxiliary system (4.10).

Assumption 4.2 The zero dynamics of (4.10) is stable with respect to the output y, .

Assumption 4.3 gTtha(z,:cl, Cee  Tp1,Ug, p) 1S globally Lipschitz in z and locally
Lipschitz in (za, -+ ,x,—1).
Assumption 4.4 ||g—ZZ|| > ¢ >0, and the sign of g%z is known.

Remark 4.2 Note that Assumption 4.2 is different from the one proposed in (Isidori,
2000). The stability assumption of the zero dynamics of the auziliary system (4.10)
allows us to construct a dynamic state feedback for the auxiliary system. In addi-
tion,, this assumption is not restrictive, either. As shown in (Isidori, 2000), that
a memoryless feedback transformation w — u + hy, with a proper choice of h, can
render 0-detectability of the auziliary system, which in turn, implies minimum phase

property (see equation (4.3) in Definition 4.2).

Under these assumptions, it is guaranteed that there exists a robust dynamic

output feedback for the auxiliary system (4.5), as shown in the following lemma.
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Lemma 4.1 There exists a smooth dynamic system of the form

77 = L(xlv"' 7'%.?*1777)+Mya
(4.11)

Ug = 7]

in which n € R, L(0) =0, M is a nonzero constant. In addition, there is a positive
definite and proper smooth function V(x,,n) whose derivative along the trajectories

of the interconnected system (4.5) and (4.11) is negative definite, i.e.,

ov

oV
%fa(%ﬂ?,p) + _[L(Ih T 7957“—17777]9) + Mya] <0 (4'12)

on

for all (z4,7m) # (0,0).

Proof: Under the above assumptions, it is obvious that the following controller

1 Ohyg
Vo= g% (—k’oya - a_%fa(07$la T ,xr_l,ua)>

Oho 4
aua) ya'

= L(Qfl, e, Tp—1, Ua) — k’o( (413)

is able to stabilize the auxiliary system (4.10), provided that ko is a large enough
positive number. By Assumption 4.4, there exists a positive number m such that

(Hg—i‘i“)_l < m. Denoting

M = —komsgn(gz(:),

the following controller

v=L(x1, -, x_1,u,) + My, (4.14)

is able to stabilize the auxiliary system (4.10) as well.
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Given that @, = v and (4.14) stabilizes (4.10), it is implied that the dynamic
output feedback (4.11) stabilize the auxiliary system (4.5). In addition, by the con-
verse Lyapunov theorem (Khalil, 2002), there exists a Lyapunov function V' (z,,n)
such that (4.12) is satisfied. O

Next, consider the dynamic state feedback control

7;] - L(xla"'7mr—17n)+Mk:[x7‘_n]
(4.15)

u = b(;;l) L('xla"' ,$T71,77>+Mk(l'7«—77)—]{I(Q?r—n)

where k is a positive number. Changing the state variable z, into the new variable
0= Ty —1,
the interconnection of the feedback control (4.15) and system (4.1) becomes

i'a = fa(xa79+77ap)
0 = ho(za,0+n,p)— k6 (4.16)

ﬁ = L(xlf"ax?“flan)—i_Mke'

Consider the positive definite and proper function
W(xa,n,0) =V (xe,n+ M)+ 6°
and let €, denote the set
Oy = {(xa,n,0) : W(xe,n,0) < b} (4.17)

Then Lemma 2 in (Isidori, 2000) applies to the closed-loop system (4.16) in the
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same manner, which shows that the original system (4.1) is semi-globally practically

stabilizable by (4.15).

Lemma 4.2 (Lemma 2 in (Isidori, 2000)) For any R > 0 and € > 0, and for any

p >0 and ¢ > 0 such that
Q,C B c BEt c Q.

where B™™' and Bt are defined as in (4.2), and Q, and Q. are defined as in
(4.17), then there is a number k* such that, if k > k*, the derivative of the func-

tion W (x4, n,0) along the trajectories of (4.16) is negative at each point of the set
S - {(Itmnag) : P S W('Ta77779) S C}'

Proof: See (Isidori, 2000).

The dynamic state feedback (4.15) uses the states (zg,--- , ), which need to be
estimated. A high gain observer together with a saturation element are shown to
provide a systematic design approach.

The resulting output feedback controller is as follows,

§ = PE+Qy
o= Ly.Ge o &) + Mo (Kl —n) (4.18)
u = | LW & i) + Moy (kg —n)) — on (k& —n)) |-
The control law (4.18) takes similar form with the control law (4.7), which was
developed in (Isidori, 2000). The only difference is the presence of the estimated

states (£, ,&—1) in (4.18), which does not add any difficulty in the stability proof.

Therefore, Theorem 1 in (Isidori, 2000) applies to the closed-loop system (4.18) and
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(4.1), which is stated below.

Theorem 4.1 Suppose Assumptions 4.1 to 4.4 hold and consider system (4.1). Given
any arbitrary large number R > 0 and any arbitrary small number € > 0, there are
numbers k >0, g >0, L > 0, kg > 0 such that, in the closed-loop system (4.18) and
(4.1), any initial condition in BEHJ” produces a trajectory which is captured by the

n+1+r
set B! .

Proof: This proof amounts to showing that the presence of the estimated states
in (4.18) will not affect the stability conditions imposed in the proof of the Theorem
1 in (Isidori, 2000).

Consider the change of variable § = x, — 1, we have the following closed-loop

system

jja = fa<l’a,‘9 + 77;1?)

0 = ha(2a,0+n,p) — or(kl& —n])
(4.19)

77 = L(ZJ?”'7xT*1777>+MO-L<k[£T_77D

§ = PE+Qy.

Define the following scaled state estimation error

ei=9 "(xi— &)

fori=1,--- r ie.,

e=Dy(x—¢)

in which D, = diag[g"™!,--- , g, 1].
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Then (4.19) can be written in the following perturbation form,

jja = fa(maae + 77,19)

é - ha(xaa 0 + 777p) — ko + ¢1<97 6)
(4.20)

77 = L(ya 7~Tr—1777)+Mk9_M¢1(6‘76)

e = gA6+B¢2(xa797777 evp)

in which A is a Hurwitz matrix, B = [0,0,---,0,1]7, with perturbations ¢; and ¢,

as follows,

61(6,¢) = kO —on(kl — ke + [L(y, ) — L(y, - s n)]

(bg(l‘a, 877]7 eap) = ha(xlzv 0+ T]?p) - O-L(ke - /{Z@,«) + 77

It is shown in (Isidori, 2000) that the key for the stability proof is to prove that
the perturbation terms satisfy the following requirements. For all ((x,,7,0),e) €

Qc+1 x R"

|¢1(0, )| < B
|¢2(5L‘a76777a 6,p)| < 52

|91(6, )| < ([lell)

in which /3y, B, are fixed numbers, and () is a continuous function such that v(0) = 0.
The only difference between the perturbation in this case with the perturbation

term in (Isidori, 2000) is the extra term L(y,---,&—1,m) — L(y, -+ ,x,—1,m) in ¢1.

However, the above requirements can be easily verified given Assumption 4.3.

The rest of the proof follows the proof in (Isidori, 2000). OJ

Remark 4.3 Note that the assumption of g—xfa(z, T1, e 1,Uq, p) being globally
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Lipschitz in z (Assumption 4.3) is rather restrictive. This can be relazed to a more
general locally Lipschitz assumption, which yields a semi-global stability result for
the auxiliary system. Moreover, this relaxation does not affect the stability result in

Theorem 4.1.

4.2.3 Integral Action

As discussed above, it is generally difficult using the technique considered above to
ensure the absence of steady-state error unless Assumption 4.1 is fulfilled. Since this is
not the case in general, one may consider the incorporation of integral action into the
output-feedback controller equation (4.18). This can be done by using the following

integrator
éo = (Il — J?lsp).

with eg(0) = 0. The integrator state provides an estimate of the steady-state value

of the control variable given by
Usp = sign(b(x1))kreo (4.21)

where sign(b(z1)) denotes the sign of the high-frequency gain of the system and k; is
a gain for the integral action.

Using integral action, the controller equation (4.18) is rewritten as

§ = PE+Qy
0 = Lleo,y,6, - &-1,m) + Mo (k[ —n]) (4.22)

u = UP(@sp)JF@ L(eo,y,& -+ & —1,m) + Mop(k[& —n]) — or(k[& —n])|.
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where op(is,) is the saturation function with saturation bound P that is used to avoid
large values of the estimated correction term 1,,. Note that the term L(eg,y, &2, -+ ,&-1,7)
must be changed to account for the incorporation of the integral action. This is due
to the fact that the auxiliary output y, must account for nonzero steady-state values

of the control variable. Nominally the dynamics of z, are given by

&y = ho(z, 21,29, ..., Tp_1, %) + (1) ugp + b(21) (0 — usgp)

where ug, is the unknown steady-state value of the control variable that corresponds

to the desired set-point, 1 = @15,. Therefore the nominal auxiliary output is given

by,

Yo = ho(2, 21, Ta, ..., Tp1, Ug) + b(21)usp

Since the value of ug, is unknown, it is not possible to ensure that y, reaches the

origin, as required. Thus, we replace the value of ug, by its estimate, s,, to obtain

Yo = ho(2, 21, T2, ..., Tp1, Ug) + b(21) Uy = ﬁs(xa,ua, €o) (4.23)

The design procedure is then repeated using the auxiliary output ﬁs(ma, Uq, €o) yield-
ing the term L(eg,y, &2, - ,&—1,n) in the output-feedback controller with integral
action. The development of the control algorithm is similar to the approach outlined

in the previous subsection.

66



4.3 Applications

4.3.1 Example II

Consider the following system,

Z = pz—1
T = @
(4.24)
y = —z(1+23)+ (1 +23) (=321 +52) — 321 + 62 +u
y = =

where p is an uncertain parameter, ranging over [0,1]. It is obvious that the zero
dynamics of system (4.24) is unstable. The control objective is to construct an output
feedback controller that is able to semi-globally practically stabilize the plant (4.24).

The auxiliary system associated with (4.24) is as follows,

zZ = pz—uI
T = Ug
Yo = —(1+2))uq+ (14 27) (=321 + 52) — 32, + 62.

Now we need to check if Assumptions 4.1 to 4.4 are satisfied.
It is obvious that Assumption 4.1 is satisfied. To check Assumption 4.2, we solve

u, from y,,

67



set y, = 0, and get the zero dynamics of the auxiliary system as follows,

Foopmnm (4.25)

i = (=3z1+52) + = (=3, + 62).

1+x%

Consider a change of variable ( = x; — 22, and a backstepping Lyapunov function
V= %,22 + %CZ, we can show that V' is negative definite along the trajectories of the
zero dynamics (4.25), as follows

3¢2

PR S
=T T IR (22

(- (1 —=p)2)*<o0.

V = 0 implies ( = z = 0, which implies 1 = z = 0. Therefore, Assumption 4.2 holds.

Taking the derivative of y, as follows,
Vo = (114 52%)(pz — 21) + uq [ — 271U, + 271 (=371 +52) — 6 — 323 | — (1 +23)v

we can check easily that Assumptions 4.3 and 4.4 are satisfied as well.

In the simulation, controller (4.18) is implemented with the following design pa-
rameters kg = 10, £ =10, ¢ = 1, ¢c; = 2, g = 100 and L = 1. The initial conditions
for the states are z(0) = z1(0) = x2(0) = 10, and &(0) = 0. The uncertain pa-
rameter p is setting as p = |sin(¢)|. Simulation results in Figure 4.1 show that the
proposed controller robustly stabilizes the system to the origin, under the presence

of the uncertain parameter.

4.3.2 Example I

Consider again the van de Vusse reaction system in section 4.2.1. An example is
the production of cyclopentenol (B) from cyclopentadiene (A) by acid-catalyzed elec-

trophilic addition of water in dilute solution, where cyclopentanediol (C') and dicy-
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Figure 4.1: State trajectory and controller performance of example 11

clopentadiene (D) are also produced as side products (Engell and Klatt, 1993).
The operating condition is C4o = 5 gmol - L™, and T, = 403.15 K. In addition,

the following parameters values are assumed (Engell and Klatt, 1993):

Table 4.1: Parameter Values for the van de Vusse Reactor

ko = 1.287-102h ! koo = 1.287 - 102!

k3o = 9.043 - 10°L(mol - h)~' || E;/R = —9758.3K

Ey/R = —9758.3K Es/R = —8560K

AH, =4.2kJ - mol ™ AH, = —11kJ - mol ™
AHy = —41.85kJ - mol ™ p = 0.9342kgL "

C, = 3.01kJ (kg - K)~* Q = —451.509kJ(L - h)~!
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The control objective is to make the output y = Cp track its setpoint, by ma-
nipulating the dilution rate, v = F//V. In this work, we would like the output Cp
to track a setpoint change to 1.0 mol - L™, from the following reference steady-state:
Cps = 0.9 mol - L_l, Cys = 1.25 mol - L_l, T, = 407.15 K, which corresponds to
us = 19.5218 hr .

To check the stability of the zero dynamics of (4.8), we linearize the zero dynamics
around the reference steady state, and get the following eigenvalues: A\ = 122.68,
and Ay = —11.17. This shows that system (4.8) is locally non-minimum phase around
the reference steady state.

Checking the stability of the zero dynamics of (4.9) around the reference steady
state, we get the following eigenvalues: A = —21.86 £ 8.931. This shows that the
auxiliary system is locally minimum phase. Therefore, Assumption 4.2 is satisfied. For
Assumption 4.3, only the local Lipschitz condition is satisfied. To verify Assumption
4.4, we check the term gZa = —ky —ugp, where ugy, = 30.6015 hr™!, for the set-point of
Cpsp = 1.0 mol - L~ Since ky and ug, are both positive numbers, we know that the
sign of g—zg is always negative. In addition, <||g—22||>_1 < (ugp)™t = m. Assumption
4.4 is therefore satisfied.

In the simulation, controller (4.18) is implemented with the following design pa-
rameters kg = 150, £k = 1 and L = 1. The initial conditions for the states are the refer-
ence steady state. The control action is restricted in the range of 5 ht<u<50ht
(Engell and Klatt, 1993).

We first consider the simulation of the nominal system without integral action.
Two sets of simulation results are shown in Figure 4.2. The dotted line demonstrates
the performance of control (4.18) using the nominal values of the parameters. It
can be seen that the output Cp tracks the new set-point within a short period of
time (comparable to the results cited in (Kravaris et al., 1997), in terms of transient

response and settling time performance). In contrast, the full line shows the result
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of the simulation when the parameter estimates used in the controller are different
than the nominal values (such that Assumption 4.1 is not met). In this case, a 50%
error in the value of k3y was considered. The steady-state offset can be reduced by
increasing the controller gains k£, L and ky. However, this strategy was not employed
in this case, due to two factors. Firstly, increasing the controller gain can only reduce,
not eliminate, the steady state offset. Secondly, the closed loop stability margin will

be sacrificed if the controller gain is increased too much and will cause instability

eventually.
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Figure 4.2: State trajectory and controller performance of example I. The dotted line shows
results subject to the nominal parameter values. The full line illustrates results
subject to changes of model parameters.

To correct the situation, we implement the output-feedback controller with inte-
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gral action in equation (4.22). The auxiliary output y, in equation (4.9) becomes

Yo = kl (CAO - Zlua> - k2ua uausp il

Taking time derivative of y,, we get

. Ohy. +aﬁs_
Ya = 8%% (‘3uaua
) 0k, 0Oks .
= —kiugz — uq(z1 az2+a—22)z2 (ko + Ggp)v

Given ki(T) = kipexp(—E;/RT), i = 1,2, and 2z, = &=L = To=L "we have, for i = 1,2

Cp Uq

Oki _ Ok OT _ Ok;
92 0T 0z  OT

Therefore,

Ok, 61{:2 Oay
8T orT

= afz1, 29, T uy) + B(T)v

Vo = —kiugés —ul(z1— — (kg + tgp)v

The controller v in (4.13) is therefore designed as follows,

. I O\ Z1sp, 225 aT7 Uq
v = —kysign(A(T))y, — L s ; (4.2
where 25, = %, Zosp = TOCB , T = —UqZosp + To. Casp, Cpsp and Ty, are

the concentrations and temperature at the desired set-point, which, in this case, are
Casp =1.25mol- L' Cp, = 1.0 mol - L™ and Ty, = 407.15 K.

It is straightforward to check all the assumptions, and the rest of the design is
the same as in the nominal case. In the simulation, the same tuning parameters

were employed. The integral gain, k7, was set to 150/0.05. The results are shown
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in Figure 4.3. It is shown that the controller can effectively recover the required

set-point despite the presence of model uncertainties.
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Figure 4.3: State trajectory and controller performance of example I. The full line illustrates
results subject to changes of model parameters with the integral controller equa-
tion (4.22).

Finally, we consider the effect of set-point changes on the closed-loop system for
the integral controller in equation (4.22). We consider the following three set-points
for Cp, [0.8,0.9,1.0]. The results are shown in Figure 4.4. In each case, the parameters
and steady-state information was taken as the nominal steady-state for a set-point of
1.0 mol - L™" of component B. The results demonstrate that the controller performs

well at various operating conditions.
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Figure 4.4: State trajectory and controller (4.22) performance of example I at various set-
points of Cp, [0.8, 0.9, 1.0].

4.4 Conclusions

In this chapter, we proposed a robust control design that semi-globally practically
stabilize a general uncertain non-minimum phase nonlinear system. Simulation results
demonstrate that satisfactory controller performance is obtained. In particular, we
show that the approach yields excellent performance for the control of the bench mark

van de Vusse reactor.
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Chapter 5

Output Feedback Stabilization of
Non-minimum Phase Nonlinear
Systems with Unknown

Nonlinearities

5.1 Introduction

In the previous chapters, the following control design problems have been studied,

and new design approaches have been proved and verified with simulation examples:

e Output feedback control design for systems with unknown nonliniearities.

e Output feedback control design for non-minimum phase systems with uncer-

tainties.

The focus of this chapter is to study output feedback control design problem for
nonlinear systems with both unknown nonlinearities and non-minimum phase behav-

ior. A new design technique is proposed that guarantees both closed-loop stability
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and functional approximation of the unknown dynamics.

5.2 Problem Formulation and Design Procedures

The system of interest takes the following form,

z = fO(’Zale"' 7IT71>mT7p>
1‘1 = T2
(5.1)
jjr—l = Tr

T, = f(Z,Il,"‘,«xrflaxrvp)—i_b(I)u

y = I,

where z € R"™" are the state variables of the zero dynamics, p is a (possibly vector-
valued) unknown parameter, ranging over a compact set P, z = [z1, T, -+ , 1,
€ R” are the state variables of the main dynamics; v € R and y € R are the system
input and output, respectively. The mapping f(z,z1, -, 2,1, 2,,p) is assumed to
be an unknown continuous function of z and z. In addition, b(z) is a bounded known
nonlinearity, with 0 < by < b(x) < by. It is assumed that the zero dynamics of system
(5.1) is unstable. Without loss of generality, it is also assumed that the origin is the
equilibrium of (5.1). The control objective is to design an output feedback controller
for system (5.1), which semi-globally stabilizes the system subject to the unknown
nonlinearities.

In the next two sections, we construct a state feedback as well as an output

feedback controller along the following paths: First, we introduce a synthetic output

to the system, for which a semi-global output feedback controller, u, is available using
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the results in (Diao and Guay, 2005). Second, we rewrite the unknown nonlinearity,
taking into account the synthetic output. Third, we construct a composite controller,
which consists of the stabilizing control u; and another controller uy which dominates
the approximation of the unknown dynamics. Closed-loop stability is proven at the

end of this section.

5.3 State Feedback Controller Design

5.3.1 Introduction of the Synthetic Output

For system (5.1), we introduce a synthetic output hy(z,z,p), and consider a system

of the form,

z = f0(27x17'” 7377“7171;1“71))
i’l = I3
(5.2)
Tr1 = Ty

T, = ho(Z,LU,p) + U

where u; is the control input. hg(z,z,p) is chosen such that there exists an output
feedback control which semi-globally practically stabilize system (5.2).

To show the structure of the controller u;, and use the knowledge of the Control
Lyapunov Function (CLF) associated with it, we need to review the following results
in (Diao and Guay, 2005).

In order to construct a controller for (5.2), a dynamic output feedback controller

needs to be designed for an auxiliary system of (5.2). The auxiliary system is defined
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as follows,

j:a = fa(xaa uaap)

(5.3)
Ya = ha(xaa uaap)
where
z
T
Ty =
Lr—2
Tr_1
fO(za O PR axrflauaap>
X2
fa(xa,uaap) =
Tr
Ug,
ha(ZTasua,p) = ho(z, 21, Tr1, Ua, P).-
The following lemma was proven in (Diao and Guay, 2005).
Lemma 5.1 There exists a smooth dynamic system of the form
77 = L(ajla"' afolan)—i_Mya
(5.4)
Uy = 1N
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in which n € R, L(0) =0, M = —k:omsgn<g—ﬁz>, where ko 1s a positive constant,
and m is a positive number such that (||g—fj2||)_1 < m. In addition, there is a positive
definite and proper smooth function V(x,,n) whose derivative along the trajectories

of the interconnected system (5.3) and (5.4) is negative definite, i.e.,

ov

oV
%fa(%;ﬁap) + _[L(xh e 7:L‘T—17777p) + Mya] <0 (55)

on

for all (z4,7m) # (0,0).<

Proof: See (Diao and Guay, 2005).
Before presenting the controller structure of u;, the following definitions are re-
quired.

Let = x, —n. Let BY denote the closed cube
By ={r e RF: |2y < R, 1 <i<k}. (5.6)
Consider the positive definite and proper function
W(xa,n,0) =V (xe,n+ MO) +6°
and let €, denote the set
Q = {(2a,n,0) : W(xa,7,0) < b}. (5.7)

The controller design of u; is given by the following Lemma.

Lemma 5.2 Consider the dynamic state feedback control

7? = L(xl>"'axT—l>n>+Mk[xT_n]
u = L(xy, -, 2.1,n) + Mk(z, —n) — k(z, — 1)
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where k is a positive number, then the following holds. For any R > 0 and € > 0, and

for any p > 0 and ¢ > 0 such that
Q, C B"' c BEt C Q,

where B"™ and B}ffl are defined as in (5.6), and 2, and Q. are defined as in
(5.7), then there is a number k* such that, if k > k*, the derivative of the func-
tion W(xq,m,0) along the trajectories of (5.2) and (5.8) is negative at each point of

the set
S ={(xa4,n,0):p<W(xe,n,0) <c}<.
Proof: See (Isidori, 2000).

5.3.2 Rewriting the Nonlinearity

Given the synthetic output ho(z, z, p), the unknown nonlinearity f(z, x1,- -, Z,_1, 2, p)

can be rewritten as follows,

f(Z,J?l,"‘ 7'I7"—1ax7"7p) = h0<zvxap)+ [f(zvxh”' axr—laxr7p)_h0(zaxap)]
- hO(Zazap) +f(27$1;"' 7$T—17xT7p)
= ho(Z,.T,p)—i—]E(O,Qfl,--' ax’r‘—laxﬂp)

+|:]E<Z7x1a e amr—laxrap) - f(oaxla e 7$T—1axT7p>]

Radial basis function (RBF) presented in (Kosmatopoulos et al., 1995) were used

to approximate the continuous function f(O, Ti, e 1, T p) t RT— R

FO, 21,z 2, p) = WS(2) + u(t) (5.9)
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with approximation error y(t), and basis function vector

S(@) = [s1(z),s2(2), - s(@)]" (5.10)
si(x) = exp [—(x—gp;)?(m—gai) (5.11)
i=1.2,...1 (5.12)

where ¢; is the center of the receptive field, and o; is the width of the Gaussian
function. The ideal weight W* in equation (5.9) is defined as

= arg g {sup W7 50) o)

Wehw | zen

where Q,, = {W | [|[W]| < w,,} with positive constant w,, to be chosen at the design
stage, and {2 is a compact set.

Therefore, the nonlinearity f(z,z1, -+ ,z,_1,%,,p) can be re-written as follows

f(Z,LUl,"' 7‘7;7“—17377’)])) = ho(Z,,ZU,p)—FW*TS([E)—’—ILLl(t) (513)

+Af(Z,I1,"' 7xr—17x7“ap)
where Af(zvxla e 7xr—17xrvp) - f(zaxh e 7xr—17m7"ap) - ‘];(0,1'1, e 7xr—17x7‘7p>

5.3.3 Lyapunov Function Construction

The existence of the Lyapunov function in Lemma 5.1 is guaranteed by the converse
Lyapunov theorem. However, it is generally a difficult task to search and find such a
Lyapunov function. In this section, it is demonstrated that a Lyapunov function can
be constructed, based on the Lyapunov function of the zero dynamics of the auxiliary
system.

The following assumptions are made for the auxiliary system (5.3).
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Assumption 5.1 u, enters z dynamics linearly. The auxiliary system (5.3) can be

put in the following form:

z = fo(z,xl,--' ,xr—lap)+czua
ry = X2
x'r,l = Uq
Yo = hO(zaxh”' 7xT—1’ua’p)'
Where CZ = [Cz17 e 7CZn—T]T

Assumption 5.2 The knowledge of a Lyapunov function Vi for the zero dynamics
of the auxiliary system is available, which is quadratic in (2,1, ,x._1) or their

linear combinations.
Assumption 5.3 % is a function of (x1,--+ ,x._1) only.

A three-step approach demonstrates that a Lyapunov function can be constructed
for the closed loop auxiliary system, based on the above assumptions.

First, according to the assumption of (4.2) the zero dynamics of the auxiliary
output is stable with respect to the auxiliary output y,. Therefore, there exists a

Vo(z4, p), such that

Vo

%fa(‘raunap) <0 (5]‘4>

In addition, the knowledge of the Lyapunov function for the zero dynamics are
available, based on Assumption 5.2.
Setting y, to zero, solving for u, from ho(z, 21, ,T,_1,Uq, p) = 0, and denoting

it as u,. Taking Assumption 5.1 into account, the zero dynamics of the auxiliary
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system becomes

z = f0(27x17"' 7xr717p)+czaa
T = @
(5.15)
Tr1 = g

Second, closed loop system (5.3) and (5.4), with control v defined in equation

(4.13) can be put into this form:

z = fo(zaxlv"' 7mr—1ap)+czua

I"l = X2
"1.771,1 = Ugq

ya = %Zg(fa(szla"' 7xr—17ua7p)_fa(0ax17"' 7xr—17ua)> _k0m|g_zg|71ya'

Solving for u, from y, = ho(z, 21, -+ ,Zr_1,Uq,p), it can be shown that u, =
Uq + (%)_1%. The closed loop system becomes:

. o r — Ohg \—1

£ = fO(zaxla'” 7mr—1ap)+czua+02(m) Ya

I"l = X2
jjrfl = Ugt+ (ﬁ)_lya

ya = g_];(?(fa(zvl‘la"' 7xr—17ua7p)_fa(0ax17"' 7xr—17ua)> _k0m|g_zg|71ya'
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Third, the following Lyapunov function is proposed: V =V, + %yf. Taking time

derivatives of the Lyapunov function:
) r—1 8h
V = 8V0 fa(xa’ n, p) (ClZ + Z 01377,) (a_uZ)_lya

i=1

—i—?/a[aho (fa(zaxla U 7x7"717ua7p> - fa(oaxh e 7’x7”*1’ua>) —k m‘ahoy 1 ]

r—1
8h

< + o (gt 4 L] Cizi(50) "y, — komy?  (5.16
< G fa(za,n,p) + | C1(52) " + La| [l 2llya + Z T; aua) omy,  (5.16)

r—1
S —(&ZZ + bzya)2 - Z(azxz + biya)2 - %Oyg

i=1
< 0

It can be seen that V' = 0 implies [z, 21, -+, x,_1, ya]T = 0, which shows that V/

is a Lyapunov function of the closed loop auxiliary system.

Therefore, the %—‘; term in the state feedback control law in equation (5.19) is as

follows:
oV _ oV Bya
8n(z AT 7$r—17nap) —  Oyq On

(5.17)
== ya(Z,iUl,"' Lr—1,1], p) (xb'" 7'777"71)

84



5.3.4 Controller Construction and Stability Proof

The system of interest (5.1) can be put in the following form by substituting the

nonlinearity (5.13) into (5.1),

T

Tr—1

Ty

fO(Zaxb o 7x7"—17x7’7p>
X2
(5.18)
x,
ho(Z,l’,p) + W*TS(‘T) + Ml(t) + A.]E(wah o 7:(:7"7171‘7"7]9) + b(l’)u

X1,

Compare system (5.2) and (5.18), it can be seen that the differences between these

two systems are the presence of the unknown function approximation W**'S(x) 4y (t)

and Af(z, 21, ,x._1, 2., u,p). Therefore, if we use u; as one sub-controller, which

can stabilize system (5.2) with the term Af(z,xl, e Xp_1,Tp,u,p), then system

(5.18) can be stabilized provided that another sub-controller is constructed to take

care of W*T'S(x) 4 p(t).

The following assumption is made.

Assumption 5.4 Af(z, X1,y Tp_1, Tp,u, p) 1S locally Lipschitz in z.

The following state feedback controller is proposed to stabilize system (5.18),

L(zy, - ,xp_1,m) + ME(x, — 1)

(5.19)

Wlx) —k(z, —n) + Lz, - ,n)+Mk(mr—n)—an%_‘;_WTS

where W is the estimation of parameter W*.
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Theorem 5.1 summarizes the main result of the state feedback control design

solution.

Theorem 5.1 Suppose Assumption 5.4 holds, and consider system (5.18). Given
any arbitrary large number R > 0 and any arbitrary small number ¢ > 0, there are
numbers k > 0, k, > 0 such that, in the closed-loop system (5.19) and (5.18), any

wnitial condition in Bg“ produces a trajectory which is captured by the set B
Proof: The closed-loop system (5.19) and (5.18) takes the following form,

z = fo(Z,%,"',xr—l,%,P)

jl'lzilfg

i1" = ho(Z,.T,p)+W*TS(.T)+[LZ(t)+Af(Z,.T1, >$r717x7"7p)
—k(z, —n) + L(xy,- -+ ,n) + Mk(x, —n) — l{:nM%—‘; - WwTs
h = L(xlf" 7xr71777)+Mk[xT_77]

Yy = I1.

Changing the state variable z, into the new variable

921’7’_77’
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the interconnection of the feedback control (5.19) and system (5.18) becomes

Ty = fa(xme + 77,29)

n = L(xy, - ,2,1,n) + Mkf
(5.20)

é = ho(z,a:,p)—k‘@—i—Af(z,xl,---,a:,n_l,a:r,p)

—WTS — an%—‘; + Ml(t)

where the parameter estimation error W is given by W = W — W*.

Consider the Lyapunov function candidate

3 1 -
Wi(ze,n, 0, W) = W(x,,n,0)+ WI/VTW
1

= V(g,n+ M0O) + 6 + 2—WTW

w

where 7, is a positive constant. Taking the time derivative of Wy(z,, 1,0, W) along

the trajectory of the closed-loop system (5.20), we have

. oV oV
W, = a a,@ ) a_ L y Ty =1, MFEO
¢ oz, n—>n+M6f (%0, 0+ 1, p) + on n—>n+Me{ (21 Tr1,M) +
+Mh0 — ME6 + MAf(Zaxh e 7xr—17$rap) - MWTS+ Mﬂ'l@)
oV -
_Mana_n} + Ze{hO(zax7p) — ko + Af(’z?ajla e 7’:1:7"—17x7“7p)
~ A% 1 -~z
~WTS — kyM— t —WTw.
WM+l

The expression of W, can be put in the following form,

.0V %
Wi oo folrm )+ 5 { Lo o) + Mho) (5.21)
— 2k0% 4+ OR(4,0,7m,p) (5.21b)
- 1 ~.,. 2
~uyrs + —WTw (5.21c)
on Y
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oV oV oV ~
M— —k,M*(—)??+ —MA e X . 21
—+ 87’, Ml(t) kﬁ ( 87} ) + 877 f(za xy, y Lp—1, xﬂp) (5 d)

where R(z,,0,n,p) is some smooth function.

The sign of line (5.21a) to (5.21d) is analyzed as follows.

It has been shown in Lemma 5.1, equation (5.5), that line (5.21a) is negative. In
addition, with the choice of Lyapunov function proposed in Section 5.3.3, this term
is explicitly shown in equation (5.16), which will help cancel one term in line (5.21d),
as shown later.

Line (5.21b) is negative over a compact set, as shown in Lemma 5.2.

In order to make line (5.21¢) negative, we choose the following projection algorithm
(Seshagiri and Khalil, 2000). Denoting () as the compact set where the parameter
estimations are confined within, let Qs = {W; | a; — 6 < W; < b; +6},i=1,--- 1,

where 4 is chosen such that Q5 C €. The adaptive law is chosen such that

ov

wr <W + (_%08_7]

(mMS)) <0,
which guarantees that (5.21¢) is negative.
Let ¢; = —’yw%—‘;(n)MSi, the projection algorithm W; = [Proj(W, ®)]; is given as

follows,

i, if a; <W; <b; or
Wi > b, ¢; <0
[Proj(W,¢)l; = W, < a;, ¢ >0 (5.22)
Gi(1+ =) if W, > b, ¢ > 0
¢i(1+@), it W, <a;, ¢ <0

\

Line (5.21d) can be rearranged as follows,
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MG () = kyM(50)° + GrMAf(z, 21, e, 0, p)

< M52 + g ua(t)? = kg MP(50)° + MG L 2|
k.

= —(ky— % = DM (G0)* + o (t)” + L2||2|

< negative term —i—ﬁm(t)Q

where k, is chosen such that, &, — %“ > 0. L?||z||* can be grouped into (5.21a), and
be dominated by the —(a.z + b.y,)? term.

Therefore the derivative of W, can be written as
. 1 9
W, < negative term + — 5 k: p(t)”.

Since the approximation error p(t) can be made arbitrary small, we conclude that,
for any initial condition in B, the closed-loop system (5.19) and (5.18) produces

a trajectory which is captured by the set B"*1. [J

5.4 Output Feedback Controller Design

To implement the state feedback control law in equation (5.19), the unmeasured states
need to be estimated. The higher order derivatives of the output, (zg,-- ,x,_1), can
be estimated by using the high gain observer approach, as shown in Chapter 4. The
difficulty lies in the z term, which appears in the %—‘; term developed in the previous
section. z needs to be estimated and closed loop stability needs to be ensured when
using the estimates in the control law (5.19).

To this end, we apply the results in (Karagiannis et al., 2003), and show that

there exists an output feedback control law that asymptotically stabilizes the closed
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loop system (5.1) and (5.19).

5.4.1 Review of Output Feedback Stabilization Results in

Literature

In this section, one of the results (Proposition 1) in (Karagiannis et al., 2003) was
reviewed, using notations consistent with the rest of this thesis.

The system of interest takes the following form:

2 = A(y,u)z+ B(y,u)

(5.23)
Yy = eoly,u) +ei(y,u)z
Along with system (5.23), consider a performance output p, defined as
p = hly,z) (5.24)

The following lemma states the results of the Proposition 1 of (Karagiannis et al.,

2003).

Lemma 5.3 Consider a system described by equations of form (5.23) and a perfor-
mance variable p defined as in equation (5.24). Suppose the following assumptions

hold.

1. There exists a full information control law

u=a(y,z) (5.25)

such that all trajectories of the closed loop system (5.23) and (5.25) are bounded
and are such that condition (5.24) holds. Moreover, system (5.23) with v =

a(y; z + 2(t)) is globally bounded-input bounded-state stable with respect to the
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input Z(t).

2. There exists a mapping 5(y) such that the system

F= (Aww) - Soenlyw)2 (5.26)

is uniformly globally stable for any y and w, and Z(t) is such that, for any fized

y and z.

lim [a(y, z + 2(t))] = a(y, 2). (5.27)

t—o00

Then there exists a dynamic output feedback control law, described by equations of

(5.29), solving the output feedback requlation problem.

Proof: See (Karagiannis et al., 2003). O

5.4.2 Output Feedback Stabilization

For the output feedback stabilization problem, the system of interest in equation (5.1)

is restricted to the following:

z = fo(l’l,"- 7%«—1717)24—0,21}
jf]_ - ﬂf2
(5.28)
:ET—]. == ajr

I'T' - f(xla"' 7xr—1ax7"7p)z+b<x>u

Yy = [:Ula"' 7xr]T
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which is in the same format as studied in (Karagiannis et al., 2003), as shown in
equation (5.23).

Theorem 5.2 summarizes the main result of this chapter.

Theorem 5.2 Consider system (5.28). Suppose the two assumptions in Lemma 5.3
hold, with the state feedback control in equation (5.19) chosen as the control law in
equation (5.25). Then the dynamic output feedback control law, described by equation

(5.29), solves the output feedback stabilization problem.

Proof: The stability proof follows (Karagiannis et al., 2003), as both assumptions
in Lemma 5.3 are satisfied. The proof is repeated here for completeness.

Consider system (5.28) and the dynamic output feedback controller

(5.29)
u = aly, N2+ B(y))

where a(-) is as in equation (5.25), IV is an invertible matrix, S(y) : R? — R" is as in
Assumption 2 of Lemma 5.3, and w is a new control signal. Let Z = NZ — z + ((y).
The closed loop system (5.28) and (5.29) can be written in the z, y, and Z coor-

dinates as

= Ay,aly,z+2)z+ By, aly, z + 2))

Jo= oy, aly, 2+ 2) + ey, aly, 2 + 2))z

P = Nu-—A(yaly,z+2)(=2+ N2+ 5(y)) (530)
—B(y, aly, z + 2)) + G lpo(y, aly, = + 2))

+e1(y, aly, 2 + 2)) (=2 + N2 + B(y))]
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Picking the new control law w as follows:

A -
Il

‘ (5.31)
= NTUANE+B(y) + Bly,w) — Llpo + 01 (N2 + Bm))]]
The closed loop system (5.30) becomes:
¢ = Aly,aly, 2 +2)z+ Bly,aly, 2 + 2))
y = goo(y,a(y,z+2)) +§01(y7a(y7z+2))2 (532>

2= |Aly,aly,z+2) — ooy, aly, 2 +2)) |2

As a result, by Assumption 2 of Lemma (5.3), the variable Z remains bounded for
all ¢, and it is such that equation (5.27) holds. Hence, by Assumption 1 of Lemma 5.3,

y and z are bounded for all ¢ and condition (5.24) holds, which proves the claim.[]

5.5 Example

Consider the following system,

z = pz—o
l"l = X9
(5.33)
jfg = —3131 + 5z — To + U — 132;22
_ T
y = [z1, 2]
where p is an uncertain parameter, ranging over [0,1]. The nonlinear term —;%2%;
+x1

is assumed to be unknown. The zero dynamics of system (5.33) is unstable. The

control objective is to construct an output feedback controller that is able to semi-
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globally practically stabilize the plant (5.33), without the knowledge of the unknown
nonlinearity.

The auxiliary system associated with (5.33) is as follows,

z = pz—o
PR (5.34)
Yo = —3T1+ 52— Ug.

A Lyapunov function for the auxiliary system is V = %z2—|— %52, where £ = x1—2z.
It can be shown that Vp < —z2 — €2 < 0 along the trajectory of the zero dynamics of
auxiliary system (5.34).

The Lyapunov function for the closed loop auxiliary system is proposed to be
V =V + 1y2. It can be shown that V < —(z — 2y,)? — (£ — 19.)? — (ko + 3)y2 < 0.
Therefore, the %—‘; term in the state feedback control law in equation (5.19) is %—‘; =
—Yog = 321 — Dz + 1.

The mapping 5(y) and state estimation dynamics Zare chosen as follows:

Bly) = z9

~

Z = w=—-42+42x1 — 313 —u

As a result, the state estimation error dynamics is:

For the simulation, the number of basis functions is [ = 11, with 0? = 2, ¢; = i —6,
1=1,...,11, and w,, = 10.

In the simulation, controller (5.19) is implemented with the following design pa-
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rameters kg = 10, k = 10, L = 5, k, = 0.1,k; = 0.4, r, = 1. The initial conditions
for the states are z(0) = 21(0) = 22(0) = 10, n(0) = 0, and Z = 0. The uncertain
parameter p is setting as p = |sin(¢)|. Simulation results in Figure 5.1 show that
the proposed controller robustly stabilizes the system to the origin. Figure 5.2 shows

nonlinearity estimation and parameter convergence.
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Figure 5.1: State trajectory and controller performance of examplel

5.6 CONCLUSIONS

In this chapter, an output feedback stabilizing control design is studied for a class of
non-minimum phase nonlinear system, with unknown nonlinearities. The proposed

control design consists of two components. The first part is a stabilizing control with
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Figure 5.2: Unknown Nonlinearity Estimation and Parameter Convergence
respect to a synthetic output. The second part is a functional estimation control
which also takes the synthetic output into account. In addition, the new design

technique provides an approach to construct the Lyapunov function for the auxiliary

system. The proposed method is demonstrated by simulation.
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Chapter 6

Conclusions

The problem of output feedback control of nonlinear systems with system restriction
are the research focus of this thesis. For systems with unknown dynamics or non-
minimum phase behavior, output feedback control design remains an open research
field. This thesis provides systematic approaches for the construction of stabilizing
output feedback controllers for nonlinear systems with unknown nonlinearities non-

minimum phase behaviors.

6.1 Contributions of Thesis

Output feedback tracking problem for a class of nonlinear systems with unknown
nonlinearities was proposed and solved in Chapter 3. The proposed controller design
approach is a Lyapunov-based technique. Radial Basis Functions are used to ap-
proximate the unknown dynamics. Closed-loop stability are guaranteed by an adap-
tive learning algorithm. In addition, the adaptive design ensures the convergence of
tracking errors to an adjustable neighborhood of the origin. Chapter 3 also provides
a solution to improve unknown function estimation, by incorporating a persistent
exciting signal in the parameter update law. The benefit of good approximation of

the unknown dynamics is that it provides knowledge of the poorly known system dy-
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namics of interest. The additional information on the unknown nonlinearity improves
closed-loop performance.

Chapter 4 focuses on output feedback stabilization for nonlinear non-minimum
phase systems. The proposed approach removes a restrictive assumption from (Isidori,
2000), and proposes a constructive controller design technique, that achieves semi-
global practical stabilization.

For systems with both non-minimum phase behavior and unknown nonlinearities,
an output feedback control design technique is presented in Chapter 5. The proposed
approach re-writes the unknown nonlinearity, and utilizes the auxiliary output idea
from Chapter 4 and functional approximation techniques from Chapter 3. In addition,
the explicit form of a candidate Lyapunov function for the system of interest was
provided, instead of assuming its existence. To the author’s best knowledge, this
research work is the first attempt in literature on this challenging problem. It provides

a starting point for all following research.

6.2 Future Research Recommendations

The theoretical results presented in this thesis applies to specific groups of nonlinear
systems. In particular, more restrictions were placed on the applicable systems for the
proposed output feedback control design technique in Chapter 5, due to the difficulty
in searching for the Lyapunov function and suitable observer design methods. It will
be desirable to extend the results to a wider collection of systems, such as, the more
general system proposed at the beginning of Chapter 5.

It is also of interest to investigate the class of non-minimum phase systems stud-
ied in (Andrieu and Praly, 2008), with unknown parameters or unknown dynamics.
Utilizing the ISS property of the zero-dynamics, adaptive backstepping may be ap-

plied to construct a stabilizing control law, with parameter estimation error being
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fed as disturbances into the zero dynamics. Similarly, functional approximation error
may be treated as a bounded disturbance into the zero-dynamics. However, a more
complex detectability condition may be needed in order to solve the problem.
Another recommended future research area is the performance comparison study
for different functional approximation methods. For example, other linear functional
approximation methods (such as polynomials) or nonlinear functional approximation
method (such as nonlinear RBF, where the center and the width of the basis func-
tions are adapted). The choice of an appropriate functional approximation remains
a very challenging problem for any given class of system. Gaining knowledge of the
performance of various approximation approaches on different types of nonlinear sys-
tems will help find the most suitable approximation techniques for a certain type of

nonlinear system.
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