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Abstract

The actualization of real-time economically optimal process operation requires proper
integration of real-time optimization (RTO) and dynamic control. This dissertation
addresses the integration problem and provides a formal design technique that prop-
erly integrates RTO and model predictive control (MPC) under parametric uncer-
tainties. The task is posed as an adaptive extremum-seeking control (ESC) problem
in which the controller is required to steer the system to an unknown setpoint that
optimizes a user-specified objective function.

The integration task is first solved for linear uncertain systems. Then a method
of determining appropriate excitation conditions for nonlinear systems with uncer-
tain reference setpoint is provided. Since the identification of the true cost surface
is paramount to the success of the integration scheme, novel parameter estimation
techniques with better convergence properties are developed. The estimation routine
allows exact reconstruction of the system’s unknown parameters in finite-time. The
applicability of the identifier to improve upon the performance of existing adaptive
controllers is demonstrated.

Adaptive nonlinear model predictive controllers are developed for a class of con-
strained uncertain nonlinear systems. Rather than relying on the inherent robustness
of nominal MPC, robustness features are incorporated in the MPC framework to ac-
count for the effect of the model uncertainty. The numerical complexity and/or the
conservatism of the resulting adaptive controller reduces as more information becomes
available and a better uncertainty description is obtained.

Finally, the finite-time identification procedure and the adaptive MPC are com-
bined to achieve the integration task. The proposed design solves the economic op-
timization and control problem at the same frequency. This eliminates the ensuing
interval of “no-feedback” that occurs between economic optimization interval, thereby

improving disturbance attenuation.
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Chapter 1

Introduction

Optimization has become a key area in control theory due to the increasing need to
optimize plant operations. The optimization criterion could be to reduce operating
cost or maximize profit while at the same time meeting product specifications. Con-
sequently, the control engineer is faced with the tasks of designing a good controller,
and also making sure the plant operates at an optimum. With the advent of better
controllers (that guarantee good plant control), the focus has now shifted to the regu-
lation of processes about conditions that provide maximum profitability. Such a task
is usually tackled using a supervisory control technique. One such technique that
has received considerable attention in the process industry is real-time optimization
(RTO) [

In the traditional hierarchical control (Figure [Il), an upper optimization layer
uses a steady-state rigorous model of the plant to compute economic target values
that optimize a given objective function at regular intervals, say in a period of a
few hours to a few days. The steady-state optimal operational points are passed
to a lower layer called advanced process control (APC) for implementation. The
APC, usually a predictive controller, uses a dynamic process model to ensure that

the plant operates within the desired limits or near optimum efficiency. In the two-
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Figure 1.1: Layered structure of control hierarchy

layer approach, the RTO only calculates new set-points when the plant is stabilized.
Hence, during the period between the optimizer executions, the presence of varying
external disturbances can cause the optimal values to shift thereby rendering the
plant operation suboptimal. Also, the fact that the two layers usually employ different
process models may generate a conflict between the reference values and the controller
predictions.

To avoid these shortcomings and thereby obtain improved economic benefits, the
steady-state RTO in the aforementioned hierarchical structure could be replaced with
a dynamic real-time optimization [3,H]. Another solution would be to combine the
two separate layers, i.e., to solve the steady-state optimization and control problem

together [B,6]. Despite the fact that the two layers consist of well established tech-



nologies, their full integration remains a non-trivial task. The solution of the resulting
optimization problem and the stability analysis of the system in closed-loop becomes
complicated.

Since modelling uncertainty inevitably exists in industrial problems, our interest
is on the optimization and optimal control of processes under parametric uncertainty.

The objectives of this thesis are to

1. provide a formal scheme that integrates real-time optimization and model pre-

dictive control by solving an adaptive extremum seeking control problem,

2. develop a parameter adaptation algorithm that guarantees online identification

of the true objective function with minimal variability.

Model predictive control (MPC) is the most widely used advanced control strategy
in the process industry [7]. Its popularity is largely due to its ability to handle
constraints and multivariable interactions. MPC optimizes a given objective function
by using process model to predict system’s evolution and compute a sequence of
optimal control actions. The combination of RTO and MPC results in an extremum
seeking control (ESC) algorithm, that adjusts plant parameters so as to optimize
some performance criteria.

Extremum-seeking control (ESC) can be viewed as a dual control methodology,
having optimum seeking and control features. ESC provides a way of implementing
on-line optimization in a control system. The technique is very useful when an uncer-
tain performance function is to be optimized to determine optimal process set-points.
The performance function can be the output of a plant or an economic function of
the system’s variables. This thesis is focused on adaptive (model-based) extremum
seeking techniques. In particular, we consider the class of ESC problems introduced
in [§] where the structure of the objective function is employed in the design. In

contrast to black-box approaches (see [9] for example), no direct measurement of the



objective function is available but must be inferred through the measurements of
the state variables and the estimation of model parameters. Examples of this type
of problem arise when the objective function reflects profit or cost estimates which
are seldom available for measurement. Such a function normally involves economic
prices such as operating costs and values of products aside from the system states
and unknown parameters.

In ESC, the magnitude of the gradient of the performance function is controlled
to a setpoint of zero, which results in a local minimum (or maximum) of the func-
tion under the condition that the objective function is locally convex (or concave).
However, the uncertainty associated with the function makes it necessary to use some
sort of adaptation and perturbation to search for the optimum. Since the efficiency
of any ESC algorithm depends on its ability to generate sufficient information about
the process during the adaptation procedure, this thesis provides techniques for pre-
dicting the optimal operating conditions and simultaneously steering the system to

them in an optimum fashion.

1.1 Thesis Outline

This thesis is structured as follows. A review of the current literature that is relevant
to the proposed research work is presented in Chapter 21

Chapter B presents a control algorithm that incorporates RTO and MPC tech-
niques to solve an output feedback extremum seeking control problem for a linear
unknown system. The development of the controller consist of two steps. First, the
optimum setpoint that minimizes a given performance function is obtained via an
update law and secondly, the control input that drives the system to the optimum is
computed. State estimation filters and a parameter update law are used at each itera-

tion step, to update the unknown states and parameters in the optimization scheme.



The resulting controller is able to drive the system states to the desired unknown
optimum by requiring a Lyapunov restriction and a satisfaction of a persistency of
excitation condition.

Chapter ll addresses the problem of parameter convergence in adaptive extremum
seeking control design. An alternate version of the popular persistence of excitation
condition is proposed for a class of nonlinear systems with parametric uncertainties.
The condition is translated to an asymptotic sufficient richness condition on the ref-
erence setpoint. Since the desired optimal setpoint is not known a priori in ESC
problems; the proposed method includes a technique for generating perturbation sig-
nal that satisfies this condition in closed-loop. The method guarantees parameter
convergence with minimal but sufficient level of perturbation.

Chapter B presents a parameter estimation routine that allows exact reconstruc-
tion of the unknown parameters in finite-time provided a given excitation condition
is satisfied. The robustness of the routine to unknown bounded disturbances or mod-
eling error is also shown. The result is independent of the control and identifier
structures employed. The true parameter value is obtained without requiring the
measurement or computation of the velocity state vector. Moreover, the technique
provides a direct solution to the problem of removing auxiliary perturbation signals
when parameter convergence is achieved.

Chapter @ wraps up the result on closed-loop identification by exploiting the finite-
time identification procedure to improve upon the overall performance of existing
adaptive control algorithms. This is achieved by modifying standard stabilizing adap-
tation laws to guarantee exponential stability of closed-loop system provided the PE
condition is satisfied. The convergence rate of the algorithm depends linearly on the
adaptation gain and a measure of the system’s excitation.

Chapter [ focuses on the control aspect of the proposed integration task. A

method is proposed for the adaptive model predictive control of constrained nonlinear



system. Rather than relying on the inherent robustness properties of standard NMPC,
the developed techniques explicitly account for the transient effect of parametric es-
timation error by combining a parameter adjustment mechanism with robust MPC
algorithms. The parameter estimation routine employed guarantees non-increase of
the estimation error vector. This means that the controller employs a process model
which approaches that of the true system over time. These estimates are used to
update the parameter uncertainty set at every time step, resulting in a gradual re-
duction in the conservative and/or computational effects of the incorporated robust
features.

The extension of the adaptive MPC design to systems subject to exogeneous
disturbances, in addition to parametric uncertainties is presented in Chapter B To
avoid the undesirable behaviours such as poor transient performance and burstiness
associated with adaptive controllers under external disturbance input, the parameter
estimates are only updated when an improved value is obtained.

Based on the results in Chapters Bl to [, the full integration procedure for con-
strained uncertain nonlinear systems is demonstrated in Chapter @l Both a single-
layer and a two-layer approaches are presented. A setpoint update law that converges
to the optimum of the constrained RTO problem is developed by the use of interior
point barrier functions and Newton’s method. Robust adaptive MPC strategies based
on finite-time identification are employed for the controller calculations.

Finally, Chapter [ summarizes the contributions made by this thesis and outlines

directions for future research.



Chapter 2

Literature Review

The relevant literature for this thesis is briefly reviewed in this section. Special
attention is paid to model predictive control, extremum seeking control and closed-

loop identification.

2.1 Real-time Optimization

One of the key challenges in the process industry is how to best operate the plant
under different conditions such as feed compositions, production rates, energy avail-
ability, feed and product prices that changes all the time. Real-time optimization
(RTO), which refers to the online economic optimization of a process plant, is a
widely employed technology to meet this challenge. RTO attempts to optimize pro-
cess performance (usually measured in terms of profit or operating cost) thereby
enabling companies to push the profitability of their processes to their true potential
as operating conditions change.

The popular RTO is based on the assumption that model and disturbance tran-
sients can be neglected if the optimization execution time interval is long enough
to allow the process to reach and maintain steady-state. A typical RTO system in-

cludes components for steady-state detection, data acquisition and validation, process



model updating, optimization calculations and optimal operating policies transfer to

advanced controllers.

2.2 Model Predictive Control

Model predictive control (MPC) or receding horizon control (RHC) is a family of
control that utilizes a process model along with cost factors and optimum target
operating point to calculate process control moves that drives the plant to the most
economic constraints while ensuring stable operation. The control technique has
proven to be extremely successful in the process industry. Linear (and nonlinear)
model predictive control remains the industry standard with increasing number of
reported applications and significant improvements in technical capability [T0,1TL[1].

Consider the time-invariant nonlinear system of the form

#(t) = f(x(t), u(t)) (2.1)

subject to the pointwise state and input constraints z(¢) € X C R™ and u(t) € U C
R™ respectively. The vector field f : R™ x R™ — R"* satisfies f(0,0) = 0, the set
U is compact, X is connected and (0, 0) € (X, U).
MPC algorithms optimize the future plant behaviour and satisfy the given con-
straints by solving the following finite horizon open loop optimal control problem:
+T

min J = /t L(2P(7), uP(7) )dr + W (2P (t + T))
such that 2P(7) = f(aP(7),u" (7)), 2P(t) = x

2P(r)eX, uP(r) e U

P(t+T) € Xy (2.2)

where (.)P denotes the predicted variables (internal to the controller). The stage cost



L(xP, uP) is a semi-definite positive function. The terminal penalty W (a?(t+T)) and
terminal constraint 2?(t + 1) € X; are included for stability considerations.

At each time step, the solution to the optimal control problem ([Z2) is found over
a certain prediction horizon, T', using the current state of the plant or its estimate as
the initial state. The optimization yields an optimal control sequence and the first
control action is implemented on the plant until the results of the next update are
available.

Model predictive control is part of the multi-level hierarchy of control structure.
Using a numerical optimization scheme as an integral part of the structure allows
great flexibility, especially concerning the incorporation of constraints. Though such
optimization over a finite horizon does not guarantee stability and performance, con-
siderable research has been devoted to address these shortcomings. Linear MPC
theory and related issues such as closed-loop stability and online computation have
been well studied and characterized [I2,[[3]. Over the past few years, nonlinear
model predictive control (NMPC) schemes with some favorable properties have been
developed. The theory related to stability of state and output feedback NMPC have

reached a point of relative maturity, see for example [T4,[T5] and [16,17 for review.

2.2.1 Closed-loop Stability of NMPC Based on Nominal Model

A general sufficient condition for closed-loop stability of MPC based on nominal

models is given below [I6].

Criterion 2.1 The terminal penalty function W : Xy — Rsg and terminal set Xy

are such that there exists a local feedback ky : Xy — U satisfying

1. 0e Xy C X, Xy closed
2. W(x) is positive semi-definite and continuous with respect to x € R™

3. ]{Zf(l’) el Vx e Xf



4. Xy is positively imvariant under ky
5. L(z,ks(2)) + DY f(z,kp(2)) <0, Vo € Xy,

The conditions are primarily concerned with the selection of terminal region Xy
and terminal penalty term W (.). Condition Hrequires W (.) to be a control Lyapunov
function, over the (local) domain Xy, and dissipates energy at a rate L(z,ks(.)).
This criterion, which is able to re-cast many of the available MPC frameworks with
guaranteed stability [I8], provides a means of checking whether a given MPC scheme
guarantees stability a-priori. Stability is proven by showing strict decrease of the
optimal cost function J*, which is a Lyapunov function for the closed-loop system.
The domain of attraction for the controller is the set where the optimization problem

is feasible.

2.2.2 Efficient Computational Techniques

Computational efficiency is a critical issue in NMPC design because the real-time
implementation of the algorithm requires the completion of a non-convex nonlinear
optimization procedure within the time constraints dictated by the sampling period
of an application. Increasing research efforts are now directed to developing compu-
tationally efficient algorithms for NMPC implementation [T9R20,2T]. It is not the aim
of this thesis to focus on computation issues, however, its importance in practical

implementation is recognized.

2.2.3 NMPC for Uncertain Systems

The quality of the model used in MPC is crucial to the performance of the controller.
The assumption that the prediction model is identical to the actual model is unre-
alistic. Although, due to the receding horizon policy, a standard implementation of

MPC using a nominal model of the system dynamics exhibits nominal robustness to
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sufficiently small disturbances [22,23], such marginal robustness guarantee may be
unacceptable in practical applications. Present model/plant mismatch and distur-
bances must be accounted for in the computation of the control law to achieve robust
stability:.

One way to cope with uncertainty in the system model is to employ robust MPC
methods, which explicitly account for system’s uncertainties. Since robust controllers
(in general) cannot learn changes in the plant, their performance is limited by the
quality of the model plus the uncertainty description initially available. On the other
hand, adaptive control has the potential to improve system performance as it updates
the model online based on measurement data. However, practical applications of
adaptive controllers are limited by the conflicting objective of parameter estimation
and control. This could lead to a worse transient performance than a non-adaptive
controller when poor estimates are used. Moreover, the controller may induce large

transient oscillations in an effort to improve the estimation quality.

Robust Model Predictive Control

Robust techniques have been employed in MPC designs to reduce the sensitivity of

the controller to uncertainty. Consider the following uncertain system

T = f(x,u,v) (2.3)

where 9(t) € D represents any arbitrary bounded uncertainty or disturbance signal.
Many robust MPC techniques have been proposed to stabilize the uncertain system
for all possible realization of the disturbance ¥(t) € D. These include approaches
based on nominal prediction [2422 25 and those based on min-max or worst-case

techniques [26,27].

The nominal based approach in [22] uses global Lipschitz constants to compute

11



worst-case upper bound on the distance between a solution of the actual uncertain
model and the nominal model. These bounds are then used to redefine the terminal
region and constraints in a way that guarantees robust feasibility of the closed-loop
system. The controller proposed in [25] is based on the concept of reachable sets. The
approach uses a local procedure to approximate the sets that contain the predicted
evolution of the uncertain system for all possible uncertainties. Then, a dual mode
MPC strategy is proposed to robustly stabilize the system. The methods based on
nominal prediction have similar computational complexity with standard NMPC but
exhibit a higher level of conservatism.

The min-max approach modifies the online optimal problem (ZZ) by minimizing
the worst case value of the objective function, where the worst case is taken over
¥ € D. In general, when MPC incorporates explicit model uncertainty, the result-
ing online computation will likely grow significantly. Min-max or worst case MPC
approaches can be overly conservative especially when applied in open loop. This
is because the algorithm tries to find a single control sequence that works well in
open loop for all admissible disturbance realizations. A well embraced method for
reducing conservatism in open loop min-max scheme and improve performance is to
introduce some form of feedback in the prediction [I6,E26]. This can be achieved by
parameterizing the control sequence in terms of the system’s state. Unfortunately,
such optimization with respect to closed-loop strategies is intractable (in most cases)
since the problem size grows exponentially with the size of the problem data.

In general, robust MPC is designed to meet control specifications for the “worst
case” uncertainty. This approach may not always achieve optimal performance, in
particular, if the worst case scenario rarely exists. Other approaches, such as adaptive

control may yield a better performance.
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Adaptive Model Predictive Control

Adaptive MPC is an attractive way to handle static uncertainties that can be ex-
pressed in the form of constant unknown model parameters. While a few results are
available for linear adaptive MPC [28,29], only a small amount of progress has been
made in developing adaptive NMPC schemes.

Consider the parameter-affine nonlinear system of the form

&= f(z,u,0) = f(z,u)+ g(z,u)0 (2.4)

2 £(2) + g1 (2)u+ go(2)0 (2.5)

The result in [30], implements a certainty equivalence nominal-model MPC feed-
back to stabilize (4]) subject to an input constraint u € U. Assuming the availability
of the state vector i, the identifier guarantees parameter convergence when an exci-
tation condition is satisfied. It is only by assumption that the true system trajectory
remains bounded during the identification phase. Moreover, there is no mechanism to
enhance the satisfaction of the PE condition and thereby decrease the identification
period.

In [B1], an input-to-state stable control Lyapunov function (iss-clf) was used to
develop a MPC scheme that provides robust stabilization for (ZH) in the absence
of a parameter estimation algorithm, and ensures asymptotic stability of the closed-
loop with parameter adaptation. However, the work only deals with unconstrained
nonlinear systems.

In general, the design of adaptive nonlinear MPC schemes is very challenging be-
cause the “separation principle assumption” widely employed in linear control theory
is not applicable to a general class of nonlinear systems, in particular in the presence
of constraints. Moreover, it is difficult to guarantee state constraints satisfaction in

the presence of an adaptive mechanism. A true adaptive nonlinear MPC algorithm
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must address the issue of robustness to model uncertainty while updating the system’s
parameters.

Recent work [32] has focused on the use of adaptation to improve upon the perfor-
mance of robust MPC for constrained nonlinear systems. A set-valued description of
the parametric uncertainty is directly adapted online to reduce the conservativeness
of the robust MPC solutions, especially with respect to the design of the terminal
penalty and constraints. The parameterization of the feedback MPC policy in terms
of the uncertainty set and the underlying min-max feedback MPC used in the study
make the controller’s computation very challenging. The result can be viewed as a
conceptual result that focus on performance improvement rather than implementa-
tion. The idea of coupling set-based identification with robust control calculations was
extended in [33] to a less computationally complex robust-MPC framework. While
the full performance of the min-max framework could not be recovered, the work

demonstrates that the approach is amenable to any robust-MPC design.

2.3 Integrated Real-Time Optimization
and Control

In the conventional layered optimization-control strategy, an upper (or supervisory)
real-time optimization (RTO) layer computes optimal operating values and a lower
layer (or control) implements them. The RTO is based on a steady state plant
model and it is only executed when the plant is stabilized. The control problem is
solved apart from the optimization problem at different frequencies and using different
models. Since the two layers may not be dealing exactly with the same information,
there may be some conflict and the predicted optimal operational point is often sub-
optimal.

The integration of RT'O and control for an optimal plant operation is still an open

14



research problem. There have been attempts in the literature to address the integra-
tion task in a systematic way. The only results are focused on specific applications.
No theoretical foundation such as stability and performance analysis of the integrated
scheme exists. The proposed techniques can be classified into two main classes, based

on the frequency of RTO execution and the type of model employed.

1. Single level strategy, integration of steady-state RTO and Linear
MPC In this approach, the economic optimization and control problems are
solved simultaneously in a single algorithm. model-based predictive control is
formulated to perform both functions by adding an economic objective term to
standard MPC objective function [B6]. The resulting problem involves solv-
ing a nonlinear objective function subject to dynamic and steady-state con-
straints. Implementation of the extended controller relies on extensive tuning
of the weighting factors for stability and performance. Extensive simulations
are needed to select appropriate values for the weighting factors [6] unlike in
linear MPC where robust tuning techniques are available. The one-layer ap-
proach could respond to changes in the plant optimal conditions faster than
the two-layer approach. However, the method is only applicable to plants that
have relatively short settling time and can be effectively described with a linear

model.

2. Two level strategy, integration of dynamic RTO and nonlinear MPC
This method attempts to account for dynamic nonlinear behaviour of produc-
tion plants. It involves an upper level dynamic economic optimization and a
lower level nonlinear MPC [3,ELB4]. The RTO problem need not be solved at
each sample time, but based on disturbance dynamics or plant condition. A
technique based on disturbance sensitivity analysis is embedded into the two
level strategy to trigger the dynamic RTO computation when persistent dis-

turbances have been detected that have high sensitivities [BE]. This approach

15



considers dynamical models in the RTO and recomputes feasible set-points only
if economic benefits are possible. Since the performance of the approach de-
pends on the interaction between the two layers, the scheme may still suffer
some disadvantages due to the different dynamical models used in the two lay-

ers approach.

2.4 Extremum Seeking Control

Extremum seeking (also known as peak seeking or self optimizing) control is a class
of adaptive control that deals with regulation to unknown set points. The control
algorithm finds the operating set-points that maximize or minimize a performance
function. The pioneering work in ESC was documented in 1922 [35] and several
applications of ESC have been reported since then [36,37,B8,B9,40,4T,42]. However,
it was not until the early 2000 that solid theoretical foundations for the stability and
performance of ESC for a given scheme were established [8943]. The main difference
between the existing ESC algorithms lies in the formulation of the problem. The

existing methods can be broadly classified into model-free and model-based methods.

2.4.1 Model-free Methods

In this class of ESC, the objective function is available for online measurement but has
an unknown structure. The function is described in terms of unknown parameter(s)
and it is assumed that there exists a control law that is capable of stabilizing the
system over a range of the parameter(s). The most popular schemes under this
category are the methods based on perturbation.

Perturbation method was introduced in [35], and a number of perturbation based
techniques and applications are available in the literature [B6,B8A4]. Since the idea of

extremum control is to stay at the optimum of a given objective function, this class of
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ESC uses an excitation signal to obtain information about the gradient of the function
given the state of a process. A basic form of the extremum seeking scheme [44] is
shown in Figure EZJI A known perturbation signal is added to the input of the
controlled system to induce a cyclic response in the performance function. Then, the
functional signal response is passed through filter(s) to design an online update law,
which determines the sign of the gradient (derivative of the function with respect to
the parameter) and the parameter estimate is adjusted in the proper direction. A
successful application of the scheme is based on an appropriate choice of the filter

parameters, the perturbation signal parameters and the adaptation gain.
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Figure 2.1: A basic model-free extremum seeking scheme

The stability and convergence properties of the perturbation method were pre-
sented in [9]. The problem is separated by time scales, assuming that the controlled
system (the plant dynamics and the stabilizing controller) is fast with respect to
the peak seeking loop (filters and the periodic perturbation). The stability analy-
sis adopts the methods of averaging and singular perturbation. It is shown that the
plant output (performance index) converges to a neighborhood of the extremum when
the initial plant output error is sufficiently small. An extension of the algorithm to

multivariable parameter space was developed in [45] and a generalization of the basic
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scheme to slope seeking is presented in [46]. Instead of seeking a point of zero slope
as in extremum seeking, the technique seeks a reference slope and allows the system
to operate at a point of arbitrary slope.

Another perturbation method was developed and applied to formation flight in
[0, Similar to [BY], a perturbation signal is introduced into the loop to facilitate
the gradient estimation. The difference is that a modified Kalman filter is used in
the peak seeking loop instead of classical frequency domain filters and the actual
gradient of the performance function is estimated instead of the direction towards
the extremum.

From the above discussion, it is noticed that the knowledge of the system model
and the structure of the performance function is not required to develop the feedback
scheme. Hence, the design can be regarded as a model-free adaptive control method.
However, the assumption that the plant comes complete with a robust tracking control
law is restrictive. In most cases, especially for nonlinear systems, a good knowledge
of the system model may be required to design such a robust controller. In fact, the
two applications mentioned above used the nonlinear dynamical model in developing
the control law. A natural question one may ask is: why couldn’t the same model or

knowledge of the model be used in the ESC design if it is available?

2.4.2 Model-based Methods

If a good parametric model of the performance function is found and its parameters
are identified, it is possible to perform far more efficient optimization than would
be possible with the knowledge of only a gradient estimate. Some researchers have
embraced this idea and developed ESC algorithms for nonlinear systems in which the
performance function may not be directly measurable for feedback but it has to be a
known function of the system’s state parameterized by unknown parameters [g].

The performance index is assumed to be smooth and convex for all admissible
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range of parameters and an update law is used to determine the parameters of the
surface online. Once the parameters are identified, the location of the extremum
on the surface is known which makes the method very fast compared with the non-

parametric methods.
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Figure 2.2: A basic model-based extremum seeking scheme

The overall scheme is presented in Figure Unlike the techniques reviewed in
Section EZZ.T] where the plant is assumed to come complete with a robust stabilizable
control law, a feedback control algorithm that is capable of simultaneously seeking
the extremum and tracking the dictated setpoint is developed. Lyapunov based tech-
niques are used in the design of the optimum seeking scheme. The resulting controller
is able to drive the systems states to a neighborhood of the desired optimum by re-
quiring a satisfaction of a persistence of excitation (PE) condition. This class of ESC
has been successfully applied to the maximization of production rate in a continu-
ous stirred tank bioreactor [A2]. A variant of the Lyapunov based extremum seeking
framework is reported in [A7] and an extension of the scheme to constrained nonlinear

systems is presented in [A§].
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Other articles about optimum searching using the structure of the performance
index include F9B0]. The approach presented in [50] approximates the performance
index by an assumed function with a finite number of parameters. Specifically a
quadratic function or an exponential of a quadratic form is assumed to fit the opti-
mized function. A stable extremum seeking controller is designed based on the affine
nature of the gradient and without assuming the time scale separation between the

system dynamic and the gradient search.

2.5 Closed-loop Identification and Control (CLIC)

The efficiency of any ESC scheme depends on the convergence properties of the adap-
tive algorithm utilized. Convergence of the system’s output response as well as that
of the estimated parameters to their true values are essential. One approach to tackle
the problem of parameter convergence in model-based ESC is to develop a technique
that is simultaneously capable of identifying the system’s model parameters and at
the same time tracking the desired reference value. In this section, issues related to
persistence of excitation in identification are discussed and control systems that have

the elements of duality (identification and control) are reviewed.

2.5.1 Background

Consider an input-output data sequence {u(k)} and {y(k)}. The objective of system
identification is to find the best model to fit the data. If we consider the deterministic

autoregressive exogenous (DARX) model structure

y(k) = Z aiy(k — i)+ bk — i) + w(k) (2.6)

=1
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where y(k) is the output, u(k) is the input, a; and b; are constant unknown parameters
while w(k) = w + €(k), w is a constant disturbance and € is a zero mean white noise
with variance o2. If we let

‘9:[@1 oL Qp bl bmw]T

and

pk—1)=[yk—-1) ... ylk—n) u(k—1) ... u(k—m) 1)*

then we can write equation (Z0) in the standard regression form as
yk)=o¢(k —1)"0+ek), k=1,....,N (2.7)
or in vector form as
Y =070+ ¢ (2.8)

where Y is the vector of output measurements, ® is the matrix containing past outputs
and inputs, # is the unknown constant parameter vector and e is the error vector.
Equation () can be solved in a least-squares sense. The solution of the various
least-squares algorithms requires the inverse of the matrix ®®7. For example, a
least squares estimate of ¢ that minimizes the cost function V() = 1€”€ is given by
6 = (®@®T)~1®Y. The accuracy of the parameter estimate can be quantified by its

covariance estimate

P=E{(0—0)(0-0)"} = (207) 57 (2.9)

~

where 6 is an estimate of the parameter. Looking closely at equation (Z9), it is

essential that the information matrix ®®7 be non-singular and it is desirable that
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the matrix be large enough, since the parameter estimate covariance is inversely
proportional to it. This leads to the idea of persistence of excitation (PE). A unique

solution of () is guaranteed if the information matrix ®®7 is invertible and bounded

[511.

2.5.2 Closed-loop Identification and Control Strategies

CLIC algorithms are designed to cautiously achieve the control goal and at the same
time improve parameter estimation. One of the early techniques for CLIC is termed
adaptive dual control (ADC). In this method, a measure of estimation accuracy is
transmitted online from the estimator to the control design algorithm [52]. The formal
solution to the proposed optimal ADC problem involves solving stochastic dynamic
programming equations, that are computationally prohibitive due to the growing
dimension of the underlying space [53]. To avert this problem, sub-optimal dual con-
trollers have been developed based on the approximation or reformulation of the prob-
lem. While the approximation techniques still inherit some level of complexity and
computational disadvantages, the methods of reformulation provides a more compu-
tationally feasible approach. The reformulated ADC algorithms are mainly based on
the simultaneous or sequential minimization of a two-part cost function [b4,65H6.H3.

The function minimized is of the form

TEPC = T8+ N T (2.10)

where \; > 0 is a time dependent weighting factor. The first part J is a measure of
control losses while the second part J is a measure of parameter uncertainty. The
uncertainty measures suggested in the literature include the the determinant of the
parameter covariance matrix [b3] and innovation or prediction error cost, that reflects

the need to gather as much information as possible about the unknown parameters
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[56].

In a similar approach [57], the control is chosen to minimize a one-step ahead
output variance subject to the constraint that the trace of the information matrix
be positive. An improved dual adaptive technique termed bicriterial design method
was presented in [BABD]. In this scheme, the cost function ([ZI0) is split in to two,
J¢ and J)¢, and minimized sequentially. The resulting technique provided an intu-
itive and easy way of selecting the magnitude of the excitation as a function of the
uncertainty measure. There is no doubt that these adaptive dual control techniques
would improve the adaptation and may even result in parameter convergence. How-
ever, convergence to their true values is not guaranteed if the control systems do not
ensure the invertibility of the information matrix, which is a sufficient condition for
parameter convergence.

Another CLIC approach is iterative feedback control, that emerged in the nineties
to bridge the gap between system identification and robust control design for lin-
ear systems. The basic idea of the feedback control is to iteratively use operational
data to re-design a controller in order to improve closed-loop performance. The de-
sign techniques can be viewed either as iterative model-based or model-free controller
redesign. The model-based design approach [B8] involves successive model and con-
troller iteration. The system is observed under fixed feedback for a period of time,
after which identification and control redesign is performed by minimizing a perfor-
mance criterion that accounts for both the identification and control objectives. Since
the controller is fixed during the identification experiment, a persistently exciting ex-
ternal signal is injected to the loop to guarantee closed-loop identifiability. In the
model-free method, the iterative identification and control scheme is reformulated as
a parameter optimization problem, in which the controller parameter is estimated
directly, thereby eliminating the identification step. The optimal controller param-

eter is obtained by minimizing a control performance criterion via a gradient based
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scheme. At each iteration, an estimate of the gradient of the criterion is computed
using information from closed-loop experiments with the most recent controller in the
loop. A comprehensive overview of this approach termed iterative feedback tuning
can be found in [R9].

To handle system constraints during closed-loop identification, a technique that
combines least squares parameter estimation and linear model predictive control was
introduced in [60]. The framework termed “model predictive control and identifi-
cation” (MPCI) is based on a finite horizon optimization problem that minimizes
a quadratic objective function subject to standard linear MPC constraints and PE
constraint. The main distinguishing feature between MPCI and MPC is that the
online optimization is performed, at each time step, with respect to process inputs
that satisfy a PE constraint formulated in terms of the process inputs. The imple-
mentation of the algorithm follows the typical MPC fashion. The feasibility of the
online optimization problem ensures the dual action of the controller. Even though
the work is focused on linear systems, the online computation involved in the solution
of the algorithm remains a concern due to the non-convexity of the PE constraint [G1].
The advantage of this simultaneous MPC and identification method in comparison to
other CLIC techniques is that input and output constraints are handled explicitly and
the direct inclusion of the PE constraint results in a closed-loop identification with
a minimum loss of regulation performance. An extension of the work to nonlinear
system would require a PE condition that is formulated in terms of only the process

input or desired reference setpoint.

2.5.3 Persistence of Excitation Requirement for CLIC

In both linear and nonlinear adaptive systems, parameter convergence is related to
the satisfaction of persistence of excitation condition, which can be defined in the

continuous time as follows.
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Definition 2.2 [64[63]: A vector function ¢ : RT — R™ is said to be persistently

exciting if there are positive constants ci, co, and Ty such that
t+To
el > / o(T)p(T) dT > eI, Y t>0 (2.11)
t

Although the matrix ¢(7)é(7)T may be singular at every instant 7, the PE condition
requires that ¢ span the entire ng— dimensional space as 7 varies from ¢ to Tj, that
is, the integral of the matrix ¢(7)¢(7)? should attain full rank over any interval of
some length Tj. Though this condition is difficult to check because of its dependency
on closed-loop signals, this shortcoming has been remedied for linear systems.

In adaptive linear systems, the PE condition was converted to sufficient richness
(SR) condition on the reference input signal. Necessary and sufficient conditions for
parameter convergence are then developed in terms of the reference signal. A popular
result implies that exponential convergence is achieved whenever the reference signal
“contains enough frequencies”, i.e., whenever the spectral density of the signal is
nonzero in at least ng points, where ny is the number of unknown parameters in
the adaptive scheme. Otherwise, convergence to a characterizable subspace of the
parameter space is achieved [64].

Despite the fact that the theory of parameter convergence for linear systems is
well established, very few results are available for nonlinear systems. This is mainly
because the familiar tools in linear adaptive control cannot be directly extended
to nonlinear systems. In most of the available results, stability and performance
properties are proved by assuming that a vector function, which depends on closed-
loop signals is persistently exciting. However, the means of verifying this PE condition
a priori for a given nonlinear system remains an open problem, in general.

The first attempts to relate a closed-loop PE condition to a SR condition on

the external reference signal for nonlinear adaptive control systems are presented
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in [65.66]. Though the papers did not provide a generic answer as in linear case,
they have some interesting results. In [65], a procedure is provided for determining
a priori whether or not a specific reference signal is sufficiently rich for a specific
output feedback nonlinear system, and hence whether or not parameter estimates
will converge. A similar result was obtained in [66] for strict feedback systems. For
the strict feedback case, the procedure only involves checking the linear independence
of the rows of an appropriately defined constant real matrix. Exponential parameter
convergence is guaranteed when the matrix is full rank and a partial convergence
result is established when the rows of the matrix are linearly dependent. Neither of the
techniques developed are directly applicable to ESC problems because the reference
signal in this class of problem is not well known in advance. Nevertheless, the main
result in [6665] is that the presence of nonlinearities in the plant usually reduces
the SR condition requirement on the reference signal and thus enhances parameter

convergence.

2.5.4 Excitation Signal Design

The accuracy of an identified model, depends on the choice of input signal. In most
cases, the input signal is required to be persistently exciting. The optimal identifi-
cation signals have been recognized to be either white noise, pseudo-random binary
sequences or multi-sine signals. Nevertheless, it is intuitively clear that excitation at
some frequencies is likely to be more useful than excitation at other frequencies.
Different optimization criteria have been proposed for generating persistently ex-
citing inputs. In the early work on identification, a matrix of input and output
measurements called the Fisher information matrix was defined and a D-optimality
criterion which consists in maximizing the logarithm of the determinant of this matrix
is used. However, this information criteria does not always accurately measure the

amount of information that can be extracted from a system [67]. A criterion based
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on the maximization of the smallest eigenvalue of the average information matrix was
proposed in [68]. The selection of this criteria was motivated from adaptive control
literature, where the rate of parameter convergence in a number of the adaptive esti-
mation schemes is bounded from below by the smallest eigenvalue of the information
matrix determined by the regressor vector [69]. Maximizing the smallest eigenvalue
will produce a reasonable convergence rate for the adaptive algorithm. Using a first
order linear system example, [68] compared the input signal that maximizes the de-
terminant of the information matrix, the minimum eigenvalue and the inverse of the
matrix condition number. It was shown that the determinant based criterion leads
to a rather poor input design. The main reason for its popular use is probably the
simplicity of computation of the associated optimal input. However, the findings
that are based on a simple example, must be carefully extrapolated to more general
situations.

Perturbation signals have been used in adaptive control to enforce PE condition on
the reference input and thereby ensure parameter convergence. The downside of this
is that a constant PE deteriorates the tracking of the reference input leading to poor
control performance. A common approach is to introduce such PE signal and remove
it when the parameters are assumed to have converged. In some cases the dither
signal (often a multi-sine signal) is modulated with an exponential function to ensure
that the perturbation signal dies out gradually. However, there is no formal guideline
for selecting the exponential parameter that dictates the rate of disappearance of
the dither signal. Furthermore, if the system’s unknown parameters change due to
disturbances or any other reasons, convergence may not be guaranteed except when
the excitation is manually re-activated.

To address the above shortcomings, the concept of intelligent excitation signal
design was developed in [7(J] for model reference adaptive control of linear systems

and extended to feedback linearizable systems in [(1]. The proposed design attenuates
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the PE signal as parameter convergence is achieved and re-activates it only when
required. The intelligent excitation algorithms adjust the excitation magnitude on-
line to meet the conflicting objectives of control and identification by exploring the

relationship between parameter estimation error and the state variable errors.
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Chapter 3

Integration of RTO and Linear
Output Feedback MPC

3.1 Introduction

As discussed in Section B3], the theoretical issues related to the integration of RTO
and control for an optimal plant operation has not been well dealt with. This chapter
focuses on the economic optimization and control of uncertain linear systems. Even
though most processes are nonlinear, linear process models are developed and used
in the control of chemical processes and research has shown that this model is often
adequate for control of some nonlinear systems. The result has been published [72]
under the title “Adaptive Output Feedback Extremum Seeking Receding Horizon
Control of Linear Systems”.

The formulation consists of two-phase optimization problems that are solved at
every sample time. Assuming that a suitable functional expression for the plant profit
is available, which in some applications, may depend on unknown plant parameters,
the first phase (RTO) takes the current value of the parameter estimates and calcu-

lates the optimal value which maximizes the economic objective. The second phase
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(MPC) solves the dynamic finite horizon optimal control problem that regulates the
output to the desired target value computed by the RTO. A basic representation of
the proposed scheme is given in Figure Bl The design achieves dynamic tracking of

the unknown optimum and ensures both transient and asymptotic performance.

v
Extremum Seeking

! t Output
Controller npu »- Plant utpul
Set point
update law
(RTO)
Estimated PState & -
state & parameters arameter |«
- Estimator
ISS control . > ISS-CLF
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= Design
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Figure 3.1: Basic structure of the proposed extremum seeking scheme

3.2 Problem Description

Consider an objective (profit) function of the form
Yp = DY 0p) (3.1)

where 0, € RP is a parameter vector that satisfies

2
Qﬂ%@zg%l<ayeR} (3.2)

@e%:{@ew’ 2
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The objective function depends on the output of the linear plant

bmsm—l—---—l—bls+b0
U
S" 4+ Gy 1S 4+ a1s + ag

(s) (3.3)

y(s) =

where the q; ’s and b; 's are unknown constants.
The condition given in (B2) ensures that the performance function p(y,6,) is
strictly concave, which means that the objective function y, achieves its maximum at

a unique point y*. This study is carried out under the following basic assumptions.

Assumption 3.1 The plant is minimum phase, the relative degree p, an upper bound

for the plant order n and the high frequency gain are known.

Assumption 3.2 The unknown parameter 0, € RP in [BIl) consists of some of the
constants a = [ap_1...ao]" and b= [bp_y...bo]"
The control objective is to design a controller that finds and tracks the optimum value

of the system’s state. Such optimal operating conditions must yield the maximum

value of the uncertain objective function (BII).

Remark 3.3 The convezity assumption is necessary to ensure that the optimum of
the performance function is obtained. The function may not satisfy this assumption
on a global basis but it can be approzimated by some convex functions when the process
18 sufficiently close to the optimum. The assumptions about the plant are the same
as in the traditional adaptive control. The minimum phase assumption is required for

the design of the output feedback controller.

31



3.3 Design Procedure

Let us re-write (B33)) in the observer canonical form

Op—1)x1
T = Ax+ u—ya (3.4)

b

T
y = &

where €; is a row vector of appropriate dimension with i** entry of one and zero

elsewhere.
0 1 0 i i i i
bm Ap—1
A = b= a=
0 1
b() Qg
0 0 B N B N
or
i = Azr+g(y,u) O (3.5)
y = Ta
O(p—1)x (m+1) b
g(y7 u)T - u, —Ipy em -
]m—i-l a
(m+n+1)x1
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3.3.1 State Estimation

Following the procedure in [73], the following state estimation filters are employed for

the system.
¢ = AoC + Ly
OF = A,Q" + g(y,u)"
where the vector L = [I;,...,1,]" is chosen so that the matrix

AQZA—LE{

1s Hurwitz. The state estimate is defined as

t=C+Q%,

and the dynamics of the state estimation error e = z — & becomes

é=Ax+ g(y,u) 0, — [AoC + Ly + A" 0, + g(y,w) "0,

= A(] [SL’ — (C + QT0m>:| = Aoe

This implies that e vanishes exponentially.

(3.8)

(3.9)

(3.10)

To lower the order of the Q-filter dynamics, we can exploit the structure of the

matrix g(y,u) in 7). If we denote the first m + 1 columns of QT by v,,, ..

., Vg and

the remaining n columns by =, then the dynamics of the Q-filter are governed by

T —_
Q" = [vm, ..., 01,00, ]
v = A(]Uj —|—€n_ju ] = 0, ,m
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Moreover, due to the special structure of A, the filter can be implemented according

to [3] as follows.

n = Am+e,y (output filter) (3.11a)
A = A\ +e,u (input filter) (3.11Db)
= = — [Aon_ln, o Ao, 17] (3.11¢)
¢ = —A"n (3.11d)
v; = —AdN j=0,....m (3.11e)
Q' = [vm,...,v1,00,Z] (3.11f)

3.3.2 ISS Controller Design via Backstepping

The existence of an iss control Lyapunov function ensures that the plant B4 is
input-to-state stabilizable with respect to parameter estimation error. Such a control
Lyapuov function (CLF) will be used to develop a terminal constraint that guarantees
the performance of the proposed extremum seeking receding horizon control (ESRHC)
algorithm.

The iss controller design begins by considering the first equation in (B,

=Ty — Gn_1y = Ty — Y. @ (3.12)

Replacing x5 by its estimate

By = Go 4 Qgym + €2 (3.13)
= CQ -+ bmvm,g + [0, Um—1,2, -+ -, V0,2, 5(2)] Hm + €9 (314)
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results in
y - C2 + bmvm,g + ¢T¢9 + €9 (315)
where the regressor vector, ¢, and the unknown parameter 6 are defined as

—_ T
¢ = [Um_l’g, ..., 00,2, :(2) - yé‘f} (316)

0= [bm_l,...,bo,aln_l...,alO]T. (317)

Let us choose v,, 3 as the “virtual control’ because both v,, o and the unmeasured state
xq are separated by only p—1 integrators from the actual control u. Considering (B1H)

and ([BI) for j = m, the design system chosen to replace (B is

J = G+buUnz+o 0+e (3.18a)

Uma = Uns— laUn (3.18Db)
(3.18¢)

Omp-1 = Ump— lp—1Um 1 (3.18d)
Omp = Umpr1 — lpUma1 +u (3.18e)

Given a constant setpoint, y”, to be tracked, our goal is to achieve input to state

stability (iss) of the tracking error

n=y—y

with respect to the parameter estimation error . The dynamics of the tracking error
are given as

21 = mem,2 + C2 + ¢T‘9 + é9.
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Let
2 = bpUm,; — iy, fori=2,... p. (3.19)
For zy = b,,Uy,2 — a1, we choose
ar=—c1z1 — 121 — G2 — ¢Té — ki¢" ¢z, 1 >0, g1 >0
to obtain
= —c1z — 1o+ ea+ 00 — kg bz + 2 (3.20)

which will be asymptotically stabilizing if 0, e5 and z, were zero. Consider a Lyapunov
function

1
‘/1 - 52’/%’

taking the time derivative of V; along (B20) results in
“/1 = —012% — 912% -+ €221 -+ (bTéZl — ]{51¢T¢Z% + Z1292. (321)

Using the fact that

—ptren< oo ad on —hoTost < [0
equation (BZI) becomes
Vi< —e2? 4~ —||A] + 2120 (3.92)
4g: 4k,
Note that a; is a function of y,y", 1, 9, Um—12; - -+, Vo2 and in view of (BII), v;; can
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be expressed as

Vi = [*7 ceey K ]-] S\H-ja

where \, = [)xl,...,)\k]T and \y = 0 for £ > n. It is therefore concluded that

=@ (y, Yy, n, é, 5\m+1>~ Also, as it will be seen later, a; = (y, Yy, n, é, Xmﬂ-).

Remark 3.4 In the proposed ESRHC' development and implementation, the unknown
plant parameter vector 0 is replaced by its estimated value 0 at every time step. This
s assumed to be time invariant over the prediction horizon. Since the iss-clf is used
as a terminal constraint to guarantee performance of the receding horizon controller,

it is sufficient to consider 6 = 0, with 6 = 0 in the iss-controller design.

Step 2: Differentiating (BI9) for ¢ = 2 along the second equation in (BIH), we obtain

22 = bmvm3 52

aal (¢T0 + oL, + e2>

8
=23+ ag — [Py — ;; (qu@ + ¢T92 + 62> from (B19)

where (5 is a function of available signals given by
ooy (s dag . o day
P = bploUp,1 + —— 3y <¢ O, + 0302 + G2 +mem2> + - n =0+ o, (TRiAL T Aj) -
g=1 "

Choosing Vo = Vi + 323 and
aOél

aOél

) 10]1? 22 —koa (— 3y

Oa
g = —C222—a( ayl) Z2+52—21—k21( )?[|pallPz2, 2 >0, g2 >0

results in

. 1 1 = 1~
V, < — 2 2 —V 2 —V 2
< —erst+ b+ I+ Il
1 1~ 1~
2 2 2 2
_ 2|2+ |6 .
R e R owd L Ml Vo 2 R
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Steps 3 ...p—1. Fort=3...p—1

zZi = mem,i — 1,

. 0% ~ Oa;_ ~
2y = mem,i+1 Bi — ! <¢T9 + 62) = Ziy1 t oy — Bi — ! <¢T9 + 62) )
dy
. 8042'_1 TA 8041 . mil 80&
Bi = by 5 (¢> 0 Gt butma) + b 30 T (hsha o A,
L,
Vi=Viaa+ 5%
O = —CiZy — gi(%)%’i + 06 — zio1 — ki(%)2||¢||22i> ¢ >0, gg>0
dy 8y
L 1 2 da g 2
- . -
vV, < Z —az + @ez 5+ 0702 — kio" o2} — 8Jy 270 — Z [ 8Jy zj] killol?,
=1 =2 7j=2
< Z —asf + 1o+ eI+ s,

step p. Now for i = p, define z,, 2,, 3,, o, as in the previous step, z,41 = 0 and

P
1
V=) §z (3.23)

J=1

Designing the iss control law as
U = — [, — bV pi1] s (3.24)

and defining z = [21, ..., 2|7, C=cl,fori=1...p,G=Y" gand K = >0 | k

we have

Viss — %ZTZ, (325)
. 1 71
Viss < IOy + EQ + ng@Zl — k’lﬁbTCbZ%
o P
a1 s Oaj_y 2
— E 8—sz¢ 0 — E {a—y | killell® (3.26)
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1 1~
< _T 2, 2 _
< —z Cz+4G62+4KH9H (3.27)

This implies that the error dynamic z is bounded whenever 6 and e, are bounded.
Hence, (B2H) is an iss-Lyapunov function candidate for the extremum seeking problem
under consideration. Since z; and y” are bounded, y is also bounded. This follows
from (BI0) that n is bounded. Following the argument presented in [(3], it can be

shown that A is bounded which implies the boundedness of .

3.4 ESRHC Formulation and Analysis

3.4.1 Formulation

The formulation consists of two-phase design procedure as described below.

First Phase (RTO)

At every time step ¢, the maximum value of the objective (profit) function (BII) is
obtained via an online setpoint update law as follows.

Consider a Lyapunov function candidate

N 2
1 Op(r,0,)

where r denotes an optimal setpoint for the output y. Taking the time derivative of
Vsp, we have
Ve

op|0*p. IPp ;
a2 T oo |
r orao,

Choosing the update law as

0*p ! op Pp
.__ (9P L IR =0 3.29
' (87"2) [k or " aroi, % g (3:29)
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leads to

. op\ >
Vip< =k (57 - (3.30)

Equations (B2R) and (B30) imply that r approaches the (f,-dependent) optimal
setpoint y* exponentially.
To provide some richness condition on the setpoint, we append it with a bounded

dither signal d(t) and define an approximate setpoint

y'(t) = r(t) +d(t).

In general, d(t) is chosen to contain at least ny (ng=number of unknown parameters)
distinct frequencies, required for parameter convergence. Other specific details will

be given later.

Second Phase (MPC)

At this step, a finite horizon optimal control problem is solved subject to the system
dynamics and terminal state inequality constraints at every time step with the esti-
mated plant states x(t) as initial condition. The goal of this phase is to minimize a
given cost while ensuring that the system output y tracks the reference setpoint "
dictated by the first phase.

To this end, let us re-write (B4) as

i = Az + € bnu + gly,u)"0 (3.31)
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where

0p><m
I,
and define the cost
t+T5,
J = / ()Oz(7) + u(r) Ru(r)dr + 27 (t + T,) Pz(t + T,) (3.33)
t

where P and R are positive definite weighting matrices, 7, is the length of the pre-

diction horizon and

y' = r+d(t), (3.34a)
2 = 11—y, (3.34Db)
Zi = Ti— a1, 1=2...p, (3.34c¢)
o = —cz1 — 121+ E;F%Héxl, (3.34d)
a1 = —(ci1+gim1)zic1 — Zico + Qo + Eflﬂ-ézcl. (3.34e)

The proposed ESRHC scheme is given by:

min J(z,0,uP) (3.35a)

s.t i = Az + € bpu + g(xy,u)' 0 (3.35b)
w(t) = 2(t), 6=0(t) (3.35¢)
V({E+T,) <V*({t+1T,). (3.35d)

The function V is the value of the CLF resulting from the application of ESRHC
and V¢ is the value of the CLF that results from the application of the iss controller.

Constraint (B35dl) guarantees that the states under the ESRHC are brought within
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the level set of the iss-controller at the end of the prediction horizon, thereby ensuring
that the state variables under the ESRHC remain bounded. By (B332d) the optimiza-
tion problem is initialized by the estimated state, and the unknown parameters 6 in
(B354al) and [B35H) are replaced by the estimated values 0. The optimizer computes
the required control moves over the horizon. The input w(t) is implemented on the
plant at time ¢. An estimate of the unmeasured state £ and the unknown parame-
ters é(t) are obtained via an observer and a parameter update law respectively. The
horizon is shifted forward and a new optimization problem is solved at the next time
step t + & with the new = = (¢t + 6) and § = 0(t + ). The control u(t + 0) is applied
at time t + ¢ and the process is repeated. In general, it is assumed that the time step

length 6 can be chosen to be arbitrarily small.

3.4.2 Analysis

The stability and performance of the proposed scheme is demonstrated in the follow-

ing. Consider the function
1 t+Tp
W(z(t) =2"(t+T,)P2(t+T,) + 5 / 2(0)'Cz(0)do (3.36)
t

where P = 11 and z(.) is the error trajectory resulting from the ESRHC. This function
is positive definite and it is radially unbounded if the system’s CLF V = %ZTPZ is
positive definite and radially unbounded.

For 7 € [t,t + d], eq. (B30) becomes

W(z(r)) = 25 (1 + T,)Pz(t+T,) + 3

+1p

/T T o) Clo)do + /t o Z(J)TCz(a)da]

(3.37)

42



However, from (BZH), we have

p

riss 1 N davj 0
Vs < T0z + Eeg + o7z — ; a—ﬂyzﬂe (3.38)
which when integrated over [t + 1), 7 4+ T,] results in
1 T+T)p T+Tp
—/ 2(0)'Cz(0)do <V (t+T,) — V(T +1T,) + / Y(o)do
2 t+Tp t+Tp
where
1 1 . " Do .
T = —§zTCz + Eeg + ¢T0z — 2. 8—jylzj¢T9
Hence, equation (B31) becomes
T+Tp
W(z(1)) < W(z(t)) —i—/ T(o)do
t+T,

dividing both sides by 7 — ¢t and taking the lim sup as 7 goes to ¢ results in

W(z(t)) < T(t+T,) (3.39)
Closed-loop Analysis
Re-write (B31) as
@ = Az + Bu(x)™C —ya, x(t) = 2(t) (3.40)
T = Az + Bu(2)HC —ya, x(t) = i(t) (3.41)
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where B = fib + &,b,

bo Qo

The state error dynamic & = x — Z between ([BZ0) and BZ) is
I(t) = AZ + Bu(2)®HC 2(t) = 2(t) — 2(t) (3.42)
and the solution of (B4J) for 7 € [t,t + T, is
i(r) = eATVE(t) + /t ' A7) Bu(i(0))*do (3.43)

RHC

The solution u resulting from the ESRHC scheme has been shown to be piecewise

affine [74], i.e.,
u(t) = kx(t) +m; (3.44)

forz(t) € C; = [v: His <s;] i=1,...,5 where U;_, C; is the set of states for which
a feasible solution to the finite horizon optimal control problem (second phase) exists.

Therefore,
w(Z(t)) = kiz(t) + ¢ (3.45)
If we let k := max; || k;||, € :== max; |¢;|, Then (EZH) becomes

w(@(t)) < k||7]|(t) + & (3.46)



When ||Z]| > 1, |u| < (k + &)||Z]|. Also, when 0 < ||Z|| < 1, and € sufficiently small,
there exists v > 0 such that |u| < (k+ v)||Z||. So, without loss of generality, it is
assumed that

(@) < L|E@)], L:=max(k+é k+v)

Then, using Bellman Gronwall Lemma, (BZ3) results in
|z (r)]| <e" )| +/ "7 w||z(0)|ldo < ol|Z(1)] (3.47)
t
where w = L||B|| and ¢ = exp (—w@ + we™™).

Parameter Estimation

We define the predicted state, z, as
T, =C+070,,
Considering (B8) and ([B1), the predicted state dynamic is given as
Za = AgC + Ly + 40070, + 9(y, u)Tém (3.48)

Noting that ¢(y,w)"0,, = g(y,u)"0+e,b,u and by, is assumed known, the prediction

error e, = * — I, dynamic results in
o =gy, u)T0 + Ageq. (3.49)
Consider a Lyapunov function

Vilt) =W (0) + 5T (1) Poelt) + ek (1) Qoealt) + 507 (0 '0(0)  (3:50)
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where I' = I'" > 0, Qo and P, are real symmetric positive definite matrices that
satisfy PyAg + AL Py = — 0?1 and QoAy + AYQo = —1I respectively. Taking the time
derivative of V; along the solutions of (BI0) and (B:Z9) we have

2

VA() SY(+T5) — Ze(t)Te(t) — 07 (T 0(t) - %ef(t)ea(t) + e (H)Qo gly, u)Th(t)

G
1, ; o T
=-3% (t+T,)Cz(t+1T1,) + 4Gez(t+T)+v(t+T)9(t+Tp)—5e(t) e(t)
— T (OT0(8) — ST (0)ealt) + €T(1) Qo gy, w) A0 (351)

where

80éj_1

dy

(t+T,)p" (t +Tp,)z(t +T,).

M-

<
[|
N

vt +T,) =" (t+T)u(t+T,) —

It is deduced from (BZD) that |le(t+T,)|| < ol|e(t)] since it is initialized by the state
estimates obtained via (B) at the beginning of the prediction horizon i.e. Z(t) = e(t).

It follows that

AT < L
and since €3(t) < el (t)e(t),
L) — Zeelr) < —i%e(t)Te(t).

Moreover, considering the fact that there is no adaptation along the prediction hori-

zon, we have 0(t + T,) = 6(t). Collecting the terms in equation (B5I)) with respect
to é, we obtain

39

T 15 e
—elt)e(t) = el (Wealt) + [ — 07| 0

(3.52)

Ti(t) < —%z(t FTYTCt+T,)
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where ¢ = eI Qo g(y, u)T +v(t +T,).

The parameter adaptation rule is selected to ensure that [w — 9TF_1] 6 < 0 and
that the parameter estimates remain in some given set. This is achieved by using a
standard parameter projection law. Refer to [73] for more details.

Defining ¥ = I'YpT, the update law is given by

6 — Proj {é, xy} (3.53)

W, if 4] <7 or <||é|| = 7 and VP(0)¥ < O)

>, otherwise
[vP@[

where P(é) =070 — 7% < 0, 6 is the vector of parameter estimates, 7 is a positive
definite symmetric matrix.
The properties of the projection operator ensures that the parameters are bounded

and that

Vi(t) < — %z(t +T) Ot +T,) — %QQe(t)Te(t) — T () Keu(t) (3.54)

From (BX14), it is concluded that z, e, e, and 6 are uniformly bounded and that

z, e and e, converge to the origin asymptotically.

Parameter Convergence

From the previous sub-section, it is established that e, converges to zero, hence,
I €alo)do = —e,(0) exists and is finite. Also, from [BZJ), it is known that é,
is a function of bounded signals v, u,0 and é, is bounded. Hence, €q, is uniformly

continuous. By Barbalat’s lemma [73], it is concluded that é, — 0 as t — oo. This
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implies that
tlim gy, u)'6 =0 or tlim 075 (y, u)g(y, u)T0 = 0.

If §(y,u)g(y,u)” is positive definite, then the parameter error f converges to zero
asymptotically. However, this condition is not always true because g(y,u)g(y,u)T
can be singular at any given time. The integral of g(y,u)g(y,u)” for t — oo is

considered. It then follows that over any bounded interval of length 0 < T < oo that

lim — /t o (6(r)"g(m)a(r)"0(r) ) dr = 0 (3.55)

In order to prove the convergence of 6 to zero, a condition on the richness of the

dither signal d(t) is required.

Definition 3.5 (Persistence of Excitation) The closed-loop dynamics exhibit per-
sistency of excitation (PE) if there exists constants Ty > 0, cpp > 0 and a sequence
{t;} with t; — 0o as i — oo such that the following is true

1 ti+To

— g(Mg(r)Tdr > cppl (3.56)
T /..

Lemma 3.6 Consider the adaptive system, eq.BA), with receding horizon controller

eqs.(B30a)-B3ad), the adaptive law BL3), the state observer [B). If the dither
signal d(t) is chosen such that the PE condition B20) is satisfied, then the parameter

estimation error 0 converges to zero asymptotically.
The proof of this result is given in Section B

Theorem 3.7 Consider the objective function ([BIl) subject to the system dynamics
B3, and satisfying the given assumptions. If the dither signal d(t) satisfies the per-
sistence of excitation condition ([B50), then the ESRHC (B35a)-B35d), the state
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observer BX) and the parameter update law [BDJ) solves the extremum seeking prob-

lem.

Proof:

It follows from the stability analysis that z; =y —y" — 0 as t — oco. If d(t) is
designed to satisfy the PE condition (BX50), then it is concluded by Lemma B that
lim;_.. 8 = 6. Hence y converges to a neighborhood of the optimal setpoint r* whose

size depends on d(t). |

3.4.3 Transient Performance of the ESRHC

Corollary 3.8 The tracking error z of the closed-loop dynamical system is bounded

by
1

7= )\mln(C)

Izll, < 24/7V1(0), p =2 or oo,

Proof: L, Performance:

1212 = /OTP () z(r)dr + /OO () 2(r)dr

Tp
From [B5d) we know that z(t+1,)7z(t+1T,) < —2+V;. Since V} is non-increasing,
/ 21(7)2(7)dr < 29 [Vi(T;,) — Va(o0)] < 29V4(0) (3.57)
Tp

Also from (B34), we have
Ty
/ 21 (T)z(1)dr < 2y [W(2(0)) — 2" (T,,) P=(T,)] (3.58)
0
Equations (BX1) and [B5]) lead to

215 < 29 [W(2(0)) + Vi(0)] (3.59)
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Noting from (BA0), that W (z(0)) < V1(0) concludes the L5 norm proof. The proof

for L., performance follows from ([Bh0) and the fact that V] is non-increasing. [

Remark 3.9 From above, it is clear that the transient performance depends on 9,
e(0), e.(0), 2(0), G, Py and I'. We can set z1(0) to zero by setting §"(0) = y(0) and

use the other tuning functions to systematically reduce the bounds.

3.4.4 Controller Implementation and Tuning

In this subsection, we provide a brief discussion of the design and tuning parameter

that are needed for the implementation of the proposed controller.

e Tuning parameters
There are some design parameters that must be selected by the user. These in-
clude the prediction horizon length 7T}, control horizon length 77, sampling time
and the parameter adaptation rate I'. The choice of prediction and control
horizon length depend on the amount of time available for on-line computation.
When more time is available, the horizons can be extended. The sampling time
selected depends on the dynamics of the system considered. For example, a
plant with fast dynamics will require a small sampling time in order to capture
the evolution of the state and output variables. The parameter update rate
should be chosen large enough to provide some robustness to the estimation
routine. The rate of convergence of the state estimate is determined by the
choice of the vector L in equation (BE) and it must be selected so that the

matrix Ay is Hurwitz.

e Choice of dither signal.
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In this study, the dither signal considered is of the form

N1 N2

d(t) = Z ay; sin(wy;t) exp(—aqt) + Z ag; cos(wa;t) exp(—ant).
i=1 1=1

The amplitudes aq;, as; were chosen as random numbers while the frequencies
w1;, wa; were selected as distinct random numbers. The number of the different
frequencies, N; + Ny was chosen to be equal or greater than the number of
parameters to be estimated. The sinusoidal signal is modulated with an expo-
nential function to ensure that the perturbation signal dies out as t — oo. A
sufficiently small value of « is required; in general, it is selected as a <<< 7,
where 7 is the process time constant. For most applications, the choice of the in-
put dither signal that provides sufficient excitation remains difficult to evaluate

a Priori.

3.5 Simulation Examples

3.5.1 Example 1

To illustrate the procedure developed, consider a linear system represented by the

transfer function
1

Gls) = s(s+0)

where 6 is an unknown constant parameter. The control objective is to maximize the

objective function

yp =p(y,0) =1 — 0y — y>.

It follows that the performance function reaches its maximum at y = y* = —0/2 since
2
o0) — —f — 2y and TLL = —2,
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Following the design procedure, we re-write the plant in the state space form ([B4) as

jfl = T2 —Hl'l

i’gzu

The filters are implemented as

ﬁ:A0n+€2y7 E:_[Aon]v U:)‘v

A= Aoh +e,u, ¢ =—Ag*n

-l 1
Ay =

—ly 0

and the state observer as

B = —(B =l Ol)m + (= O+ M

Ty = —(laly — Oly)m + lamy + A

Defining, z; and z; as in the design procedure,

. 1
Vs — 5(zf + 23) (3.60)

The predicted state is generated by

fi'la =Ty — éy +my (21 — Z14)

Zl;fga =u-+ mg(xg — i’ga)
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and the adaptive laws are designed as

4

0, if |0 <10 or

16]| = 10 and 200 < 0

i—
0,  otherwise
o .
V=T ¢z — a—ylml — (21 = d10)y
O A
¢ = (lam —y), 8—y1 =—c —d; +0.

The formulation of our optimization is as follows

u

min J = / T ) 2(r) + u() T Ru(r)dr + 2+ T))(t 4 T)
subject t(t)

iy = a0 —0xy,  z(t) =y(t), 0=0(t)

o =u, xo(t) = To(t)

V(t+T,) <V*(t+T,)

zn=11—Y, ZH=I-0

o = —c121 — 1741 + 0y

where the function V(.) = (2} + 23), the setpoint y" is obtained from the first
optimization step as y” = r+d(t) with r = —0/2. The setpoint r can also be generated
from the dynamical equation 7 = —1(2r + 0+ é)

The parameters used in the simulation are selected as [y = Iy = my = mqy = 1,

Cl = Cy = 5, d1 = d2 = 01, I' = 0432, 1’1(0) = 01, ZL’Q(O) = 05, é(O) = —0.2 and
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The dither signal is chosen to be d(t) = 0.1sin(3¢) exp(—0.2t). The exponential term
appearing in the dither signal ensures that the excitation signal d(¢) disappears as t
increases. The prediction and control horizons length are chosen as 7, = 1. = 1 and

a sampling time of 0.2 is used for the simulation experiment.
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Figure 3.2: System’s trajectories under ESRHC. (a) state z1, (b) performance function y,,
(c) parameter estimate 6, (d) control input

Figure B2 shows the states, performance function, parameter estimate and control
input from the simulation. From the above discussion, it is clear that the optimum
occurs when the state x; = 0.5 and xo = —0.5. Figure BZ(a) shows that the states
x1 and x5 converge to their optimum values. Also, the parameter estimate converges
to the actual parameter value of § = —1. This suggests that the proposed control
action (d) provides sufficient excitation for the system. Moreover, it is seen that the

performance function in (b) achieves its maximum value of 1.25.
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3.5.2 Example 2 - Reactor Dynamics

Consider the following linearized model for a non-isothermal continuous stirred tank
reactor (CSTR) where a first order, irreversible exothermic reaction A — B is carried

out [FA[76]. The dynamic of the reactor is given as

i = Az + Bu (3.61)

y=[10]z

where z is a vector of the reactor temperature and concentration, and u is the coolant

flow rate. The matrix A and B are as follows:

E/(RT*2 N —AHyyn k(T
—f =+ (CAH) (T Oy SR
A =
— e k(T)C5 —& — k(T)
T*_Tcin
B B —21 X 105W
0

The expression for the reaction rate is given by k(T*) = Ky,e~F/FT") wwhere K,
is the kinetic constant of the reaction and E/R is the activation energy. We assume
that 0, = k(T*) and 6y = E/RT* are not known and use the proposed scheme to
adaptively stabilize the system to the unknown setpoint (7, C) that maximizes the
function

1
Yy = —ivepc;? + yFC40C%, 0, >0, v =0.9

This economic function is designed to ensure that C'4 stabilizes at a value that guar-

antees 90 percent conversion of reactant A.
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The specific parameters and operating conditions used for the simulation are F
= 1m?/min, V = 1m?, T, = 365K, C4y = 2.0kmole/m?, C, = lcal/(g K), p =
10%g/m?, -AH,.,,, = 130x10°¢ cal/(kmole).

The true values of the unknown parameters are chosen as ¢; = 9min~! and 0y =
21.07. The coolant flow is restricted to 13 < u < 17 m?/min. The initial values used
are C4(0) = 0.084 kmol/m?, T(0) = 385.27 K, 6;(0) = 12 min~! and 6,(0) = 10 while
the target optimal values are C% = 0.2 kmol/m? and T* = 395.27K. Other design
parameters used are prediction horizon length 7, = 0.8min, control horizon length 7.
= (0.5min, sampling time = 0.1min, estimation parameters {; = 1, [y = 0.5, [';; = 0.72,
['yy = 1.72 and perturbation signal d(t) = (0.5sin 9t + sin 7t) e 7%t + 0.7 cos 6t e 703,

Figure represents the controlled reactor trajectories. The simulation result
shows that the adaptive ESRHC stabilizes the system states to the required steady-
state values and the economic function reaches the optimum in a reasonable time.
The parameter estimates 91 and 92 converge to the true values of 9 min=! and 21.07
respectively. The control input also converges to the appropriate steady-state value
and satisfies the given bounds.

To access the robustness of the proposed ESRHC algorithm to model uncertainties,
the developed controller and estimators based on the linearized model are applied on

the original nonlinear reactor dynamics [75]:

dT aFr+t —(E/RT)
VpCp— = pCp,F(Ty — T) — ———— (T — Tein) + (—AH, ) VK,e Cy
dt F _'_ CLFC
¢ 2pcChe
dCx ~(E/RT)
VW = F(CAQ — CA) — VKOe CA (362)

The additional model parameters are C,, = lcal/(gK), p. = 10°g/m?3, a = 1.678 x
10%(cal/min)/(K), b = 0.5 and F. is the coolant flow rate w. In the simulation study,
the RHC uses the linear model (B61) to predict system evolution and the first control

action among the optimal sequence generated is implemented on the nonlinear plant
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(BE2A). The initial conditions and tuning parameters used in this study remain the
same except for the estimator parameters that are tuned to [y = 10, I, = 5, I'1; =
0.046 and I'ys = 0.29.

The simulation plots are shown in Figure B4l It can be seen that the controller
performs very well on the nonlinear system. The trajectories of the closed-loop non-
linear system states are smoother than that of the linear systems shown in Figure B3l

However, this is achieved at the expense of a more aggressive controller action.
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3.6 Conclusions

A method is proposed to solve a class of output feedback extremum seeking control
problems for linear uncertain plants. The challenging part of this application is that
in addition to the unknown parameters, only the system’s output is available for
measurement. An observer is employed to estimate the unavailable states and a pa-
rameter update law is implemented on the plant to provide estimates of the unknown
parameters. These estimates are used, at each iteration step, to update the unknown
states and parameters in the economic and control optimization schemes. The de-
sired target value is obtained at every time step via an online optimization procedure
and the model predictive controller is designed to track this setpoint. The practical
advantage of this two-phase approach, over a one-phase optimization scheme, is that
it allows for checks on the designed reference signal. Moreover, since we are dealing
with uncertain dynamical systems, closed-loop identifiability can be guaranteed by
designing a sufficiently exciting reference input signals. The receding horizon tech-
nique employs an iss-control Lyapunov function to ensure stability and performance.
It is shown that the performance function converges to a small neighborhood of the
optimum provided a PE condition is satisfied. Moreover, the transient performance of
the algorithm is analyzed by deriving bounds for the closed-loop tracking error. The

simulation results demonstrate the applicability of the proposed integrated scheme.

3.7 Proof of Parameter Convergence Result
Theorem B.6

Proof: Let ||z,|* = W(t). From eq.B35d), it is concluded that (z, e, e,) — 0 as

t — oo. If Lemma B0 is true, for every compact neighbourhood of (z, e, e,6) = 0,

there must exist a finite-time from which the neighbourhood of the origin of the
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closed-loop system is positively invariant. Since (BG4 ensures V] is non-increasing,
the level curves of V; are rendered positively invariant. To prove the Lemma, it is
therefore sufficient to prove that (z, e, e, 5) will enter every level curve of V.

The proof will proceed by contradiction, with the contradictory assumption that

dey > 0 such that V; > ey, Vt > 0. That is
lim { [|z,|* + l||e||2 + 1||€ 1% + 19~TF_19~ > €y (3.63)
tooo \ Y Gl T glite 2 =

However from (BR4), it is clear that (z, e, ¢,) — 0, from which it can be 3t; =
e, (ev, k) < 00 such that max([|z,||, el po, |[eal]) < VEey, Vt >ty for any 0 <

k <1, where 9 = 292 > 1. It then follows from ([BG3) that

16]] > v2(1 = 9k Amini Ty e V>t (3.64)

Moreover, from (BX1H), it can be concluded that for any € > 0 (independent of

ev), Jty = t;é(e) < oo such that

7] (0Tamenim)dr<e iz (3.65)

Substituting 6(7) = 6, + N é(a)da in @3, for 7 € [t t + Ty], where 0, = 0(t) is

constant over the interval of integration,

1 N t+To N 2 N t+To T .
Toet/ Q(T)g(T)TdT 0; + Toet/ g(T)g(T)T (/ 9da) dt
t t t
1 t+To T . T T .
+ = (/ edo—) g(r)g(r)* (/ edo—) dr <e Vt>t, (3.66)
TO t t t

From (BXE3) and the properties of the Projection algorithm, it can be deduced that

|| / bdo] = | / Proj{T¢7 }dr|
t t

61



maw{r}
<y / Ilydr]|

where

= \aw) o Fro a%lgb} and x=[e 2]

since [|z]| < ||zw]], then, ||x| < Vkey and since IT is a function of uniformly bounded

signals, [ = [y, 2, A, 1, 0], we have

sup [|[ITI|| = £ < o0 (3.67)
JeB;
where
B; = By, x DB, xB;
B = {yeRze®| |z < Vi)
GV1(0)
X {77 = < ||e|| —\ Amin (PO) }
Bé = {éERn+m AeR” ||9|| < \/2‘/1 Amaz (F)}
Hence,

II/ bdo|| < TyMy/key V>t (3.68)
t
Y Amam{r}
M=2K ( Ty (3.69)

By the uniform boundedness of all closed-loop dynamics, it follows that there exists

a constant épg < oo such that the PE condition can be rewritten as

ti+To
CPE[ S T/ g(T)g(T)Td’T S EPEI (370)
0 J¢;
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Furthermore, since t; — oo and i — 0o, we define the nonempty set i* = {i €
{1,2,...} | t; > max(ty, t3)}. Substituting into (B86), noting the semi-positive defi-

niteness of the third term on the LHS, yields
cpll0(t:)|” — 2pToMs\/key |6(t:)]| —€ < 0 Vi € (3.71)

from which it follows that

- c 1
1861 < 2T MV key + — e TgM2key + ecpp
CPE CPE Y

Vieit (3.72)

The constants & > 0 and € > 0 may be chosen arbitrarily small, independent of €y .

As (k, €) — 0, B2 approaches ||0(t;)|| = 0, which is a violation of (ZG). [
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Chapter 4

Parameter Convergence in
Adaptive Extremum Seeking

Control

4.1 Introduction

One of the main challenges with extremum-seeking control (ESC) and most deter-
ministic adaptive control approach is the ability to recover the true unknown values
of the parameters. In most approaches, the convergence of parameters to their true
values can only be ensured if the closed-loop trajectories provide sufficient excitation
for the parameter estimation routine. In standard linear adaptive control approaches,
this problem is tractable [7] and can be solved satisfactorily. A dither signal can
be introduced momentarily in the control system to achieve the necessary excitation.
For nonlinear systems, the problem of determining appropriate excitation conditions
remains open. Although some limited persistence of excitation (PE) conditions have
been derived, they remain difficult to apply. Such conditions appear naturally in [§]

for the solutions of an adaptive extremum-seeking control problem. In fact, the ful-
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fillment of such conditions dictates the performance of the optimization routine.

The existing adaptive control techniques that address the problem of parameter
convergence in nonlinear systems [65,66] cannot be applied directly to ESC because
of the uncertainty associated with the reference signals. This leads us to the quest
for a technique that could generate sufficiently rich optimal reference signals in real-
time. Rather than checking parameter convergence on a case-to-case basis [65,66],
a method that guarantees convergence for (at least) a class of nonlinear systems is
desirable.

The work presented in this chapter [78] complements the previous works in adap-
tive or model-based ESC [8,B8,[72] by translating the PE condition, which depends
on the nonlinear closed-loop signals, into a sufficient richness (SR) condition on the
desired setpoint signals. However, since the desired optimal setpoint is uncertain in
this type of problem, the solution presented includes a technique for generating such
signal in closed-loop. The design guarantees parameter convergence with a minimum

loss of regulation performance.

4.2 Problem Description and Assumptions

Consider the following optimization problem

min p(x,, 6) (4.1)
subject to the system dynamics
tp = fplz,u) + g(z,)0 (4.2)
Tg = fo(z)
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where z = [x;,p x;ﬂT € R" are the systems states, u € R"™ are the control inputs.

The vector x, € R™ represents the system states involved in the objective function,
0 represents unknown parameter vector assumed to be uniquely identifiable and to
lie in a known, convex set # € © C R™. The mappings f,(z,u) : R™*™ — R™,

g(zp) : R™ — R™ " are C' and g(z,) is bounded for bounded z,,.

Assumption 4.1 The following assumptions are made about ) and D).
1. The function p is C? in its arguments and g—ig > col >0, V(z,, 0) € (R x0O).
2. The state v, € R"™™™ belongs to a positively invariant set for any bounded x,,.

Assumption BT is a common assumption in any standard adaptive ESC litera-

ture. It requires the cost surface to be strictly convex in .

4.3 Setpoint and Controller Design

4.3.1 Setpoint Update Law

Considering the fact that the cost function contains unknown parameters 6, the de-
sired setpoint measurement cannot be obtained off-line. However, if the function
p(xp, 0) is not complicated, the optimal value can be determined as a function of ¢
by solving for x,, in Op/dx = 0. When the analytical expression of z,, is not available,
the desired setpoint may be obtained online using a Lyapunov method as follows.
Let x;, € R™ denote a reference setpoint for x, and 6 denote an estimate of the
unknown parameter #. An online update law is designed such that x;(t) approaches

the optimum value x;(é) exponentially. To this end, let

» Op(p, 0)

2z, =
&r;’,

(4.3)
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and consider an optimization Lyapunov function candidate

1
VSP(ZT) = §||zr

Taking the time derivative of V,, we have

Vi =212

= x
T oxr r Yper P A
X xr aSL’ r
P P P 8$p 89

Choosing the update law as

2 -1 T 2 .
(Ox1) T, Oxr 00

with k£, > 0, the dynamic of the system becomes

ZT’ - _krzr

and (IH) results in

VSP < _kr||zr||2

A=y
: |

(4.4)

(4.6)

(4.7)

Proposition 4.2 The optimal setpoint x7(t) generated by (D) is feasible and con-

verges to x;(é) exponentially.

Proof: Assuming (for now, it will be shown later) that (6, é) are bounded. This

assumption coupled with Assumption BT ensure that (6) exist and it is finite. It

follows from (X)) that the origin z,. = 0 is exponentially stable. Applying the inverse

function theorem, it can be seen that the mapping z, is a diffeomorphism. Hence it

concluded that z},(t) converges to 6-dependent optimal setpoint :E;(é) exponentially

fast.
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4.3.2 Sufficiently Rich Optimal Setpoint

Since parameter convergence is a vital issue in ESC design, we have to provide some
richness condition on the setpoint z;, to ensure that 0 — 6 as t — oo. To achieve
this, the setpoint is appended with a bounded perturbation signal d(t) € R™. The

rich setpoint is given by
r(t) =z, (t) + d(t) (4.9)

where d(t) is a sufficiently smooth and uniformly bounded signal vector. In particular,

the signal is parameterized as

d(t) == ag(t)sin(wit) = A(t)C(1) (4.10)
where
Aty = | : (4.11)

is the signal amplitude matrix and

C(t) = [sinwit sinwot ... sinwpt]’, w; # w; for i # j, (4.12)

is the corresponding sinusoidal function vector. A method for generating the coeffi-
cients A(t) is provided in Subsection EEZl The design ensures that A(¢) — A*, the

optimal value that satisfies a PE condition, asymptotically.
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4.3.3 Adaptive Tracking Controller

~

Let the tracking and estimation error vectors be defined as z. = z, — r, 6=60-—46
respectively. Since the focus of this chapter is on the identification of the true cost
surface p(z,, #), rather than designing a specific adaptive controller for (22), we make

the following assumption.

Assumption 4.3 An adaptive controller consisting of a control law u = k1(.) and a

parameter update law 0 = ky(.) is available such that

tll)rglo 2. — 0 = tll)rglo x, — x;(é) + A*C(t) & (4.13a)
tlim g(r)f(t) =0 (4.13b)
tlim 0(t) =0, a constant vector. (4.13c¢)

~

In ([ET34), limy oo 2. — 0 = limy . 2, — 7* because x; (t) — x7(0) exponentially

(proposition E2) and d(t) — A*((t) asymptotically (by assumption, for now).

An adaptive controller that satisfies ([EI3)) can be constructively designed de-
pending on the structure of the nonlinear function f,(z,u). For instance, adaptive
backstepping technique can be employed for systems in parametric feedback form.
For the direct case, where f,(x,u) is affine in control, i.e., f,(x,u) can be re-written
as fp, () + fp,(z)u and where f,,(z)~" exist for all z € R". An adaptive controller
that satisfies (EI3)) can be constructed as follows:

Consider the Lyapunov function candidate

1 Lop s
V. = 5y|zcy|2 + §9TF‘19 (4.14)
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with I' = T'T > 0. Taking the time derivative of V, along the trajectory of [{Z), we

have
Ve =2 (foul) + fra(@)u + gla)0 = ) = 070718+ 2T g(z,)0
Considering the control law
w= = (@)™ (for(@) + 9(a,)0 7 + ko). (4.15)
with k. > 0 and the parameter update law
d=Tg(x,) 2, (4.16)
it follows from ([E2) and ([EIH) that

te = g(xp)0 — koze, (4.17)

This implies uniform boundedness of z, and 0 as well as global asymptotic convergence
of z. to zero. Moreover, it can be shown by Barbalat’s lemma [73] that lim;_,, 2. = 0.
Since z., 2. — 0 in the limit as ¢ — oo, we have x, — r* and (ZI7) becomes

lim Z(t) = lim g(r)()6(t) = 0. (4.19)

t—oo

Also, [EI3d) can be shown by noting from (EI8) that 6(t) = 0(t,)—T ftz g7 (2,(0)) 2.(c)do.
Since g and z. are bounded signals and z. — 0, the integral term exist and it is finite.

Hence, lim,_, 0(t) = 6.
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4.4 Parameter Convergence

By an argument similar to the one used in traditional adaptive control theory, a suf-
ficient condition for parameter convergence is that the regressor g(x,) be persistently

exciting. That is, there exists positive constants po and 7' such that

t+To
/ g(r)"g(T)dr > pol, ¥t > 0. (4.20)
t

The PE condition ([EZ20) requires that g rotates sufficiently in space that the integral of
the matrix g(7)% g(7) is uniformly positive definite over any interval of some length Tj.
However, it is difficult to check that g satisfies the PE condition since the solution of
the closed-loop trajectories are not known in advance. In the following, an alternative
sufficient condition that addresses the above limitations and guarantees parameter
convergence is presented.

To this end, we examine the frequency content of the regressor matrix g(r*(t)).
The procedure employed is similar to the one presented in [66]. The time-varying
signal g is decomposed into a constant matrix and a periodic part by computing the

trigonometric (or Fourier) series expansion for each nonlinearity vector in the signal.

Let
T
e U R T K (4.21)
where v; is the " column of matrix g. Also, let wii,wjo, -+ ,wici (0 < wip < wip <
- < u)icl‘) and Vi1, Vi, * ** , VisSi (0 <V < Vg < -0 < ViSi) denote the distinct

frequencies appearing in the cosine terms and the sine terms of the Fourier series

expansion respectively. If we let

&i(t) =1 cos wilt -+ coswict sinypt--- sinvgt
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T
=1 ealt) - Eci(t)  Eicinn(®) - Eoimsn(t) |+ 1= Lme (422)

Then, each nonlinearity vector v; defined in ([ZZII) can be expressed in the form

Ci+5;

j=1

where T; are ng x (C; + 5;) constant matrices whose elements are the real Fourier
coefficients of the corresponding signals, and Y;;,7 = 1,..., (C;+S;) is the 57 column
of T,;. This decomposition method allows one to judge the richness of the regressor
based on a constant matrix only. However, as pointed out in [66], the Fourier series
expansion employed in the decomposition may contain an infinite number of terms,

when the elements of (L2]) are not polynomial nonlinearities. In this case, the series
expansion may be truncated. Combining (L13H) with equations ([E2I) and E23),

we obtain
tlixgogij(t)rfj ot)=0, i=1,....m, j=1,....Ci+S5, (4.24)

and since the scalar functions &;; are all of the form coswt or sin vt, equation (EZ24)

is equivalent to

lim Y7 0(t) =0, i=1,....m, j=1,...,Ci+S. (4.25)

t—o0

Moreover, defining
Tl - Tllv T127 te TI(CI-FSI)
T2 - T217 T227 te T2(02+52)

T3 = T3, Taz, -+ T3c3193)

etc,
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and

TT = [Tla T27 Tty Tm]T

equation (EZZ0)) can be written in a more compact form as

lim Y70(t) =0 or lim 87 (t) YYTH(t) =0 (4.26)

t—o00 t—o00

The constant matrix T contains the setpoint z; and the elements of A" in its entries
(in the limit as t — 00). Therefore, if the ny rows of T are linearly independent or if
W = TYT is positive definite, then 6=0is guaranteed. However, it is not possible to
verify this conditions a priori for a given dither signal because the matrix depends on
unknown reference setpoint (the #-dependent solution of (H1l)). In the next section,

we show how to generate optimal size of some pre-selected sinusoids online.

4.4.1 Dither Signal Design

It has been shown that the presence of nonlinearities in a regressor vector increases the
degree of PE of a given reference signal for nonlinear systems with special structure
[65L66]. However, for a general nonlinear system, this may not be the case, the
nonlinearities may detract or add to the excitation [f9]. In this work, we propose
that the dither signal be chosen as a linear combination of sinusoids with at least
ng distinct frequencies. Since such a choice with constant arbitrary amplitude may
not be optimal for nonlinear systems, a method for generating optimal coefficients of
the different basis functions (sinusoids) is provided. A quadratic objective function
is minimized subject to a constraint that optimizes the size of the selected frequency
contents in order to ensure positive definiteness of matrix YW = YY7T. The condition
requires all the eigenvalues of W to be positive. This is true if and only if the

determinant of W (the product of the eigenvalues) is positive since it is a symmetric
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positive semidefinite matrix.

Let H < (h x m) denotes the number of distinct elements in the dither amplitude
matrix A(f) and let a € R’ be a vector of these distinct coefficients. The opti-
mum amplitude of the dither signal is obtained from the solution of the following

constrained optimization problem:

i T 4.27
min g Qa (4.27a)
such that W, = det(W) > 0 (4.27D)

with @) > 0. The optimization problem is tackled using an infeasible interior point

technique [80]. Firstly, a slack variable ¢ is added so that ([EZ27) becomes

: T
4.28

ettt (4250)

suchthat W; —e=0, ¢>0. (4.28Db)

The constraints are then eliminated by augmenting the objective function with high

costs for violating them as follows:
1
min P, =a’ Qa — i7a log(o —¢) + My(W,;—€)?, o >0 (4.29)
a,e 1

with My, My > 0. By the logarithmic barrier term, the slack variable is required to
be greater than a design variable o at all times. However, the equality constraint
(W,; — e = 0) can be violated at any instant, its satisfaction is only achieved as the
optimum solution is approached. The solution of ([Z29) can be shown to converge to
that of (LZ1) in the limit as the positive constants My, My — oo.

Since we assume that system (E2) is fundamentally identifiable at the defining
parameter values, feasibility of [Z27) (and hence ([E29)) is guaranteed by including

sufficiently large number of sinusoids in (EI0). The unconstrained optimization prob-
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lem (E29) can be solved with gradient techniques. Let a* = [a*, *] be the optimizer

of @29), an update law that ensures @ — a* as t — oo is chosen as
a = Proj{—ksDz;, a}, a(0)= |ag, &0 (4.30)

where Proj{.} is a standard projection algorithm [73] used to ensure that the vector
a is bounded or remains in some given set. The vector z; = 0P;/0a is the gradient
function, k; > 0 is a design parameter and D is a positive definite matrix function.
Matrix D can be chosen as in steepest descent method where D = [ (identity matrix)
or as in trust region where D = (82135 /0 + (F + k)] ) ~ with £ =Frobenius matrix
norm of 9*P;/0a* and x > 0 is a small design constant parameter. The initial

conditions are to be selected such that 5 > ¢ and some elements of ay equals zero to

avoid excessive initial perturbation of the system.

Theorem 4.4 Consider the optimization problem [J) for system (D) and assum-
ing Assumptions 1] and 13 are satisfied. Then the update laws D) and (E30)
ensure that the system’s state x,(t) converge to an optimal neighborhood of x7,(0)-the

unique minimizer of (EJI).

Proof: 1t follows from (EI3al) that

limy oo [|2p(t) — 2, (t)|| = lim; .o [|d(t)]| and it is known from proposition Z) that
limy oo ||, (2) — x;(é)H = 0. Moreover, [30) ensures lim; . a(t) = a* and hence
limy o0 A(t) = A*. Therefore, the only solution of [EZ2H) is limy_., #(t) = 0, which
implies lim;_, o ||$;(§) —a5(0)[| = 0. Using the triangle inequality, we conclude that

lim [|,(t) —2;(8)[|2 < [IAC(t)[l2 < VAJA|2-

t—o0
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4.5 Simulation Example

Consider two parallel isothermal stirred-tank reactors 8] in which reagent A forms

product B and waste-product C
A B
24 2. C
Material balances for the reactors give

dA; S

=AML AT n A — 2k A2
dt V.Z 7 ‘/Z kzl 1 k22 i
dB; Fout

L = —BZ’—Z ]{52 AZ’,
dt T
dC; Fout

v = — S A2
dt Cz V-Z +k22 i

where A;, B;, C; denote concentrations in reactor 4, k;; are the reaction kinetic con-
stants, which are only nominally known. The inlet flows F/™ are the control inputs,
while the outlet flows F* are governed by PI controllers which regulate reactor
volume to V7.

Denoting x, = [A;, As)T, and 0 = [kyy, k12, ko1, koo]”, the economic steady state

cost function to be optimized is given by

2
p(zy, 0) = Z[(pil + Po — Pp)ka AV + (pio 4 2Pa) ki A7V,

=1

where P4, Pp denote component prices, p;; is the net operating cost of reaction j in

reactor ¢. The function p(z,,6) represents the net expense of operating the process
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at steady state. The dynamic of the system can be expressed in the form (2 as

wprkyva (w1 =V +ag3) Ain 2
. Zq1 ZTq1 0 Tp1 2xp1 0 0
Ty = — —+ u — ‘9,
zp2kya(zg2— VP +344) Ain 2
P 0 o= 0 0 xpa 2a,
N ~ v ~ / ~- -
fpl fp2 g

where x4, x40 are the two tank volumes and w43, 244 are the PI integrators.

Following the design procedure, the optimizing controller, parameter estimates

and the setpoint signal x7 are generated via equations [ETH), [ETIH) and (EG) re-

spectively. For the simulation, the dither signal is selected as di(t) = da(t)

ay(t) sin(wit) + as(t) sin(wst), w1 = 0.3 and ws = 0.18. The matrix Y is obtained

via the method presented in Section B4l In this case, g7 has two columns. Each of

the columns is first decomposed into 1, = T; (1), i = 1, 2 where

T

Ty

21 _ 9,42 | 22 4 2 Al _ o s2 | 2 | 2
T =227 +ay +a3, Ty =2z, +aj+a; and

x 0 0 0 0

p1

T2 —a? —di 2a1ay —2a1ay

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
x) 0 0 0 0

p2

13! —a? —di 2a1ay —2a1a,

7

0 0
0 0
0 0
0 0
al as

* *
4a1:.17p2 4a2:.17p2




€1 =& =[1, coswit, coswat, cos(wy —wa)t, cos(wi +ws)t, sinwyt, sinwyt]’.

The matrix Y7 = [T T3] and W = TYT. The optimal value of the dither amplitude
that ensures the positive definiteness of W is obtained via (E30). In the simulation,
the setpoint 7 is replaced with its estimate zj at each time ¢. The results of the
simulation are presented in Figure BTl

Figure EE1(a) shows that the estimated cost p(x;,é) and the true cost p(a},0)
converge to the unknown optimal p*(z;, ). Fig. EET(b) shows that the setpoint signal
converges to the optimum value z7(¢) while the state x, oscillates about the optimum.
The parameter estimates converge to the true values as shown in fig. lTl(c-d) and the
control input, fig. EIl(e), is implementable. The trajectories of the dither amplitude
and the determinant are shown in fig. EET(f) for completeness. The figure showed that
a(t) converges to the required optimum (vertical-axis labelling on the left) and that

the determinant W, remains positive (vertical-axis labelling on the right).

4.6 Conclusions

In this chapter, a persistence of excitation condition is developed for extremum seek-
ing control of a class of nonlinear systems. An optimization-based method is then
developed for generating sufficiently rich optimum set-points that satisfy this con-
dition online. The proposed design method guarantees parameter convergence and,
at the same time, ensures small steady-state error in the cost function. The result
shows that the size of of the error is proportional to the optimal size A* and number
of sinusoids A used to perturb the system. However, it is intuitively clear that as the
number of distinct sinusoids A increases, the norm of A* required to achieve the same

level of excitation reduces.
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Figure 4.1: Reactor closed-loop trajectories. (a) cost function values, (b) reference setpoint
and state, (c,d) unknown parameters and estimates for reactors 1 and 2 respec-
tively, (e) control inputs, (f) dither signal amplitude and determinant of matrix

W.
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Chapter 5

Finite-time Parameter Estimation

in Adaptive Control

5.1 Introduction

There are two major approaches to online parameter identification of nonlinear sys-
tems. The first is the identification of parameters as a part of state observer while
the second deals with parameter identification as a part of controller. In the first
approach, the observer is designed to provide state derivatives information and the
parameters are estimated via estimation methods such as least squares method [&1]
and dynamic inversion [82]. The second trend of parameter identification is much
more widespread, as it allows identification of systems with unstable dynamics. Al-
gorithms in this area include parameter identification methods based on variable
structure theory [83,84] and those based on the notion of passivity [85].

In the conventional adaptive control algorithms, the focus is on the tracking of
a given reference trajectory and in most cases parameter estimation errors are not
guaranteed to converge to zero due to a lack of excitation [(17]. Parameter convergence

is an important issue as it enhances the overall stability and robustness properties of

80



the closed-loop adaptive systems [65]. Moreover, there are control problems whereby
the reference trajectory is not known a prior: but depends on the unknown parameters
of the system dynamics. For example, in adaptive extremum seeking control problems,
the desired target is the operating setpoint that optimizes an uncertain cost function
B2,39].

Assuming the satisfaction of appropriate excitation conditions, asymptotic and
exponential parameter convergence results are available for both linear and nonlinear
systems. Some lower bounds which depends (nonlinearly) on the adaptation gain and
the level of excitation in the system have been provided for some specific control and
estimation algorithms [86LK87,62]. However, it is not always easy to characterize the
convergence rate.

Since the performance of any adaptive extremum seeking control is dictated by the
efficiency of its parameter adaptation procedure. This chapter presents a parameter
estimation scheme that allows exact reconstruction of the unknown parameters in
finite-time provided a given persistence of excitation (PE) condition is satisfied. The
true parameter estimate is recovered at any time instant the excitation condition
is satisfied. This condition requires the integral of a filtered regressor matrix to be
invertible. The finite-time (F'T) identification procedure assumes the state of the
system z(.) is accessible for measurement but does not require the measurement or
computation of the velocity state vector &(.). The robustness of the estimation routine
to bounded unknown disturbances or modeling errors is also examined. It is shown
that the parameter estimation error can be rendered arbitrarily small for a sufficiently
large filter gain.

A common approach to ensuring a PE condition in adaptive control is to introduce
a perturbation signal as the reference input or to add it to the target setpoint or
trajectory. The downside of this approach is that a constant PE deteriorates the

desired tracking or regulation performance. Aside from the recent results on intelligent
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excitation signal design [7I[70], the standard approach has been to introduce such PE
signal and remove it when the parameters are assumed to have converged. The fact
that one has perfect knowledge of the convergence time in the proposed framework
allows for a direct and immediate removal of the added PE signal. The results in this

chapter have been published in [8§].

5.2 Problem Description and Assumptions

The system considered is the following nonlinear parameter affine system

where x € R" is the state and u € R™ is the control input. The vector # € R™
is the unknown parameter vector whose entries may represent physically meaningful
unknown model parameters or could be associated with any finite set of universal
basis functions. It is assumed that 6 is uniquely identifiable and lie within an ini-
tially known compact set ©°. The n,-dimensional vector f(z,u) and the (n, x ng)-
dimensional matrix g(z,u) are bounded and continuous in their arguments. System

(B encompasses the special class of linear systems,

f(z,u) = Agxr + Bou

g(x,u) = [Ajx + Byu, Asx + Bou, ... Ay,x + By,ul,
where A; and B; for + = 0...ny are known matrices possibly time varying.
Assumption 5.1 The following assumptions are made about system (ETI).

1. The state of the system x(.) is assumed to be accessible for measurement.

2. There is a known bounded control law uw = «(.) and a bounded parameter update

82



law 6 that achieves a primary control objective.

The control objective can be to (robustly) stabilize the plant and/or to force the
output to track a reference signal. Depending on the structure of the system (B1I),

adaptive control design methods are available in the literature [73,89].

For any given bounded control and parameter update law, the aim of this chapter
is to provide the true estimates of the plant parameters in finite-time while preserving

the properties of the controlled closed-loop system.

5.3 Finite-time Parameter Identification

Let & denote the state predictor for (BJl), the dynamics of the state predictor is

designed as
b= flau) + gz, w)d + ku(t)e + wh, (5.2)

where 6 is a parameter estimate generated via any update law 9, ky, > 0 is a design

matrix, e = x — 2 is the prediction error and w is the output of the filter
w = g(x,u) — ky, w(ty) = 0. (5.3)

Denoting the parameter estimation error as 6 = 6 — 6, it follows from (&) and

E2) that
e = g(x,u)f —kye— wl. (5.4)

The use of the filter matrix w in the above development provides direct information

about parameter estimation error § without requiring a knowledge of the velocity
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vector &. This is achieved by defining the auxiliary variable
n=e—w (5.5)
with 7, in view of (B3] BE4l), generated from
= —ken,  n(to) = e(to). (5.6)

Based on the dynamics (22), (B3)) and (&2H), the main result is given by the following

theorem.

Theorem 5.2 Let Q € R"*™ gnd C' € R™ be generated from the following dynam-

1CS:

Q =uwlw, Qty) =0 (5.7a)

C =w(wl+e—n), Clty) =0 (5.7b)
Suppose there exists a time t. and a constant ¢y > 0 such that Q(t.) is invertible i.e.

Qt.) = /t ) w (Tw(T)dr = e11, (5.8)

then

0=Q1t)'C(t) forall t>t,. (5.9)

Proof: The result can be easily shown by noting that

Q) = /t w? (T)w(r) [9(7’) + 9(7’)} dr. (5.10)

to
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Using the fact that wf = e — 7, it follows from (EI0) that

ezgﬁ*/meth@*aw (5.11)
and (BI0) holds for all ¢ > ¢, since Q(t) = Q(t.). ]

The result in theorem is independent of the control v and parameter identifier
é structure used for the state prediction (eqn B2). Moreover, the result holds if a
nominal estimate 6° of the unknown parameter (no parameter adaptation) is employed
in the estimation routine. In this case, 0 is replaced with 6° and the last part of the
state predictor (B2) is dropped (é =0).

Let
0° £ Q(t.) ' Clte) (5.12)

The finite-time (FT) identifier is given by

A~

o), if t<t,
0°(t) = (5.13)

ge, if ¢>t.

The piecewise continuous function (BEI3]) can be approximated by a smooth approxi-

mation using the logistic functions

o(t)

o(t
¢1 é T) (1 - tanh 1/1 (t - tc)) = 1 —I— eXp2l,1(t_tc) (5148‘)
c 0°
¢2 =5 (1 + tanh VQ(t - tC)) = 1+ eXp—2V2(t—tc) (514b>
éé = ’le + wg (514(3)

where larger vy, v, correspond to a sharper transition at ¢ = ¢, and lim,, 1) 0 =
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6°. An example of such approximation is depicted in Figure Bl where the function

6+1t%% ift<h
2(t) =

4

otherwise

is approximated by (BId) with v, = vy = 5.

z(t)

10

Figure 5.1: Approximation of a piecewise continuous function. The function z(t) is given
by the full line. Its approximation is given by the dotted line

The invertibility condition (B8) is equivalent to the standard persistence of exci-

tation (PE) condition required for parameter convergence in adaptive control. The

condition (L8 is satisfied if the regressor matrix ¢ is PE. To show this, consider the
filter dynamic (3)), from which it follows that

t
1
w(t) :/ exp_k”(t_T)g(T)dT
tc

0

(5.15)
Since ¢(t) is PE by assumption and the transfer function

1

5o is stable, minimum
phase and strictly proper, we know that w(t) is PE [90]. Hence, there exists ¢. and
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a c1 for which (28) is satisfied. The superiority of the above design lies in the fact
that the true parameter value can be computed at any time instant ¢. the regressor
matrix becomes positive definite and subsequently stop the parameter adaptation
mechanism.

The procedure in theorem involves solving matrix valued ordinary differential
equations (B3 E) and checking the invertibility of Q(¢) online. For computational
considerations, the invertibility condition (28) can be efficiently tested by checking
the determinant of Q(t) online. Theoretically, the matrix is invertible at any time
det(Q(t)) becomes positive definite. The determinant of Q(¢) (which is a polynomial
function) can be queried at pre-scheduled times or by propagating it online starting
from a zero initial condition. One way of doing this is to include a scalar differential

equation for the derivative of det(Q(t)) as follows [91]:

%det(@) = Trace (Adjugate(Q) w'w),  det(Q(to)) =0 (5.16)

where Adjugate(Q), admittedly not a light numerical task, is also a polynomial func-

tion of the elements of Q.

5.3.1 Absence of PE

If the PE condition (B8) is not satisfied, a given controller and the corresponding
parameter estimation scheme preserve the system established closed-loop properties.
When a bounded controller that is robust with respect to input (é, é) is known, it

can be shown that the state prediction error e tends to zero as t — oco. An example

of such robust controller is an input-to-state stable (iss) controller [73].

Theorem 5.3 Suppose the design parameter k,, in ([B2) is replaced with k,(t) =

Kuw, + kuwy (), kwy, > 31 and ky,(t) = Tgvg". Then the state predictor (B2) and the
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parameter update law

A~

0=vyw"+g")e (5.17)

with v =~T > 0 a design constant matriz, quarantee that

1. (e, 77,5) € Lo and(e,n) — 0 ast — .
2. limy_oe 0(t) = 0, a constant.

Proof:

1. Consider a Lyapunov function

V= (eT e+ 0"y 10+ " 17) : (5.18)

N —

It follows from equations (&), (BH), (E0) and (2I4) that

. 1 _ L
V=—elkye— eT(nggT + wyw” +wyg")e — 6Tw wd — 0" w 'y — Tk, (t)n

(5.19)

T T 1 T 2 T N 1 2
< —e kw6 — Amin(7)||w” e + 59 e||* = n" ku,n — |Jwd + 5?7|| (5.20)
< —(Tky, e+ 1"k, n). (5.21)

where ky, = ky, — 3. This implies uniform boundedness of (7, e, 0) as well as
global asymptotic convergence of (1, €) to zero. Hence, it follows from (EH) that

limy_. wl = 0.

2. This can be shown by noting from [17) that 0(t) = 0(to) —~ ﬁi(wT+gT )edo.
Since ¢g(.) and e are bounded signals and e — 0, the integral term exists and it

is finite.
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5.4 Robustness Property

In this section, the robustness of the finite-time identifier to unknown bounded dis-

turbances or modeling errors is demonstrated. Consider a perturbation of (B1l):
&= f(z,u) + g(x,u)d + It z,0) (5.22)

where 9(.) is a disturbance or modeling error term that satisfies ||9(¢)|| < My(t) < oo
If the PE condition (2§) is satisfied and the disturbance term is known, the true

unknown parameter vector is given by

0 29— O(t)! / W () [w()b(r) + e(r) —no(r))dr, forall t>t., (5.23)

to

with e = x — & and the signals z, w, 7y = e — wh generated from (£2), (E3) and

1y = —kwny +9(.), ns(to) = e(to) (5.24)

respectively.

Since ¥(.) is unknown, we provide a bound on the parameter identification error

0¢ = 05 — 0° when (E0) is used instead of (B24)).
Considering (B9) and (B2Z3), it follows that

6o = Qo) / W (7) (—no(7) + n(r)) dr (5.25)

to

— Q) / W7 (7)) dr. (5.26)

to

where 1 = ny — 1 is the output of

= —kyi +9(.), 7ty) = 0. (5.27)
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Since ky, > ky, > 0, it follows that

~ M,
7@ < k—ﬁ (5.28)
and hence
- oMo (t —
10°(t) || < HQ(t)_lH {W} , forall t>t. (5.29)

where @ = max,efy,, ¢ ||w? (0)].

This implies that the identification error can be rendered arbitrarily small by choosing
a sufficiently large filter gain k,,. In addition, if the disturbance term ¢ and the
system satisfies some given properties, then asymptotic convergence can be achieved

as stated in the following theorem.

Theorem 5.4 Suppose V) € L, forp =1 or2 and lim;_, . Anin(Q) = 00, then gc — 0

asymptotically with time.

To proof this theorem, we need the following lemma

Lemma 5.5 [J7): Consider the system

#(t) = Az(t) + u(t) (5.30)

Suppose the equilibrium state x. = 0 of the homogeneous equation is exponentially
stable,

1. ifue L, for1 <p < oo, then x € £, and

2. ifue L, forp=1or2, thenx — 0 ast — o0o.
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Proof of theorem It follows from Lemma B2 that n — 0 as t — oo and

therefore lim;_. fti wT (7)7(7) dr is finite. So

lim 6¢ = lim {Q(t)_l /t w’ (7)7(7) d’T} =0. (5.31)

t—o00 t—o00 t
0

5.5 Dither Signal Design

The problem of tracking a reference signal is usually considered in the study of pa-
rameter convergence and in most cases, the reference signal is required to provide
sufficient excitation for the closed-loop system. To this end, the reference signal

y,(t) € R" is appended with a bounded excitation signal d(t) as

yra(t) = yr(t) 4 d(t) (5.32)

where the auxiliary signal d(t) is chosen as a linear combination of sinusoidal functions

with h distinct frequencies:

d(t) == a,(t)sin(wit) = A(t)(1) (5.33)

where

11 - Aip

ar1 - Qrp

is the signal amplitude matrix and
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C(t) = [sinwit ... sinwht]T, w; #wj for 1 #£j

is the corresponding sinusoidal function vector.

For this approach, it is sufficient to design the perturbation signal such that the
regressor matrix ¢ is PE. There are very few results on the design of persistently
exciting (PE) input signals for nonlinear systems. By converting the closed-loop PE
condition to a sufficient richness (SR) condition on the reference signal, attempts have
been made to provide verifiable conditions for parameter convergence in some classes

of nonlinear systems [711[78,165,166].

5.5.1 Dither Signal Removal

Let H < (h x r) denotes the number of distinct elements in the dither amplitude
matrix A(t) and let a € R” be a vector of these distinct coefficients. The amplitude

of the excitation signal is specified as

a, if t<t.
a(t) = (5.34)

0, otherwise

or approximated by

a

a(t)

where equality holds in the limit as v — oo.
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5.6 Simulation Examples

5.6.1 Example 1

We consider the following nonlinear system in parametric strict feedback form [66]:

Zifl = X9 + 911’1

jfg = T3 -+ ‘925(71

i’g = 931’? + ‘941’2 + ‘951’3 + (1 + LL’%)U (536)
Yy = I,
where 07 = [0y, ..., 05] are unknown parameters. Using an adaptive backstepping

design, the control and parameter update law presented in [66] were used for the
simulation. The pair stabilize the plant and ensure that the output y tracks a reference
signal y,.(t) asymptotically. For simulation purposes, parameter values are set to
67 = [—1,-2,1, 2, 3] as in [66] and the reference signal is y, = 1, which is sufficiently
rich of order one. The simulation results for zero initial conditions are shown in
Figure Based on the convergence analysis procedure in [66], all the parameter
estimates cannot converge to their true values for this choice of constant reference. As
confirmed in Fig. B2 only 6, and 6, estimates are accurate. However, following the
proposed estimation technique and implementing the FT identifier (214l), we obtain
the exact parameter estimates at t = 17sec. This example demonstrates that, with the
proposed estimation routine, it is possible to identify parameters using perturbation
or reference signals that would otherwise not provide sufficient excitation for standard

adaptation methods.
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Figure 5.2: Trajectories of parameter estimates. Solid(-) : FT estimates 6
dashed(--) : standard estimates 6 [66]; dashdot(-.): actual value.
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5.6.2 Example 2

To corroborate the superiority of the developed procedure, we demonstrate the robust-
ness of the developed procedure by considering system (B36]) with added exogeneous

disturbances as follows:

i’l = T + ‘911’1 + [1 0]19
i’g = T3+ ‘921’1 + [1 1’1]19
i3 = 0325 + 0420 + Os23 + (1 + 2])u + [0 1]9 (5.37)

Yy =,

where ¢ = [0.1sin(27t/5), 0.2 cos(nt)]” and the tracking signal remains a constant
yr = L.

The simulation result, Figure B3], shows convergence of the estimate vector to a
small neighbourhood of # under finite-time identifier with filter gain k,, = 1 while no
full parameter convergence is achieved with the standard identifier. The parameter
estimation error é(t) is depicted in Figure B4 for different values of the filter gain
k.. The switching time for the simulation is selected as the time for which the
condition number of ) becomes less than 20. It is noted that the time at which
switching from standard adaptive estimate to F'T estimate occurs increases as the
filter gain increases. The convergence performance improves as k,, increases, however,

no significant improvement is observed as the gain is increased beyond 0.5.
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Figure 5.3: Trajectories of parameter estimates. Solid(-) : FT estimates for the system with
additive disturbance 6°; dashed(--) : standard estimates 6 [66];
dashdot(-.): actual value.
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Figure 5.4: Parameter estimation error for different filter gains k,,

5.7 Conclusions

The work presented in this chapter transcends beyond characterizing the parameter
convergence rate. A method is presented for computing the exact parameter value at
a finite-time selected according to the observed excitation in the system. A smooth
transition from a standard estimate to the F'T estimate is proposed. In the presence
of unknown bounded disturbances, the FT identifier converges to a neighbourhood
of the true value whose size is dictated by the choice of the filter gain. Moreover,

the procedure preserves the system’s established closed-loop properties whenever the

required PE condition is not satisfied.
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Chapter 6

Performance Improvement in

Adaptive Control

6.1 Introduction

The finite-time identification method developed in Chapter @ has two distinguishing
features. First, the true parameter estimate is obtained at any time instant the
excitation condition is satisfied, and second, the procedure allows for a direct and
immediate removal of any perturbation signal injected in to the closed-loop system to
aid in parameter estimation. However, the drawback of the finite-time identification
algorithm is the requirement to check the invertibility of a matrix online and compute
the inverse matrix when appropriate.

To avoid these concerns and enhance the applicability of the FT method in prac-
tical situations, the procedure is hereby exploited to develop a novel adaptive com-
pensator that (almost) recovers the performance of the FT identifier. The compen-
sator guarantees exponential convergence of the parameter estimation error at a rate
dictated by the closed-loop system’s excitation. It was shown how the adaptive com-

pensator can be used to improve upon existing adaptive controllers. The modification
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proposed guarantees exponential stability of the parametric equilibrium provided the
given PE condition is satisfied. Otherwise, the original system’s closed-loop properties

are preserved.

6.2 Adaptive Compensation Design

Consider the nonlinear system Bl satisfying assumption Bl and the state predictor
&= f(x,u) + gz, u) 0° + ky(z — 7) (6.1)

where k,, > 0 and €° is the nominal initial estimate of . If we define the auxiliary

variable
n=x—12—w®-—0) (6.2)
and select the filter dynamic as
w = g(x,u) — ky w, w(tg) =0 (6.3)
then 7 is generated by
0= —kun, n(to) = e(to). (6.4)

Based on (EJ)) to (E4]), our novel adaptive compensation result is given in the

following theorem.

Theorem 6.1 Let QQ and C be generated from the following dynamics:

Q = wlw, Q(to) =0 (6.5a)

= wT(wl +z—3—n), Cty)=0 (6.5D)



and let t. be the time such that Q(t.) > 0, then the adaptation law

G=T(C—Qb), 6ty =8¢

(6.6)

with T =TT = 0 guarantees that ||0]] = ||0 — 0| is non-increasing for ty < t < t. and

converges to zero exponentially fast, starting from t.. Moreover, the convergence rate

is lower bounded by E(t) = A\uin (PQ(t)).

Proof: Consider a Lyapunov function
V= =670,
it follows from (E6) that
Vi) = =87 T (C(t) - Qdre))

Since wh = w® + x — & — n (from [E2)), then

C(t) = / C(r)dr = / wh (Mw(r)dr 0 =Q(t)0

to to

and equation (B8) becomes

(6.7)

(6.8)

(6.9)

(6.10)

(6.11)

This implies non-increase of ||A|| for ¢ > #, and the exponential claim follows from

the fact that I'Q(t) = T ftl; w(7)Tw(r)dr is positive definite for all + > t.. The
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convergence rate is shown by noting that

Vi(t) = —07()T (Q(t0)+/tt w(t)T w(r) dT) 0(t), Vt>t, (6.12)

< =0T ()T Q(t) O(t) < —E(te) V(1) (6.13)

which implies
10| < exp=2UE=1) |1G(t) |, VE >t (6.14)
|

Both the FT identification () and the adaptive compensator (GG]) use the static
relationship developed between the unknown parameter # and some measurable ma-
trix signals C, i.e, Q0 = C. However, instead of computing the parameter values at a
known finite-time by inverting matrix ), the adaptive compensator is driven by the

estimation error C' — Q8 = Q8.

6.3 Incorporating Adaptive Compensator for
Performance Improvement

It is assumed that the given control law u and stabilizing update law (herein denoted

as és) result in closed-loop error system

Z = AZ+dT¢ (6.15a)

0° = —I'dZ (6.15b)

where the matrix A is such that A4+ AT < =2k, I < 0, ® is a bounded matrix func-

tion of the regressor vectors, §° = 0 — 0% and Z = [21, 23,... 2,,|T is a vector function
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of the tracking error with z; = y —y". This implies that the adaptive controller guar-
antees uniform boundedness of the estimation error ¢ and asymptotic convergence
of the tracking error Z dynamics. Such adaptive controllers are very common in the

literature. Examples include linearized control laws [R9] and controllers designed via

backstepping [73.66].

Given the stabilizing adaptation law és, we propose the following update law which

is a combination of the stabilizing update law (E.I5H) and the adaptive compensator

(i%6)
é:r(q>Z+C—Qé). (6.16)
Since C'(t) = Q(t) 0, the resulting error equations becomes

Z A 9T Z
= . (6.17)
0 -T® -I'Q 0

Considering the Lyapunov function V = % (ZT 2+ 67T _15), and differentiating

along (E11) we have
V= %ZT(A + A7)z = 07Q0 < —ka 2"z —67Q0 (6.18)

Hence 6 — 0 exponentially for ¢t > t. and the initial asymptotic convergence of Z is
strengthened to exponential convergence.

For feedback linearizable systems

i’i:l’i+1 1§Z§7’L—1
in = fi(7) + fa(z)u + 07 g, ()

y=n
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the PE condition Q(t.) > 0 translates to a priori verifiable sufficient condition on the
reference setpoint. It requires the rows of the regressor vector g,(z) to be linearly
independent along a desired trajectory x"(t) on any finite interval ¢t € [tq,t2), t; < ty <
oo. This condition is less restrictive than the one given in [93] for the same class of
system. This is because the linear independence requirement herein is only required
over a finite interval and it can be satisfied by a non-periodic reference trajectory
while the asymptotic stability result in [93] relies on a T-periodic reference setpoint.
Moreover exponential, rather than asymptotic stability of the parametric equilibrium

is achieved.

6.4 Dither Signal Update

Perturbation signal is usually added to the desired reference setpoint or trajectory
to guarantee the convergence of system parameters to their true values. To reduce
the variability of the closed-loop system, the added PE signal must be systematically
removed in a way that sustains parameter convergence.

Suppose the dither signal d(t) is selected as a linear combination of sinusoidal
functions as detailed in Section B3 Let a® be the vector of the selected dither
amplitude and let 7' > 0 be the first instant for which d(7") = 0, the amplitude of the

excitation signal is updated as follows:

a’, telo,T)
a(t) = (6.19)

exp T a(j - VT, te[jT, (j+1)T), j>1

where the gain v > 0 is a design parameter, a(0) = a° and
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5(0) = 07 8(7—> = )‘min (Q(T>)
E=max{E(T), E((j —1T)}.

It follows from (EI9) that the reference setpoint will be subject to PE with con-
stant amplitude a° if ¢ € [0, T'). After which the trajectory of a(t) will be dictated
by the filtered regressor matrix ). The amplitude vector a(t) will start to decay
exponentially when Q(¢) becomes positive definite. Note that parameter convergence
will be achieved regardless of the value of the gain ~ selected as the only requirement

for convergence is Q(t) > 0.

Remark 6.2 The other major approach used in traditional adaptive control is pa-
rameter estimation based design. A well designed estimation based adaptive control
method achieves modularity of the controller-identifier pair. For monlinear systems,
the controller module must possess strong parametric robustness properties while the
identifier module must guarantee certain boundedness properties independent of the
control module. Assuming the existence of a bounded controller that is robust with
respect to (9~, é), the adaptive compensator ([GO) serves as a suitable identifier for

modular adaptive control design.

6.5 Simulation Example

To demonstrate the effectiveness of the adaptive compensator, we consider the ex-
ample in Section B@ for both the nominal system (E30) and the system under ad-
ditive disturbance ([E3@). The simulation is performed for the same reference set-
point y, = 1, disturbance vector ¥ = [0.1sin(27t/5), 0.2cos(wt)]”, parameter values

0 =[—1, =2, 1, 2, 3] and zero initial conditions.
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The adaptive controller presented in [66] is also used for the simulation. We modify
the given stabilizing update law by adding the adaptive compensator (G.4) to it. The
modification significantly improve upon the performance of the standard adaptation
mechanism as shown in Figures and B2 All the parameters converged to their
values and we recover the performance of the finite-time identifier (EI4]). Figures
and B4 depict the performance of the output and the input trajectories. While the
transient behaviour of the output and input trajectories is slightly improved for the
nominal adaptive system, a significant improvement is obtained for the system subject

to additive disturbances.

6.6 Conclusions

This Chapter demonstrates how the finite-time identification procedure can be used
to improve the overall performance (both transient and steady state) of adaptive
control systems in a very appealing manner. First, we develop an adaptive com-
pensator which guarantees exponential convergence of the estimation error provided
the integral of a filtered regressor matrix is positive definite. The approach does not
involve online checking of matrix invertibility and computation of matrix inverse nor
switching between parameter estimation methods. The convergence rate of the pa-
rameter estimator is directly proportional to the adaptation gain and a measure of
the system’s excitation. The adaptive compensator is then combined with existing
adaptive controllers to guarantee exponential stability of the closed-loop system. The
application reported in Section is just an example, the adaptive compensator can

easily be incorporated into other adaptive control algorithms.
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Figure 6.1: Trajectories of parameter estimates. Solid(-):  compensated estimates;
dashdot(-.): FT estimates; dashed(--): standard estimates [66].
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Figure 6.2: Trajectories of parameter estimates under additive disturbances.
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Figure 6.3: Trajectories of system’s output and input for different adaptation laws.
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Figure 6.4: Trajectories of system’s output and input under additive disturbances for dif-
ferent adaptation laws. Solid(-): compensated estimates; dashdot(-.): FT
estimates; dashed(--): standard estimates [66].
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Chapter 7

Adaptive Model Predictive Control

for Constrained Nonlinear Systems

7.1 Introduction

Most physical systems possess parametric uncertainties or unmeasurable parameters.
Examples in chemical engineering include reaction rates, activation energies, fouling
factors, and microbial growth rates. Since parametric uncertainty may degrade the
performance of MPC, mechanisms to update the unknown or uncertain parameters
are desirable in application. One possibility would be to use state measurements
to update the model parameters off-line. A more attractive possibility is to apply
adaptive extensions of MPC in which parameter estimation and control are performed
online.

The literature contains very few results on the design of adaptive nonlinear MPC
[B1,B80]. Existing design techniques are restricted to systems that are linear in the
unknown (constant) parameters and do not involve state constraints. Although MPC
exhibits some degree of robustness to uncertainties, in reality, the degree of robustness

provided by nominal models or certainty equivalent models may not be sufficient
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in practical applications. Parameter estimation error must be accounted for in the
computation of the control law.

This chapter is inspired by [B2,83]. While the focus in [32,B83] is on the use of
adaptation to reduce the conservatism of robust MPC controller, this study addresses
the problem of adaptive MPC and incorporates robust features to guarantee closed-
loop stability and constraint satisfaction. Simplicity is achieved here-in by generating
a parameter estimator for the unknown parameter vector and parameterizing the con-
trol policy in terms of these estimates rather than adapting a parameter uncertainty
set directly.

First, a min-max feedback nonlinear MPC scheme is combined with the adapta-
tion mechanism developed in Chapter fl The parameter estimation routine employed
guarantees non-increase of the norm of the estimation error vector and provides ex-
ponential parameter convergence when an excitation condition is satisfied. The es-
timates are used to update the parameter uncertainty set, at every time step, in a
manner that guarantees non-expansion of the set leading to a gradual reduction in the
conservativeness or computational demands of the algorithms. The min-max formu-
lation explicitly accounts for the effect of future parameter estimation and automat-
ically injects some useful excitation into the closed-loop system to aid in parameter
identification.

Second, the technique is extended to a less computationally demanding robust
MPC algorithm. The nominal model rather than the unknown bounded system state
is controlled, subject to conditions that ensure that given constraints are satisfied
for all possible uncertainties. State prediction error bound is determined based on
assumed Lipschitz continuity of the model. Using a nominal model prediction, it is
impossible to predict the actual future behavior of the parameter estimation error
as was possible in the min-max framework. It is shown how the future model im-

provement over the prediction horizon can be considered by developing a worst-case
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upper bound on the future parameter estimation error. The conservativeness of the
algorithm reduces as the error bound decreases monotonically over time.

Finally, it is shown how the finite-time identifier developed in Chapter Bl can
be incorporated in the proposed adaptive MPC algorithms. The true value of the
uncertain parameter vector is recovered in a known finite-time when an excitation
condition is satisfied. Subsequently, the adaptive and robustness features of the MPC
is eliminated and the complexity of the resultant controller reduces to that of nominal

model predictive control.

7.2 Problem Description

The system considered is the following nonlinear parameter affine system
&= f(z,u)+ glx,u)d = F(x,u,b) (7.1)

6 € R™ is the unknown parameter vector whose entries may represent physically
meaningful unknown model parameters or could be associated with any finite set
of universal basis functions. It is assumed that 6 is uniquely identifiable and lie
within an initially known compact set ©° = B(#°, 29), a ball described by an initial
nominal estimate #° and associated error bound 2§ = sup,cgo ||s — 6°||. The mapping
F : R™ x R™ x R™ — R™ is assumed to be locally Lipschitz with respect to its
arguments. The state and the control input trajectories are assumed to be subject to
pointwise constraints x € X € R" and u € U € R" respectively. The objective of the
study is to (robustly) stabilize the plant by means of state feedback adaptive MPC.
Optimality of the resulting trajectories are measured with respect to the accumulation

of some stage cost L(x,u) > 0. The cost is assumed to be continuous, L(0,0) = 0,
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and L(xz,u) > pp(||z,ul]), where py, is a Ko functionEI

7.3 Estimation of Uncertainty

7.3.1 Parameter Adaptation

Since parameter convergence is fundamental to the overall goal of this thesis work.
The estimation algorithm presented in Chapter [ is used. The adaptive update law,
driven by the parameter estimation error 6=0-— é, remains active until parameter
convergence is achieved and results in faster convergence than any traditional update
laws that depends only on tracking or prediction error.

For ease of reference, the adaptive law is given by
O=T(C—Qb), Ot)=0 (7.2)

where the adaptive gain I' = I'" = 0 and

Q = whw, Q(to) =0 (7.3a)
C = w'(w +z—-37-n), C(ty) =0 (7.3b)
i = flz,u)+gle,u)0® +ky(z— &),  2(t) = x(to) (7.3¢)
n = x—3—wl-06) (7.3d)
W= gla,u) — kyw, w(ty) =0 (7.3¢)
o= ke, n(to) = e(to). (7.31)

The vector & is the adaptive predictor for (IZ]), the constant k,, > 0 is the filter gain,
6° is the nominal initial estimate of §, w is a first order filter, 7 is an auxiliary variable

defined to provide a direct relationship between the parameter estimation error 6 and

LA continuous function p : RT — R¥ is of class Koo if p(0) = 0, u(.) is strictly increasing on R*
and is radially unbounded.
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the prediction error x — . As shown in Section B2 the parameter estimation error
10|| is non-increasing for ¢ < t. and converges to zero exponentially for ¢ > t, where

t. is the time at which the matrix Q(t.) = [

Sw' (T)w(r) dr > 0. This was achieved
0

by defining a Lyapunov function

Vs = =010 (7.4)

where

7.3.2 Set Adaptation

The uncertainty set © £ B (é, zp) is updated online by updating the parameter esti-
mate § and its associated error bound zy = SUDgeo |5 — 0]|. The vector  is updated
via (L) while zp is updated based on the observed system’s excitation contained in

E(t) according to the following algorithm.

Algorithm 7.1 Let £(0) = A\uin (F'Q(0)), beginning from time t;_1 = ty, the param-

eter and set adaptation is implemented iteratively as follows:
1. Imitialize z(ty) = 29, O(to) = B(0(ty), z9(to)), € = E(ty) =0

2. Implement the following adaptation law over the interval T € [t;_q, t;)

29(T) = —E2p(7) (7.6)
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3. At time t;, perform the updates

E(ti), if E(t;) > E(tiz)

o)
I
—
=
\]
N—

E(ti—1),  otherwise

(. 0) (41w, e(t)). if 20(ts) < zp(ticy) = [10(t) — O(tiy)|
(é(ti_l), @(tl_1)> y otherwise
(7.8)
4. Iterate back to step 2, incrementing i =i+ 1.

The advantage of updating zy according to (@) is that contraction of zy can be
triggered even when the actual parameter estimation error is zero. The uncertainty
set © when implemented according to algorithm [L1] contracts in a strictly nested

fashion without excluding # as shown in the following lemma.

Lemma 7.2 The evolution of © £ B(6, zy) under (), D) and Algorithm [T] is

such that
i) O(ty) CO(ty), tog <ty <ty
ii) 6 € O(ty) = 6 € O(t), Vt >ty
Proof:

sup  ||s — 0(t;)|| > zo(t;). (7.9)

S€EO(tit1)
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ii)

However, it follows from triangle inequality and algorithm [Tl that ©, at update

times, obeys

sup |[[s = 0(L)|| < sup [|s = O(tisa) || + [10(ti1) — 0(:)]
SEO(tiy1) SEO(tiy1)

< Zo(tinn) + [0(ti01) = 0(t:)|| < 20(t:),

which contradicts (Cd). Hence, © update guarantees ©(t;11) C O(t;) and the
strict contraction claim follows from the fact that © is held constant over update

intervals 7 € (t;,t;41).

The 6 inclusion claim is proven by showing that
10(t)]] < z(t), ¥t >t (7.10)

which in turn establish that § € O(ty) = 0 € B(0(t), z(t)), Vt > to. We know
that [|0(to)|| < z0(to) (by definition). It follows from (ZZ) that

%mz—ﬁhﬁ(mm+4%wfwww0aﬂ,fqmnm

< —0"(M)T Q) B(r) < —E(t:) Vy(7). (7.11)

and using (Z4)), () and ([ZITl) we have ||§(t)]| < Zy(t). Hence, by comparison
lemma ( [63], Lemma 3.4) we have ([ZI0).

7.4 Robust Adaptive MPC - A Min-max Approach

In this section, the concept of min-max robust MPC is employed to provide robustness

for the MPC controller during the adaptation phase. The resulting optimization
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problem can either be solved in open-loop or closed-loop. In the approach proposed,
we choose the least conservative option by performing optimization with respect to
closed-loop strategies. As in typical feedback-MPC fashion, the controller chooses
input u as a function of the current states. The formulation consists of maximizing a
cost function with respect to 6 and minimizing over feedback control policies .

The receding horizon control law is defined by

~ ~

U= Fompe(T,0, 29) £ K*(0, 2,0, 2p) (7.12a)

K 2arg min  J(z,0, 2, K) (7.12Db)

H(T7xl’,61’7z@

where J(z, 0, 2, k) is the (worst-case) cost associated with the optimal control prob-

lem:

b e e /0 L, P)dr 4 W (@ (D). 07(T)) (7.13a)
st. V1 el0, T]
2 = f(2",uP) + g(a?, u?) 0, 27(0) =z (7.13b)
wp = g7 (2P, uP) — kw?, wP(0) =w (7.13c)
Qr = w” w®”, Q"(0)=Q (7.13d)
=T Qrér, =60, 6°(0)=0 (7.13¢)
u? (1) £ K(7,2?(7),0°(1)) € U (7.13f)
(1) €X, 2P(T) € X, (°(T)) (7.13g)

In the formulation, the effect of future parameter adaptation is accounted for,
which results in less conservative worst-case predictions. Also, the conservativeness
of the terminal cost is reduced by parameterizing both W and X as functions of 0 (T).
Parameterizing the terminal penalty as a function of 6 ensures that the algorithm will

seek to reduce the parameter error in the process of optimizing the cost function J.
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This may require the algorithm to automatically inject some useful excitation into

the closed-loop system.

7.4.1 Implementation Algorithm

Algorithm 7.3 The min-max MPC algorithm performs as follows: At sampling in-

stant t;

1. Measure the current state of the plant x and obtain the current values of

matrices w and Q from (L3d) and ([Z3a) respectively

2. Update the parameter estimates 0 and the uncertainty set O(t) £ B (é(t), ze(t)>
using ([L2) and Algorithm [71)

3. Solve the optimization problem (7IQ[7.13) and apply the resulting feedback

control law to the plant until the next sampling instant

4. Repeat the procedure from step O for the next sampling instant, incrementing
t=1+1.
An alternative to the © update ([ZJ) is to define the uncertainty set
o(t) £ () B(O(7), z(7)), (7.14)
TE[to, t]

and replace step Bl of Algorithm with

2. Obtain the current value of parameter estimates 0 and uncertainty bound zg

from equations ([[2) and [TB). Then update the MPC quantities © and 0 as

O = Ot)20(t_1)[ ) Bt 2(t)) (7.15a)

Z (7.15b)

D>
Il

where 0 is any point in O.
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We note that the evolution of © when updated according to ([ZIH) satisfies the
main requirement for the MPC performance. The set contracts in a strictly nested

fashion without excluding #. The set contraction follows by definition:

O(tz) = O(t) (| B (é(tg),ZQ(t1)> CO®t), V>t (7.16)

Moreover, since z is such that [|0(t)|| < ze(t) Vt > to, the 6 inclusion claim follows
by noting that 6§ € O(ty) = 6 € B(A(t),z(t)), ¥t > to. Hence, § € O(t;) :=
', B (é(tl), ze(ti)>. The benefit of using ([LTH) is that the size of the uncertainty
description © reduces faster over time but this is achieved at the expense of increased
online computation due to the additional task of calculating the intersection of sets.
In the remainder of this section, we drop the explicit constraint by using

the convention that if some of the constraints are not satisfied, then the value of J is

+00 i.e.

L(z,u) < oo if (z,u) e XxU
L(z,u) =
+00 otherwise
. W(z,0) <oco if zeX;(f)
W(x,0) =
+00 otherwise

7.4.2 Closed-loop Robust Stability

Robust stability is guaranteed if predicted state at terminal time belong to a robustly
invariant set for all possible uncertainties. Let @0 = {9 18] < 29 )}, a sufficient con-
ditions for the robust MPC ([LI2) to guarantee stabilization of the origin is outlined

below:

Criterion 7.4 The terminal penalty function W : X; x ©° — [0, +00] and the ter-
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minal constraint function X; : ©° — X are such that for each (8, 8, 8) € (6 x @° x

~ ~

00, there exists a feedback ky(.,0) : X; — U satisfying

1. 0 e Xp(0) C X, Xf(0) closed
2. ky(z,0) € U, Vo € X;(0)

3. W(x,0) is continuous with respect to x € R™

4.V e Xp(0), Xp(0) is strongly positively invariant under k(x,0) with respect

to the differential inclusion @ € f(x, k¢(z,0)) + g(z, k(x,0))O
5. W (x(t +6),0(t)) — W(a(t),0(t)) < — [ L(x, ks(z,0))dr, Ve X;(8).

In addition to criterion ([Z4]), the 6 dependence of W and X ¢ is required to satisty

the following:

Criterion 7.5 For any 61, 6, € ©° s.t. ||y]| < ||6:],

1. W(l’,ég) < W(l’,él), Vr € Xf(él)

2. X;(02) 2 X;(6,)

Note that criterion (Z) requires only the existence, not knowledge, of k(z, ) and
the stability condition requires the terminal penalty function W (z, ) to be a robust-

CLF on the domain X;(6). Criterion (ZH) requires W to decrease and the domain

Xy to enlarge with decreased parametric uncertainty as expected.

Theorem 7.6 Let Xy = X((0°) C X denote the set of initial states with uncertainty
O for which [LIA) has a solution. Assuming criteria and [7-] are satisfied,
then the closed-loop system state x, given by (7.J7.3[7.0]7.19), originating from any

xo € Xo feasibly approaches the origin ast — 4o00.

The proof of the theorem is given in Section
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7.5 Robust Adaptive MPC - A Lipschitz-based
Approach

Due to the computational complexity associated with (feedback) min-max optimiza-
tion problem for nonlinear systems, it is (sometimes) more practical to use more
conservative but computationally efficient methods. Examples of such approaches
include Lipschitz-based methods [22,24] and those based on the concept of reachable
sets [25].

In this section, we present a Lipschitz-based method whereby the nominal model
rather than the unknown bounded system state is controlled, subject to conditions
that ensure that given constraints are satisfied for all possible uncertainties. State
prediction error bound is determined based on the Lipschitz continuity of the model.
A knowledge of appropriate Lipschitz bounds for the z-dependence of the dynamics

f(z,u) and g(z,u) are assumed as follows:

Assumption 7.7 A set of functions L; : X x U — R*, j € {f, g} are known which

satisfy

Li(X,u) > min{ﬁj

sup_(li(er,u) = jlas, )l = £l —wall) < 0},

z1,x2€ X

where for j = g is interpreted as an induced norm since g(x,u) is a matriz.

7.5.1 Prediction of State Error Bound

In order to consider the effect of the uncertainty 6 in the controller synthesis, we have
to compute a bound on the difference between the nominal state trajectory and the

solution of the actual system. To this end, consider the actual system

&= f(z,u) + g(z,u)0, (7.18)
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and the nominal model controlled by the same input «
# = f(a?,u) + g(a”, u) 0, (7.19)
it follows that

[ = &P} < \[f (2, w) = f@P, w)]| + [lg(z, )8 = g(aP, w)0]| + [|g(2”, w)8 — g (=", u)6"]|

< Lille — 2P|l + Lll6lllle — 2|l + llg(a®, w)][]|6 — b]].
Therefore, a worst-case deviation zP > maxgeg ||z — 2P| can be generated from
2= (Ly + LD z7 + (P, u)ll 20, 25(to) =0 (7.20)
where IT = z + ||6].

7.5.2 Lipschitz-based Finite Horizon optimal Control

Problem

The model predictive feedback is defined as

U = Kpe(, 0, 29) = u*(0) (7.21a)
u*(.) £ arg min J(z, 0, z9, u") (7.21b)
“lo.1]

where J(z, 0, 2, uP) is given by the optimal control problem:

J(z,0, zg, uP) = / ' L(z?,uP)dr + W (2zP(T), 25(T)) (7.22a)
s.t. V1 € (EO, T

2P = f(2P, uP) + g(a?, uP)0, 2P(0) = x (7.22D)

2 = (L + L)z + [[g(a”, uP) ||z, 25(0) =0 (7.22¢)
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XP(1) & B(aP(1),22(1)) C X, uP(r) €U (7.22d)

XP(T) C X;(22(T)) (7.22¢)

In the proposed formulation, the parameter estimate 6 and the uncertainty radius
2p which appears in ([[L221) and ([CZZd) are updated at every sampling instant and
held constant over the prediction horizon. However, the effect of the future model
improvement along the prediction horizon is incorporated in the formulation by pa-
rameterizing the terminal expressions in (C2Za) and (L22d) as a function of zy(T).
This enlarges the terminal domain and hence reduces the conservatism of the robust
MPC. Using a nominal model prediction, it is impossible to predict the actual future
behavior of the parameter estimation error as was possible in the min-max framework.
However, based upon the excitation of the real system at sampling instants ¢;, one

can generate an upper bound on the future parameter estimation error according to

Algorithm [l equation ([ZH), that is

zg(T) = exp_g(T_ti) ZG(ti) T E [tl7 tl + T) (723)

where

E> E(ti) = Amin (F'Q(t:))

7.5.3 Implementation Algorithm

Algorithm 7.8 The Lipschitz-based MPC' algorithm is implemented as follows: At

sampling instant t;
1. Measure the current state of the plant x = x(t;)

2. Update the parameter estimates 0 = 0(t;) and uncertainty bounds zg = zo(t;)
and zy(T) = 25 (t; + T) via (D), [CQ) and [TZJ) respectively.
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3. Solve the optimization problem (72ZW723) and apply the resulting feedback

control law to the plant until the next sampling instant

4. Repeat the procedure from step Ol for the next sampling instant, incrementing

t=1+1.

The conservatism of the Lipschitz-based approach is mainly due to the compu-
tation of the uncertainty cone B(z”,22) around the nominal trajectory. The rate at
which the cone expands over the prediction horizon reduces at each sampling instant
as zg reduces. When zj is zero, the effect of parameter uncertainty on the state pre-
diction can be totally eliminated from the adaptive framework by replacing the error

dynamic (C2Zd) with 22 = 0 when zy ~ 0.

Theorem 7.9 Let X} £ X/(6°) C X denote the set of initial states for which ()
has a solution. Assuming Assumption[7_] and criteria[74 and[7.] are satisfied, then
the origin of the closed-loop system given by (7.17.3]7.0]7.21)) is feasibly asymptoti-

cally stabilized from any xo € X.

The proof can be found in Section [

7.6 Incorporating Finite-time Identifier

The performance and computational demand of the adaptive MPC schemes developed
depend on the performance of the parameter and set adaptation mechanism employed.
An identification mechanism that provides faster convergence of 6 to zero (in a known
time) is beneficial. In this section, we employ the finite-time identifier, presented in
Chapter B, in developing an adaptive predictive control structure that reduces to a

nominal MPC problem when exact parameter estimates are obtained.
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Let the parameter estimate 0, matrices @ and C be generated from (), (Z3a)
and ([Z3H) respectively. Also, let . be a time such that Q(t.) is invertible, the finite-

time identifier (FTI) is given by

. (1), if t<t.
de(t) = (7.24)

Qte) ' C(t), if t>te.

The revised algorithm based on the FTT is given in the following.

7.6.1 FTI-based Min-max Approach

Let the filter (TI3d) and excitation dynamics ([LI3d) be replaced by

W” =B (9" (2", uP) — kw”), wP(0) = w (7.25)

Qr = Bw” w”), QP(0)=Q (7.26)

with § € {0, 1} a design parameter. The proposed FTI based algorithm is as follows:

Algorithm 7.10 Finite-time min-max MPC algorithm: At sampling instant t;
1. Measure the current state of the plant x

2. Obtain the current value of matrices Q and C' from (L3d) and [L3L) respec-

tively

3. If det(Q) =0 or cond(Q) is not satisfactory update the parameter estimates 0
and the uncertainty set O(t) = B (é(t), z@(t)> according to Algorithm [7_]
Else if det(Q) > 0 and cond(Q) is satisfactory, set f =0 and update

0 =Q7 ' (t:)C(t:), 2z =0
End
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4. Solve the optimization problem ([7I3[7.13) and apply the resulting feedback con-

trol law to the plant until the next sampling instant

5. Increment i =i+ 1. If zg > 0, repeat the procedure from step [ for the next
sampling instant. Otherwise, repeat only steps[ and [ for the next sampling

mstant.

Implementing the adaptive MPC controller according to Algorithm [[T0 guarantees
that the uncertainty ball © £ B(é, 2p) is contained in the previous one, that is,
O(t;) € O(t;—1). Hence, a successive reduction in the computational requirement of
([LT2) is ensured. Moreover, when the parameter estimate §° becomes available, the
uncertainty set © reduces to a single point with § = 0 and the predictive robust

control structure becomes that of a nominal MPC:

U= Fmpe() 2 K50, 7) (7.27a)
2 argmin Iz, ) 2 /0 L(a?, u?)dr + W (2 (T)) (7.27b)
s.t. V1 € [0, T
P = f(aP, uP) + g(2P,uP)0°, 2P(0) =z (7.27¢)
uP(1) £ k(r,2P(7)) €U, 2°(1) € X, 2°(T) € X; (7.27d)

7.6.2 FTI-based Lipshitz-bound Approach

For the Lipshitz based approach, the error bound dynamic ([L22d) is replaced by

& =B(Ly + L)L + |lg”[[z0,  22(0) = 0, (7.28)

with § € {0, 1} and the controller is implemented according to the following algo-

rithm.
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Algorithm 7.11 Finite-time Lipschitz-based MPC' algorithm: At sampling instant

t;

. Measure the current state of the plant x

. Obtain the current value of matrices @ and C' from ([L3al) and [L3L)) respec-

tively

. If det(Q) = 0 or cond(Q) is not satisfactory, set f =1 and update the parame-

ter estimates § = 0(t;) and uncertainty bounds zy = zg(t;) and 25(T) = 22 (t;+T)
via ([2), [LH) and [LZJ) respectively.

Else if det(Q) > 0 and cond(Q) is satisfactory, set f =0 and update

0=Q ' (t;)C(t;), 2 =0
FEnd

. Solve the optimization problem (T.Z[7.23) and apply the resulting feedback

control law to the plant until the next sampling instant

. Increment i =i+ 1. If zyg > 0, repeat the procedure from step O for the next

sampling instant. Otherwise, repeat only steps and [ for the next sampling

mstant.

Implementing Algorithm ([ZI1l) ensures that the size of the uncertainty cone

around the nominal state trajectory reduces as zy shrinks and when exact param-

eter estimate vector ¢ is obtained, 22 = 0, which implies that the problem becomes

that of a nominal MPC ([ZZ17).

7.7 Simulation Example

Consider the regulation of a continuous stirred tank reactor where a first order, irre-

versible exothermic reaction A — B is carried out. Assuming constant liquid level,
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the reaction is described by the following dynamic model [94]:

Cu= %(CAm—CA)—koeXp<_ )CA

The states C'4 and T, are the concentrations of components A and the reactor tem-
perature respectively. The manipulated variable T, is temperature of the coolant
stream.

It is assumed that reaction kinetic constant ky and heat of reaction AH are only
nominally known and parameterized as ko = 6; x 10" min~* and AH kg = —6, x 10'°
J/mol min with the parameters satisfying 0.1 < #; < 10 and 0.1 < 6, < 10. The
objective is to adaptively regulate the unstable equilibrium C%’ =0.5 mol/l, T = 350
K, T¥1 =300 K while satisfying the constraints 0 < C'y <1, 280 <7, < 370 and 280 <
T, < 370. The nominal operating conditions, which corresponds to the given unstable
equilibrium are taken from [94]: ¢ =100 [/min, V=100 [, p=1000 g/, ¢, =0.239 J/g
K, E/R = 8750 K, UA=5x10* J/min K, C4;, =1 mol/l and T}, =350 K.

Defining x = [CA&gzq, T’%gfq]’, u = Tcg—gfq, the stage cost L(z,u) was selected as
a quadratic function of its arguments:
L(z,u) = 2" Q. z +u” R,u (7.29a)
0.5 0
Q. = R, = 1.333. (7.29b)
0 1.1429

The terminal penalty function used is a quadratic parameter-dependent Lyapunov
function W(x,0) = 2T P(f)z for the linearized system. Denoting the closed-loop
system under a local robust stabilizing controller v = kf(0) x as & = Ay(8)z. The

matrix P(0) := Py + 1P, + 6P, + ... 0,9F,p was selected to satisfy the Lyapunov
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system of LMIs

P6) >0

Aa(0)"P(0) + P(0)Aa(0) < 0

for all admissible values of 6. Since € lie between known extrema values, the task of
finding P(0) reduces to solving a finite set of linear matrix inequalities by introducing
additional constraints [05]. For the initial nominal estimate ° = 5.05 and zj) = 4.95,

the matrix P(6°) obtained is

0.6089 0.1134
P(6°) = (7.30)

0.1134 4.9122

and the corresponding terminal region is

X; = {z : 2" P(6°) v < 0.25}. (7.31)

For simulation purposes, the true values of the unknown parameters were chosen as
ko = 7.2 x 10"%min~t and A H = - 5.0 x 10* J/mol which implies §; = 7.2 and 0,
= 3.6. The Lipschitz-based approach was used for the controller calculations and the
result was implemented according to Algorithm [L8 Since the regressor matrix for
this reactor model is diagonal, we define uncertainty bound z, for each parameter
estimate and adapt the pairs (61, z9,) and (s, z5,) separately.

The system was simulated from three different initial states (C'4(0), 7,.(0))=(0.3,
335), (0.6, 335) and (0.3, 363). The closed-loop trajectories are reported in Figures [l
to[L4l The results demonstrate that the adaptive MPC regulates the system states to
the open loop unstable equilibrium values and satisfies the imposed state and input
constraints. The parameter estimates converge to the true values and the uncertainty

bound zy reduces over time.
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Figure 7.1: Closed-loop reactor state trajectories
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Figure 7.2: Closed-loop reactor input profiles for states starting at different initial conditions
(C4(0), T-(0)): (0.3, 335) is solid line, (0.6, 335) is dashed line and (0.3, 363)
is the dotted line
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Figure 7.3: Closed-loop parameter estimates profile for states starting at different initial
conditions (C'4(0), T-(0)): (0.3, 335) is solid line, (0.6, 335) is dashed line and
(0.3, 363) is the dotted line
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Figure 7.4: Closed-loop uncertainty bound trajectories for initial condition (Cy, T)) =
(0.3, 335)
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7.8 Conclusions

In this chapter, we presented an adaptive MPC design technique for constrained non-
linear systems with parametric uncertainties. The system’s performance is improved
over time as the adaptive control updates the model online. The controller param-
eters is updated only when an improved parameter estimate is obtained. Robustly
stabilizing MPC schemes are incorporated to ensure robustness of the algorithm to
parameter estimation error during the adaptation phase. The two robust approaches,
min-max and Lipschitz-based method, presented provides a tradeoff between compu-
tational complexity and conservatism of the solutions. In both cases, the controller is
designed in such a way that the computational requirement/conservativeness of the
robust adaptive MPC reduces with reduction in parameter uncertainty. Moreover,
the complexity of the resultant controller reduces to that of nominal model predic-
tive control when a finite-time identifier is employed and an excitation condition is

satisfied.

7.9 Proofs of Main Results

7.9.1 Proof of Theorem

Feasibility: The closed-loop stability is based upon the feasibility of the control ac-
tion at each sample time. Assuming, at time ¢, that an optimal solution ufO’T] to the
optimization problem ([ZIZ) exist and is found. Let ©F denote the estimated uncer-
tainty set at time t and ©V denote the set at time ¢ + 0 that would result with the
feedback implementation of uf ;4.5 = ufo’ PR Also, let P represents the worst case state
trajectory originating from z”(0) = z(t) and z" represents the trajectory originating
from 27(0) = z + dv under the same feasible control input ufs, = ;4. Moreover,

let X2, £ {2 i € F(z%,uP, 0% £ f(2, uP) 4 g(z*, u?)O"}.

134



Since the u’[’O 7] is optimal with respect to the worst case uncertainty scenario, it
suffice to say that ufO’T] drives any trajectory =¥ € X§, into the terminal region X?.
Since © is non-expanding over time, we have ©V C ©P implying 2 € Xg, C Xg,.
The terminal region X? is strongly positively invariant for the nonlinear system (1)
under the feedback ky(.,.), the input constraint is satisfied in X} and X% 2 X} by
criteria 2.2, 2.4 and 3.2 respectively. Hence, the input u = [u‘f 517" kfirr1e)) is a feasible
solution of ([I2) at time ¢+ § and by induction, the optimization problem is feasible

for all ¢ > 0.

Stability: The stability of the closed-loop system is established by proving strict de-
crease of the optimal cost J*(z, 0, z9) = J(x, 0, 2. k*). Let the trajectories (z?, or, G, 25)
and control uP correspond to any worst case minimizing solution of J*(z,é, 29).

If 1’1[)07:,1} were extended to 7 € [0,7 + 0] by implementing the feedback u(7) =

~

kp(aP(7),60P(7)) on T € [T, T + 6], then criterion [[l(5) guarantees the inequality
T+6 R :
/T L(a?, k(2. 07) )dr + W (a5, B2) — W (2o B2 < 0 (7.32)

where in (C32) and in the remainder of the proof, 22 £ aP(0), 62 £ 6P(c), for
o=T,T+5.
The optimal cost J*(z, 0, z)
T ~
/L(xp uP)dr + W (ah., 0%.)
T+5 . 3 3
/ (@, )r + W, 8) + [ Lo, ka2, 07) ) W (5, 80) = W (., 82)
0 T
(7.33)
T T+5 X B
/ (P, uP) dT+/L(:Ep,up)dT+/ L(a?, ky(a?,07) )dr + W (a5, 00 ) (7.34)
0 5 T
T

/O P uPVdr + J*(2(5), 6(0), 2(0)) (7.35)
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Then, it follows from (Z3H) that

J*((6),0(8), 29(6)) — J*(x,0, z9) < — / L(z?,uP)dr

0

)
< / uz |z, ull)dr. (7.36)

where pp is a class K, function. Hence z(t) — 0 asymptotically.

Remark 7.12 In the above proof,

o ([C33) is obtained using inequality (C32)
o ([3A) follows from criterion[T3.1 and the fact that ||0|| is non-increasing

e ([C33) follows by noting that the last 3 terms in [L34) is a (potentially) subop-
timal cost on the interval [8,T + 0] starting from the point (z?(5),07(8)) with

associated uncertainty set B(6P(6), 25(5)).

7.9.2 Proof of Theorem

Feasibility: Let ufO’T] denotes the initial optimal or feasible solution of ([L21) and let
let XP £ B(aP, zP) denotes the corresponding predicted ball of possible trajectories
that starts at (a7, 22, 25)|,—0 = (2(t),0, z4()). Similarly, let X* £ B(z",2?) denote

) ~Ya

the resulting cone originating from (zV, 22, z§)|,=s = (z + dv,0, zo(t + 0)), under the
same feasible control input uﬁ;’T] = u’[’&T].

At time 7 = 0, it follows from ([L22D) and ([ZZZd) that 22 provides an upper
bound on ||i? — z||, for & € F(z,uP, ©). Thus the continuity of the trajectories P (7)
and zP(7) ensures that for a small enough 6 > 0, z + dv € XP?(d). Therefore, we
assume, without loss of generality, that z¥(d) € XP(d). Since z2(d) = 0, it follows
that XV() C XP(§) and ||2P(5) — z¥(0)]] < 2E(0) — 22(0).

Next, we establish that the inclusion X"(7) C XP(7) holds for all 7 € [§,T] by

showing that ||2P(7) — a¥(7)|| < 22(7) — 2%(7), V7 € [0,T]. Defining the variable
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A . .
e, = 2P — z¥ — ||2P — 2”||, the dynamics of e, satisfy

e |
= (L5 + L)L = (Ly + LyT)20 — | f(a7,0) = F(2°,u) + (g(a”,w) — 9o, u))]
> (Ly+ LyI0) (28— 22) = (Lr + £, 101]) 2" —a" |

> (£f+£gH) €.,

from which the initial condition e,(d) > 0 guarantees that e,(7) > 0, V7 € [4,T].
This implies that X*(7) C XP(7) C X and X*(T') C X?(T') C X%. Moreover, from
the non-increase of the uncertainty bound zp, we have zj < z; which implies that
X? C X§. Therefore, the input u = [uf&ﬂ, kfirr1s)] serves as a feasible solution for

[2T) at time ¢ + ¢ and the feasibility result can be achieved by induction.

Stability: closed-loop stability is established by showing that the optimal value func-

tion is non-increasing. The proof is similar to that of theorem [LG.
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Chapter 8

Robust Adaptive MPC for Systems

with Exogeneous Disturbances

8.1 Introduction

In general, modelling error consists of parametric and non-parametric uncertainties
and the system dynamics can be influenced by exogeneous disturbances as well. In
this chapter, we extend the adaptive MPC framework presented in Chapter [0 to
nonlinear systems with both constant parametric uncertainty and additive exogenous
disturbances.

Intuitively, an adaptive controller should lead to controller with better robustness
properties than their non-adaptive counterpart since they use more information on
the systems uncertainties. However, this is not generally the case. Under external
disturbance input, adaptive controllers can lead to inferior transient behaviour, in-
finite parameter drift and burstiness in the closed-loop system. To address these
problems, parameter projection [73] is used to ensure the estimate remains in a con-
vex set and the parameter estimates are updated only when an improved estimate

is obtained. The formulation provides robustness to parameter estimation error and
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bounded disturbances ¥ € D. While the disturbance set D remains unchanged over
time, the parametric uncertainty set © is adapted in such a way that guarantees its

contraction.

8.2 Revised Problem Set-up

Consider the uncertain nonlinear system
&= f(z,u) +g(z,u)f +9 £ F(z,u,0,9) (8.1)

where the disturbance ¥ € D C R™ is assumed to satisfy a known upper bound
|19(¢)|| < My < co. The objective of the study is to (robustly) stabilize the plant to
some target set = C R"* while satisfying the pointwise constraints x € X € R™ and
u € U € R™. The target set is a compact set, contains the origin and is robustly

invariant under no control.

8.3 Parameter and Uncertainty Set Estimation

8.3.1 Preamble

Consider the dynamical system (BJI) and assume we use the same adaptive compen-

sator (C2) and ([Z3). Since ¥ is not known, the true n dynamic is

ny = —kyny + U, n9(to) = e(to) (8.2)

which results in the estimation error n = 7y — 7 and dynamic

i = —kyf) + 0, ii(to) = 0. (8.3)
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Considering the Lyapunov function
]_ ‘“’T ~

Since wf = w0° + x — & — 1 + 7 in this case, we have

t

Clt) = Q)0 + / W (0)ii(0) do (8.5)

to
hence, it follows that

t

V() = —07()) T Q) (1) — 67 ()T / W (0)ii(0) do, (.6)

to

which guarantees boundedness of the parameter estimation error. To compute 2z,

the upper bound on the estimation error that must depend on measurable signal, we

replace (B0) with
Va(t) < —E(0)Va(t) + kd\/vé(t)/t lw” (o)l|do (8.7)

where

E(t) = Amin (I'Q(2)) and kg = Apax(T)

Though the adaptive compensator gives a stronger convergence result for systems
subject to uncertainties, its usefulness in developing robust adaptive MPC for systems
subject to disturbances is limited. Updating the uncertainty bound zy based on (B7])
would result in a very conservative design, mainly because of the integral in the
positive term. To obtain a tighter parameter estimation error bound, we present an

alternative update law that is based on the closed-loop system states and My.
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8.3.2 Parameter Adaptation

Let the estimator model for (BI]) be selected as

f:f(x,u)+g(:v,u)§+kwe+wé, kyw >0

w = g(x,u) — kyw, w(ty) = 0.

resulting in state prediction error e = x — 2 and auxiliary variable n = e — wh

dynamics:

¢= g, ) — ke —wh+9  e(to) = x(to) — (to)

n=—kyn+1, n(to) = e(to).
Since ¢ is not known, an estimate of 7 is generated from
i=—kuil,  ite) = elto).
with resulting estimation error 77 = n — 7 dynamics
i = —ky 7+, iito) = 0.
Let X € R"*™ he generated from

> =wlw, Y(tg) =al » 0,

(8.10)

(8.11)

(8.12)

(8.13)

(8.14)

based on equations (EF), (8J) and [&IJ), our preferred parameter update law is

given by

. 1
> = 2w ws S te) = —1
v
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A~

§ = Proj {7 ST (e — ), é}, O(te) = 0° € ©° (8.15b)
where v = 4T > 0 and Proj{¢, é} denotes a Lipschitz projection operator such that

— Proj{¢, 6170 < —¢"0, (8.16)

0(ty) € ©° = 0(t) € O°, YVt > t. (8.17)

where ©° £ B(6°, 29 + ¢), ¢ > 0. More details on parameter projection can be found

in [73].

~

Lemma 8.1 The identifier 8IH) is such that the estimation error § = 6 — 8 is

bounded. Moreover, if

Jely  or / [171° — 3 lle = 117] dr < 400 (8.18)

to

with v = Amin (7) and the strong condition

lim Apin (Z) =0 (8.19)

t—o00

15 satisfied, then 0 converges to zero asymptotically.

Proof: Let V; = §T%4, it follows from (8IF) and the relationship wf = ¢ — 7 — 7

that

Vi < =29 0"w (e — i) + 67w wh

= —y(e—0)"(e—n)+7l (8.20)

implying that 6 is bounded. Moreover, it follows from (B20) that

Vilt) = Vitto) + [ Vatrir (s.21)

to
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t t
< Vilto) -2 / le — AP dr + / il dr (8.22)
to to

Considering the dynamics of ([8I3), if ¥ € Lo, then /) € £, (Lemma BH). Hence, the
right hand side of ([B22) is finite in view of (BIX), and by ([BIJ) we have

8.3.3 Set Adaptation

An update law that measures the worst-case progress of the parameter identifier in

the presence of disturbance is given by:

Vo
g = pWGo) (8.23a)
Vlto) = Amax(S(t0)) (:6)? (8.23b)
Vo = —y(e—n)"(e—n)+ (f—j)z. (8.23¢)

Using the parameter estimator (BIH) and its error bound zy (B23)), the uncertain ball

O £ B(0, z) is adapted online according to the following algorithm:

Algorithm 8.2 Beginning from time t;_1 = to, the parameter and set adaptation is

implemented iteratively as follows:
1 Initialize z(t;_1) = 23, O(t;i_y) = 6° and O(t;_y) = B(0(t;i_1), zo(ti_1)).

2 At time t;, using equations [8IH) and [BZJ) perform the update

(8.24)

3 Iterate back to step 2, incrementing i =i + 1.
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The algorithm ensure that © is only updated when zy value has decreased by an
amount which guarantees a contraction of the set. Moreover zy evolution as given in

(BZ3) ensures non-exclusion of 6 as shown below.

Lemma 8.3 The evolution of © = B(0, z) under BIH), @23) and algorithm A
15 such that

i) O(ty) CO(t), to <t1 <ty
ii) 6 € O(ty) = 6 € O(t), Vt >t
Proof:
i) The proof of the first claim is the same as that of Lemma [L2h)

ii) We know that Vj(tg) < V.e(ty) (by definition) and it follows from (B20) and

(BZ3d) that V;(t) < V4, (t). Hence, by the comparison lemma, we have

Vi(t) < Vip(t), Vt=>to. (8.25)

and since Vj; = 6Ty é, it follows that

10O < 5y = (1), Yt >to. (8.26)

8.4 Robust Adaptive MPC

8.4.1 A Min-max Approach

The formulation of the min-max MPC consists of maximizing a cost function with

respect to 0 € ©, ¥ € D and minimizing over feedback control policies k. The robust
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receding horizon control law is

~ ~

U= Fompe(T,0, 29) £ K*(0, 2,0, 2p)

K" 2 arg I(IliIl)J(SL’,é,Z@, K)

where

T
J(2,0,2,5) 2 max / L(x?,u?)dr + W (22(T), 0°(T"))
0

0cO, JeD
st. V7 €0, T
P = f(aP, uP) + g(2P,uP)0 + 9, 2P(0) ==

wP = g7 (xP,uP) — kyw?, wP(0) =w

uP (1) £ k(r,2%(7),0°(7)) € U

2P(r) € X, 2P(T) € Xp(0°(T))

(8.27a)

(8.27h)

(8.28a)

(8.28b)
(8.28¢)
(8.28d)
(8.28¢)
(8.28f)

(8.28g)

The effect of future parameter adaptation is also accounted for in this formulation.

The conservativeness of the algorithm is reduced by parameterizing both W and Xy

as functions of é(T ). While it is possible for the set © to contract upon 6 over time,

the robustness feature due to ¥ € D will still remain.

Algorithm 8.4 The MPC algorithm performs as follows: At sampling instant t;

1. Measure the current state of the plant z(t) and obtain the current value of

matrices w and X1 from equations (B3) and BIRal) respectively

2. Obtain the current value of parameter estimates 6 and uncertainty bound zg

from BIEH) and BZ3) respectively

If  zp(t:) < zo(ti1) — [0(t:) — O(ti)|
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FElse

End

3. Solve the optimization problem &2Z7) and apply the resulting feedback control

law to the plant until the next sampling instant

4. Increment i = i+ 1. Repeat the procedure from step O for the next sampling

mstant.

8.4.2 Lipschitz-based Approach

Assuming a knowledge of the Lipschitz bounds for the z-dependence of the dynamics
flz,u) and g(x,u) as given in Assumption [0 and let TI = z5 + ||4||, a worst-case

deviation 22 > maxyeco || — 2P|| can be generated from
D= (Lp+ L2 + ||g(xP, u)||zg + My, 2E(to) = 0. (8.29)

Using this error bound, the robust Lipschitz-based MPC is given by

U = Kpe(, 0, 29) = u*(0) (8.30a)
u*(.) £ arg min J(z, 0, z9, uP) (8.30Db)
“lom)
where
R T
J(z,0,z9,u") = /OL(:cp,up)dT + W (2P(T), z) (8.31a)
st. Y1 €0, T]
iP = f(aP,uP) + g(2P, uP), 2P(0) =z (8.31b)
&= (Ly+ LDz + ||g”l[ 20 + My, 27(0) =0 (8.31c)
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XP(1) & B(aP(1),2P(1)) C X, wP(r) €U (8.31d)

XP(T) C Xy(2h) (8.31e)

The effect of the disturbance is built into the uncertainty cone B(zP (1), z2(7)) via
(B31d). Since the uncertainty bound is no more monotonically decreasing in this case,
the uncertainty radius zg which appears in (83Td) and in the terminal expressions of
(B3Ta) and (RB3Td) are held constant over the prediction horizon. However, the fact
that they are updated at sampling instants when zy shrinks reduces the conservatism
of the robust MPC and enlarges the terminal domain that would otherwise have been

designed based on a large initial uncertainty zy(to).

Algorithm 8.5 The Lipschitz-based MPC algorithm performs as follows: At sam-

pling instant t;
1. Measure the current state of the plant x = x(t;)

2. Obtain the current value of the parameter estimates 6 and uncertainty bound

zg from equations BIH) and B23) respectively,

If  2(t;) < zo(tion)

FElse

End

3. Solve the optimization problem B30) and apply the resulting feedback control

law to the plant until the next sampling instant

4. Imcrement i:=i+1; repeat the procedure from step [ for the next sampling

mstant.
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8.5 Closed-loop Robust Stability

Robust stabilization to the target set = is guaranteed by appropriate selection of the
design parameters W and X ;. The robust stability conditions require the satisfaction
of criteria [C4 and [[H, with criteria [C414 strengthened to account for the effect of the

disturbance ¥ € D. The criteria are given below for ease of reference.

Criterion 8.6 The terminal penalty function W : X; x ©° — [0, +00] and the ter-
minal constraint function X; : ©° — X are such that for each (8, 8, 8) € (6 x @° x
(:)8), there ezists a feedback kg (., é) : Xy — U satisfying

1. 0€Xs(0) C€X, X;(0) closed

2. ks(z,0) € U, Yz € X;(6)

3. W(x,0) is continuous with respect to x € R™

4. Ve Xp(O)\E, X;(0) is strongly positively invariant under ks (x, 6) with respect
to & € f(w,kf(x,0)) + g(x, ks(x,0))0 + D

5. L(x,ky(2,0)) + DV F (2, ky(x,0),0,9) <0, Va e Xp(0)\=Z.

Criterion 8.7 For any 6,, 6, € ©° s.t. ||6: < ||61],
1. Wz, 0,) <W(x,6), Vo e X(6)
2. X4(65) D X4 (6y)

The revised condition require W to be a local robust CLF for the uncertain

system with respect to 0 € © and ¥ € D.
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8.5.1 Main Results

Theorem 8.8 Let X4y 2 X40(0°) C X denote the set of initial states with uncer-
tainty ©° for which &ZN) has a solution. Assuming criteria 88 and[87] are satisfied,
then the closed-loop system state x, given by (EAETARZASZ]), originating from any

xo € Xyo feasibly approaches the target set = as t — +o0.

Proof: The closed-loop stability is established by the feasibility of the control action
at each sample time and the strict decrease of the optimal cost J*. The proof follows
from that of theorem [L@ since the control law is optimal with respect to the worst
case uncertainty (0, ) € (0, D) scenario and the terminal region X? is strongly

positively invariant for (81I) under the (local) feedback k¢(.,.). [

Theorem 8.9 Let X, = X/,(0°) C X denote the set of initial states for which
B3Q) has a solution. Assuming Assumption [7_] and Criteria [8A and 8] are satis-

fied, then the origin of the closed-loop system given by (RS TARZARIN) is feasibly

asymptotically stabilized from any xy € X}, to the target set =.

The proof of the Lipschitz-based control law follows from that of theorem [L9

8.6 Simulation Example

To illustrate the effectiveness of the proposed design, we consider the regulation of
the CSTR in example [, subject to an additional disturbance on the temperature

dynamic:

_ Lo, _ —L

Ca= v (Cain — Ca) — koexp (RTT) Ca
q AH E UA

T, ==(T;,, —1T,)— —k T.—1T,)+9
V( ) - OeXp<RTT)CA+,Ocp ( ) +
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where () is an unknown function of time. We also assume that the reaction kinetic
constant kg and AH are only nominally known. The operating conditions and system
constraints are as detailed in Section [l The control objective is to robustly regulate
the reactor temperature and concentration to the (open loop) unstable equilibrium
C'=0.5 mol/l, T*9=350 K, T29=300 K by manipulating the temperature of the
coolant stream 7.

For simulation purposes, the disturbance is selected as a fluctuation of the inlet
temperate J(t) = 0.017;,sin(3t) and the true values of the unknown parameters
were also chosen as kg = 7.2 x 10¥%min™! and AH = - 5.0 x 10* J/mol. The
stage cost ([L29), terminal penalty ([Z30) and terminal region ([Z31) were used. The
Lipschitz-based approach was used for the controller calculations and the result was
implemented according to Algorithm BA As depicted in Figures Bl to B3, the robust
adaptive MPC drives the system to a neighborhood of the equilibrium while satisfying
the imposed constraints and achieves parameter convergence. Figure shows that
the uncertainty bound zy also reduces over time, although at much more conservative

rate compared to Figure [L4] obtained for systems with no disturbances.

8.7 Conclusions

The adaptive MPC design technique is extended to constrained nonlinear systems
with both parametric and time varying disturbances. The proposed robust controller
updates the plant model online when model improvement is guaranteed. The embed-
ded adaptation mechanism enables us to construct less conservative terminal design
parameters based upon subsets of the original parametric uncertainty. While the
introduced conservatism/computation complexity due to the parametric uncertainty
reduces over time, the portion due to the disturbance ¢ € D remains active for all

time.
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Figure 8.1: Closed-loop reactor trajectories under additive disturbance 9(t)

151



350 T T T T T

340

330

320

T K]

310

300

290

280

0 0.5 1 15 2 25 3
Time (min)

Figure 8.2: Closed-loop input profiles for states starting at different initial conditions
(C4(0), T,-(0)): (0.3, 335) is solid line, (0.6, 335) is dashed line and (0.3, 363)
is the dotted line
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Figure 8.3: Closed-loop parameter estimates profile for states starting at different initial
conditions (C'4(0), T,-(0)): (0.3, 335) is solid line, (0.6, 335) is dashed line and
(0.3, 363) is the dotted line
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Figure 8.4: Closed-loop uncertainty bound trajectories for initial condition (Cy, T),) =
(0.3, 335)
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Chapter 9

Integration of RTO and MPC for
Constrained Uncertain Nonlinear

Systems

In this chapter, we provide a formal design technique that integrates RTO and MPC
for constrained uncertain nonlinear systems. The framework considered assumes the
economic function is a known function of constrained system’s states, parameterized
by unknown parameters. The objective and constraint functions may explicitly de-
pend on time, which means that our proposed method is applicable to both dynamic
and steady state economic optimization. The control objective is to simultaneously
identify and regulate the system to the operating point that optimizes the economic
function. The control input may also be required to satisfy some constraints.

The method proposed solves the control and optimization problem at the same
frequency. This eliminates the ensuing interval of “no-feedback” that occurs between
economic optimization and thereby improving disturbance attenuation. The RTO
layer is tackled via a computational efficient approach. The constrained economic

optimization problem is converted to an unconstrained problem and Newton based
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optimization method is used to develop an update law for the optimum value. The
integrated design distinguishes between the extremum seeking and the adaptive track-
ing of the reference trajectory.

While many advances have been made in nonlinear systems for the stabilization of
one fixed operating point, few attempts have been made to address the stabilization
problem for time-varying or non-fixed setpoints. In [96], a stabilizing nonlinear MPC
algorithm was developed for asymptotically constant reference signals. By selecting
a prediction horizon that is longer than the time the reference setpoint is assumed to
have converged, the constant pre-programmed value is used to design the stabilizing
controller parameters, i.e, the terminal stability constraint X; and terminal penalty
W. The result is limited to reference signals that converge to a-priori known constant
setpoint. The method proposed in [97, combines a pseudo-linearization technique
with a nonlinear MPC strategy to stabilize a family of (known and constant) setpoints.
The linearization technique was used to obtain a constant linearization family that is
independent of the setpoint value. Fixed controller parameters were then developed to
achieve stability for the whole setpoint family. While the method provides a possible
solution for tracking changing setpoints, such pseudo-linearization transformation and
feedback is in general difficult to obtain and involve cumbersome computation.

A major challenge of extremum seeking control is that the optimum reference set-
point is not known in advance. The cost function and the dynamical system depend
on unknown parameters and hence the optimal operating point can only be deter-
mined in real-time. The future behaviour of the setpoint trajectory, which is crucial
for calculating model predictive control law is unavailable. Therefore, a single ter-
minal penalty function and constraint set is insufficient to guarantee stability of the
reference trajectory. Our stability result anchors on the design of time-varying sta-
bility parameters that depend on the current state measurement, setpoint trajectory

and parameter estimation error.
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9.1 Problem Description

Consider a constrained optimization problem of the form

Mingegne p(t, z,0) (9.1a)

s.t. ci(z) <0 j=1...m, (9.1b)

with 6 representing unknown parameters, assumed to be uniquely identifiable and
lie within an initially known convex set ©° £ B(#°, z9). The functions p and ¢; are
assumed to be C? in all of their arguments (with locally Lipschitz second derivatives),
uniformly for ¢ € [0, co). The constraint ¢; < 0 must be satisfied along the system’s

state trajectory z(t).

Assumption 9.1 The following assumptions are made about ([@II).

1. There exists ey > 0 such that % > g0l and g—;g > 0 for all (t,z,0) € (RT X

R™ x ©F), where O is an € neighborhood of ©.

2. The feasible set
X = {z € R™ | max ¢;(z) <0},
j

has a nonempty interior.

Assumption [@]] states that the cost surface is strictly convex in z and X is a non-
empty convex set. Standard nonlinear optimization results guarantee the existence
of a unique minimizer z*(¢,z,0) € X to problem @ In the case of non-convex

cost surface, only local attraction to an extremum could be guaranteed. The control
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objective is to stabilize the nonlinear system

i = fz,&u)+ g(r, & u)0 2 Fx, & u,0) (9.2a)

§ = fela,) (9.2b)

to the optimum operating point or trajectory given by the solution of ({Il) while
obeying the input constraint © € U € R™ in addition to the state constraint x € X €
R™ . The dynamics of the state £ is assumed to satisfy the following input to state

stability condition with respect to x.

Assumption 9.2 If x is bounded by a compact set B, C X, then there exists a

compact set Be C R"™ such that { € Be is positively invariant under [Z4.

9.2 Extremum Seeking Setpoint Design

9.2.1 Constraint Removal

An interior point barrier function method is used to enforce the inequality constraint.

The state constraint is incorporated by augmenting the cost function p as follows:

palts.0) 2 p(t,.6) = — 3 Inf=c) 93)

with 1, > 0, a fixed constant. The augmented cost function (@3)) is strictly convex
in z and the unconstrained minimization of p, therefore has a unique minimizer in

int{X} which converges to that of (III) in the limit as n. — oo [A8].
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9.2.2 Setpoint Update Law

Let z, € R™ denote a reference setpoint to be tracked by x and 6 denote an estimate
of the unknown parameter 6. A setpoint update law &, can be designed based on
newton’s method, such that z,(¢) converges exponentially to the (unknown) 6 de-
pendent optimum value of (3). To this end, consider an optimization Lyapunov

function candidate

1, 0p,
V=<
2“8:17

1
Al

(t,xr,ﬁ)]|2 = 5” r

(9.4)

For the remainder of this section, omitted arguments of p, and its derivatives are

~

evaluated at (t,z,,0). Differentiating (@) yields

© Opa (Opa | Ppa. | OPpa
V=0 (8m8t 522 ¥ ozan’ ) (9:5)
Using the update law
. a2pa - a2pa a2pa 5 5paT A N
S < Ox? ) [8x8t i 8x899 + oz } = Jrlt, 2, 6) (9:6)
with k. > 0 and r(0) =7 €int {X} results in
V;S_erzr||27 (97)

which implies that the gradient function z, converges exponentially to the origin.

Lemma 9.3 Suppose (0,0) is bounded, the optimal setpoint x,.(t) generated by (0)

is feasible and converges to z;a(é), the minimizer of ([@3)) exponentially.

Proof: Feasibility follows from the boundedness of (6, §) and Assumption @111 while

convergence follows from (7)) and the fact that z, is a diffeomorphism. [
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9.3 One-layer Integration Approach

Since the true optimal setpoint depends on 6, the actual desired trajectory x(t,0) is

not available in advance. However, (¢, 0) can be generated from the setpoint update

law (L6) and the corresponding reference input u,(x,) can be computed on-line.

Assumption 9.4 z,(t,0) is such that there exists u,(z,) satisfying

~

0= f(zr,ur,0) (9-8)

The design objective is to design a model predictive control law such that the true
plant state x tracks the reference trajectory x,.(t, é) Given the desired time varying
trajectory (z,,u,), an attractive approach is to transform the tracking problem for
a time-invariant system into a regulation problem for an associated time varying
control system in terms of the state error x. = x — x, and stabilize the z, = 0
state. The formulation requires the MPC controller to drive the tracking error z.
into the terminal set X, f(9~) at the end of the horizon. Since the system’s dynamics
is uncertain, we use the finite-time identifier (L24]) for online parameter adaptation
and incorporate robust features in to the adaptive controller formulation to account

for the impact of the parameter estimation error 6 in the design.

9.3.1 Min-max Adaptive MPC

Feedback min-max robust MPC is employed to provide robustness for the MPC con-
troller during the adaptation phase. The controller maximizes a cost function with

respect to € and minimizes it over feedback control policies k.

The integrated controller is given as

U = Kpe(t, e, 0) 2 (0, z,, ) (9.9a)
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K* £ arg I(nin)J(t,xe,é, K) (9.9b)

where J(t, ., 0, k) is the (worst-case) cost associated with the optimal control prob-

lem:

J(t, 2., 0,rk) 2 max /0 TL(T, aP uP u,)dr 4+ W (T, 2P(T), 0°(T)) (9.10a)
st. Vrel0, T]
i = f(2?, & uP) + g(a?, €, uP) 0, aP(0) =z (9.10D)
£=f(a%,6), €(0)=¢ (9.10¢)
iy = fi(t.z,.0), 27(0) =2, (9-10d)
2P = aP — 2P (9.10e)
wr = Bg" (2", u’) = kywP), w(0)=w (9.10f)
@ = B w?), Q"(0)=Q (9.10g)
=T Qrév, G =0, 6(0) =40 (9.10h)
uP (1) £ K(r,22(7), 07 (7)) € U (9.10)
2(7) € Xe, aB(T) € X, (67(T)) (9.10j)

where X, = {:E’c? P e X }, X, is the terminal constraint and 3 € {0, 1}. The
effect of the future parameter adaptation is incorporated in the controller design
via (I0a) and ([©.I0]), which results in less conservative worst-case predictions and

terminal conditions.

9.3.2 Implementation Algorithm

Algorithm 9.5 The finite-time min-max MPC algorithm performs as follows: At

sampling instant t;
1. Measure the current states of the plant © = xz(t;), & = £(t;) and obtain the
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current value of the desired setpoint x, = x,(t;) via the update law (@0

. Obtain the current value of matrices w, Q and C' from ([L3d), (L3d) and (L30)

respectively

. If det(Q) =0 or cond(Q) is not satisfactory update the parameter estimates 0
and the uncertainty set O(t) £ B (9(1&), ze(t)> according to Algorithm [7_]]
Else if det(Q) > 0 and cond(Q) is satisfactory, set f =0 and update

0=Q ' (t;)C(t;), 2 =0
End

. Solve the optimization problem (@QI2I0) and apply the resulting feedback con-

trol law to the plant until the next sampling instant

. Increment i =i+ 1. If zg > 0, repeat the procedure from step O for the next
sampling instant. Otherwise, repeat only steps and [ for the next sampling

mstant.

Since the algorithm is such that the uncertainty set © contracts over time, the

conservatism introduced by the robustness feature in terms of constraint satisfaction

and controller performance reduces over time and when © contracts upon 6, the

min-max adaptive framework becomes that of a nominal MPC. The drawback of the

finite-time identifier is attenuated in this application since the matrix invertibility

condition is checked only at sampling instants. The benefit of the identifier, however,

is that it allows an earlier and immediate elimination of the robustness feature.

9.3.3 Lipschitz-based Adaptive MPC

While the min-max approach provides the tightest uncertainty cone around the actual

system’s trajectory, its application is limited by the enormous computation required

to obtain the solution of the min-max MPC algorithm. To address this concern,
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the robust tracking problem is re-posed as the minimization of a nominal objective
function subject to “robust constraints”.

The model predictive feedback is defined as

U = Kpe(t, e, 0, 29) = u*(0) (9.11a)
u*(.) £ arg min J (¢, ze, 0,2, u", u,) (9.11Db)
“lo.1]

where J(t, z., 0, 29, uP, u,) is given by the optimal control problem:

J(t, T, 0, 29, U7, u,) = /0 ' L(t, 2P, uP, u,)dr + W (2P (T), 25(T)) (9.12a)
st. V1 €0, T]

i? = f(2P uP) + g(a?, uP)0, 2P(0) = x (9.12b)

& = f(&r,a), €(0)=¢ (9-12¢)

it = fo(t, z,,0), 22(0) =z, (9.12d)

2P = aP — z, (9.12€)

2= PB(Ly+ Lgll)2f + |lg(a”, €7, uP)]|z0, 27(0) =0 (9.12f)
XP(r) £ B(al(r),2£(r)) € X, w'(r) €U (9.12¢)

XUT) € Xe, (2(T)) (9.12h)

Since the Lipschitz-based robust controller is implemented in open-loop, there is
no setpoint trajectory xr(é) feedback during the inter-sample implementation. There-
fore, the worst-case deviation z? > maxyee ||z, — 2P| = maxgep ||x — 2P||. Hence =P
given in (@I20) follows from (Z20), assuming an appropriate knowledge of Lipschitz

bounds as follows:

Assumption 9.6 A set of functions L; : X x R x U — R*, j € {f, g} are known

which satisfy
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£iX,6u) = min{£; | swp (o1& u) = iz, & )| - £~ w]]) < 0},

z1,x2€ X

9.3.4 Implementation Algorithm

Algorithm 9.7 The finite-time Lipschitz based MPC' algorithm performs as follows:

At sampling instant t;

1. Measure the current states of the plant x = x(t;), £ = £(t;) and obtain the

current value of the desired setpoint x, = x.(t;) via the update law (0]

. Obtain the current value of matrices w, Q and C' from ([L3d), (C3d) and (L30)

respectively

. f det(Q) = 0 or cond(Q) is not satisfactory, set f = 1 and and update the

parameter estimates 0 = 0(t;) and uncertainty bounds zy = z(t;) and zE(T) =

zg(ti + T) via (L), [CH) and [TZ3) respectively.
Else if det(Q) > 0 and cond(Q) is satisfactory, set f =0 and update

0=Q ' (t)C(t;), 2z =0

End

. Solve the optimization problem (TINITIA) and apply the resulting feedback

control law to the plant until the next sampling instant

. Increment i =i+ 1. If zyg > 0, repeat the procedure from step O for the next
sampling instant. Otherwise, repeat only steps[ and [ for the next sampling

mstant.

Implementing the adaptive MPC control law according to Algorithm B ensures

that the uncertainty bound zg reduces over time and hence, the error margin 2z?

imposed on the predicted state also reduces over time and shrinks to zero when the

actual parameter estimate is constructed in finite-time.
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9.3.5 Robust Stability

Robust stability is guaranteed under the standard assumptions that X., C X, is an
invariant set, W is a local robust CLF for the resulting time varying system and
the decay rate of W is greater than the stage cost L within the terminal set X, in
conjunction with the requirement for W to decrease and Xy to enlarge with decreased

parametric uncertainty.

9.3.6 Enhancing Parameter Convergence

In min-max adaptive formulation, the terminal penalty is parameterized as a function
of f. This ensures that the algorithm will seek to reduce the parameter error in the
process of optimizing the cost function and will automatically inject some excitation in
the closed-loop system, when necessary, to enhance parameter convergence. However,
this is not the case in the Lipschitz-based approach since the control calculation only
uses nominal model. To improve the quality of excitation in the closed-loop and
thereby achieve parameter convergence in a minimum time, the invertibility condition
(Lemma B2 condition (28)) can be incorporated in the robust optimization problem

by adding an excitation term to the cost function J. The proposed excitation cost is

B
Je = Té’(T) (9.14)
where
& (1) = Aain{Q"(1)} or E(r) = v Q¥(1)v (9.15)

with v € R™ a unit vector. Note that any reduction in the cost function due to Jg¢
implies an improvement in the rank of . Though, the predicted regressor matrix

QP differs from the actual matrix (), a sufficient condition for ¢) > 0 is for Q¥ > zg >
1Q — Q7.

165



9.4 Two-layer Integration Method

The integration task can also be posed as a two degree of freedom paradigm where
the problem is divided into two phases. The first phase deals with generating a state
trajectory that optimizes a given objective function while respecting the system’s
dynamics and constraints, and the second phase deals with the design of a controller
that would regulate the system around the trajectory. At each sampling instant, the
optimum solution to the economic optimization problem obtained via (8) is passed
down to the tracking controller for implementation. The approach can be viewed as
sampling and zero-hold implementation of the setpoint update law.

The MPC controller design follows that of (@) and (@I1)). The only difference is
that rather than solving the setpoint differential equation (@) inside the MPC loop,
the measurement of x, obtained at sampling instants is used as the desired setpoint

to be tracked, that is, equations (@.I0d) and [@I2d) are replaced by
il =0, 2£(0) = z,. (9.16)

The adaptive controllers are implemented according to Algorithms and (@717

9.5 Main Result

The integration result is provided in the following:

Theorem 9.8 Consider problem ([@l) subject to system dynamics [@2), and satisfy-
ing Assumption[@dl. Let the controller be (@) or ([@II) with setpoint update law (00
and parameter identifier [LZA). If the invertibility condition (equation[8) is satis-
fied, then for any o > 0, there exists constant n. such thatlim;_ ||z (t)—x*(¢,0)| < o,

with x*(t,0) the unique minimizer of ([@l). In addition v € X, uw € U for all t > 0.
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Proof: We know from from triangle inequality that

lz =2 (O)]| < ll& = 20| + |22 () — 25 (D) + |25, (6) — 2 (O) || + || (8) — 2" (9)]
(9.17)

~

where z;,(0) denotes the unique minimizer of the unconstrained problem (fL3]) for 6 =
6. Since the MPC controllers guarantees asymptotic convergence of x, to the origin,
we have limy_ o ||z—=,(0)|| = 0. Also, it follows from Lemma[I3 that ||£L’T(é)—l’;a(é) [
converges exponentially to the origin. Moreover, it is well established that x;a(é)

converges continuously to 2*(6) as 1, — oo [A8, Proposition 4.1.1]. Therefore there

exists a class IC functionEI a.(+) such that
i [75,(6) — " 0] < o - (918)
Jim x < a, o) .
The finite-time identification procedure employed ensures that 0 =0 for all t > te,
with ¢, < oo and thus limy_ [|2*(0) — 2*(0)|| = 0.
Finally, we have

lim [|2(t) — 2* (£, 0)]| < <i> (9.19)

t—o00 ’)7C

and the result follows for sufficiently large 7.. The constraint satisfaction claim follows

from the feasibility of the adaptive model predictive controllers. [ |

LA continuous function p: R™ — R¥ is of class K if it is strictly increasing and u(0) = 0.
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9.6 Simulation Example

Consider the parallel isothermal stirred-tank reactor in which reagent A forms product

B and waste-product C [8]. The reactors dynamics are given by

dA; o Fm e
dt [ v ! 2
dB, Fout
dC; Fout
L Ot A2
dt Cz ‘/Z +kz2 79

where A;, B;, C; denote concentrations in reactor 4, k;; are the reaction kinetic con-
stants, which are only nominally known. The inlet flows F/™ are the control inputs,
while the outlet flows F* are governed by PI controllers which regulate reactor
volume to V2.

The economic cost function is the net expense of operating the process at steady

state.

2
p(As, s, 0) = [(pnsi + Pa — Po)kn AV + (piasi + 2Pa)kin A7V (9.20)

i=1

where P4, Pp denote component prices, p;; is the net operating cost of reaction j in
reactor ¢. Disturbances si, so reflect changes in the operating cost (utilities, etc) of
each reactor. The control objective is to robustly regulate the process to the optimal
operating point that optimizes the economic cost ([@20) while satisfying the following
state constraints 0 < A; < 3, ¢, = AV + A2V — 15 < 0 and input constraint
0.01 < Fj” < 0.2. The reaction kinetics are assumed to satisfy 0.01 < k; < 0.2.

The two-layer approach was used for the simulation. The setpoint value available
at sampling instant is passed down to the MPC controller for implementation. The
robustness of the adaptive controller is guaranteed via the Lipschitz bound method.

The stage cost is selected as a quadratic cost L(z.,u.) = 2! Q, z. + ul R, u., with
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Q. >0and R, > 0.

Terminal Penalty and Terminal Set Design

Let x = [Ay, A5]T, 0 = [ki1, k1o, ko1, koo)T and u = [Fi", Fi"]T| the dynamics of the

system can be expressed in the form:

xlkv1(§1—vlo+§3) Ain 2
A B e 0 1 2z 0 0
T = — —'— u — 97
zokyo(§2—Vy+£4) Ain 2
fon e M

where &1, & are the two tank volumes and &3, &, are the PI integrators. The system
parameters are V = 0.9, Vi) = 1.5, k,, = k,, =1, P4 =5, Pg = 26, p11 = pa1 = 3
and pia = pop = 1.

A Lyapunov function for the terminal penalty is defined as the input to state

stabilizing control Lyapunov function (iss-clf):

Wi(x.) ==zl z, (9.21)

1
2
Choosing a terminal controller
w=kylee) = = (= fou + Faze + ko gg" 2, (9.22)
with design constants ki, ko > 0, the time derivative of ([L21]) becomes

W(z.) = k12l ze — 27 g0 — kozl g g7 z. (9.23)

1
< —kalze|* + 4—,{;2||9||2 (9.24)

Since the stability condition requires W (z.(T")) + L(T) < 0. We choose the weighting
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matrices of L as @@ = 0.5] and R = 0. The terminal state region is selected as
Xy = {me  Wiwe) <} (9.25)
such that
kp(z.) €U, W(T)+L(T) <0, V(0,z)e (0,X,) (9.26)

Since the given constraints requires the reaction kinetic # and concentration x to be

positive, it follows that
W4+ L=—(k —05)|z|*> =27 g6 — ko2l gg" 2. <0 (9.27)

for all k&1 > 0.5 and x. > 0. Moreover, for . < 0, the constants k; and ks can always
be selected such that ([@I27) is satisfied V 6 € ©. The task of computing the terminal
set is then reduced to finding the largest possible . such that for k(.) € U for all
r e X, ;e

The terminal cost (21]) is used for this simulation and the terminal set is re-
computed at every sampling instant using the current setpoint value. The system was
simulated subject to a ramping measured economic disturbance in sy from ¢ = 6 to
10. The simulation results are presented in Figures to[@O The phase trajectories
displayed in Figure shows that the reactor states obeys the imposed constraints
while Figure shows that the actual, unknown setpoint cost p(t, z,, f) converges to
the optimal, unknown p*(¢, x*, #). Figure[@3 confirms the effectiveness of the adaptive
MPC in tracking the desired setpoint while Figure @4 shows the convergence of the
parameter estimates to the true values. The controls action shown in Figure is

implementable and satisfies the given constraints.
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9.7 Conclusions

This chapter provides a formal design technique for integrating RTO and MPC for
constrained nonlinear uncertain systems. The solution is based upon the tools and
strategies developed in the previous chapters. A single layer and two-layer approaches
are presented. The constrained RTO problem is solved by the use of interior point
barrier functions and Newton’s method. Adaptive nonlinear MPC based on min-max
framework and Lipschitz bounds proposed drive the system’s state to the minimizer

of the uncertain objective function.
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Chapter 10

Concluding Remarks

The integration of model predictive control (MPC) and real-time optimization (RTO)
for an optimal plant operation remains an open field of research. The achievable
economic benefit of the integrated module depends, to some extent, on the accuracy
of model updates. A better performance can be achieved if the model is updated
online as more information becomes available. One way to accomplish this is to pose
the problem as an adaptive extremum seeking control problem. This thesis presents
a formal scheme that integrates RTO and MPC by solving this class of optimization

problems.

10.1 Summary of Contribution

The integration task was addressed in Chapter Bl for linear uncertain systems with
only output measurement. The layered control approach was modified and employed
for designing the ESC. Lyapunov-based techniques are used to develop a scheme that
achieves the integrated task when it can be shown that a persistency of excitation
(PE) condition is satisfied. The satisfaction of such a condition ensures that the
closed-loop trajectories provide sufficient excitation for the identification of the true

cost that is to be optimized. For linear systems, there are established theories that
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provide guidelines for selecting or designing a perturbation input signal required to
achieve the necessary excitation. However, this is not the case for nonlinear systems.

The problem of determining appropriate excitation conditions for nonlinear sys-
tems with uncertain reference setpoint was addressed in Chapter Bl In contrast to
standard approaches that determine sufficient dither signals off-line, the method pro-
posed generates perturbation signals that satisfy the excitation condition in closed-
loop. The benefit of this approach is that parameter convergence is guaranteed with
minimal but sufficient level of perturbation.

In Chapter B a finite-time identification procedure that allows exact reconstruc-
tion of the unknown parameters in finite-time is developed provided a given excitation
condition is satisfied. To enhance the applicability of the finite-time (FT) procedure
in practical situations, a novel adaptive compensator that (almost) recovers the per-
formance of the FT identifier is proposed in Chapter @ The compensator guaran-
tees exponential convergence of the parameter estimation error at a rate dictated
by the closed-loop system’s excitation. It is shown that the adaptive compensator
can be used to improve upon any existing adaptive controllers. The modification
provided guarantees exponential stability of the parametric equilibrium when the
excitation condition is satisfied. Otherwise, the algorithm preserves the original sys-
tem’s closed-loop properties. The identification techniques are well suited for most
adaptive mechanisms and do not require the availability of the velocity state vector.
It is demonstrated, via simulation examples, that the identification procedures guar-
antee parameter convergence in situation where existing methods, driven by tracking
or state prediction error, fail.

In general, perturbation signals are usually injected into closed-loop system to
provide the sufficient excitation necessary for parameter convergence. However, sus-
tained perturbation adversely affects the closed-loop performance of adaptive con-

trollers. The problem of removing auxiliary perturbation signals when convergence
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is achieved is addressed in both Chapters B and While the result in Chapter
provides a direct solution to the problem, an algorithm is developed in Chapter @ for
the dither signal removal.

Chapters [ and B focus on the control of constrained uncertain nonlinear systems
using MPC. Since certainty equivalence approaches are not applicable to nonlinear
systems (in general), robust techniques are incorporated in the controller design to ac-
count for the transient impact of parameter estimation error. The benefits of incorpo-
rating the robustness feature include robust constraint satisfaction and the possibility
of obtaining optimal system’s excitation without injecting any auxiliary perturbation
signal. Another important benefit of the proposed controller framework is that it
allows for gradual reduction in the conservatism and numerical burden introduced by
the robust features as the model uncertainty reduces. Moreover, a constructive means
of recovering the underlying nominal MPC framework when parameters are identified
is provided. The MPC scheme is based on generalized stabilizing criteria, which can
be satisfied by a series of NMPC strategies such as Lyapunov based approaches and
contractive constraints methods. Chapter B provides an extension of the adaptive
MPC scheme to parametric nonlinear systems subject to additional time-varying dis-
turbances. To avoid the undesirable phenomena such as inferior transient behaviour
that plaques adaptive control of systems under external disturbances, a procedure is
developed to update the system’s model only when an improved estimate is obtained.

Chapter @ employs the finite-time identification procedure and the adaptive MPC
strategy developed in Chapters [ and [ respectively to provide a formal integration
scheme for constrained uncertain nonlinear systems. A single-layer and two-layer
approaches are presented. The methods proposed solve the control and optimization
problem at the same frequency, thereby improving disturbance attenuation. The
main limitation of the approach is the numerical computations involved especially

with respect to the robust control calculations.
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10.2 Future Research Directions

While the theoretical development of the FT identification is relatively complete,
the result depends on the availability of full state measurement. The procedure in
Chapters Bl and @ can be potentially extended to an output feedback problem and the
state estimation error can be treated as disturbances.

The theoretical issues related to the results in Chapters [ to Bl have not yet been
exhausted. From the MPC part, one issue that needs to be further addressed is
the design of the stabilizing robust MPC parameters; the terminal cost and terminal
constraint set. For nonlinear uncertain systems, the design of robust CLF and more
importantly its corresponding invariant set remains an open research problem.

So far the approach has only been tested in simulation, future work could focus
on its application to physical problems. While the Lipschitz-based robust method
presents a minimal computational limitation, the min-max strategy offers less conser-
vative results. However, its application relies on the availability of efficient min-max

solvers.
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