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ABSTRACT 

This work closely studied fundamental techniques of Bayesian sparse Factor Analysis 

model - constrained Least Square regression, Bayesian Lasso regression, and some popular 

sparsity-inducing priors. In Appendix A, we introduced each of the fundamental techniques in a 

coherent manner and provided detailed proof for important formulas and definitions. We 

consider provided introduction and detailed proof, which are very helpful in learning Bayesian 

sparse Factor Analysis, as a contribution of this work.  

We also systematically studied a computationally tractable biclustering approach in 

identifying co-regulated genes, BicMix, by proving all point estimates of the parameters and by 

running the method on both simulated data sets and a real high-dimensional gene expression data 

set. Missed derivation of all point estimates in BicMix has been provided for better understanding 

variational expectation maximization (VEM) algorithm. The performance of the method for 

identifying true biclusters has been analyzed using the experimental results. 
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1. INTRODUCTION 

Data clustering techniques have been widely applied in high dimensional gene expression 

data analysis for different purposes, such as motif identification, functional annotation, and tissue 

classification. These data are generally organized as a matrix, where each row represents a gene, 

each column corresponds to an experimental condition, and each cell stands for the expression 

level of a gene under a specific condition (Griffin and Brown, 2010).  

Among different clustering techniques for identifying groups of co-regulated genes in 

gene expression data, i.e., identifying subsets of genes with similar behaviors under subsets of 

experimental conditions, biclustering approach became very popular. It’s a powerful data mining 

technique that allows clustering of rows and columns simultaneously in a matrix-format data set. 

This technique was first applied to gene expression data in 2000, aiming to identify co-expressed 

genes under a subset of all the conditions/samples. Since then, many biclustering algorithms 

have been developed and applied in identifying co-regulated genes. 

Alternatively, latent factor models are often used to identify groups of co-regulated genes 

in gene expression data (West M., 2003). In particular, latent factor models decompose a matrix 

𝑌 ∈ ℛ𝑝×𝑛  of 𝑝 genes and 𝑛  samples into the product of two matrices, Λ ∈ ℛ𝑝×𝐾 , the factor 

loadings matrix, and Χ ∈ ℛ𝐾×𝑛 , the latent factor matrix, for 𝐾  latent factors, and assuming 

independent Gaussian noise (Gao et. al, 2016).  Latent factor models assume that the total 

variation within the gene-expression data matrix can be partitioned into covariation among genes 

and variation specific to genes. This implies that a set of genes with correlated gene expression 

levels will contribute substantially to (have a substantial loading on) a single factor, because this 

co-variability will contribute to the overall variability in the matrix.   

Gao et. al (2016) developed a probabilistic biclustering method, BiMix, to infer subsets of 

co-regulated genes whose covariation may be observed in only a subset of the samples. It’s a 
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computationally tractable method based on a Bayesian sparse latent factor model. Instead of 

imposing Laplace prior on loading matrix as in FABIA, BicMix adopted a different sparsity-

inducing prior - three parameter Beta (𝒯𝒫ℬ) (Armagan et al, 2011) - to model the variance of the 

loading matrix. 𝒯𝒫ℬ  prior is a generalized sparsity-inducing prior and allows BicMix have 

flexible shrinkage capability on both the loading matrix and factor matrix at three different 

levels: element-specific shrinkage, factor-specific shrinkage, and global shrinkage. 

In this work, we closely studied Bayesian sparse Factor Analysis model and its related 

fundamental techniques. Proof for some of the formulas and definitions in these techniques has 

been provided. It will be helpful to better understand Bayesian sparse latent Factor Analysis, 

especially for new learners. We also systematically studied BicMix method by proving all model 

parameter estimates and running the method on simulated and high-dimensional gene expression 

data. 
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2. LITERATURE REVIEW 

 Biclustering algorithms that are capable to simultaneously cluster rows and columns of 

a data matrix have been successfully applied to gene expression data to discover co-regulated 

genes over a subset of conditions. Here a bicluster is a submatrix that consists of a subset of 

rows and a subset of columns in a matrix, and contains homogenous patterns. Some biclustering 

algorithms use hierarchical clustering to group together similar samples and features (Ben et al., 

2003; Murali and Kasif, 2003). Li et al., (2009) proposed a biclustering method to build up 

biclusters by iteratively grouping features in a greedy way, i.e., identifying all genes that have 

correlated expression levels with a selected gene—and then removing samples that do not 

support that grouping. Factor analysis for bicluster acquisition (FABIA), a newer probabilistic 

model-based biclustering method (Hochreiter et al., 2010) adopted a Bayesian sparse factor 

analysis model to decompose a gene expression matrix into two sparse matrices. Sparsity-

inducing priors, such as the Laplace prior, are imposed on elements of both the loading and the 

factor matrices to induce zero-valued elements. 

Factor analysis is a statistical modeling technique that seeks to explain correlation 

among observed, correlated variables in terms of smaller number of unobserved or latent 

(hidden) causal factors. Such models are called latent factor models. This technique has been 

used in diverse areas to extract useful low dimensional features from high dimensional data 

(Yuna et al, 2010, Joseph et al, 2010). In areas of genetics, latent factor models, especially 

sparse latent factor models, have been used to identify groups of co-regulated genes in high-

dimensional gene expression data (Carvalho et al., 2008; Engelhardt and Stephens, 2010). 

Because of concerns with identifiability, it’s assumed that gene expression levels for each gene 

is a linear combination of latent factors and that the random noise is approximately normal. 

Therefore, each sample is modeled as being drawn from a multivariate normal distribution with 
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a diagonal covariance matrix across genes, where the mean parameter is a linear combination of 

latent factors with a normal prior, and the variance term is estimated for each feature separately 

(Gao et al., 2013).  

In the Bayesian context, a number of sparsity inducing priors have been proposed. Popular used 

priors include Laplace (also called Lasso/double-exponential), Cauchy, Strawderman-Berger, 

normal-Feffreys, normal-exponential-gamma, Horseshoe (Carvalho et al., 2010), and three-

parameter-beta (Armagan et al, 2011). All of these priors can be represented by a scale mixture 

of Gaussians that makes identifying relationships among different sparsity inducing priors 

become easier. The proof that a sparsity-inducing prior can be equally represented by a scale 

mixture of Gaussians is provided in Appendix A 3.1. 

A horseshoe prior (Carvalho et al., 2010) is for shrinkage in the presence of sparsity in a 

data set, and it’s able to adapt to different sparsity patterns while simultaneously avoiding the 

over-shrinkage of large coefficients, that means it has heavy tails. In a simple situation where 

(𝑦|𝛽) ∼ 𝑁(𝛽, 𝜎2𝛪) and where 𝛽 is believed to be sparse. The horseshoe prior assumes that each 

𝛽𝑖 is conditionally independent with density 𝜋𝐻𝑆(𝛽𝑖|𝜏), where  𝜋𝐻𝑆can be represented as a scale 

mixture of Gaussians: 

 (𝛽𝑖|𝜆𝑖, 𝜏) ∼ 𝑁(0, 𝜆𝑖
2𝜏2) (2.1) 

 𝜆𝑖 ∼ 𝐶+(0,1) (2.2) 

where 𝐶+(0,1)  is a half-Cauchy distribution for the standard deviation 𝜆𝑖 . Here, 𝜆𝑖  is local 

shrinkage parameters and 𝜏  is a global shrinkage parameter. The prior has a shrinkage 

coefficient, 𝑘𝑖 , with distribution 

 
𝑃𝑘(𝑘𝑖; 𝜏) = 

𝜏

𝜋

1

1 − (1 − 𝜏2)𝑘𝑖

(1 − 𝑘𝑖)
−

1
2𝑘𝑖

−
1
2 

 

(2.3) 
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Variable 𝑘𝑖 represents the amount of weight that posterior mean for 𝛽𝑖 places on 0 once 𝑦 has 

been observed. The posterior mean 𝐸[𝛽𝑖|𝑦𝑖] is given as: 

 𝑇𝜏(𝑦) = 𝐸[𝛽𝑖|𝑦𝑖] = (1 − 𝐸[(𝑘𝑖|𝑦𝑖)])𝑦𝑖. (2.4) 

The posterior of (ki|yi) is given as: 

 𝑃(𝑘𝑖|𝑦𝑖) ∝ 𝑒𝑥𝑝(−𝑘𝑖𝑦𝑖
2/2) ×

𝜏

𝜋

1

1−(1−𝜏2)𝑘𝑖
(1 − 𝑘𝑖)

−
1

2, (2.5) 

and the detailed derivation is provided in Appendix A 3.2. 

The shrinkage effect in 𝑇𝜏(𝑦) can be adjusted by value of 𝜏. For example, decreasing 𝜏 

will skew the prior distribution on 𝑘𝑖 towards zero, corresponding to more mass near zero. That 

means large 𝜏 values are more likely to be sampled, which results in a higher prior probability 

of shrinking the observations toward zero.  The figure 2.1 graphically shows distribution of 𝑘𝑖 

with different 𝜏, decreasing 𝜏 results in a higher prior probability of shrinking the observations 

toward zero. 

       

Figure 2.1. The effect of decreasing 𝜏 (1, 0.5, 0.05) on the priors of 𝑘𝑖. 
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Detailed introduction to Horseshoe prior and detailed derivation of the equations above 

can be found in Appendix 3.2. 

Among proposed sparsity inducing priors, none that specifically address the context of a 

high dimensional latent space. Armagan et al. (2011) developed a three parameter Beta (𝒯𝒫ℬ) 

prior, a generalization of the beta distribution to form a flexible class of scale mixtures of 

normal with very appealing behavior. Given specific settings of hyperparameters, 𝑇𝑃𝐵  can 

recapitulate sparsity inducing priors with appropriate modeling assumptions. BicMix, a 

probabilistic biclustering method, used 𝒯𝒫ℬ distribution to induce sparsity in both the factors 

(samples) and the loadings (genes). Detailed introduction to  𝒯𝒫ℬ is provided in Appendix 3.3. 
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3. METHODOLOGY 

To identify biclusters in gene expression data, Gao et. al (2016) developed a Bayesian 

sparse Factor Analysis model, BicMix. The method used a simple factor analysis model along 

with a general sparsity-inducing prior, which was imposed on both the loading matrix and 

factor matrix at three different levels - element-specific shrinkage, factor-specific shrinkage, 

and global shrinkage. Since orthogonality assumption in standard Factor Analysis is violated in 

gene expression data where correlated sources of variation may impact similar subsets of genes, 

BicMix doesn’t require orthogonality across the factors or loadings. Without orthogonality 

constraints, it is possible that many of these components explain similar variation in the 

observations, which is expected in gene expression data.  

To thoroughly understand model BicMix, comprehending essential modeling techniques 

including constrained Lease Square regression, Bayesian Lasso regression, sparsity-inducing 

priors, and Variational Expectation Maximation (VEM) is indispensable. Therefore, we 

complemented work of BicMix by providing proper introduction of these required techniques in 

a rational order, along with providing missed proof or detailing existed proof for some of 

important formulas and definitions appearing in the techniques. The complement is provided in 

Appendix A. Model BicMix adopted VEM method for parameter estimation. To make point 

estimates of the parameters (over 80) presenting in the original paper clear and easy to 

understand, we provided detailed derivation of the estimates in Appendix B. The derivation 

facilitates practical study of VEM method.  

In this chapter, we first introduced similarity between a model for 𝑝 biclusters and a 

Factor Analysis model for 𝑝 factors, then we introduced BicMix model in detail. 
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3.1. Biclustering Model 

A bicluster is defined as a pair of a row (gene) set and a column (sample) set for which 

the rows are similar to each other on the columns and vice versa, and such a linear dependency 

on subsets of rows and columns can be represented as an outer product 𝜆𝓏𝑇  of two sparse 

vectors 𝜆 and 𝓏, shown in Figure 3.1 below (Hochreiter et al., 2010). The non-zero entries in 

the vectors are adjacent to each other are for visualization purpose only. 

Therefore, the overall model for 𝑝 biclusters and additive noise is 

 

𝑌 = ∑𝜆𝑖𝓏𝑖
𝑇

𝑝

𝑖=1

+ Υ = ΛΖ + Υ 

(3.1) 

where Υ ∈ ℝ𝑛×𝑙is additive noise; 𝜆𝑖 ∈ ℝ𝑛 and 𝓏𝑖 ∈ ℝ𝑛×𝑙 are the sparse prototype vector and 

the sparse vector of factors of the 𝑖𝑡ℎ  bicluster, respectively. The second formulation above 

holds if Λ ∈ ℝ𝑛×𝑝is the sparse prototype matrix containing the prototype vectors 𝜆𝑖 as columns 

and Ζ ∈ ℝ𝑝×𝑙 is the sparse factor matrix containing the transposed factors 𝓏𝑖
𝑇 as rows. Note that 

Eq. (3.1) formulates biclustering as sparse matrix factorization (or decomposition).  

 

Figure 3.1. The outer product 𝜆𝓏𝑇 of two sparse vectors results in a matrix with a bicluster 
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According to Eq. (3.1), the 𝑗𝑡ℎ sample 𝑥𝑗, i.e. the 𝑗𝑡ℎ column of 𝑌, is  

 

𝑦𝑗 =∑𝜆𝑖

𝑝

𝑖=1

𝓏𝑖,𝑗 + 𝜖𝑗 = Λ𝓏�̃� + 𝜖𝑗 

(3.2) 

where 𝜖𝑗 is the 𝑗𝑡ℎ column of the noise matrix Υ and 𝓏�̃� = (𝓏1,𝑗, … , 𝓏𝑝,𝑗)
𝑇denotes the 𝑗𝑡ℎcolumn 

of the matrix Ζ.  Recall that 𝓏𝑖
𝑇 = (𝓏𝑖,1, … , 𝓏𝑖,𝑙) is the vector of values that constitutes the 𝒊𝒕𝒉 

bicluster (one value per sample), while 𝓏�̃�  is the vector of values that contribute to the 𝒋𝒕𝒉 

sample (one value per bicluster). 

The formulation in Eq. (3.2) facilitates a generative interpretation by a factor analysis 

model with 𝑝 factors (Everitt, 1984) 

 

𝑌 = ∑𝜆𝑖𝓏�̃�

𝑝

𝑖=1

+ ϵ = Λ𝒵 + ϵ 

(3.3) 

where Y is the observation, Λ is the loading matrix, 𝓏�̃� is the value of the  𝑖𝑡ℎ  factor, 𝒵 =

(𝓏1̃, … , 𝓏�̃�)𝑇is the vector of factors and ϵ ∈ ℝ𝑛 is the additive noise. Standard factor analysis 

assumes: the noise is independent of 𝒵 , 𝒵~𝒩(0, Ι) and ϵ~𝒩(0,Ψ), Ψ ∈ ℝ𝑛×𝑛 is diagonal. 

The parameter Λ  explains the depend (common) and Ψ  the independent variance in the 

observations 𝑌. That the covariance matrix for 𝒵 is the unit matrix (Ι ) means that the biclusters 

should not be correlated. 

3.2.  BicMix 

The defined Bayesian sparse factor analysis model for BicMix is shown below 

 𝑌 = ΛΧ + 𝜖, (3.4) 

where 𝑌 ∈ ℛ𝑝×𝑛  is the matrix of observed variables; Λ ∈ ℛ𝑝×𝐾  is the loading matrix, Χ ∈

ℛ𝐾×𝑛 is the factor matrix; and 𝜖 ∈ ℛ𝑝×𝑛 is the residual error matrix for 𝑝 genes and 𝑛 samples. 

Assumption for the noise is 𝜖.,𝑖~𝒩(0,Ψ), where Ψ = 𝑑𝑖𝑎𝑔(𝜓1, … , 𝜓𝑝). It’s easy to get 
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𝐸[𝑌] = ΛΧ = ∑𝜆𝑖𝑥𝑖
′

𝐾

𝑖=1

 

(3.5) 

where 𝐾 is the number of latent factors, 𝜆𝑖 is a loading vector, and 𝑥𝑖 is a factor vector. The 

number of 𝐾 must be initialized, and it should be set as an overestimate of the number of latent 

factors. In chapter Numerical Experiments, 𝐾 was initialized based on the size of analyzed data. 

For BicMix results, components that were classified as sparse have each element threshold at 

10−10 , because adopted parameter estimation methods converged to values near, but not 

exactly, zero. This model removes factors that are unsupported in the data through a sparse 

inducing prior. By imposing significant sparsity on the loading matrix, rotational invariance in 

the basic factor model (Kaiser, 1958) for the most part can be eliminated. 

BicMix adopted Three Parameter Beta (𝒯𝒫ℬ) prior (Armagan et al, 2011) to model the 

variance of Λ. 𝒯𝒫ℬ is a generalization of the beta distribution to form a flexible class of scale 

mixtures of normal with very appealing behavior.  The three-parameter distribution has the 

form 

 
𝑓(𝑥; , 𝑎, 𝑏, 𝜙) = 

Γ(a + b)

Γ(a)Γ(b)
𝜙𝑏𝑥𝑏−1(1 − 𝑥)𝑎−1{1 + (𝜙 − 1)𝑥}−(𝑎+𝑏) 

(3.6) 

for 0 < 𝑥 < 1, 𝑎 > 0, 𝑏 > 0, and 𝜙 > 0. It’s denoted by 𝒯𝒫ℬ(𝑎, 𝑏, 𝜙). Given specific settings of 

hyperparameters, 𝒯𝒫ℬ  can recapitulate sparsity inducing priors with appropriate modeling 

assumptions and computational, e.g., 𝒯𝒫ℬ(𝑎 = 0.5, 𝑏 = 0.5, 𝜙 = 1) is equivalent to Horseshoe 

prior, a popular used spare-inducing prior. Next, we describe the sparsity-inducing structure for Λ 

and Χ. The hierarchical structure for Λ is written as  

 
Λj,k~𝒩(0,

1

𝜑𝑗,𝑘
− 1) 

(3.7) 

 
φj,k~𝒯𝒫ℬ (𝑎, b,

1

ξk
− 1) 

(3.8) 
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𝜉𝑘~𝒯𝒫ℬ(c, d,

1

𝜚
− 1) 

(3.9) 

 𝜚~𝒯𝒫ℬ(𝑒, 𝑓, 𝜈) (3.10) 

Its equivalent hierarchical structure is: 

 

 Λj,k~𝒩(0, 𝜃𝑗,𝑘) (3.11) 

 𝜃𝑗,𝑘~𝒢a(a, 𝛿𝑗,𝑘) (3.12) 

 𝛿𝑗,𝑘~𝒢a(b, 𝜙𝑘) (3.13) 

 𝜙𝑘~𝒢a(c, 𝜏𝑘) (3.14) 

 𝜏𝑘~𝒢a(d, η) (3.15) 

 η~𝒢a(e, γ) (3.16) 

 γ~𝒢a(f, ν) (3.17) 

The equivalence is based on the fact (see Appendix A 3.3, Proposition 1) that 

 𝜑~𝒯𝒫ℬ(𝑎, 𝑏, ν) ≡ 
𝜃

𝜈
~𝛽𝑒′(𝑎, 𝑏) ≡ 𝜃~𝒢a(𝑎, δ)andδ~𝒢a(𝑏, ν), (3.18) 

where 𝛽𝑒′(𝑎, 𝑏) and 𝒢a indicate an inverse beta and a gamma distribution with shape and rate 

parameters. 𝜃𝑗,𝑘 is generated from a mixture of sparse and dense components: 

 𝜃𝑗,𝑘~π𝒢a(a, 𝛿𝑗,𝑘) + (1 − 𝜋)𝛿(𝜙𝑘), (3.19) 

where 𝛿(∙) is the dirac delta function, and the hidden variable 𝓏𝑘, which indicates whether or 

not loading 𝑘  is sparse (1) or dense (0), is generated from the following beta-Bernoulli 

distribution: 

 𝓏𝑘|𝜋~ℬern(𝜋), 𝑘 = {1,2, … ,𝒦} (3.20) 

 𝜋|𝛼, 𝛽~𝛽𝑒(𝛼, 𝛽) (3.21) 

Similarly, the hierarchical structure inducing sparsity in Χ , which is structurally identical to 

that for Λ, is written as: 
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 Xk,i~𝒩(0, 𝜎𝑘,𝑖) (3.22) 

 𝜎𝑘,𝑖~π𝒢a(𝑎𝑋 , 𝜌𝑘,𝑖) + (1 − 𝜋)𝛿(𝜔𝑘) (3.23) 

 𝜌𝑘,𝑖~𝒢a(𝑏𝑋, 𝜔𝑘) (3.24) 

 𝜔𝑘~𝒢a(𝑐𝑋 , 𝜅𝑘) (3.25) 

 𝜅𝑘~𝒢a(𝑑𝑋 , χ) (3.26) 

 χ~𝒢a(𝑒𝑋 , φ) (3.27) 

 φ~𝒢a(𝑓𝑋 , ξ) (3.28) 

with 𝜎𝑘,𝑖  generated from a two-component mixture. Here the hidden variable 𝑜𝑘 , which 

indicates whether or not factor 𝑘 is sparse (1) or dense (0), is generated from the following 

beta-Bernoulli distribution: 

 𝑜𝑘|𝜋𝑋~ℬern(𝜋𝑋), 𝑘 = {1,2, … ,𝒦} (3.29) 

 𝜋𝑋|𝛼𝑋 , 𝛽𝑋~𝛽𝑒(𝛼𝑋 , 𝛽𝑋). (3.30) 

Variational Expectation Maximation (VEM) approximation methods were used in 

BicMix to estimate values for latent variables and parameters directly from the data. 

3.3. Variational EM 

One approach to maximizing the likelihood function it to use iterative numerical 

optimization techniques. A general technique for finding maximum likelihood estimators in 

latent variable models is the expectation-maximization (EM) algorithm. A Model with latent 

variable 𝑍  can be represented by  𝑝(𝑋, 𝑍, 𝜃) , and its complete data set is {𝑋, 𝑍} . Since 

knowledge about latent variable 𝑍  is unknow and computing complete log likelihood 

𝑙𝑛 𝑃 (𝑋, 𝑍|𝜃) is not straightforward, its expected value under the posterior distribution of the 

latent variable is considered, which correspond to E-step. In the M-step, the expectation of the 

complete-data log likelihood or log posterior if a prior 𝑝(𝜃)is defined is computed. A general 
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EM algorithm is shown below: 

1. Initial values for parameter𝜃 

2. E-step: 

           Evaluate posterior distribution of latent variable 𝑝(𝑍|𝑋, 𝜃𝑜𝑙𝑑) 

3. M-step: 

𝜃𝑛𝑒𝑤 =𝑎𝑟𝑔𝑚𝑎𝑥𝜃𝒬(𝜃, 𝜃𝑜𝑙𝑑) 

           where 

𝒬(𝜃, 𝜃𝑜𝑙𝑑) = 𝐸[ln 𝑝(𝜃|𝑋, 𝑍)] ∝ 𝐸[ln 𝑝(𝑋, 𝑍|𝜃) + ln 𝑝(𝜃)] 

= 𝐸[ln 𝑝(𝑋, 𝑍|𝜃)] + ln 𝑝(𝜃) 

= ∑𝑝(𝑍|𝑋, 𝜃𝑜𝑙𝑑) × ln 𝑝(𝑋, 𝑍|𝜃)

𝑍

+ ln 𝑝(𝜃) 

            It’s the expectation of complete-data log posterior. 

4. If convergence threshold doesn’t meet, let 

𝜃𝑜𝑙𝑑 = 𝜃𝑛𝑒𝑤 

     then go back to step 2. 

 

 

It will become infeasible to evaluate the posterior distribution 𝑝(𝑍|𝑋, 𝜃) or to compute 

expectation with respect to this distribution when the dimensionality of the latent space is too 

high to work with directly or the posterior distribution has a highly complex form for which 

expectations are not analytically tractable. In such situations, we need to resort to 

approximation schemes. Laplace approximation and variational approximation are two widely 

used schemes. Variational approximation doesn’t have normality assumption on the parameters 

as in Laplace approximation. BicMix used variational expectation maximization (VEM) for 
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parameter estimation. Detailed derivation of point estimates of the parameters in BicMix is 

listed in Appendix B. 

For BicMix model, the posterior probability 𝒫 = 𝑝(Λ, 𝑋, 𝑧, 𝑜, Θ|𝑌) is written as: 

 𝒫 ∝ 𝑝(𝑌|Λ, 𝑋)𝑝(Λ|𝑧, ΘΛ)𝑝(𝑧|ΘΛ)𝑝(ΘΛ)𝑝(𝑋|𝑜, ΘX)𝑝(𝑜|ΘX)𝑝(ΘX) 

= 𝑝(𝑌|Λ, 𝑋)𝒫(Λ)𝒫(X) 

(3.31) 

where ΘΛ  and ΘX  are used to denote the set of parameters related to Λ and 𝑋 , respectively. 

Then, 

 𝒫(Λ) = 𝑝(Λ|𝑧, ΘΛ)𝑝(𝑧|ΘΛ)𝑝(ΘΛ) 

= [∏∏𝒩(Λ𝑗,𝑘|𝜃𝑗,𝑘)𝒢𝑎(𝜃𝑗,𝑘|𝑎, 𝛿𝑗,𝑘)𝒢𝑎(𝛿𝑗,𝑘|𝑏, 𝜙𝑘)

𝐾

𝑘=1

𝑃

𝑗=1

]

1𝑧𝑘=1

× [∏∏𝒩(Λ𝑗,𝑘|𝜙𝑘)

𝐾

𝑘=1

𝑃

𝑗=1

]

1𝑧𝑘=0

 

× [∏ℬ𝑒𝑟𝑛(𝑧𝑘|𝜋)

𝐾

𝑘=1

]ℬ𝑒𝑡𝑎(𝜋|𝛼, 𝛽) 



× [∏𝒢𝑎(𝜙𝑘|𝑐, 𝜏𝑘)𝒢𝑎(𝜏𝑘|𝑑, 𝜂)

𝐾

𝑘=1

] 𝒢𝑎(𝜂|𝑒, 𝛾)𝒢𝑎(𝛾|𝑓, 𝜈) 

𝒫(X) = 𝑝(X|𝑜, ΘX)𝑝(𝑜|ΘX)𝑝(ΘX) 

= [∏∏𝒩(x𝑘,𝑖|𝜎𝑘,𝑖)𝒢𝑎(𝜎𝑘,𝑖|𝑎X, 𝜌𝑘,𝑖)𝒢𝑎(𝜌𝑘,𝑖|𝑏𝑋 , 𝜔𝑘)

𝑛

𝑖=1

𝐾

𝑘=1

]

1𝑜𝑘=1

× [∏∏𝒩(x𝑘,𝑖|𝜔𝑘)

𝑛

𝑖=1

𝐾

𝑘=1

]

1𝑜𝑘=0

 

(3.32) 
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× [∏ℬ𝑒𝑟𝑛(𝑜𝑘|𝜋𝑋)

𝐾

𝑘=1

]ℬ𝑒𝑡𝑎(𝜋𝑋|𝛼𝑋 , 𝛽𝑋) 

× [∏𝒢𝑎(𝜔𝑘|𝑐𝑋 , 𝜅𝑘)𝒢𝑎(𝜅𝑘|𝑑𝑋 , 𝜒)

𝐾

𝑘=1

] 𝒢𝑎(𝜒|𝑒𝑋 , 𝜑)𝒢𝑎(𝜑|𝑓𝑋 , 𝜉) 

Expected Complete log-likelihood for parameters related to 𝛬:  

 Λ:ℚ(ΘΛ) =< ℓ𝑐(ΘΛ, Λ|z, X, Y) > (3.33) 

 

 ℚ(ΘΛ) ∝  〈ln(𝑝(𝑌|Λ, 𝑋, ΘΛ, z)) + ln(p(Λ|z, ΘΛ) × 𝑝(z|𝜋)) + ln(𝑝(ΘΛ)

+ l n(𝑝(𝜋|𝛼, 𝛽))〉 

∝ −
𝒏

2
ln(|𝛹|) −∑∑

(𝑦𝑗,𝑖 −∑ Λ𝑗,𝑘〈𝑥𝑘,𝑖〉)
𝐾
𝑘=1

2

2𝜓𝑗,𝑗

𝑛

𝑖=1

𝑃

𝑗=1

 

+∑{〈𝑧𝑘〉 ln(𝜋) + (1 − 〈𝑧𝑘〉) ln(1 − 𝜋)}

𝐾

𝑘=1

 

+∑ ∑〈𝑧𝑘〉 {−
1

2
ln(𝜃𝑗,𝑘) −

Λ𝑗,𝑘
2

2𝜃𝑗,𝑘
+ 𝑎 ln(𝛿𝑗,𝑘) + (𝑎 − 1) ln(𝜃𝑗,𝑘) − 𝛿𝑗,𝑘𝜃𝑗,𝑘

𝐾

𝑘=1

𝑃

𝑗=1

+ 𝑏 ln(𝜙𝑘) + (𝑏 − 1) ln(𝛿𝑗,𝑘) −𝜙𝑘𝛿𝑗,𝑘}

+∑ ∑(1 − 〈𝑧𝑘〉) {−
1

2
ln(𝜙𝑘) −

Λ𝑗,𝑘
2

2𝜙𝑘
}

𝐾

𝑘=1

𝑃

𝑗=1

+∑{𝑐 ln(𝜏𝑘) + (𝑐 − 1) ln(𝜙𝑘) − 𝜏𝑘𝜙𝑘 + 𝑑 ln(𝜂)

𝐾

𝑘=1

+ (𝑑 − 1) ln(𝜏𝑘) − 𝜂𝜏𝑘} + 𝑒 ln(𝛾) + (𝑒 − 1) ln(𝜂) − 𝛾𝜂

+ 𝑓 ln(𝜈) + (𝑓 − 1)ln(𝛾) − 𝜈𝛾 +(𝛼 − 1) ln(𝜋)

+ (𝛽 − 1) ln(1 − 𝜋) 

(3.34) 
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Similarly, the expected complete log likelihood for parameters related to X takes the 

following form: 

 ℚ(ΘΧ) ∝  〈ln(𝑝(𝑌|Λ, 𝑋, ΘΧ, o)) + ln(p(Χ|o, ΘΧ) × 𝑝(o|𝜋Χ)) + ln(𝑝(ΘΧ)

+ l n(𝑝(𝜋Χ|𝛼Χ, 𝛽Χ))〉 

∝ −
𝒏

2
ln(|𝛹|) −∑∑

(𝑦𝑗,𝑖 −∑ Λ𝑗,𝑘〈𝑥𝑘,𝑖〉)
𝐾
𝑘=1

2

2𝜓𝑗,𝑗

𝑛

𝑖=1

𝑃

𝑗=1

 

+∑{〈𝑜𝑘〉 ln(𝜋Χ) + (1 − 〈𝑜𝑘〉) ln(1 − 𝜋Χ)}

𝐾

𝑘=1

 

+∑ ∑〈𝑜𝑘〉 {−
1

2
ln(𝜎𝑘,𝑖) −

〈𝑥𝑘,𝑖
2 〉

2𝜎𝑘,𝑖
+ 𝑎Χ ln(𝜌𝑘,𝑖) + (𝑎Χ − 1) ln(𝜎𝑘,𝑖)

𝑛

𝑖=1

𝐾

𝑘=1

− 𝜌𝑘,𝑖𝜎𝑘,𝑖 + 𝑏Χ ln(𝜔𝑘) + (𝑏Χ − 1) ln(𝜌𝑘,𝑖) −𝜔𝑘𝜌𝑘,𝑖}

+∑ ∑(1 − 〈𝑜𝑘〉) {−
1

2
ln(𝜔𝑘) −

〈𝑥𝑘,𝑖
2 〉

2𝜔𝑘
}

𝑛

𝑖=1

𝐾

𝑘=1

+∑{𝑐Χ ln(𝜅𝑘) + (𝑐Χ − 1) ln(𝜔𝑘) − 𝜅𝑘𝜔𝑘 + 𝑑Χ ln(𝜒)

𝐾

𝑘=1

+ (𝑑Χ − 1) ln(𝜅𝑘) − 𝜒𝜅𝑘} + 𝑒Χ ln(𝜑) + (𝑒Χ − 1) ln(𝜒) − 𝜑𝜒

+ 𝑓Χ ln(𝜉) + (𝑓Χ − 1)ln(𝜑) − 𝜉𝜑 +(𝛼Χ − 1) ln(𝜋Χ)

+ (𝛽Χ − 1) ln(1 − 𝜋Χ) 

(3.35) 

Computing the Maximum of A Posterior (MAP) estimates for the parameters that 

encourage sparsity in the 𝚲 matrix,  

 ΘΛ̂ = 𝑎𝑟𝑔𝑚𝑎𝑥ΘΛ
ℚ(ΘΛ) (3.36) 

 𝜕ℚ(ΘΛ)

𝜕ΘΛ
= 0. (3.37) 
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Derived estimates for the parameters are shown below, and the detailed derivation is 

proved in Appendix B. 

 𝚲𝒋,⋅̂ = yj,⋅𝜓𝑗𝑗
−1〈𝑋〉𝑇(〈𝑋𝜓𝑗𝑗

−1𝑋𝑇〉 + 〈𝑍〉Θ𝑗,⋅
−1 + (1 − 〈𝑍〉)Φ−1)

−1
 (3.38) 

where  

 

Θ𝑗,⋅ =(

θ𝑗,1 ⋯ 0

⋮ ⋱ ⋮
0 ⋯ θ𝑗,𝐾

)     Φ = (
ϕ1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ ϕ𝐾

)        〈𝑍〉 = (
〈z1〉 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 〈zK〉

). (3.39) 

 〈𝑿⋅,𝒊〉 =  (Λ𝑇Ψ−1Λ + 〈Ο〉Σ𝑖
−1 + (Ι − 〈Ο〉)Ω−1)−1Λ𝑇Ψ−1𝑌⋅,𝑖 (3.40) 

where 

 

Σ𝑖 =(

σ1,𝑖 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ σ𝐾,𝑖

)     Ω = (
ω1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ ω𝐾

)        〈Ο〉 = (
〈o1〉 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 〈oK〉

) (3.41) 

 

𝛉𝐣,�̂� =
(𝑎 −

3
2) ± √(𝑎 −

3
2)2 − 4𝛿𝑗,𝑘(−

1
2Λ𝑗,𝑘

2)

2𝛿𝑗,𝑘

=

(2𝑎 − 3) + √(2𝑎 − 3)2 + 8Λ𝑗,𝑘
2𝛿𝑗,𝑘

4𝛿𝑗,𝑘
 

(3.42) 

 
δj,k̂ =

𝑎 + 𝑏 − 1

𝜃𝑗,𝑘 + 𝜙𝑘
 (3.43) 

 
𝜏�̂� =

𝑐 + 𝑑 − 1

𝜙𝑘 + 𝜂
 (3.44) 

 
�̂� = 

𝐾𝑑 + 𝑒 − 1

𝛾 + ∑ 𝜏𝑘
𝐾
𝑘=1

 (3.45) 

 
𝛾 =

𝑒 + 𝑓 − 1

𝜂 + 𝜈
 (3.46) 

 
𝜙�̂� =

𝐻+√𝐻2+𝑀𝑇

𝑀
, (3.47) 

where 
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𝑀 = 2(〈𝑧𝑘〉∑𝛿𝑗,𝑘

𝑃

𝑗=1

+ 𝜏𝑘), (3.48) 

 
𝐻 = (〈𝑧𝑘〉𝑏𝑃 −

(1 − 〈𝑧𝑘〉)𝑃

2
+ (𝑐 − 1)), (3.49) 

 𝑇 =  ((1 − 〈𝑧𝑘〉) ∑ Λ𝑗,𝑘
2𝑃

𝑗=1 ). (3.50) 

 

 〈𝑧𝑘|ΘΛ〉

=
𝜋 ∏ 𝒩(Λ𝑗,𝑘|𝜃𝑗,𝑘)𝒢𝑎(𝜃𝑗,𝑘|𝑎, 𝛿𝑗,𝑘)𝒢𝑎(𝛿𝑗,𝑘|𝑏, 𝜙𝑘)

𝑃
𝑗=1

(1 − 𝜋)𝒩(Λ𝑗,𝑘|𝜙𝑘) + 𝜋 ∏ 𝒩(Λ𝑗,𝑘|𝜃𝑗,𝑘)𝒢𝑎(𝜃𝑗,𝑘|𝑎, 𝛿𝑗,𝑘)𝒢𝑎(𝛿𝑗,𝑘|𝑏, 𝜙𝑘)
𝑃
𝑗=1

 

(3.51) 

 
𝜓𝑗,�̂� = 

1+
1

2
(𝑦𝑗,𝑖−∑ Λ𝑗,𝑘〈𝑥𝑘,𝑖〉

𝐾
𝑘=1 )

2

𝑛/2
=

(𝑦𝑗,𝑖−∑ Λ𝑗,𝑘〈𝑥𝑘,𝑖〉
𝐾
𝑘=1 )

2
+2

𝑛
, (3.52) 

Its matrix form is: 

 
Ψ̂ = 

(𝑌 − Λ〈𝑋〉)(𝑌 − Λ〈𝑋〉)𝑇 + 2Ι

𝑛
=

𝑌𝑌𝑇 − 2𝑌〈𝑋𝑇〉Λ𝑇 + Λ〈𝑋〉〈𝑋𝑇〉Λ𝑇 + 2Ι

𝑛
 (3.53) 
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4. NUMERICAL EXPERIMENTS 

To reproduce the experimental results in original paper, we ran BicMix on both 

simulated data and the same real data as used in the paper. For simulated data, recovery & 

relevance score (Prelic et al, 2006) was used to measure the false discovery rate (FDR) and 

sensitivity in recovering true biclusterings, i.e., the average recovery quantifies how well each 

of the true biclusters is recovered by the biclustering algorithm, and the average bicluster 

relevance reflects to what extent the generated biclusters represent true biclusters. For real 

data, a breast cancer data set (Van et al, 2002), we computed distributions of number of genes 

and number of samples in estimated loadings and factors, respectively.  

Experimental results show that our results are close to the original paper. We got very 

close R&R scores on simulated data shown in the first and second simulations of section 4.2, 

and got very similar distributions of number of genes and number of samples on breast cancer 

data shown in section 4.3. In addition to reproducing the experimental results in original paper, 

we ran extra simulations, the third and fourth ones in section 4.2, for assessing performance of 

BicMix under high noise and low noise with different number of true latent factors in a FA 

model. The simulation results exhibit good performance of BicMix model in discovering 

biclusters under different combinations of conditions. 

In this chapter, we first introduced R&R score, followed by simulation on generated 

data and real data, respectively.  

4.1. Recovery & Relevance Scores 

Prelic et al. (2006) introduced general match scores -recovery and relevance scores- in 

order to assess the performances of the selected biclustering approaches. The recovery score is 

given by the function 
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𝑅𝐸𝐶 = 𝑆𝐺(𝑀1,𝑀2) = 

∑ max
(𝐺2,𝐶2)∈𝑀2

|𝐺1 ∩ 𝐺2|
|𝐺1 ∪ 𝐺2|

(𝐺1,𝐶1)∈𝑀1

|𝑀1|
 

(4.1) 

and the relevance score is given by the function 

 

𝑅𝐸𝐿 = 𝑆𝐺(𝑀2, 𝑀1) = 

∑ max
(𝐺1,𝐶1)∈𝑀1

|𝐺1 ∩ 𝐺2|
|𝐺1 ∪ 𝐺2|

(𝐺2 ,𝐶2)∈𝑀2

|𝑀2|
 

(4.2) 

where 𝑀1 represents the true set of sparse biclusters (or matrices), 𝑀2 represents the estimated 

set of sparse biclusters, (𝐺1, 𝐶1) represents a true sparse bicluster composed of a set of genes and 

a set of conditions, and (𝐺2, 𝐶2) represents an estimated sparse bicluster composed of a set of 

genes and a set of conditions. The functions show that conditions in a bicluster weren’t 

considered while computing recovery and relevance score since these are gene match scores. 

The following three specific cases represent that only one of the two scores are 

insufficient for evaluating the performance of a proposed biclustering approach. 

Case 1: there are 15 true biclusters and 15 estimated biclusters that are identical to the 15  

  true biclusters. In this case, recovery score and relevance score are both 1. 

Case 2: there are 15 true biclusters and 20 estimated biclusters that include the 15 true  

biclusters. In this case, recovery score is 1 but relevance score is 
15

20
. 

Case 3: there are 15 true biclusters and 10 estimated biclusters that are identical to 10 of  

the 15 true biclusters. In this case, recovery score is 
10

15
 and relevance score is 1. 

Therefore, recovery score and relevance score must team up in accessing the performance of a 

biclustering method. 

4.2. Simulation 

In this section, simulated data sets were generated and used to test validity of the 

biclustering model, BicMix. Simulated data were created for observation matrix  
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 𝑌 = ΛX + ε, (4.3) 

where 𝑌 has dimension 𝑝 = 500 by 𝑛 = 300 and ε𝑖,𝑗  ∼ 𝒩(0, 𝜐−1). To simulate sparsity, for 

each loading and factor, a number 𝑚 ∈ [5, 20]  of elements were randomly selected and 

assigned values drawn from  𝒩(0, sd = 2); the remaining elements were set to zero. For 

dense components, loadings and factors were drawn from a 𝒩(0, sd = 2)  distribution. 

Components are allowed to share as many as five elements. Since non-zero values in loadings 

and factors were drawn from 𝒩(0, 2), noise ε𝑖,𝑗  ∼ 𝒩(0, 𝜐−1) is considered as high noise 

when it follows 𝒩(0, sd = 2) and is considered as low noise when it follows 𝒩(0, sd = 1). 

We simulated six data sets with number of true latent factors as 15, 25, and 35 under low noise 

and high noise, respectively. Each simulated data set contains 10 sparse components in loading 

matrix and sparse matrix, respectively. BicMix was run 200 times on each simulated data set, 

and the results were used for testing validity of BicMix. 

For the first simulation with low noise and 15 true latent factors, BicMix recovered the 

sparse loadings, sparse factors, and the biclusters well. Figure 4.1 shows distribution of 

computed 200 R&R scores, each corresponding to one run of BicMix, and it has consistent 

results as Figure 2(a) in original paper. Table 4.1 shows the summary of the R&R scores. R 

code for computing R&R scores can be found in Appendix C. 

Table 4.1. Summary of R&R Scores with Low Noise and 15 True Latent Factors 

 Min. 1st Qu. Median Mean 3rd Qu.  Max. 

Recovery Scores 0.5529 
0.8748 

 

0.9758 

 

0.9337 

 

0.9859 

 

0.9859 

 

Relevance Scores 
0.8692 

 

0.9751 

 

0.9758 

 

0.9760 

 

0.9859 

 

0.9893 
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Figure 4.1. Distribution of Computed R&R Scores after Running BicMix 200 Times 

 

For the second simulation, we ran BicMix on the simulated data set with high noise and 

15 true latent factors, and compared its results with previous simulation. As shown in table 4.2, 

high noise increased false discovery rate. 

For the third simulation, we ran BicMix on three simulated data sets with low noise and 

number of true latent factors as 15, 25, and 35, respectively. Table 4.3 shows larger number of 
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true latent factors got lower scores still at acceptable rate, more than 60% true clusters have 

been identified.  

For the last simulation, we ran BicMix on three simulated data sets with high noise and 

number of true latent factors as 15, 25, and 35, respectively. Table 4.4 shows around 50% of 

true clusters have been identified in each case. 

Table 4.2. R&R Scores Comparation between Low Noise and High Noise 

 Low Noise High Noise 

Number of True Latent Factors 15 15 

Sparse Components in Loading Matrix and  

Factor Matrix, Respectively 
10 10 

Number of True Clusters 9 9 

Average Recovery Score 0.9337 0.6281 

Average Relevance Score 0.9760 0.9809 

 

Table 4.3. R&R Scores of Low Noise with Different Numbers of True Factors 

 Low Noise 

Number of True Latent Factors 15 25 35 

Sparse Components in Loading Matrix and  

Factor Matrix, Respectively 
10 10 10 

Number of True Clusters 9 10 10 

Average Recovery Score 0.9337 0.6694 0.5985 

Average Relevance Score 0.9760 0.9646 0.8259 
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Table 4.4. R&R Scores of High Noise with Different Numbers of True Factors 

 High Noise 

Number of True Latent Factors 15 25 35 

Sparse Components in Loading Matrix and  

Factor Matrix, Respectively 
10 10 10 

Number of True Clusters 6 3 2 

Average Recovery Score 0.4527 0.34127 0.5336 

Average Relevance Score 0.8483 0.73587 0.9974 

 

4.3. Real Data 

A breast cancer data set (Van et al, 2002) was used to estimate performance of BicMix. 

This data set contains 24,158 genes assayed in 337 breast tumor samples after removing gene 

that are > 10% missing and imputing missing values of included genes (Hastie et al, 1999). All 

patients in this data set had stage I or II breast cancer and were younger than 62 years old. 

Among the 337 patients, 193 had lymph-node negative disease and 144 had lymph-node 

positive disease; prognostic signatures such as BRCA1 mutations, estrogen receptor status 

(ER), distant metastasis free survival (DMFS) were collected for all patients.  

We ran BicMix on these data, setting a = b = 0.5, c = 1, d = 0.5, e = f = 0.5 and ν = ξ = 1 

as in the simulations; the initial number of components was set to K = 300. Starting from 100 

random values, BicMix was run until the total number of genes with non-zero loadings across 

components changed ≤
𝐾𝑝

100
  over 100 iterations. 

Distribution of the number of genes in estimated lambda matrix and distribution of 

number of samples in estimated factor matrix are shown in figure 4.2 and figure 4.3.  

 



25  

 

 

Figure 4.2. Histogram of the number of genes and samples in the breast cancer data 
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Figure 4.3. Density distribution of the number of genes and samples in the breast cancer data 

Figure 4.3 shows that the number of genes in each sparse component was skewed to 

small numbers, and it shows consistent results as Figure 3(a, b) in the original paper. 
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5. DISCUSSION 

A major contribution of this study was the comprehensive summary of fundamental 

techniques related to Bayesian sparse factor analysis along with proof of important formula and 

definitions in these techniques. It will make the understanding of Bayesian sparse Factor 

Analysis easier. 

We explained how recovery and relevance scores were computed and explained using 

three specific examples why recovery score and relevance score must be used together to 

evaluate the performance of a proposed biclustering approach. 

Detailed derivation of point estimates of the parameters in BicMix is provided in 

Appendix B, which is valuable in perceiving Variable EM algorithm and maximum a posterior 

technique. 

BicMix adopted the recovery and relevance score (Prelic et al, 2006) to measure the false 

discovery rate (FDR) and sensitivity in recovering true biclusters. However, this measurement 

system only considered genes while computing recovery score and relevance score (see 4.1). 

Since BicMix imposed sparse priors on factors besides on loadings, it makes more sense to 

include conditions while computing the match scores.  This will be our future work. 
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APPENDIX A. FUNDAMENTAL TECHNIQUES OF SPARSITY INDUCING 

METHODS 

A.1. Least Squares (LS) Regression 

Linear least squares regression is a widely used modeling method. It’s a procedure to 

determine the best fit line to observed data. Generalized form of linear least squares method 

(Sugiyama, M., 2015) is   

 𝑓𝛩(𝑥; 𝜃) = ∑ 𝜃𝑖
𝑏
𝑖=1 𝜙𝑖(𝑥) = 𝜃𝑇𝜙(𝑥). (A.1) 

It is a linear combination of 𝑏 unknown parameters. Linear least squares regression gets 

its name from the way how unknow parameters are estimated. The training least squares (LS) 

error 𝐽𝐿𝑆 is expressed as: 

 
𝐽𝐿𝑆 =

1

2
||𝑌 − ΦΘ||2 

(A.2) 

where 

 

𝑌 = (𝑦𝑖, ⋯ , 𝑦𝑛)𝑇 , 𝛩 = (𝜃𝑖 , ⋯ , 𝜃𝑏)𝑇 , 𝑎𝑛𝑑𝛷 = (
𝜙1(𝑥1) ⋯ 𝜙𝑏(𝑥1)

⋮ ⋱ ⋮
𝜙1(𝑥𝑛) ⋯ 𝜙𝑏(𝑥𝑛)

)

𝑛𝑥𝑏

. (A.3) 

Note, number 
1

2
 in 𝐽𝐿𝑆 is merely for convenience and it won’t affect the generation of optimal 

parameters. 

 

Partial derivative of 𝐽𝐿𝑆 w.r.t parameter Θ: 

 
𝐽𝐿𝑆 =

1

2
||𝑌 − ΦΘ||

2
=

1

2
(𝑌 − ΦΘ)𝑇(𝑌 − ΦΘ)

=
1

2
(𝑌𝑇𝑌 − 𝑌𝑇ΦΘ − Θ𝑇Φ𝑇𝑌 + Θ𝑇Φ𝑇ΦΘ) 

=
1

2
𝑇𝑟(𝑌𝑇𝑌 − 𝑌𝑇ΦΘ − Θ𝑇Φ𝑇𝑌 + Θ𝑇Φ𝑇ΦΘ) 

(A.4) 

 
∇Θ𝐽𝐿𝑆 =

1

2
(−Φ𝑇𝑌 − Φ𝑇𝑌 + Φ𝑇ΦΘ + Φ𝑇ΦΘ) = Φ𝑇ΦΘ − Φ𝑇𝑌 = 0 (A.5) 
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 Θ𝐿�̂� = (Φ𝑇Φ)−1Φ𝑇𝑌 (A.6) 

Note: the following two formulas has been used in deriving Θ𝐿�̂�: 
 

𝜕𝑇𝑟(𝐴𝑋𝐵)

𝜕𝑋
= 𝐴𝑇𝐵𝑇 ,

𝜕𝑇𝑟(𝐴𝑋𝑇𝐵)

𝜕𝑋
= 𝐵𝐴 

 

 

A.2. Constrained LS Regressions 

One of the limits of ordinary least squares regression is making the model overfitted on 

the training data and therefore has poor performance on prediction. Adding constraints to the 

calculation of training least squares error is a valid approach to avoid overfitting. In this 

section, two different constrained least squares methods are briefly introduced: ℒ2 constrained 

least squares and ℒ1 constrained least squares. 

A.2.1. 𝓛𝟐 Constraint LS Regression 

 𝑚𝑖𝑛Θ𝐽𝐿𝑆(Θ) 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡𝑡𝑜||Θ||2 ≤ 𝑅2 

(A.7) 

Its Lagrange dual problem is given as: 

 
𝑚𝑎𝑥𝜆𝑚𝑖𝑛Θ [𝐽𝐿𝑆(Θ) +

𝜆

2
(||Θ||

2
−𝑅2)] 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡𝑡𝑜𝜆 ≥ 0 

(A.8) 

The solution of ℒ2 constrained least squares is 

 
argminΘ  [𝐽𝐿𝑆(Θ) +

𝜆

2
(||Θ||2 −𝑅2)] = argminΘ [𝐽𝐿𝑆(Θ) +

𝜆

2
||Θ||2] 

𝜕 [𝐽𝐿𝑆(Θ) +
𝜆
2 ||Θ||2]

𝜕Θ
= Φ𝑇ΦΘ − Φ𝑇𝑌 +

𝜆

2
2Θ = 0 

Θ𝑪𝑳�̂� = (Φ𝑇Φ + 𝜆Θ)−𝟏Φ𝑇𝑌 

where  

(A.9) 
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{
||Θ||2:𝑟𝑒𝑔𝑢𝑙𝑎𝑟𝑖𝑧𝑒𝑟

𝜆:𝑟𝑒𝑔𝑢𝑙𝑎𝑟𝑖𝑧𝑎𝑡𝑖𝑜𝑛𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟
 

Note: for a Lagrange dual problem 

𝑚𝑖𝑛𝑥𝑓(𝑥)𝑠𝑢𝑏𝑗𝑒𝑐𝑡𝑔(𝑥) ≤ 0, 

 

 its Lagrange dual problem is given as: 

 

𝑚𝑎𝑥𝜆𝑚𝑖𝑛𝑥𝐿(𝑥, 𝜆)𝑠𝑢𝑏𝑗𝑒𝑐𝑡𝜆 ≥ 0 

 where 

𝐿(𝑥, 𝜆) = 𝑓(𝑥) + 𝜆𝑇𝑔(𝑥),  𝜆 = (𝜆1,⋯ , 𝜆𝑝)
𝑇
 

 

A.2.2. 𝓛𝟏 Constraint LS Regression 

This method is also called ordinary LASSO (Least Absolute Selection and Shrinkage 

Operator). It uses an ℒ1 regularization penalty to achieve sparsity in regression. 

 𝑚𝑖𝑛Θ𝐽𝐿𝑆(Θ), 𝑠𝑢𝑏𝑗𝑒𝑐𝑡𝑡𝑜||Θ||1 ≤ 𝑅2 (A.10) 

where ||Θ||1 = ∑ |𝜃𝑗|
𝑏
𝑗=1 . 

Its Lagrange dual problem is given as: 

 𝑚𝑎𝑥𝜆𝑚𝑖𝑛Θ [𝐽𝐿𝑆(Θ) + 𝜆 (||Θ||
1
−𝑅2)] ,𝑠𝑢𝑏𝑗𝑒𝑐𝑡𝑡𝑜𝜆 ≥ 0. (A.11) 

Estimated parameters can be computed by solving 𝑎𝑟𝑔𝑚𝑖𝑛Θ[𝐽𝐿𝑆(Θ) + 𝜆||Θ||1]. 

Since ℒ1 − 𝐶𝐿𝑆 is not differential at the origin, solving it is not as straight forward as 

ℒ2 − 𝐶𝐿𝑆. There are different ways to solve this problem. Alternating direction method of 

multipliers (ADMM) is one of those approaches.  

The figure below graphically shows ℒ1 and ℒ2 constrained LS, respectively. 
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Figure A.1. ℒ1 and ℒ2 constrained LS 

 

A.2.3. Bayesian Lasso Regression 

 

Lasso estimates can be interpreted as posterior mode estimates when the regression 

parameters have independent and identical Laplace (i.e., double-exponential) priors. 

Specifically, the lasso estimate can be viewed as the mode of the posterior distribution of 𝛽 

 𝛽�̂� = 𝑎𝑟𝑔𝑚𝑎𝑥𝛽𝑃(𝛽|𝑦, 𝜎2, 𝜏) (A.11) 

where  

 (𝛽|𝜏)~𝐿𝑎𝑝𝑙𝑎𝑐𝑒(𝜇 = 0, 𝜏), (A.12) 

 𝑝(𝛽|𝜏) = (
𝜏

2
)
𝑝

exp(−𝜏||𝛽||1),  (A.13) 

and the likelihood  

 (𝑦|𝛽, 𝜎2)~𝒩(𝑋𝛽, 𝜎2𝐼𝑛). (A.14) 

For any fixed values 𝜎2  and 𝜏 > 0 , the posterior mode of 𝛽  is the ordinary lasso 

estimate with penalty 𝜆 = 2𝜏𝜎2, and its proof is shown below. 

Proof: 

𝑃(𝛽|𝑦, 𝜎2, 𝜏) ∝ 𝑃(𝛽|𝜏)𝑃(𝑦|𝛽, 𝜎2) 

∝ exp (−𝜏||𝛽||
1
) exp (−

(𝑦 − 𝑋𝛽)2

2𝜎2
) 
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∝ exp(−(
(𝑦 − 𝑋𝛽)2

2𝜎2
+ 𝜏||𝛽||

1
)) 

𝛽�̂� = 𝑎𝑟𝑔𝑚𝑎𝑥𝛽𝑃(𝛽|𝑦, 𝜎2, 𝜏) 

= 𝑎𝑟𝑔𝑚𝑎𝑥𝛽exp(−(
(𝑦 − 𝑋𝛽)2

2𝜎2
+ 𝜏||𝛽||

1
)) 

= 𝑎𝑟𝑔𝑚𝑖𝑛𝛽 (
(𝑦 − 𝑋𝛽)2

2𝜎2
+ 𝜏||𝛽||

1
) 

= 𝑎𝑟𝑔𝑚𝑖𝑛𝛽 ((𝑦 − 𝑋𝛽)2 + 2𝜏𝜎2||𝛽||
1
) 

recall, ordinary lasso 

argminβ(𝐽𝐿𝑆(𝛽) + 𝜆||𝛽||1) = argminβ((𝑦 − 𝑋𝛽)2 + 𝜆||𝛽||1). 

Therefore, as 𝜆 = 2𝜏𝜎2 

𝑎𝑟𝑔𝑚𝑖𝑛𝛽 ((𝑦 − 𝑋𝛽)2 + 2𝜏𝜎2||𝛽||
1
) =  argminβ((𝑦 − 𝑋𝛽)2 + 𝜆||𝛽||1)∎ 

A.3. Sparse-Inducing Priors 

A.3.1. Laplace Prior 

A Laplace distribution can be represented by a scale mixture of Gaussians, i.e.,  

 
𝛽 ∼ 𝐿𝑎𝑝𝑙𝑎𝑐𝑒 (𝑎 = 0, 𝑏 = √

𝐷

𝛼
) ≡ 𝛽 ∼ 𝑁(0, 2𝐷𝜏), 𝜏 ∼ 𝐸𝑥𝑝(𝛼). (A.15) 

To proof above identical representation of Laplace distribution, we computed moment 

generating functions (MGFs) of these two different representations and their MGFs shows 

equal. Detail of the proof is shown below. 

Proof: 

Let 𝜷 ∼ 𝑳𝒂𝒑𝒍𝒂𝒄𝒆(𝒂, 𝒃), its PDF is 

𝑓(𝛽) =
1

2𝑏
𝑒𝑥𝑝 (

−|𝛽 − 𝑎|

𝑏
) , 𝑥 ∈ 𝑅 
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where 𝑎 is a location parameter (u), and 𝑏 > 0. The moment generating function (MGF) of 𝛽 is 

𝑀𝛽(𝑡) = 𝐸[𝑒𝑡𝛽] = ∫ 𝑒𝑡𝛽
∞

−∞

1

2𝑏
𝑒𝑥𝑝 (

−|𝛽 − 𝑎|

𝑏
) 𝑑𝛽. 

Let 𝑦 =
𝛽−𝑎

𝑏
, then 𝛽 = 𝑦𝑏 + 𝑎, and 𝑑𝛽 = 𝑏𝑑𝑦. 

𝑀𝛽(𝑡) =
1

2𝑏
∫ 𝑒𝑡(𝑦𝑏+𝑎)

∞

−∞

𝑒−|𝑦|𝑏𝑑𝑦 

= 
1

2
𝑒𝑎𝑡 [∫ 𝑒(𝑏𝑡+1)𝑦

0

−∞

𝑑𝑦 + ∫ 𝑒(𝑏𝑡−1)𝑦
∞

0

𝑑𝑦] 

=
1

2
𝑒𝑎𝑡 [

1

𝑏𝑡 + 1
(1 − 0) +

1

𝑏𝑡 − 1
(0 − 1)] ,−

1

𝑏
< 𝑡 <

1

𝑏
 

=
𝑒𝑎𝑡

1 − 𝑡2𝑏2
 

Let 𝜷 ∼ 𝑵(𝟎, 𝟐𝑫𝝉), 𝝉 ∼ 𝑬𝒙𝒑(𝜶), their PDF are 

𝑓𝛽(𝛽|𝜏) =
1

√4𝜋𝐷𝜏
𝑒−

𝛽2

4𝐷𝜏, and 

𝑓𝜏(𝜏; 𝛼) = 𝛼𝑒−𝛼𝜏 

The marginal PDF of 𝛽 is: 

𝑓𝛽(𝛽) = ∫ 𝑓𝛽(𝛽, 𝜏)𝑑𝜏
∞

0

= ∫ 𝑓𝛽(𝛽|𝜏)𝑓𝜏(𝜏; 𝛼)𝑑𝜏
∞

0

=∫
1

√4𝜋𝐷𝜏
𝑒−

𝛽2

4𝐷𝜏

∞

0

× 𝛼𝑒−𝛼𝜏𝑑𝜏 

 

This integral involves Gauss error functions, so we’ll turn to looking at MGF. 

𝑀𝛽(𝑡) = 𝐸[𝑒𝑡𝛽] = ∫ 𝑒𝑡𝛽
∞

−∞

× 𝑓𝛽(𝛽)𝑑𝛽 

= ∫ 𝑒𝑡𝛽
∞

−∞

𝑑𝛽∫
1

√4𝜋𝐷𝜏
𝑒−

𝛽2

4𝐷𝜏

∞

0

× 𝛼𝑒−𝛼𝜏𝑑𝜏 

= ∫ 𝛼𝑒−𝛼𝜏𝑑𝜏
∞

0

∫
1

√4𝜋𝐷𝜏
𝑒−

𝛽2

4𝐷𝜏 × 𝑒𝑡𝛽𝑑𝛽
∞

−∞
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= ∫ 𝛼𝑒−𝛼𝜏𝑑𝜏
∞

0

∫
1

√4𝜋𝐷𝜏
𝑒

−(
(𝛽−2𝐷𝜏𝑡)2

4𝐷𝜏
−

4𝐷2𝜏2𝑡2

4𝐷𝜏
)
𝑑𝛽

∞

−∞

 

= ∫ 𝛼𝑒−𝛼𝜏𝑒𝐷𝜏𝑡2
𝑑𝜏

∞

0

∫
1

√4𝜋𝐷𝜏
𝑒−

(𝛽−2𝐷𝜏𝑡)2

4𝐷𝜏 𝑑𝛽
∞

−∞

 

= ∫ 𝛼𝑒−𝛼𝜏𝑒𝐷𝜏𝑡2
𝑑𝜏

∞

0

× 1 

= ∫ 𝛼𝑒(𝐷𝑡2−𝛼)𝜏𝑑𝜏
∞

0

 

=
𝛼

𝐷𝑡2 − 𝛼
(0 − 1),𝑡2 ≤

𝛼

𝐷
 

=
1

1 −
𝐷
𝛼 𝑡2

 

Recall, the derived MGF of Laplace (a, b) is 

𝑀𝛽(𝑡) =
𝑒𝑎𝑡

1−𝑡2𝑏2. 

Let𝑎 = 0 and 𝑏 = √
𝐷

𝛼
, then 

𝑀𝛽(𝑡) =
𝑒𝑎𝑡

1 − 𝑡2𝑏2
=

1

1 −
𝐷
𝛼 𝑡2

 

It shows that  𝐿𝑎𝑝𝑙𝑎𝑐𝑒(𝑎, 𝑏) and scale mixture Gaussians 𝛽 ∼ 𝑁(0, 2𝐷𝜏), 𝜏 ∼ 𝐸𝑥𝑝(𝛼) have 

the same MGF when 𝑎 = 0𝑎𝑛𝑑𝑏 = √
𝐷

𝛼
.  Their pdf is 

𝑓𝛽 (𝛽; 𝑎 = 0, 𝑏 = √
𝐷

𝛼
) =

1

2𝑏
exp(−

|𝛽 − 𝑎|

𝑏
) =

1

2
√

𝛼

𝐷
exp(−√

𝛼

𝐷
|𝛽|). 

Therefore, 

𝛽 ∼ 𝐿𝑎𝑝𝑙𝑎𝑐𝑒 (𝑎 = 0, 𝑏 = √
𝐷

𝛼
) ≡ 𝛽 ∼ 𝑁(0, 2𝐷𝜏), 𝜏 ∼ 𝐸𝑥𝑝(𝛼)∎ 
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A.3.2. Horseshoe Prior 

In a simple situation where (𝑦|𝛽) ∼ 𝑁(𝛽, 𝜎2𝛪) and where 𝛽 is believed to be sparse. 

The horseshoe prior assumes that each 𝛽𝑖 is conditionally independent with density 𝜋𝐻𝑆(𝛽𝑖|𝜏), 

where  𝜋𝐻𝑆can be represented as a scale mixture of Gaussians: 

 (𝛽𝑖|𝜆𝑖, 𝜏) ∼ 𝑁(0, 𝜆𝑖
2𝜏2) 

𝜆𝑖 ∼ 𝐶+(0,1) 

(A.16) 

where 𝐶+(0,1)  is a half-Cauchy distribution for the standard deviation 𝜆𝑖 . Here, 𝜆𝑖  is local 

shrinkage parameters and 𝜏 is a global shrinkage parameter. The density 𝜋𝐻𝑆 is perfectly well 

defined without reference to the 𝜆𝑖’s, which can be marginalized away. But by writing the 

horseshoe prior as a scale mixture of Gaussians, we can identify its relationship with 

commonly used procedures in supervised learning, e.g., exponential mixing, with  𝜆𝑖
2 ∼

𝑒𝑥𝑝(𝛼), implies independent Laplacian priors for each 𝛽𝑖; inverse-gamma mixing, with 𝜆𝑖
2 ∼

𝐼𝐺(𝑎, 𝑏), leads to 𝑠𝑡𝑢𝑑𝑒𝑛𝑡 − 𝑡 priors. 

Assuming 𝜎2 = 1, then  

 (𝑦𝑖|𝛽𝑖) ∼ 𝑁(𝛽𝑖, 1), and 

(𝛽𝑖|𝜆𝑖𝜏) ∼ 𝑁(0, 𝜆𝑖
2𝜏2). 

(A.17) 

Their pdfs are: 

 𝑝(𝑦𝑖 |𝛽𝑖) ∝ exp(−
(𝑦𝑖−𝛽𝑖)

2

2
), and 

𝑝(𝛽𝑖|𝜆𝑖𝜏) ∝
1

𝜆𝑖𝜏
𝑒𝑥𝑝 (−

𝛽𝑖
2

2𝜆𝑖
2𝜏2

). 

(A.18) 

Posterior of (𝛽𝑖|𝑦𝑖, 𝜆𝑖
2𝜏2) can be derived as 

 
𝑝(𝛽𝑖|𝑦𝑖, 𝜆𝑖

2𝜏2) ∝
1

𝜆𝑖
𝑒𝑥𝑝 (−

𝛽𝑖
2

2𝜆𝑖
2𝜏2

) × exp(−
(𝑦𝑖 − 𝛽𝑖)

2

2
) (A.19) 
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∝
1

𝜆𝑖
𝑒𝑥𝑝 (−

1

2
((𝑦𝑖 − 𝛽𝑖)

2 +
𝛽𝑖

2

𝜆𝑖
2𝜏2)). 

Now let’s consider exponent part only, i.e., 

 
(𝑦𝑖 − 𝛽𝑖)

2 +
𝛽𝑖

2

𝜆𝑖
2𝜏2

=  𝑦𝑖
2 + 𝛽𝑖

2 − 2𝑦𝑖𝛽𝑖 +
𝛽𝑖

2

𝜆𝑖
2𝜏2

= 𝛽𝑖
2 (1 +

1

𝜆𝑖
2𝜏2

) − 2𝑦𝑖𝛽𝑖 + 𝑦𝑖
2 

=  (1 +
1

𝜆𝑖
2𝜏2

) [𝛽𝑖
2 −

2𝑦𝑖

1 +
1

𝜆𝑖
2𝜏2

𝛽𝑖 +
𝑦𝑖

2

1 +
1

𝜆𝑖
2𝜏2

] 



= (1 +
1

𝜆𝑖
2𝜏2

)

[
 
 
 

(𝛽𝑖 −
𝑦𝑖

1 +
1

𝜆𝑖
2𝜏2

)

2

− (
𝑦𝑖

1 +
1

𝜆𝑖
2𝜏2

)

2

+
𝑦𝑖

2

1 +
1

𝜆𝑖
2𝜏2]

 
 
 

 

= (1 +
1

𝜆𝑖
2𝜏2

)

[
 
 
 

(𝛽𝑖 −
𝑦𝑖

1 +
1

𝜆𝑖
2𝜏2

)

2

]
 
 
 

+ 𝑐𝑜𝑛𝑠𝑡. 

(A.20) 

Therefore,  
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𝑝(𝛽𝑖|𝑦𝑖, 𝜆𝑖
2𝜏2) ∝ 𝑒𝑥𝑝

(

 
 
 
 
 
 

−

(𝛽𝑖 −
𝑦𝑖

1 +
1

𝜆𝑖
2𝜏2

)

2

2(
1

1 +
1

𝜆𝑖
2𝜏2

)

)

 
 
 
 
 
 

∼ 𝑁 (
𝑦𝑖

1 +
1

𝜆𝑖
2𝜏2

,
1

1 +
1

𝜆𝑖
2𝜏2

)

= 𝑁 (
𝜆𝑖

2𝜏2

1 + 𝜆𝑖
2𝜏2

𝑦𝑖,
𝜆𝑖

2𝜏2

1 + 𝜆𝑖
2𝜏2

) 

(A.21) 

So, mean of (𝛽𝑖|𝑦𝑖, 𝜆𝑖
2𝜏2): 

 
𝐸[𝛽𝑖|𝑦𝑖 , 𝜆𝑖

2𝜏2] = 
𝜆𝑖

2𝜏2

1 + 𝜆𝑖
2𝜏2

𝑦𝑖 

= (1 −
1

1 + 𝜆𝑖
2𝜏2

)𝑦𝑖 + (
1

1 + 𝜆𝑖
2𝜏2

) × 0 

= (1 − 𝑘𝑖)𝑦𝑖 

(A.22) 

where  

 𝑘𝑖 =
1

1+𝜆𝑖
2𝜏2

. (A.23) 

Variable 𝑘𝑖 is a random shrinkage coefficient, the amount of weight that posterior mean 

for 𝛽𝑖 places on 0 once 𝑦 has been observed. The prior on 𝑘𝑖 is given by:  

 𝑃𝑘(𝑘𝑖; 𝜏) = 
𝜏

𝜋

1

1−(1−𝜏2)𝑘𝑖
(1 − 𝑘𝑖)

−
1

2𝑘𝑖
−

1

2,  (A.24) 

and its proof is shown below. 

Proof: 𝑃𝑘(𝑘𝑖; 𝜏) = 
𝜏

𝜋

1

1−(1−𝜏2)𝑘𝑖
(1 − 𝑘𝑖)

−
1

2𝑘𝑖
−

1

2 

𝜆𝑖  ∼ 𝐶+(0, 1),ℎ𝑎𝑙𝑓 − 𝐶𝑎𝑢𝑐ℎ𝑦 
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𝑃𝜆(𝜆𝑖) = 
2

𝜋
(

1

𝜆𝑖
2 + 1

) 

Let     𝑘𝑖 =
1

1+𝜆𝑖
2𝜏2 

𝜆𝑖 =
1

𝜏
(
1

𝑘𝑖
− 1)

1
2
 

Jacobian: 

𝜕𝜆𝑖

𝜕𝑘𝑖
= −

1

2𝜏𝑘𝑖

(1 − 𝑘𝑖)
−

1
2𝑘𝑖

−
1
2 

transformation, 

𝑃𝑘(𝑘𝑖 ; 𝜏) = 𝑃𝜆 (
1

𝜏
(
1

𝑘𝑖
− 1)

1
2
) |

𝜕𝜆𝑖

𝜕𝑘𝑖
| 

= 
2

𝜋

(

 
 
 1

(
1
𝜏 (

1
𝑘𝑖

− 1)

1
2
)

2

+ 1
)

 
 
 

×
1

2𝜏𝑘𝑖

(1 − 𝑘𝑖)
−

1
2𝑘𝑖

−
1
2 

=
𝜏

𝜋

1

1 − (1 − 𝜏2)𝑘𝑖

(1 − 𝑘𝑖)
−

1
2𝑘𝑖

−
1
2∎ 

Since 𝑘𝑖 ∈ [0,1], by Fubini’s theorem (or law of total expectation), 𝐸[𝑥] = 𝐸[𝐸[𝑥|𝑦]], 

posterior mean 𝐸[𝛽𝑖|𝑦𝑖] is given as:  

 𝐸[𝛽𝑖|𝑦𝑖] = 𝐸 [𝐸[𝛽𝑖|𝑦𝑖 , 𝜆𝑖
2𝜏2]] = 𝐸[(1 − 𝑘𝑖)𝑦𝑖]

= ∫ (1 − 𝑘𝑖)𝑦𝑖

1

0

× 𝜋(𝑘𝑖|𝑦𝑖)𝑑𝑘𝑖 

= (∫ 𝜋(𝑘𝑖|𝑦𝑖)𝑑𝑘𝑖

1

0

− ∫ 𝑘𝑖𝜋(𝑘𝑖|𝑦𝑖)𝑑𝑘𝑖

1

0

)𝑦𝑖  

= (1 − 𝐸[(𝑘𝑖|𝑦𝑖)])𝑦𝑖 

(A.25) 
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The posterior mean 𝐸[𝛽𝑖|𝑦𝑖] will be referred to as the horseshoe estimator and denoted as 

𝑇𝜏(𝑦), 

 𝑇𝜏(𝑦) = 𝐸[𝛽𝑖|𝑦𝑖] = (1 − 𝐸[(𝑘𝑖|𝑦𝑖)])𝑦𝑖. (A.26) 

The horseshoe prior takes its name from the prior on 𝑘𝑖, which is given by 

𝑃𝑘(𝑘𝑖; 𝜏) = 
𝜏

𝜋

1

1−(1−𝜏2)𝑘𝑖
(1 − 𝑘𝑖)

−
1

2𝑘𝑖
−

1

2. 

If 𝜏 = 1,   

 
𝑃𝑘(𝑘𝑖 ; 𝜏 = 1) =

1

𝜋
(1 − 𝑘𝑖)

−
1
2𝑘𝑖

−
1
2 (A.27) 

which is the pdf of  𝐵𝑒𝑡𝑎 (
1

2
,
1

2
) and it looks like a horseshoe. 

Proof:  𝐵𝑒𝑡𝑎 (
1

2
,
1

2
) has the same pdf as 𝑃𝑘(𝑘𝑖; 𝜏 = 1). 

The pdf of 𝐵𝑒𝑡𝑎(𝛼, 𝛽) is 

𝑓(𝑥; 𝛼, 𝛽) = 
𝑥𝛼−1(1 − 𝑥)𝛽−1

𝐵(𝛼, 𝛽)
,𝐵(𝛼, 𝛽) = ∫ 𝑥𝛼−1(1 − 𝑥)𝛽−1𝑑𝑥

1

0

 , 0 ≤ 𝑥 ≤ 1 

Let 𝑥 = (𝑠𝑖𝑛𝜃)2, then 

                     𝐵(𝛼, 𝛽) = ∫ (𝑠𝑖𝑛𝜃)2(𝛼−1)(1 − (𝑠𝑖𝑛𝜃)2)𝛽−12𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃𝑑𝜃
𝜋

2
0

 

= 2 ∫ (𝑠𝑖𝑛𝜃)(2𝛼−1)(𝑐𝑜𝑠𝜃)(2𝛽−1)𝑑𝜃
𝜋

2
0

. 

Let 𝛼 =
1

2
, and 𝛽 =

1

2
, 

𝐵 (𝛼 =
1

2
, 𝛽 =

1

2
) = 2∫ 𝑑𝜃

𝜋

2
0

= 𝜋. 

Therefore,  

𝑓 (𝑥; 𝛼 =
1

2
, 𝛽 =

1

2
) = 

𝑥−
1
2(1 − 𝑥)−

1
2

𝜋
∎ 

Detailed derivation of posterior of (ki|yi) is shown below: 
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𝑦𝑖|𝜃𝑖 ~𝒩(𝜃𝑖, 1) 

𝜃𝑖|𝜆𝑖, 𝜏~𝒩(0, 𝜆𝑖
2𝜏2) 

Marginal likelihood: 

𝑃(𝑦𝑖|𝜆𝑖, 𝜏) = ∫𝑝(𝑦𝑖 |𝜃𝑖)𝑝(𝜃𝑖|𝜆𝑖, 𝜏)𝑑𝜃 

𝑘𝑖 =
1

1 + 𝜆𝑖
2𝜏2

 

𝑃(𝑦𝑖|𝑘𝑖 , 𝜏) = 𝑘𝑖

1

2𝑒𝑥𝑝(−𝑘𝑖𝑦𝑖
2/2). 

Therefore, posterior of (𝑘𝑖|𝑦𝑖) is: 

𝑃(𝑘𝑖|𝑦𝑖) ∝ 𝑃(𝒚𝑖|𝒌𝑖 , 𝝉) × 𝑃𝑘(𝑘𝑖; 𝜏) 

∝ 𝑘𝑖

1
2𝑒𝑥𝑝(−𝑘𝑖𝑦𝑖

2/2) ×
𝜏

𝜋

1

1 − (1 − 𝜏2)𝑘𝑖
(1 − 𝑘𝑖)

−
1
2𝑘𝑖

−
1
2 

A.3.3. Three Parameter Beta (𝓣𝓟𝓑) Prior 

In the forthcoming text, 𝛤(. ) denotes the gamma function, 𝒢(𝜇, 𝜈)denotes a gamma 

distribution with shape and rate parameters 𝜇 and 𝜈. 

Definition 1. The three-parameter beta (𝑇𝑃𝐵) distribution for a random variable X is 

defined by the density function, 

 
𝑓(𝑥; , 𝑎, 𝑏, 𝜙) = 

Γ(a + b)

Γ(a)Γ(b)
𝜙𝑏𝑥𝑏−1(1 − 𝑥)𝑎−1{1 + (𝜙 − 1)𝑥}−(𝑎+𝑏) (A.28) 

for 0 < 𝑥 < 1, 𝑎 > 0, 𝑏 > 0, 𝜙 > 0, and is denoted by 𝒯𝒫ℬ(𝑎, 𝑏, 𝜙).  

Recall, in horseshoe prior, 

𝑝𝜏(𝑘𝑖) = 
𝜏

𝜋

1

1−(1−𝜏2)𝑘𝑖
(1 − 𝑘𝑖)

−
1

2𝑘𝑖
−

1

2. 

It’s a special case of 𝓣𝓟𝓑(𝑥; , 𝑎 =
1

2
, 𝑏 =

1

2
, 𝜙 = 𝜏2). 
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Definition 2. The 𝑇𝑃𝐵  normal scale mixture representation for the distribution of 

random variable 𝜃𝑗is given by  

 
𝜃𝑗|𝜌𝑗  ∼ 𝒩 (0,

1

𝜌𝑗
− 1),𝜌𝑗 ∼ 𝒯𝒫ℬ(𝑎, 𝑏, 𝜙) (A.29) 

where > 0, 𝑏 > 0, 𝑎𝑛𝑑𝜙 > 0 . The resulting marginal distribution on 𝜃𝑗  is denoted by 

𝒯𝒫ℬ𝒩(𝑎, 𝑏, 𝜙), equivalence of three hierarchical representations. 

Proposition 1. If  𝜃𝑗 ∼ 𝒯𝒫ℬ𝒩(𝑎, 𝑏, 𝜙), then 

 1)𝜃𝑗 ∼ 𝒩(0, 𝜏𝑗), 𝜏𝑗  ∼ 𝒢(𝑎, 𝜆𝑗)𝑎𝑛𝑑𝜆𝑗 ∼ 𝒢(𝑏, 𝜙). 

2)𝜃𝑗 ∼ 𝒩(0, 𝜏𝑗), 𝜋(𝜏𝑗) =
Γ(a+b)

Γ(a)Γ(b)
𝜙−𝑎𝜏𝑗

𝑎−1 (1 +
𝜏𝑗

𝜙
)
−(𝑎+𝑏)

,  

which implies that 
𝜏𝑗

𝜙
 ∼ 𝛽′(𝑎, 𝑏), the inverted beta (or beta prime) distribution with parameters 

a and b. 

Proof:  π(τj) =
Γ(a+b)

Γ(a)Γ(b)
ϕ−aτj

a−1 (1 +
τj

ϕ
)
−(a+b)

 

τj  ∼ 𝒢(a, λj) 

π(τj|λj) = 
λj

a

Γ(a)
τj

a−1e−λjτj 

λj ∼ 𝒢(b, ϕ) 

π(λj; b, ϕ) = 
ϕb

Γ(b)
λj

b−1e−ϕλj 

Marginal of π is 

 

π(τj) = ∫ π(τj, λj)
∞

0

dλj 

= ∫ π(τj|λj)π(λj)
∞

0

dλj 
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= ∫
λj

a

Γ(a)
τj

a−1e−λjτj

∞

0

ϕb

Γ(b)
λj

b−1e−ϕλjdλj 

=
τj

a−1ϕb

Γ(a)Γ(b)
∫ λj

(a+b)−1e−(τj+ϕ)λj

∞

0

dλj 

=
τj

a−1ϕb

Γ(a)Γ(b)
×

1

τj + ϕ
×

1

(τj + ϕ)
(a+b)−1

∫ [(τj + ϕ)λj]
(a+b)−1

e−(τj+ϕ)λj

∞

0

d(τj + ϕ)λj 

=
τj

a−1ϕb

Γ(a)Γ(b)
×

1

τj + ϕ
×

1

(τj + ϕ)
(a+b)−1

× Γ(a + b) 

=
Γ(a + b)

Γ(a)Γ(b)

τj
a−1ϕb

(τj + ϕ)
(a+b)

 

=
Γ(a + b)

Γ(a)Γ(b)

τj
a−1ϕ−aϕa+b

(τj + ϕ)
(a+b)

 

=
Γ(a + b)

Γ(a)Γ(b)
ϕ−aτj

a−1 (1 +
τj

ϕ
)

−(a+b)

∎ 

note:Γ(α) = ∫ xα−1e−xdx
∞

0

 

Proof:   Proposition 1 and definition 2 have consistent results 

Definition 2, 

𝜃𝑗|𝜌𝑗  ∼ 𝒩 (0,
1

𝜌𝑗
− 1),𝜌𝑗 ∼ 𝒯𝒫ℬ(𝑎, 𝑏, 𝜙) 

𝑓(𝜌𝑗; , 𝑎, 𝑏, 𝜙) = 
Γ(a + b)

Γ(a)Γ(b)
𝜙𝑏𝜌𝑗

𝑏−1(1 − 𝜌𝑗)
𝑎−1

{1 + (𝜙 − 1)𝜌𝑗}
−(𝑎+𝑏)

 

Proposition 1, 

𝜃𝑗 ∼ 𝒩(0, 𝜏𝑗), 

𝜋(𝜏𝑗) =
Γ(a + b)

Γ(a)Γ(b)
𝜙−𝑎𝜏𝑗

𝑎−1 (1 +
𝜏𝑗

𝜙
)

−(𝑎+𝑏)
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Jacobian of the transformation 𝜏𝑗 =
1

𝜌𝑗
− 1  

𝜕𝜏𝑗

𝜕𝜌𝑗
= −

1

𝜌𝑗
2
 

𝜋 (
1

𝜌𝑗
− 1) |

𝜕𝜏𝑗

𝜕𝜌𝑗
| =

Γ(a + b)

Γ(a)Γ(b)
𝜙−𝑎 (

1

𝜌𝑗
− 1)

𝑎−1

(1 +

(
1
𝜌𝑗

− 1)

𝜙
)

−(𝑎+𝑏)

×
1

𝜌𝑗
2

 

=
Γ(a + b)

Γ(a)Γ(b)
𝜙−𝑎+(𝑎+𝑏)

(1 − 𝜌𝑗)
(𝑎−1)

𝜌𝑗
(𝑎−1)+2

(𝜙 + (
1

𝜌𝑗
− 1))

−(𝑎+𝑏)

 

=
Γ(a + b)

Γ(a)Γ(b)
𝜙𝑏(1 − 𝜌𝑗)

(𝑎−1)
𝜌𝑗

𝑏−1{1 + (𝜙 − 1)𝜌𝑗}
−(𝑎+𝑏)

 

= 𝑓(𝜌𝑗; , 𝑎, 𝑏, 𝜙)∎ 

Proof:  
𝜏𝑗

𝜙
 ∼ 𝛽′(𝑎, 𝑏) 

𝜋(𝜏𝑗) =
Γ(a + b)

Γ(a)Γ(b)
𝜙−𝑎𝜏𝑗

𝑎−1 (1 +
𝜏𝑗

𝜙
)

−(𝑎+𝑏)

 

let 
𝜏𝑗

𝜙
= 𝑦, then 𝜏𝑗 = 𝑦𝜙, using transformation 

𝑓 (
𝜏𝑗

𝜙
) = 𝑓(𝑦) = 𝜋(𝑦𝜙) |

𝜕𝜏𝑗

𝜕𝑦
| =

Γ(a + b)

Γ(a)Γ(b)
𝜙−𝑎(𝑦𝜙)𝑎−1 (1 +

𝑦𝜙

𝜙
)
−(𝑎+𝑏)

× 𝜙 

=
Γ(a + b)

Γ(a)Γ(b)
𝑦𝑎−1(1 + 𝑦)−(𝑎+𝑏) 

=
𝑦𝑎−1(1 + 𝑦)−𝑎−𝑏

𝐵(𝑎, 𝑏)
 

= 𝛽′(𝑎, 𝑏)∎ 
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APPENDIX B. PROOF OF PARAMETER ESTIMATES IN BICMIX 

B.1. Eq. (33)  

Expected complete log-likelihood for parameters related to 𝛬:  

Λ:ℚ(ΘΛ) =< ℓ𝑐(ΘΛ, Λ|z, X, Y) > 

〈ln(𝑝(ΘΛ, Λ|z, X, Y))〉 

∝ 〈ln(𝑝(𝑌|Λ, 𝑋, ΘΛ, z)) + ln(p(Λ|z, ΘΛ) × 𝑝(z|𝜋)) + ln(𝑝(ΘΛ)

+ ln(𝑝(𝜋|𝛼, 𝛽)〉 

 

First part:  〈ln(𝑝(𝑌|Λ, 𝑋, ΘΛ, z))〉 

𝑌 = ΛX + ε 

ε.,𝑖  ∼ 𝒩(0,Ψ), Ψ = 𝑑𝑖𝑎𝑔(𝜓1, … , 𝜓𝑝) 

𝑌.,𝑖  ∼ 𝒩(ΛX, Ψ) 

𝑝(𝑌|Λ, 𝑋,Ψ) ∝  |Ψ|−
1
2exp(−

1

2
(𝑌 − Λ𝑋)𝑇Ψ−1(𝑌 − Λ𝑋)) 

Expected Log-likelihood over all latent variables and parameters except parameters related to 

𝚲: 

〈ln (∏∏𝑝(𝑦𝑗,𝑖|Λ, 𝑋)

𝑛

𝑖=1



𝑃

𝑗=1

)〉 ∝ 〈ln(∏∏|𝜓𝑗,𝑗|
−

1
2exp

𝑛

𝑖=1

(−
(𝑦𝑗,𝑖 −∑ Λ𝑗,𝑘𝑥𝑘,𝑖)

𝐾
𝑘=1

2

2𝜓𝑗,𝑗
)

𝑃

𝑗=1

)〉 

∝  〈−
𝑛

2
ln(|𝛹|) − ∑∑

(𝑦𝑗,𝑖 −∑ Λ𝑗,𝑘𝑥𝑘,𝑖)
𝐾
𝑘=1

2

2𝜓𝑗,𝑗

𝑛

𝑖=1

𝑃

𝑗=1

〉 

∝ −
𝑛

2
ln(|𝛹|) −∑∑

〈(𝑦𝑗,𝑖 −∑ Λ𝑗,𝑘𝑥𝑘,𝑖)
𝐾
𝑘=1

2
〉

2𝜓𝑗,𝑗

𝑛

𝑖=1

𝑃

𝑗=1

 

∝−
𝑛

2
ln(|𝛹|) − ∑∑

〈(𝑦𝑗,𝑖 −∑ (Λ𝑗,𝑘𝑥𝑘,𝑖)
𝐾
𝑘=1 )〉2 + 𝑉𝑎𝑟(𝑦𝑗,𝑖 −∑ (Λ𝑗,𝑘𝑥𝑘,𝑖)

𝐾
𝑘=1 )

2𝜓𝑗,𝑗

𝑛

𝑖=1

𝑃

𝑗=1
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∝−
𝑛

2
ln(|𝛹|) − ∑∑

(𝑦𝑗,𝑖 −∑ Λ𝑗,𝑘〈𝑥𝑘,𝑖〉)
𝐾
𝑘=1

2
+ 𝜓𝑗,𝑗

2𝜓𝑗,𝑗

𝑛

𝑖=1

𝑃

𝑗=1

 

∝−
𝑛

2
ln(|𝛹|) − ∑∑

(𝑦𝑗,𝑖 −∑ Λ𝑗,𝑘〈𝑥𝑘,𝑖〉)
𝐾
𝑘=1

2

2𝜓𝑗,𝑗

𝑛

𝑖=1

𝑃

𝑗=1

 

Second part: 〈𝐥𝐧(𝐩(𝚲|𝐳,𝚯𝚲)〉 

∏ ∏ 𝑝(Λ𝑗,𝑘|𝑧𝑘, ΘΛ)𝑝(𝑧𝑘|𝜋)𝐾
𝑘=1

𝑃
𝑗=1 = ∏ ∏ [𝜋 × 𝑝(Λ𝑗,𝑘|ΘΛ)]

𝑧𝑘𝐾
𝑘=1 [(1 − 𝜋) ×𝑃

𝑗=1

𝑝(Λ𝑗,𝑘|𝜙𝑘)]
1−𝑧𝑘

  

𝒩(Λ𝑗,𝑘|𝜃𝑗,𝑘) ∝  𝜃𝑗,𝑘
−

1
2exp(−

Λ𝑗,𝑘
2

2𝜃𝑗,𝑘
) 

𝒢𝑎(𝜃𝑗,𝑘|𝑎, 𝛿𝑗,𝑘) ∝  𝛿𝑗,𝑘
𝑎𝜃𝑗,𝑘

𝑎−1exp(−𝛿𝑗,𝑘𝜃𝑗,𝑘) 

𝒢𝑎(𝛿𝑗,𝑘|𝑏, 𝜙𝑘) ∝ 𝜙𝑘
𝑏𝛿𝑗,𝑘

𝑎−1exp(−𝜙𝑘𝛿𝑗,𝑘) 

𝒩(Λ𝑗,𝑘|𝜙𝑘) ∝ 𝜙𝑘
−

1
2exp(−

Λ𝑗,𝑘
2

2𝜙𝑘
) 

〈ln(p(Λ|z, ΘΛ)𝑝(z|ΘΛ))〉 

= ∑ ∑ {〈𝑧𝑘 ln(𝜋) + 𝑧𝑘 ln (𝑝(𝛬𝑗,𝑘|𝛩𝛬)) + (1 − 𝑧𝑘) ln(1 − 𝜋) + (1 − 𝑧𝑘) ln(𝑝(Λ𝑗,𝑘|𝜙𝑘)〉}

𝐾

𝑘=1

𝑃

𝑗=1

 

∝∑ ∑{〈𝑧𝑘〉 ln(𝜋) + (1 − 〈𝑧𝑘〉) ln(1 − 𝜋)}

𝐾

𝑘=1

𝑃

𝑗=1

 

+∑ ∑〈𝑧𝑘〉 {−
1

2
ln(𝜃𝑗,𝑘) −

Λ𝑗,𝑘
2

2𝜃𝑗,𝑘
+ 𝑎 ln(𝛿𝑗,𝑘) + (𝑎 − 1) ln(𝜃𝑗,𝑘) − 𝛿𝑗,𝑘𝜃𝑗,𝑘 + 𝑏 ln(𝜙𝑘) 

𝐾

𝑘=1

𝑃

𝑗=1

+ (𝑏 − 1) ln(𝛿𝑗,𝑘) −𝜙𝑘𝛿𝑗,𝑘} 

+∑ ∑(1 − 〈𝑧𝑘〉) {−
1

2
ln(𝜙𝑘) −

Λ𝑗,𝑘
2

2𝜙𝑘
}

𝐾

𝑘=1

𝑃

𝑗=1
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Third Part: 〈ln(𝑝(ΘΛ)〉 

𝑝(ΘΛ) = [∏𝒢𝑎(𝜙𝑘|𝑐, 𝜏𝑘)𝒢𝑎(𝜏𝑘|𝑑, 𝜂)

𝐾

𝑘=1

] 𝒢𝑎(𝜂|𝑒, 𝛾)𝒢𝑎(𝛾|𝑓, 𝜈) 

𝒢𝑎(𝜙𝑘|𝑐, 𝜏𝑘) ∝  𝜏𝑘
𝑐𝜙𝑘

𝑐−1exp(−𝜏𝑘𝜙𝑘) 

𝒢𝑎(𝜏𝑘|𝑑, 𝜂) ∝  𝜂𝑑𝜏𝑘
𝑑−1exp(−𝜂𝜏𝑘) 

𝒢𝑎(𝜂|𝑒, 𝛾) ∝  𝛾𝑒𝜂𝑒−1exp(−𝛾𝜂) 

𝒢𝑎(𝛾|𝑓, 𝜈) ∝  𝜈𝑓𝛾𝑓−1exp(−𝜈𝛾) 

〈ln(𝑝(ΘΛ))〉 ∝ ∑{𝑐 ln(𝜏𝑘) + (𝑐 − 1) ln(𝜙𝑘) − 𝜏𝑘𝜙𝑘 + 𝑑 ln(𝜂) + (𝑑 − 1) ln(𝜏𝑘) − 𝜂𝜏𝑘}

𝐾

𝑘=1

 

+𝑒 ln(𝛾) + (𝑒 − 1) ln(𝜂) − 𝛾𝜂 + 𝑓 ln(𝜈) + (𝑓 − 1)ln(𝛾) − 𝜈𝛾 

Fourth Part: 〈𝐥𝐧(𝒑(𝝅|𝜶,𝜷)〉 

ℬ𝑒𝑡𝑎(𝜋|𝛼, 𝛽) ∝ 𝜋𝛼−1(1 − 𝜋)𝛽−1 

〈ln(𝑝(𝜋|𝛼, 𝛽)〉 ∝ (𝛼 − 1) ln(𝜋) + (𝛽 − 1) ln(1 − 𝜋) 

therefore,  

Equation (33) = Part one + part two + part three + part four 

ℚ(ΘΛ) ∝  〈ln(𝑝(𝑌|Λ, 𝑋, ΘΛ, z)) + ln(p(Λ|z, ΘΛ) × 𝑝(z|𝜋)) + ln(𝑝(ΘΛ) + l n(𝑝(𝜋|𝛼, 𝛽))〉 

∝ −
𝑛

2
ln(|𝛹|) −∑∑

(𝑦𝑗,𝑖 −∑ Λ𝑗,𝑘〈𝑥𝑘,𝑖〉)
𝐾
𝑘=1

2

2𝜓𝑗,𝑗

𝑛

𝑖=1

𝑃

𝑗=1

 

+∑{〈𝑧𝑘〉 ln(𝜋) + (1 − 〈𝑧𝑘〉) ln(1 − 𝜋)}

𝐾

𝑘=1
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+∑ ∑〈𝑧𝑘〉 {−
1

2
ln(𝜃𝑗,𝑘) −

Λ𝑗,𝑘
2

2𝜃𝑗,𝑘
+ 𝑎 ln(𝛿𝑗,𝑘) + (𝑎 − 1) ln(𝜃𝑗,𝑘) − 𝛿𝑗,𝑘𝜃𝑗,𝑘 + 𝑏 ln(𝜙𝑘) 

𝐾

𝑘=1

𝑃

𝑗=1

+ (𝑏 − 1) ln(𝛿𝑗,𝑘) −𝜙𝑘𝛿𝑗,𝑘}

+∑ ∑(1 − 〈𝑧𝑘〉) {−
1

2
ln(𝜙𝑘) −

Λ𝑗,𝑘
2

2𝜙𝑘
}

𝐾

𝑘=1

𝑃

𝑗=1

+∑{𝑐 ln(𝜏𝑘) + (𝑐 − 1) ln(𝜙𝑘) − 𝜏𝑘𝜙𝑘 + 𝑑 ln(𝜂) + (𝑑 − 1) ln(𝜏𝑘) − 𝜂𝜏𝑘}

𝐾

𝑘=1

+ 𝑒 ln(𝛾) + (𝑒 − 1) ln(𝜂) − 𝛾𝜂 + 𝑓 ln(𝜈) + (𝑓 − 1)ln(𝛾) − 𝜈𝛾

+(𝛼 − 1) ln(𝜋) + (𝛽 − 1) ln(1 − 𝜋) ∎ 

Computing the Maximum of A Posterior (MAP) estimates for the parameters that 

encourage sparsity in the 𝚲 matrix,  

ΘΛ̂ = 𝑎𝑟𝑔𝑚𝑎𝑥ΘΛ
ℚ(ΘΛ) 

𝜕ℚ(ΘΛ)

𝜕ΘΛ
= 0 

B.2. Eq. (35), estimate of 𝚲𝒋,𝒌 and its matrix form 𝚲𝒋,⋅ 

Components with Λ𝑗,𝑘 in ℚ(ΘΛ): 

−∑∑
(𝑦𝑗,𝑖 −∑ Λ𝑗,𝑘〈𝑥𝑘,𝑖〉)

𝐾
𝑘=1

2

2𝜓𝑗,𝑗

𝑛

𝑖=1

𝑃

𝑗=1

+ ∑ ∑〈𝑧𝑘〉 {−
Λ𝑗,𝑘

2

2𝜃𝑗,𝑘
} + ∑ ∑(1 − 〈𝑧𝑘〉) {−

1

2
ln(𝜙𝑘) −

Λ𝑗,𝑘
2

2𝜙𝑘
}

𝐾

𝑘=1

𝑃

𝑗=1

𝐾

𝑘=1

𝑃

𝑗=1
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𝝏ℚ(𝚯𝚲)

𝝏𝚲
= −∑∑{

2(yj,i −∑ Λj,k′〈xk′,i〉)
K
k′=1

2ψj,j
(− ∑〈xk,i〉

𝐾

𝑘=1

)}

𝑛

𝑖=1

P

j=1

+ ∑∑〈zk〉 {−
2Λj,k

2θj,k
}

K

k=1

P

j=1

+ ∑∑(1 − 〈zk〉) {−
2Λj,k

2ϕk
}

K

k=1

P

j=1

 

= ∑ ∑ {𝜓𝑗𝑗
−1 ∑[(yj,i〈xk,i〉 − ∑ Λj,k′〈xk′,ixk,i〉

𝑘′≠𝑘

− Λ𝑗,𝑘〈𝑥𝑘,𝑖
2 〉)]

𝑛

𝑖=1

− Λj,k

〈zk〉

θj,k

𝐾

𝑘=1

𝑃

𝑗=1

− Λj,k

(1 − 〈zk〉)

ϕk
} = 0 

Λ𝑗,�̂� =
𝜓𝑗𝑗

−1 ∑ [(yj,i〈xk,i〉 − ∑ Λj,k′〈xk′,ixk,i〉𝑘′≠𝑘 )]𝑛
𝑖=1

𝜓𝑗𝑗
−1 ∑ 〈𝑥𝑘,𝑖

2 〉𝑛
𝑖=1 +

〈zk〉
θj,k

+
(1 − 〈zk〉)

ϕk

 

 

Note: 〈𝑥𝑘′,𝑖〉〈𝑥𝑘,𝑖〉 =  〈𝑥𝑘′,𝑖𝑥𝑘,𝑖〉 because factors are independent,  

𝐸[𝑥𝑦] = 𝐸[𝑥]𝐸[𝑦] + 𝑐𝑜𝑣(𝑥, 𝑦) = 𝐸[𝑥]𝐸[𝑦] 

 

Its matrix form is given as 

𝝏ℚ(𝚯𝚲)

𝝏𝚲
= −∑∑{

2(yj,i −∑ Λj,k′〈xk′,i〉)
K
k′=1

2ψj,j
(− ∑〈xk,i〉

𝐾

𝑘=1

)}

𝑛

𝑖=1

P

j=1

+ ∑∑〈zk〉 {−
2Λj,k

2θj,k
}

K

k=1

P

j=1

+ ∑∑(1 − 〈zk〉) {−
2Λj,k

2ϕk
}

K

k=1

P

j=1

 

= ∑{[(𝜓𝑗𝑗
−1yj,⋅〈𝑋〉𝑇 − 𝜓𝑗𝑗

−1Λj,⋅〈𝑋𝑋𝑇〉] −
〈𝑍〉

Θ𝑗,⋅
Λj,⋅

(1 − 〈𝑍〉)

Φ
Λj,⋅} = 0

𝑃

𝑗=1

 

Note:    ∑ ∑ Λj,k′〈xk′,i〉
K
k′=1 (∑ 〈xk,i〉

𝐾
𝑘=1 )𝑛

𝑖=1 = Λj,⋅〈𝑋𝑋𝑇〉. 
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Λ𝑗,⋅̂ = yj,⋅𝜓𝑗𝑗
−1〈𝑋〉𝑇(〈𝑋𝜓𝑗𝑗

−1𝑋𝑇〉 + 〈𝑍〉Θ𝑗,⋅
−1 + (1 − 〈𝑍〉)Φ−1)

−1
∎ 

where 

Θ𝑗,⋅ =(

θ𝑗,1 ⋯ 0

⋮ ⋱ ⋮
0 ⋯ θ𝑗,𝐾

)     Φ = (
ϕ1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ ϕ𝐾

)        〈𝑍〉 = (
〈z1〉 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 〈zK〉

) 

 

B.3. Eq. (38), estimate of 〈𝐱𝐤,𝐢〉 

𝜕ℚ(ΘΛ)

𝜕〈𝑋〉
= 0 

Components related to 〈xk,i〉 in ℚ(ΘΧ): 

−∑ ∑
(yj,i−∑ Λj,k〈xk,i〉)

K
k=1

2

2ψj,j
+ ∑ ∑ 〈ok〉 {−

〈xk,i
2 〉

2σk,i
}n

i=1
K
k=1 + ∑ ∑ (1 − 〈ok〉) {−

〈xk,i
2 〉

2ωk
}n

i=1
K
k=1

n
i=1

P
j=1   

∝−∑ ∑
(yj,i−∑ Λj,k〈xk,i〉)

K
k=1

2

2ψj,j

n
i=1

P
j=1  +∑ ∑ 〈ok〉 {−

〈xk,i〉
2

2σk,i
}n

i=1
K
k=1 + ∑ ∑ (1 − 〈ok〉) {−

〈xk,i〉
2

2ωk
}n

i=1
K
k=1  

Note: 〈xk,i
2 〉 = 〈xk,i〉

2 + 𝑣𝑎𝑟(xk,i) 

 

𝜕ℚ(ΘΛ)

𝜕〈𝑋〉
= −∑∑

2(yj,i −∑ Λj,k′〈xk′,i〉)
K
k′=1 )

2ψj,j

n

i=1

P

j=1

(− ∑ Λj,k

𝐾

𝑘=1

) + ∑ ∑〈ok〉 {−
2〈xk,i〉

2σk,i
}

n

i=1

K

k=1

+ ∑ ∑(1 − 〈ok〉) {−
2〈xk,i〉

2ωk
}

n

i=1

K

k=1

 

= −∑∑ ∑ (yj,iψj,j
−1Λj,k − ψj,j

−1 ∑ Λj,k′〈xk′,i〉

K

k′=1

Λj,k)

𝐾

𝑘=1



n

i=1

P

j=1

+ ∑ ∑〈ok〉σk,i
−1〈xk,i〉

n

i=1

K

k=1

+ ∑ ∑(1 − 〈ok〉)ωk
−1〈xk,i〉

n

i=1

K

k=1
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= ∑{Λ𝑇Ψ−1𝑌⋅,𝑖 − Λ𝑇Ψ−1Λ〈𝑋⋅,𝑖〉 − (Ι − 〈Ο〉)Ω−1〈𝑋⋅,𝑖〉 − 〈Ο〉Σ𝑖
−1〈𝑋⋅,𝑖〉}

𝑛

𝑖=1

= 0 

 

〈𝑋⋅,𝑖〉 =  (Λ𝑇Ψ−1Λ + 〈Ο〉Σ𝑖
−1 + (Ι − 〈Ο〉)Ω−1)−1Λ𝑇Ψ−1𝑌⋅,𝑖(38)∎ 

where 

Σ𝑖 =(

σ1,𝑖 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ σ𝐾,𝑖

)     Ω = (
ω1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ ω𝐾

)        〈Ο〉 = (
〈o1〉 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 〈oK〉

) 

B.4. Eq. (42), estimate of 𝜽𝒋,𝒌  

Components having 𝜃𝑗,𝑘 in ℚ(ΘΛ): 

∑ ∑〈𝑧𝑘〉 {−
1

2
ln(𝜃𝑗,𝑘) −

Λ𝑗,𝑘
2

2𝜃𝑗,𝑘
+ (𝑎 − 1) ln(𝜃𝑗,𝑘) − 𝛿𝑗,𝑘𝜃𝑗,𝑘}

𝐾

𝑘=1

𝑃

𝑗=1

 

𝜕ℚ(ΘΛ)

𝜕𝜃𝑗,𝑘
= 〈𝑧𝑘〉 {−

1

2𝜃𝑗,𝑘
+

Λ𝑗,𝑘
2

2𝜃𝑗,𝑘
2 +

(𝑎 − 1)

𝜃𝑗,𝑘
− 𝛿𝑗,𝑘} = 0 

𝛿𝑗,𝑘𝜃𝑗,𝑘
2 − (𝑎 − 1 −

1

2
) 𝜃𝑗,𝑘 −

1

2
Λ𝑗,𝑘

2 = 0 

θj,k̂ =
(𝑎 −

3
2) ± √(𝑎 −

3
2)2 − 4𝛿𝑗,𝑘(−

1
2Λ𝑗,𝑘

2)

2𝛿𝑗,𝑘


= 

(2𝑎 − 3) + √(2𝑎 − 3)2 + 8Λ𝑗,𝑘
2𝛿𝑗,𝑘

4𝛿𝑗,𝑘
∎ 

 

B.5. Eq. (44), estimate of 𝜹𝒋,𝒌 

Components having δj,k in ℚ(ΘΛ): 

∑ ∑〈𝑧𝑘〉{𝑎 ln(𝛿𝑗,𝑘) − 𝛿𝑗,𝑘𝜃𝑗,𝑘 + (𝑏 − 1) ln(𝛿𝑗,𝑘) −𝜙𝑘𝛿𝑗,𝑘}

𝐾

𝑘=1

𝑃

𝑗=1

 



53  

𝜕ℚ(ΘΛ)

𝜕𝛿𝑗,𝑘
= 〈𝑧𝑘〉 {

𝑎

𝛿𝑗,𝑘
− 𝜃𝑗,𝑘 +

𝑏 − 1

𝛿𝑗,𝑘
−𝜙𝑘} = 0 

δj,k̂ =
𝑎 + 𝑏 − 1

𝜃𝑗,𝑘 + 𝜙𝑘
∎ 

 

B.6. Eq. (54), estimate of 𝝉𝒌 

Components having 𝜏𝑘 in ℚ(ΘΛ): 

∑{𝑐 ln(𝜏𝑘) − 𝜏𝑘𝜙𝑘 + (𝑑 − 1) ln(𝜏𝑘) − 𝜂𝜏𝑘}

𝐾

𝑘=1

 

𝜕ℚ(ΘΛ)

𝜕𝜏𝑘
=

𝑐

𝜏𝑘
− 𝜙𝑘 +

𝑑 − 1

𝜏𝑘
− 𝜂 = 0 

𝜏�̂� =
𝑐 + 𝑑 − 1

𝜙𝑘 + 𝜂
∎ 

 

B.7. Eq. (55), estimate of 𝜼 

Components having 𝜂in ℚ(ΘΛ): 

∑{𝑑 ln(𝜂) − 𝜂𝜏𝑘}

𝐾

𝑘=1

+ (𝑒 − 1) ln(𝜂) − 𝛾𝜂 

𝜕ℚ(ΘΛ)

𝜕𝜂
= ∑(

𝑑

𝜂
−𝜏𝑘)

𝐾

𝑘=1

+
𝑒 − 1

𝜂
− 𝛾 = 

𝐾𝑑

𝜂
−∑ 𝜏𝑘

𝐾

𝑘=1

+
𝑒 − 1

𝜂
− 𝛾 = 0 

�̂� = 
𝐾𝑑 + 𝑒 − 1

𝛾 + ∑ 𝜏𝑘
𝐾
𝑘=1

∎ 

B.8. Eq. (56), estimate of 𝜸 

Components having 𝛾in ℚ(ΘΛ): 

𝑒 ln(𝛾) − 𝛾𝜂 + (𝑓 − 1)ln(𝛾) − 𝜈𝛾 
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𝜕ℚ(ΘΛ)

𝜕𝛾
= 

𝑒

𝛾
− 𝜂 +

𝑓 − 1

𝛾
− 𝜈 = 0 

𝛾 =
𝑒 + 𝑓 − 1

𝜂 + 𝜈
∎ 

 

B.9. Eq. (46), estimate of 𝝓𝒌 

Components having 𝜙𝑘in ℚ(ΘΛ): 

∑ ∑〈𝑧𝑘〉{𝑏 ln(𝜙𝑘) −𝜙𝑘𝛿𝑗,𝑘}

𝐾

𝑘=1

𝑃

𝑗=1

+∑ ∑(1 − 〈𝑧𝑘〉) {−
1

2
ln(𝜙𝑘) −

Λ𝑗,𝑘
2

2𝜙𝑘
} +∑{(𝑐 − 1) ln(𝜙𝑘) − 𝜏𝑘𝜙𝑘}

𝐾

𝑘=1



𝐾

𝑘=1

𝑃

𝑗=1

 

𝜕ℚ(ΘΛ)

𝜕𝜙𝑘
=∑〈𝑧𝑘〉 {

𝑏

𝜙𝑘
−𝛿𝑗,𝑘}

𝑃

𝑗=1

+ ∑(1 − 〈𝑧𝑘〉) {−
1

2𝜙𝑘
+

Λ𝑗,𝑘
2

2𝜙𝑘
2} +

𝑐 − 1

𝜙𝑘
−

𝑃

𝑗=1

𝜏𝑘 

=
〈𝑧𝑘〉𝑏𝑃

𝜙𝑘
− 〈𝑧𝑘〉∑𝛿𝑗,𝑘

𝑃

𝑗=1

−
(1 − 〈𝑧𝑘〉)𝑃

2𝜙𝑘
+

(1 − 〈𝑧𝑘〉) ∑ Λ𝑗,𝑘
2𝑃

𝑗=1

2𝜙𝑘
2 +

𝑐 − 1

𝜙𝑘
− 𝜏𝑘 = 0 

〈𝑧𝑘〉𝑏𝑃𝜙𝑘 − (〈𝑧𝑘〉 ∑ 𝛿𝑗,𝑘
𝑃
𝑗=1 )𝜙𝑘

2 −
(1−〈𝑧𝑘〉)𝑃

2
𝜙𝑘 +

(1−〈𝑧𝑘〉)∑ Λ𝑗,𝑘
2𝑃

𝑗=1

2
+ (𝑐 − 1)𝜙𝑘 −𝜏𝑘𝜙𝑘

2 = 0  

(〈𝑧𝑘〉∑𝛿𝑗,𝑘

𝑃

𝑗=1

+ 𝜏𝑘)𝜙𝑘
2 − (〈𝑧𝑘〉𝑏𝑃 −

(1 − 〈𝑧𝑘〉)𝑃

2
+ (𝑐 − 1))𝜙𝑘 −

(1 − 〈𝑧𝑘〉) ∑ Λ𝑗,𝑘
2𝑃

𝑗=1

2

= 0 

𝜙�̂� =

(〈𝑧𝑘〉𝑏𝑃 −
(1 − 〈𝑧𝑘〉)𝑃

2
+ (𝑐 − 1)) ± √(〈𝑧𝑘〉𝑏𝑃 −

(1 − 〈𝑧𝑘〉)𝑃
2

+ (𝑐 − 1))

2

− 4(〈𝑧𝑘〉 ∑ 𝛿𝑗,𝑘
𝑃
𝑗=1 + 𝜏𝑘)(−

(1 − 〈𝑧𝑘〉)∑ Λ𝑗,𝑘
2𝑃

𝑗=1

2 )

2(〈𝑧𝑘〉 ∑ 𝛿𝑗,𝑘
𝑃
𝑗=1 + 𝜏𝑘)

 

= 

(〈𝑧𝑘〉𝑏𝑃 −
(1 − 〈𝑧𝑘〉)𝑃

2
+ (𝑐 − 1)) + √(〈𝑧𝑘〉𝑏𝑃 −

(1 − 〈𝑧𝑘〉)𝑃
2

+ (𝑐 − 1))

2

+ 2(〈𝑧𝑘〉 ∑ 𝛿𝑗,𝑘
𝑃
𝑗=1 + 𝜏𝑘) ((1 − 〈𝑧𝑘〉) ∑ Λ𝑗,𝑘

2𝑃
𝑗=1 )

2(〈𝑧𝑘〉 ∑ 𝛿𝑗,𝑘
𝑃
𝑗=1 + 𝜏𝑘)

 

=
𝐻 + √𝐻2 + 𝑀𝑇

𝑀
∎ 
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where  

𝑀 = 2(〈𝑧𝑘〉∑𝛿𝑗,𝑘

𝑃

𝑗=1

+ 𝜏𝑘) ,𝐻 = (〈𝑧𝑘〉𝑏𝑃 −
(1 − 〈𝑧𝑘〉)𝑃

2
+ (𝑐 − 1)), 

𝑇 = ((1 − 〈𝑧𝑘〉)∑ Λ𝑗,𝑘
2

𝑃

𝑗=1

) 

B.10. Eq. (60), estimate of 〈𝒛𝒌|𝚯𝚲〉 

〈𝑧𝑘|ΘΛ〉 = 0 × 𝑝(𝑧𝑘 = 0|ΘΛ) + 1 × 𝑝(𝑧𝑘 = 1|ΘΛ) = 𝑝(𝑧𝑘 = 1|ΘΛ) 

〈𝑧𝑘|ΘΛ〉 = 𝑝(𝑧𝑘 = 1|ΘΛ)

=
𝑝(𝑧𝑘 = 1)𝑝(ΘΛ|𝑧𝑘 = 1)

𝑝(𝑧𝑘 = 0)𝑝(ΘΛ|𝑧𝑘 = 0) + 𝑝(𝑧𝑘 = 1)𝑝(ΘΛ|𝑧𝑘 = 1)


=
𝜋 ∏ 𝒩(Λ𝑗,𝑘|𝜃𝑗,𝑘)𝒢𝑎(𝜃𝑗,𝑘|𝑎, 𝛿𝑗,𝑘)𝒢𝑎(𝛿𝑗,𝑘|𝑏, 𝜙𝑘)𝑃

𝑗=1

(1 − 𝜋)𝒩(Λ𝑗,𝑘|𝜙𝑘) + 𝜋 ∏ 𝒩(Λ𝑗,𝑘|𝜃𝑗,𝑘)𝒢𝑎(𝜃𝑗,𝑘|𝑎, 𝛿𝑗,𝑘)𝒢𝑎(𝛿𝑗,𝑘|𝑏, 𝜙𝑘)𝑃
𝑗=1

 

B.11. Eq. (64), estimate of 𝚿 

𝑌 = ΛX + ε 

ε.,𝑖  ∼ 𝒩(0,Ψ), Ψ = 𝑑𝑖𝑎𝑔(𝜓1, … , 𝜓𝑝) 

Y ∼ 𝒩(ΛX,Ψ) 

〈𝑝(𝑦𝑗,𝑖|Λ, 𝑋,Ψ)〉 ∝  |𝜓𝑗,𝑗|
−

1
2exp(−

(𝑦𝑗,𝑖 −∑ Λ𝑗,𝑘〈𝑥𝑘,𝑖〉)
𝐾
𝑘=1

2

2𝜓𝑗,𝑗
 

Assuming that the residual precision has a conjugate (gamma) prior, 
1

𝜓𝑗,𝑗
∼ 𝒢𝑎(1, 1), 

then 

𝑝 (
1

𝜓𝑗,𝑗
) ∝

1

𝜓𝑗,𝑗

1−1
exp (−1 ×

1

𝜓𝑗,𝑗
) = exp(−𝜓𝑗,𝑗

−1). 

Posterior of 𝝍𝒋,𝒋
−𝟏|𝒀 is 

𝑝(𝜓𝑗,𝑗
−1|𝑌) ∝ 𝑝(𝜓𝑗,𝑗

−1)𝑝(𝑦𝑗,𝑖|𝜓𝑗,𝑗
−1) 
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∝ (𝜓𝑗,𝑗
−1)

𝑛
2𝑒𝑥𝑝 {−𝜓𝑗,𝑗

−1 −
(𝑦𝑗,𝑖 −∑ Λ𝑗,𝑘〈𝑥𝑘,𝑖〉)

𝐾
𝑘=1

2

2𝜓𝑗,𝑗
} 

∝ (𝜓𝑗,𝑗
−1)

(
𝑛
2
+1)−1

exp{− [1 +
1

2
(𝑦𝑗,𝑖 −∑ Λ𝑗,𝑘〈𝑥𝑘,𝑖〉

𝐾

𝑘=1

)

2

] 𝜓𝑗,𝑗
−1} 

 

𝜓𝑗,𝑗
−1|𝑌 ∼ 𝒢𝑎 (

𝑛

2
+ 1, 1 +

1

2
(𝑦𝑗,𝑖 −∑ Λ𝑗,𝑘〈𝑥𝑘,𝑖〉

𝐾

𝑘=1

)

2

) 

𝑙𝑛(𝑝(𝜓𝑗,𝑗
−1|𝑌)) ∝

𝑛

2
ln(𝜓𝑗,𝑗

−1) − [1 +
1

2
(𝑦𝑗,𝑖 −∑ Λ𝑗,𝑘〈𝑥𝑘,𝑖〉

𝐾

𝑘=1

)

2

]𝜓𝑗,𝑗
−1

 

𝜕𝑙𝑛(𝑝(𝜓𝑗,𝑗
−1|𝑌))

𝜕𝜓𝑗,𝑗
−1 =

𝑛

2𝜓𝑗,𝑗
−1 − [1 +

1

2
(𝑦𝑗,𝑖 −∑ Λ𝑗,𝑘〈𝑥𝑘,𝑖〉

𝐾

𝑘=1

)

2

] = 0 

𝜓𝑗,�̂� =
1 +

1
2 (𝑦𝑗,𝑖 −∑ Λ𝑗,𝑘〈𝑥𝑘,𝑖〉

𝐾
𝑘=1 )

2

𝑛/2
=

(𝑦𝑗,𝑖 −∑ Λ𝑗,𝑘〈𝑥𝑘,𝑖〉
𝐾
𝑘=1 )

2
+ 2

𝑛
 

Its matrix form is  

Ψ̂ = 
(𝑌 − Λ〈𝑋〉)(𝑌 − Λ〈𝑋〉)𝑇 + 2Ι

𝑛
=

𝑌𝑌𝑇 − 2𝑌〈𝑋𝑇〉Λ𝑇 + Λ〈𝑋〉〈𝑋𝑇〉Λ𝑇 + 2Ι

𝑛
∎ 

B.12. Eq. (61), estimate of 〈𝐥𝐧(𝛑)〉 

Posterior of 𝜋|𝑧𝑘is 

𝑝(𝜋|𝑍) ∝ ℬ𝑒𝑡𝑎(𝜋|𝛼, 𝛽)∏ℬ𝑒𝑟𝑛(𝑧𝑘|𝜋)

𝐾

𝑘=1

 

∝  (𝜋(𝛼−1)(1 − 𝜋)(𝛽−1))∏(𝜋𝑧𝑘(1 − 𝜋)(1−𝑧𝑘))

𝐾

𝑘=1

 

∝ 𝜋(𝛼+∑ 𝑧𝑘
𝐾
𝑘=1 )−1(1 − 𝜋)(𝛽+𝐾−∑ 𝑧𝑘

𝐾
𝑘=1 )−1. 

It shows that 𝜋|𝑧𝑘follows a beta distribution, 
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π|zk  ∼ ℬ𝑒𝑡𝑎(𝜋|𝛼 + ∑ 𝑧𝑘
𝐾
𝑘=1 , 𝛽 + 𝐾 − ∑ 𝑧𝑘

𝐾
𝑘=1 ). 

Therefore,  

〈ln(π)〉 = 𝜓 (𝛼 + ∑ 𝑧𝑘

𝐾

𝑘=1

) − 𝜓(𝐾 + 𝛼 + 𝛽)∎ 

where 𝜓 is the digamma function. 

 

Note, if 𝑥 ∼ ℬ𝑒𝑡𝑎(𝛼, 𝛽), then 

 

〈ln(𝑥)〉 = 𝜓(𝛼) − 𝜓(𝛼 + 𝛽), 

where  

𝜓(⋅)  is the digamma function 

𝜓(𝛼) ≡
𝑑

𝑑𝛼
ln Γ(𝛼) 
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APPENDIX C. R CODE FOR RECOVERY & RELEVANCE SCORE 

#------------------------------------------------------------------------------------------------------# 

#  This function is used to get indexes of non-zero elements in loadings and factors. 

#  These elements are supposed to be continuous. 

#------------------------------------------------------------------------------------------------------# 

nonzero_indexes=function(sparse_vector){ 

 

  INDEXES=NULL 

  for (i in 1:length(sparse_vector)){ 

    if (sparse_vector[i]!=0){ 

      first=i 

      break 

    } 

  } 

  for(i in 1:length(sparse_vector)){ 

    if (sparse_vector[length(sparse_vector)-(i-1)]!=0){ 

      last=length(sparse_vector)-(i-1) 

      break 

    } 

  }   

  if (last<first){ 

    print("something went wrong!!!") 

    txt=paste("(first=",first,"last=", last, ")") 

    print(txt) 

  }       

  INDEXES=c(first,last)   

  return (INDEXES) 

} 

#-----------------------------------------------------------------------------# 

#   A sparse loading and a sparse factor construct a bicluster. 

#-----------------------------------------------------------------------------# 
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get_clusters=function(lam.est, x.est,z.est, o.est ){ 

   

  # #add up all sparse loadings and get one sparse vector 

  # sparse_vector=rowSums(lam.sparse) 

   

  k=ncol(lam.est) 

  #or k=nrow(x.est) 

  CLUSTERS=list() 

  ind=1 

  for (i in 1:k){ 

    #both loading and factor are sparse 

    if(z.est[i]==1 & o.est[i]==1){ 

      LOADING_INDEXES=nonzero_indexes(lam.est[,i]) 

      FACTOR_INDEXES =nonzero_indexes(x.est[i,]) 

      CLUSTERS[[ind]]=list(LOADING_INDEXES, FACTOR_INDEXES) 

      ind=ind+1 

    } 

  }   

  return (CLUSTERS) 

} 

#R&R scores 

One_Run_RR_Score=function(true_clusters, est_clusters){ 

  #all true clusters 

  TRUE_CLUSTERS=list() 

  for (i in 1:length(true_clusters)){ 

    TRUE_CLUSTERS[[i]]=c(true_clusters[[i]][[1]][1]:true_clusters[[i]][[1]][2]) 

  }   

  #all est clusters 

  EST_CLUSTERS=list() 

  for(i in 1:length(est_clusters)){ 

    #[[1]]:loading, [[2]]:factor 

    EST_CLUSTERS[[i]]=c(est_clusters[[i]][[1]][1]:est_clusters[[i]][[1]][2]) 
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  }   

  #--------------------- 

  #  Recovery Score 

  #---------------------   

  sum=0 

  for(i in 1:length(TRUE_CLUSTERS)){ 

    max=0 

    for(j in 1:length(EST_CLUSTERS)){ 

      and=length(intersect(TRUE_CLUSTERS[[i]], EST_CLUSTERS[[j]])) 

      or=length(union(TRUE_CLUSTERS[[i]], EST_CLUSTERS[[j]])) 

      rst=and/or 

      if(rst > max) 

        max=rst 

    } 

    sum=sum+max 

  }   

  rec=sum/length(TRUE_CLUSTERS)   

  #-------------------- 

  #  Relevance Score 

  #-------------------- 

  sum=0 

  for(i in 1:length(EST_CLUSTERS)){ 

    max=0 

    for(j in 1:length(TRUE_CLUSTERS)){ 

      and=length(intersect(TRUE_CLUSTERS[[j]], EST_CLUSTERS[[i]])) 

      or=length(union(TRUE_CLUSTERS[[j]], EST_CLUSTERS[[i]])) 

      rst=and/or 

      if(rst > max) 

        max=rst 

    } 

    sum=sum+max 

  }   
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  rel=sum/length(EST_CLUSTERS)   

  return (list(rec, rel)) 

} 

Multiple_Runs_RR_Scores=function(OUTPUT_DIRS){ 

   

  #--------------------------------# 

  #    Estimated Z and LAM  

  #--------------------------------# 

  #list sub directories and each sub contains outputs of one run of BicMix 

  dirs=list.dirs(OUTPUT_DIRS, recursive=FALSE) 

  n.dirs = length(dirs) 

   

  RR_SCORES=NULL 

  for (i in 1:n.dirs){ 

    z.est = as.matrix(read.table(paste(dirs[i],"/Z",sep=""), header = F)) 

    z.est=z.est[1,] 

    o.est = as.matrix(read.table(paste(dirs[i],"/O",sep=""), header = F)) 

    o.est=o.est[1,] 

    lam.est=as.matrix(read.table(paste(dirs[i],"/LAM",sep=""), header = F)) 

    #lam.est.sparse=lam.est[ ,z.est==1] 

    x.est=as.matrix(read.table(paste(dirs[i],"/EX",sep=""), header = F)) 

    #x.est.sparse=x.est[o.est==1, ] 

     

    if (length(which(z.est==1))==0 | length(which(o.est==1))==0){ 

      print("No sparse loading or factor has been discovered") 

      next 

    }     

    est_clusters=get_clusters(lam.est, x.est, z.est, o.est)     

    if (length(est_clusters)==0){ 

      next 

  }     

    scores=One_Run_RR_Score(true_clusters,est_clusters) 
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    RR_SCORES=rbind(RR_SCORES,unlist(scores)) 

  }   

  return (RR_SCORES) 

}  

#------------------------------------------------------- 

FILES_DIR=" C:/Users/Nick/Y/" 

Y.TXT =paste(FILES_DIR,"Y.txt",sep="") 

Z.TXT =paste(FILES_DIR,"Z.txt", sep ="") 

O.TXT =paste(FILES_DIR,"O.txt",sep="") 

LAM.TXT =paste(FILES_DIR,"LAM.txt",sep="") 

X.TXT =paste(FILES_DIR,"X.txt",sep="") 

 

# 

#true biclusters 

# 

z.txt=as.matrix(read.table(Z.TXT, header = F)) 

z.txt=z.txt[1,] 

o.txt=as.matrix(read.table(O.TXT, header = F)) 

o.txt=o.txt[1,] 

lam.txt=as.matrix(read.table(LAM.TXT, header = F)) 

x.txt=as.matrix(read.table(X.TXT, header=F)) 

y.txt=as.matrix(read.table(Y.TXT, header=F)) 

 

#plot simulated Y  

plot(density(y.txt), main="Simulated Data \n  Noise~N(0, 1)", xlab="Y") 

plot(density(lam.txt), main="Simulated Data \n  Noise~N(0, 1)", xlab=expression(Lambda)) 

plot(density(x.txt), main="Simulated Data \n  Noise~N(0, 1)", xlab="X") 

true_clusters=get_clusters(lam.txt, x.txt, z.txt, o.txt) 

OUTPUT_DIRS="C:/Users/Nick/Desktop/2018 Red River Conference/Y/REF/" 

SCORES = Multiple_Runs_RR_Scores(OUTPUT_DIRS) 

Rec_avg=mean(SCORES[,1]) 

Rel_avg=mean(SCORES[,2]) 
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#plot R&R scores 

hist(SCORES[,1], main ="Distribution of R&R Scores", 

     xlab ="Recovery Scores" )  

hist(SCORES[,2], main ="Distribution of R&R Scores", 

     xlab ="Relevance  Scores" ) 

plot(SCORES[,1], SCORES[,2], main="sim1-low noise", xlab="Recovery", ylab="Relevance",  

     asp=0, xlim=c(0,1), ylim=c(0,1), col="red", lwd=2) 
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APPENDIX D. R CODE FOR DISTRIBUTION OF NUMBER OF GENES AND 

SAMPLES 

OUTPUT_REF_DIRS="C:/BicMix_NKI_Output/results" 

OUTPUT_DIRS = OUTPUT_REF_DIRS 

dirs=list.dirs(OUTPUT_DIRS, recursive=FALSE) 

n.dirs = length(dirs) 

runs = n.dirs 

#------------------------------------------ 

z_files= double(runs) 

o_files = double(runs) 

lam_files = double(runs) 

ex_files = double(runs) 

for(i in 1:runs){ 

  z_files[i] = paste("./result", i, "/Z", sep="") 

  o_files[i] = paste("./result", i, "/O", sep="") 

  lam_files[i] = paste("./result", i, "/LAM", sep="") 

  ex_files[i]=paste("./result", i, "/EX", sep="") 

} 

z_diverge = 0 

o_diverge = 0 

# Z = double(runs) 

# O = double(runs) 

Z.data<-list() 

O.data<-list() 

z_index = 1 

o_index = 1 

 

z_components = 0 

z_sparse = 0 

o_components = 0 

o_sparse = 0 
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for (i in 1:runs){ 

  # Z loadings 

  if (file.exists(z_files[i])){ 

    Z.data[[z_index]] = read.table(z_files[i], header = F) 

    compos = ncol(Z.data[[z_index]]) 

    sparse = length(which(Z.data[[z_index]][1,] == 1)) 

    z_components = z_components + compos 

    z_sparse = z_sparse + sparse     

    if (compos != sparse){ 

      print(paste("dense loadings recovered in file", z_files[i])) 

    } 

    z_index = z_index+1 

  } 

  else{ 

    z_diverge = z_diverge +1 

  } 

  #O factors 

  if (file.exists(o_files[i])){ 

    O.data[[o_index]] = read.table(o_files[i], header = F) 

    compos = ncol(O.data[[o_index]]) 

    sparse = length(which(O.data[[o_index]][1,] == 1)) 

    o_components = o_components + compos 

    o_sparse = o_sparse + sparse 

    if (compos != sparse) 

      print(paste("dense factors recovered in file ", o_files[i])) 

     

    o_index = o_index+1 

  }else{ 

    o_diverge = o_diverge +1 

  } 

} 

total_components = z_components + o_components 



66  

total_diverge = z_diverge + o_diverge 

total_dense_loadings = z_components - z_sparse 

total_dense_factors = o_components - o_sparse 

#------------------------------------------------------------------------------------- 

# Number of Genes in Estimated Lambda Matrix 

#------------------------------------------------------------------------------------- 

 

LAM.data<-list() 

lam_index = 1 

for (i in 1:runs){ 

  #LAM  

  if (file.exists(lam_files[i])){ 

    LAM.data[[lam_index]] = read.table(lam_files[i], header = F) 

    lam_index = lam_index + 1 

  } 

} 

 

length(LAM.data)   # number of objects in the list 

lengths(LAM.data)  # the length of each element in the list 

index = 1 

#lam_genes=double(sum(lengths(LAM.data))) 

lam_genes=double(sum(sapply(LAM.data, NCOL))) 

 

for (i in 1:length(LAM.data)){ 

  for (j in 1:ncol(LAM.data[[i]])){ 

    lam_genes[index] = length(which(LAM.data[[i]][,j] != 0)) 

    index = index + 1 

  } 

} 

hist(sqrt(lam_genes), main ="Distribution of The Number of Genes", 

     xlab ="sqrt(Genes in Loadings)" )  

plot(density(sqrt(lam_genes)), main="Distribution of The Number of Genes",  
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     xlab = "sqrt(Genes in Loadings)") 

 

#------------------------------------------------------------------- 

# Number of Samples in Estimated Factor Matrix 

#------------------------------------------------------------------- 

EX.data<-list() 

ex_index = 1 

for (i in 1:runs){ 

  #EX  

  if (file.exists(ex_files[i])){ 

    EX.data[[ex_index]] = read.table(ex_files[i], header = F) 

    ex_index = ex_index + 1 

  } 

} 

length(EX.data)   # number of objects in the list 

index = 1 

ex_samples=double(sum(sapply(EX.data, NROW))) 

for (i in 1:length(EX.data)){ 

  for (j in 1:nrow(EX.data[[i]])){ 

    ex_samples[index] = length(which(EX.data[[i]][j, ] != 0)) 

    index = index + 1 

  } 

} 

hist(sqrt(ex_samples), main="Distribution of The Number of Samples",  

     xlab = "sqrt(Samples in Factors)") 

plot(density(sqrt(ex_samples)), main="Distribution of The Number of Samples",  

     xlab = "sqrt(Samples in Factors)") 


