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ABSTRACT KEYWORDS
In this paper, the completion of fuzzy normed linear space (in the Fuzzy metric spaces; fuzzy
sense of Bag and Samanta) is studied. First, some properties of con- normed linear space; Cauchy

vergence fuzzy point sequences are discussed. Specially, we give fuzzy point sequence;
another characterisation of Q-neighbourhood base of 6; (i € (0,1])  uniformly dense in every
for I-topology introduced by Saheli. Then we show that each fuzzy stratum; completion
normed linear space has an (up to isomorphism) unique complete

fuzzy normed linear space which contains an uniformly dense in

every stratum subspace isomorphic to it.

1. Introduction

The notion of fuzzy norm on a linear space was first introduced by Katsaras [1]. Felbin [2]
gave an idea of fuzzy norm on a linear space whose associated metric is Kaleva type [3].
Influenced by the work given by Karmosil and Michalek [4], Cheng and Menderson [5] intro-
duced another definition of fuzzy norm on a linear space. Bag and Samanta [6] modified
slightly the notion of fuzzy norm determined by Cheng and Menderson. The relationships
between above three types of fuzzy norms are discussed by Bag and Samanta [7]. Based on
the notion of fuzzy norm in the sense of Bag and Samanta, the theory of fuzzy normed lin-
ear spaces is studied systematically [8—12]. Moreover, some notions and properties of finite
dimensional fuzzy cone normed linear spaces are discussed in [13-15].

Among them, Saheli [12] introduced a new /-topology on fuzzy normed linear space, and
show that this I-topology is compatible with the vector structure. The Q-neighbourhood
base of 9, (1 € (0, 1]) for this I-vector topology is obtained. Moreover, a comparative study
of I-topologies which obtained by Saheli in [11, 12] on fuzzy normed linear spaces is
presented.

The study of completion of fuzzy metric space and fuzzy normed linear space consti-
tutes a natural and interesting open question in the analysis of such spaces. The first effort
is due to Kaleva [16] in the frame of fuzzy metric space introduced by Kaleva. From then
on, many authors devoted to study the completion of fuzzy metric spaces or fuzzy normed
linear spaces in the sense of Kaleva type or Felbin type, and several important results are dis-
cussed ([17-20]). The study of completion on the fuzzy metric space introduced by Karmosil
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and Michalek is originally Gregori and Romaguera [21], an ordinary topology is considered
in their study. They show that for each fuzzy metric space there is an (up to uniform iso-
morphism) unique complete fuzzy metric space that contains a dense subspace uniformly
isomorphic to it. The original research of completion on the fuzzy normed linear spaces
was Felbin’ s work in [19] with help of usual classical topology. As above claimed, Saheli
[12] introduced a new /-topology on fuzzy normed linear space in the sense of Bag and
Samanta recently. From the properties discussed by the author, we may consider this new
I-topology is more suitable for the further study in fuzzy normed linear space.

The main purpose of this paper is to study the completion of fuzzy normed linear
space with respect to the I-topology determined by Saheli. At first, we study some prop-
erties of fuzzy point sequences and give another structure of Q-neighbourhood base of
6,.(\ € (0, 1]) for the I-topology. Then we prove that each fuzzy normed linear space has a
completion with respect to I-vector topology.

First we fix some notations, throughout this paper, / = [0, 1] and X denotes the family of
all fuzzy sets on the nonempty set X. The notation Pt(/X) denotes the set of all fuzzy points
on X.Foreveryx;, € Pt(X),A e X, the notation x; €A denotes the relationship A(x) + A > 1.
According to the terminology introduced by Rodabaugh [22], for r € [0, 1], r denotes the
fuzzy set on X which takes the constant value r.

Definition 1.1 ([6]): Let X be a vector space over R (real number), N a fuzzy set of R such
thatforallx,u € Xandc € R:

(N1) N(x,t) =O0forallt <O0;

(N2) x =0 ifandonlyif N(x,t) = 1 forall t > 0;

(N3) Ifc # 0,then N(cx,t) = N(x, ﬁ) forallt € R;

(N4) N(x+u,s+1t) > N(x,s) AN(u,t) foralls,t € R;

(N5) N(x, ) is nondecreasing function of R and lim;_, oo N(x,t) = 1.

Then N is called a fuzzy norm on X and the pair (X, N) is called a fuzzy normed linear
space.

Definition 1.2 ([23]): An /-topology on a set X is a family 7 of fuzzy subsets of X satisfying
the following:

(1) ForeachA e[0,1],A €
(2) tis closed under finite intersection of fuzzy subsets
(3) tisclosed under arbitrary union of fuzzy subsets.

The pair (X, 7) is called an /-topological space.

Definition 1.3 ([24]): An/-topology t on avector space X is said to be an [-vector topology,
if the following two mappings

f:XxX—>XMxy) —>x+y and g:KxX— X, (kx) - kx

are continuous, where K is equipped with the /-topology induced by the usual topology
and X x X, K x X are equipped with the corresponding product /-topologies. At this time,
the pair (X, 7) is called an /-topological vector space.
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Definition 1.4 ([24]): Let (X, 7) be an I-topological space and x; € Pt(F).

(1) A fuzzy set U on X is called Q-neighbourhood of x, iff there exists G € T such that
X €G C U.

(2) A family &y, of Q-neighbourhoods of x, is called Q-neighbourhood base of x, iff for
every Q-neighbourhood A of x,, there exists U € 4y, such that U C A.

(3) (X, 1)iscalledfirst countable,if foreachx, € Pt(lX),there exists Q-neighbourhood base
Uy, of xo such that 4ly, has countable fuzzy sets.

Definition 1.5 ([24]): An /-topological vector space is said to be a QL-type, if there exists a
family Ll of fuzzy sets on X such that for each A € (0, 1],
h=UrlUey, red—xi1l.
is a Q-neighbourhood base of 6y in (X, t). The family il is called a Q-prebase for 7.
Theorem 1.6 ([12]): Let (X, N) be a fuzzy normed linear space. Then the family
w={ue X | Vxe€og(u), re 0 ux), thereise >0, stx+ B, ﬂ[ C u}
is an I-topology on X. Here C.(x) = \/{a € (0,11 | N(x,&) > a}, Vx € X.

Theorem 1.7 ([12]): Let (X, N) be a fuzzy normed linear space. Then (X, ty) is an I-topological
vector space and for each A € (0, 1],

W ={Crle>0re(—2,1])

is a Q-neighbourhood base of 6.

2. Some Basic Properties in Fuzzy Normed Linear Spaces

Definition 2.1: Let (X, N) be a fuzzy normed linear space, ¢ > 0. The fuzzy set B, on X is
defined as follows:

Bg(x)z\/{1—a| N(t>0:Nxt)>1—-a)<e}, VxeX

Lemma 2.2: Let (X, N) be a fuzzy normed linear space, x, € Pt(X). Then x, €B; iff A{t>0:
N, t) >1—a} <e.

Proof: Necessity. Since x, €B;, then there exists 8 € (0,«) such that A{t >0 : N(x,t) >
1 — B} < e.So we have ty < ¢ which implies N(x, ) > 1 — 8 > 1 — «. This deduces that
ANt>0:Nxt) >1—a}<ty)<e.

Sufficiency. First we want to prove

lim /\{t>0 : N(x,t)>1—,3}=/\{t>0 N, t) > 1—al

B—o—
In fact, for each sequence {8,} which increases and convergence to «, since
{t>0:NXx,t)>1—-8) S {t>0:Nxt)>1—a}, VneN,

we have A{t>0 : Nx,) >1—8} > A{t>0 : N(xt)>1—a}, VneN. Thus
imp, AL t>0 @ Nx,t) >1—=83=A{t>0 : Nx,t)>1—a} If imyA{ t>0
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N, t) >1—=8,0>A{ t>0 : N(xt)>1—a}, then there exists k>0 such that
limp, A{lt>0 : Nx,t) >1—=8a} > k> A{t>0 : Nxt)>1—a}. This implies that
there exists g € Nsuch that A{t >0 : N(x,t) > 1 — By} > kforalln>p.Hence N(x, k) <
1 — Byforalln>p.Putn — oco,wehave N(x,k) <1 —a.So A{t>0: Nx,t) >1—a}>
k, this contradicts with the fact k > A{t>0 : N(x,t) > 1 —«}. Then lim, A{ t >0 :
N, t) >1—=8,0=A{t>0 : Nx,t) >1—«a}. Because A{t>0 : N(x,t) >1—a}is
decrease for the variable «, it deduces limg_.o— A{t >0 : N(x,t) > 1 -8} = A{t>0:
N, t) > 1—a}.

From the assumption A{t >0 : N(x,t) > 1 —«} < ¢ and above proof, there exists
B € (0,a) suchthat A{t >0 : N(x,t) >1— 8} <e.ThenB:(x) >1— 8 > 1—«a.Hence
Xo EBe. [ |

Theorem 2.3: Let (X, N) be a fuzzy normed linear space, ty an I-topology determined by fuzzy
norm. Then T can be determined by the Q-neighbourhood base B, = {B. (\r|le > 0,re (1 —
A1} of 6,4 € (0,1].

Proof: Foreach ¢ > 0, we may prove the following
Bs - Cs - 328-

In fact, for each x, €B;, there is B € (0, ) such that x3€B.. Then A{t >0 : N(x,t) > 1 —
B} < . ThisimpliesN(x,&) > 1 — B.ThusC.(x) > 1 — 8 > 1 — a.Sox,€C,.Hence B, C C,.
On the other hand, for each x; €C,, there exists i € (1 — A, 1) such that N(x,¢) > u >
T—AThen A{t>0: N(xt) >1—21} <& < 2¢.50x; EBy.. This implies C, C Bs,.
By Theorem 1.7, the family %5, (A € (0, 1]) of fuzzy sets is Q-neighbourhood base of 6,
which determined the /-topology is equivalent to zy. |

Theorem 2.4: Let (X, N) be a fuzzy normed linear space, ty an I-topology determined by fuzzy
norm. Then (X, ty) is first countable I-topological vector space.

Proof: By Theorem 1.7 and Theorem 2.3, (X, 7y) is an I-topological vector space, and for
any 2 € (0,11, 4, = {B:(\r|re (1 —x,1],& > 0} is a Q-neighbourhood base of ;. Since
for each ¢ > 0, there exists n € N such that B; C B, hence the family of fuzzy sets B, =

Bi(\rlre(1—=x1MNQneN}isa Q-neig?\bourhood base of 8, and B, has countable

n
elements. So (X, ty) is first countable an /-topological vector space. |

Theorem 2.5: Let (X, N) be a fuzzy normed linear space, ty an I-topology determined by fuzzy
norm. Then the fuzzy sequence {xﬁ? } is convergent to x;,_ with respect to ty if and only if for any
e € (0,A), thereexistt € (0,¢),p € Nsuch that N(x(”) —Xt)>1—ApAp> A —¢.

Proof: Necessity. For any ¢ € (0,1), B:()1 — A + ¢ is a Q-neighbourhood of 6,. Since
xﬁ';) — Xy, there exists p € N such that xﬁ'z)’é’ x+B:(1—=A+eforalln>p.Then (xM —
X), € Be and Ap > A — &. So we have o which satisfies N(x” — x,¢) > e and @ > 1 — 4.
From the fact N(x, t) holds the condition (N7x), thereist < & such that N(x,t) > 1 — Ap.
Sufficiency. Let W be a Q-neighbourhood of x;, then we have ¢ € (0, A) such that x +

B: (11— A+ & C W.From the assumption of sufficiency, there exist t € (0,¢),p € N such
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that Nx" — x,t) > 1 — An,An > A — ¢ for all n > p. Then there is 8, € (0, An) such that
NX™ —x,t) > 1 — Ap + 5. This implies N(x™ —x,&) > 1 — Ap + 8, 50 B:(x™ —x) >
T —An+8n > 1— Ap. Thus (x™ — x);, €B,. This deduces that x(”)ex +B.N1—-A+eC
W. Hence {x/\n)} converges to x; with respect to ty. |

Definition 2.6: Let (X, N) be a fuzzy normed linear space, {xi:)} a sequence of fuzzy points
in X. Then

(1) {xi”)} is called A-Cauchy sequence, if for each W € 4,, there exists p € N such that

(m (m ~
X5onn — X uEWforalln,m > p.

(2) {x/(\”)} is called Cauchy sequence, if foreach A € (0, limpin), {XA )} is A-Cauchy sequence.
(3) (X,N) is called fuzzy complete if for each Cauchy sequence {x&n)}, there exists x € X
such that xﬁ? converges to x,, with respect to /-topology tn, where . = limpA,.

Theorem 2.7: Let (X, N) be a fuzzy normed linear space, {xi';)} a sequence of fuzzy points in X.
Then {xf\'n')} is a Cauchy sequence if and only iflim, Ay = p and forany A € (O, ), € € (0, 1),
there exist ty € (0,¢), p € Nsuch that N(x™ — x™ ty) > 1 — A foralln,m > p.

Proof: Necessity. Suppose that {X/(\:)} is a Cauchy sequence and limpA, = . For any

L€ (0,n) and & € (0,1), B: (1 — A + ¢ € 4, then there exists p € N such that xi")M —
;m)MeB (11— X+ ¢foralln,m > p. This deduces that A, > Ap A A > A — ¢ and x™m —

XM, aamar&Be.S0 Ay > A — e foralln > p and

/\{t> 0 : Nx™ —x™ ) > 1 -2}

5/\{t>0 SN —xM™ ) > 1 — (g Adm AL} < e

Thus there is to € (0, ¢) such that N(x™ — x™, t5) > 1 — A.In addition, lim,, A, > 2, since
the arbitrariness of A, we have lim_ A, > . Hence limy Ap =

Sufficiency. If lim, A, = pwandforany A € (0, ), € € (0, A), there existtg € (0,¢), p € N
suchthat N(x™ — x(™ t5) > 1 — Aforalln,m > p.Fromthefactlim, A, = i > A, we have
g € N with g > p which implies A, > A foralln > g. Then A{t> 0 : Nx™ —xM ) >

1— 2} <to < &.Sowe have (x™ —x(M), —xi”)M X" EB. 1 —A+eforalln,m >

g. This means that {xf\:)} is a Cauchy sequence. |

Remark 2.8: The notion of Cauchy sequences and fuzzy complete is based on /-topology
in this paper. This notions is not different from the corresponding notions introduced by
Felbin [19]. In fact, the notion of Cauchy sequences and complete given by Felbin [19] is
based on crisp topology, equivalently, every Cauchy sequence {x,} is convergent in every
stratum (X, || - ||lo) for all @ € (0, 1]. In addition, the notions of fuzzy normed linear spaces
are not completely same. By Theorem 2.7, the notion of Cauchy sequences in this paper is
for fuzzy points (not crisp points).
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3. The Completion of Fuzzy Normed Linear Spaces

Definition 3.1: Let (X, N) be a fuzzy normed linear space, A C X is called uniformly dense
in every stratum if for any x € X, there exists a sequence {x"} C A such that for each A €
(0,1],& > O, thereist < g, which deduces that N(x" — x,t) > 1 — A.

Definition 3.2: Let (X, N), (Y,N;) be two fuzzy normed linear spaces, then they are called
isomorphic if there exists a linear operator T : X — Y such that forany x € X, A € (0, 1], the
next equality holds.

At>0: Nx,t) >1—=A}=A{t>0: Ni(Tx,t) > 1 — A}

Definition 3.3: A complete fuzzy normed linear space (X,N7) issaid toa completion of the
fuzzy linear space (X, N) if (X, N1) has an uniformly dense subspace in every stratum (W, N;)
being isometric to (X, N).

Theorem 3.4: Any fuzzy normed linear space has a completion.

Proof: By the Definition 3.3, the whole proof is divided into following four steps.

Step 1. Construct a fuzzy normed linear space (X, Nb). At first we define the sets X, and
6 as follows:

Xe={{x"M}: VAe(©1,e>0 It<epeNNx™—xM t)>1—rforall n,m>
p)}.

6 ={{x"}: {xM} eX,Vr e (0,1],e>0 It<epeNNx™t)>1-xrforanyn >
p)). ) )

Itis easy to find X; # @Jand 6 # (. The relation ~ on X, \ 6 is defined as follows:

XM~y =V 1e€(0,1,e>0, I t<epeNNx"—y™ t)>1—xr(for
eachn > p).

By the definition of fuzzy norm, the abovirglation is equivalent. For each £ = {x("} ¢
w, its equivalent class is denoted by £ = {x("}. Specially, if {x("} € 6, then we claim that
{x(M} = 6. Denote Xo = (X \ 6)/ ~, and X = X, | J{6}. The addition and scalar multiplica-
tion in X are well-defined as follows:

Forall {x™}, {y™} € Xo, k € K,

6} 4 ) = 9 Ty

—~ —_—~—

XM} +0 =0+ (xM) = (xy;

D

kO = 0;

9, k=0
kx™}, k#£0

kx(™) =

It is easy to verify that X is a linear space. The mapping N, : X x R = [0,1] is defined as
follows:

3 0 &t =(6,0)
N ' - Z X = ~ .
&0 {1 = Neon®: IEIY <t} E D) # 6,0
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Here ||} = {
Since {x(M} € &, the sequence A{t>0: N(x™,t) > 1 — u} is a real Cauchy sequence.
Thus the limit of this sequence exists. In what follows, we must prove that ||§||§ is deter-
mined by & uniquely. In fact, if {x(} ~ {y(™}, then for each A € (0, 1],& > 0, there exists
t < & such that N(x™ — y™ ) > 1 — 1 when n — oc. This implies lim, oo A{ t >0 :
N(x™ —y™ t) > 1 — 1} = 0.0n the other hand, since

A(t>0: Nty >1—p} = A(s>0: N¢™,5) >1— )

5/\{s+t>0 SN —y™ st > 1 — ul

So [I{(x™}[I¥ = [|{y™}|X. This means that the mappings N is well-defined.
In the following, it needs to verify that (X, N) is a fuzzy normed linear space.

(N1) Clearly, Ny (£,t) = O foreach t € (—oo,0].

(N2) IfNy(£,t) = 1foreacht>0,then ||£[X = Oforanyx € (0, 1].Foranye > 0,1 € (0, 1],
thereexists u < Asuchthatlim,_ o A{t >0 : Nx™,t) > 1 — u} < e. Thenthereis
t < ¢&,p e Nsuchthat N(x™,t) > 1 — uforeachn>p.So & = {xM} = §.Conversely,
if € =6, the equality N, (@,t) = 1 for each t > 0 holds obviously.

(N3) Foranyt>0,ceR,c#0,

NED=1- N\ (o IEIf <1

2€(0,1]

- ¥ t ~ t
=1- A\ {x: ||sn§s—}=/v1 (s,—).

A€(0,1] el el
(N4)  Suppose that Ni(5,t) =1— A, confr: [EIf<ti=a and Ni(s)=1-
/\AE(O,H{)‘ 171X < s} = b. Without loss of generality, let a A b # 0, then for any
re (O,GNA b), there exist o, 8 € (0, 1] Witb o <~1 —r B < 1—r su~ch that ||§;||f§ <t
and ||77]l)§ < s. From the definition of [|7II%, 171, < 71} and IE]I{_, < I€II¥. Thus

we have

IE + Al < NEI_, + 1Al < IENS + I7llf < t+s.

Hence Ny (€ +7j,s+1t) =1 — Noconir: IE + ﬁlly( <s+t}>=1-AN-=r=r.
By the arbitrariness of r, it deduces that Ni(€ +7,s+1t) >aAb=N;Et) A
Ny (%, 5).
(N5) Forallty, t; € (0,+00),t) < t3,

ME ) =1- N\ BBl <tny<1— A o 181 < t2) = M ).

1€(0,1] 1€(0,1]

In addition, for any £ = m eX,\e (0, 1], since ||§||);( € [0,+00) and ||§||);( <s
implies A\, coq7{* : EIf < s} < A.Thenwe have 1 — A, it IEIf <s}=1—
1. S0 limes 100 N1 (E, 1) = 1.
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Step 2. Define a mapping: T : (X,N) — ()N(, N7) and prove that T(X) is uniformly dense in
every stratum.
Let T : X — X be defined as follows.

0, x=20
Tx:{;(’ X£0" VxelX.
Here the notation is the equivalent class of the element {x, x, x, x, .. .}. Denote T(X) = W, it
is easy to find T is a linear operator from X onto W. In the next we prove that T is an isometric
mapping.

Infact,ifx = 6, both N(8,t) = 1and N; (4, t) = 1foranyt > 0.Then A{t>0:N@G,t >
1—A}=A{t>0:NTO,t)>1—2r}foranyr € (0,1].

Ifx # 6,foreach A € (0,11ands > A{t > 0 : Ni(Tx,t) >1- A}, thereist < s such that
Nq(Tx,t) > 1 — L. Then we have u < A which satisfies ||)~(||ii <t < s. By the definition of
IX]1X, there exists v < u and r <s such that N(x,r) > 1 —v>1—pu>1— A So N o>
0 :Nix,w) >1—A} <r<s.Thismeansthat A{t>0 : Ny(Tx,t) >1—A} > N{ o >
0 :N(x,w) > 1 — A}. On the other hand, for each s > A{®w > 0 : N(x,w) > 1 — A}, there
is w < s such that N(x,w) > 1 — A. Further we have § > 0 with N(x,w) > 1 — (A —9).
Then ||)~(||f\(_(3 = /\M<A75 limpsoo A{t>0 : Nx,t) >1—pu} <w. Thus Ny(X,w) > 1 —
(A —8) > 1 — A.Thisimpliesthat A{t > 0 : Ny(Tx,t) > 1 — A} < w < 5. S0 we can obtain
A{t>0: Ny(Tx,t) >1—4} < A{t>0 :N(xt) > 1—21}. Therefore T is an isometric
mapping.

In what follows, it needs to prove T(X) = W is uniform/lxgense in every stratum with
respect to fuzzy normed linear space ()~(, N1). For any§ ={xM} e X, itis clear );(\”/) € W for
any n € N, here the notation x(" € W is the equivalent class of {x(,x™, x(™, . }. For all
A € (0,1],& > 0, from the fact {x € X, and let o € (0, 1), there exist t < &,p € N such
that N(x™ — x(™ t) > 1 — g forall n,m > p. Thus we have the following

IxM —E1X < Ix™ —x® ¥ 4 x®) — £

= A\ Als>0: N =xP,5) > 1}
U<\

+ lim /\{s >0: NxP —x™ ) > 1— u}
An—>oo
n<

< /\{s >0 : Nx™ —xP,5) > 1 — o}

+ lim /\{s >0 : NP —x™ ) > 1 — pol.
n—o00

Then ||);(\”/) — §||§( < tforalln > p.So N ();(\”/) —£,t) > 1 — Aforall n > p. This means that
W is uniformly dense in every stratum.

Step 3. We prove that X,Ny) is complete. Suppose that {%(:)} is Cauchy fuzzy point
sequence in ()7,N1), from Theorem 2.7, limp_ o An = > 0. In addition, for each A €
(0,1],¢ > 0, there existt < &,p € Nsuchthat N1 (™ — &M t) > 1 — rforalln,m > p.

Since W is uniformly dense in every stratum, and for any k € N, £% € X, we have a
sequence {x(Mk} € W such that for above i and ; > 0, thereis sy < ¢ and g € N, g > p,

which implies that Ny (x/(;k —£®, 5y >1—aforalln > q.
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For each k € N, there exists ng > g such that N;(xx —£® ) > 1 — 1. Denote
xMk = x*) Then for m,n > g, the following inequality holds:

—~ —~ 1 1
Ny (X(m) —xM, t4+ — + —)
m  n

—~ ~ 1 - - - ~ 1
> Ni [ x(m — (m), _ N+ (EM _ (n),t N (n _ x(m, —
> N ( EM,— ) NMGE™ —ET,0) \ Ny (& -
= Ny (™ — M sy ANE™ —E0,5) AN G® —xP,50) > 12,

So {);(\”J)} is Cauchy sequence in W. Notice that T is isometric, we have {x"} € X,. Let
£ = {x(M}, clearly & € X. We will prove éx(:) — £, as n — oo. In fact, for each ¢ € (0, i),
A€ (5, ), since limp_oo Ay = pwand Nx™ — xM,t) — 1(m,n — o0), thereisp € N,t <
esuchthat A, > 2 and N(x™ —x™,t) > 1 — & foralln,m > p. Thus forany n > p,

) _ E X — ; . () _ ,(m) _
lIx E|Y /\mlinoo/\{s>0.N(x XM, s) > 11—}

V<A

< lim /\{s>0 s Nx™ — x(M gy > 1 —%] <t

m—o0

This implies N, ();(’7) —Et>1— % > 1 — Aforall n > p. Furthermore,

Ny <§<”> —Et+ l) > N; (§<”> —x<~n>,l> ANGD —E0) > 12
n n
Forabovet < ¢, thereisq € N,q > psuchthatt + 1 < eforalln>g.Sothe proofofék(:) —
§ﬂ is completed. This means that X,Ny) is complete fuzzy normed linear space.

Step 4. The completion of fuzzy normed linear space X,Ny) is unique except for isomet-
rics. Suppose that (Y, N») is also a completion of (X, N) and S is an isometric linear operator
from X onto Y. Since/VVV = TXis uniformly dense in every stratum, then for each§ € )N(, there
exists a sequence {x(M} C W such that for each 1 € (0,1],¢ > 0, there exist t < £,p € N,

which deduces that Ny (x(™ — &,t) > 1 — A forall n > p. Thus forallm, n > p,
Ny (Tx™ — Tx™, 28) = Ny (x(™ — x(™), 21)
> N — &) \NE =X, 1) > 1 - 2.

That is to say {Txg’)}, (a € (0, 1]) is a Cauchy fuzzy points sequence in W. Since T and S are

isometrics, we have
/\{ s>0: N(Tx™ —Tx(M,5) > 1 -2}
= /\{s >0 :NxX™ —x™ sy > 1 -1}

= /\{s >0 : Ny(Sx™ —sx(M sy > 1 — Al

Thus deduces that {Sxé")}, (o € (0,1]) is a Cauchy fuzzy point sequence in SX. From the

fact Y is complete, there is a unique y € Y such that s - Yu- It may be proved that the
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element y has nothing to do with the choice of {x("}. In reality, if there exists a sequence

{zM} € W such thatforeach A € (0, 1],& > 0, there existt < £,p € N, which deduces that

N, (z(A”/) —£,t) > 1 — A for all n> p. Taking the same method, we may prove that there
exists unique z € Y such that foreach A € (0,1],& > 0,3t < ¢,9 > p,q € N, which implies
Ny (52" — z,t) > 1 — A forall n > g. Since

Als>0: Ny(sx™ —527,5) > 1 -2}
= Als>0: Nx® —2",5) > 1 -1}

= Als>0: Ny(Tx™ = T27,5) > 1 -2}

Moreover, Ny (Tx(™ — Tz, 2t) > Ny (Tx™ — &, ) AN1(E — Tz, 1) > 1 — A
Then No(Sx(™ — 5z, 2t) > 1 — A.So we have

Na(y — z,4t) > Na(y — Sx™, t) /\ Ny (Sx™ — 5z, 2t) /\ NSz —z,t) > 1 — A.

By the arbitrariness of A, y = z. Define amapping ¢ : X — Yasfollows: (&) = y.Inthe next
we prove the mapping ¢ is isometric from X onto Y.
Since S and T is isometric, then for any A € (0, 1],

A(t>0:Noy(sxP, ) > 1= = A\{t>0:Nx™, 1) >1-1)
=/\{t> 0: Ni(Tx™,t) > 1—A}.
Thus

N\t +t+1t>0: Nap@),t1 +t+13) > 1— 1)
< /\lt1>0: No(y —x™, 1) > 1 - 1)
+/\{ th+t3>0: No(SxX™,ta+t3) > 1— 1)
= Alt1>0: Na(y — X, 1) > 1= 1)
+ A\l 41> 0 (X, t2 +t3) > 1 -3
< /\{t1 >0 : Na(y —Sx™,t1) > 1= A}
+ A\lt2>0: Ny(Tx™ —&,1) > 1- 1)

+/\{t3 >0: Ni(E t3) > 1— A}

Putn — oco,wehave A{t >0 : Na(p@E),t) >1—2A} < Alt>0: Ny, t) > 1— A}.Simi-
larly, we may prove A\{t > 0 : Na(pE),t) > 1—A} > A{t>0:N; (€,t) > 1 — A}.Sothe
mapping ¢ is isometric.

At last, we prove the mapping g is surjective. For any z € Y, there exists {z"} € SX such
thatforeachi € (0,11, > 0,p € N, Nz(z(”) —2z,t) > 1 — Aholdsforalln > p.Then we have
sequence {x(M} satisfies S(x(M) = z(,n = 1,2,.. .. From the above proof, there is unique
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ne X such that for each A € (0,11, > 0,9 € NN, (;(”v) —17,t) > 1 — A holds for all n> q.
Since ¢ is isometric, then

/\{t> 0: Na(e(Tx™),t) > 1 -2} = /\{t> 0: Ny(Tx™, ) > 1— 2}
= A\lt>0:Nx™,t)y>1-2}= \(t>0: Ny(Sx™, 1) > 1 - 4.
Furthermore,

A\(t>0 1 Na(Sx™ — (i), 1) > 1 -2}
= /\lt>0: Nalp(Tx™) — o(i),0) > 1 -1}
= Alt>0: Na(p(Tx™ —#),0) > 1— 1)

= Alt>0: Ny(X?” —7j,t) > 1 -2}

Thus Na(z — ¢ (7)), 2) = Na(z — 2", ) AN2(SX™ — 9(), 1) > 1 = &,
So z = ¢(n). Therefore we complete the whole proof. |
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