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The memristor is the fourth fundamental circuit element besides the resistor, inductor and capacitor. As a two-terminal
nonlinear resistor, the memristor has a broad application prospect. In this paper, a negative memconductance expression of a
flux-controlled memristor is derived from the relationship between voltage and current for the Hewlett-Packard memristor.
By replacing Chua’s diode with the active flux-controlled TiO2 memristor, a chaotic circuit is obtained. By means of the
conventional dynamic analysis method, dynamic behaviors of the chaotic circuit are investigated. Software simulation and
theoretical analysis all indicate that this active memristor-based chaotic circuit has more complex behaviors. Furthermore,
the integrated circuit experiment on the digital signal processor chip of this circuit was also realized.
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1. Introduction
In 1971, Leon O Chua of UC Berkeley first proposed the
memristor as the fourth fundamental circuit clement besides
the resistor, inductor and capacitor (Chua, 1971; Tour &
He, 2008). Almost four decades from then on, the actual
memristor had not been manufactured, which prevents the
development of memristor research and application. Fortu-
nately, in 2008, a research team in the Hewlett-Packard (HP)
Company fabricated a nanometer-sized TiO2 memristor
(Strukov et al., 2008), which not only confirms the existence
of the memristor, but also spirits the research upsurge of the
memristor like the i–v characteristics studying and model-
ing of the memristor (Hu et al., 2011), using the memristor
model to structure a memcapacitor circuit (Wang, Fitch,
Iu, Sreeram, & Qi, 2012), chaotic circuit building based
on memristor (Bao, Liu, & Xu, 2010; Itoh & Chua, 2008;
Muthuswamy, 2009; Qi, Bian, & Li, 2011; Wang, Qi, &
Wang, 2012; Wang, Wang, Chen, & Tan, 2011; Wang,
Wang, & Tan, 2011), memristor-based analog circuits
(Batas & Fiedler, 2011; Mutlu & Karakulak, 2010) and
so on. The arrangement of this paper is as follows: in
the next section, we review the proposal of the memris-
tor and focus on the structure and formulas of the HP
memristor, and as well as the theoretical foundation of
the memristor model building help to derive the negative
memristor model in this paper. In Section 3 by replacing
Chua’s diode with the active memristor, a chaotic sys-
tem was built and theoretical simulation with Matlab was
shown to confirm the chaotic behavior of this system. In
Section 4, the digital signal processor (DSP) realization is
done.
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2. Memristor and TiO2 memristor
As one of the four fundamental circuit element, the
memristor has different characteristics from the tradi-
tional circuit devices, especially in memory charac-
ter, which enables it to be used in neural network
(Kim, Sah, Yang, & Chua, 2012; Jo et al., 2010) and
non-volatile random access memory (Duan, Hu, Wang,
Li, & Mazumder, 2012). The memristor is an element pro-
posed to indicate the direct relations between magnetic flux
φ and charge q, as is shown in Figure 1. The symbol of the
memristor and the simplified structure of TiO2 memristor
are shown in Figure 2.

The relationship between voltage across the memristor
v and current i through it in both charge-controlled memris-
tor and flux-controlled memristor can be described by the
following equation (Wang, Fitch et al. 2012)

v = M (q)i,

i = W (φ)v, (1)

where M (q) is the memristance of a memristor and W (φ) is
memconductance in each kind of definitions. As shown in
Figure 2, by analyzing the moving process inside the solid-
state HP memristor, the following i–v relationship can be
obtained (Kim et al., 2012; Strukov et al., 2008):

v(t) =
(

RON
w(t)

D
+ ROFF

(
1 − w(t)

D

))
i(t), (2)

where RON and ROFF represent the resistances of the doped
region and undoped region, w(t) is assigned as the width
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Figure 1. Relationship between fundamental circuit variables
and the memristor.

Figure 2. Symbol of the memristor and structure of the TiO2
memristor.

of the doped region and D is the total width of the titanium
dioxide film. In the TiO2 memristor, w(t) ranges from 0 to
D and is determined by the following equation:

dw(t)
dt

= μV
RON

D
i(t), (3)

where μV is the dopant mobility.
By resolving Equation (3), we can obtain

w(t) = μV
RON

D

∫ t

−∞
i(τ ) dτ = μV

RON

D
q(t) + w0, (4)

where w0 is the initial width of w (Kim et al., 2012).
Applying Equation (4) to Equation (2), we can rewrite
Equation (2) as the following relation:

v(t) =
(

RON

D

(
μV

RON

D
q(t) + w0

)

+ROFF − ROFF

D

(
μVRON

D
q(t) + w0

))
i(t). (5)

Integrating both sides of Equation (5), we can obtain

φ(t) = ROFF

{
q(t)

[
1 + w0

D

(
RON

ROFF
− 1

)]

−μVRON

2D2

(
1 − RON

ROFF

)
q(t)2

}
+ φ0. (6)

Now, let a = 1 + (w0/D)(RON/ROFF − 1), b = (μV
RON/2D2)(1 − RON/ROFF), Equation (6) will be simplified

as

φ(t) = ROFF[aq(t) − bq(t)2] + φ0. (7)

Combining Equation (7) with the definition of memduc-
tance, W (φ) can be derived as

W (φ) = dq(φ)

dφ
= ± 1

ROFF

[
a2 − 4b

ROFF
(φ − φ0)

]−1/2

.

(8)
In terms of the characteristics of the TiO2 memristor,

and under the assumption of RON � ROFF and w0/D ≈ 0,
we can obtain

a ≈ 1, b ≈ μVRON

2D2 . (9)

So Equation (8) can be simplified as

W (φ) = ± 1
ROFF

[
1 − 2μVRON

ROFFD2 (φ − φ0)

]−1/2

. (10)

Let a1 = 1/ROFF, a2 = 2μVRON/ROFFD2, a3 = φ0, then
Equation (10) can be described as

W (φ) = ±a1[1 − a2(φ − a3)]−1/2. (11)

As the memconductance has been obtained, and in this
paper we only discuss when using the negative value of
Equation (11) as the mathematic model of the memristor in
Chua’s circuit instead of the nonlinear diode, to see what
the dynamic characteristics will appear.

3. Construction of the memristor-based chaotic
circuit

In 2008, Chua derived several oscillators based on the mem-
ristor whose characteristics were described by a monotone-
increasing piecewise-linear curve (Wang, Fitch et al., 2012).
In Muthuswamy (2009), the author used a monotone-
increasing cubic model of the memristor built a chaotic
ciruit. And in Wang, Qi et al. (2012), a novel memristor-
based chaotic system was proposed, and the mathematic
model used as the memristor is based on the memristive
system definition. All of these chaotic circuits based on the
memristor are by means of replacing Chua’s diode with
a memristor. So in the same way, we replace Chua’s diode
with an active flux-controlled TiO2 memristor model which
is shown in Equation (11), and a five-order chaotic oscil-
lator based on an active memristor is derived as shown in
Figure 3.
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Figure 3. A five-order chaotic oscillator based on the TiO2
memristor.

Applying Kirchoff’s laws to the system in Figure 3, we
can obtain

dv1

dt
= 1

C1
[i3 − W (φ)v1],

dv2

dt
= 1

C2
(−i3 + i4), (12)

di3
dt

= 1
L1

(v2 − v1 − Ri3),

di4
dt

= − 1
L2

v2,

dφ

dt
= v1.

If x = v1, y = v2, z = i3, w = i4, u = φ, then Equation (12)
can be transformed as the following:

ẋ = p(z − W (u)x),

ẏ = −z + w, (13)

ż = q(y − x − z),

ẇ = −ry,

u̇ = x.

Let R = 1, C2 = 1, p = 1/C1 = 8.985, q = 1/L1 =
15.125, r = 1/L2 = 24.625, and a1 = 1/1.2, a2 = 0.98 and

Figure 5. x time domain waveform.

Figure 6. x–y–w.

(a) (b) (c)

(d) (e) (f)

Figure 4. Chaotic attractors of the memristor-based circuit.
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Figure 7. Lyapunov exponents with a changing p.

a3 = 0.5, the system shown in Figure 3 has a chaotic
attractor as shown in Figure 4. Also, the x time domain
waveform and the 3-D phase trajectory are shown in
Figures 5 and 6. By means of the Jacobi method, the Lya-
punov exponents are obtained, they are L1 = 0.2315, L2 =
0.0043, L3 = −0.0014, L4 = −3.4515 and L5 = −4.5058,
which confirms that the system is a chaotic dynamic one.
The Lyapunov exponents diagram is shown in Figure 7, and
it is obvious that when p changes there are two exponents
more than zero, three are negative, and the summary of these
five exponents is negative, which satisfies the feature of the
chaotic system.

4. DSP realization of the chaotic system
To realize the above circuit with DSP, we use Euler’s for-
mula method as the discretization method. With the help of

the core processor, a 16-bit fixed-point digital signal proces-
sor TMS320C5509 and a two channels analog oscilloscope,
the chaotic attractors shown in Figure 8 were observed in the
oscilloscope, which coincides with the results in Figure 4.

5. Conclusions
In this paper, an active memristor model based on the
HP memristor was formed, and by replacing Chua’s diode
with this active memristor, a five-order chaotic circuit is
derived. By means of the conventional dynamic analysis,
the dynamic characteristics of this system are discussed
in detail. Simulation results as well as theoretical analysis
indicate that such an active memristor-based chaotic sys-
tem easily generates complex chaotic dynamic behaviors.
Finally, the DSP experiment results were shown.
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