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A novel state-dependent control approach for discrete-time nonlinear systems with general performance criteria is presented.
This controller is robust for unstructured model uncertainties, resilient against bounded feedback control gain perturbations
in achieving optimality for general performance criteria to secure quadratic optimality with inherent asymptotic stability
property together with quadratic dissipative type of disturbance reduction. For the system model, unstructured uncertainty
description is assumed, which incorporates commonly used types of uncertainties, such as norm-bounded and positive real
uncertainties as special cases. By solving a state-dependent linear matrix inequality (LMI) at each time step, sufficient
condition for the control solution can be found which satisfies the general performance criteria. The results of this paper unify
existing results on nonlinear quadratic regulator, H, and positive real control to provide a novel robust control design. The
effectiveness of the proposed technique is demonstrated by simulation of the control of inverted pendulum.

Keywords: nonlinear control; robust control; linear matrix inequality

1. Introduction

Optimal control of nonlinear systems is traditionally
characterized in terms of Hamilton Jacobi Equations
(HJEs). The solution of the HJEs provides the necessary
and sufficient optimal control condition for nonlinear sys-
tems. Furthermore, when the controlled system is linear
time invariant and the performance index is linear quadratic
regulator (LQR), the HJEs are reduced to Algebraic Riccati
Equations (AREs). As for H,, nonlinear control problem,
the optimal control solution is equivalent to solving the
corresponding Hamilton Jacobi Inequalities (HJIs). How-
ever, HJEs and HJIs, which are first-order partial differential
equations and inequalities, cannot be solved for more than a
few state variables. In the past few years, it has been shown
that the problems of quadratic regulation and H, nonlinear
control can be effectively solved by state-dependent Riccati
equation (SDRE) and nonlinear matrix inequality (NLMI)
techniques (Huang & Lu, 1996). The state-dependent LMI
control of nonlinear systems, as pointed out in Wang and
Yaz (2009), Wang, Yaz, and Jeong (2010), and Wang,
Yaz, and Yaz (2010, 2011), synthesizes a controller to
achieve mixed nonlinear quadratic regulator (NLQR) and
H control.

Dissipative control for linear systems has also received
considerable attention over the past two decades. The con-
cept of dissipative system was first introduced by Willems
(1972a, 1972b), and further generalized by Hill and Moylan

(1976, 1980), playing an important role in systems,
circuits and controls. The theory of dissipative sys-
tems generalizes the basic tools including the passiv-
ity theorem, bounded real lemma, Kalman—Yakubovich
lemma and circle criterion. Dissipativity performance
includes H., performance, passivity, positive realness
and sector-bounded constraint as special cases. Research
addressing the problems of H,, and positive real con-
trol systems can be found in Safonov, Jonckheere, Verma,
and Limebeer (1987), Doyle, Glover, Khargonekar,
and Francis (1989), Haddad and Bernstein (1991), Sun,
Khargonekar, and Shim (1994), and Shim (1996). Con-
trol of uncertain linear systems with /;-bounded struc-
tured uncertainty satisfying Hy, and passivity criteria
has been tackled in Petersen (1987) and Khargonekar,
Petersen, and Zhou (1990). More recent development
involving the quadratic dissipative control for linear sys-
tems problem has been tackled in Xie, Xie, and De Souza
(1998) and Tan, Soh, and Xie (2000).

In this paper, we further consider the problem of opti-
mal, robust and resilient LMI control of discrete-time
nonlinear systems with general performance criteria. The
controller is robust for model uncertainties and resilient
for gain perturbations. As for the uncertain nonlinear sys-
tems, we consider a general form of /,-bounded uncertainty
description, without any standard structure, incorporating
commonly used types of uncertainty, such as norm-bounded

*Corresponding author. Email: xwang@siue.edu

© 2014 The Author(s). Published by Taylor & Francis.

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/3.0), which permits
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. The moral rights of the named author(s) have been

asserted.


mailto:xwang@siue.edu

Systems Science & Control Engineering: An Open Access Journal 49

and positive real uncertainties as special cases. The pur-
pose behind this novel approach is to convert a nonlinear
system control problem into a convex optimization prob-
lem which is solved by state-dependent LMI. The recent
development in convex optimization provides very effi-
cient algorithms for solving LMIs. If a solution can be
expressed in an LMI form, then there exist optimization
means providing efficient global numerical solutions (Boyd,
Ghaoui, Feron, & Balakrishnan, 1994). Therefore if the
LMI is feasible, then the LMI control technique provides
asymptotically stable solutions satisfying the general per-
formance criteria. We further propose to employ general
performance criteria to design the controller guarantee-
ing the quadratic sub-optimality with inherent stability
property in combination with dissipativity type of distur-
bance attenuation. The general performance criteria is a
generalization of the NLQR, H,, positive realness and
sector-bounded constraint. The results of the paper unify
existing results on NLQR, H,, and positive real control
and provide a novel robust control design. The paper is
organized as follows: Section 2 covers the general perfor-
mance criteria including the performance of NLQR, H,
positive realness and sector-bounded constraint. Section 3
presents state-dependent LMI-based control for nonlinear
systems achieving general performance criteria. In the final
section, an inverted pendulum on a cart system is used to
demonstrate the effectiveness and robustness of the new
approach.

2. System model and general performance criteria

The following notation is used in this work: 9, stands
for the set of non-negative real numbers, %" stands for
the n-dimensional Euclidean space. x; € 9" denotes n-
dimensional real vector with norm ||x|| = (x] x)'/?, where
()T indicates transpose. RN"*" is the set of n x m real
matrices. [, is the n x n identity matrix. 4 > 0 for a sym-
metric matrix denotes a positive semi-definite matrix. /; is
the space of finite-dimensional vectors with finite energy:
Z,‘:O:O lxxI?> < oo. The inner product on R” is defined by
(u,v) = Y0 wv;.

Consider the nonlinear dynamical system and perfor-
mance output equation as following:

Xier1 = J (X, ke, Wi)
= (ACr) + Au(x)) xi + (Bxx) + Ap(xe)) ur
+ (E(xx) + Ap (k) w

=A@+ A)xr+ B+ Ap)ug + (E+ Ap) we, (1)
zr = & (ks uk) = C - X + Dy - i, (2)
where x; € N" is the state of the dynamical system; u; €
N the applied input; wi € NP the [, type of distur-
bance; z; € N the performance output; f, g the nonlinear

vector functions; 4, € R, B, € W™ E, € R"*P C; €
R and Dy € NP the state-dependent coefficient (SDC)

matrices and Ay € X" Ap € R and Ag € R"*P the
state-dependent uncertainty matrices.

Note that the discrete-time, state feedback, input affine
and autonomous nonlinear system must be fully con-
trollable and state observable. The way of finding the
nominal system parameter matrices Ay, By, Ex, Cy and Dy
is a process of factorizing the nonlinear system into a
linear-like structure which contains SDC matrices, so-
called mathematical factorization. The I,-bounded per-
turbation matrices Ay, Ag and Ag are the unstructured
uncertainty matrices, which can also be time-varying state-
dependent matrices. Without any standard structures, the
uncertainty matrices provide us a general framework to
compensate for effect of the unmodeled system dynamics,
external disturbances, perturbation and noise. The com-
monly used types of uncertainty, such as norm-bounded,
structured uncertainties and positive real uncertainties are
special cases of the uncertainty matrices description in this
work.

It is assumed that the full state is available for feedback
and the state feedback control input is given by

up = (K(xp) + M) xpe = K + A xg,  (3)

where there is additive (possibly state dependent) perturba-
tion on the feedback gain.

Introducing the quadratic energy supply function £
associated with the system equations, defined by Hill and
Moylan (1976, 1980) as

E (zi, wi) = (2, Qzi) + 2 {zk, Swi) + (Wi, Rwy),  (4)

where Q € ™", § € NP, R € RP*P are the chosen weigh-
ing matrices. Next, from the definition of dissipativity, we
have

DEFINITION 2.1 Given matrices Q € W>*',§ € WP R e
NRP*P with Q,R symmetric, the system (1) and (2) with
energy function (4) is said to be (Q, S, R) dissipative if for
some real function B(-) with 8(0) =0,

E(zk, wi) + B(x0) = 0,Vw € L, Vk > 0. (5)
Furthermore, if for some scalar o > 0,
E(zk, we) + B(x0) = a (wg,wi) ,Vw € ,Vk > 0. (6)

The system (1) and (2) is said to be strictly (Q,S,R)
dissipative.

THEOREM 1  Consider the quadratic function V = XZPka
> 0, matrices Q € W*",§ € W*P,R e WP with Q,R
symmetric, M € X" M > 0,N € W™ N > 0 with M,
N symmetric, the system (1) and (2) control will achieve
mixed NLOR and dissipative performance if the following
condition holds:

Vier — Vi + xf My + uf Nuy,
— (24 Oz + 22, Swic + wi Rwy) < 0,Vk > 0. (7)
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Proof Note that upon summation over &, we have

=

-1
[z,f Oz + ZZgka + szwk]

Il
=

N—
> 3 [ My + w{Nug ]+ Viy = V. (8)

=l

—_

Let B (x0) = Vo, Vi (x) = x{ Pexy, Vv > 0, Equation (8)
implies
N—-1
Z (2 Oz + 220 Swi + wiRwi) + B (x0) > 0, (9)
i=0

which is the condition for (Q, S, R) dissipativity. |

Remark I By adding the terms x; Mxj + u; Nug, we
include the NLQR control performance into the original
(0, S, R) dissipative criteria.

Remark 2 Note that both H., and passivity are special
cases of (0, S, R) dissipativity.

The special cases are summarized as follows:

Casel Q=-1,S=0,R= y21, the strict (0, S, R)dissi-
pativity reduces H,, design (Doyle etal., 1989). The overall
control design satisfies mixed NLQR—H,, performance.

Case2 Q=0,5=1,R=0, the strict (0, S, R) dissipa-
tivity reduces to strict positive realness (Sun et al., 1994).
The overall control design satisfies mixed NLQR—strict
positive realness performance.

Case3 Q= —6I,8S = (1 —6)I,R =0y, the strict (Q,
S, R) dissipativity reduces to mixed Hy, and positive real
performance design, when 6 € (0, 1). The overall control
design satisfies mixed NLQR—H—positive real perfor-
mance.

Case4d Q=-1,S=1(K +K)",R=-1(K[K;
+K2T K I)T, where K and K are constant matrices of appro-
priate dimensions, the strict (O, S, R) dissipativity reduces
to a sector-bounded constraint (Gupta & Joshi, 1994).
The overall control design satisfies mixed NLQR—sector-
bounded constraint performance.

Before introducing the main result of the paper, the
following model of uncertainties is introduced.

ASSUMPTION 1  The following general form of I,-bounded
unstructured uncertainties is considered.:

AAA}; < )/AI,
ApAy < ypl,

ApAfL < yel,
AxAg < vk, (10)

for Vx; € " and k > 0.

3. State-dependent LMI control
LeEMMmA 1

AB" 4+ BA" < 044" + o7 'BB". (11)
This can be proven easily by considering
(al/ZA_a—l/ZB) (al/ZA_a—l/ZB)T ZO (12)

Also, by choosing A and B matrices as A=

T
[ao] and B = [b()T] we have

0 d"b ta'a 0
[bTa 0 ] =< [ 0 é-—leb . (13)
The following theorem summarizes the main results of
the paper:

THEOREM 2  Given the system equation (1), performance
output (2) and control input (3), if there exist matrices X =
Pk_1 > 0and Yy, for all k > 0, such that the following state-
dependent LMI holds:

(X Yo T3 YD Yis X
k Tzz ET 0 0 0
* * T33 0 0 0
It 9<0, * * * Y44 O 0
* * * * Ys5 0
| * * * * *  Yeo
> 0, (14)
_Xk le T13 Y,;r Xk
* Tzz ET 0 0
If Q = 0, * * T33 0 0 > 0,
* * * Y44 O
| * * * *  Yee
(15)

Y12 = X CLOD; + X, C['S,

Y3 = XkA/—{ + YI;FBT,

Yis = X, Cy,

Yy =D;S+S'Dy +D;OD; +R+1,

h 1
where oy Xe+ Qus+ye + DI+BBL, 19
Ya=N"1,
Yss =—0° !,

Yoo =M~ — (ya+2yx) " 1.

Then the inequality (7) to guarantee mixed NLQR and
dissipative performance is satisfied. The nonlinear feedback
control gain is given by

K, =Y -P,. (17)
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Proof Inthe proof below, the time and state argument will
be dropped for notational simplicity. By applying system
and performance output equations (1) and (2), and state
feedback input equation (3), the performance index can be
formed as follows:

i [k + A+ Bi+ Ap) (Ki + A1+ wi [Ee + Ap]™)
Py - {lAr + Ay + B + Ap)(Ki + Ag) Ixi
+ [Ex + Aplwi} — X3 Prx
+x M + X [Ki + A N Ky + AxIx
— [Cexx + Dwi]" Q[Chx + Dwi] — 2[Crxy + Dwi]®
Swi — wiRwy < 0. (18)

By grouping the terms, we have

T I E A A el
<0, (19)
where
Wy = {(Ar + A + B + Ap) (K + A} Pryr
(i + As) + (Br + Ap) (Ki + Ag)}
+M — P+ [Ki + Ak]' N [Ki + Ag] = COCy,
Wiz = {(dk + Au) + Br + Ap) (Ki + Ax)}!
Pit1 [Ex + Ap]l — CLODy — C}'S,
Wy = [Ey + Agp]" Pryr [Ex + Ag] — D ODy
— (DgS+S8"Dy) — R (20)
Denote the following terms:
A= Ar+ Ay + Bk + Ap) (Kk + Ak)
K =Ky + Ak,
E=E; + Ag. 21)
Then Equation (19) is equivalent to
ATPi A —Pr ATPE
[ * ETPk+1E:|
M+K'NK—ClOC, —CloD—Cls
" [ * —D]S—S"Dy — D} ODy —R:|
<0. (22)
By adding and subtracting Py term, we have

[gﬂ (Pev1 =P+ PO[A E] - m P I 0]

M +KTNK — CJOCy —CloD—-Cfs
+
* —D;{S—STD/(—DZQD]{—R
<0. (23)

Imposing the property Py < Py, the sufficient condi-
tion for Equation (23) is given as follows:

AT I
[ET} P[A E]- M Pl 0]
M+K'NK - ClOCy —CloD—Cls
+
* —D;S—S"D,—D;OD;—R
< 0. (24)

Equivalently, we obtain

Py—M —K"NK+CJOC, CLOD+C{S
* D;{S+S"Dy+D;ODy+R

- [gﬂ P[A E]>o0. (25)

Applying the Schur complement (Boyd et al., 1994), we

have
[ /P, — M —KTNK ]
CrODy+CIs AT

+CFOCy
(D[S +STD, ) > 0.
* ET
+D;OD; + R
* * Pk_1
B ©(26)

Taking O < 0 (the case where Q =0 will be con-
sidered later), we apply the Schur complement twice to
Equation (26), then

P, —M CI;FQD]{ + C,;rS AT KT C;(r
x  DIS+S'™Dy+D[OD+R E' 0 0
* * Pk_] 0 0
* * x N1 0
* * x ok —Q7!
> 0. (27)

Let X; = Pk’l, by pre- and post-multiplying the above
matrix inequality by diag {Xk I 1 11 } , we have

_Xk — X MX;, XkCTQDk +XkCTS XkAT XkKT XkCZ_
DES + STDi+
* T T 0 0
D, OD; +R

* * X 0 0

* * *« N1 0
i * * * x  —07!]
>0 (28)
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By applying the Schur complement again, we have

[ X X CLOD + X CFS X AT KT X, CT X, ]
DES + STD+
* ET 0 0 0
DZQDk +R

* * Xy 0 0 0

* ES * N_l 0 0

* * * x -0 o0
| x * * * * M7

>0 (29)
Denote

Vi = KilXy (30)

By replacing the variables with Equation (21) and apply-
ing Lemma | and Assumption 1, the sufficient condition for
inequality (29) is given below

X, CLOD+ XA+ ]
XK X CT X,
X ClS YIB]
DZS-I—STDH-
* E,? 0 0 0
D;ODy +R
* X 0 0 0
* * * N1 0 0
* * * * —Q’1 0
| * * * * * M‘l_
Q0 0 0 0 0
* 922 0 0 0 0
* k Q33 0 0 0
Tle w % a0 o0 (1)
* * * * 0 0
* * * * * 0
where

Qi1 = (1yx + a1va + oayg) XiXp + V' Yz,
Qo = ayl,

Q33 = 041_1)/31 + 012_1 (ys +ve)l + 013_11 + OlZlBsz.
(32)

Finally, by applying the Schur complement twice, we
have

Xe YT Y3 Y Yis Xk
Yy, ET 0 0 0
T3 0 0 0
¥ Y44 O 0
* * Ys5 0

* * * Yo

>0, (33)

* X K X ¥
* X X ¥

where
Y12 = X C{ OD; + X C{S,
Yi; = Xpd{ + VB,
Yis = X Cy,
Y2 = D; S+ S"Dy + D{OD + R + a1,
T3 =X +oy vl + a5 (vp+ye) [ +a5 ']
+ oy ' BB},
Tu=N"+ (" —05")1,
Yss = -0,
Yoo =M™ — (a1ys + oayk + asyx) ™' 1. (34)

Note that Equation (33) is derived under the condition
that O < 0. However, when strict positive realness criteria
are chosen for control design, then condition Q = 0 must
be satisfied. In this case, matrix inequality (33) should be
replaced by

Xe Y Y3 Y X

* Tzz ET 0 0

* * Y33 0 0 | >0. (35
* * *  Yaa O

* % * * T66

Since positive constants «y, . . . , &5 are arbitrary, choos-
ing all of them as 1, we obtain Equations (14) and (15).
Therefore, if LMI e (14) or (15) holds under different condi-
tions on O, the inequality (7) is satisfied. By solving the LMI
at each step, the values of Py, Y} can be obtained. The non-
linear feedback control gain can be found by Ky = Y - Py.
This concludes the proof. |

Remark 3 At this point, it is to be noted that other choices
of constants «y, ..., o4 are possible and can be tried if the
value 1 for all these constants does not work.

4. Application to the inverted pendulum on a cart

We test the novel robust and resilient state-dependent LMI
approach with the inverted pendulum on a cart (Wang et al.
2010) to compare the performance of different controllers.
Using the Euler—Lagrange Equation technique, the com-
plete equations of motion for the inverted pendulum on a
cart are found to be

(M + m)i + bx + mL6 cos(0) — mLO sin(9) = F,
(I +mL*)6 + mgL sin(0) + mLx cos(f) = 0. (36)
The following system parameters are assumed
M =0.5kg,m =0.5kg,b =0.INs/m,L = 0.3m,
I =0.06kgm?.
Sampling time : 7 = 0.01 s.
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Denote the following state variables:
X1 = x(kT),x00 = X(kT), 35 = O(kT), x4 = O(kT).
The following initial conditions are assumed:
x1=Lx=0,x3=mw/4,x4=0.

The following design parameters are chosen to satisfy
different mixed criteria:

Mixed NLQR—H . design (predominant NLQR)
C= [0.01 0.01 0.01 0.01] ,D=1[0.01],M = I,
N=1,0=-1,S=0,R=5.

Mixed NLQR—H, design (predominant H,)

C= [1 1 1 1] ,D=[1],M =0.01 x I, N =0.01,
0=-1,S=0,R=5.
Mixed NLQR—H —positive real design (NLQR passiv-
ity)
c=[1 11
0 = -0.01,
S =0.5,R=0.01.

1],D=[1M =Is,N =1,

All of the above-mixed criteria control performance
results are shown in the Figures 1-5, in comparison with
the traditional LQR technique based on linearization. From
these figures, we find that the novel state-dependent LMI
control has better performance compared with the tradi-
tional LQR technique based on linearization. Especially,
Figures 1 and 2 show that the traditional LQR technique
loses control of the position and velocity of the cart, respec-
tively, while the state-dependent LMI approach effectively
stabilizes the position and the velocity of the cart. It should
also be noted that predominant NLQR and predominant
H, control techniques lead to faster response times than

b——mMm —————————————————————
st e -
a8 e 4
3t e — Predominant NLQR 4
I} e Predominant hinfinity
‘g 2r a —====" NLQR-Passivity R
c — LQR based on linearization
Pl | i |
= \\.
:"% ‘\‘
2 Of ~ T
o \h ____
-1 N, e i
RN e
N -
-2 \\ //_/ |
. -~
-3t ST |
-4 s
0 1 2 3 4 5 6
Time in sec.

Figure 1. Position trajectory of the inverted pendulum.

2
°
c
[=}
(5]
Q
2
9]
©
£
£ 1
%’ -1 \l, /’ Predominant NLQR
% 15 Y O Predominant hinfinity
>0 ;|- NLQR-Passivity
o} \ / ---------- LQR Based on linearization
\‘\ //
25t N\ i
N
,3 1 1
0 1 2 3 4 5 6

Time in sec.

Figure 2. Velocity trajectory of the inverted pendulum.
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Predominant NLQR
—————e Predominant hinfinity
————— NLQR-Passivity

---------- LQR based on linearization

Angle theta in radian

e
-

_20 . . . . .
1 2 3 4 5 6
Time in sec.
Figure 3. Angle “theta” trajectory of the inverted pendulum.
05
of [T .
-05

Predominant NLQR

-1

R Predominant hinfinity

NLQR-Passivity
LQR Based on linearization

Angular velocity in radian/second

L L L L L
0 1 2 3 4 5 6
Time in sec.

Figure 4. Angular velocity trajectory of the inverted pendulum.

the NLQR-passivity technique. We observe that predomi-
nant H,, control shows the fastest response. Figure 5 shows
that the highest magnitude of control is needed by the
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30

Predominant NLQR
25} e Predominant hinfinity
————— NLQR-Passivity
---------- LQR Based on linearization ||

Control input in newton

20 L L L L L
0 1 2 3 4 5 6

Time in sec.

Figure 5. Control input.

predominant H,, control and the lowest control magnitude
is needed by the linearization-based LQR technique.

5. Conclusions

This paper has addressed discrete-time nonlinear control
system design with general NLQR and quadratic dissipative
criteria to achieve asymptotic stability, quadratic optimal-
ity and strict quadratic dissipativeness. For systems with
unstructured but bounded uncertainty, the LMI-based suffi-
cient conditions are derived for the control solution. These
results unify the existing results on SDRE control, robust
H,, and positive real control. The relative weighting matri-
ces of these criteria can be achieved by choosing different
coefficient matrices. The optimal control can be obtained
by solving LMI at each time step. The inverted pendulum
on a cart is used as an example to demonstrate the effective-
ness and robustness of the proposed method. The numerical
simulation studies show that the proposed method provides
a satisfactory alternative to the existing nonlinear control
approaches.
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