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Abstract

A model free control technique (extremum seeking) is employed to address problems
of large-scale systems involving multi-agents in real-time. This thesis focuses on the
use of extremum seeking control in a distributed, coordinated and a cooperative fash-

ion to solve distributed control and optimization problems.

First, the problem of maximizing the power produced in a wind farm is considered. To
tackle this problem, a distributed time-varying extremum seeking control (TVESC)
technique is employed to overcome the need to provide accurate models of aerody-
namic wake interactions among the wind turbines. Solutions in continuous-time and

discrete-time are presented.

Secondly, precise knowledge of the structure of network connectivity has been uti-
lized in solving cooperative optimization problems of multi-agent systems to achieve
global objectives. In this thesis, a distributed proportional-integral extremum seeking

control technique is designed to tackle such problems over unknown networks.
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Chapter 1

Introduction

The optimization of an unknown cost function to its extremum and the stabilization
of a complex dynamical system require the use of control approaches ranging from
model based (e.g Optimal Control and Model predictive Control) to model free (e.g
Extremum Seeking Control) design techniques. When it comes to solving large-scale
real-time optimization problems involving multi-agents, control approaches employed
could either be centralized or distributed (decentralized). In a centralized approach,
the individual agents that make up a system are controlled by a single decision maker.
This decision maker monitors, receives, and processes information from all agents and
also sends processed results back to the agents. The main advantage of this control
approach is that the decision maker has full knowledge of the state of the system at
any given time and can make useful decision(s) that help meet global objective(s). As
the number of agents increases, it becomes difficult for the decision maker to perform
its task due to the increase in computational complexity. This phenomenon could
result in the transmission of inaccurate information, loss of information and increase
in computation time. In addition, centralized approaches are complex and most im-

portantly lack system robustness as failure of the decision maker could mean failure



of the entire system.

Most of the challenges highlighted above can be effectively avoided if one adopts a
distributed approach. In a distributed environment, multiple decision makers can
be utilized. Each subsystem or agent is controlled by a local decision maker. With
the help of the decision maker, each agent’s task can be limited to the solution of a
simpler local problem. Each local problem can be solved with or without the cooper-
ation of neighbouring agents. In a cooperative environment, agents work with other
agents through local communication to find the best solution that meets global (or
centralized) objective(s) of the system. Some of the advantages of distributed control
includes but are not limited to effectiveness, flexibility, scalability and adaptiveness.
The greatest advantage of distributed control is system robustness. This implies that
the failure of a decision maker does not necessarily mean overall system failure as the
system can absorb the effect of a failure and quickly recover through the help of other

decision makers.

Graph theory provides the tools necessary to identify structures and the properties of
distributed networks. A network can be effectively represented as a graph in which
agents are identified as nodes and edges identify the existence of communication links
between agents. Figures [I.1] and provide a schematic representation of a central-
ized network with 20 agents and a distributed network with 30 agents, respectively.
It is seen from Figure that all the agents can communicate their information with
agent 20. Agent 20 can also communicate with all the agents, it has perfect knowledge

of the system. As a result, the system is controlled by a single decision maker.



Figure 1.1: Centralized network.

Figure 1.2: Distributed network.



From Figure [1.2] each agent is controlled by a local decision maker and can only
communicate with a few other agents. There is no central decision maker in this case

so the agents solve their local problem with the cooperation of neighbouring agents.

This thesis focuses on the optimization and control of large-scale multi-agent systems
(MAS) in a distributed fashion using a model free real-time optimization technique
called Extremum Seeking Control (ESC). Optimal Control and Model Predictive Con-
trol are model based control approaches that rely on the knowledge of the structure
of the cost function to be optimized and the system dynamics. In Model Predictive
Control, the model of the system is used in the computation of optimal actions that
optimizes a known function. The model is assumed to be complete and perfect [4],
which is unrealistic. For example, in the area of wind farm power maximization,
it is known that aerodynamic interactions among wind turbines limit overall power
capture. It is also known that there are no accurate models that completely describe
these interactions. In this situation, the use of a model based control approach only
produces sub-optimal results, optimality can be achieved when a model free control
approach is considered. The use of a model-free approach such as ESC eliminates the

need for knowledge of the structure of the cost function.

ESC is a gradient based optimization and an adaptive control approach used in locat-
ing and maintaining the optimum of a cost function provided that this function and
its optimum exist [5]. ESC does not assume knowledge of the structure of this cost to
track the optimum, it requires measurements of this unknown cost to estimate its gra-

dient. This implies that the resulting ESC system utilizes a basic gradient descent to
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identify a local optimum of the measured cost. ESC has been applied in heating and
cooling systems, flow control, energy conversion, agents and sensor networks, plasma
control, optimization in bio-processes, brake systems, formation control, process con-
trol and internal combustion engines [4]. ESC has developed over the years leading
to the propositions of several alternative design techniques. This thesis focuses on
the design and implementation of ESC in a distributed manner for the control and

optimization of MAS.

1.1 Objectives and Contributions

A cooperative ESC technique is used to overcome the need to provide accurate models
of aerodynamic interactions among wind turbines to provide an effective technique
for the maximization of power production in a wind farm. The first objective of
this thesis is to address the wind-farm power maximization problem posed in [3]
in a distributed fashion using the time-varying extremum seeking control (TVESC)
technique proposed in [6] for continuous-time systems. It is important at this point
to clearly state that this problem has been tackled using the standard perturbation
based extremum seeking control (PBESC) technique [3]. Solving this problem using
the time-varying technique will provide the opportunity to effectively make meaning-
ful comparison between the two techniques based on the results obtained. Currently
no solution to this problem using extremum seeking control in discrete-time is avail-
able so the second objective of this thesis is to provide a solution in discrete-time

using the TVESC technique for discrete-time systems proposed in [7].
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Most of the model free approaches that have been employed in solving distributed op-
timization problems have used the exact knowledge of network connectivity to achieve
system-wide objectives. The third objective of this thesis is to design a distributed
proportional-integral extremum seeking control technique to solve the problem of
dynamic consensus estimation and distributed optimization of large-scale MAS over

unknown networks in real-time.

1.2 Organization of Thesis

This thesis is structured as follows. A rigorous review on the development of ex-
tremum seeking control and some of the proposed extremum seeking control tech-
niques is given in Chapter 2] Chapter [2] also provides a review of existing works on

distributed control and optimization of MAS.

In Chapter [3] a wind farm power maximization problem is presented. The wind
farm model, the communication network, an average dynamic consensus estimator
and the distributed control algorithm are described. With all these in place, solu-
tions of the wind farm optimization problem are presented in both continuous-time
and discrete-time. The results obtained using the distributed TVESC approach are
compared to the performance of the PBESC technique. More simulation examples
are included to show the effectiveness of the algorithm and also demonstrate that the

application to a large-scale is possible.
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The control and optimization of large-scale systems involving multi-agents is ad-
dressed from a different point of view in Chapter [l In the absence of exact knowl-
edge of network connectivity among agents, it is shown that global objectives can still
be met in real-time using a distributed proportional-integral extremum seeking con-
trol technique. First, the optimization problem is presented then the communication
network and the control algorithm are described. Simulation examples showing the
effectiveness of the proposed control technique are also included. Convergence of the

algorithm to a small neighbourhood of the unknown minimizer of the overall cost is

established.

In Chapter [, a summary of the contributions of this thesis is presented. Areas

of future research are proposed.



Chapter 2

Literature Review

The basic idea of ESC for a static map as proposed in [I] is first presented. Consider
the basic ESC scheme shown in Figure [2.1| where 6 is the input, k is the adaptation
gain, a is the amplitude of the excitation signal and w is the frequency of the excitation
signal. Let 6 = 6* — 0, y=y*—y and k > 0. Recall that the goal of ESC is to drive
the cost function to its extremum and this can only be achieved when § —» 0 and as

such § —» 6% and 1y — y*. Let the cost function be represented as

o=+ ooy
(2.1)

y = [f(0)
where f € C? If the minimization of the f(f) is considered, then the Hessian
f” > 0. From Figure , 0 = 0 + asinwt. The excitation signal (asinwt) is added

to the input to ensure that the measured cost is sufficiently excited to estimate the

unknown gradient.



\T/‘ -~ | s+h

asinw t sinwt

Figure 2.1: Basic extremum seeking scheme [I].

The addition of the excitation signal to the input generates a periodic response of the
cost and when passed through the washout or the high pass filter, the bias component
is eliminated. This signal response undergoes demodulation which results in the
generation of high frequency signals that diminish when passed through an integrator.
This is done to estimate the gradient of the cost and to drive 0 to 0. Eventually, it
can be shown that the average trajectories of the ESC system are such that

LN—kaf”~
0 ~ kel g

Since the averaged system converges to the unknown optimum, the actual system can
be shown to enter a neighbourhood of the unknown optimum for a specific choice of

the ESC tuning parameters, k, a and w.

Gl* lf* Plant
8 ' y
» () >
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2.1 Background

Extremum Seeking Control was first introduced in [§]. Even in Russia as early as 1943,
reports have it that remarkable investigations in this area had already begun [9]. The
application of ESC to the optimization of internal combustion engines was first re-
ported in [10], where ESC was referred to as extremum control and self-optimizing
control. At this time, there were no concrete analytical or even systematic schemes for
ESC. As a result, it became less appealing as other optimization techniques and adap-
tive control methods became advantageous. ESC deals with regulation to unknown
set points or reference trajectories but these adaptive control techniques depended on

the knowledge of the set points to control linear [11] and nonlinear [12] systems.

In the early 2000, ESC made a strong come back after stability results based on av-
eraging analysis and singular perturbation (standard perturbation based extremum
seeking control approach) for a class of general nonlinear dynamic systems was pro-
vided [13]. This contribution ignited significant research effort to address the numer-
ous challenges or limitations associated with ESC and the development of alternative
ESC techniques with improved performance and robustness. In [I3], the system dy-
namics and the stabilizing controller have to operate on a fast time-scale compared
to the dynamics of the ESC. This limitation restricts the tuning of the excitation
signal and the filters (High-pass and the low-pass) which must remain slower than
the system dynamics. The design of the ESC requires that the chosen adaptation
gain (k), the amplitude (a) of the excitation signal are small. The frequency (w) of
this signal must be chosen to be small but larger than the tuning parameters of the

filters. Consequently, it follows that convergence of the system to a neighbourhood
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of the unknown optimum is required to be slow.

2.1.1 Addressing the limitations associated with the selection of ESC

tuning parameters

In [T4], ESC design for a class of Hammerstein/Wiener processes was proposed. A
dynamic phase-lead compensator is incorporated to the ESC scheme. The addition of
the compensator is such that the adaptation gain can be increased freely to improve
the transient performance. Also, w and ka® must be chosen such that w is larger
than ka?, large enough to ensure time-scale separation. Improvement in adaptation
transients, stability and performance of the scheme was reported. A discrete-time

version of this work was presented in [15].

In [16], an analysis of the non-local properties of ESC was presented. The results
established new criteria for the selection of tuning parameters for PBESC. In this

work, systems of the following form are considered:

y = h(z) (2.3)

where z € R" is the state, u € R is the input, y € R is the output. f: R" x R - R"
and h : R" — R are continuously differentiable functions. The control law is of the

form:

u=azx,6) (2.4)
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where 6 is the scalar parameter. 6 is of the form:
6 = 6 + asin(wt)

so the system (2.2)) becomes:
i = f(z, oz, 0 + asin(wt))) (2.5)

and
6 = kh(z)bsin(wt).

Under mild assumptions concerning the dynamics of the system and the unknown
cost function, semi-global practical stability of the unknown optimum equilibrium of
the ESC system was demonstrated. An extension of this work to global ESC was
studied in [I7] where convergence to a small neighbourhood of the global optimum
is shown from an arbitrarily large domain of attraction. The satisfaction of the con-
ditions implies that the controller can be easily tuned to ensure convergence to this

small neighbourhood.

Further contributions to the improvement of the performance of ESC were reported
in [I8] and [19] where the impact of the choice of the excitation signal was studied. A
study of the effect of the shape of the excitation signal on the speed of convergence,
domain of attraction and accuracy of ESC was carried out in [I8]. The effect was
studied using a gradient system that behaved like the true system in the presence of

three different excitation signals d(.). The excitation signals are sine wave, square



2.1.

BACKGROUND 13

wave and triangle wave satisfying

T 1 T
/ d(s)ds; —/ d?(s)ds>0; max |d(s)| = a
0 T Jo

s€[0,T7]

where a > 0 is the amplitude of the signal. The excitation signals are periodic

functions of period 7' > 0 and w = 2% From the results obtained in [I§], the authors

arrived at the following conclusions:

the performance of the ES controller (in terms of domain of attraction and accu-
racy ) using the different excitation signals is almost the same as the amplitude

a and a controller parameter . approach zero for w > 0;

the speed of convergence of the true system is determined by the speed of

convergence of the gradient system and a multiplier factor;

this multiplier factor depends on a and w of the excitation signal, ¢, and the

power of some normalized excitation signal py;

the normalized excitation signal has to be of the same shape as the excitation

signal but with a = 1 and T' = 27 and py differs for each signal;

using the same a and w for all three excitation signals, the speed of convergence
of the controller is fastest with the square wave, followed by the sine wave then

the triangle wave.

A Newton-based extremum seeking control technique was proposed in [20]. By us-

ing averaging and singular perturbation to prove stability of the proposed scheme,

the authors were able to show (as opposed to using gradient-based techniques) that
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convergence of the ESC can be independent of the unknown Hessian of the unknown

cost function.

A class of nonlinear systems with parametric uncertainties was studied in [21] us-
ing a different ESC technique that involves the estimation of unknown parameters
and the design of an adaptive extremum seeking controller to solve the required op-
timization problem. In this study, the structure of the cost function to be optimized
was assumed to be known (so no measurement is required) and depended on the
states and some unknown parameters. The successful application of this technique
also required the excitation signal to be designed in a such a way that it meets a
persistence of excitation (PE) condition that ensures parameter convergence. One
limitation associated with this technique is the difficulty associated with designing
this excitation signal such that it meets a PE condition. This challenge was addressed
in [22]. The PE condition was modified and an online technique for designing the

excitation signal to easily meet this condition was suggested.

A time-varying ESC technique was proposed in [6] and a discrete time version in [7].
The unknown gradient is estimated as a time-varying parameter in this technique.
In contrast to [22] and |21}, measurements of the cost is needed but no knowledge
of the structure of the cost is required and no parametrization of the cost is needed.
Flexibility in selecting the ESC tuning parameters to achieve convergence to a neigh-
bourhood of the unknown optimum of the measured cost function and improvement
in transient performance can be claimed. This ESC technique will be applied to solve

the wind farm maximization problem presented in chapter 3 of this thesis.
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A discrete-time ESC technique was proposed for tracking the optimum of an un-
known cost function in [23]. A quadratic cost approximates the unknown cost and
an estimation routine employed in estimating the gradient and the Hessian of the
cost. With a linear time-varying Kalman filter as the estimator, the optimum of the
cost can be located using a Newton based optimization or a steepest descent method.

This technique was applied to solve the problem of formation flight for drag reduction.

A sampling based optimization technique for ESC of dynamical systems was pro-
posed in [24]. This technique incorporates the discrete-time Shubert algorithm to
extremum seeking control and knowledge of the Lipschitz constant of the plant’s
model is required. Provided the input (u) is initiated from a compact set, it was
shown that the output (y) is guaranteed to reach a neighbourhood of the global op-
timum. A key tuning parameter of the ESC is the sampling period. The sampling
period can be adjusted to enlarge the domain of attraction of the ESC. The sampling
period also determines the speed of convergence and accuracy of this technique. The

longer the sampling period, the slower the convergence rate but accuracy is improved

2.1.2 Addressing the limitations associated with time-scale separation

In an attempt to improve the performance of ESC, one needs to eliminate the re-
quirement of a time-scale separation. The technique proposed in [21] does not require
time-scale separation but can only be implemented when the structure of the cost

function is known as discussed above. In the absence of such knowledge but in the
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presence of multiple identical units with different inputs, [25] has shown that the
need for time-scale separation can be eliminated. The technique ensures that the
optimization and the system dynamics are nearly in the same time-scale. In contrast
to the perturbation way of estimating the gradient of the unknown cost function, the
finite difference between the outputs measurements can be used in gradient estima-

tion. Fast convergence to the unknown optimum was shown.

A proportional-integral extremum seeking control (PI-ESC) technique was proposed
in [26] that requires no knowledge of the model of the system and the cost function
to be optimized. A time-varying parameter estimation technique is used to estimate
key parameters of the cost function dynamics. Using the estimated parameters, a PI
controller is proposed to drive the system to its steady-state optimum. The controller

is of the form:

u = —kyfy +a+d(t)
. 1.
— )

TI

(2.6)

where £, > 0 and 7; > 0 are the proportional gain constant and the integral gain
constant respectively. 0, can be interpreted as an estimate of the real-time gradient
of the unknown cost. It is not the steady-state gradient that is estimated in standard
ESC techniques. The bounded dither signal, d(t) is such that ||d(t)|] < D ¥Vt > 0

where D > 0 is a constant.

Modification of this technique for solving large-scale problems involving multi-agents

in a distributed fashion was proposed in [27]. The controller for an agent, say agent
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7 1s of the form:

U; = —kgél,i -+ qu + dl(t)
(2.7)

A

1 -
U; = ——91’1-.
Tr

A numerical optimization-based extremum seeking control technique was proposed in
[28]. This work was an improvement of the work carried out in [29]. It involves the
design of a robust state regulator that can handle disturbances and unknown plant
dynamics for state feedback linearizable systems. It also avoids the need for time-scale

separation but requires the availability of the measurement of the true gradient.

2.2 Distributed control of multi-agent systems

In light of the advantages of distributed control over centralized control, many re-
searchers have focused on the development and analysis of new distributed techniques
for the solution of large-scale problems of MAS. The solution of cooperative and co-
ordinated control problems associated with MAS requires the coordination of the
actions of the individual agents to optimize a given global cost function. This idea
has been applied to resource allocation, formation control, source seeking, mobile
communication, power maximization, etc. Some contributions on distributed control

and optimization of MAS are reviewed below.

2.2.1 Resource Allocation

Ideas from the field of game theory have been employed in addressing resource allo-

cation problems. One such problem was tackled in a distributed fashion in [30] where
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a limited set of resources R = {ry,...,r,} are to be shared among a set of agents
V ={1,...,p}. Here, p refers to the number of agents involved. Each agent i € V
can only take a single action or resource a; = r € A; C R. Each resource r € A; has
its welfare function (Y;) that is unknown and separable, the numerical value of this

unknown function depends on the number of agents using r. This is to say that:
Vre A Y,: {0,1,...,p} — R™.
The overall welfare function is of the form:

J(@) = 3 Yillal,) (2.8)

TGAZ'

where a = (ai,as,...,a,) € A represents an allocation and |a|, = [{i € V': a; = r}|
denotes the number of agents that used resource 7 in a. The set A =[], A; is the
Cartesian product of sets A; (the set of allocations).

Since the welfare function is separable and unknown, the unknown utility function

for agent 7 is simply:
_ Y(Jal,)

Y, = (2.9)
lal,
The objective is to find a* that maximizes J(a), that is:
a* € argmax J(a) (2.10)

acA

It was demonstrated that the agents can work independently to achieve the desired

objective. Results show convergence to a Nash equilibrium.
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Consider a set of agents V' = {1,...,p} faced with an optimization problem of the

form:

min J(x) (2.11)

s.t.

J(x) = hi(x). (2.12)

where h; : R* — R, x € R". For i € V', h; refers to agent i’s local cost function
that depends on z, the entire resource allocation vector. .J is the overall cost function
to be minimized. A cooperative approach for solving this problem in a distributed
fashion using a subgradient technique was proposed in [31]. The agents work to
minimize J by minimizing their respective local cost functions that are known, convex
and nonsmooth. Each agent estimates z, by x'(k). Agent i communicates z° to its
neighbours over a directed connected time-varying network. Agent ¢ updates z° at
every k step using 27 from its j neighbours and the subgradient information of its

local cost function. This is done using:

o (k+1) = al(k)a’ (k) — X (k)d;(k) (2.13)

j=1
where aé is the weight agent i gives to the information z/ that it receives from j,
AP > 0 is the step size used by agent 7 and d; is the vector of the subgradient of agent
i's local cost at z*. a’ is an element of a' and a’ € RP Vk > 0 is agent i’s vector of

weights, a stochastic vector, such that:

Za;l(k) =1.
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Through communication with their respective neighbours, [31] has shown that the
agents reach consensus on their estimates of z and converge to a neighbourhood of

*

xT.

The combination of extremum seeking control with ideas from game theory (local
replicator system proposed in [32]) was proposed in [2] to solve resource allocation
problems of MAS with stable dynamics. The goal is to find the optimal resource
allocation that maximizes a smooth unknown overall cost function. It requires the
collaboration of each agent with its neighbours over an undirected connected commu-
nication network G = (V, E¢). Let Vo = {1,...,p} be the vertex set of the agents
and Eg C Vi X Vg be the edge set respectively. Vi, j € Vg, let N; ={j: (1,7) € E¢}
be the set of agent s neighbours. With the simplex Ax = {z; > 0: >>?  x;, = X},

[2] considered the problem,

max J(6) (214)

s.t. x; € AX and 91 = gz<€u$1>

J(O) =37y, and y; = fi(6;). J € R is the unknown overall cost to be maximized,
y; € R is agent ¢'s unknown local cost. 6; € R is agent i's internal state, X is
the limited resource to be shared among the agents and x; is agent i’s share of X.
firR — R and g;: R x Ax — R. The schematic representation of the system
for agent i as found in [2] is shown in Figure 2.2l a > 0 is the amplitude of the
excitation signal, D > 0 is a positive constant to be assigned, w > 0 is the frequency
of the excitation signal, wy > 0 is the frequency of the low pass filter and £ > 0 is

the adaptation gain. ~; is the output of the low pass filter for the cost v;.
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T 91 = gi(eia 9€z) n

vi = fi(0h)

D
LT
G D ®

a; sin(w;t) >jen, (v + D) sin(w;t)

Figure 2.2: Schematic representation of the system for agent i [2].

The local replicator system applied is of the form:

& = k% ((%’ +D)Y &= (u+ D)@-) (2.15)

JEN; JEN;

where v; = —wr, (7; — fi(0;) sin(wt)). Each agent ¢ communicates its information with
its neighbours and receives its neighbours’ information to reach z}. Under suitable
assumptions, convergence of the system to a neighbourhood of the optimum was

proven.

2.2.2 Source Seeking

ESC has been applied to the problem of source seeking. One such problem was
considered in [33] for a single agent system where no information about the agent’s

position or velocity is available but the agent has access to the measurement of an



2.2. DISTRIBUTED CONTROL OF MULTI-AGENT SYSTEMS 22

unknown nonlinear function that represents the spatial distribution of a signal field.
This unknown function has a local maximum that is desirable so the agent wants to
maximize the unknown cost to the unknown local maximum using extremum seeking
control . In the plane, the agent’s position (x,y) and velocity inputs (v,), (v,) are of
the form:

T = v, Y = vy (2.16)

The unknown function to be maximized is of the form:

J=fle,y) = [ = (e —27)" = q,(y — y")* (2.17)

where ¢,, ¢, > 0 are constants to be specified, (z*,y*) is the maximizer of f and f*

the maximum. The ESC employed for the agent is represented as:

vy = aw cos(wt) + Cr¢ sin(wt)

v, = awsin(wt) — Cy€ cos(wt) (2.18)
s
$= s+h 7]

where a > 0 is the amplitude of the excitation signal, w is the frequency of the ex-
citation signal, Cy, C, > 0 are positive constants to be specified and £ is the output

signal of the high pass filter for the cost.

The multi-agent version of problem (2.16]) and ([2.17]) was tackled in [34] using stochas-
tic extremum seeing control in an uncooperative fashion. It was shown that the
multi-agent system converge to a Nash equilibrium. The approach proposed in [34]

considered random perturbations as the excitation signal in the ESC scheme. In this
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scheme, the effect of agent interactions was accounted for by providing each agent

with a measurement of its distance to its neighbours. Let V' = {1,...,p}, then

Vi eV, (2.16) and (2.17) becomes (2.19)) and ([2.20]) respectively.

Ti = Vgi, Ui = Vyi (2~19)

filzo,yi) = [+ quli — ) + gy (i — y*)? (2.20)

Let N; be the set of agents that interact with agent ¢, then the distance d;;(x,y)

between agent i and j is represented as:

dij(x,y) = \/ (e = 2)? + (i — 42 (2.21)
At this point, the local cost for agent i becomes:

Ji=fi+ Z wijdzzj (2.22)

JEN;

where w;; is the weight that agent 7 gives to the distance it measures from j.

The objective is to use stochastic extremum seeking to solve the optimization problem

min J; (2.23)

TiyYi
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This problem was tackled in [34] following a leader-follower approach. The proposed

ESC for agent i is of the form:

Vai = al1y + Co&iCli + Vai

Vy; = aé% + Cy&iai + vy

§i = 5T h[‘]z] (2.24)
Gy = COS(Bi(E))

Coi = Sin(Bz‘(E))

€

where B; is the 1-dimensional Brownian motion for agent 7. The terms v,; and v, are
added to enlarge the area where the agents are deployed. Additionally, these terms
are such that v, v,; = 0 when agent i is a follower agent and v,;, v,; # 0 when it is

an anchor agent.

2.2.3 Formation Control

Distributed extremum seeking control has been applied to formation control prob-
lems. In a dynamic or an uncertain environment, it is known that changes in the
environment can affect communication quality and control of the agents so the use
of non adaptive techniques will only result in sub-optimal separation distance among
the agents. Problems of this form have been tackled in [35] and [36] in a cooperative
fashion in real time using distributed extremum seeking control where the goal is to

find the optimal separation distance between agents by maximizing a cost function.
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2.2.4 Stabilization and Optimization

The use of a dynamic average consensus estimator and a proportional integral ex-
tremum seeking control technique for optimization and stabilization have been stud-
ied. In [27], the distributed optimization of MAS with unknown dynamics was studied
while stabilization of unstable dynamics and distributed optimization of MAS was
proposed in [37]. The distributed optimization process requires the agents to share
information with their neighbours over an undirected connected communication net-
work G. Let G = (Vg, Eg) where Vg = {1,...,p} is the vertex set and Eg C Vgx Vg is
the edge set. p is the number of agents in the network and N; = {j € V: (i,j) € Eg}
is the set of agent i's neighbours Vi € V. In [27] and [37], the following problem is

considered

min J(z) = Z fi(z) (2.25)

s.t.

& = pi(x) + qi(z)u (2.26)

yi = fi(z) (2.27)

where J(x) is the unknown overall cost function to be minimized and y; = f;(x) is
the unknown local cost function for agent ¢, x € R" is the vector of state variables,
u € U C RP is the vector of input variables, p;(z) and ¢;(x) are smooth vector valued

functions of z.

As reported in [27] and [37], the solution to this problem requires:
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e agent ¢ to estimate the average of the overall cost (jz), agent ¢ does this by com-
municating with its neighbours N; over the network GG and a dynamic average
consensus estimator such as the one proposed in [38] ensures that the agents

reach consensus on this estimate;

e the dynamics of this cost is parametrized to obtain agent i estimate of the
gradient of the overall cost. This is done using a parameter estimation technique

such as the one proposed in [26];

e with agent ’s estimate of the gradient of the overall cost, a distributed
proportional-integral extremum seeking controller is designed to reach the

steady state unknown optimum of the overall cost.

The dynamic average consensus estimator for the problem is represented as:

J Iy —kpL kLT || J Iy
= + () (2.28)
W kL 0 w 0

where [j ,w]T € R is the internal estimator state and L is the Laplacian matrix for
the network, kp, k; and v > 0 are positive constant to be chosen. The distributed

proportional-integral extremum seeking control is given by:

U; = —kgél,i + dl + dz(t)
. 1.
Uy = ——0;
I
where kg, > 0 is the proportional gain constant and 7; > 0 is the integral gain constant,
QAM and d;(t) are agent i’s estimate of the gradient of the unknown overall cost and

bounded dither signal respectively.
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Fast convergence to the unknown optimum was reported in [27] and [37]. Stabilization

over short times was shown in [37].

2.3 Summary

In this chapter, the basic idea and the background of extremum seeking control was
introduced. Some of the contributions made to address the challenges associated with
ESC were established and a review of some developed ESC techniques for performance
improvement was made. Also, some of the works on control of MAS in a distributed

approach using ideas from game theory and extremum seeking control were presented.

Works on resource allocation problems of MAS were reviewed and results show that
such problems can be tackled effectively in a distributed fashion to yield optimal
results. In this chapter, some of contributions made in an attempt to tackle source
seeking problems of MAS in an uncooperative manner using stochastic extremum
seeking control was presented. Results show convergence to a Nash equilibrium. It
has been established that formation control problems involving MAS have been solved
using distributed extremum seeking control to find the optimal separation distance
between agents while maximizing an unknown cost. Also, extremum seeking con-
trol has been shown to be effective in addressing MAS problems when it comes to
optimizing systems with unknown dynamics and stabilizing systems with unstable

dynamics.
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Chapter 3

Distributed Extremum Seeking Control of Wind

Farms

3.1 Introduction

Wind turbines extract energy from the wind for power generation and they can be
located separately or grouped (wind farms) but are preferred grouped because of the
reduced average cost of energy due to economy of scale [39]. In a wind farm - a group
of wind turbines over an area of land (on shore) or water body (off shore), an upstream
turbine generates a wake and as a result reduces the wind speed and increases the
turbulence of any turbine downstream from it. Because of this wake interference the
downstream turbine generates less power than is expected. Grouping brings into the
picture the challenge of aerodynamic interaction leading to suboptimal power capture
compared to the power that can be generated with the same number of isolated wind
turbines. Control techniques employed in maximizing the power generated by a single
wind turbine is inefficient for maximizing the power capture of a group of turbines.
Currently, the installation of an array of wind turbines is increasing so the search for

control algorithms that can help increase wind farm power capture is needed. Efforts
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have been made to address the effect of aerodynamic interactions among turbines.
Techniques for selecting and positioning of turbines at strategic locations under fixed
wind inflow conditions was proposed in [40] and under varying wind conditions in [41].
Wake models have been developed as found in [42], [43], [44] and [45]. Currently, few
models exist to describe the aerodynamic wake interactions. Even the most advanced
and computationally expensive models fail to accurately describe the interactions, so
the use of control algorithms that are model independent is desirable. Wind farm
power maximization problems have been tackled using model free control approaches

in a distributed manner.

Consider a connected communication graph G = (Vi, Eg). V = {1,...,p} is the
vertex set representing the set of wind turbines in a wind farm, EFg C Vg X V is the
edge set and p represent the number of wind turbines. Each wind turbine i € V has its
input a; € A; which is the turbine’s control parameter referred to as the axial induc-
tion factor. The axial induction factor a; is the relative decrease in wind speed from
the free stream to the turbine’s rotor plane. Let A; = {a;: 0 < a; < 0.5} be turbine
i’s discretized set of allowable axial induction factors and a = (a4, as, ..., a,) € A be
the joint axial induction factors of the turbines. The set A = [],, A; is the Carte-
sian product of sets A; which is the set of allowable joint axial induction factors.
Under the assumption of uniform wind where the free stream wind speed and direc-

tion are constant with respect to time, using ideas from game theory, [46] considered
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the problem of finding a* that maximizes J(a). That is:

a* € argmax J(a)
acA

P (3.1)
J(a) = Z hi(a).

hi(a) is the unknown local cost function for the power produced by turbine ¢ and
it takes the form seen in [39]. J(a) is the unknown overall cost function for all the
turbines which represents the total power produced in the wind farm. h;(a) depends
on the wind speed seen at turbine ¢ with the wind speed represented using park model

that can be found in [39].

The authors proposed two model-free control algorithms for solving . The first
is the safe experimentation dynamics (SED) distributed algorithm and the second
is the payoff-based distributed learning for Pareto optimality (PDLPO). Using SED
distributed algorithm requires turbine 7 to have access to the power produced by all
the turbines in the wind farm. This is to say that V¢ > 0, a;(t) relies on a;(7) and
J(a(T)) where 7 <t — 1. Restricted communication between agents is required with
the payoff-based distributed learning for Pareto optimality. Since a;(t) relies on a;(7)
and h;(a(T)), turbine 7 is only required to communicate with its neighbours in the
set N; ={j € Vo: (i,j) € Eg}. As reported in [46], these decentralized algorithms
provide convergence (in the probabilistic sense since turbine ¢ lacks the knowledge of
the functional form of its local cost) to a* that maximizes the power capture of the

wind farm.
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The combination of dynamic average consensus estimation and perturbation based
extremum seeking control has been implemented in a distributed fashion for wind
farm power maximization [3]. Cooperative control was considered where each wind
turbine (agent) could exchange information with its neighbours over an undirected
network with the goal of maximizing the unknown overall cost function. The ability
of the agents to work together to maximize the overall cost requires each agent to
first maximize its local cost. With the communication network G described above,

the problem considered in [3] is as follows:

where

J(w) = hi(u). (3.3)

u is the input vector for the agents, h;(u) is the unknown local cost function for
the power produced by agent ¢, it depends on u. J(u) is the unknown overall cost
function, it represents the total power produced by the agents in the wind farm.
The model of the wind farm employed is found in [46]. The solution to (3.2)) requires
the solution to a consensus estimation problem. Agent i € Vi; through communication
with its neighbours is required to estimate the average (JAZ) of the overall cost. That
is

J; = % Z hi(u). (3.4)

A

For agent i to track (J;), a dynamic average consensus estimator is required. The

estimator proposed in [3] for solving (3.2)) is similar to that shown in (2.28)) and takes
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the form:
J —I—pLp —LT J I

where L; and Lp are Laplacian matrices of G and p > 0.

Figure shows the schematic representation of the system for agent i. Conver-

gence of the algorithm to a neighbourhood of the maximizer of J was shown.

Uj Yi jz
hi(w) Dynamic Average Consensus Estimator

M| 1 1 5 L s

\,f s+ w; s i \,Xr st+wn |

a; sin(w;t + ¢;) sin(w;t + ¢;)

Figure 3.1: Schematic representation of the control algorithm for agent ¢ [3].

The control algorithm is described in three steps:

e agent ¢ takes its input u; then measures its unknown local cost y;, it is important
to note that an excitation signal is added to the input to sufficiently excite the

measured cost so that its gradient information can be obtained;

e this output signal y; is sent into the dynamic average consensus estimator where

agent ¢ communicates with its neighbours and J; is estimated;
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e finally, J; is fed into the extremum seeking loop where the estimate of the

gradient is obtained and wu; produced.

In this chapter, a wind farm power maximization problem is addressed in a dis-
tributed fashion as mentioned in Chapter [l using a time-varying extremum seeking
control (TVESC) technique. Each wind turbine (identified as an agent) has access to
the measurement of its unknown local power generation. The goal is to maximize the
unknown wind farm power generation. A cooperative approach is employed where
the agents work together to maximize this overall objective function. This approach
requires every agent to exchange information with its neighbours over an undirected
connected communication network. Each agent is also expected to estimate the mean
of the overall cost. This task is achieved using a dynamic average consensus esti-
mator to be presented in this chapter. The dynamics of each agent’s cost estimate
is parametrized and a parameter estimation routine is used to estimate the gradient
of this cost. A distributed extremum seeking controller is designed to ensure that
the overall cost is maximized. This problem is tackled via numerical simulations and

results in continuous-time and discrete-time are provided.

3.2 Power maximization in continuous-time

3.2.1 Problem Description

Consider the following maximization problem,

max J(u) (3.6)

uERP
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J(u) = Z hi(u). (3.7)

A network of p agents is considered. Let i = 1,...,p, u be the vector of input variables
(axial induction factors for all agents) taking values in Y C R, J : R?> — R is the
variable to be maximized referred to as the overall cost function (unknown wind
farm power generation) and depends on u, h; : R — R is the unknown local cost
(unknown local power generation) for agent i. The functions J and h; are assumed
to be smooth. To tackle this problem, the following assumptions are made.
Assumption 1: Agent ¢ has access to the variable u; and uses it to measure the
numerical value of its unknown local cost.

Assumption 2: Let u* be the unique maximizer of problem , the total cost

function J is such that:

< —mllu - (3.8)

Yu € U with v > 0.

Remark 1: Since J is smooth, then it satisfies:

<7 120 <y |22 < (3.9)

Yu € U with vo, v3, 74 > 0.
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3.2.2 Communication Network

Assumption 3: The communication network for the agents is illustrated using a
time-invariant undirected connected graph G = (Vg, Eg).

Ve ={1,...,p} is the vertex set representing the set of agents in the wind farm and
Eq C Vg x Vg is the edge set. An edge acts as the communication route between two
agents. Agents i and j can exchange information means (i,j) € Eg < (j,7) € Eg
and (7,j) ¢ Fg < (j,1) ¢ Eg means otherwise. Vi, j € Vo: N; = {j: (i,j) € Eg}.

N; represents the set of agent i’s neighbours.

3.2.3 Wind Farm Model

The wind farm is modelled with reference to [46]. Consider an offshore wind farm
with p number of agents and a matrix C' € RP x RP associated with its layout. In
this wind farm, the agents are located at coordinates {(y1,x1),..., (yp,x,)} from a
common point. The agents are assumed to be identical such that they have the same
diameter. It is assumed that agent ¢ is downstream from agent j. The following
assumptions about the wind is made.

Assumption 4: Uniform wind with constant direction and free stream wind speed.
Assumption 5: The wind farm is oriented and wind is blowing in the positive

horizontal direction.

Power Model

The power captured by agent ¢ in the wind farm is given as:

) = 2 PGy Vi) (3.10)
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where:
o puir refers to the density of air = 1.225 kg/m?;
e a; is the area of disk generated by the blades of agent i in m?;
o C,(u;) is the power efficiency coeflicient;
e V;(u) is the aggregate wind speed seen at agent i in (m/s).
Power Efficiency Coefficient
The power efficiency coefficient C,(u;) is of the form:
ui (1 — uy)?. (3.11)
Wake Interaction Model
The aggregate wind speed seen at agent ¢ is represented as:
Vi(u) = voo(1 - m(u)) (3.12)
where:
e V,, is the free stream wind speed in (m/s);
e 0V;(u) is the aggregate wind speed deficit seen at agent ¢ and is given as
2
Vi =2 Y <uj0[j, i]) . (3.13)

JEN;: x;<m;
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J' 2 aqverlap
Cljil= (= J I 3.14
7, ] (dj + 2k(x; — &3])) @i ( )

where:

e d; is the diameter in m of the disk generated by the blades of agent j;

e ik = 0.04 is the roughness coefficient for offshore locations, it defines the slope

at which the wake expands out from the agent [46];
e 1; is agent i’s distance in m from a common point in the wind direction;

e 1, is agent j's distance in m from this common point in the wind direction;

overlap

i—i 1s the area of overlap between the wake generated by agent j and the

disk generated by the blades of agent ¢

Assumption 6: Agent i is in the wake of agent j such that there is no overlap.

overlap
That is a; ;" = a;.

With this assumption, (3.14) becomes:

Clj,i] = (dﬁ%c(i;i_wj))g. (3.15)

The wind speed seen at agent i takes into account the effect of aerodynamic wake

interaction among agents. (13.12]) can be written as:

Vi(u) = (1 2 3 (el i])2> (3.16)

JEN;: x;<x;
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3.2.4 Distributed Extremum Seeking Control
Consensus Estimation

The goal of agent 7 is to obtain an estimate of the overall cost in the form of the
average cost, J, = 119 P hi. This will be tackled using the proportional-integral
dynamic average consensus estimator proposed in [38]. J; is updated using agent i’s
local cost h; and the available information from its neighbouring agents (jje N, from
the other agents it communicates with). Consider the communication network above,
let A € RP*P be an adjacency matrix with elements a;; equals 1 provided information
can flow between i and j and 0 otherwise but a;; must be zero. Let D € RP*P he
a degree matrix with zeros everywhere but the diagonals (the diagonals contain the

number of neighbours agent i has). The Laplacian matrix L € RP*P is defined as

L=D—A. LetJ=/[J,...,J,)7 then the estimator takes the form:

Jj Iy —kpl kLT || J I
_ | AR w7 b (3.17)
W kL 0 w 0

where [J,w]” € R is the internal estimator state, kp, k; and v > 0 are positive

constants to be assigned.

Parametrization of the local cost dynamics of agent i

The dynamics of the overall cost is given as:

(3.18)
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ag;u) = [011,...,01,]". The local cost dynamics for agent i is given by:

where 6; =

J oJ
IO (3.19)
p Ou;
The local cost dynamics for agent ¢ is parametrized as:
J
= = 0y, (3.20)
p
where 0, , = 851(;_‘). Recall that agent i’'s local cost depends on the inputs of other

agents so this effect has to be accounted for. Let ard = o, € R be the bias term

accounting for the effect of the other agents and J; = % then ([3.20)) becomes:
Ji = Op; + by (3.21)

6o,; and 0, ; are the time-varying parameters to be estimated. It is important to note

that agent ¢ has access to jz not J; so j@ is used instead of J; in the estimation routine.

Parameter Estimation

The local parameters 6¢,; and 6, for agent ¢ are estimated using the parameter
estimation routine found in [6]. Let the vector of parameter estimates be 0; = [éo,i,
01,]7. The regressor vector is defined as ¢; = [1, @;]7. The predicted output for a
given value of the estimate 0; is denoted by Z;. The output prediction error is given
by e; = J; — 2. The prediction dynamics for is written as:

A

G(t) = ¢l 0:(t) + Key(t) + c(t) 0:(t),  2:(0) = hi(0) (3.22)
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where K > 0 is a constant to be specified. The dynamics of ¢;(t) is given by:
T = —Kei()T + o] (1), c(0)=0. (3.23)
Let n; be an auxiliary variable,
ni(t) = ei(t) — ¢ (H6i(t) (3.24)

where é@ =0, — (91 Recall that agent ¢ does not have access to 6; but (91 This simply
means that it only has an estimate of n;. Let this estimate be 7);, the dynamics of 7,

is of the form:

ni(t) = —Ki(t). (3.25)

¥; € R?*2 is a covariance matrix with dynamics

(1) = ci(t) ei(t) — KpXo(t) + 01,  %:(0) = al > 0. (3.26)
Its inverse is defined by the matrix differential equation
YU = =27 )@l (D7) + KpXi(t) — 6572(1) (3.27)

where ¥;1(0) = é[ > 0, a, d and K7 > 0 are constants to be assigned. The proposed

parameter update law is given as:

~

0, = Proj (37 (6)(ci(t) (ea(t) — (1)) — obi(1)), ©) (3.28)
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where 0 > 0 and O is a ball of finite radius centered at 0. Proj{.©} denotes a
Lipschitz projection operator onto the set © [12]. The application of the projection

algorithm is such that:
0;(0) € © = 0;(t) € ©, Vi >0. (3.29)
The operator bounds 6; and ensures that:

éiTZiProj (2;1@) (Ci(t) (ei(t) —ni(t)) — Jéi(t)> ; @) (3.30)

<07 (alt)(eilt) = (1)) - obi(1))

The signals of the closed-loop ESC system must be such that the following Persistence
of Excitation condition is met.

Assumption 7: There exist constants «; and 7' > 0 such that
T
/ (P () dr > on, V> 0. (3.31)
t

Distributed Extremum Seeking Controller Design

The distributed extremum seeking controller of the form (3.32)) is proposed to solve
the optimization task

Ui (1) = kyba(t) + di(t) (3.32)

where k, > 0 is the optimization gain, d;(¢) is the dither signal and is such that
|d;(t)]| < Dy ¥t > 0 and D; > 0. The schematic representation of the control

algorithm for agent 7 is shown in Figure
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hi(u) Dynamic Average Consensus Estimator
éi = PI‘Oj <2;1 (ci(ei - TA]I) - O'éi), @)
Zi = ClTCi — KTZZ + ol e; )Jr
¢ =—Kci+ ¢ -
i = —Ki
LU e | N
s k9| 01, | 0o
+
d;

Figure 3.2: Schematic representation of the distributed control algorithm for agent .

3.2.5 Simulation Examples

A three agent system

Consider a three agent system with agents located at coordinates {(0,0), (0, 5d), (0,10d)}
such that z; < z; and d = 77 m for all agents. The ESC tuning parameters were

selected as: ¢ = 1x107%, K = Kpr =50, 0 =45x 107, a=1x 1077 k, =1
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x1073, d(t) = 0.1 [sin(100¢), sin(130t), sin(190t)]". v = kp = k; = 10000. The
control algorithm was initiated at: u;(0) = 0.33, 6;(0) = [0.01,0]7, ¢;(0) = [0,0]T
5:(0) = Loya, Ji(0) = hi(0), w;(0) = 0 and %(0) = hy(0).

7.6

6.2 1 1 1 1 1 1 1 1 1

0.35

0.3

S 0.25

0.2

Figure 3.3: The overall cost and the inputs as a function of time for a three agent
system using distributed TVESC technique.
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D, A and L for this system are:

1 00 010 1 -1 0
D=1020 A=110 1 L= -1 2 -1
00 1 01 0 0 -1 1

Result using TVESC technique

The simulation result is shown in Figure[3.3] The unknown optimum power generation
is J* = 7.4016 x 10° Watts with maximizer uv* = [0.1990, 0.1548, 0.3333]7. It is
known that a single isolated wind turbine is maximized at an axial induction factor
of % However, this may not be optimal for an array of wind turbines in a wind
farm. The power captured by the third agent is maximized at uj = 0.3333. This is
expected as there are no other agents operating in its wake. From the results obtained,

convergence to the unknown optimum is recorded in approximately 12 seconds.

Result using PBESC technique

In Figure [3.4] we reproduce the simulation result for this example as presented in [3]
where the PBESC technique was used. The wind farm model described above is the
same as the wind farm model used in [3] except for (3.16). The tuning parameters
are found in [3]. From Figure , convergence to a neighbourhood of the optimum
is observed in approximately 130 seconds. The transient behaviour is significantly

slower than that observed for the distributed TVESC optimization technique.
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Figure 3.4: The overall cost and the inputs as a function of time for a three agent
system using distributed PBESC technique.

3.3 Power maximization in discrete-time

In this section, the time-varying extremum seeking control technique proposed in [7]

is generalized for the design of distributed optimization algorithms, as in the previous
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section, for discrete-time systems.

3.3.1 Problem Description

Consider the wind farm maximization problem below,

max J(uy,) (3.33)

u ERP

p

J(ug) =) hi(uw) (3.34)

i=1

The same network described above is considered where ¢ = 1,...,p. uy is the vector
of input variables at the k'® time step taking values in &/ C RP. J: R? — R is
the variable to be maximized at the k" time step referred to as the overall cost
function and h;(ug) is the unknown local cost function for agent i. J and h; are
assumed to be smooth functions of ug. The objective is to find the v* that maximizes
. As in the previous section, assumptions 1, 2 and 3 are invoked. Similarly, the

communication network and the wind farm model fulfill assumptions 4, 5 and 6.
3.3.2 Distributed Extremum Seeking Control

Consensus Estimation

For agent 7 to obtain its estimate of the overall cost, a discrete-time dynamic average

consensus estimator is required. Let jk = [j1(k), cee jp(k)]T. The discretization of the
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continuous-time estimator as seen in (3.17)) yields an estimator of the form:

Jos1 —J —Iy—kpL —k LT J Iy
SR i ! S I S he  (3.35)

Wiy — W —/{ZIL 0 W 0

(3.35) can be rewritten as:

J —Iy—kpL —kLT J I
SR <[+51 T ! ) S R (3.36)
—k; L 0

Wi+1

where [jk wk]T € R? represents the estimator’s internal state, kp, k7, v and 6; are

positive constants. In what follows, AJy = ij — Ji.

Parametrization of the local cost dynamics of agent i

The overall cost dynamics is parametrized as:

where AJk = Jk+1 — Jk, Auk = Ug+1 — Uk and 91(k) = fol %()\U/k+]_ + (1 - )\)uk)d)\ =

011, ... ,91’p}T. Parametrization of the local cost dynamics of agent 7 takes the form:
AJ

AJigy = %. Let Aﬁ;‘fék = tpix) € R be the bias term accounting for the effect of

other agents on agent i, then (3.38)) becomes:

AJiey = Oo,ik) + Ovie) Atiry = b5 ir) (3.39)
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where 0;) = [0o,ik), 91@-(1{)]71 is the vector of time-varying parameters that needs to
be estimated and ¢;u) = [1, Au;x))” is the regressor vector. The estimation routine

proposed in [7] is used.

Parameter Estimation

Let the vector of parameter estimates be éz-(k) = [éo,i(k;), él,i(k)]T, the regressor vector
is diry = [1, Aui(k)]T. The predicted output for a given value of the estimate él-(k) is
denoted by AZiy). The output prediction error is given by e;) = Aji(k) — AZgy
The estimator model for becomes:

Ay = o5 0y, . (3.40)

Uk U(k)

Let X;) € R**? be a covariance matrix obtained from:
Sitht1) = 02Xik) + Giw)Guryy i) = asl >0 (3.41)

where oy and ag > 0 are constants to be assigned. The parameter update law is as

follows:

1 - L7 o 1T 1
D) = Zz(i) %Ei(i)gbi(k) (1+Oé_2¢i(k)zi(li)¢i(k)) L B (3.42)

where Z((l))— 2[,

~

~ . 1
fix11) = Proj (9 W+ T (L % i) e, @) (3.43)

where éi(o) € O, and O, is a ball centred at the origin. This projection operator is an
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orthogonal projection onto the surface of the uncertainty set applied to the parameter

estimate. The application as seen in [47] of the projection algorithm is such that:

~

9i(k+1) €0, Vk>O0.

The signals of the closed-loop system must be such that the following Persistence of
Excitation condition is met.

Assumption 8: There exist constants oy and T} > 0 [47] such that

1 k+T1—1
ﬁ > Gimyimy > aal, VE>Th. (3.44)
m=k

Distributed Extremum Seeking Controller Design

The distributed controller proposed to solve the extremum seeking task is of the form:

Ui(k41) = Wik) + kgél,i(k) + dix) (3.45)

where £k, > 0 is the optimization gain, d;) is the dither signal for agent ¢ and is such

that Hdl(k)H < Dy Vk > 0 and D,y > 0.

3.3.3 Simulation Examples
The three agent system

Consider the three agent system discussed earlier with agents located at the same
coordinates, r; < z; and d = 77 m for all agents. The same network parameters D,
A and L are considered. The tuning parameters were selected as: §; = 1 x 1073,

ay =3x107% a3 =1 x 1078, k, = 3 x 107%, dy = 1 x 1075 [sin(20k), sin(27k),
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sin(33k)]7. v = 50, kp = k; = 300. The control algorithm was initiated at:

025, éz(O) = [0001,0]T, 22(0) = _[2><27 jz(O) = hz(O) and wz(o) = 0.
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~ 7.25) N
721 N
7.15F N

7.1 N

705 1 1 1 1 1 1 1 1 1

0 100 200 300 400 500 600 700 800 900 1000

0.35

0.3 N

S 0.25

A
\

T L 1 1 1 | 1 1 L
0 100 200 300 400 500 600 700 800 900 1000

Ui0) =

Figure 3.5: The overall cost and the inputs as a function of time for the three agent

system.
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Result

The simulation result for this example is seen in Figure [3.5] The following optimal
conditions were obtained J* = 7.4016 x 10°> Watts and u* = [0.1990, 0.1548, 0.3333]".
The distributed control algorithm is able to drive the system to the unknown optimum

of the overall cost. Fast convergence to this optimum is observed.

A five agent system

Consider a five agent system with identical agents (d = 77m). The agents are located

at coordinates {(0,0), (0,5d), (0,10d), (0,15d), (0,20d)} such that z; < ;. D, A and

L for this system are:

(1000 0] (0100 0] (1 -1 0 0 0|
02000 10100 1 2 -1 0 0
D=1oo0o200| A={01010| L= 0 -1 2 -1 0
00020 00101 0 0 -1 2 -1
10000 1| 10001 0| 0 0 0 -1 1 |

The tuning parameters were chosen as: §; = 1 x 1073, ap =3 x 1075, a5 = 1 x 1078,
k, = 2 x 1073, d, = 1 x 107° [sin(19k), sin(25k), sin(30k), sin(34k), sin(38k)]".
v = 30, kp = k; = 280. The control algorithm was started off at: w;o = 0.1,
Bi0) = [0.001,0]T, S0y = Iaxa, Ji(o) = hio) and wy(g) = 0.

Result

The simulation result is shown in Figure [3.6/ The optimum for this problem is u* =
[0.1893, 0.1390, 0.1479, 0.1606, 0.3333]7 and J* = 1.0603 x 10° Watts. This result
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confirms the effectiveness of the proposed distributed control technique.

x 10
11

105

10

9.5

85 1 1 1 1

1 1 1 1 1
0 100 200 300 400 500 600 700 800 900

0.4

1000

0.35

0.25F

0.2

0.15

/

0.1

005 1 1 1 1 1 1 1 1 1

0 100 200 300 400 500 600 700 800 900
t

1000

Figure 3.6: The overall cost and the inputs as a function of time for a five agent

system.
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3.4 Conclusions

In this chapter, the wind farm power maximization problem was solved using a dis-
tributed time-varying extremum seeking control (TVESC) approach to be precise.
This problem was tackled both in continuous and in discrete-time and useful re-
sults were obtained. Comparisons between the TVESC and the PBESC techniques
demonstrated clearly the improvement in performance obtained with the TVESC.
Most importantly, the results in this Chapter demonstrate the power of coordination
and cooperation in the design of a distributed ESC system suitable for multi-agent

systems with unknown or uncertain mathematical descriptions.
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Chapter 4

Consensus Estimation and Distributed Extremum

Seeking Control over Unknown Networks

4.1 Introduction

In this chapter, the solution of large-scale real-time optimization problems in the
absence of precise knowledge of network connectivity is considered. In the proposed
approach presented in this chapter, it is assumed that the communication network
is unknown. In this environment, we consider the problem of ensuring that each
agent minimizes the system’s overall cost (i.e., the sum of the local cost of all the
agents). Each agent has access to the measurement of two cost functions referred
to as the local cost and the local disagreement cost, respectively. The objective is
to optimize the system to the unknown optimum of the unknown overall cost which
depends on the minimization of the local disagreement cost of all the agents. For
the local disagreement cost functions to be minimized, dynamic consensus estimation
is required. This ensures that the agents reach agreement on their inputs. To help
tackle this challenging problem, a distributed proportional-integral extremum seeking

control technique is proposed. This technique solves the distributed optimization
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problem by the simultaneous minimization of the local disagreement cost and the
overall cost. A two-time scale approach is proposed in which the consensus can
be achieved at a faster time-scale than the minimization of the overall cost. Two

simulation examples are treated to show the effectiveness of this technique.

4.2 Notation

In the description of the distributed optimization approach, the following notation is

adopted.
e The connected network or graph G = (Vg, Eg).

e Vo ={1,...,p} is the vertex set with elements denoted as vertices or nodes.

The vertices are referred to as agents.
e F is the edge set with elements called edges.
e p refers to the number of agents in the vertex set.
o Vi, j e Vg, Ny ={j: (i,j) € Eg} refers to the set of agent i’s neighbours.
e u is the vector of input variables taking values in & C RP.

e 1, is the vector of agent i’s input and those of its neighbours. It takes values in

U, CUu.
e u; € R is agent i's local input (the decision variable).
e u is agent i’'s local input after consensus is reached. That is u; becomes u Vi.

e d;; is the weight of the shortest path from ¢ to j considering all the possible

path from ¢ to j in the network.
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4.3 Problem Description

Consider the following minimization problem

muin J(u) (4.1)

s.t.
J(u) = Z hi(u) (4.2)
u= argumin Li(w;) (4.3)

A network of p agents is considered. J : R — R is the variable to be minimized
referred to as the unknown overall cost function. It depends on u and is assumed to
be an unknown smooth function of w. h; : R — R is the unknown local cost function
for agent i. L;(u;) : RP — R is agent s unknown local disagreement cost function.
It provides the measurement of the disagreement between agent ¢’s input and those
of its neighbours and is assumed to be an unknown smooth function of ;.

To proceed, the following assumptions are required.

Assumption 1: Agent i has access to the variable u; and can measure h; and L;.

Assumption 2: J(u) and L;(u;) are such that
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and

_ OL;(u; _
()" ) 5 (4.6)

(2

Yu; € U; with positive constants v > 0 and v, > 0.
The total disagreement cost function L = "7 | L; is an unknown smooth function of
u. L :RP — R and satisfies Assumption 3.

Assumption 3: L(u) is such that

> 7w —ulf? (4.7)

Yu € U and 4 > 0.

4.4 Distributed Extremum Seeking Control

4.4.1 Consensus Estimation

Two communication networks are considered. The first communication network for
the agents is illustrated using a time-invariant undirected connected weighted graph
while the second is represented as a time-invariant directed connected weighted graph.

Each communication network is represented as G = (Vg, Eg).

The networks are seen in Figures and respectively. Recall that a node repre-
sents an agent and an edge connects two agents and acts as the pathway for communi-
cation. Let H € R™ be a vector of positive weights. Each edge connecting two agents
is assigned a positive weight and the distance d;; between agents ¢ and j Vi,j € Vg

is computed. d;; satisfies:
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° di; >0 Vi,j € Vg

° dij =0 iff i =7

° Vi,j € Vg, di; = dj; if the graph is undirected, otherwise it is directed.

D, € RP*P and D, € RP*P are distance matrices with elements d;; for the undirected
and the directed networks.

Recall that agent ¢ has its input u;, a consensus estimation approach is needed to
ensure that u; — u; — wu. Once all agents operate using the same value of the

decision variable, it is possible to minimize the overall cost.
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Figure 4.1: Undirected Graph G for a 50 agent system.
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Figure 4.2: Directed Graph G for a 25 agent system.
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To achieve this, a local disagreement cost function of the form (4.4)) is introduced

Li(w) = ) dij(u; — uy)’
JEN;
where u; and u; are the inputs of agents 7+ and j. Since agent ¢ can communicate
with its neighbours, L; provides the measurement of the total disagreement between
agent ¢ and its neighbours. Agents ¢ and j agree if and only if u; = u; and they
disagree otherwise. When ¢ and j agree, no contribution is made to L;, when they
disagree, L; > 0 and has to be minimized. This minimization ensures that Vi, j €
Ve, the inputs achieve the consensus value u. The proposed distributed PI-ESC
approach incorporates local disagreement functions and computes the minimizer w.

The algorithm also ensures that u is driven to u*, the minimizer of the overall cost,

J.

4.4.2 Parametrization of agent i's local cost dynamics

The dynamics of the overall cost function J is given by:

. 0J
J = —a. 4.8
5 U (4.8)
Let 05 = g—i, then J = 0710. Agent i's local cost dynamics is of the form:
hi = Uy 49
L (4.9)

This local cost dynamics is parametrized as:

hi = 01 (4.10)
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Ohi(uy)
Oou;

where 05,1, =
In a distributed environment, it is known that an agent is affected by other agents in
the system. In this case, the local cost of agent ¢ depends only on its input. We can
add at term to account for the actions of other agents. Taking this into consideration,

(4.10) becomes:

The bias term 6;0; € R accounts for the effect of other agents on ¢.The dynamics of

agent i's local disagreement cost is as follows:

- . OL(u;) . OL(u;)
Li_;uj n + i, - (4.12)

This cost is parametrized as follows:
Li = Opo.4(t) + 0114(t)i (4.13)

Since agent ¢ depends on the inputs of other agents, 0, is the term accounting for
the effect of the agents on agent 7. At this point, a parameter estimation routine for

estimating the local parameters 01, 011, and 01 ; is employed.

4.4.3 Parameter Estimation

The parameter estimation routine proposed in [26] is considered. Let the vectors of
parameter estimates be éh,i = [ého,i, éhl,i}T and éL,i = [éLo,z', éLLi]T. The regressor
vectors are ¢y, ; = [1, @;]" and ¢ ; = [1, 4;]7. The predicted output for a given value of
the estimate HAM is denoted by Z;. Similarly o; is the predicted output corresponding

to the estimate HAM The output prediction errors are given by e,; = h;, — 2; and



4.4. DISTRIBUTED EXTREMUM SEEKING CONTROL 61

er; = L; — ;. The prediction error dynamics for (4.11)) and (4.13)) are written as:

A~

ﬁz(t) = izéh,l(t) + K1€h7i(t) + ch,i(t)TGh,i(t), ZA’z(O) = hZ(O) (414)

A~

f)z(t) = ngzéL,z(t) + KQ@L’Z‘(-[;) + CLﬂ‘(t)TeLﬂ‘(t), @1(0) == LZ(O) (415)

where K; > 0 and Ky > 0 are constants to be specified. The dynamics of ¢, ;(¢) and

ci(t) are described by

eni®)’ = —Kieni ()" + qsfﬂ., cni(0) =0 (4.16)

cri(t)" = —Kocp ()" + o1, cri(0) =0. (4.17)

Let 1y, and 7 ; be auxiliary variables

Mh,i = €hi — C:;f,iéJ,i, (4.18)

Nri = €L; — C€7i§L,i- (419)

where éh,i = O — éh,l and 9~Lﬂ- =05, — HALz The variables 7, ; and 7, ; are filtered

estimates of 7y, and 7, ; with dynamics:

Mni(t) = — K17, (t) (4.20)
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Ni(t) = —Kofjpi(t). (4.21)

Let ¥, € R?*? and X ; € R?*? be covariance matrices with dynamics
; ; Yy

Sni(t) = cni®) cni(t) — KriSni(t) + 621, $4,(0) = asl >0 (4.22)

EL’Z‘(t) = CL’Z‘(t)TCL’Z‘(t) — KTQEL’rL‘(t) + (53], ELJ(O) = 0461 >0 (423)

where a5, ag, 02, 03, K71 and Ky > 0 are constants to be assigned. The parameter

update law is:

éh,i = PFOJ(EE(Ch,ﬁ(eh,i — Nhi) — Uléh,z’), ©7) (4.24)

Or; = Proj(3p i (crilers — fug) — 0201.:), O3) (4.25)

where o7 and 09 > 0. O, and O3 are balls of finite radii centered at 0. Proj{. O}
and Proj{. ©3} denote Lipschitz projection operators onto the sets ©; and 0, [12].

The application of the projection algorithm is such that:

éh,i(O) €0, — éh,i(t) S @2, Vt>0 (426)

éLJ(O) € 03— éLﬂ'(t) € @3, Vt>0 (427)
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The operators bounds éh,i and HALl They ensure that:

%pmmm<z<>Gm@@mw—mﬂwwmﬁmwy@ﬁ (4.28)

< 07 (enaDenslt) = i) = oibai(t))  (4:29)

67 32, ;Proj (z Lt )(CL (B (era(t) — ipa(t)) — azéL,,.(t)> , @3> (4.30)

<07 (cra®enit) = na(t) = oabri(0)) (4.31)

The signals of the closed-loop ESC system must be such that the following Persistence
of Excitation condition is met.

Assumption 4: There exist constants oz, ag, 177 and T > 0 such that

t+T4
/ Ch7i(7'1)Ch7i(7'1)TdTl Z 0571, t > 0. (432)
t

t+To
/ CL’i<TQ)CL7Z'(T2)TdTQ > Oég], t > 0. (433)
t

4.4.4 Distributed Extremum Seeking Controller design

A distributed proportional-integral extremum seeking controller of the form (4.34)) is

proposed to solve the optimization task

. A I .
u = —k99h1 — T_eLl +u-+ d(t)
1

: 1,
u=——"0n
I

(4.34)
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Similarly,

A~ 1 4
7:11,' - _kgghl,i — T—9L177; ‘I‘ 'lALl ‘|‘ dl(t)
I

. 1.
Uy =——0r1,
TI

(4.35)

where £, > 0 and 7; > 0 are the proportional gain constant and the integral gain
constant respectively. 4, is the integral part of the controller that ensures that conver-
gence is attained. The bounded dither signal, d;(t) is such that ||d;(t)|| < D3 Vt > 0
and D3 > 0. The schematic representation of the proposed distributed PI-ESC algo-

rithm for agent ¢ is shown in Figure 4.3]

Theorem 1: Consider the distributed extremum seeking controller (4.35)), the pa-
rameter estimation algorithm (4.22)) - (4.25) and let Assumptions 1 to 4 hold, then
there exist gains Ky, Ky, Kr1, Kro, 01, 02, 02, 03, ky and 7; such that the system

converges to a neighbourhood of the minimizer u* of the overall cost function J.

Proof : If we have 0}, ; and 01, ,, at convergence, the controller can be expressed as:

, 1
U = —kgOp1; — —0r1: + U
I
: 1
U; = ——0r1,.
I

Let L=>"  L;and L" = &L collecting 4; and w; results in:

8u2 Y

1
u = —l{gehl — —LG + a
. i (4.36)
a=——Lg
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where Lg = fol L"(Au)dX and satisfies 1gLG = 0. The multiplication of u in (4.36)

by 15 results in:
1Ta=0=1"at)=11a(0)=0 Vt>0. (4.37)
The multiplication of u by 117; yields:
1,0 = —ky1) 0p1 + 110 (4.38)

Since lgﬁ = 0, it follows that:

p P (4.39)

At @ = 0, this means that 7, = 0 so u; = u; = u. At this point u = [u,--- ,u]" and

convergence is achieved as (4.39) yields:

pu = —kgp9h1,z'
(4.40)

U= —kgOh

Since we do not have access to 0,1 and 0r; 1, their estimates can be obtained using
the parameter estimation routine described above. In [27] and [37], it is shown that

this can be achieved. We reiterate these developments here. Recall that

A 1
u= —k99h1 — 0O +u+d (441)
TI
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where éhl = 9h1 — éhl and éLl = 9L1 — éLl' To show that éhl — th and éLl — 9L1,

consider the Lyapunov function:
1
W = Z 7];”77]”4‘ annLl+ 9}”2,”0;”—1— eLzELzeLz (442)

where 7n.; = Nni — Nhis M = N1 — OL,i Oni = Oni —0p and 0 ; = 0 ; —0p ;. Solving

for ﬁhi, ﬁL,i, X']M, X.]L,i, éh,i and 9~L,i, substituting the results in W yields:

P
< (K i — Kot v = it ch i — it sk b
i=1
[ _ )
+§9;{¢9h,i(0£i0h,z’ — K, + 621) + giizh,ieh,i
1o - _ )
+§9£1‘9L,i(c£icL,z‘ — KXy +031) + egizL,ieL,i

nT ~ nT ~ T )
—OhiCnileni — Mni) — Opicriler — i) + 010y :0n

+02é£iéL,i> . (443)
Rearranging one obtains,

p
: T~ T T T § T T
W= Z <—K177h,7;77h,z‘ - K277L,z‘77L,i - nh,ich,ieh,i - UL,iCLﬁL,i
i=1

1- _ 1. _ _
T T T T
+—9h iCh.iChibhi + §9L,iCz,iCL,z‘9L,z' — —— 0 Shi0n

K . 09 ~7 ~ 0 )
0L Sl + 5 0 O + gef,iew + 07 Sni0ni
+9£i2L,z‘9L,i — éiich,i(eh,i — Mhi) — éz,iCL,i(ez,i — i)+

~r A T A
aléhﬂ-@h,i + 0'29L,i‘9L,z') .

Also recall that:
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TS5 - - T _ - -
Chﬁh,i = €ni — Nhi — Nni and CL,ieL,i =€ —NLg — NLy-

Substituting the above in W yields:

p
i ~T = ~T =~ T T , T T ,
W < Z <_K177h,mh,i - K277L,i77L,i — nh,ich,i‘gh,i — nL,icL’iQLﬁi
i=1

1 5 R 5 R Kpq ~ ~
+§(6h,z‘ — Tni — i)’ (€ni — Tni — Nni) — %lezh,ieh,z
1 5 R . R Kqpo ~
+§(€Li —NLi — 77Li>T(€L,i — i — Nhyi) — ﬂeﬂzL,z@L,z
52 53

9h Oni + 9L 1‘91; i+ or Eh,iéh,i + ég,iEL,iéL,z’
—(enyi = Thyi — ﬁh,i)T(eh,i — i) + Uléiiéh,i

—(er; — N — ﬁL,i)T(eL,i — i) + 02921-@,1) .

Simplifying results by completing the squares yields (4.44)).

Since —3(en; — M) (eni — M) < 0, —5(eps — ) (er; — fr) <0, On; = On; — Ony

and éL,i =05; — éL,i, (4.44) becomes (4.45))

P

; T T~ T T T T

W< E <—K17lh,z‘77h,z’ — Koty ML — MhiCn,iOni — MpiC0,00
i=1

1, 1 ) ) 1

5, — 5(6/1,@- — )" (eni — M) + 577%,@-%@'
1 . R K )
_§<€Li - nL,i)T(eL,i - nL,i) ay 9;”2}”9}” 29;”9}”
Kro =1

03
——eleLzeL,Jr =247 eLﬂ-+9,{izh,i6h7i+8{,i2Lﬂ~eL,i

‘|‘0'19}7;i9h,i + 0292@'9“) -

(4.44)
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p
i T T T T T T
W< E <_K177h,z’77h,i - K277L,i77L,i - nh,ich,ieh,i - nL,icL,ieL,i
—

1 .+ . 1 K )
+277}1;z77hz + 277L ML — = ngzh zehz 29£z9hz
KT2

03 )
GﬂZL 19L i+t = 9 9L,z' + eiiEh,ieh,i + eg,iEL,ieL,i

+019£i0h7i — 010£i9h,i + 0'25%’1-9[,71‘ - O-Qég’iéL,z) . (445)

Rearranging yields:

p
) B 1. B . . )
W< Z (_nii(Kl - §)nh,i - n;f,in,i@h,i + eiizh,ieh,i
i=1
K O« < ~ .
1 (L)glzhzghz — (o1 — ;)Qiﬂm + 019,7;2-9;172-
1. . 5 . ~ .
1L i(KQ = )i — ticribri + 005000,
K O3~ ~ ~
I2 6%22[/ zeL F i ( 53)9%110[“1' —+ 020}11“9L,i) . (446)

Applying Young’s inequality to the indefinite terms (nh Ch, Zﬁh i Qh 2, zeh i

Qgﬁh’i, ﬁg}icgﬁLﬁi, H%JZL,ZHLJ, Q%JHLJ-), there exist constants K3, K4, K5 and

Kg > 0 such that (4.46)) becomes (4.47)). Rearranging (4.47), (4.48) is obtained.

W < Z < M (K %)ﬁh,i + %ﬁ}{z‘criich,iﬁh,i + 2%{39%9,171»
K"‘e; il + ;{49; il — KTl 0T 5 i0n
— (01— %)ég,iéh,i + ﬂéiiéh,i + —19£i9hi — 1777, (Ka — %)ﬁL,z‘
+%ﬁf,¢0€,icuﬁm 2[1( 07 0nq + B 9512L19L i [1(6 07 Xri0r

K O3~ ~ S
_ﬂemzheh (og — g)ef,iem + ?zegiem- + fefﬂ.eu) . (4.47)
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i = ~T L. K3 ~T T ~ 1
W< : _nh,z‘(Kl — 5 )hi + 7nh,ich7ich,inh,i + 2_K3
Kr1 Ky gr 0, .+ L ; op O

2K,
1. . K N 1
_)77L,i + TWE,iCEﬂCLJnL;L‘ + 2K

29
1 . . (op) (53
0 B+ 20 00— (2 - )9529L1> |

—
eh,z‘eh,z‘

2 2
K K
0%19[/_<%_76

0. Sn.ibhi + thgh (= — —)éiiéh,i

)éf,iZL,iéL,i

(4.48)

Let Kpy = Kpp — Ky > 0 and Ko = Kopgy — K¢ > 0, then the inequality becomes:

. . 1. Ks . .
W< Z <_77ij;,i(K1 - §)nh,z’ + fniicg,ich,inhz 2K ——07 On

1 Ky _ 1

)L + 5 77LZC€ZCL N, + _2K5

.
01.0L,

Kro ~ N . . Sa o -
—%egizL,ieM + 2—9;2L,iew — (% — V0T p + %9{ iehﬂ) .

1 K _
W<Z< th 5_ 23Chlchl)nhl+ ngehl

1 K
2797 9

(4.49)
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We proceed to establish the boundedness of the positive definite matrices ¥j; and
Y. Integrating (4.22) and (4.23) and using Assumption 4 for ¢t > 77 and t > T

respectively, then
t
Shi = e K10, 4 (0) + / e T (ena(ra)eii(r) + 1) d
0
t
> / e~ Kr(t=m) (Ch,i(Tl)Cg,i(Tl) +0>1) dry
t

-T

eiKTlTl (C(7 + 52T1)I

v

t
Y= B_KTQtEL,i(O) + / e fireltm) (CL#(TQ)C:LFJ(T” + 631) drz
0
t
> / e~ Kralt=r2) (cri(m)er (12) + 031) dry
t—T5

2 67KT2T2 (Oég + (53T2)[

When t < T3 and t < T5,

Ehﬂ' 2 G_KTlTlOé5I and EL,i Z €_KT2T2046].

Consequently,

Shi > e K min[(aq + 6,T1), as] T vt > 0
and

Yri> e K212 min[(ag + 0573), ag) ] Vit > 0.

The Lipschitz projection operator employed in the parameter estimation routine en-
sures that éhﬂ» and HALJ- are bounded. As a result of the boundedness of éh,i and QALﬂ-,

U;, cp; and cr,; are bounded. This implies that there exist positive constants ¢;, and
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go such that:

chich; < gil and  cpicq; < gol vt > 0.

Consequently,

t
Zh,z’ = G_KTlch,i(O) +/ G_KTl(t_Tl) (Ch,i(T1>C¥;i(7—1> + (52]) dTl
0

g1 +52)[
K

t
Zl,i = eiKTQtZLJ(O) + / eiKTQ(tiTQ) (CLJ;(TQ)C,ZL—",L'(TQ) -+ (53[) dTQ
0

S (Of5‘|‘

g2 + 03 7

< (g + .
ot Ty )
Now, let
G = e *rhmin((ar 4+ 6,T1), 5] and (o = (a5 + %)
(3 = e K22 min|(ag 4 03T2), 6] and ¢4 = (a6 + gf(;ig)’
then

Gl <%Yp; <GI and (I <Xp; <Gl

Recall that c,{icm < g1 and cgicw < gy. Substituting 6y = 01, 03 = 09, K1 = k1 + %,

Ky = ks + 5 and the bounds for Ch iChis CLiCLi> S and Xy, in (4.49), then

K R 1 . -
W< Z ( nhz 2391)7711,2‘ + Q—KBQZ,Z-Qh,i

o~ 1 U o
Kr1 . 5p T LaT
——8-91»—«9-«91-—9»91»
2 Cl h,’L h7 + 2K4 <2 h,l h7 + 2 h,’L h7

K, 1
~ 5 ~

il (ke — =2 i+ —0T 0,
nL,’L( 2 2 gQ)”L, 2[{'5 L,Z L,

K ~ 1 U
~ =2l i+ Gl O+ 0L 00 | (4.50)
’ 2K6 ’ 2 ’
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Let
Gi=hk —Bg, Go=50¢, Gs=351+:10,

Gy=hy— 52y, Gs=EL12(;, Gg=

1
sk + e G

Recall that K7 > 0 and Kps > 0, let ky > £2g; and ky > £3g,, then

p

. ~ ~ . 01

W <D™ (=Gillinil = Galfnall* + Galldnall> + ZH16nal*
i=1

N ~ : o
—Gallieill* = Gsll0Lill* + Gellbril* + §2|’9L,z'||2> : (4.51)

From , it is seen that provided 0, ;, 9;” 01 and 91:1 are bounded, 7y, ;, éhﬂ-, ML
and 6 ; will be bounded and approach a neighbourhood of the origin. Therefore, the
parameter estimates will reach a neighbourhood of their true values.

Since the parameter estimates converge to a neighbourhood of their true values, the
next step is to show that the bias term 4, converges to a neighbourhood of u. Let

u; = u; — u then consider the Lyapunov function:
Y=W+M (4.52)

where M = ia"a. The differentiation of ({@.52) gives Y = W + a’a. Recalling that

[\

ua=1u-u, a= ﬁ, 0= —%ém and éLl =05 — ém, then:
) . 1 - 1
Y=W+nu ( ‘9L1 — _6L1> (453)
TI TI

(4.53) can be written as:

1

TI

V= W+Z< @01, — u29L11> (4.54)



4.4. DISTRIBUTED EXTREMUM SEEKING CONTROL 73

The substitution of W in (4.54) results in:

p
. B ~ . o B
y<) (—GlHﬂh,in = GalOnil* + G |6hll* + 51H9h,iH? = Gallneq®
=1

- . o 1~ 1.
—G5|QL,¢||2 + G6||‘9L,z’H2 + ?2H9L,i||2 + —u0r1,; — _ui‘ng,i> .
T T

Collecting the @;01,,; terms and using Assumption 3, it follows that:

p

. - ~ . 0'1 ~

Yy <) <—G1||77h,z‘||2 — Ga|Onl|* + G| Onll* + EH@h,iHQ — Gyll7ial®
i=1

- . o 1 _ - 1 -
—GslOLi|” + Gs|0L4]” + §2H9L,i’|2 + —ufr1; — —’YdHuin) : (4.55)
Tr Tr

Applying Young’s inequality to the indefinite terms in (4.55)) then there exist a con-

stant ag > 0 such that:

p
. B - : o _
y <> (—G1|lnh,i||2 — GolOnill* + Gsl|0nall* + §1||9h,i||2 — Gyll7ial®
=1
~ . 09 1 ~ Qg | .
—Gs|014]1* + Go| 01411 + 3||9L,i||2 - T—]WHWH2 + Q—TIHWH2

1 -
——[18s1]1?) -
g )

Rearranging the last inequality gives:

V4

. - ~ . 0-1 -

Yy <) <—G1||77h,z‘H2 — Go|Onil]” + G| 0nill* + 3\|9h,z‘||2 — Gylliipl®
=1

- . P 1 Qg |\~
—G5|00411? + Goll0n 1> + =014 — (—va — =—)||as||?
0z0al? + Gl + 21017 — (Fra = 22

(Gs - L)uémn?) . (4.56)

20./9’7']
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Let G; = (ld — %> and Gg = (G5 — #), to make G7 > 0, we pick ag < 2v4.

T 277 2c9TT

To make Gs > 0, we pick 77 < 5—=-. Making 77 large enough but less than

1 1
209G 209G

ensures that u; is bounded and enters a neighbourhood of the origin as ; approaches

a neighbourhood of u. Therefore:

p
. R ~ . o .
Yy <) <—G1H77h,z'H2 — GolOnill* + Gs|6nl1* + ?1|’6h,i||2 — Gulliipl®
i=1
~ . o 5 ~
—Gs|0ro4ll” + G||0r.4]” + 5”%1’”2 — G| |* — G8H9L1,1:||2> : (4.57)
Since u; approaches a neighbourhood of u, this implies that ti; = 0 therefore, the ESC

algorithm reduces to u = —k:géhl + 0+ d, where u = [u, - -+ ,u|". The multiplication

of u by lg yields:
104 = —ky1 0y + 120+ 17d (4.58)
But 1ZA =0, (4.58)) simplifies to:

P P P
Zﬂ = _kgzéhl,i + Zdi
i=1 i=1 i=1

R 4.
pu = —kgpOp1; + pd; (4.59)

i = —kyOh + d;

Finally, we focus on showing that u approaches a neighbourhood of the u*, the min-

T

imizer of the overall cost. Let &« = u —u*, u =u—u" and V = %ﬁ u, consider the
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Lyapunov function:
W=Y+V (4.60)
The differentiation of w.r.t. time yields:
W=Y +ia'a (4.61)

Since i1 = u — v* then u = . Recalling that éhl =0y — éhl, the substitution of u in

(4.61) gives:
W =Y — ka0 + k"0, +a’d. (4.62)
(4.62) can be written as:
. . p ~
W =¥+ 37 (kg — kg + id;) (4.63)
i=1

Substituting Y yields:

P
. - ~ . [0} -
W <D™ (=Gullinall? = Galdnall® + GallOnall* + 5 10n3l12 = Gl
=1

~ . O' - ~
—Gs|000,1* + Gs|0L41* + §2||9L,i||2 — Gr|lwl|]* = Gs|| 01,41 -

~ kg, + kil + id ) (4.64)
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It is important to state that at consensus, @ and 05 ; are same for all the agents so

it follows that pub;; = u0;. By the convexity of the overall cost we have:

S T

ubp1,i > %ﬂz (4.65)

k
—kgﬂﬁhl,i S ——97?]2
p

Substituting (4.65)) in (4.64]) results in:

p
. B ~ . o
W < — G|l l|* = Galfnll* + Gallfnil|* + =16l
=1 2

~ ~ . o
—Gullinll* = Gsl0r0l* + Gell0Lil* + §2||9L,i||2

_ = ky . P _
—G7||Ui”2 — G8||9L1,i||2 — Eg’}/UQ + kgu9h1,i + Udl> . (466)

Applying Young’s inequality to the indefinite terms, there exist constants ajy > 0

and «aq; > 0 such that:

p
. - ~ . O_
W< —Gl|inill* = GalOnll* + Gal0nill* + —=[10ni1?
=1 2

- ~ . oX
—Gallieill* = Gsl0r0il* + GellbLl* + §2||6’L,z‘||2

70

_ ; kg - _
—Galli]|* = Gs10r1l* — f”yHUHQ + < kgl

1 ~
— s
gkl +

a1

1
—la|* + —1d:|I* ) - 4.67
Sl + 5o ) (4.67)
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We can rewrite (4.67)) as:

p

. ~ ~ . g

W <3 (= Gallinall = Galfuo. | + GallOnil]* + 2160l
=1

~ ~ . ag
—Gullinill* = Gsl0r0ill* + GellOLill* + —2||9L,iH2

N ~ k Qg 11
—Grllw|]> = Gs| 011> — (?97 - Tkg - 7)“““2
(G — —— k)2 + || (4.68)
2 20[10 g hl, 2@11 i . .

Let Gy = (k—g'y — A0k, — 24, by choosing ag = 1 L then &, can be chosen such that

ky > 100‘11 and this ensures that Gg > 0. Also let Gm = (G — =—k,;), G1p > 0 by

20410

choosing k, such that k; < 2019G5. Therefore,

W<Z(Gmmwﬂmmwﬂwﬁm + 200l = Gl

~ . ag ~ Y
—Gs|010,4]1> + G| 041 + ?2!|9L,¢||2 — Grllw|]? = Gs|| 01,4

5 ~ 1
—Golla]l* = Giol|Onll* + . ||di||2) : (4.69)
a1

We know that the dither signal is bounded. Since u is bounded, éhu and «9'L17i are
bounded. Likewise ého,i and 9Lo,i are bounded since 09, and 0, are bias terms
unaffected by the controller and can be bounded by positive constants. Therefore
éhﬂ», On, GLl and 0, are bounded. This Lyapunov derivative shows that 7y, 71,
GNM, HNLJ-, u; and u are bounded. 7y, ;, HNLJ-, and u; enter a neighbourhood of the origin
as U; approaches a neighbourhood of u. 7y, ;, QN;M» and u also approach a neighbourhood
of the origin as u converges to a neighbourhood of w*. The size of this neighbourhood

depends on the positive terms in (4.69). This completes the proof.
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Yi

yi = hi(u;)

Uy

a; sin(w;t)

.+

» | =

~

: T
Ypi = Ch,iChyi — KX + 021
Chi = —Kicp; + ony

Nhi = _Klnh,z’

01, = Proj <2,§; (Ch,z’<€h,i — Mhi) — Uléh,i>a @2)

th,i QhO,z’

5 T § T h
Zi = @y i0hi + Kieni + cp O

74 T 4
v; = ¢L,i€L,i + Kser; + CLﬁL,i

0L1,i QLO,i

TIS

~

: T
Ypi=cpicri — KroXp; + 031
¢ri = —Kocri +or;

NLi = _K277L,i

01, = Proj <ZZ711- (CL,i(eL,i —Nri) — UZéL,i)a @3>

€L, :

+

+\/

Figure 4.3: Distributed control algorithm for agent 1.
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4.5 Simulation Examples

4.5.1 Example 1

Consider a 50 agent system where the agents communicate over the undirected net-

work shown in Figure[4.1] Weight were assigned to the edges from the vector H € R™.

Using the edge weights, d; ; was computed. The distance matrix D, contains the el-

ements d;; from agent 7 to j.

0.99

0.97 0 1.30 ... 1.72
H=10095 D,=1047 130 0 ... 1.36
| 0.17 | | 089 172 136 ... 0 |

0.83 047 ... 0.89 |

The objective is to minimize the sum of the local cost of all the agents. The local

cost are:

hy = 0.5e70-5u1 4 () 403w
hs = 0.5u3In(1 + ul) + u3
hs = In(e 0145 4 €03us) 4 (. 102
hy = 0.2e79247 + 0.4¢04u7

w2

£/ 1+ug
h11 = 5U%1 + €3u11

0.3u?,
\/ u%3+1

— —10u15 —0.5u15
15 € +e

h13 = 4U%3 +

h17 — 670.3’!1,17 + 60.211,17

hig = 0.6u2ye%610 + 0.5u2,

hg = (Ug — 4)2
h4 — ui + eO.1U4

2

he = meag

hg = ug + 2u3 + 2

hio = (u1o + 2)?

hiz = (u12 +5)* + (u12 + 5)?
his = (u1q — 10)% + (uyg + 2)?
hig = (u3g + 0.5)% + 8u?y

hig = €198 + (4 4 uyg)?

hao = 0.7u3y + (0.5 — ug)?
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hoy = u2 e hoy = u3y + €222

has = (0.Tugs)? hos = (4 — ugy)?

has = u3s hos = (tgs — 1)* + (ugs — 2)?
hor = (ug7r — 2)? + (ugr — 3)? hog = (ugg — 3) + (ugg — 4)?
hag = (ug9 — 4)? + (ugg — 5)? hao = (uzp — 5)? + (uzp — 6)?
har = (uz; — 6)? + (uz — 7)? has = (uze — 7)% + (uze — 8)3
hss = (ugs — 8)* + (ug3 — 9)? has = (uzq — 9)? + (ugq — 1)?
has = (ugs — 2)* + (uzs — 9)? has = (uzs — 3)* + (uzs — 9)?
har = (uz7 — 4) + (uzr — 9)? has = (usg — 5)* + (uzs —9)?
hag = (uzg — 6)* + (uzg — 9)? hao = (uao — 7)* + (ugo — 9)?
hay = In(e05uar 4 03uan) 4 42 By — %

has = uis + 0.5ui; hag = 7" +uy

has = 0.1u3 e 145 + 202, hag = Tu2s + (7 — uye)?

ha7 = 4u3, et hag = 0.4ug + e0-4uas

hag = (g9 — 10)? + (ug9 — 10)? hso = (uso — 8)2 + (us0 — 8)?

The tuning parameters were selected as: 07 = 05 = 1 x 1078, K} = Ky = Ky, =
Kp, =100, 6, = 05 = 5x 107, a5 = ag = 1, k, = 6 x 1073, 7, = 16.66, d(t) =
0.3 [sin(500¢), sin(494t), ..., sin(361¢), sin(358¢)]”. The initial conditions were cho-
sen as: u(0) = [0.4,...,0.6]7, 0,:(0) = 6,,(0) = [0.01,0]T, ¢4(0) = ¢£;(0) = [0,0]7,
Yri(0) = £1:(0) = Ioxa, 2:(0) = h;(0) and ;(0) = L;(0).

Result 1

Figure [4.4] shows the result obtained for example 1, J* = 1580 and u* = 0.7201. The

overall cost and the inputs are shown to converge very fast to J* and u* respectively.
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This result shows the effectiveness and robustness of the proposed technique and

validates the role of cooperation and coordinated control in multi-agent systems.

1610

1605

1600

1595

1590

1585

1580

1575
0

0.75

0.7

0.65

0.6

0.55

0.5

0.45

0.4

Figure 4.4: Plot of the overall cost and the inputs as a function of time for a 50 agent
system when the communication network is undirected.
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4.5.2 Example 2

Consider a system with 25 agents where the communication network is directed as
seen in Figure [4.2] The local cost for the agents are the last 25 cost functions used

in example 1.

0 627 277 ... 3.62 |

539 0 230 ... 3.15
Dy= 1309 350 0 ... 0.85
| 229 851 501 ... 0 |

The same initial conditions and tuning parameters as seen above were used except
for w and u(0). d(t) = 0.3 [sin(500t), sin(497t), ..., sin(432t), sin(429¢)]” and u(0) =
[0,...,0.24]T.

Result 2

The result for example 2 is presented in Figure J* =1328 and v* = 0.7731. The
overall cost is minimized and fast convergence (in approximately 22 seconds) to the

optimum is recorded. This result confirms the effectiveness of the proposed technique.

4.6 Conclusion

A distributed proportional-integral extremum seeking control technique is proposed
to solve a distributed optimization problem for a system with unknown network and
unknown cost functions. The results show that in the absence of precise knowledge
of network connectivity, global objectives can still be met. By taking measurements

of the local cost and the local disagreement cost functions, the proposed technique
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ensures that the disagreement among the agents is minimized so that consensus on
their inputs is reached and ultimately, the overall cost is minimized. The results adds

to the literature on distributed extremum seeking control.

1550

1500

1450

1400

1350

1300
0 30 40 50 60

Figure 4.5: Plot of the overall cost and the input as a function of time for a 25 agent
system when the communication network is directed.
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Chapter 5

Conclusions

In Chapter [1] of this thesis, the basic idea of distributed control for use in the opti-
mization of large scale systems involving multi-agents was introduced. The advan-
tages of distributed control over centralized control were enumerated. Extremum
seeking control (ESC) was also introduced as the real-time optimization technique to
be employed since it requires no knowledge of the mathematical model(s) describing a
complex nonlinear system to drive the system to its unknown optimum. In Chapter 2]
a review of some of the useful contributions made in the area of extremum seeking
control (which includes some of the proposed ESC techniques) was presented. Re-
search work involving the application of extremum seeking control and ideas from the
field of game theory in addressing problems of MAS were also reviewed. The focus of
Chapter [3| was on the control and optimization of the power produced by wind farms
using a distributed TVESC technique. Since aerodynamic interactions among wind
turbines limit overall power capture in a wind farm and at the moment, there are no
accurate models that perfectly describe these interaction. The use of extremum seek-
ing control provides an effective mechanism to maximize the power produced. Useful

results were obtained both in continuous-time and discrete-time. Comparisons were
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made between these results and those obtained in [3] were the PBESC technique
was employed. In Chapter [} the problem of distributed optimization over unknown
networks was considered since most of the work done on distributed control of MAS
have used the knowledge of network connectivity to achieve global objectives [3],[27]
and [37]. It was shown that if an agent can have access to the measurements of the
disagreement between its input and those of its neighbours, a PI-ESC technique can
be designed such that global objectives are met. From the results obtained, it can be
concluded that extremum seeking control is a powerful and an effective technique for
steady-state real-time optimization of MAS in a distributed fashion. The distributed
TVESC and the distributed PI-ESC techniques employed in this thesis are robust and
show fast convergence to the unknown optimum. These techniques can be utilized in

addressing other MAS problems as their effectiveness cannot be overemphasized.

5.1 Future Work

The assumptions made about the wind in Chapter [3| are not necessarily realistic
since the wind is chaotic in nature. The next step will be to relax the assumptions
and improve upon the control algorithm to accommodate the varying nature of the
wind. Another future work will be to incorporate dynamics (unstable dynamics)
to the problem addressed in Chapter [ so that the problem of stabilization and
optimization can be addressed simultaneously. Finally the two problems tackled in

this thesis will be addressed using a time-varying communication network.



BIBLIOGRAPHY 86

1]

Bibliography

K. B. Ariyur, M. Krsti¢, Real-Time Optimization by Extremum-Seeking Control,
John Wiley and Sons, Inc., 2003.

J. Poveda, N. Quijano, Distributed extremum seeking for real-time resource al-
location, in: Proceedings of the 2013 American Control Conference, 2013, pp.

2772-2777. |doi:10.1109/ACC.2013.6580254.

A. Menon, J. S. Baras, Collaborative extremum seeking for welfare optimization,
in: Proceedings of the 53rd IEEE Conference on Decision and Control, 2014, pp.

346-351. doi:10.1109/CDC.2014.7039405.

C. Zhang, R. Ordénez, Extremum-Seeking Control and Applications: A Numer-
ical Optimization-Based Approach, Springer London Dordrecht Heidelberg New
York, 2012.

Y. Tan, W. H. Moase, C. Manzie, D. Nesi¢, I. M. Y. Mareels, Extremum seeking
from 1922 to 2010, in: Proceedings of the 29th Chinese Control Conference, 2010,

pp. 14-26.

M. Guay, D. Dochain, A time-varying extremum-seeking control approach, Au-

tomatica 51 (1) (2015) 356-363. doi:10.1016/j.automatica.2014.10.078.


http://dx.doi.org/10.1109/ACC.2013.6580254
http://dx.doi.org/10.1109/CDC.2014.7039405
http://dx.doi.org/10.1016/j.automatica.2014.10.078

BIBLIOGRAPHY 87

[7]

[12]

[13]

[15]

M. Guay, A time-varying extremum-seeking control approach for discrete time
systems, Journal of Process Control 24 (3) (2014) 98-112. doi:10.1016/j.

jprocont.2013.11.014.

M. Leblanc, Sur I’électrification des chemins de fer au moyen de courants alter-

natifs de fréquence élevée, Revue Générale de I’Electricité.

V. V. Kazakevich, On extremum seeking, Ph.D. thesis, Moscow High Technical

University (1944).

C. S. Draper, Y. T. Li, Principles of optimizing control systems and an applica-
tion to the internal combustion engine, in: R. Oldenburger (Ed.), Optimal and

Selfoptimizing Control, Boston, MA: The M. I. T. Press, 1951.

K. J. Astrom, B. Wittenmark, Adaptive Control (2nd ed.), Reading, MA:
Addison-Wesley, 1995.

M. Krsti¢, 1. Kanellakopoulos, P. V. Kokotovi¢, Nonlinear and Adaptive Control

Design, Wiley, 1995, Ch. Appendix E: Parameter Projection, pp. 511-514.

M. Krsti¢, H. Wang, Stability of extremum seeking feedback for general non-
linear dynamical systems, Automatica 36 (4) (2000) 595-601. doi:10.1016/

S0005-1098(99)00183-1.

M. Krsti¢, Performance improvement and limitations in extremum seeking
control, Systems and Control Letters 39 (5) (2000) 313-326. doi:10.1016/

S0167-6911(99)00111-5.

J.-Y. Choi, M. Krsti¢, K. B. Ariyur, J. S. Lee, Extremum seeking control for


http://dx.doi.org/10.1016/j.jprocont.2013.11.014
http://dx.doi.org/10.1016/j.jprocont.2013.11.014
http://dx.doi.org/10.1016/S0005-1098(99)00183-1
http://dx.doi.org/10.1016/S0005-1098(99)00183-1
http://dx.doi.org/10.1016/S0167-6911(99)00111-5
http://dx.doi.org/10.1016/S0167-6911(99)00111-5

BIBLIOGRAPHY 88

[17]

[18]

[19]

[20]

discrete-time systems, IEEE Transactions on Automatic Control 47 (2) (2002)

318-323. doi:10.1109/9.983370.

Y. Tan, D. Nesié¢, I. Mareels, On non-local stability properties of extremum seek-
ing control, Automatica 42 (6) (2006) 889-903. [doi:10.1016/j.automatica.

2006.01.014.

Y. Tan, D. Nesi¢, I. M. Y. Mareels, A. Astolfi, On global extremum seeking in
the presence of local extrema, Automatica 45 (1) (2009) 245-251. |doi:10.1016/

j.automatica.2008.06.010|

Y. Tan, D. Nesi¢, I. Mareels, On the choice of dither in extremum seeking sys-
tems: A case study, Automatica 44 (5) (2008) 1446-1450. doi:10.1016/j.

automatica.?2007.10.016.

L. TIannelli, K. H. Johansson, U. T. Jonsson, F. Vasca, Dither for smoothing relay
feedback systems, IEEE Transactions on Circuits and Systems-1 50 (8) (2003)
1025-1035.

A. Ghaffari, M. Krsti¢, D. Nesi¢, Multivariable newton-based extremum seeking,
Automatica 48 (8) (2012) 1759-1767. doi:10.1016/j.automatica.2012.05.

059.

M. Guay, T. Zhang, Adaptive extremum seeking control of nonlinear dynamic
systems with parametric uncertainties, Automatica 39 (7) (2003) 1283-1293.

doi:10.1016/S0005-1098(03)00105-5.


http://dx.doi.org/10.1109/9.983370
http://dx.doi.org/10.1016/j.automatica.2006.01.014
http://dx.doi.org/10.1016/j.automatica.2006.01.014
http://dx.doi.org/10.1016/j.automatica.2008.06.010
http://dx.doi.org/10.1016/j.automatica.2008.06.010
http://dx.doi.org/10.1016/j.automatica.2007.10.016
http://dx.doi.org/10.1016/j.automatica.2007.10.016
http://dx.doi.org/10.1016/j.automatica.2012.05.059
http://dx.doi.org/10.1016/j.automatica.2012.05.059
http://dx.doi.org/10.1016/S0005-1098(03)00105-5

BIBLIOGRAPHY 89

[22]

[23]

[24]

[25]

[20]

[28]

V. Adetola, M. Guay, Parameter convergence in adaptive extremum-seeking con-
trol, Automatica 43 (1) (2007) 105-110. doi:10.1016/j.automatica.2006.07.

021l

J. J. Ryan, J. L. Speyer, Peak-seeking control using gradient and hessian es-
timates, in: Proceedings of the 2010 American Control Conference, Baltimore,

MD, 2010, pp. 611-616. |doi:10.1109/ACC.2010.5531081.

D. Nesi¢, T. Nguyen, Y. Tan, C. Manzie, A non-gradient approach to global
extremum seeking: An adaptation of the shubert algorithm, Automatica 49 (3)

(2013) 809-815. doi:10.1016/j.automatica.2012.12.004.

B. S. Srinivasan, Real-time optimization of dynamic systems using multiple units,
International Journal of Robust and Nonlinear Control 17 (13) (2007) 1183-1193.

doi:10.1002/rnc.1165.

M. Guay, D. Dochain, A proportional integral extremum-seeking control ap-
proach, in: Proceedings of the 19th IFAC World Congress, Cape Town, South

Africa, 2014, 2014, pp. 377-382. |doi:10.3182/20140824-6-ZA-1003.02492.

M. Guay, I. Vandermeulen, S. Dougherty, P. J. McLellan, Distributed extremum
seeking control over networks of dynamic agents, in: Proceedings of the 2015
American Control Conference, 2015, pp. 159-164. doi:10.1109/ACC.2015.

7170728.

C. Zhang, R. Ordoénez, Robust and adaptive design of numerical optimization-
based extremum seeking control, Automatica 45 (3) (2009) 634-646. doi:doi:

10.1016/j.automatica.2008.09.025.


http://dx.doi.org/10.1016/j.automatica.2006.07.021
http://dx.doi.org/10.1016/j.automatica.2006.07.021
http://dx.doi.org/10.1109/ACC.2010.5531081
http://dx.doi.org/10.1016/j.automatica.2012.12.004
http://dx.doi.org/10.1002/rnc.1165
http://dx.doi.org/10.3182/20140824-6-ZA-1003.02492
http://dx.doi.org/10.1109/ACC.2015.7170728
http://dx.doi.org/10.1109/ACC.2015.7170728
http://dx.doi.org/doi:10.1016/j.automatica.2008.09.025
http://dx.doi.org/doi:10.1016/j.automatica.2008.09.025

BIBLIOGRAPHY 90

[29]

[30]

[31]

[32]

[34]

[35]

C. Zhang, R. Ordonez, Non-gradient extremum seeking control for feedback
linearizable systems with application to abs design, in: Proceedings of the
45th TEEE Conference on Decision and Control, 2006, pp. 6666-6671. doi:

10.1109/CDC.2006.377401.

J. R. Marden, T. Roughgarden, Generalized efficiency bounds in distributed
resource allocation, IEEE Transactions on Automatic Control 59 (3) (2014) 571—

584.doi:10.1109/TAC.2014.2301613.

A. Nedié¢, A. Ozdaglar, Distributed subgradient methods for multi-agent op-
timization, IEEE Transactions on Automatic Control 54 (1) (2009) 48-61.

doi:10.1109/TAC.2008.2009515.

A. Pantoja, N. Quijano, K. M. Passino, Dispatch of distributed generators using
a local replicator equation, in: Proceedings of the 50th IEEE Conference on
Decision and Control and European Control Conference, 2011, pp. 7494-7499.

doi:10.1109/CDC.2011.6160627.

C. Zhang, A. Siranosian, M. Krsti¢, Extremum seeking for moderately un-
stable systems and for autonomous vehicle target tracking without position
measurements, Automatica 43 (10) (2007) 1832-1893. doi:doi:10.1016/j.

automatica.2007.03.009.

N. Ghods, P. Frihauf, M. Krsti¢, Multi-agent deployment in the plane using
stochastic extremum seeking, in: Proceedings of the 49th IEEE Conference on

Decision and Control, 2010, pp. 5505-5510. doi:10.1109/CDC.2010.5717282.

H. Li, J. Peng, J. Xiao, F. Zhou, W. Liu, J. Wang, Distributed formation control


http://dx.doi.org/10.1109/CDC.2006.377401
http://dx.doi.org/10.1109/CDC.2006.377401
http://dx.doi.org/10.1109/TAC.2014.2301613
http://dx.doi.org/10.1109/TAC.2008.2009515
http://dx.doi.org/10.1109/CDC.2011.6160627
http://dx.doi.org/doi:10.1016/j.automatica.2007.03.009
http://dx.doi.org/doi:10.1016/j.automatica.2007.03.009
http://dx.doi.org/10.1109/CDC.2010.5717282

BIBLIOGRAPHY 91

[36]

[37]

[38]

[39]

[40]

for a cooperative multi-agent system using potential function and extremum
seeking algorithm, in: Proceedings of the 2012 IEEE International Conference
on Robotics and Biomimetics, 2012, pp. 1893-1898. doi:10.1109/R0BI0.2012.

6491244

C. Li, Z. Qu, M. A. Ingram, Distributed extremum seeking and cooperative
control for mobile communication, in: Proceedings of the 50th IEEE Conference
on Decision and Control and European Control Conference, 2011, pp. 4510-4515.

doi:10.1109/CDC.2011.6161402.

M. Guay, I. Vandermeulen, S. Dougherty, P. J. McLellan, Distributed extremum-
seeking control over networks of unstable dynamic agents, in: Proceedings of the
9th IFAC International Symposium on Advanced Control of Chemical Processes,
Whistler, Canada, 2015, pp. 693-697. doi:doi:10.1016/j.ifacol.2015.09.

049.

R. A. Freeman, P. Yang, K. M. Lynch, Stability and convergence properties
of dynamic average consensus estimators, in: Proceedings of the 45th IEEE
Conference on Decision and Control, 2006, pp. 398-403. doi:10.1109/CDC.

2006.377078.

K. E. Johnson, N. Thomas, Wind farm control: addressing the aerodynamic
interaction among wind turbines, in: Proceedings of the 2009 American Control

Conference, 2009, pp. 2104-2109. doi:10.1109/ACC.2009.5160152.

S. Chowdhury, J. Zhang, A. Messac, L. Castillo, Unrestricted wind farm layout

optimization (uwflo): Investigating key factors influencing the maximum power


http://dx.doi.org/10.1109/ROBIO.2012.6491244
http://dx.doi.org/10.1109/ROBIO.2012.6491244
http://dx.doi.org/10.1109/CDC.2011.6161402
http://dx.doi.org/doi:10.1016/j.ifacol.2015.09.049
http://dx.doi.org/doi:10.1016/j.ifacol.2015.09.049
http://dx.doi.org/10.1109/CDC.2006.377078
http://dx.doi.org/10.1109/CDC.2006.377078
http://dx.doi.org/10.1109/ACC.2009.5160152

BIBLIOGRAPHY 92

[41]

[42]

[43]

[44]

[46]

generation, Renewable Energy 38 (1) (2012) 16-30. doi:10.1016/j.renene.

2011.06.033l

S. Chowdhury, J. Zhang, A. Messac, L. Castillo, Optimizing the arrangement
and the selection of turbines for wind farms subject to varying wind conditions,

Renewable Energy 52 (2013) 273-282. |doi:10.1016/j.renene.2012.10.017.

A. Duckworth, R. J. Barthelmie, Investigation and validation of wind turibne
wake models, Wind Engineering 32 (5) (2008) 459-475. doi:10.1260/

030952408786411912.

P. Torres, J. van Wingerden, M. Verhaegen, Modeling of the flow in wind farms
for total power optimization, in: Proceedings of the 2011 IEEE International
Conference on Control and Automation (ICCA), 2011, pp. 963-968. doi:10.

1109/ICCA.2011.6137984.

N. Troldborg, J. N. Sorensen, R. Mikkelsen, Numerical simulations of wake char-
acteristics of a wind turbine in uniform inflow, Wind Energy 13 (1) (2010) 86-99.

doi:10.1002/we.345.

S. Ivanell, J. N. Sorensen, R. Mikkelsen, D. Henningson, Analysis of numerically
generated wake structures, Wind Energy 12 (1) (2009) 63-80. doi:10.1002/we.

285l

J. R. Marden, S. D. Ruben, L. Y. Pao, A model-free approach to wind farm
control using game theoretic methods, IEEE Transactions on Control Systems

Technology 21 (4) (2013) 1207-1214. doi:10.1109/TCST.2013.2257780.


http://dx.doi.org/10.1016/j.renene.2011.06.033
http://dx.doi.org/10.1016/j.renene.2011.06.033
http://dx.doi.org/10.1016/j.renene.2012.10.017
http://dx.doi.org/10.1260/030952408786411912
http://dx.doi.org/10.1260/030952408786411912
http://dx.doi.org/10.1109/ICCA.2011.6137984
http://dx.doi.org/10.1109/ICCA.2011.6137984
http://dx.doi.org/10.1002/we.345
http://dx.doi.org/10.1002/we.285
http://dx.doi.org/10.1002/we.285
http://dx.doi.org/10.1109/TCST.2013.2257780

BIBLIOGRAPHY 93

[47] G. C. Goodwin, K. S. Sin, Adaptive Filtering Prediction and Control, Dover

Publications, New york, 2013.



	Abstract
	Acknowledgments
	Contents
	List of Figures
	Introduction
	Objectives and Contributions
	Organization of Thesis

	Literature Review
	Background
	Addressing the limitations associated with the selection of ESC tuning parameters
	Addressing the limitations associated with time-scale separation

	Distributed control of multi-agent systems
	Resource Allocation
	Source Seeking
	Formation Control
	Stabilization and Optimization

	Summary

	Distributed Extremum Seeking Control of Wind Farms
	Introduction
	Power maximization in continuous-time
	Problem Description
	Communication Network
	Wind Farm Model
	Distributed Extremum Seeking Control
	Simulation Examples

	Power maximization in discrete-time
	Problem Description
	Distributed Extremum Seeking Control
	Simulation Examples

	Conclusions

	Consensus Estimation and Distributed Extremum Seeking Control over Unknown Networks
	Introduction
	Notation
	Problem Description
	Distributed Extremum Seeking Control
	Consensus Estimation
	Parametrization of agent i's local cost dynamics
	Parameter Estimation
	 Distributed Extremum Seeking Controller design

	Simulation Examples
	Example 1
	Example 2

	Conclusion

	Conclusions
	Future Work


