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ABSTRACT

We consider the method of Reduction of Dissipativity Domain to prove global Lyapunov
stability of Discrete Time Recurrent Neural Networks. The standard and advanced criteria for
Absolute Stability of these essentially nonlinear systems produce rather weak results. The method
mentioned above is proved to be more powerful. It involves a multi-step procedure with maxi-
mization of special nonconvex functions over polytopes on every step. We derive conditions which
guarantee an existence of at most one point of local maximum for such functions over every hyper-

plane. This nontrivial result is valid for wide range of neuron transfer functions.
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1. INTRODUCTION

1.1. Background

Over the past few decades, Recurrent Neural Networks (RNNs) have got widespread at-
tention. This is due to their versatile applications [6]. The applications of RNN include, but are
not limited to modeling of nonlinear systems, and pattern recognition. RNN have dynamics, hence

stability is an issue. We consider the following RNN:

2\t = p(Waal + Voals + ba),

it = ¢(Waah + Vizi ™ +by),

2FH = W,k + Vn_1$ﬁti + bn), (1.1)

where n is the number of layers, 33;“ is the state vector of the layer j at time step k, W, and V; are
fixed weight matrices, b; is a fixed vector representing bias, and ¢(-) is a neuron transfer function.
In most of the cases, ¢(-) is a smooth bounded nonlinear function. It is easy to notice that system
(1.1) has local as well as global feedback. The goal is to analyze the global asymptotic stability of
the RNN described in system (1.1).

RNN may approximate (in Hausdorff metric) the right hand side of a nonlinear system
over a compact set to an arbitrary desired accuracy, and it exhibits nice properties of nonlinear
dynamical systems. Hence, the problem of finding a general stability criteria for RNN occurs to be
equivalent to finding stability criteria for a nonlinear dynamical system.

1.2. Previous Approaches
One of the famous approaches to address the problem of stability of nonlinear systems is

based on the second Lyapunov method (i.e. method of Lyapunov functions).

Theorem 1.2.1. System y*T' = f(y*) with f(0) = 0 is globally asymptotically stable iff there

exists a continuous function V : R®™ — R such that,

(a) V(0) =0,



(b) V(y) >0 fory #0,
(c) AV (y) <0 fory #0, and
(d) V(y) — oo as [ly|| — oo.

This function V(-,-) is called a Lyapunov function. As a consequence, if we can find a
Lyapunov function for a given system, then system is globally asymptotically stable. There is no
known method to find a Lyapunov function for an arbitrary system. In the following sections, we
will study few well known methods to check the existence of a Lyapunov function for system (1.1).
1.2.1. Theory of Absolute Stability

One of the most efficient methods to check the existence of a Lyapunov function is based on
the theory of Absolute Stability. Before discussing the results from the theory of absolute stability,

we introduce the concept of Local quadratic constraint.

Definition 1.2.2. Suppose that F(-,-) is a quadratic form. Let ¢(-) be a function such that
F(y,¢(y)) > 0 for all y. Then, we say that ¢(-) satisfies local quadratic constraint with quadratic

form F'.

In order to be analyzed for stability using this theory, a system should be written in the

automatic control form:

S - Az* + Bk,
ok = CxF, (1.2)
oF = gilof)i=1,..m,
where, A, B,C are matrices of suitable size, % = (¥, ...,9F) is the input vector at step k,
ok = (oF,...,0k) is the output vector at step k, and {¢;(-)}™, are nonlinear functions satisfying

some constraints. In addition, assume that F' is a quadratic function such that F(z¥ %) > 0 for
all k. (i.e. the system (1.2) satisfies a local quadratic constraint with quadratic form F(-,-)). The
problem is to find the conditions for the global asymptotic stability of system (1.2)[1].

To solve this problem, the Lyapunov function approach has been used. Consider the func-
tion V(x) = z*Hzx, where H is a positive definite Hermitian matrix and * denotes the conjugate
transpose. We need to find necessary and sufficient conditions for the existence of a Hermitian

positive definite matrix H, such that V(-) is a Lyapunov function.
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Problem 1: Suppose that F'(-,-) is a quadratic function. What are the necessary and suffi-

cient conditions for the existence of a positive definite and Hermitian matrix H such that,

(Az + BY)*H(A + By) — (z)*Hz < 0 (1.3)

for all nonzero pair of vectors (z,), such that F(z,v¢) > 0?7

It is easy to see that the left hand side of inequality (1.3) is the increment of the function
V(+). Hence if there exists a positive definite matrix H such that inequality (1.3) holds true, then
V(+) is a Lyapunov function for system (1.2). As a consequence, system (1.2) is globally asymptot-
ically stable. Next, we consider another problem.

Problem 2: Suppose that F(-,) is a quadratic function. What are the necessary and suffi-

cient conditions for the existence of a positive definite and Hermitian matrix H such that,

(Az + BY)*H(Az + BY) — (2)*Ha + F(z,4) < 0 (1.4)

for all nonzero pair of vectors (z,)?

Using Dine’s theorem ([11, 5]), problem 1 has a solution if and only if there exists solution
to problem 2. Now we formulate necessary and sufficient conditions for the existence of matrix H,
such that inequality (1.4) holds true.

Suppose that inequality (1.4) is true. We can extend the left hand side of inequality (1.4)
to complex domain in such a way that the resulting form is Hermitian. In particular, every product
21 has to be replaced by Re(z*w), where the complex variables z, and w replace the real variables
x, and 1. In this case, G(z,w) = G(Re(z),R(w)) + G(Im(z),Im(w)), where G(-,-) denotes the
quadratic function on the left hand side of inequality (1.4). Therefore, if G(z,%) is negative
definite for all (x,1) # 0, then G(z,w) is negative definite for all (z,w) # 0. We get

Re((Az 4+ Bw)"H(Az+ Bw) — 2*Hz + F(z,w)) <0 (1.5)

where (w, z) € C"*™/{0}.
Pick w € [0, 7] such that ™ is not an eigenvalue of matrix A. Consider a pair (z,w) such

that Az + Bw = ¢™z. Then z = ("I — A)~'Bw. Using (1.5) we obtain, Re((e™z)*H (e™z) —



2*Hz + F(z,w)) < 0. This implies Re(z*(e™)*e“ Hz — 2*Hz + F(z,w)) < 0. Using the fact that

(e)*e™ =1, we get Re(F(z,w)) < 0. From z = (e™I — A)~'Buw, it follows that
Re<F<(eiWI - A)—le,w)) <0 (1.6)

for all w € [0, 7], and non zero w € C™.
The inequality (1.6) is known as the Frequency Domain Inequality ([2],[10]). It represents
the necessary condition for existence of a matrix H such that inequality (1.4) is satisfied.

Next, we present the sufficient conditions for existence of a matrix H.

Definition 1.2.3. A matrix pair (A,B) is called stabilizable if there exists a constant matrix L
such that all the eigenvalues of matrix (A + LB) lie inside unit circle(i.e. the matrix A + BL is

stable).

Assume the pair (A, B) is stabilizable. Using the Kalman Szego lemma [8], we obtain that

inequality (1.6) is also sufficient for existence of a positive definite matrix H.

Definition 1.2.4. System (1.2) is called minimally stable in the set of nonlinearities satisfying a
local quadratic constraint with quadratic form F'(-,-) if there exists a constant matrix L such that

A+ BL is stable and F(x, Lxz) > 0 for all x.

The following lemma provides sufficient condition for the existence of a positive definite

solution, H to inequality (1.4).

Lemma 1.2.5. Suppose that system (1.2) is minimally stable. Moreover assume that inequality

(1.6) holds. Then there exists H = H* > 0 such that
(Az + BY)*H(Az + ByY) —ax*Hx + F(z,¢) <0 (1.7)

for all (z,) # 0.

In many cases, the condition of minimal stability can be checked easily. Therefore, the
Frequency Domain Inequality is a necessary as well as a sufficient condition for the existence of

a matrix H = H* > 0 such that (1.7) is satisfied. The relation in (1.7) is equivalent to a Linear



slope =

slope = v

Figure 1.1. Sector Constraint

Matrix Inequality, which can be solved for matrix H using the standard LMI toolbox in MATLAB
[9].

Next, we will introduce a particular type of frequency domain inequality. One of the most
important forms of function F(-,-) is the sector quadratic form. It utilizes the fact that the plots

of function ¢;(-,-) lies in some sector [v;, p;;

¢i(o,t)

g

v; <

< i (1.8)

for all (o,t), and for all i € {1...m}. In this case, ¢(0,¢) = 0 for all ¢. See Figure 1.1.

The inequality (1.8) may be rewritten as F;(z, ¢F) = (¥F —1;,C2*) (1, C2* —F) > 0, where
V¥ = ¢;(oF), 0% = Cz*. This implies that the function ¢(-,-) satisfies a local quadratic constraint
with quadratic form F(-,-). For a multi input multi output system, the quadratic function F(-,-)

can be expressed as

m
F:ZTij (19)
7=1

where 7; are positive numbers.
The frequency domain condition, that guarantees stability of system (1.2) with nonlinear

functions ¢;(-,-) satisfying the local quadratic constraint with quadratic form Fj(-,-) for all i €



{1...m}, is called the Circle criterion.

If v; =0, for all 7 € {1...m}, the Circle inequality is given by
Re(T(W (™) + M)) > 0 (1.10)

for all w € [0, 7]. Here, W (e™) = C(A—e™I)~!B is the Transfer function matrix, I' = diag(7;),
and M = diag(u;l);ﬂ:l.

In order to apply the result from the theory of Absolute stability, the discrete time dynamical
system should be expressed in automatic control form, see (1.2). But in system (1.1), it is easy to
notice that the right hand side depends on the value of state vector at time step k + 1. Before we
analyze the stability of system (1.1) using the theory of Absolute stability, it needs to be transformed
to automatic control form.
1.2.1.1. System Transformation

In this section, we will show the State space extension method to transform system (1.1)

to automatic control form [3]. We will illustrate this method using a simple example. Consider a

two layer Recurrent Neural Network described by

ah T = tanh(Wia§ + Vo 4 b7)

ah T = tanh(Woah + Viah ™! 4 by). (1.11)

where W;, V; denote constant weight matrices of suitable size, and constant vectors b; are called
bias vector; j € {1,2}.

The above system can be transformed into the following form

xlffl = tanh(Wlxlf2 + V23:l§1 +b1),

k+1 _ _k
T2 = T711,
k+1 k k
ZUQ;’_ = tanh(W2x22 + ‘/1$11 + bQ),

k
abit =2k (1.12)

It is easy to notice that the right hand side of system (1.12) is independent of value of the state



vector at step k + 1. The system (1.12) is now in automatic control form described by

M = Azk + ByF, w;“ = tanh(af)

o* = 0zF +b. (1.13)
0O 0 0O I 0 11
I 000 00 T2 S b1
where A = , B = , T = , 0= , b= , ©1 = [0, W1, V3,0],
0 0 0 O 0 I 21 @2 b2
0 0 I O 0 0 T2

Oy = [Vl,(),(), WQ], and j € {1,2}.
It can be shown that system (1.12) can be transformed into two independent processes,
and each process is a counterpart of original system (1.11). For the first counterpart, the set of

equations defined by
ot = by ab = tanh(Woahy 4+ Vi) + bo). (1.14)
can be rewritten as

x]f;rQ = tanh(WlxlfQ + Vgxgl +b1),

2h 2 = tanh(Waah, + Vi tanh(Wyahy + Vaxky + 1) + by). (1.15)

Now, we will show that one time step of system (1.11) is identical to two time steps of the
process defined by (1.14).

Re-indexing the above equations we get

282 = tanh (Wi ahy + Vaah, +by),

a:lﬁQ = tanh(nglzl + Vl(tanh(Wla:llQ + Vga:lzl +b1) + b2). (1.16)

Denoting x4, := 2%, and zb, := 25, we obtain 2/3? = tanh(Wi2¥ + Vazh + by) = 24, and

xlﬁ2 = tanh(Waah + lelfﬂ + bo) = Q:SH.



For second counterpart, consider the process defined by
o = tanh(Wyahy + Voxky + by), 2 = 2. (1.17)
Using (1.12), we obtain

ah? = tanh(Woahy + Vizhy + by),
xﬁrQ = tanh(Ww:]fl + Vs tanh(WgacSz + Vla:]fl + b2) + b1)

(1.18)

It can be checked that one time step of (1.11) corresponds to two time steps of process
(1.18).

To recapitulate, system (1.11) can be represented in automatic Control form, (1.12). System
(1.12) can be decomposed into two independent processes, which are counterparts of the original
system (1.11). System (1.12) is stable, if and only if both the processes are stable. Since the
processes are equivalent to the original system, system (1.11) is also stable.

In the next section, we will use more information about the nonlinear function ¢(-) to
develop an improved stability criterion.
1.2.1.2. Monotonicity Approach

We showed earlier that system (1.2) is globally asymptotically stable if there exists H =
H* > 0 such that

(Az* 4+ By*)* H(A2® + Byr) — (2%)*H (2%) + i i Fj <0 (1.19)
j=1
for all (z¥,9%) # 0, where 7; > 0, and Fj(z*, %) = (@ZJ;“ — ;027 (u;Cx* — ¢§‘3) > 0 for all
j € {1...m}. The inequality (1.19) is a Linear Matrix Inequality and can be solved using LMI
toolbox in MATLAB for the matrix H and coefficients 7;.
The circle criterion gives a sufficient condition for stability of nonlinear systems, with a
nonlinear function ¢(-) satisfying the sector constraint. It only utilizes the fact that the nonlinear

function ¢(-) satisfies a sector condition. It might happen that given a sector, defined by function



o(+), there exists a nonlinear function satisfying the sector condition, such that the corresponding
system is unstable. Additional information about the nonlinear function ¢(-), can be used to check
stability of nonlinear systems of particular kind, for example RNN. A modified stability criterion
using additional information about the nonlinear function,( e.g. monotonicity) has been developed
in [3]. One of the most common nonlinear functions used in RNN is tanh(-). To improve the circle
criterion, we use the fact that < (tanh(s)) € [0, 1].
We illustrate this approach using an example of a single layer RNN. Consider the RNN
defined by
2 = tanh(W ) (1.20)

where 2* defines the state vector of size m at time step k and W is the weight matrix of suitable
size. We use the bounds on derivative of tanh(-) to construct the quadratic function F(-,-).

Denote s := Wx. Then s; = Wjx, where W; is the j th row of matrix W, and j €

tanh(s;)—tanh(s;)
T si—s

{1,...,m}. If s; < s; then using mean value theorem, we get 0 < < 1. This implies
(Wjiz — Wiz) — (j — 1) > 0, where 1) := tanh(s), and 1); is the j th row of vector (s).
Since tanh(-) is a monotonically increasing function and s; < s;, we get 1); < 1;. Combining

the above inequalities we get
(j — i) (Wjz = Wiz) — (¢j — i) = 0 (1.21)

for all 4,j € {1,...,m}.
Since tanh(-) satisfies the sector condition we obtain tanh(s;)(s; — tanh(s;)) > 0 for all
i€ {1,...,m}. Therefore,

Yi(Wix — ;) > 0 (1.22)

for alli e {1,...,m}.
We will use the equations (1.21) and (1.22) to construct the quadratic function F'(-,-). To
this end, assume there exists a symmetric matrix I' = {7;}7%_; such that ~;; <0 for all ¢ # j and

> opeyvjk > 0 for all j € {1,...,m}. This implies

Z wj(ij — 1%) Z’yjk Z 0. (1.23)
j=1 k=1



Combining the left hand side of inequality (1.21) with non negative weights, —v;;,% # j and the

left hand side of inequality (1.23) we get

m

( —ig) (b — i) (Wjz — Wiz) — (¢; —wm) +Z¢j(Wj$—¢j)Z%k

1 j=

POy (e = ) (Wi = Wia) + (o ¢1)+Z¢jW:c—wj>(m+m+ A+ ).

j=1

Ms

..
Il

(1.24)

Since I' is a symmetric matrix, it can be checked that

Z 1/’] 1/11 Yi1+ Y2+ ...+ 'ij)
= Z¢j 7/)] Yii + Z ( Z Yij wz iL 7#z) + %’(ij - ¢]))) (1'25)
=1 j=1,j#i

At the same time,

i 63%‘1 (5 = v (W = W) + (0 —v0)?) )
N i < | i N (s = Wi) + (s = Wiz) + (Wi + 6 Wya) = 20y ) ). (1.26)

Adding the right hand side of equations (1.25) and (1.26) we obtain

S 03 (Wye = 5 +§mj( S (W +uwin))-25 (S (o))

j=1 =1 j=1,j#i =1 j=1,j#i

= ZI/J (Wi — ;)55 + Z ( Z (%g% %))) + Z ( Z (Wﬂ)l( %)))
j=1 i=1  j=1,j#i i=1  j=1,j#i

:Z¢ (Wix —1); ’yj]—i-Z( Z (%j (¥ (Wi ¢z)+¢z(mx_wj))))
Jj=1 i=1  j=1,j#i

= P T(Wax — ). (1.27)

Hence, the quadratic function is given by F(x,v) = *I'(Wz — ).

10



The system (1.20) is globally asymptotically stable if there exists a positive definite Hermi-

tian matrix H and a symmetric matrix I such that,
(i) v*Hyp —x*Hx + *T'(Wzx — 1) < 0 holds true for all (x,) # 0, where ¢(-) = tanh(-), and
(ii) vjr <0, when j # k, and > ;" v > 0 for all j € {1,...,m}.

This condition is the same as saying that I' is a diagonal row dominant matrix. The LMI in (i) can
be solved for H and I" using MATLAB toolbox.

In the next section, we will address the stability issue with non zero bias. It covers a broader
group of RNN’s.
1.2.1.3. Accounting for Nonzero Biases

It has been seen that solving stability problem with non zero bias covers a larger class of
systems and it is more practical. Moreover, ignoring the bias limits the effectiveness of stability
criteria. It has been shown in [3], that the stability criterion for case of RNN with non zero bias
can be developed in an identical way as was done for the case of zero bias.

Consider a RNN with nonzero bias defined by

P = Azk + ByF oF = 02F +b,

Y* = tanh(o"). (1.28)

Notice that if b = 0, then z = 0 is the equilibrium point. But for a non zero bias the
equilibrium point is not at the origin. Let z # 0 be its equilibrium point. Since zF+1 = 2¥ we get
z = Az 4+ Btanh(Oz + b). Denote Oz + b := c.

Next, we will transform system (1.28) into a system with zero bias. Consider the affine
transformation, y = x — z. Then y**! = o2F+1 — A1 = A(2F — 2F1) 4 B(yF — tanh ¢). Denoting

nk .= ¢* — tanhc, we get

" = AyF + BnP. (1.29)

Moreover, of = Oy* = ©2% —0z. Add c to both sides: 0¥ +c = ©x* +b. This implies tanh(cf +c) =

tanh(o*) = ¢*. Hence ¢* = tanh(o¥ + ¢).

11



We obtain the new system defined by
"t = Ay + Bnf, pF =¢F —tanhe, of = OyF. (1.30)

It can be easily checked that for system (1.30), y = 0 is the equilibrium point. Using the
relation 1% = tanh(o} + ¢), we get n* = tanh(o¥ + ¢) — tanh ¢. The function 7(-) is still monotonic
and satisfies a sector condition with new bounds. Next we find the new sector bounds for the
function 7(-).

First, we find the new upper bound for the sector, where the plot of the function n(s) =
tanh(s + ¢) — tanh(c) lies. It is equivalent to finding the upper bound for the function @, where
s # 0. To this end, we will compute the critical point for the function @ Since (1.30) is a multi
input multi output system, we need to compute p; := max{an(s), s # 0}, where j € {1...m}.

Hence it is sufficient to find a root of the function ssech?(s + ¢;) — (tanh(s + ¢;) — tanh(c;)).
It can be done using the MATLAB’s fzero function. So, given c;, we can find the upper bound, ;.
It has been seen that due to the nonzero biases, the upper bound of the sector is less than unity.

Denote M = diag{; 7y where pj <1. Then M defines the matrix of new upper bounds,
and the quadratic function F(-,-) is given by F(y,n) = n*I'(MOy — n), where I' is any positive
definite diagonal matrix. Hence system (1.30) is globally asymptotically stable if there exists a

matrix H = H* > 0 and a positive definite diagonal matrix I" such that
(Ay* + By") H(Ay* + Bi*) = (y*) H(y") + (") T(MOy* — ") <0 (1.31)

for all (y*,7n*) # 0.

Next, we find the lower bound of the sector, where the function 7;(s) lies. It has been seen
that when the bias b = 0, the lower bound is zero. Due tothe boundedness of tanh(-), the vector
z! belongs to the interval [—r; — ¢;,7; — ¢;], which can be calculated. The following lemma gives

the lower bound for the sectors, where the plot of nonlinear function ¢;,j € {1...m} lies [3].

Lemma 1.2.6. If |s + ¢j| < rj, then ls) > vj = tanh(rﬁ?:rjjh(|cj‘).
J J

S

Denote N = diag{v;}7";. For an arbitrary positive definite diagonal matrix I, we obtain a

local quadratic constraint with quadratic form F(y*,n*) = (n* — NOy*)*T'(MOy* — 1*). Then we

12



will establish the stability criterion as before.

To recapitulate, the theory of Absolute Stability gives us necessary and sufficient conditions
for the existence of quadratic Lyapunov functions in the set of nonlinear functions satisfying local
quadratic constraint with quadratic form F'(-,-). This quadratic function F(-,-) can be constructed
using the properties of the nonlinear function ¢(-).

Next, we will discuss the stability criteria developed using N L, approach [7].

1.2.2. NL, Approach

A typical NL, system is of the form,

Pit1 = Pr(Q1P2(Q2 ... Py(Qqpr + Bqwy,) . .. + Bawy,) + Biwy,) (1.32)

where p,, € R”, wy, is the input vector, F; is a diagonal matrix, and @); is a constant matrix.
Assume P; = diag(}Tj)?zl, where the values of p; depend on p; continuously. Assume

| P;|| <1, where the matrix norm is defined by || P;|l1 = maxi<j<n(Pj(px)). It is easy to see that in

system(1.32) there is an alternating sequence of linear and nonlinear operations. Hence it is called

NL,. Here the index ¢ refers to number of alternating operations.

To analyze the stability of above system, set all the external inputs to zero. We consider

Pr+1 = PLQ1 Q2 . .. PyQqpk (1.33)

which is written in automatic control form. The problem under consideration is to analyze the
stability of system (1.33), with all matrices P; such that ||| < 1.
First, the system (1.1) will be transformed into the form (1.33). For the case of ¢ = 3, we

obtain

Tpr1 = P3- Q3 Po- Qa2 Pr-Quxy, (1.34)
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I 00 I 0 0 I 0 0 I 0 0
where L= 10 I 0|, Qi=10 I 01|, =10 f, 0|, Q2= |Vi Wy 0,
00 fi 0 Vo Wi 0 0 I 0o 0 I
f3 00 W, 0 V3 ok
Ps=10 1 0|, Qs=|0 I 0], f(s)=rtanh(s), and 2% = zh |-
0 0 I 0 0 I ¥

Similarly, we can transform the general form to N L, form.

The stability criterion [7] says that if there exist diagonal positive definite matrices D; such
that HDijDj_J:lH <1lforall j=1,...,q(mod q), then system (1.34)(and hence (1.1)) is stable.

But we saw earlier that the theory of Absolute stability guarantees the existence of arbitrary
positive definite matrix H, such that z*Hzx is a Lyapunov function. Hence it is more general as
compared to N L, theory, which requires the existence of a particular type of such matrix, namely
a diagonal matrix.

In the next section, we go over an example of a globally asymptotically stable system, for
which the circle inequality (1.10) does not hold true. It will help us deduce that the circle criterion
gives essentially sufficient conditions for stability of a system.

1.3. Example

Consider a two dimensional system defined by
Ti1 = tanh(Waxy,) (1.35)

1.80 0.95
where W = is the weight matrix. Comparing this system with the standard auto-

—0.95 0.00
matic control form (1.2), we obtain ¢(-) = tanh(-),A=0,B =1, and C = W.

We show that, for the system (1.35), the Circle inequality (1.10) does not hold true. To

this end, we compute the transfer function matrix for the above system. Notice that, the transfer
. . - . |—1.80 —0.95
function matrix is given by W(e™) = C(A — e“I)"'B. We get W (e™) = e~
0.95 0.00
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Hence we get

Re(TT () + 17) = TV () +T) + (CW(e) +T)°

2
71(1 —1.80cosw) LB (ery —e7ir) (1.36)
%(e‘iwﬁ — ) Ty
1
where [ = defines matrix of upper bounds and I' = .
0 1 0 7

We get det (Re(FW(ei‘”) —l—F)) = (0.95)%7179 cos? w—1.807 72 cOs W+ 7172 — %(Tl +72)2,
where I defines the matrix of upper bounds. It can be easily checked that, for w = arccos(ﬁ), the
matrix ]Re(FW(eiw) +1T) is not positive definite, for every positive 71, 5. Further, in chapter 2, we
will show that this system is globally asymptotically stable. This implies that Frequency Domain
Criterion gives an essentially sufficient condition for stability of nonlinear systems.

1.4. Summary

The problem of stability of Recurrent Neural Network in discrete time has been introduced.
There exist stable systems for which the criterion developed using theory of Absolute stability does
not have feasible solution. Therefore, it is necessary to develop a more general stability criterion.

This is the subject of discussion in next chapter.
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2. NEW STABILITY APPROACH

2.1. Overview

In this chapter, we will introduce an alternative stability criterion [4]. This criterion has
proved to be more powerful than the well known stability criteria studied in the previous chapter.
We will first describe the method of implementation. Then we will talk about the computational
issues involved in this approach.
2.2. Method of Reduction of Dissipativity Domain

Consider the system

P = f(aF) (2.1)

where 2 € R” is a state vector at time step k, and f(-) is a bounded nonlinear function.

Let Dy denote a set containing image of f(-). The set Dy can be defined using the
bounds of the function f = column{f;}? ;. Suppose there exists sets { Dy} such that Dy C Dy
,f(Dy) C Dpy1. Then, ¥ € Dy, if 2° € Dy. Thus, if {D;} — 0(in Hausdorff metric), then
{zF} — 0, as k — oo, and system (2.1) is globally asymptotically stable. This approach is known
as the method of reduction of dissipativity domain.

In order to implement this approach, the sets Dy need to be defined. Consider a set of
functions {h1,...,hm, }, hj : R = R. Define Dy11 :={x € Dy : hj(x) < apyr535 = 1,...,mpqa ),
where my, is number of constraints a time step k, and ag41,; = maxzep, hj(f(x)). Increase k and
repeat the procedure.

First we will use induction to show that f(Dy) C Dy. For k =0, f(Dy) C Dy using defini-
tion of Dy. Assume that f(Dy) C Dy. We need to show that f(Dgi1) C Dyy1.

Suppose y € f(Dg11). We need to check that y € Dy 1. Using the definition of the sets Dy,
it is easy to see that Dyyq1 C Dg. Therefore f(Dyy1) C f(Dg). Using the inductive hypothesis we
get f(Dg41) C Dy. Therefore y € Dy. Since y € f(Dyy1) we get y = f(z) for some z € Dy C Dy,
We get hj(y) = h;j(f(2)) < maxzep, hj(f(x)). This implies that h;(y) < a1, which in turn

gives that y € Dyy1.
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The process of constructing sets Dy, is continued until the sequence { Dy} tends to zero (in
the Hausdorff metric) or the sequence stabilizes far from the origin. If the first possibility occurs,
we can use stability by first approximation to check stability of the system. The second case takes
place if the system is not globally asymptotically stable.

The sets Dy, can be chosen as intersection of sets {x : hj(x) < 5 ;} where j € {1,...,my}.

my,
=1

Then the pairs (hj, v ;) define the set Dj. In order to define the set Dy,1, a new set of pairs
(hj,Yk+1,5) need to be defined. It is beneficial to choose new function h(-) among the original set
of functions {hj}?h”z’“l. This helps to prevent increase in the number of pairs (h,7) used to define
Dy, 1. However if the sequence { Dy} stabilizes far from the origin, then it is necessary to add new
constraints to original set {h;}7. If we are unable to find new functions such that D1 C Dy
then we conclude that system (2.1) does not have a Lyapunov function, hence is unstable,[4]. Next
we will discuss how to choose new functions h.

Recall that Dy = {z : hj(¥) < % J € 1,...,mg}. Suppose that the sets (h;)i™%

and (hj)mk“ coincide, while the difference between v ; and ;11 is sufficiently small for all

J=1
j€{l,...,my}. Then the sets Di;q and Dy, are almost identical. Under these circumstances, we
need to introduce new functions h. Since Dy 1 and Dy, coincide, for all j € {1,...,my} there exists

aj € Dy, such that difference between hj(a;) and v, ; is very small. Define A = {a; : |h;(a;) =k ;| <
e for all j} for sufficiently small € > 0. Denote B = f(A). If B = A then we conclude that system
(2.1) is unstable.

Assume that B # A. Take zp € A\ B. Fix a function h such that h(zg) > max,cp(h(y)).
Then v = max,ca(h(f(2)) < h(xo). Therefore D11 = {y € Dy : h(y) < 7} does not contain
xp and hence Dy C Dg. In order to describe the set Dy41, we add the function h to the set of
functions {h;}7* to get the new set {hj}T:’“fl, where my + 1 = myq.

We can see that the main (and only) difficulty in implementation of RDD method is comput-
ing value of oy, ; = maxzep, hj(f(x)) for j € {1,...,m}. The complexity increases if the function
hj(f) has several points of local maxima. It has been shown in [4] that computational complexity
can be reduced if each h(-) can be chosen to be a linear function. This is the next subject of

discussion.
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2.3. Linear Constraints and Convex Lyapunov Functions
It has been seen that the vast majority of stability criteria check for existence of quadratic
Lyapunov functions [4]. This new approach uses linear constraints h; to test the existence of convex

Lyapunov function.

Theorem 2.3.1. Assume that system (2.1) has a convex Lyapunov function, V.. Then for any
time step k, there exists a linear function hy such that Dyy1 = {x € Dy : hi(z) < max{hi(f(y)) :
y € Di}} is a strict subset of Dy. In addition, for all e > 0 there exists § > 0 and a linear function
hy. such that, if the set Dy is not contained in the ball B(0,¢), then there exists a point of set Dy

such that distance of that point to set Dyy1 is greater than 9.

Proof. For any nonzero vector z, define E(x) = {y € R" : V(y) < V(z)}. Since V(-) is a Lyapunov
function we get V(f(z)) < V(x). Pick e > 0. Consider 21 € Dy \ B(0,¢), where Dy is defined
using the bounds of function f(-), and B(0,¢) := {z : ||z]| < e}. Define E(z1) = {y e R": V(y) <
V(z1)}. For the sake of brevity, we will denote E(z1) as E. We will show that there exists § > 0
and a unit vector z such that 272y —§ > max{z’y : y € conv(f(F))}, where conv(f(E)) denotes
the convex hull of set f(F).

To this end, we first show that f(F) C E. Let y; = f(y) € f(E). Then y € E. We obtain
V(y1) = V(f(y)) < V(y) < V(x1). Therefore using the definition of E we obtain f(y) € E which
in turn implies that f(E) C E. Next we will check that f(E) has an empty intersection with 0F.

Suppose f(y) € f(E)NOE, where y € E. At the same time there exists {y, }>°, € E such
that ||y, — f(y)|| = 0 as n — oo. Since {y,}22, € E, we get V(y,) > V(x1) for all n. Since V (-)
is a continuous function we obtain V' (f(y)) > V(x1). But we know that V(f(y)) < V(y) < V(z1).
Hence contradiction.

Now we check that 1 ¢ conv(f(E)). Define D := {y : V(y) < maxy,cg V(f(y1))}. Since
V(-) is a convex function, it can be easily checked that D is a convex set. We need to show that
x1 ¢ conv(f(E)). To this end, we will first show that D C E. Pick z € D. Then we obtain
V(z) < maxy,er V(f(y1)) < maxy,cg V(y1) < V(z1). Therefore we get V(z) < V(x1). Using the
definition of E we obtain that D C E.

Next we will show that f(E) C D. Pick z € f(E). This implies that z = f(y), for some
y € E. It is easy to see that V(z) = V(f(y)) < maxy,cg V(f(y1)). Therefore z € D. Since D is
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convex, we get conv(f(F)) C D. Now it is sufficient to show that 1 ¢ D. Suppose x1 € D. Then
we obtain V(z1) < maxy,cp V(f(y1)) < maxy,cg V(y1) < V(z1). Hence contradiction. Therefore
x1 ¢ conv(f(E)).

Since V() is a continuous function, F is a closed set. In addition, using an open covering
argument we obtain that f(F) is also a closed set. Since f(FE) C E, we get that f(E) is a closed
and bounded set. Therefore, by Cartheodory theorem conv(f(E)) is a closed and convex set. We
have seen above that 21 ¢ conv(f(F)). Then, using separation principle there exists z € R™ \ {0}
such that 2721 —§ > max{zTy : y € conv(f(E))} for some § > 0.

Next, suppose Dy C B(0,e) where ¢ is the same as above. Then we can choose €1 > 0
sufficiently small such that there exists xg € Dy \ B(0,e1) satisfying V(zg) = maxyep, V(y).
Define E(zg) = {z € R" : V(z) < V(x¢)}. It is easy to see that D, C E. Then using the above
argument there exists z; € R\ {0} such that z{'zg — 61 > max{z]y : y € conv(f(E))} for some
91 > 0. It can be easily checked that B(z,d1) N conv(f(E)) = 0.

We will define the linear function hy, as hi(x) = z{ . From the above discussion we obtain
that hi(zo) > maxyecony(f(r)) hi(y). Moreover, f(Dy) C conv(f(E)) gives us maxyef(p,)) 21 Y <

maxXy, cconv(f(E)) 2Ty1. Therefore using the definition of Dy 1 we conclude that zg € Dy \ Dpy1. O

Using theorem 2.3.1, we obtain that if system (2.1) has a convex Lyapunov function then
there exists a set of linear functions {h;}"" such that {Dx} — 0 (in Hausdorff metric), as k& — oo.
Therefore if the system has a convex Lyapunov function, then it is sufficient to restrict our attention
to set of linear functions in order to implement the method of reduction of dissipitavity domain.
2.4. Creating Linear Constraints for One Layer RNN

We consider the application of general procedure to single layer RNN, with zero bias. A

single layer RNN with zero bias can be described by the following equation;
2F T = W () (2.2)

where W is a n x n matrix, z¥ is the state vector at time step k, and ¢(-) is a neuron activation
function.
For the case of zero bias and odd function ¢(-), the set Dy, is symmetric with respect to the

origin. When the constraints are linear functions, the sets Dj take the shape of polytopes defined
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by the matrix of constraints L = column(ly,...,[;). The set Dy is characterized by the set of pairs
(hj,ar ;) where agi1; = maxzep, hj(Weo(x)), j € {1...m}. Here m is equal to the number of
constraints.

A reasonable choice of linear functions is given by h;(x) = (l;, W¢(z)), where [; is a nonzero
vector. If sup, ¢(x) < 1, and the vectors {l1,...,l} are basis vectors, then the initial bounds can
be taken as ap; = > ;. |Wji| for all j = 1,...,2n. For the next few steps, the set of functions
{h;};% need not be changed unless the sets {Dj} stabilize far from the origin. If the sequence
{Dy} stabilizes then, new linear functions may be added to original set {hj};n:kl. It helps to cut
parts of Dy such that Dy, is strictly contained in Dy.

A possible implementation of the above procedure is described below:
1. Define Dy = {z :| lfx < apj, j=1,...,m}. Notice that m = 2n.

2. Find 2/ = arg maxzeDk(leI/Vqﬁ(:U)). Denote ajy1,; = (Ij, We(2?)) for all j. Then, Dyyq =
{y: {y) < sy}

3. If max;(ag j — agy1,5) > € > 0, increase k by 1 and go to step 2 and repeat. Here € is some

fixed threshold.

4. (a) If max;(oy,j — apy1,j) <e, then for all j =1,...,m find
u; = arg max(uijj — ;Ié%);(uquﬁ(x))) (2.3)

such that ||u;[| = 1.

(b) For all j = 1,...,m, compute B} = max((u;)Tx : LTz < «), ﬂ? = max((u;)TWe(z) :
LTz < a). Here a = row(ay, . .., ). Then compute 3; = |ﬁj1 - BJ2|

(¢) Construct f = column(fy, ..., Bn). If max(8) < 7 for a given threshold 7 > 0, then we

conclude that the system does not have a convex Lyapunov function and we stop this

procedure. Otherwise we add the corresponding vector u; to matrix L and go to step 2.

The choice of parameter ¢ affects the efficiency of this method. If € is large, then we need to add
more hyperplanes to define the new set Dy, thereby increasing the complexity of this process. Next

we show that the stability criterion based on the method of reduction of dissipativity domain is
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more general as compared to the circle criterion of theory of absolute stability.

In chapter 1, we saw that the system

Tpt1 = tanh(Way,) (2.4)

1.80 0.95
where W = , does not satisfy the circle criterion. But the algorithm described above

—0.95 0.00
established that, after 160 iterative steps the dissipativity set of this system is included in a cube

|z1] < .02, |x2| < .02. For |s| < .02, the graph of the function tanh(s) lies in the sector [.98, 1]. For

the new sector bounds, the quadratic form F'(-,-) is given by

F(z,¢) = ( = NCx)*'T(MCz — ), (2.5)
98 0 10

where N = , M = , I' = diag(7;)jL,, 7; are positive numbers. The circle
0 .98 01

inequality for system (2.4), satisfying local quadratic constraints, with quadratic form F'(-,-) defined

in (2.5), is given by
Re<(NW(eiw) )T + MW(iw))) >0 (2.6)

for all w € [0, 7]. Here, W (&™) is transfer function.

It has been shown in [4] that there exists a matrix I" such that inequality (2.6) holds for
all w € [0, 7], and hence system (2.4) is globally asymptotically stable. Therefore the method of
reduction of dissipativity domain (MRDD) proves to be more general as compared to the circle
criterion given by theory of absolute stability.

The most challenging part in implementation of MRDD approach is to compute the points
of global maxima for the function f(x) := (l;, W¢(z)) over the sets Dy. Since the function ¢(-) is
nonconcave over the set Dy, it can have multiple points of local maxima. It has been seen that, in
all the cases, the function f(-) has points of local maxima on the boundary of the polytope. We
will first locate the points of local maxima for f(-) on an arbitrary hyperplane. The subject of this

research is the solution to the following problem.
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Problem Setting: Consider the hyperplane, P = {z : "2 = b} where [ is a normal vec-

tor and b € R. Suppose the function f(z) = > ", cid(x;) , ¢; # 0 for all 4, is defined on P. How

many points of local maxima does f(-) have on P? Here ¢(+) is a standard neuron transfer function.

2.5. Summary
An alternative stability criterion, based on method of Reduction of dissipativity domain has
been introduced. The computational difficulty encountered in this approach leads us to the main

problem setting of this work. In the next chapter, we will present the solution to this problem.
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3. OPTIMIZATION OF NONCONVEX FUNCTIONS OVER A
HYPERPLANE

3.1. Overview

In this chapter, we will show that the function f(z) = Z?Zl cjo(xj) ¢; # 0 for all j, has
at most one point of local maximum on an arbitrary hyperplane. In section 2, we will develop
necessary and sufficient conditions for the existence of points of local maxima. In section 3, some
assumptions regarding function ¢(-) will be listed. Section 4 gives the possible location of points of
local maxima. Then we will talk about number of points of local maxima in the main orthant, and
side orthants with one negative coordinate. We will conclude with the main result of this chapter.
3.2. Identify the Points of Local Maxima

We will find the necessary and sufficient conditions for a critical point to be a point of local
maximum for function f(-) on the hyperplane P = {x : [Tz = b} where [ is the normal vector
and b € R. Let K := (I — %)D(I - %) denote the projection matrix, where D = % —

diag(d;)?_; is the Hessian matrix. Here d; = ¢;¢"(z;) for all j € {1...n}.

H
Theorem 3.2.1. Suppose that xo is a critical point of f(-) over P (i.e. 1 is parallel to V f(xg)).
Then xq is a point of local mazimum of f(-) over P only if K < 0. Moreover, if K has n—1 negative

etgenvalues and one zero eigenvalue, then xg is a point of local mazimum.

Proof. Consider the Taylor expansion for f(-) in some neighborhood of xy.

2
@) = £a0) + Gl =20} + 5 (0= 20, G Ao = 20)) 4 ollo =) @1

2

Since x € P, we have T2 = b and [T2y = b, hence = — x( is orthogonal to I. Using the fact that
— —
v f(x0) is parallel to [, we get V f(z0)” (x — ) = 0. Moreover, since z is a point of local maximum,

we obtain <:1; — o, %\x:xo (x — :co)> < 0 for all x such that I(z — z0) = 0. Therefore,

yI' Dy <0 (3.2)
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for all y such that {7y = 0.
Pick an arbitrary z € R™. Define y := (I — %)z Then, ITy = 17(I — %)z, and
ur ur
T T
Kz = (I— —)D(I— —)
RN T [/

=yl'Dy<o. (3.3)

Therefore, K < 0.

Now, suppose that K has (n— 1) negative eigenvalues and one zero eigenvalue. This implies
that 27 Kz < 0 for all z € R". We will show that if z € {z : [Tz = 0}, then 2T Kz < 0.

There exists an orthonormal basis {vy,vs,...,v,_1} of the set {z : ITx = 0}, consisting of
eigenvectors of the matrix K, with eigenvalues {1, A2, ..., A\p—1}. Since vy = [ is the eigenvector
with zero eigenvalue, we get \; < 0 for alli e {1...n—1}.

Assume that 2z € {z : T2 = 0}. Then 2 = zy:_ll p;v;, for some p; € R and,

n—1 n—1 n—1 n—1
Tk <zpm,zpm> _ <zm,zpm>
=1 =1 =1 =1

n—1 n—1
= Z \ip? < max()\;) Zp? < 0. (3.4)
i=1 i=1

Pick x in a neighborhood of zyp on P, where x # x9. Then (xg — z) L I. Denote z =
xg — 2. Then, (vg — 2)T'K(xg — ) = (w9 — )" D(z¢9 — ) < 0. Since x is a critical point, we
have <%]$:x0,m - .CE[)> = 0. Using the Taylor expansion for f(-), we get f(z) < f(zo) in some
neighborhood of zp on P, and x( is a point of local maximum for f(-) on the hyperplane P.

O]

In the following section, we will list some assumptions about the function ¢(-). These
assumptions will be used to show the main result.
3.3. Assumptions About Cost Function

Notation: The following notation will be followed, unless specified.

W(s) = GElems, ¥5(B0) = 25((B0), ha(B, a5, am) = Z5(h(B,qj,qn)), where 9() =
(¢'(-))~! and, h(-) will be defined later.
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Assumption 1: Function ¢(-) satisfies the following properties: ¢(-) is analytic, ¢(—x) =
—p(x), ¢'(x) > 0, x¢"(z) <0 for all z # 0, and lim,_, ¢(z) < oo.

Inequality z¢”(x) < 0 implies that ¢(z) is decreasing for all z > 0. Hence ¢/(-)~! exists.
Denote ¢/(-)~! = 4(-). Then v : (0,¢'(0)] — [0,00). In addition, ¥'(z) < 0 for all z € (0, ¢'(0)).

Assumption 2: The function z(In [¢'(z)|) is a monotonically increasing function of x.

_ 1/1'(6%‘) Then 8818 |:h,g(,3,qj,qn)

Assumption 3: Define h(f,q;,qn) = T P GRT qn)} is sign definite, where

0<qj <agn<aq.

Assumption 4 : For all p > q > 0, we have % (ﬁ?«;g) <0.
)

Assumption 5: For all z > 0, we have % (:c% (ﬁgfx))) > 0.

Lemma 3.3.1. Using assumption 2, we get %(:ﬁ:gggg) > 0, where p > q > 0.

Proof. Since %(w(ln W’(:C)W) > 0, we obtain

zy" (2)Y' (y) — yi" (y) ¢ (x)

V@) >0 (3:5)

when 2 > y. Using the first assumption, we get ¢/ (x)y'(y) > 0. Hence z" (x)¢'(y) —y¢" (y)' (x) >

0. If we put x = Bp, and y = q, where § is an arbitrary positive number, we get %(:ﬁ:égﬁ;;) >0. O

3.4. Possible Locations of Points of Local Maxima

In the previous section, we listed some assumptions about the cost function. We will use
these assumptions to locate the orthants on the hyperplane, where points of local maxima might
lie. Recall that f(z) = > I cip(x;), and P = {z : [Tz = b} where [ is the normal vector and
beR.

First, we change basis in order to get ¢; > 0 for all j € {1...n}. Suppose that ¢; = 0 for
some j € {1...n}, then the corresponding term in the sum is zero, and we obtain f(z) = 22;11 CLTE-
The problem is reduced to a similar problem of dimension n — 1. Without loss of generality, we
assume that ¢; # 0 for all j € {1...n}. Next assume that cjo < 0 for some jO € {1...n}. Using
assumption 1, ¢(-) is odd function. This implies that cjo¢(xj0) = —cjop(—zj0). Hence, if cjo < 0
then replacing cjo by —cjo, and xj9 by —z;o, the function f(x) remains unchanged, and coefficient

cjo > 0. Thus, without loss of generality, we assume that ¢; > 0 for all j € {1...n}.
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Next, we consider the signs of the components of vector [. If [jo = 0 for some j0 € {1...n},
then w9 can be increased arbitrarily, still Z;;lljxj remains unchanged. Hence, the function
f(x) does not have a point of local maximum on P. Therefore we can assume that [; # 0 for
all j € {1...n}. Next, assume that there exists j0, j1 € {1...n} where j0 # j1, such that
ljo < 0 < lj1. Then we will increase xjo and z;; such that Z?:l l;x; is unchanged. It is easy to
see that the function f(x) is increasing on P. The function f(z) does not have a point of local
maximum on P. Hence, we can assume that for every distinct values of j0 ,j1 € {1...n}, the
product ljpl;1 is positive. Suppose that I; < 0 for all j € {1...n}. Then we replace b by —b and

vector [ by —I. Therefore, without loss of generality, we assume that I; > 0 for all j € {1...n}.

Theorem 3.4.1. Suppose that xq is a critical point for the function f(-). Then, zq is a point of
local mazimum only if the orthant has at most one negative coordinate(i.e. x; < 0 for at most one

J, where j € {1...n}).

Proof. Recall D = diag(dj)’;:l, and [ denotes the normal vector. The characteristic polynomial of

K is given by det(A — K) = 0, where A\ denotes an eigenvalue of matrix K. First, we will compute

det(\ — K).

detOM — K) = det(\ — (1 - 2 ypr - 10
et( ) = det( ( W) ( W))
ur ur
ur
1ur

T
= det ((M — D)(I + (M — D)‘lDHlll,P))

1T\ — D)lDz)
12112

— det ()\I - D) det (I +

using Sylvester’s identity.
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Hence,

1
p)(1+° Muuﬁ) =)

= det (A1 - )”é ldwn?)

<
(

= det (A1 - )(nuﬁr? <A lzddmu?)
)

det(\] — K) = det (

=1
" Al2

. TR0 — ) (37)

(Hf‘ L —dy)
=

It follows from equation (3.7) that A = 0 is an eigenvalue of K. Denote g(\) = >_7" ; %

We can see that g(\) has vertical asymptotes at d;. Suppose all d;’s are distinct. Then, we
can arrange them as di < ds < ... < d,. It is easy to see that for all d; > 0, lim/\ﬁd; g(A\) = o0
and lim/\_mj— g(A) = —oo. If d; < 0, then lim/\_>d;r g(\) = —oo and lim)\_>dj— g(A\) = oo. Since the
function g(-) is continuous in (d;,d;j41), there exists a root, A; of the function g(-) in this open
interval. The number \; is an eigenvalue of K for j =1,...,n — 1. Thus, {0, A1,..., A\y—1} are all
eigenvalues of matrix K.

Now consider the general case. We order the values of d;: di < dp <,...,< dy. If
dj < djqq for all j € {1,...,n}, then the proof is same as above. Suppose that for some jO we get
dj, = djo41 = ... djo+r # djo4+k+1, then there are k eigenvalues \; = \j 11 = ... = A\j1p—1 of K at
the point dj,. Together with the zero eigenvalue, the set of such numbers A;, j =1,2,...,n —1is
the set of all eigenvalues of K.

Claim 1: d; > 0 for at most one j where j € {1---n}.

We will use the contrapositive approach to prove this claim. Suppose that there exist d;
and dj, such that 0 < d; < d. If d; < dj, then g(A\) = 0 for some A € (dj,d}). This implies that
the matrix K has a positive eigenvalue, but K < 0 (theorem 3.2.1). Next, if d; = dj, then K has a
positive eigenvalue at d;. Hence, we arrive to a contradiction. Therefore, d; > 0 for at most one j,
where j € {1...n}. Claim 1 is proved.

Next, we will consider following two cases.

Case 1: Suppose that d; < 0 for all j. Using the definition of d;, and assumption 1, we

obtain that z; > 0 for all j.
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Case 2: Suppose that d; > 0 for some j. It can be analyzed in a similar manner to Case 1.
We obtain that x; < 0 for some j.
Combining the results of Case 1 and Case 2, we obtain that a stationary point, xg, is a

point of local maximum only if the orthant has at most one negative coordinate. O

Using Theorem 3.4.1, we can deduce that the function f(x) can have points of local maxima
in the main orthant or side orthant with at most one negative coordinate. In sections 5 through
8, we will analyze the behavior of the function f(x) in an open orthant (i.e. z; # 0 for all j). The
behavior at the boundary of orthant will be studied in section 9.

3.5. Points of Local Maxima in the Main Orthant
In this section, we will show that f(z), defined on the hyperplane P, has at most one point

of local maximum in the main orthant (i.e. z; > 0 for all j € {1...n}).

Proposition 3.5.1. The function f(z) =Y, ¢;¢(x;) has at most one point of local mazimum in

the main orthant, over the hyperplane P.

Proof. This is obvious, since f(-) is concave over the main orthant. O

Next, we will present the necessary and sufficient condition for existence of point of local

maximum in the main orthant.

Proposition 3.5.2. A point xg is a point of local mazximum in the main orthant if and only if

there exists 8 € (0,00) such that 377, lﬂb(ﬂ%) =b.

Proof. Necessity: Suppose that xg is a point of local maxima in the main orthant and zy € P, the
hyperplane. Then xg is a critical point. We obtain ?f(xo) = fl for some B € R. Since [; > 0 for
all j, and ngj = ¢;¢'(x;) > 0, we obtain that 8 € (0, c0).

Hence, gb’(mé) = ﬁi—’] for all j € {1...n}, which in turn implies that x% = 1(Bq;), where
g = i—?, and 1 := (¢/(-))~!. Since g lies on hyperplane P, we get b = l'zg = 2?21 i (Bgj). for
some 3 € (0, 00).

Sufficiency: Assume that there exists 5 € (0,00) such that b = Z}Ll lﬂ/’(ﬁ%)- Using the
definition of ¢(-), we get b= 3", lj(¢’)*1(ﬁi—é). Denote z, := (qﬁ')*l(ﬁi—é). Then, ¢/ (z) = 6% for
all j € {1...n}. Therefore, v f(zo) = Bl. Hence x( is a stationary point in the main orthant. Since

f(x) is concave over the main orthant, xg is a point of local maximum in the main orthant. O
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In Theorem 3.4.1 we saw that a critical point z¢ for function f(z) = >"" ; ¢;¢(z;) can be a
point of local maximum only if it is lying in the main orthant or in a side orthant, with at most one
negative coordinate. In the previous section, we went over the necessary and sufficient conditions
for the existence of local maximum in the main orthant. We also showed that f(z) can have at
most one point of local maximum in the main orthant. Next, we will show a similar result for the
case of a side orthant, with exactly one negative coordinate.

3.6. Points of Local Maxima in a Side Orthant

In this section, we will show that the function f(z), defined on the hyperplane P, has at
most one point of local maximum in a side orthant, with exactly one negative coordinate. Here we
have shown the result for the side orthant, which has last component negative. Other cases can be
analyzed similarly.

First, we will develop the necessary and sufficient conditions for the existence of local
maximum in the side orthant (i.e z; > 0 for all j € {1...n — 1}, =, < 0). Suppose that zg
is a critical point for the function f(-) in the side orthant (i.e $% >0 forall j€{l...n—1},
xg < 0). Then, there exists § € (0,00) such that cjczﬁ’(x‘é) = pl; for all j. This implies xé =
sign(acé)(gb’)_l(ﬁi—;) = sign(z))(¢') "' (Bg;) for all j € {1...n}. Recall that d; = ¢;¢"(x;). Using
assumption 1, we obtain d; < ds < --- < d,,_1 <0< d,.

Denote g1(8) = (Tag = Z;:ll Li(¢") 71 (Bgj) — ln(¢') " (Ban), where g; = i—J] Using the

definition of 1 (-), we represent g;(/3) as follows

n—1
91(8) = Y 1j$(Bg;) — lnt(Bgn) (3.8)
j=1

Theorem 3.6.1. Let g(A\) = > 1" % If ¢(0) < 0 and g1(B) = b, for some B € (0,00),

then g is a point of local mazimum for the function f(-) on the hyperplane P = {z : T2 = b}.

Moreover, xq is a point of local mazimum only if ¢’'(0) < 0 and g1(8) = b, for some 5 € (0,00).

Proof. 1t is easy to see that lim, ,,- g(A) = —co and hm)ﬁd:_1 g(A) = —oo. We saw earlier that
there exists a unique eigenvalue of K, A\ € (dj;,d;41) for all j < n — 2. Thus, the matrix K has
n — 2 negative eigenvalues.

Therefore, we have two roots of g(\) in the interval (d,,—1, d,). One of the roots is 0. Denote

the other root by \. Notice that d,, = cn@” (x7), where zff < 0. Using the fact that z¢”(z) < 0, and
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cn > 0, we get d, > 0. This implies that A can be negative or positive. But under the assumption
that ¢’(0) < 0, we have A < 0. Hence we conclude that the matrix K hasn—1 negative eigenvalues,
and a zero eigenvalue. Using theorem 3.2.1, xg is a point of local maximum.

Suppose that z( is a point of local maximum. Then K < 0. This implies ¢’(0) < 0 and

b=Y"""119(Bg;) — lnth(Ban) for some B € (0, 00). O

In theorem 3.6.1, we developed necessary and sufficient conditions for the existence of a
point of local maximum in a side orthant. These conditions can be rewritten in terms of function

g1(B). To this end, we need the following statement.

Lemma 3.6.2. Consider the function g(\) as defined above. Then ¢'(0) < 0 if and only if g1 () >
0.

Proof. Necessity: We can rewrite ¢’'(0) as

n l2 l2
"(0) = — = . 3.9
V0= =g W Z { o Sl PO (39)
where, d; = chb”(ajé) = chzﬁ”(sign(ac%)w(ﬁ%)), and 1z is critical point for f(-).
Therefore ¢’'(0) can be rewritten as
1 - liq Ingn
/ 0) = — J47
9000 =" (2 TGy T T
1 lngn — j% 3.10
= 1P (TG ~ = FeG) (310
since ¢ (+) is odd.
Hence ¢/'(0) < 0 implies
inn — lej 3.11
Ta)) < 2 Ta)) (30

Next, we want to express g} (/) in a form similar to ¢’(0). To this end, we need an auxiliary
result.

Claim 2: We have = 1'(Bq). Using the definition of ¢(-), we obtain ¢ (¢'(x)) = .

¢>”(¢(ﬂq
Differentiating with respect to z, we get (¢’ (x))¢”(x) = 1. This gives us ¢"(z) =

1
vy et
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¢'(x) =y. Then = = 9¥(y). Evaluating, we get ¢"'(z) = ¢"(¢(y)). Hence W = ¢"(¢¥(y)). Claim 2
is proved.

From equation (3.8), it is easy to see that

n—1
g(B) = 1ig; (B;) — lnant’ (Ban) (3.12)

Jj=1

d
where, % lo=gq:=1'(s).

Using Claim 2, equation (3.12) can be rewritten as

n—1
/ o lej _ ann
50 = 2 GiGg) ~ TG 19

Hence ¢'(0) < 0 implies ¢} (8) > 0.

Sufficiency: It easily follows from claim(2) and equation (3.12). O
As a consequence, we have the following result.

Corollary 3.6.3. A critical point xg is a point of local mazimum for function f in a side orthant

if 91(B) > 0,91(8) = b, and only if g1(8) = 0,91(8) = b for some B € (0, 0).
Proof. The proof easily follows from theorem 3.6.1 and lemma 3.6.2. O

Next, we will show that the function f(z) = >, ¢;¢(z;) has at most one point of local
maximum in the side orthant (i.e z; > 0 for all j € {1...n — 1}, =, < 0). Before going over
the proof, we will prove some useful properties of function g;(-), which will be used frequently in

following sections. Notice that

n—1
91(8) = Y jt(B4;) — lnt(Ban) (3.14)
j=1
and,
n—1
91(8) =Y 1ig5t (B4;) — Ingnt (Ban) (3.15)
j=1

Lemma 3.6.4. Suppose that q, < gjo, where jO # n. Then the following statements are true.

(1) g1(B) has at most two roots on the interval (0, Bmaz]-
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(11) gﬂ(ﬁ) — —00, as /B — /Bmax-

Proof. Denote h(B,q;,qn) = i’/((ggi))’ and h(B,q, qn) = $,l((ggi)), where j,l € {1...n —1}. Recall
d
that W(ﬁQ) - Tf ’s:ﬁq~
(i) Suppose that g, < gjo for some jO € {1...n—1}. Let g1 < g2 < ... < @ < @n < @1 <
o< Qp—1-
Using assumption 2, and definition of h(-, -, ), we get hg(0, ¢j, qn) # 0 for all g;,q,, such that

¢j # qn- In assumption 3, we saw that % [W} has the same sign for all (8, ¢, gn, 1) such

that 8 € (0, Bmaz), and 0 < ¢; < qn < q.

Using assumptions 2 and 3, we obtain

hs (B, 45, n) ) ERICR N, ';ﬂ(hﬁ(ﬂ’qﬁ'v%)) £ 0. (3.16)

g(log\ =
h‘ﬁ(ﬁ) qi, q'n,) h,@(ﬁaQ]?QTL) h,@(ﬁ: ql?Qn)

op

Notice that for all pairs (g;, ¢) such that ¢; < ¢, the expression

hes(B,4j: an)hs(B, iy an) — ha(Bs a1, an)hs(B, 455 gn) (3.17)

is sign definite, where hgg(53, q;, qn) = %(hg(ﬂ,qj, @n)). This implies that

—_

ligihq [hﬁﬂ(ﬁa%'afhz)hﬁ(ﬁ:@a%z) — hﬁ(ﬁan:Qn)hB,B(67QZaQn):| # 0, (3.18)
- —

kK n—
- is positive

Jj=11=k+1

which, in turn implies that

k n—1 k n—1
> ajihgs(Byai,an) Y ahs(Biaan) = ajhp(Bdj,an) Y chps(Biaian) A0 (3.19)
j=1 I=k+1 j=1 I=k+1

where, o := l;g;, and g := Ligr.

k

‘. aqihg(B,q;,
Denote g(ﬁ) — Z]—l J /5(6 q; Qn)

Z?:_k1+1 Oélh,g (/87 qi, Qn)
the same as the numerator of ¢’(5). This implies that ¢’(3) is sign definite. Therefore there exists

. We can see that the left side of above equation is
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at most one [, such that g(8) = —1. This implies

k n—1
> aihs(Ba,a0) + Y ahs(B,a, ) =0 (3.20)
Jj=1 I=k+1

for at most one value of .

Using the definition of hg(f, ¢, ¢n), we obtain

k n—1
S argn (B apean)) + > ot (b6t n) — bt (3.21)
i=1

I=k+1

has at most one root. Recalling the definition of h(/3, ¢;,¢n) we obtain that the function

Z@jﬂ(%ﬁ(ﬂq]’)) N nz:l alﬂ(@b'(ﬁm)) o (3.22)

wl(BQn)
' (Bq) < 0, we obtain that ¢}(8) has at most two roots in (0, Smaz). This completes the proof of

has at most one root. It is easy to see that the above function is equal to %( 9,(%) ) Since

part(i).

(ii) Using assumption 1, ¢(z) is a decreasing function for all z > 0, and lim,_, ¢'(z) =0
(since limy 00 #(y) < 00). Since () := ¢'(-) 7, we get ¢ : (0, ¢'(0)] — [0, 0). Moreover, '(z) < 0
for all = > 0.

Using the fact that ¢/'(y) = m( by Claim 2 in lemma 3.6.2) and ¢”(0) = 0, we

obtain

P (y) = —o0, asy — ¢'(0). (3.23)

Recall that ¢} (3) = Z;:ll LigiY' (Bqj) — lngn¥ (Bgn). Since, g < gjo = max(qj)?zl, we get
4j0Bmaz = ¢'(0). Hence ¢} (8) — —o0, as B — Baz. Proof of part (ii) is completed.
OJ

Remark 3.6.5. Similarly we can show that if ¢, = max(qj);-‘zl, then ¢1(8) — 00, as 8 = Bmaz-

Lemma 3.6.6. Suppose that ¢, > q; for all j € {1...n —1}. Then, ¢{(B) has at most one root.

Moreover, if limg_,o ¢} (8) > 0, then g1(8) > 0 for all B € (0, Bmaz)-
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Proof. Assume that ¢, > ¢; for all j € {1...n —1}. We will use the contrapositive approach to

prove this claim. Suppose that there exist 31 # Bg such that ¢ (51) = ¢7(82) = 0. Since ¢1(51) =0
ST g (Brg) >0 g (Bagy)

we get = 1. Similarly, =1
8 ln‘]nwl(ﬂl(]n) Y lngn?y’ (62(]71) )
Denote lligi == > 0 for all j, and F(B) = Z;L:_ll a; lf,((ggi)) Hence, there exist 37 # o

such that F(51) = F(82) = 1. It follows that there exists 5y € (51, S2) such that F'(fy) = 0. This

implies that Z;:ll 45 <¢ (Bay) ) |3=p,= 0, where, ¢; < g, for all j € {1...n —1}.

Since a; > 0 for all j € {1...n—1}, we conclude that (w ((g;b ) |3=3, is not sign definite.

Hence we obtain a contradiction to assumption 2, which says that -5 (w Egp ;), where p # ¢ is sign

definite. Therefore, if ¢, > ¢; for all j € {1...n — 1}, then ¢/(5) has at most one root in the
interval (0, Bmaz)-

Moreover, assume that limg_,g g1 (8) > 0, where g{(8) = Zn ! 1iq;Y'(Baj) — lnan¥'(Ban)-
Using remark 3.6.5 and first part of this lemma, it is easy to see that gi(f) is non-decreasing on
the interval (0, Bmaz)-

O

Remark 3.6.7. In lemmas 3.6.4 and 3.6.6, we assumed that the last component is negative. Similar
results hold true for side orthant with first or second component negative. These results will be

used in the proof of the case of two side orthants.
Now, we show the main result of the section.

Proposition 3.6.8. The function f(x) =Y, cip(x;) has at most one point of local mazimum in

the side orthant.

Proof. Recall that g1(8) = 771 1j1(84;) — It (Ban), and i (B) = S201 Lig;t (Ba;) —lnnt’ (Ban)-
Case 1: Suppose that g, > ¢; for all j € {1...n — 1}. Using remark 3.6.5, we get that
g1(B) = 00, as B — Bmag- From lemma 3.6.6, we obtain that that if ¢, > ¢; forall j € {1...n—1},
then ¢} (83) has at most one root. Hence, for a given b € R, there exists at most one value of 3 such
that ¢1(8) = b, and ¢}(3) > 0. This completes the proof of Case 1.
Case 2: Suppose that ¢, < gjo where jO # n. Using lemma 3.6.4, we get that ¢} (5) has at
most two roots in the interval (0, Snaz]. In addition, we showed in lemma 3.6.4 that ¢} (8) — —oo,

as 8 — Bmaz. Hence, for a given b € R, there exists at most one 5 € (0, Bmaz] such that g1(5) = b,
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and ¢} (8) > 0. Therefore f(x) has at most one point of local maximum in the side orthant. Case

2 is completed. O

We saw that the function f(z) has at most one point of local maximum in the main orthant,
as well as in a side orthant with exactly one negative coordinate. It might happen that there are
two points of local maxima, one in the main orthant and another in a side orthant, with one
component negative. But in the next section we will show that f(z) does not have point of local
maxima in both the main orthant and a side orthant.

3.7. Points of Local Maxima in Main and Side Orthant

In this section we will show that the function f(z) =", ¢;¢(z;) does not have points of

local maxima in both the main orthant and a side orthant. In the main orthant f(x) is of the

form

F(B) = 1np(Bgy), (3.24)
i=1

and in the side orthant, it is of the form

91(8) = nil Lih(Bgi) — tnto(Ban)- (3.25)
i=1
First, we show two auxiliary results. These will be used to show that f(z) does not have
points of local maxima in both the main orthant and a side orthant.
Lemma 3.7.1. Suppose that f1(B) and g1(B) are defined as above. Then the following are true:
(i) f1(B) = g1(B) for all B € (0, Bmazl, and
(it) f1(B) <0 for all B € (0, Bimaz)-

Proof. It can be easily checked that

A8 = Liagv'(Bg), (3.26)
j=1
and ,
n—1
91(8) = Lig;¢ (B4s) — lnant’ (Ban)- (3.27)
j=1
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where /(8¢) = % |s=p,.

(i) First, we show that fi(5) > ¢1(B) for all B € (0, Bmaz|- Using assumption 1, we have
¢'(x) > 0 for all x. Hence, ¥(z) > 0 for all z. Moreover, it is easy to see that the expressions
for f1(8) and g1(fB) are identical except for the term 1,,1(8¢y). Since 1,¥(5qn) > 0, we obtain
f1(B) = q1(B) for all 5 € (0, Bnaz|- This completes the proof of (i).

(ii) The proof follows from the fact that ¢’'(z) < 0 for all x (assumption 1).

Next, we present the main result of this section.

Proposition 3.7.2. The function f(z) =Y, ¢;¢(x;) has at most one point of local mazimum in
the union of the main orthant (i.e. x; >0 for all j € {1...n}) and the side orthant (i.e. x; >0

forallje{l...n—1},2, <0).

Proof. We need to show that f(x) does not have points of local maxima in both the main orthant
and the side orthant. Using proposition 3.5.2 and corollary 3.6.3, we need to show that for a given
b € R, there do not exist 51 # B2 € (0, Bmaz], such that f1(51) = b, and g1(52) = b, g7(S2) > 0. We
will prove the above result using two cases.

Case 1: Let g, > gj for all j € {...n — 1}. Using assumption 1, we get that ¢’'(y) < 0 and
Y(y) € [0,00) where y € (0,¢'(0)]. This implies that lim,_,4 ) ¥(y) = 0 Define y := Bg. Then

limg_g8,,,. ¥(Bgn) = 0, which in turn implies that limg_,3, .. ln¥(8¢n) = 0. Hence

fl (Bmax)) =4q1 (ﬁmax) (328)

Now we will look at the following possibilities.

Sub Case (i): Suppose that limg_,o g1 (3) < 0. Since ¢} (8) — 00, as  — Bmaaz, there exists

B € (0, Bmaz), such that g} (8) = 0. To summarize, f1(3) and g;(3) satisfy the following conditions:
(a) f1(B) <0, and f1(B) > g1(B) for all B € (0, Bnaz) (lemma (3.7.1)),
(b) g1(B) < 0 on the interval (0,3) and g} (8) > 0 on the interval (3, Bmaz]-
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(¢) fi(Bmaz) = 91(Bmaz)-

Using the above conditions, we can deduce that, for a given b € R, there do not exist
B1 # P2 such that f1(81) = b and g1(B2) = b, ¢1(B2) > 0. Hence, f(-) has at most one point of local
maximum, either in the main orthant or in the side orthant with last component negative. This
completes the proof of Sub Case (i).

Sub Case (ii): Suppose that limg_, ¢i(8) > 0. From lemma 3.6.6, we get that g;(5) is a
non-decreasing function. Using lemma 3.7.1, f1(8) > ¢1(B) for all 8 € (0, Bmaz), and f1(B3) < 0 for
all 5. At the same time, ¢1(Smaz) = f1(Bmaz). Therefore, for a given b € R, there exists at most
one S € (0, Bmaz) such that either fi(8) = b, or g1(8) = b, gi(8) > 0. Proof of Sub Case (ii) is
completed.

Combining the results of Sub Case (i) and Sub Case (ii), we conclude that f(z) does not
have points of local maxima in both the main orthant and the side orthant. This completes the
proof of Case 1.

_Case 2: Suppose ¢, < gjo, where j0 € {1...n—1}, and gjo = max(g;)j_;. We will go over
this case by contradiction. Suppose that the function f(x) has two points of local maxima, one in
each main and side orthant. This implies that there exist 81 # (52, such that for a given b € R,
f1(B1) = g1(B2) = b, and ¢} (B2) > 0. Notice that 81 and B2 lie in (0, Bymqz]. Recall that

NOEDNEIHE (3.29)
j=1
and »
91(8) = Y 1;$(B4;) — lntb(Ban)- (3.30)
j=1

Using part (ii) of lemma 3.6.4, ¢{(8) — —o0, as 8 — Bmaz. Assume that ¢} (82) > 0. The
case when ¢} (B2) = 0, will be analyzed later. Since g} (82) > 0 there exists 3 € (B2, Bmaz) Such
that g(8') = 0, and g1(8') > b= f1(81) > fi(Bmas) (lemma 3.7.1).

Since g} (8’) = 0, we get I, = m Z?;l l;¢;9'(B'q;). This implies

-« D(8'qn)

91(8) = 3 (9(8'0) — S e (0'a)). (3.31)
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In addition, fi1(5) = Z;‘:—ll l (w(ﬁq]) + 2 ‘fpf?gjl i (qu])) We get

n—1

11 (Bmaz) = 3215 (6(Bmacts) + mw'w'qﬁ). (3.32)
Since g1(8") > f1(Bmaz), we obtain
n—1 n—1
(B V(Brmastn) 10
;zj(wqj) PRI TLAACL. >)>;zj(w<ﬁmaxqj>+%WM%W%)). (3.33)

We saw in section 4 that I; > 0 for all j € {1...n}. Hence there exists j € {1...n — 1}

such that

w(ﬁlfh)
gt (B'qn)

We will show that the above inequality is not true. In other words, we will show that for

w(ﬁmaan)

vFa) - PRUIEN

4¢"(B'q;) > v (Bmazts) + aY' (B'q5) (3.34)

all gj, where j € {1...n — 1},

V(B qn)

w (/Bmaac Qn)
' (B'qn)

V) - 4 (B'an)

4" (8'aj) < ¥ (Bmaxds) + 4V (B'q5) (3.35)

Pick arbitrary g;, where j € {1...n —1}. We will consider the following possibilities.

Sub Case (i): Assume that ¢, > ¢;. Using assumption 2, we have ziggﬁ’ p > ¢ is an

increasing function of 3. This implies ——w(ﬁqn)dﬁ( (6%)) > 0 (since ¥(-) > 0). Notice that

¥’ (Ban)
d , Y(Bgn) _ qj V'(Bg)\ g ' (Bg)
45 (V080 — s w(ﬁqj))—qu(ﬁq]) L) 5 (St ) = LB (B
W /BQJ
0035 ()
> 0. (3.36)

The left hand side of inequality (3.35) is an increasing function of 3. Hence we obtain

N w(/@/Qn) 1l N Y (Brmazn) o '
w(ﬁ QJ) Cbﬂ/”(ﬁ’Qn) Qﬂb (/8 q;) < w(ﬁmax%) anl(ﬁmax%z)q]w (Bmam%)
< Bt + D 1 ), (3.37)
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since m%d/(ﬁqﬂ > (0 for all B.

Therefore inequality (3.35) holds true. This completes the proof of Sub Case (i).

Sub Case (ii): Assume that ¢, < ¢;. Using assumption 4 we have %(d’ggg;) > 0, where

p > q. Then we obtain the following sequence of inequalities,

(n56) 0

25 (mw(30)) > 7 (w(w(ap).
1 d 1 d
o6 a3 ") < Giagy as

$(Bp) < wwq)m.

(¥(Bq)),

(3.38)

since ¢’(z) < 0, and ¢(x) > 0

Let p = ¢;, and q := ¢,. We get ¥(8q;) — q%,ﬁ(qﬁ’; )q]zb (Bgj) < 0. Therefore, the left hand

side of inequality (3.35) is negative.

We have seen earlier that ¢(z) > 0 for all z € (0,¢'(0)], and ¢'(z) < 0 for all = € (0, ¢'(0)).
This implies that ¥(Bmazq;) + :f ZT%@q”)qu (B'qj) > 0. Hence inequality (3.35) is true. This com-
pletes the proof of Sub Case (ii).

Sub Case (iii): Assume that ¢, = ¢;. Then it is easy to see that ¢(8'q;)— o Wﬁg,’;)n)qu (B'q5) =
0. The left hand side of inequality (3.35) is zero. The right hand side of inequality (3.35) is equal
t0 2¢(Bmaxzqn). From assumption 1, we know that () > 0, which in turn implies that inequality
(3.35) holds true. Sub case (iii) is completed.

Next, assume that g} (82) = 0. This implies that ¢1(52) = f1(51) > fi(Bmaz)- I g1(B2) >

f1(Bmaz), replace 8" by 2. Then the proof will proceed in a similar manner as above. But if

B1 = Bmaz we get g1(52) = f1(Bmaz) = b. This implies that

5 U(Ban) S Y (Bmasn)
j; lj (¢(BQQj) - m%‘"‘ﬂ (BQQj)> - ];1 lj (w(ﬁmaacQj) + mqu (52(13»)) =0. (339)

Since I; > 0 for all j € {1...n — 1}, there are two possibilities. Either there exists j €
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{1...n — 1} such that

N w(ﬁQQTl) Y ) ) w(ﬁmaxQn) ol .
w(ﬁ2qj> Qnd}/(BQQn)qj,(b (52QJ) > ¢(5max(b) + an/(ﬂﬂln) QJ¢ (BZQJ)a (340)
or, forall j € {1,...,n — 1}, we get
N 1/}(/82(]71) o N — ) dj(ﬁmaxQn) o A
V(B2q;) an‘/}/(Bqun)qu (B2q5) = V(Bmaxg;) + 7%1/},(52%)%1? (B24;).- (3.41)

If the first possibility occurs, then replace 8’ by 2, and the problem is reduced to a similar
form as above.

Now, consider the other possibility. Suppose for all j € {1...n — 1}, we have

N Y(Baqn) Y, N ]
1/1(52%) Qn¢/(62qn)QJw (62‘]]) w(ﬂma:vq]) +

WQJ‘"L/J (52‘]j)~ (342)

But we saw in Sub case(i), Case 2 that if g, > ¢;, then we obtain a strict inequality and the second
possibility cannot happen.

Therefore, we obtain a contradiction to our assumption. Combining the results of Case 1
and Case 2, we see that f(x) does not have points of local maxima in the main orthant and the

side orthant with last component negative. O

We have seen that the function f(z) = Y1 ¢ip(z;),¢; # 0 for all ¢ € {1...n} does not have
points of local maxima in the main and side orthants. Now, we will show similar result for two side
orthants.
3.8. Points of Local Maxima in Two Side Orthants

In this section, we will show that the function f(z) = > ;" | cid(xi), ¢; # 0 for all n, does
not have points of local maxima in two side orthants. We will show the proof for the case when

the first and second components are negative. Other cases can be analyzed similarly.

In the first side orthant, f(z) takes the form

91(8) = > _ 1 (Bay) — by (Ba), (3.43)

Jj=2
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and in the second side orthant f(z) is of the form

92(B) =Y Liw(Bg;) — Lv(Ba). (3.44)
j=1,j#2
It can be easily checked that
B) =Y lig' (Bay) — hard! (Bar), (3.45)
j=2
and
gh(B) = > Lig(Bg) — lagzt (Baa)- (3.46)
Jj=1,j#2

First, we will present the necessary condition for the existence of two points of local maxima;
one in each side orthant. This condition will be expressed as an inequality. Next, we will show
that the inequality does not hold true. For the present discussion we will assume that ¢; > ¢2. The

proof for the other case is identical.
Lemma 3.8.1. Suppose q1 > g2 and ¢1(51) = g4(B2) = 0 for some B1, Ba. Then 1 > Po.

Proof. Since ¢;(f1) = 0, and ¢5(f2) = 0, we obtain

ha! (B1q1) = gt (Big2) + > Ligj ' (B1gy), (3.47)
=3
and
laget (B2g2) = bt (Baqr) + Y Ligj e (Bagy) (3.48)
=3
Solving for [; and Iy we get
V' (Brg2)Y (B2qj) + V' (B2q2)Y' (B145)
Z 05 (g o) — a5 (3:49)
and,
1 o Y (Baqu ) (Braj) + V' (Brqr)¥' (B2q;)
=Sl .
T g JZ3 i (W(ﬁlm)W(ﬂz%) — W(ﬁzCIl)W(ﬂlCJz)) (3:50)

For simplicity, A := ¢'(81q1)V' (B2q2) — ¥’ (B2q1)Y' (B1g2) := A. Since I; > 0 for all j, and ¢'(-) < 0
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we get A > 0. We get
V' (Brq1) o V' (B2q1)

V'(Brg2) ~ Y (Bag2) (3.51)

Suppose by contradiction, that 81 < f2. From assumption 2, we get %’ p > qis an
increasing function of 5. Using assumption 2, and the assumption that 8y > (31, we get m <
Z:Egigé;. Here p = ¢1, and ¢ = ¢2. This contradicts (3.51). Hence, 51 > [s. =

Next, we will present another auxiliary result.

Lemma 3.8.2. Consider the functions ¢1(3), and g2(8) defined above. If g1(8) > 0 for some

B € (0, Bmaz) then g5(B3) < 0.

Proof. Suppose ¢;(8) > 0 for some 8 € (0, Bmaz). We have l1q1¢' (Bq1) < l2£]2¢/(,8q2)+27;:3 Ligiv'(Bg;)-
Since ¢'(x) < 0 for all z, we get L1’ (Bq1) < laga’(Bg2). Similarly, ¢5(8) > 0 implies that

Lha' (Bqr) > l2g2v)'(Bg2). Hence we obtain contradiction. O

In the next subsection, we develop a necessary condition for existence of two points of local
maxima in the side orthants.
3.8.1. Necessary Condition for Points of Local Maxima in Both Side Orthants

Notice that, if g1 = max(g;)}_;, then g} (8) — oo, and g5(8) — —00, as B — Bax(remark
3.6.7). We also know that g;(-) has at most one stationary point, and g¢»(-) has at most two
stationary points in the interval (0, S4z)-

However, if gjo = max(q;)?_;, where jO # 1,2, then gj(8) — —oc and g5(8) — —oo, as
B = Bmaz. Moreover, both g} (8) and g5(3) have at most two roots in the interval (0, Bz )-

The above mentioned facts will be used throughout this subsection. Before developing the

necessary conditions for the existence of optimality, we present another auxiliary result.

Lemma 3.8.3. Suppose that q1 > q2. In addition, assume that for a given b € R there exist 3’ # 3"

such that g1(8") = g2(8") = b,g1(8) > 0, and g5(B8") > 0. Then 5’ > [".

Proof. We will show this result using two cases.
Case 1: Suppose that g1 = max(qj)}l:l.
Assume that ¢{(8’) > 0 and g5(8”) > 0. Since g1(f) has at most one stationary point,

we obtain that ¢{(8) > 0 for all 8 € [, Baz). Using lemma 3.8.2, we get g5h(8) < 0 for all
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B € [0, Bmaz)- But we assumed that g5(8”) > 0. Therefore g’ > p”.

Case 2: Let gjo = max(qj)?:1 where j0 # 1, 2.

Suppose that 5/ < " and ¢}(8") > 0, g5(8”) > 0. Notice that if 8/ = " then, g{(5') > 0
implies ¢5(5"”) < 0 (lemma 3.8.2). But we assumed that g5(5”) > 0. Hence we obtain contradiction.
In addition, it is easy to see that if ¢} (8") = ¢g5(8") = 0, we get 3’ > ”( lemma 3.8.1). Therefore,
we will consider the case when 3 < 8" and ¢{(8") > 0 and g4,(3"”) > 0.

Since g} () — —o0 as f — Bmaz and g1(F) has at most two roots, there exists 83 € (8, Bmaz)
such that ¢;(8) > 0 for all 8 € [, B3). Using a similar reasoning, there exists 84 € [3”, Bimaz) such
that g5(8) > 0 for all 8 € [B”, B4]. Notice that if g5(3”) = 0 then 5" = S4.

From lemma 3.8.1, we get 83 > (4. Then we obtain that 8’ < 8" < 84 < B3. But we saw
that g1 (8) > 0 for all 8 € [f', B3]. Since 8" € (5, f3) we get gh(58”) < 0 (lemma 3.8.2). Hence we
obtain a contradiction to our earlier assumption.

O

Lemma 3.8.4. Consider the functions gi(f) and g2(3), defined as above. Assume that g1 > qo.
Then f(x) = > cip(xi) has two points of local mazima in two side orthants only if g1(61) —

92(82) <0, where 81 and [y are critical points for the functions g1(8) and g2(5) respectively.

Proof. Suppose that f(z) has two points of local maxima, one in each side orthant. This implies
that for a given b € R there exist 8’ # 8" such that we have ¢1(8') = g2(8") = b, g} (8") > 0, and
92(8") = 0.

Since gh(B") > 0 we get ¢1(8"”) < 0 (see lemma 3.8.2). Using the fact that ¢7(5’) > 0 and
B’ > p"” (lemma 3.8.3), we obtain that there exists 81 € (8", 8] such that g{ (1) = 0 and ¢{(5) >0
for all g € [B1, 8']. This implies that g1(81) < g1(5).

We saw above that gj(8) > 0 for all g € [81,/]. Therefore, using lemma 3.8.2 we get
g5(B) < 0 for all B € [B1,/']. Since gh(B") > 0, there exists B2 € [8”, 1) such that g5(82) = 0.
Moreover, g5(3) > 0 for all 8 € [8”, B2]. This implies that g2(82) > g2(8"). Since g1(8') = g2(8"),

we obtain that g1(81) < g2(52). O

In the previous lemma, we developed the necessary inequality for existence of two points of

local maxima, (one in each side orthant) for our cost function f(x). Next, we will show that this
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inequality does not hold true. To this end, we will first rewrite the inequality g;(81) — g2(B2) <0
in a more suitable form. This is the subject of discussion of the next subsection.

3.8.2. Three Point Problem

Lemma 3.8.5. Consider the functions gi(-) and g2(-), as defined above. Suppose that 1, and B2
are critical points for gi(-) and go(+) respectively. Moreover, assume that g1(51) —g2(82) < 0. Then,

the following inequality holds:

52[¢6(52Q3)<w(51Q1) B ¢(51Q2))

281 Lp(Brgs) \p(Brar)  p(Prge)

| Ys(Pags) vs(Baqn) ( V(Beqr)  Y(Page) )
Bias) Ys(Brqr) \s(Baq1)  ¥s(B2q2)

¥p(Bras)
V5(B292) B

Vs(Bra2) \vp(Brar)  ¥s(Bigs)

V(B2g2) Ys(Baqr) ( V(Beqr)  ¥(Bags) )
bp(P192)

bp(P2a1)

( Y(Biq)  Y(Bigs) )

Bra2) p(Biar) \s(B2q1)  ¥p(Ba2q3)
B (¢(51Q3) B T/’(ﬁle))
Va(Brar) \p(Pras)  ¥s(Brge)
( V(B2g2)  ¥(Bags) )(@%(52(13) p(B2qr)  vp(Baqr) v(Baqe)  ¥p(Bags) ﬂ)ﬁ(ﬁzch)ﬂ
V5(B2q2)  ¥p(P2q3)

bs(Bras) vs(Biar)  vs(Biar) vp(Braz)  vp(Bias) vs(Biga)
<0. (3.52)

Here, 43(Bi05) == & ((B4;)|p=g., and i € {1,2},j € {1,2,3}.

Proof. Notice that the proof is quite technical. We will first analyze the case g1(51) — g2(52) < 0.

Since g}(81) = 0, and g(B2) = 0, we get

har (Bigr) = bt (Braz) + Y Lt (Brgy), (3.53)
§=3
and
gt (Bag2) = it (Baqr) + > Ligj ' (Bagy). (3.54)
j=3

Solving for [1 and Iy we get

n

i = l Z ligq; (W(ﬁlqﬁ@b,(@%‘) + 1/’/(52(]2)1/1/(&%))
C a2 Y\ (Bran) v (Bage) — 4 (B200) 8 (Braz) )

(3.55)
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and,

Iy — qlzquj(?l) (B2q1)Y' (Bra;) + ' (Brar)y (52611'))‘

Y
R V(B1a0) ¥ (Baa2) — ' (Baa) ¥/ (Bras) (3.56)

7j=3
For simplicity, denote A = ¢/ (81¢1)¢’(B292) — ' (B2¢1)¥' (B1g2). Since I; > 0 for all j, and ¢'(-) < 0,
we have A > 0.

Using equations (3.55) and (3.56), we can rewrite the expressions for g1(f81) and g2(82) as

Y(Birg2) (V' (B2qn)¥' (B1g;) + ¥' (B295)¢' (Bran)
91(ﬁ1)=le[Q' q;z ( 241 1 : 2 11)

v (Bra) (V' (Bra) V' (B205) + ¥ (B2a2)¥' (Brgy)
_ qll 1 ( 192 2 = 242 1 )—Hp(ﬂlqj)}, (3.57)

and,

V(Baqr) (V' (Braz)y (B2q;) + ' (Bra;)Y (B2q2)
92(,82) :Zl] {qj q? 1 < 142 2 x 1 242 )

4% (B2q2) (¥ (Baq)¥' (B1gs) + ¥' (Brg)Y' (B2gy)
_ q22 2 ( 241 1 K 101 2 >+¢(52qj)}_ (3.58)

Then,

91(B1) — 92(B2) =

’ [ _ (ﬂ”(ﬁl@)lﬁ'(ﬁz%) wa(ﬁzcm)dﬂ(ﬂlqg‘)) (quiflm) N Qj¢E]/51’2Q1)>

NE

=3
N (W(ﬁQm)W(/qu]’) + ¢’(/316_I1)1//(52qg')> <Qj1/1(/31Q2) N ij(ﬁzch))

A q2 q2
+ (@(Big) — ¥(B2ay))] < 0. (3.59)
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Multiplying both sides of the above inequality by 481 82¢q1g24, we obtain

l; [ — (43152%(]3'7!/(51612)%1),(52613‘) + 45152612(13'@0'(52(12)1#/(51%)) (Y(Brq1) + ¥(B2q1))

HM:
—~ w

.

+ (481821450 (Baq1) V' (Brgj) + 45152Q1Qj¢’(52(1j)¢'(ﬁ1%)) (Y (Brq2) + ¥(B2g2))

+4B1 520192 A(V(Brq;) — ¥ (B2q5))| < 0. (3.60)

Since I; > 0 for all j, at least one of the coefficients in the above sum should be negative.

Without loss of generality let j = 3. Then,

— 45124205 |V (B102)0 (Baas) + ' (Boge )/ (Bras) ) (w(B1an) + () )
+ 451524143 (W(ﬁQ%)W(ﬁl%) + ¢,(52Q3)¢/(51Q1)) (¢(ﬁ1Q2) + 1/1(5%]2))
+ 4810102 (¥ (Bras) — ¥ (Bae) ) | < 0. (3.61)

Divide both sides of above inequality by —833q1q2¢3%' (81¢1)%' (B192)¢" (B1g3) to get

1 28220 (B2q2)  202q3v'(B2q3)
2681q1¢ (Braqr) <251(J2¢’(51qz) * 231q3¢" (51Q3)>(w<ﬂ1q1) 9(Bear))

_ 1 20219 (Baq1) | 2B2q3¢ (Bags)
281929 (P142) (2[5’1q1w’([5’1q1) 251Q31/1’(51Q3)> (B192) + 1 (B242))
_ 1 202q21)" (B2go2) 252Q11//(52ql)
2B1q3¢" (B1qs3) (251(]2W(51€Z2) QBIQle(ﬁlfh) Y(B1q3) — Y(B2q3)) < 0. (3.62)
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After distributing the terms on the left side, we obtain

P2 [(¢ﬁ(ﬁ2Q2) n 1%(52(]3)) ( V(bia) | v(Baqr) )
267 W\ps(Brg2) — ¥p(Braz)/ \s(Brqr) W(ﬁﬂh)
n (1/1,8(/32% ¥p(B243) )( V(Bie2)  Y(Bea2) )
Vs(61q1) 1/1ﬁ (B143) T/fﬁ B142) wﬁ(ﬂqu)
(1115(526]2 Yg(B2q1) )( Y(Bra3) | Y(B2q3) )]
Y5(B1g2)  Ys(Prqr) Y5(513) ?Z)ﬂ(ﬂlq:s)
B2 [wﬁ(ﬂz%)(w(ﬂlm) N ¢(ﬁ1Q2)>
~ 207 Lys(Bras) \ws(Brar)  s(Bige)
V5(B2q2) ( V(Biq)  Y(Bigs) )
¥ (Bia2) \s(Bia1)  s(Bigs)
N V3(B2q1) ( Y(Brg3)  Y(Bige)
bs(Brar) \Yp(Bras)  ¥s(Bige)
+ Vp(Baqz)  Y(Beqr) | ¥s(B2q2)  ¥(B2g3)
s(Braz) Ys(Biar) | ¥s(Bige) s(Bras)
Vp(Bags)  Y(Boqn)  ¥s(B2g3) ¥ (B2qe)
s(Bras) Ys(Briar)  ©s(Bigz) ws(Brge)
_Us(Baqr)  P(Bage)  ¥p(Paqn)  ¥(Ba2gs)
bs(Brar) Ys(Bra2)  va(Biar) 1/)5@1(]3)] <0 (3.63)

We can see that the first three terms out of nine terms in the latter sum of inequality (3.63)

are monotonic in terms of q. Next we express the remaining six terms in similar form. We have

[ 5(B2as)  V(Boq) vs(Bamr) | p(Pae)  ¥(Baar)  ¥s(Baq1)
267 wﬂ(ﬁl%) Va(Brar) vp(Beqr)  ¥p(Braz) vp(Biar) ¥s(Baqr)
Vp(Beq)  P(Bagqe)  ¥p(Bage)  ¥p(Bags)  ¢(B2q2)  p(P2g2)
CYs(Bia) s(Biae) Us(Boge)  ¥p(Bras) vs(Bige) s(Boge)
Ys(B2q2)  (Bags) ¥p(B2as)  Up(Baqn)  ¥(Pags) ¥p(Baas)] (3.64)
V(Bra2) Vp(Bras) vs(Baas)  vs(Biar) vs(Bias) vp(Bags)
For brevity, denote z; = zg nggﬁ, and y; = i(fgfgj)), where j € {1,2,3}. With the new

notation, the above expression can be expressed as

B2
25
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Adding and subtracting the terms 2%22],‘3.%13/2 and %xlxzyg to (3.65), we obtain
1 1

(1‘31‘11/1 — X3T1Y2 + T3x1Y2 + TaX1Y1 — T2T1Y3 + T2T1Y3 — T1T2Y2 — T3X2Y2 + T3XT2Y3 — :131£E3y3>

B2
2637

=25 (963331(91 —y2) +x271(y1 — y3) + (y2 — y3) (w321 — 2172 — I:ﬂz))- (3.66)
1

Using the definition of z;, and y;, the above sum is the same as

ﬁ[iﬁﬁ(ﬁz%) P(Paqr) ( V(Baqr)  b(Bage) ) n V3(B2q2) Ys(Baqn) ( Y(Baqr)  ¥(P2g3) )

267 Lips(B1a3) (B1q1) \Ys(B2q1)  ¥p(B2q2) V3(Bra2) ¥s(Brar) \p(B2q1)  ¥s(B2q3)

n ( V(Baq2)  b(B2g3) )(1%(52(13) Yp(Baqr)  vs(Baqr) vs(Bage)  ¥p(Bags) %(52(12))]
VYp(Baqa)  Vp(B2q3)/ \Yp(Bra3) vs(Brar)  vs(Brqr) s(Brgz)  ¥p(brgz) ¥s(Bige)/ )

(3.67)

< $1E

Combining the above expression with the first three monotonic terms of inequality (3.63),

we obtain

Pa [¢ﬁ(/32%) ( v(Bra)  ¥(big2) ) . V(B2g3) V(Baqn) ( Y(Baq1)  ¥(P2g2) )

267 Lpg(Bras) \va(Brar)  ¥s(Braz) V3(Braz) Ys(Brqr) \vp(B2q1)  Vs(B2q2)
¥3(B242) ( Y(Brar)  Y(Bigs) ) L Y8(Ba2) ¥s(B2q1) ( Y(Baqr)  ¥(P2g3) )
Va(Bra) \Ys(Brar)  p(Bras)/  vs(Brae) vs(Biar) \Up(Baq)  ¥p(Bags)
T/Jﬁ(ﬁzcn)( Y(Brgs)  v(Prg2) ) N < V(Baq2)  ¥(P2g3) )(1/)5(52413) Yp(Beqn)
Ya(Brqr) \vs(B1q3)  Yp(Big2) VY3(Baq2)  Yp(B2g3)/ \5(B1g3) s(Biqr)

_ p(Beqr) vp(Bage)  p(B2gs) ¢6(52Q2))} -0 (3.68)
vs(Brar) Ys(Bia2)  ¥p(Biaz) vs(Braz)

Next, suppose g1(81) — g2(52) = 0. Then inequality (3.60) reduces to an equality given by

n

>l [ - (45152612%‘W(ﬁmz)lﬁ/(@q]‘) + 45152(12%10/(52(]2)1/1'(/31%)) (¥(Brq1) + ¥ (B2q1))

.

3
+ (45152Q1Qj¢/(52(J1)¢/(51q]’) + 46152q1qj¢'(62q]~)w’(ﬂ1q1)) (Y (B1g2) + ¥(B2q2))
+ 481 B2q12 A(Y(B1g5) — ¥ (B2q;))| = 0. (3.69)

Since I; > 0 for all j, we can have two possibilities: either there exists jo € {3,...,n} such that

corresponding term in the sum is negative, or every term in the sum is zero. If first case occurs,
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then we get the result obtained in (3.68). But if all terms in sum are zero then, we get equality. [

_ ¥8(Beg) . (B2q5) _ Y(Ag) : :
Denote z; = DB Vi = BpBaa) and z; = RGTDE Using the new notation, the above

inequality can be expressed as

2
TBQ x3(z1 — 22) + x3z1 (Y1 — y2) + x2(21 — 23) + w21 (y1 — y3) + x1(23 — 22)
1

+ (y3 — y2) (z122 + 2322 — 2321) | < 0. (3.70)

Next, we check whether there exist positive numbers 51, B2, q1, g2, and g3 where ¢ > g2,
such that inequality (3.70) is satisfied. We call this problem as Three point problem. This is the
subject of discussion in the following section.

3.8.3. Solution to Three Point Problem

We present the solution to Three point problem using two different cases. For Case I, we

assume that g3 < max(q1, ¢2). Recall that max(q1,q2) = q1. We show that if ¢; = max(qj);)’-zl, then

(3.70) is not satisfied. To this end, we present some auxiliary results.

Lemma 3.8.6. Suppose that q1 > g3 > q2. Then the following inequalities are satisfied.
(i) 22 < z3 < 21 < 0.
(i) y2 <ys <y <O.

(iii) To > x3 > x1 > 0.

_ ¥p(B2gy) . Y(B2q) C_ (bgj)
= 0sBia))’ Y = U(Baey) 204 2 = By

(i) We show that z; > z5. The remaining inequalities can be shown similarly.

Proof. Notice, x;

We need to show that 1;;/;3((6611(];1)) > j;(&llq;;) . From assumption 4, we know that % <:ﬁgg§ g) <0,

where p > ¢. This implies that ¥g(8p)Y(Bq) < ¥ (Bp)vs(Bq). Put = B1, p = q1, and ¢ = ¢o.

Then, we obtain ¥3(51¢1)¥(B192) < ¥(51¢1)¥s(B1¢2), which in turn implies that ’lZg((ﬁﬁlqulB) > f;féf;g)-

Similarly, we can show other inequalities. This completes the proof of (i).
(ii) The proof is identical to (i).

(iii) We will show that x5 > x3. Remaining inequalities can be shown similarly.
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We need to show that zi ng?]zg > Z? nggzg Using assumption 2 and the fact that 8; > [3,

we obtain diq (ig Eg?g;) < 0. Hence we obtain 32 Egigz; > Z? Egig;; Moreover, since ¢'(z) < 0, we get
xj > 0 for all j € {1,2,3}. This completes the proof of (iii). O

Lemma 3.8.7. Suppose q1 > q2 > q3. Then the following inequalities hold true.
(1) z3(y2 —y3) < 22 — z3.

(il) 0 < 21 < 29 < m3.

(iii) 23 < 22 < 21 < 0.

(iv) y3 <y2 <y <O0.

Proof. We show the proof for part (i). The proofs for the remaining inequalities are similar to

lemma 3.8.6.

Using assumption 2, we get 4 w:(ﬁp) > 0,p > ¢. Recall that ¢/(3q) = L4(s)|s—g,. This
dB \ ¥'(Bq) d By

implies that %% (ziggz g) > 0, which in turn implies % (Zi‘; ggz ;) > 0. Hence % (zg Eg;;) < 0, where

p > q. Here p = ¢2, and ¢ = ¢3. Since 9 (-) is a non-negative function, we can rewrite the inequality

d (¥s(Bg)
dp (wwm) <0as

Y5(Bg3)
Y5(8q2)

¥3(Bas) — Vs (Be2) — (B0 (LB > o (371)

V5(Bg2)

The left hand side of the above inequality is the derivative of ¥(8q3) —¢3(8q3) fﬁ(&qg) . Since

B1 > B2 we obtain following sequence of inequalities

Y(B1g2) Y(Bag2)

Y(£1g3) — ¥p(B1g3) > Y(B2qs3) — 15(B2gs)

V3(B1a2) Vs(B2q2)’
V(B2g2) V(Brg2)
W(&%)F(@%) Y(B2q3) > wﬁ(ﬁl%)wﬁ(ﬂm) V(B1g3),

¢6(52Q3)(¢(52€I2) _ ¥(Pa2g3) ) < V(Bia2)  ¥(Bigs)
Y3(B1g3) \Vs(B2q2)  Yp(B2q3) ¥3(Brg2)  Vp(brgs)

(3.72)

This implies z3(y2 — y3) < 22 — 23. O
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Next, we use the above auxiliary results to show that inequality (3.70) is not satisfied. Re-

_ ¥s(B2gy) . Y(B2q) ¥(B1q;)
= 0s(Biay)’ Y1 T Up(Baay) ¥p(Bigs)”

call z; ,and z; =

Lemma 3.8.8. Suppose that q1 = max(qj)g?zl. Then inequality (3.70) does not hold.

Proof. (i) Suppose that g1 > g3 > g2. We need to show that the sum

x3(21 — 22) + 2321 (Y1 — y2) +x2(21 — 23) + 2221 (Y1 —y3) +x1(23 — 22) + (Y3 — Y2) (122 + X372 — T371)
(3.73)

is positive. From (i) and (ii) in lemma 3.8.6, we obtain

r3(21 — 22) + 2371 (Y1 — y2) + 221 — 23) + 2271 (Y1 — Y3) + 1(23 — 22) > 0 (3.74)

It remains to show that (y3 — y2)(x122 + zoxs — x321) > 0. From (ii) and (iii) in lemma 3.8.6, we

obtain y3 >y and z1(z2 — x3) > 0 respectively. Hence

x3(21 —22) + 2321 (Y1 —y2) +22(21 — 23) + 2221 (Y1 —¥y3) +21(23 —22) + (Y3 —y2) (102 + 2322 —2321) > 0
(3.75)

(ii) Next, suppose that ¢; > g2 > ¢g3. We need to show that the sum

z3(21 = 22) + 2321 (Y1 — y2) + 22(21 — 23) + 2221 (Y1 — y3) +21(23 — 22) + (Y3 — y2) (v122 + 322 — T371)
(3.76)

is positive.
Using parts (ii) and (iii) of lemma 3.8.7, we get x2(21 — 23) > 0 and z1(23 — 22) < 0. But

it can be checked that

wo(21 — 23) + w1(23 — 22) = x2(21 — 20 + 22 — 23) + 21(23 — 22)

= w9(21 — 29) + (1 — 22)(23 — 22) > 0. (3.77)
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We can rewrite expression (3.76) as

w3(21 — 22) + 2371 (Y1 — Y2) + T271(Y1 — Y3)

+x2(21 — 22) + (21 — 22)(23 — 22) + (Y3 — y2) (v172 + ¥372 — ¥377)

= x3(21 — 22) + 2321 (Y1 — Y2) + T122(Y1 — Y2)

+ z1a(y2 — y3) + 22(21 — 22) + (@1 — 22)(23 — 22) + (Y3 — yo) (2122 + w322 — 2321)
= (21 — 2z2)(z2 + 23) + (y1 — y2) (2123 + T122)

(w1 — w2) (2 — 22) + 2392 — 93)). (3.78)
Using parts (ii), (iii), and (iv) of lemma 3.8.7, we deduce that
(21 — ZQ)(J}Q + .’L‘g) + (y1 — yQ)(:L‘lacg + .%'1.%2) > 0. (3.79)

We saw in part (ii) of lemma 3.8.7 that z; — 2 < 0. Hence, we need to show that
(23 — 22) + 23(y2 — y3) < 0. This is obvious from part (i) of lemma 3.8.7. Therefore, expression
(3.76) is positive. This completes the proof of part (ii).

Summarizing the results from parts (i) and (ii), we see that if g3 < max(qi, g2), then the sum

x3(21 — 22) + 2321 (Y1 — y2) +x2(21 — 23) + 2221 (Y1 —y3) +x1(23 — 22) + (Y3 — Y2 ) (122 + X322 — T371)

is positive.

Next, for Case II, we assume that g3 > max(q1,q2) = ¢1. We need to show that

x3(21—22) +x123(y1 —y2) +x2(21 — 23) +x2x1 (Y1 —y3) + 21 (23— 22) + (Y3 —y2) (w122 + w223 — 21 23) > 0.
(3.80)

Before going over the proof, we present some auxiliary results.
Lemma 3.8.9. Suppose q3 > q1 > q2. Then, the following inequalities hold true.
(i) zg > x1 > 23 > 0.

(ii) 29 < 21 < 23 < 0.
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(iii) Yo < y1 < y3 < 0.

(iv) & > 22,

T T2

Proof. (i) From assumption 2, we know that - (:ﬁ Eg %) > 0, where p > q. We get - (wi Egigg) <0,

where [y < f1(lemma 3.8.1). This implies that zg ngg > zi nggig, and we get x5 > x1. Similarly,

we can show that x; > x3. Hence we get xo > x1 > x3 > 0.

(ii) Using assumption 4, we have i ( Egz g) < 0 for all p > ¢. This implies

Vs (Ba)(Bp) > 1s(Bp)Y(Bq)- (3.81)

Put 8 = 31, p = q1, and ¢ = ¢o. We have 1/)5((6611(](;1)) > 12(68511(1;2))' This implies 21 > zo.

Similarly, we get z3 > z1. Hence z3 > 21 > 2o.
(iii) The proof is similar to (ii).

(iv) We need to show that ﬁ((ﬁﬁzqqll)) > @ZZ;%;];Q))' Since 15(-) < 0, this is equivalent to showing that
Y(B1q1) P (B2q1)

P(Bra2) ~ ¥p(B2g2) "
Using assumption 2, we get 7= <1/)/3 ng; ;) > 0, where p > ¢q. This implies

Ys(B2q1) T Vs(B2q1)

Us(Baaz) ~ B0t Vp(Bagz) (3.82)

: Ys(B2q1) -
We show that limg, o+ D5 (Pat2) exists.

Since %(wﬁggg) > 0, we obtain that (iﬁggzg) is a decreasing function of 3, as f — 07.

Hence, {iﬁ (gp )} has an upper bound for small but positive values of 5. Moreover, since 3(-) is
negative, {w;a(ﬁp)

Ba)
Yg(B2q1) -
limg, o+ 05 (Baa2) exists.

} has a lower bound too. We have a monotonic and bounded sequence, hence

Since 9 (y) — oo, as y — 0, we get limg, o+ Zﬁggizg =1 limg, o+ Zigg;g;; From assump-

tion 4, we get 75 (%gzg) <0, p>gq. Since 1 > B2, we obtain limg,_,o+ iggzgég > zggigig Hence

we obtain the following chain of inequalities:

Ys(beqr) o ¥s(Beq) L Y(Bear)  ¥(Biq1) (3.83)

Y5(B2q2) = Bam0t Yp(B2g2)  Ba—0t Y(B2q2) T ¥(Big2)

iggig;g < zﬁggzgig Proof for (iv) is complete. O

Therefore, we get
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Lemma 3.8.10. Suppose that g3 > q1 > q2. Then inequality (3.80) holds true.

Proof. The left hand side of (3.80) can be rewritten as

z3(21 — 22) + T173(Y1 — Y2) + 221 — T223
+21(23 — 22) + x122(Y1 — Y2 + Y2 — Y3)

+ (y3 — y2)z122 + (Y3 — y2) (w23 — 123)

= x3(21 — 22) + T123(Y1 — Y2) + 23(21 — 2)

+ xo21 — x122 + T122(Y1 — Y2) + (Y3 — y2)x3(xe — x1). (3.84)

Using parts (i), (ii), and (iii) of lemma 3.8.9, we get

.%'3(21 — 22) > 0,.%'1:B3(y1 — yg) > 0, 23(361 — wz) > O, (y3 — yg)l‘g(l‘g — .%'1) > 0. (3.85)

Therefore, we get

x3(z1 — 22) + z123(y1 — y2) + z3(x1 — 22) + X221 — 122 + T122(Y1 — Y2) + (Y3 — Y2)z3(22 — 1)

> 1921 — 2122 + (T122) (Y1 — Y2). (3.86)

Next, we show that x9z1 — z129 + (z122)(y1 — y2) > 0. From part (iii) of lemma 3.8.9, we

get x1x2(y1 — y2) > 0. Similarly, using part (iv) of lemma 3.8.9 we have x2z1 — x129 > 0. Hence

x3(21 — 22) + T1w3(y1 — Y2) + X221 — X223

+ x1(23 — 22) + T122(Y1 — Y2 + Y2 — ¥3)

+ (yg — yg)xliﬂg + (yg — yg)(ﬁcgl‘g — 561333) > 0. (387)
This completes the proof for the case when g3 > ¢ > 9. ]

This completes the solution to Three Point problem. Now we have all the required results

to present the main result of this section.
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Theorem 3.8.11. The function f(z) = 1, cip(x;) does not have points of local mazima in two

side orthants.

3.9. Special Case

In previous sections, we have analyzed the behavior of the function f(z) = Y7, c;io(x;)
only in the open orthant (i.e. z; # 0 for all j € {1...n}). For sake of brevity, denote by © the
union of open orthants, and let I' = R" /0.

We have shown that f(x) can have at most one point of local maximum in intersection of ©
and the hyperplane P. But it might happen that the function f(-) has two points of local maxima,
one in an open orthant and another in the intersection of I' and P. In this section, we will show
that this cannot happen.

First, notice that if the function f has a point of local maximum on the boundary of an
orthant, then it must be an isolated point. Suppose that f(-) has a point of local maximum xg
on the boundary of an orthant, on hyperplane P. Assume that x( is not an isolated point. Then,
there exists a sequence {z;}5°,, where z; is a point of local maximum for f(z) for all ¢, such that
|xo—=;|| — 0 asi — oo. Since z; lies on the boundary, then for all i, we obtain xf = 0 for at least one
j€{1...n}. Using theorem 3.4.1, we get for all i, :cf < 0 for at most one j, where j € {1,...,n}.
This implies that g(8x) = b, for the sequence {;}72,, where g(8) := >_7_; ilﬂ/}(ﬂ ) Recall that
() = ¢'(-)71. Using the fact that ¢(-) is an analytic function, we obtain that g(3) = b. This
implies that g(-) is a constant function. Next, we show that this is not true.

Without loss of generality, assume that for all j such that, 1 < j < k, xz # 0 and :1:5 =0
for j € {k+1,...,n}. Since z; has at most one negative coordinate, function g(f3) is either of the
form g(58) = Z?zl ljw(ﬁi—;) or g(B) = Zk lljw(ﬁ—) - lkw(ﬁi—’;). But we know that in the main
orthant g(-) is a decreasing function, and in the side orthant g(f) has at most two critical points.
Therefore g(3) is not a constant function, which, in turn implies that the points of local maxima

on the boundary of the orthant are isolated.

Lemma 3.9.1. Suppose that xg is an isolated point of local mazximum for the function f(-) on the
hyperplane P = {x : [Tz = b}. Then, for all € > 0 there exists 0o > 0, I, b such that ||l — || < o,
|b — E\ < g, and a point Ty with all nonzero components, such that Ty is a point of local mazrimum

of the function f(-) over P = {x :lx = b} N ||z — 0| < e.
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Proof. Since zg is an isolated point of local maximum for f(-) on P, there exists a sufficiently small
g0 > 0, such that if z € P, x # xg, and ||z — x| < €0, then f(x) < f(xo).

Fix a positive number ¢ < gy. Since x is a point of local maximum, there exists 8 € (0, c0)
such that xo = j:@b(ﬂ ) for all j € {1...n}. If all components of z( are nonzero, then we are done.
Suppose that zp has zero components. Without loss of generality, let z} = ... = 2* = 0. Then,
using assumption 1, we obtain Bi—’; = ¢'(0) for all k € {1...m}.

Since f(-) is a continuous function, there exists a positive number d¢ such that f(-) has a
point of local maximum over the set {z : [z = b} N{x : ||z — x| < €} for all vectors I, and numbers
b such that ||l — || < &, and |b — b| < d.

Fix positive numbers 4, 1, such that 6; < 4. Denote L=1 -6, l}- =1;—6,for2<j<m,

l~j = l; for j > m. Denote by 7 the point with coordinates 7' = :l:w(ﬁllc_l‘sl), o) = :t@b(ﬁl'_cs)
for 2 < j, m, &y) = CC‘S for j > m. Denote b := [Lz,. Assume that g—ll > Z—J] for all j € {2...n}.

We will choose ¢ such that Hl — || < &, and |b—b| < do. Then f has a point of local
maximum, &, over the set P = {z : [Tz = b} N {x : ||z — xo|| < €}. There exists § > 0 such that

= +4(f i) for all j € {1...n}. If all components of Z are nonzero, then we are done.

Assume that at least one component of Z is zero. Due to the choice of d1, it should be the
first component #'. This implies that Bg—ll = ¢/(0), and we get i =b. Next, consider a positive
number § and a vector [ with components I =1, l} = l~j — b forje {2...n}. Define the vector
# with components 2/ = i@b(ﬁ ) for all j € {1...n}. The number 4 is chosen in such way that
11 —1|| < do, T4 #b, and (l:—ll > é for all j € {2...n}. Consider the hyperplane P = {z : [Tz = b}.
There exists a point of local maximum, y1, of the function f(-) over P N |jy — xo|| < . Therefore,
there exists a positive number § such that yl i¢(ﬁ ) for all j = 1...n. Since [7% # b, we get
i¢P.

If all components of y; are nonzero, then we are done. Assume y; has a zero component.
Due to choice of 81,4, we get yi =0, y{ # 0 for all j € {2...n}. This implies that l == ¢'(0).

Q>
o

Therefore B = (3. But in this case y1 = &, and therefore vector y; does not belong to the hyperplane
P. Hence we get a contradiction. Therefore, all components of vector y; are nonzero. Thus, y;
is a point of local maximum of the function f over P, such that ||l — || < &, |b —b| < dy, and

lly — o] < e. O
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Corollary 3.9.2. The function f(x) cannot have one point of local mazimum in © N P, and one

point of local mazimum in I' N P.

Proof. Suppose that z¢ and z; are two points of local maxima for the function f(-). Without loss
of generality, we can assume that xg is in © N P( i.e. l‘% # 0 for all j € {1...n}). Since f(-) has
at most one point of local maximum in open orthant, g is an isolated point. Using lemma 3.9.1,
we can find another point of local maximum Zy over hyperplane P, such that all the components
of Zy are nonzero.

Using similar reasoning as above, we can also find another point of local maximum #; such
that all the components of Z; are nonzero. Then we end up with two points of local maxima in

© N P. Hence we obtain a contradiction. O

3.10. Main Result
In Section 3, assumptions about the function ¢(-) were listed. Those assumptions turned
out to be sufficient conditions for the above results to be true. Therefore, we obtain the following

result.

Theorem 3.10.1. Consider the function f(x) = > 1" ¢;p(z;), where ¢; # 0 for all i. Suppose that
the function ¢(-) satisfies the conditions (1) — (5) stated in Section 3. The function f(z) has at

most one point of local mazimum on the hyperplane P defined by {x : ITx = b} for some b € R.
Proof. The proof follows from the previous results. O

3.11. Summary

We have studied the existence of points of local maxima for the function f(z) = > 7" | ¢;(x;),
over a hyperplane. We have found conditions, imposed on the function ¢(-), which guarantee the
existence of at most one point of local maximum for the function on the hyperplane. Those condi-
tions are satisfied by a wide range of neuron transfer functions. In the appendix, we will present

two examples of neuron transfer functions which satisfy the properties mentioned in section 3.
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4. CONCLUSION

We study the stability problem of discrete time nonlinear dynamical systems, which de-
scribe dynamics of recurrent neural networks (RNN). To date, the strongest stability criterion for
such systems is given by theory of absolute stability. This theory provides necessary and sufficient
conditions for existence of quadratic Lyapunov function for systems with nonlinearities, satisfying
certain quadratic constraints. Non-existence of such quadratic Lyapunov functions does not imply
instability of the systems. As the number of nonlinearities in the system increases, the gap between
set of systems for which absolute stability criterion hold true, and the entire set of stable systems
becomes wider. Since RNN is an essentially nonlinear system, it was necessary to develop an alter-
native stability criterion. Another stability criterion based on method of reduction of dissipativity
domain (MRDD), has been developed. In particular, it provides necessary and sufficient conditions
for existence of a convex Lyapunov function for nonlinear dynamical systems. Hence, it is more
general as compared to criterion for absolute stability.

The main difficulty encountered in implementation of MRDD method consists of finding
points of local maxima for the cost function, f(z) = "' | ¢ip(z;), over a convex polytope. The
function ¢(-) is nonconcave, hence, f can have multiple points of local maxima. Since optimal
points exist on the edge of the polytope, it makes sense to analyze the behavior of function f over
a hyperplane. Therefore, we studied possible number of points of local maxima for the function f,
over an arbitrary hyperplane. First, we identified the possible orthants, where the points of local
maxima might lie. Next, we showed that if the function ¢(-) satisfies a certain set of conditions,
then the function f has at most one point of local maximum over an arbitrary hyperplane. Those
conditions are satisfied by a wide range of neuron transfer functions.

Future work may involve finding the points of local maxima for function f over planes of
lower dimension, using nonlinear constraints to describe the sets, finding points of local maxima

for systems with nonzero bias, and generalizations of these results to infinite dimensional space.
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APPENDIX

A.1. Overview

In Chapter 3, assumptions regarding function ¢(-) were presented. We also showed that
those assumptions are sufficient conditions for existence of at most one point of local maximum on
the hyperplane. Here, we present equivalent statements for those assumptions. Next, we will check
these properties for two functions, namely tanh(-), and arctan(-).
A.2. Reformulation
Lemma A.2.1. Define g(x) := In[¢/(e”)|. Then, dx( %(1D|w,($)|)> > 0 for all z € (0,¢'(0)) if
and only if g"(x) > 0 for all x € (—o0,In ¢'(0)).

Proof. Notice that [¢/(x)| = e91"*). With the change of variable y = In(x) we get

£ (vl @) = £(9ne) + o (£ (g(na) =
d Y) y)

= (o) + et (S (o) ) = 22 + 4 (4) (A1)
_ 9"y )ey+6yg;(y)*eyg’(y) = ¢"(y).
O

Similarly, the assumptions 4 and 5 can be reformulated as discussed in the following lemma.

Lemma A.2.2. Define f(z) := In(y(e”)).

(a) Suppose that p > q > 0. Then, ddﬁ (wégqg) < 0 if and only if f"(x) < 0.

(b) dx( = <rw(()))) >0 for all z > 0 if and only if the function ( 1()) is conver.

Proof. (a) Necessity: Notice that ¢(z) = e/("#)_ Since a5 (wggsg) <0, we get

Vs(Bp)Y(Ba) < ¥(Bp)s(Bq). (A.2)
Then,

15 (@) = 55 (wEn) = 1 (Ftns+ 1) - 7 (fns+mp) >0, (43
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Define y = In 8. We get

fly+Ing)) — f(y+1Inp) S f(y+1ng) -4 fly+1np)) > 0. (A.4)
dy dy

eYdy evdy

for all y. This implies that f”(z) < 0 for all x > 0.

Sufficiency: Pick two positive numbers, p, ¢ such that p > g. We have

CZ/(f(y +1In q)) - i(f(y + 1np)) > 0. (A.5)

for all y, which in turn implies that ey‘fiy (f(y +1In q)) - ey‘fiy (f(y + lnp)) > 0.

Define 8 := €Y. Then, we can retrace the steps for the proof of the necessary condition.

(b) Necessity: We know L (:c% (%)) > 0. Using the definition of ¢(x), we get

d d ef(lnx)

—(z— > 0. A.6

dx <$dx<xef(ln$)f’(lnx)i)> - (4.6)
Define y := In(z). We get eyddy ( — (?’((5))2> > (0. Hence, j—;(f,%y)) > 0 for all y, and (f’i()) is a
convex function.
Sufficiency: We can retrace the steps for proof of the necessary condition. O

Assumption 3 also may be formulated in terms of the function g.

hs(8,45,9n)
(

Lemma A.2.3. Assume that the function ¢ satisfies assumptions 1 and 2. The function %‘ hs Bod )

is not equal to zero for all positive 3, and positive numbers q;, qn,q such that ¢; < ¢, < q if and
only if function

0. gwt+a)—g(x+b)

! _ / s
g (x+a) g(a:+c)+8xln\g/(x+6)_g,(x+b)

18 not equal to zero for all numbers x and a, b, ¢ such that a < b < c.

Proof. Since |[¢/(x)| = 9™ and (B, ¢;, qn) = :f,,((gg;)), we have
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h(ﬁ, qj, Qn) — eg(lnﬁ-l—lnqj)—g(lnﬁ-Hn Qn)’

;ﬂh(ﬁ, 4> Gn) = ;h(ﬁ, 4, qn)g'(In B+ 1ngj) — ¢'(In g+ Ing,)],
and

0 h( 7q'7qn)
o) B J
3.0 |y | 28MP-%5 )

"(In B+Inq;)—¢' (In B+1n g,
=g/l +Ing;) = o/ (n B+ Inar) + By In i o o= g

Denote x =1In 3, a =1Ingj, b =1Ingy,, c = Ing. Then, the right hand side of (A.7) is equal to

|g’(:r +a)—g'(x+b)

g’(m+c)—g’(1:+b)" (A-8)

O

Next, we show the relation between f(-) and g(+), defined in lemma A.2.1 and lemma A.2.2.

Lemma A.2.4. Using the definitions of f(-) and g(-), we get ¥(z) = e/ ¥ and |%(¢(az))] =

92 Then, g(y) = f(y) +In || —y.

Proof. From lemma A.2.1, we have [¢/(z)| = e %), We get

sk T () A9
dx‘mfey e ( )

In addition, from lemma A.2.2, we have ¢(z) = e/ ). We obtain

Ay — ofln ) pr (L
W 2y = 0 P ) - () (A10)
Hence,
d 1
Bl = 1SV () (A1)

63



Using equations (A.9), and (A.11) we get e9¥) = ef(y)|f’(y)\eiy. This implies

9(v) = f(y) +1n\;lj;\ —y. (A.12)

A.3. Verification of Assumptions
First, we check the properties of assumption 1.
(a) ¢(-) € C?, ¢(—x) = —¢(x), ¢'(z) > 0, 2¢" (z) < 0, for all x # 0, and lim, _, P(x) < c0.
(i) Suppose ¢(-) = tanh(-). Notice that ¢”(z) = —2:27?((3. It is easy to see that x¢” (x) < 0.

The remaining properties can be easily checked.

(ii)) Now we will consider the case ¢(-) = arctan(-). Notice that ¢’ (x) = —(HQ;Q)Q. Re-

maining properties can be checked easily.
(b) The function ¢'(-) is invertible.
(i) Suppose that ¢(x) = tanh(x). Then ¢'(z) = sech?(z), where z > 0. Denote sech?(z) = .
This implies that 1(z) = arctanh(y/1 — x), where ¥(-) := ¢~ 1(-).
(ii) Next, consider ¢(x) = arctan(z). This implies that ¢'(z) = ﬁ Hence ¢(x) =
i1

(c) For all x > 0, ¢(z) is decreasing function.

(i) Suppose ¢(z) = arctanh(y/1 — ). Using the definition of arctanh(z), we get

arctanh(v1 — x) = %ln (1:/1:%) (A.13)

Now, we evaluate ¢’ (x). It can be checked that

W(x) =

i(—1+\/1—x 1++vV1—2x

1
= — < 0. A.14
2x 2v1 —x 2V1—«x ) 2z ( )

Vv1—=x
Notice that

f(z) =In|y(e®)| = In(arctanh(v/1 — €%)). (A.15)
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and

1
g(z) = In ' (e7)| :—ln2—x—§ln]6x—1]. (A.16)
(ii) Similarly, for the case of 1(z) = /1 — 1, we obtain ¢/(z) = 3 11733 < 0. Notice
that
1
f@) =In[y(e?)] = S (nle” — 1| — ), (A.17)
and
301,
g(:z)z—ln?—g:c—§ln]e —1]. (A.18)

Thus, all the conditions of Assumption 1 are fulfilled for the functions ¢(z) = tanh(z) and
¢(x) = arctan(x).

Now consider Assumption 2. According to lemma A.2.1, we need to check the inequality
g"(x) > 0.

(i) Suppose that ¢(z) = tanh(z). Then

" _ _ _ 1 eLL‘ / B eSC
() = ( -5 1) “ e (A.19)
(ii) Suppose that ¢(z) = arctan(x). Then
1" _( _ § _ 1 e’ N _ e’
g (x) = ( 2 2ev — 1) = e e Y (A.20)

All conditions of Assumption 2 are fulfilled for functions ¢(x) = tanh(z) and ¢(x) =
arctan(z).

Now consider Assumption 3. According to lemma A.2.3, we need to check the inequality

|g’(fl»‘ +a)—g'(z+0)

0
/ /
+a) — +c)+ —1
gx+a)—g(x+c) ng’(w =gt

- |40 (A.21)

forallz and a < b <ec.
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(i) Suppose ¢(z) = tanh(z). Then ¢'(z) = —3 — 5. Therefore

2(e?—1)
g’(:c—i—a)—g’(m—i—b)‘ e — e erte —1
1 =1 In|——— A.22
ng’(:c—i—c)—g’(x—i—b) i Pl () e | ( )
and
9. Jx+a)—¢g@x+b), 3 1 1
/ /
_ 7 -2
gle+a) g(x+c)+8x | "(+c)—g'( b)| 2<em+c 1 e”“—l)
£ 0. (A.23)

(ii) Suppose that ¢(x) = arctan(x). Then, the right hand side of equation (A.22) is exactly
the same, and therefore the next inequality is also true.

All the conditions of Assumption 3 are fulfilled for the functions ¢(x) = tanh(x) and
¢(x) = arctan(x).

Assumption 4 is equivalent to the inequality f”(z) < 0 for all x, due to lemma A.2.2.

(i) Suppose that ¢(x) = tanh(x). Then f(z) = Inarctanhy/1 — e*, and

—1

() = . A.24
fl@) 2y/1 — e®arctanhy/1 — e® ( )
Hence, f(2) = i Trmoramitvizer < 0
(ii) For the case ¢(z) = arctan(z) we have f(z) = 1(In|1 — e®| — z), and therefore
f(z) = _1 (A.25)
2(er — 1) ' '

All the conditions of Assumption 4 are fulfilled for the functions ¢(x) = tanh(x) and
¢(x) = arctan(x).

According to lemma A.2.2, Assumption 5 is equivalent to the inequality (1/f'(x))” > 0.

(i) Suppose ¢(x) = tanh(z). Then ﬁ = —2y/1 — eTarctanhy/1 — e*.
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Therefore,

1 ., e* arctanhy/1 — e®
V= _|o/T—e® VA —1
(f’(ac)) 50— e [ eTarctan er + Vi
> 0. (A.26)
(ii) For the case ¢(x) = arctan(z) we have f'(x) = 5—+— and therefore

(e 1)

(ﬁ)” = 2¢" > 0.

Thus, all Assumptions 1 - 5 are satisfied for the functions ¢(x) = arctan(z) and ¢(x) =
tanh(z).
A.4. Summary

We showed that the assumptions listed in chapter 3 hold true for two neuron transfer
functions, namely tanh(-), and arctan(-). Therefore, the cost function f(z) = >, ¢;¢(z;), where

¢(-) = tanh(-) or arctan(-), has at most one point of local maximum on an arbitrary hyperplane.
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